
HAL Id: hal-03159571
https://hal.science/hal-03159571v1

Submitted on 4 Mar 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

On the Antenna Position to Improve the Radiation
Pattern Characterization

Nicolas Mezieres, Benjamin Fuchs, Laurent Le Coq, Jean-Marie Lerat,
Romain Contreres, Gwenn Le Fur

To cite this version:
Nicolas Mezieres, Benjamin Fuchs, Laurent Le Coq, Jean-Marie Lerat, Romain Contreres, et al.. On
the Antenna Position to Improve the Radiation Pattern Characterization. IEEE Transactions on
Antennas and Propagation, 2021, 69 (9), pp.5335-5344. �10.1109/TAP.2021.3060894�. �hal-03159571�

https://hal.science/hal-03159571v1
https://hal.archives-ouvertes.fr


1

On the Antenna Position to Improve the Radiation
Pattern Characterization

Nicolas Mézières, Benjamin Fuchs, Senior Member, IEEE, Laurent Le Coq, Jean-Marie Lerat, Romain Contreres
and Gwenn Le Fur

Abstract—The 3D characterization of radiating structures
is a frequently encountered, and yet challenging, procedure.
The theoretical sampling criterion often leads to prohibitive
measurement duration, especially for antennas embedded on
electrically large structures. However, the position of the an-
tenna under test strongly influences the sampling requirements.
By appropriately positioning the antenna with respect to the
measurement system, it is possible to promote the low spatial
frequency part of its spherical harmonic spectrum. We present
a post-processing optimization algorithm enabling a systematic
and accurate determination of the antenna best position from a
given measurement dataset with no prior knowledge. This so-
optimized position is exploited to improve the characterization
of the antenna radiation pattern without resorting to any addi-
tional measurement sample. The proposed algorithm is validated
for both near-field simulations and far-field measurements on
various radiating structures, including an antenna embedded on
a satellite model.

Index Terms—Antenna measurements, antenna radiation pat-
terns, optimization methods, spherical vector wave expansion,
sparse recovery

I. INTRODUCTION

THE use of Vector Spherical Harmonic (VSH) expansion
is widely spread in the antenna measurement community

as a powerful tool for antenna characterization. The VSH spec-
trum indeed encompasses many valuable physical informations
about the radiated field that deserve to be fully exploited.
The underlying theory behind VSH and its application to
antenna measurements are now well established [1]. Moreover,
spherical near-field measurements of antennas are known to
be a very accurate characterization technique [2], [3]. The
analytical nature of the VSH allows for exact operations on
moving or rotating electromagnetic sources from a given,
eventually discrete, electric field [1]. More explicitly, the VSH
spectrum provides an identity card of the antenna’s radiated
field relatively to a given coordinate system. It means that
both position and orientation of the antenna in the coordinate
system change its VSH expansion. In other words, a given
radiating structure will have different spectra depending on
the origin from which the VSH are computed.
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Digital Object Identifier

The impact of the antenna position on its associated spec-
trum is known [4] and several studies have been led to
provide relevant locations or to adapt the near-field technique
consequently, allowing to reduce the impact of the tested
device positioning [5]–[8]. The key point is to concentrate
the spectrum to low spatial or angular frequency content,
or slowly varying VSH, as it is then easier to properly
expand the antenna pattern. The best position can thus be
defined as the coordinate system origin achieving the highest
concentration in the low-degree part of the VSH spectrum,
for which an appropriate metric is adapted thereafter. More
particularly, two iterative approaches have been proposed on
position optimization in post-processing. The first one, [9],
deals with fast measurements procedures, and emphasizes on
minimizing the number of significant modes to improve the
field reconstruction accuracy according to the sparse recov-
ery theory [10]. Indeed, the reconstruction accuracy from a
low density sample is linked to the number of significant
modes in the expansion, as shown in [11]–[14]. However,
the distribution of the significant modes over the spectrum
also has an important role in this matter. The second method
in [15] works over this power distribution over the spectrum
to estimate a radiation center, that corresponds to the phase
center in the case of antennas having a single main beam. A
fixed perturbation in the 6 directions of the current position
(the 3 Cartesian ones in two ways each) is applied with a
fixed step. The origin is then moved in the direction leading
to the best power concentration within a predetermined low
frequency part of the spectrum.

The radiating structure under test cannot always be posi-
tioned at will in the measurement system because of cinematic
or weight reasons, constituting the main motivation point of
previous works [7], [8]. Besides, the field sampling strategy
has to comply to the practical constraints imposed by the mea-
surement system. Finally, the perfect knowledge of the antenna
position in the measurement system does not necessarily tell
us where to place it at best because of possible interactions.
All these reasons impact the antenna measurement procedure
and have led us to propose the following antenna measurement
post-processing approach.

