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Abstract. Correlation matrices are used in many domains of neuro-
sciences such as fMRI, EEG, MEG. However, statistical analyses often
rely on embeddings into a Euclidean space or into Symmetric Positive
Definite matrices which do not provide intrinsic tools. The quotient-affine
metric was recently introduced as the quotient of the affine-invariant met-
ric on SPD matrices by the action of diagonal matrices. In this work, we
provide most of the fundamental Riemannian operations of the quotient-
affine metric: the expression of the metric itself, the geodesics with initial
tangent vector, the Levi-Civita connection and the curvature.

Keywords: Riemannian geometry - Quotient manifold - Quotient-affine
metric - SPD matrices - Correlation matrices.

1 Introduction

Correlation matrices are used in many domains with time series data such as
functional brain connectivity in functional MRI, electroencephalography (EEG)
or magnetoencephalography (MEG) signals. However, there are very few tools to
compute intrinsically with correlation matrices from a geometric point of view.
Full-rank correlation matrices form a strict sub-manifold of the cone of Sym-
metric Positive Definite (SPD) matrices sometimes called the (open) elliptope
[1]. Since there exist efficient tools on SPD matrices (affine-invariant/Fisher-Rao
metric, log-Euclidean metric...), correlation matrices are often treated as SPD
matrices [2]. Nevertheless, these extrinsic tools do not respect the geometry of
correlation matrices. Moreover, most of these tools on SPD matrices are invari-
ant under orthogonal transformations which is not compatible with correlation
matrices. The elliptope is not even stable by the orthogonal action. Hence using
the tools designed for SPD matrices may not be relevant for correlation matrices.

Other structures were proposed on correlation matrices. For example, [3] rely
on a surjection from a product of n spheres of dimension n — 1 onto the space
of correlation matrices in order to sample valid correlation matrices for financial
applications: a point in the former space can be represented by an n x n matrix
A with normed rows and therefore encode a correlation matrix AAT. Since low-
rank matrices have null measure, one gets a full-rank correlation matrix almost
surely. More recently, the open elliptope was endowed with Hilbert’s projective
geometry [4] thanks to its convexity, or with the quotient of the affine-invariant
metric by the action of diagonal matrices [5, 6].
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In this work, we investigate the geometry of this last quotient-affine met-
ric and we contribute additional tools to compute on this manifold. Based on
the formalization of the quotient manifold with vertical and horizontal distribu-
tions, we compute in closed form some fundamental Riemannian operations of
the quotient-affine metrics, notably the particularly important exponential map.
In Section 2, we recall how quotient-affine metrics are introduced, as well as the
basics on quotient manifolds. In Section 3, we provide the following fundamen-
tal quotient and Riemannian operations of quotient-affine metrics: the vertical
and horizontal projections, the metric, the exponential map, the Levi-Civita
connection and the sectional curvature. This opens the way to many practical
algorithms on the open elliptope for different applications. Considering SPD
matrices as the Cartesian product of positive diagonal matrices and full-rank
correlation matrices, it also allows to define new Riemannian metrics which pre-
serves the quotient-affine geometry on correlation matrices. Thus in Section 4, we
illustrate the quotient-affine metric in dimension 2 by coupling it with the diag-
onal power-Euclidean metrics gg(p)(A, A) = tr(D*P~YA?) for p € {~1,0,1,2}
and then by comparing it with the affine-invariant and the log-Euclidean metrics
on SPD matrices.

2 Quotient-affine metrics

2.1 The quotient manifold of full-rank correlation matrices

The group of positive diagonal matrices Diag™ (n) acts on the manifold of SPD
matrices Sym™ (n) via the congruence action (X, D) € Sym™ (n) x Diag™’ (n) —
DXD € Sym™ (n). The manifold of full-rank correlation matrices Cor™ (n) can be
seen as the quotient manifold Sym™ (n)/Diag™ (n) via the invariant submersion
7w which computes the correlation matrix from a covariance matrix, = : X €
Sym™(n) — Diag(X)~/? ¥ Diag(X)~/2 € Cor"(n). Hence, any Riemannian
metric G on Sym™(n) which is invariant under Diag™t(n) induces a quotient
metric g on Cor™ (n). The steps to define it are the following.

1. Vertical distribution. Vy, = ker dsm for all ¥ € Sym™ (n).

2. Horizontal distribution. Hy := Vi for all X € Sym™ (n), where the orthog-
onality | refers to the inner product G;.

3. Horizontal lift. The linear map dx restricted to the horizontal space Hy is
a linear isomorphism onto the tangent space of full-rank correlation matrices
(dsm) s : Hy — Tr(xyCor™(n). The horizontal lift # is its inverse:

#:X € Ty(s)Cor (n) — X# € Hy. (1)
4. Quotient metric. It is defined by pullback through the horizontal lift:
VC € Cor™(n),VX € TcCort(n), go(X, X) = Gu (X7, X7), (2)
where ¥ € 771(C) and the definition does not depend on the chosen X.