Our main idea is to exploit as much as possible the
information contained in the measured data using VSH ex-
pansion. We propose a procedure to automatically determine
the best antenna position by appropriately post-processing
the measured near or far field and without resorting to
any additional information as compared to a standard mea-
surement procedure. This position is used to post-process
the available measurement samples without performing any
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additional measurements to reconstruct the radiated field in
the initial coordinate system, as explained in [8], [9]. The
iterative algorithm enables a minimization of the number
of significant coefficients required to describe the field and
more particularly to concentrate the power distribution of the
modes in low spatial frequency harmonics. To this end, a
metric on power distribution is introduced and used as a cost
function for optimization using an iterative approach. Results,
efficiency, robustness of the procedure and consequences of
such optimization for both near-field and far-field with various
structures and scenarios, are shown using both simulated and
experimental data. All the data sets used for testing purposes,
follow an igloo sampling scheme [12], defined by δϕ = δθ

sin θ
for a chosen angular step in θ, as it presents a quite uniform
distribution of the samples over the sphere and are easy to go
through for the positioning systems available at IETR.

The paper is organized as follows. First, we give theo-
retical insights about the VSH expansion, consequences of
rotations/translations over the spectrum and techniques for
spherical coefficients identification. Secondly, the proposed
approach for optimizing the antenna position is described in
Section III. Numerical results on near field are shown in IV
and experimental ones in Section V. Finally, conclusions are
drawn in Section VI.

II. SPHERICAL HARMONIC SPECTRUM OF ANTENNAS

A. Spherical Harmonic Expansion

1) General Formulation: The electric field E emitted by a
radiating structure can be expanded outside the source region
using Vector Spherical Harmonics (VSH) [1]:

E(r, θ, ϕ) =
k
√
η

∑
smn

QsmnFsmn(r, θ, ϕ) (1)

with k the wavenumber, η the admittance of the propagation
medium and (r, θ, ϕ) the spherical coordinates. The functions
Fsmn are the VSH and Qsmn the spherical coefficients. These
complex quantities are a representation of the field E in a
given coordinate system. The knowledge of these spherical
coefficients enables computing the field everywhere outside
the sphere centered at the origin and enclosing all the sources
(spheres S and S′, depending on the origin O or O′, in Fig.
1). The index s represents the propagation mode of the VSH,
transverse electric or magnetic. The indices n and m are
respectively named the degree and the order. In practice, the
series in (1) is truncated to n ≤ N according to the following
empirical rule

N = bkac+ 10. (2)

where a is radius of the minimum enclosing sphere S centered
at the origin, as shown in Fig. 1 and bxc the floor function.
From this, we are able to compute the total radiated power as
[1]:

Prad =
1

2

∑
smn

|Qsmn|2. (3)

This formula can be generalized to compute the power con-
tained in some part of the spectrum, as in [15] and further in
this paper.

Fig. 1. Translation of the coordinate system by a vector d. The corresponding
minimal spheres enclosing the AUT are S, S′ with radii a, a′ respectively.

2) Spherical Coefficients Identification: An efficient and
common way to derive the spherical coefficients Qsmn from
field samples is by exact computation of integrals, which are
projections of the discretized field into the VSH basis, using a
Fourier Transform (FT) based method. This technique enables
analytical results while being numerically stable [2]. However,
it requires a significant amount of samples since the field must
be known over an equiangular sampling because of the FT
(constant steps in both angular coordinates δϕ, δθ). Besides,
this constraint leads to a strong oversampling near the poles.

Another possibility is to formulate the truncated VSH
expansion in (1) as a linear system of equations. Suppose the
electric field radiated by the Antenna Under Test (AUT) is
measured at M sampling positions over a sphere of radius R,
ri = (R, θi, ϕi), i = 1, . . . ,M . The electric field expansion
(1) can thus be rewritten:

y = Ax (4)

where y gathers the measurement data E(ri), of size 2M (two
orthogonal polarization measurements per sampling point), A
is the matrix containing the discretization of the VSH at the
positions ri and x contains the spherical coefficients Qsmn.
The matrix has to be modified according to the transmission
formula when dealing with near-field measurements to com-
pensate for the probe radiation pattern [1].

The equation (4), when overdetermined (i.e. more field
samples than unknown spherical coefficients), can be solved
using the Truncated Singular Value Decomposition (TSVD)
[16]. In an underdetermined scenario (less measurement data
than unknowns), the sparsity of the SH coefficients x enables
to find a solution nonetheless. A convex optimization problem,
known as Basis Pursuit Denoising (BPDN) [17] has been
applied successfully in fast spherical measurement techniques
[9], [11]–[14] and is defined as

min
x
‖x‖1 subject to ‖Ax− y‖2 ≤ σ, (5)
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where σ is the error tolerance parameter and ‖x‖1 is the
sum of the modulus of each component of x. It can be
solved efficiently using many readily available routines, such
as the SPGL1 algorithm [18], [19]. The main advantage of this
matrix formulation is the flexibility with respect to the field
sampling scheme. However, caution must be taken to ensure
the stability of the coefficient identification in undersampled
cases. This exact point is discussed in Section II-C2.

B. Coordinate System Transformations

The spherical mode spectrum of the radiating structure
depends on the position and orientation of the coordinate
system of the expansion. The analytical formulas of rotation
and translations are first recalled before investigating their
impact on the VSH spectrum.

1) Analytical Formulas: A rotation or translation of a VSH
leads to another function over the sphere, which can in turn
be expanded into the VSH basis located around the new
coordinate system. Let r the position in the measurement
system and rrot the position in the one rotated according to
Euler’s angle (ϕ0, θ0, χ0) in zyz convention, we have [1]:

Fsmn(r) =

n∑
µ=−n

Dn
µm(χ0, θ0, ϕ0)Fsµn(rrot) (6)

where Dn
µm are the Wigner D-functions.

Similarly, let us consider the translation with the case
described in Fig. 1. The measurement coordinate system is
centered at O with basis {x̂, ŷ, ẑ} and position vector r. By
translating it by a vector d, we generate a new one, centered
around O. Thus we define d =

−−→
OO′ and this new coordinate

system has basis {x̂′, ŷ′, ẑ′} with position vector r′. The
translation of the AUT can be achieved in two ways: moving
the AUT with respect to the reference coordinate system (i.e.
modifying the measurement data, vector y in (4)), or moving
the reference system with respect to the AUT (i.e. transforming
the VSH basis, matrix A in (4)). The second is achieved for
translations over the z-axis if the displacement distance ‖d‖
is smaller than the observation distance ‖r‖, ‖ · ‖ being the
Euclidean norm, by [1]:

Fsµn(r) =

2∑
σ=1

∞∑
ν=|µ|
ν 6=0

Csn(1)σµν (k‖d‖)F(c)
σµν(r

′) (7)

where Csn(1)σµν (k‖d‖) are the translation coefficients depending
on the distance and the measured frequency. An arbitrary
displacement is achieved as a 3 step process:

1) A first rotation to align the translation vector with the
z-axis.

2) A translation over the z-axis.
3) A second rotation to put the antenna back to its initial

orientation.
Finally, possible uncertainties may be introduced if the trun-
cation order of the series is not large enough when computing
the translated VSH basis.

The transformation of the coordinate system tied to the AUT
can be done more efficiently in far field since it boils down

to a phase shift. Let us consider an arbitrary component (e.g.
θ̂ or ϕ̂ component) of the electric far field E with respect to
the measurement basis around O. The same field component
in the translated measurement system around O′, as in Fig. 1,
noted Ed is expressed [20], [21]:

Ed = Ee
−jk r′

‖r′‖ ·d, (8)

where · is the scalar product. Note that amplitude and sam-
pling positions changes have been neglected here. One can
thus easily derive the electric far-field component Ed in any
translated coordinate system. The modification of the VSH
basis is more accurate as there is no approximation over
amplitude or sampling positions changes. However, it requires
more computational power. We are able to move the coordinate
system at any position and orientation in the measurement
sphere using the formulas above.

Both coordinate system transformations implies continuous
changes over the spectrum: small translations or rotations
induce small changes over the AUT spectrum. These effects
can be harnessed in order to control, to some extent, the mode
power distribution over the spectrum.

2) Influence on the VSH Spectrum: A translation of the
coordinate system is known to generate modifications on the
distribution of significant coefficients over both the degree n
and the order m. More specifically, rotations have an impact
only on the distribution over the orders m, as rotation of a VSH
in (6) with given degree n is written using only VSH of the
same degree n. These considerations are summed up in Fig.
2. As the order m satisfies −n ≤ m ≤ n for VSH of degree
n, the position of the origin is our only concern for power
distribution over the degrees. The intuitive explanation is that
any rotation around the origin does not change the radius of
the minimum sphere enclosing the antenna under test and thus
the truncation order N in (2) of the VSH series. Conversely,
any translation does modify this radius and therefore N , as
depicted in Fig. 1.

Fig. 2. Representation of a VSH spectrum and effects of coordinate system
changes. Rotations will only have an effect over the orders m while translation
impact both the orders and the degrees n. The dashed region represents the
area of the spectrum where n ≤ n0.
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We illustrate these effects using a simulation on HFSS of
a horn antenna at 30 GHz. The far field is expanded on the
VSH basis for several shifts of the antenna position over the
z-axis by a step of a wavelength: at initial position (chosen
close to its a priori phase center, between the imaginary apex
point and the aperture [20]), and after translations of the
coordinate system origin by 1, 2 and 3 wavelengths λ on the
z-axis. The spherical coefficients are displayed in Fig. 3. All
those coefficient sets describe the same far field in magnitude,
as only phase changes significantly, according to (8). Larger
translations induce even more spread of the spectrum to higher
degrees n. The same is done for the rotation of the AUT by
random Euler’s angle triplet, the result are displayed in Fig.
4. As claimed, there is no spread of the significant modes to
larger degrees n but only over the orders m.
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Fig. 3. Normalized spherical coefficients for s = 1 of the horn antenna at
30 GHz. Translations are performed along the z-axis.
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Fig. 4. Normalized spherical coefficients for s = 2 of the horn antenna at
30 GHz. Expansion in the initial coordinate system (a) and after rotation by
random Euler’s angle (b).

C. Spherical Modes Power Distribution

The transformation of the coordinate system modifies the
power distribution over the VSH spectrum in both the order
and the degree directions. We present a metric to quantify this
distribution along the degree n.

1) The n-spectrum: The spectrum is truncated at a given
degree N defined in (2). The power remaining for degrees
n ≥ N in the spectrum must be negligible to ensure a proper
characterization using the so-truncated series. This verification
is called the N -test [1] and is based on the n-spectrum, the
power radiated from VSH at a given degree n and is expressed
as follows:

P (n) =
1

2

∑
sm

|Qsmn|2 (9)

As an illustrative example, let us consider a horn antenna
simulated at 30 GHz, as before. We give in Fig. 5 the n-
spectra corresponding to the spherical coefficients after various
translations over the z-axis presented in Fig. 3. The 0λ case
means that the origin is centered around the phase center. The
spread of significant modes to higher degrees n leads to greater
values of the n-spectrum, P (n).

10 20 30
n

40

20

0
P(

n)
 (d

B) 0
1
2
3

Fig. 5. Normalized n-spectra of the horn antenna at 30 GHz for different
translations over the z-axis.

2) Advantages of Low Degree Modes: There are multiple
reasons for promoting spectra with mode power distributions
on low degrees. A faster decrease of the n-spectrum allows the
reduction of the truncation order N , consequently requiring
less field samples and reducing computational load. For ex-
ample in Fig. 5 and a standard criterion of power below −40
dB, the horn properly positioned (no translation, 0λ) requires a
minimum truncation order around N = 20, or 880 coefficients
whereas the horn translated by a distance of 3λ needs at least
N = 27, representing 1566 coefficients. Moreover, a low-
degree spectrum induces a more compact representation of the
antenna and is connected to the radiation center as explained
in [15].

The modes having high-spatial frequencies, or equivalently
high-degree VSH, require more field samples to achieve the
same reconstruction accuracy relatively to low-frequency ones,
especially for fast/undersampled measurements. As shown in
[13], [14], the number of required field samples is linked to
the sampling ratio, defined as the size of the dataset over the
number of unknowns. If the actual power distribution can lead
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Fig. 6. Reconstruction accuracy in EES for 100 trials (median in plain lines
and envelopes in dotted ones) for two spherical spectra families of same
size Nc and number of non-zero coefficients (30 %) but different power
distributions over the degrees n (constrained to n ≤ 25 or n ≤ 35) with
respect to the sampling ratio M/Nc, M the size of the field sample used for
recovery.

to a reduction of the truncation order (e.g. by a N -test), the
number of unknowns decreases and fewer samples are thus
required to achieve the same sampling ratio.

We illustrate this statement by randomly generating two
families of 100 spherical coefficients spectra having the same
total number of coefficients Nc, truncation order of N = 45,
and non-zero coefficients (30 %). Non-zero coefficients are
drawn over the degrees n ≤ 25 for the first family and n ≤ 35
for the second one so the only difference between the two
families is the power distribution constraint over the degree.
Using BPDN in (5), we recover each spectrum using far-field
samples of different sizes M , or sampling ratio M/Nc. The
accuracy of the recovered spectrum is assessed by comparing
the reconstructed far-field from the M field samples to the
one directly generated by the randomly drawn spectrum. This
comparison is achieved using the Equivalent Error Signal
(EES), defined as a mean relative error in dB between a
reference y and its estimation ỹ, both of size M :

EES(y, ỹ) = 20 log10

(
‖y − ỹ‖1
M‖y‖∞

)
. (10)

where ‖y‖∞ is the maximum modulus among each of the
components of y. The results are displayed in Fig. 6.

As an example, a field sampling ratio M/Nc = 60% is
enough for all 100 trials of the low-frequency family (n ≤ 25)
to achieve a reconstruction accuracy of -45 dB in EES.
Conversely, the high-frequency one (n ≤ 35) never achieved
this accuracy for this sampling ratio and required around 70
% to perform equally well. This trend is expressed over all
the sampling ratios as the median values of reconstruction
accuracy in EES is always better for the lower frequency
spectra using the same sampling ratio, while there was as many
non-zero spherical coefficients to retrieve in both cases.

III. DETERMINATION OF THE ANTENNA POSITION

We propose an optimization algorithm to exploit the coordi-
nate system position in order to improve the characterization
of antennas.

A. Optimization Problem

A simple criterion is presented to characterize the power
distribution over the degrees. This criterion will then be
used as an objective function in order to foster a low-degree
spectrum.

1) The cumulative n-spectrum: The cumulative n-spectrum
is defined for all degrees n lower than the truncation order. Its
value at a given degree n0 contains the power of all modes of
degrees n ≤ n0, the region illustrated by the dashed area
in Fig. 2. We consider the normalized version, allowing a
constant scale, which is omitted in the name for convenience
and is given by

H(n0) =
1

Prad

n0∑
n=1

P (n). (11)

As a cumulative normalized function, it is increasing towards
1. A faster decrease of the power in the n-spectrum leads to a
cumulative spectrum reaching 1 more quickly, as illustrated in
Fig. 7, corresponding to the n-spectra of the horn at 30 GHz
for several positions shown in Fig. 5 and the spectra in Fig.
3.
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0.75
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H(

n)

0
1
2
3

Fig. 7. Cumulative n-spectra H of the horn antenna at 30 GHz for different
translations over the z-axis. A better concentration on low degrees n modes
makes the curve approaching 1 for lower n-values.

A cumulative spectrum can be associated to a mean value,
which is defined by

〈H〉 = 1

N − 1

N−1∑
n=1

H(n). (12)

It is clear that a cumulative spectrum converging quickly to
1 has a larger mean value. Mean values for the cumulative
spectrum curves of the horn in Fig. 7 are shown in Table I.
We do not consider the last value H(N) as it is always equal
to 1.

In order to better emphasize the contrast between the
cumulative spectra and to help the choice of the best antenna
position, we replace H by a modified version defined as:

Hmod(n) = 10 log10

[ n
N

(1−H(n))
]
. (13)

Working on 1 − H(n) maps the increase towards 1 of the
cumulative spectrum function to a decrease to 0, where values
can be better discriminated by the logarithmic scale. The
multiplication by n/N accounts for the number of VSH of
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same degree n while keeping the values in the interval [0, 1].
The values of the cumulative spectrum and its modified version
are reported in Table I for the horn simulated at 30 GHz,
showing the improvements in the discrimination of high-
frequency content of this adapted metric.

TABLE I
MEANS OF THE CUMULATIVES n-SPECTRA OF THE HORN AT 30 GHz FOR

SEVERAL TRANSLATIONS OVER THE z-AXIS

Translation Distance 0λ 1λ 2λ 3λ

〈H〉 0.84 0.80 0.77 0.73

〈Hmod〉 -69.1 -67.7 -52.4 -24.1

2) Formulation of the Optimization Problem: The concen-
tration of the power distribution to the low-degree part is
achieved by a minimization of the cumulative n-spectrum on
the modified scale. Given a translation d of the AUT relatively
to the origin of the measurement coordinate system, as in
Fig. 1, we identify the spectrum Qd with the method of our
choice (analytical projection or numerical inversion), enabling
the evaluation of the cumulative n-spectrum and therefore its
mean value, denoted 〈Hmod〉(Qd). This can be summed up in
the following optimization problem:

min
d
〈Hmod〉(Qd). (14)

The solution of this optimization problem is an estimation of
the best translation to apply to the antenna under test leading
to the highest concentration of the radiated power on the low
degree part according to our metric. This solution is denoted
d∗.

Note that in the case of a numerical inversion to find the
spectrum Qd, two situations can be distinguished to get the
matrix formulation (4) after a translation d:
• Adx = y with near or far-field data, with Ad the

translated version of the VSH contained in A.
• Ax = yd where yd contains electric far-field data and

computed according to (8).
No further measurements are required after optimization:

once Qd is found, we can reconstruct the field in the mea-
surement coordinate system either by computing BdQd for
the first approach, like in [8], or BQd = z and taking z−d
according to (8) for the second one, B,Bd being the VSH
matrix over the reconstruction sampling and its translated
version, respectively.

B. Practical Resolution

We present an iterative algorithm to solve the previously
described optimization problem and find the antenna position
that concentrates the significant spherical modes on the low
degrees.

1) Gradient Descent Algorithm: The optimization of the
position, or equivalently the translation d from the measure-
ment coordinate system, using (13) or (14) is not a convex
problem and cannot be solved easily. We propose to find an
approximated solution of these optimization problems, d∗,
using a gradient descent technique. This iterative algorithm

follows the negative (approximated) gradient of the objective
function, 〈Hmod〉(Qd). The detailed procedure is given in
Algorithm 1. The proposed approach is general and can
be applied with no modification to all spherical coefficient
identification methods (analytical and numerical ones) and is
valid for both near-field and far-field measurements.

Algorithm 1 Concentration of the spherical spectrum power
distribution to low degrees
Require: δ the perturbation step, µ the gradient multiplier, d0

the initialization point.
1: Initialization
2: d← d0

3: while Stopping criterion not met do
4: Apply the translation d
5: Compute the spherical coefficients at d
6: Evaluate 〈Hmod〉(Qd)
7: # Computation of the numerical gradient D
8: for û = x̂, ŷ, ẑ do
9: dû ← d+ δû

10: Compute spherical coefficients at dû
11: Evaluating 〈Hmod〉(Qdû

)
12: Dû ← [〈Hmod〉(Qdû

)− 〈Hmod〉(Qd)] /δ
13: D← [Dx̂, Dŷ, Dẑ]

T

14: # Position Update
15: d← d− µD
16: return d

2) Implementation Details: The perturbation step δ is the
(small) change applied to the translation for approximating
the gradient of the metric. This value has to be chosen
relatively to the expected accuracy of the measurement system
configuration to generate perturbations that are meaningful
with respect to the available data. A too small δ will result
in a noisy and unstable estimation. Conversely, a too large δ
leads to unfaithful and too coarse gradient evaluation. A value
of δ = 0.5 mm has been successfully used in all presented
cases. The gradient multiplier µ is a constant chosen in order
to avoid large updates of d within one iteration by a relevant
re-scaling of the gradient. It should be fixed so the position
update is not too large in terms of wavelength or with respect
to the tested structure to ensure proper convergence of the
algorithm. A value µ ≈ 10−5 for normalized data (‖y‖ = 1)
leads to updates around several millimeters for most cases.

The initialization point d0 in Algorithm 1 can be set using
various methods. A starting value d0 = 0 means that it starts
from the origin of the measurement coordinate system. It can
also be chosen randomly or one can provide an initial guess
based on some prior knowledge, e.g. the known position of
the AUT geometrical center with respect to the measurement
coordinate system.

Multiple stopping criteria can also be chosen. One can
use the difference of the cost function between two or more
iterations, the decrease of the cost function below a predefined
threshold or define a maximum distance for the translation d,
(for example with respect to the wavelength or the dimensions
of the antenna), or a predefined number of iterations.



7

With proper parameter tuning, a notable reduction of the
objective function has been achieved within only a few itera-
tions for all investigated cases. The translation corresponding
to the lowest value of the cost function should be kept.

IV. NUMERICAL VALIDATIONS AT NEAR-FIELD OF
RADIATING STRUCTURES

The proposed approach is applied on various radiating
structures, whose near field is computed by CST MWS.

A. 11-Patch Array at 9.5 GHz

We consider a linear array composed of 11 patches oper-
ating in X band at 9.5 GHz, as illustrated in Fig. 8. Each
square patch has side length 10 mm and the overall size of
the array is 165 mm (≈ 5.25λ), the electric near field is
exported from CST at 200 mm from the geometric center. As
illustrated, not all patches are fed with the same amplitude.
The left patch is not receiving any power and the feeding is
increasing as we go to the right patch in order to generate an
asymmetric current distribution. Taking the geometric center
of the array as the origin yields the spectra (a) displayed in
Fig.9 while the optimized position yields the ones in (b).
If the geometric center of the antenna is considered as the
center of the measurement coordinate system, the proposed
algorithm finds the optimized coordinate system origin to
be at d∗ = (0.6, 18.7, 2.1) mm, meaning that it is shifted
towards the area containing most part of the electric current
density while preserving the symmetry around the x-axis, the
orthogonal direction to the array, with a very small shift of less
than λ/50. No additional knowledge or data has been used in
the process, the optimization being started from the geometric
center of the array with the corresponding field values. The
AUT position optimization process took about 52 s on an Intel
i7 8700 with 16 GB RAM.

The optimized coordinate system position enables not only
to significantly reduce the amount of significant spherical
harmonic coefficients but also to concentrate them to low
degree modes as displayed in Fig. 9. The truncation order
is N = 27, or 1566 coefficients and a field sample along an
igloo sampling of size 900 is taken to generate a very coarse
measurement set and is used for both position optimization and
reconstruction. Reconstruction accuracy from the same initial
data set with respect to the reference (the electric spherical
near-field exported from CST over a dense set of points) are
evaluated by EES values (10) of -44.8 dB for the geometric
center and -58.9 dB for the optimized position.

B. Antenna on satellite structure at 11 GHz

As a study case, a single rectangular patch is now placed on
a platform of a satellite ANGELS [22] (the real payload being
a different antenna), the whole structure is displayed in Fig. 10
and we exploit the simulated spherical near field simulated at
5 m from the measurement coordinate system, supposed at the
center of the satellite’s body for practical reasons: cinematic
or weight for instance. The minimum sphere is set to enclose
the satellite body and some part of the solar panels, leading

Fig. 8. Surface currents normalized amplitude of the 11-patch array (value
averaged over one phase cycle): measurement coordinate system (x,y)
(geometric center) and optimized one (x′,y′).
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Fig. 9. Normalized spherical coefficients of the patch array: (a) with origin
at the geometric center, (b) with optimized position.

to 6726 spherical coefficients. The data set comes from a field
sample of size 1700 along an igloo sampling so there are
enough data with respect to the patch alone while still having
a largely underdetermined linear system to cope with.

The geometric center of the antenna is located at dc =
(0, 120, 113) mm, which corresponds to a distance of approx-
imately 6λ. The optimization process starts from the center
of the satellite and converges to an optimized position of
d∗ = (0.3, 125.6, 102.9) mm that turns out to be fairly close
to the antenna geometric center. The spectra are represented
in Fig. 11 and the modified cumulative n-spectra Hmod are
shown in Fig. 12. The returned optimized position is close
but not equal to the geometric center, resulting in a different
power distribution. Indeed, we observe more power at very
low degrees when centered at the antenna but the optimized
position allows a faster decrease of the contained power for
degrees n ≥ 10, allowing for a slightly more accurate far-field
reconstruction for the considered data. The obtained EES of
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the reconstructed field from the same initial data over a dense
reference sampling are respectively -43.1 dB and -43.6 dB for
the centered on the antenna and the optimized position from
the center of the satellite.

Fig. 10. Simulated model of the antenna (a patch) on a platform satellite (a
simplified version of ANGELS) with the patch antenna at 11 GHz and the
measurement coordinate system.
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Fig. 11. Normalized spherical coefficients for s = 2 of the mounted patch
at 11 GHz: (a) measurement coordinate system, (b) optimized position.
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Fig. 12. Modified scale of the cumulative n-spectra for the initial measure-
ment origin, centered on the antenna and with optimized position.

C. Discussion

The geometry of the radiating structure does not always
help the choice of origin for the VSH basis. In the patch
array case, various excitation patterns induce very different

ideal coordinate system positions. We are able to automatically
determine the position leading to a high concentration of the
spectrum over the low-degree modes without any knowledge
of the structure apart from its maximum dimension and mea-
sured frequency in order to set the truncation order of the VSH
series. It is of great interest for reconfigurable antennas, where
several operating modes can be tested accurately without hav-
ing to move the antenna physically. In the case of the antenna
embedded on a satellite, the procedure finds automatically the
best position (according to our metric), at a distance of around
6 λ from the measurement position. This optimized position
yields a slight improvement of the pattern reconstruction and
confirm the stability of the proposed procedure. Indeed, despite
having a small number of measurement samples with respect
to the spherical coefficients to be determined, the necessary
large translation of the antenna under test is properly predicted.

These representative cases demonstrate the robustness of
the proposed approach as well as its practical relevance.
The proposed procedure enables to compensate automatically
uncertainties on the antenna position with respect to the
measurement system. It also allows to accurately position
embedded antennas when the interaction between the radiator
and its structure cannot be neglected.

V. EXPERIMENTAL VALIDATIONS AT FAR-FIELD OF
RADIATING STRUCTURES

Let us now consider far-field measurements of various
radiating structures that have been carried out in far-field
anechoic chambers of the M2ARS facilities at IETR. They
are equipped with a roll-over-azimuth positioning system and
a mechanical probe polarization change. The field is acquired
step by step following an igloo strategy [12].

A. Position optimization

Two antenna far-field measurements, carried out over an
hemisphere using a low-density sampling, are presented here.
The reference is provided by a measurement of a densely
sampled cutting plane. Since the sampling positions only cover
a hemisphere in far field, we can restrict ourselves to Fsmn
such that n + m is even. By assuming the symmetry of the
radiation pattern with respect to the equator, all the spherical
coefficients Qsmn such that m + n is odd are necessarily
zero, further reducing the number of samples required to
characterize the radiation pattern over the measurement region.

1) Leaky Wave Antenna (LWA) in K Band: The AUT is a
LWA measured at 18 GHz (based on [23]) We compare the
reconstruction of the field over the cutting plane ϕ = 90◦ for
the measurement coordinate system origin and the optimized
position using the proposed approach. The antenna has a radius
of a = 15 cm, leading to a truncation order of N = 65 hence
4420 even spherical coefficients to retrieve. The measurement
data is along an igloo sampling and has size 3458, leading to
a sampling ratio of 78 %, slightly above the 75 % required by
our previous study for fast measurements in [24]. The usual
method in [1] would have required a data set of size around
1.7× 104.



9

0 20 40 60
n (s = 2)

60
40
20

0
-20
-40
-60

m
50

40

30

20

10

0 dB

(a)

0 20 40 60
n (s = 2)

60
40
20

0
-20
-40
-60

m
50

40

30

20

10

0 dB

(b)

Fig. 13. Normalized spherical coefficients for s = 2 of the LWA at 18 GHz
for the measurement coordinate system origin position (a) and with optimized
position (b).

The spherical coefficients for one propagating mode s are
displayed in Fig. 13, leading to the objective function 〈Hmod〉
values of −11.2 dB and −39.5 dB with a proportion of
significant coefficients being 54 % and 27 % respectively.
The cutting plane for comparison to reference is shown in
Fig. 14. We observe a much better agreement of the field
reconstruction when optimizing the position of the antenna.
The reconstructed field phases around the main beam angular
zone are plotted in Fig. 15, we note that they have been
smoothed out significantly after the proposed procedure. Using
the data phase-shift equation (8) for optimizing the AUT
position, the optimization process took 47 s on an Intel i7
8700 with 16 GB Ram.
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Fig. 14. Normalized magnitude of the field co- and cross-polarization
components over the cutting plane ϕ = 90◦ of the LWA at 18 GHz .

2) Circularly polarized horn antenna at 320 GHz: This
antenna [25] has been measured along a coarse sampling over
the hemisphere at 320 GHz. We use the same methodology as
the previous one with a cutting plane at ϕ = 0◦. The minimal
sphere leads to a truncation order of N = 50, hence 2650 even
coefficients. The measurement data set have been measured
along an igloo sampling and has size 2122, corresponding to
a sampling ratio ≈ 80%. The usual method in [1] would have
required a data set of size around 104.

The spherical coefficients for one propagating mode s for
measurement and optimized positions are displayed in Fig.
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Fig. 15. Phases of the reconstructed fields co- and cross-polarization compo-
nents around main lobe over the cutting plane ϕ = 90◦ degrees of the LWA
at 18 GHz .

16, leading to objective function 〈Hmod〉 values of −22.2 dB
and −26.6 dB with proportion of significant coefficients of
15 % and 6 % respectively. The cutting plane in magnitude
for comparison to the reference is shown in Fig. 17. The
reconstructed field phases around the main beam angular zone
are plotted in Fig. 18, the optimized antenna position leads,
here as well, to smoother phase variations.
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Fig. 16. Normalized spherical coefficients for s = 1 of the horn at 320 GHz
for the measurement coordinate system origin position (a) and with optimized
position (b).
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Fig. 17. Normalized magnitude of the field co- and cross-polarization
components over the cutting plane ϕ = 0 degrees of the horn at 320 GHz.
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Fig. 18. Phases of the reconstructed fields co- and cross-polarization com-
ponents around main lobe over the cutting plane ϕ = 0 degrees the horn at
320 GHz.

B. Discussion

The concentration of the spectrum in low-degree modes has
been achieved in both cases as shown by the spectra. This
leads to significant improvements in the field reconstruction
from a given initial undersampled far-field data set and thereby
validates experimentally our approach. We have also noticed
that the antenna position optimization leads to smooth out the
phase variations over the main beam. This particular point is
described in [15], [26] and referred to as the antenna radiation
center, the virtual point from which the main beam of the
antenna is emitted.

VI. CONCLUSION

A procedure that processes radiation pattern measurements
so as to find the best position of the antenna under test has
been proposed. The underlying idea is to exploit at best the
valuable information encompassed in the spherical harmonic
spectrum of the antenna. By properly translating the antenna
with respect to the measurement coordinate system, it is
possible to concentrate the power of its spectrum to low
frequency content. For that purpose, a metric based on the
n-spectrum has been developed and integrated to an efficient
optimization strategy. The proposed approach induces not only
lower truncation orders for the spherical harmonic series but
also better 3D radiation pattern reconstructions. It also dimin-
ishes the impact of an eventually bad AUT positioning in terms
of power distribution among the spectrum. The procedure has
first been validated numerically on the simulated near field of
various radiating structures including an antenna embedded on
a simplified satellite model. The far-field measurements of a
reflectarray antenna in Ku band and a horn operating at THz
frequencies have also been provided to further demonstrate
the potential of the proposed strategy, always leading to an
improved reconstruction of the radiation patterns from the
same measurement data set.
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