So the only missing ingredient is a Riemannian metric on SPD matrices which
is invariant under the congruence action of positive diagonal matrices. In [5, 6],
the authors chose to use the famous affine-invariant/Fisher-Rao metric.
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2.2 The affine-invariant metrics and the quotient-affine metrics

The affine-invariant metric is the Riemannian metric defined on SPD matrices
by Gs(V,V) = tr(Z~'VE~1V) for all ¥ € Sym™*(n) and V € TsSym™ (n) [7-
9]. It is invariant under the congruence action of the whole real general linear
group GL(n) which contains Diag™ (n) as a subgroup. It provides a Riemannian
symmetric structure to the manifold of SPD matrices, hence it is geodesically
complete and the geodesics are given by the one-parameter subgroups and the
group action. We recall the exponential map, the Levi-Civita connection and the
sectional curvature below for all ¥ € Sym™ (n) and V,W € Tx.Sym™ (n):

ExpS(V) = X2 exp(X 2V E 2 gt/2) (3)
(VEW)s = 0y W — L (VETW + W), @)

tr(XTVETTWETHVETITW - W ETY))
2G(V,V)G(W, W) ’

KS(V,W) = (5)
where 0 is the Euclidean connection of Sym(n) induced on Sym™ (n).

The metrics that are invariant under the congruence action of the general
linear group GL(n) actually form a two-parameter family of metrics indexed by
a>0and 8> —a/n [10]: GEP(V,V) = atr(Z-WVEWV) + Str(Z-1V)2. We
call them all affine-invariant metrics. In particular, these metrics are invariant
under the congruence action of diagonal matrices so they are good candidates
to define Riemannian metrics on full-rank correlation matrices by quotient. In
[5, 6], the authors rely on the “classical” affine-invariant metric (o = 1, § = 0).
We generalize below their definition.

Definition 1 (Quotient-affine metrics on full-rank correlation matri-
ces). The quotient-affine metric of parameters a > 0 and 8 > —a/n is the

quotient metric on Cor™ (n) induced by the affine-invariant metric G*# via the
submersion 7 : X € Sym™ (n) — Diag(X)~/? ¥ Diag(X)~/2 € Cor™ (n).

3 Fundamental Riemannian operations

In this section, we detail the quotient geometry of quotient-affine metrics. We
give the vertical and horizontal distributions and projections in Section 3.1. We
contribute the formulae of the metric itself in Section 3.2, the exponential map
in Section 3.3, and finally the Levi-Civita connection and the sectional curvature
in Section 3.4. To the best of our knowledge, all these formulae were not given
in the Paul David’s paper [5] and thesis [6] and they are new.

3.1 Vertical and horizontal distributions and projections

— Let o be the Hadamard product on matrices defined by [A e B];; = A;;B;j.

— Let A: ¥ € Sym™*(n) — A(X) = Yo X! € Sym™(n). This smooth map is
invariant under the action of positive diagonal matrices. Note that the Schur
product theorem ensures that X e X~ € Sym™ (n).

— Let ¢ : p € R" — (ul T +1pu') € Sym(n). This is an injective linear map.
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— Let Sx(V) the unique solution of the Sylvester equation XS5 (V)+Sx(V)X =
V for ¥ € Sym™(n) and V € Sym(n).

— Let Hol®(n) be the vector space of symmetric matrices with vanishing di-
agonal (symmetric hollow matrices). Each tangent space of the manifold of
full-rank correlation matrices can be seen as a copy of this vector space.

Theorem 1 (Vertical and horizontal distributions and projections).
The vertical distribution is given by Vs = X e tp(R™) and the horizontal dis-
tribution is given by Hyx = Sx—1 (Hol®(n)). The vertical projection is:

ver: V € TsSym™ (n) — ¥ e (I, + A(X)) 'Diag(Z'V)1) € V5. (6)

Then, the horizontal projection is simply hor(V) =V — ver(V).

3.2 Horizontal lift and metric

Theorem 2 (Horizontal lift). Let ¥ € Sym™*(n) and C = 7(X) € Cor™(n).
The horizontal lift at X of X € TcCort(n) is X# = hor(Ax X Ax) with Ay =
Diag(X)'/2. In particular, the horizontal lift at C € Sym™ (n) is X# = hor(X).

Theorem 3 (Expression of quotient-affine metrics). The expression of
quotient-affine metrics is for all C € Cor™(n) and X € T¢Cor™ (n):

98" (X, X) = G&P (X, X) — 21" [a(I, + A(C)) + 2611 u. (7)
where p = (I,, + A(C)) " 'Diag(C~1X)1.

3.3 Geodesics

The geodesics of a quotient metric are the projections of the horizontal geodesics
of the original metric. This allows us to obtain the exponential map of the
quotient-affine metrics.

Theorem 4 (Geodesics of quotient-affine metrics). The geodesic from C €
Cor™ (n) with initial tangent vector X € ToCor™ (n) is:

vt € R, v, x)(t) = Expa(X) = 7(CY2 exp(C~?hor(X)C~V2)CY?).  (8)
In particular, the quotient-affine metric is geodesically complete.

The Riemannian logarithm between C; and Cy € Cor™(n) is much more
complicated to compute. The general method on Riemannian quotient manifolds
consists in finding X € Sym™(n) in the fiber above Cy such that Loggl(Z) is

horizontal. Then we have Log, (C2) = dcl7r(L0gg1 (X)). This means finding X
that minimizes the affine-invariant distance in the fiber:

D = arg minpepiag+ (n)d(C1, DC2 D),

from which we get X = DC3D. This is the method used in the original paper
[5,6]. Note that the uniqueness of the minimizer has not been proved yet.
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3.4 Levi-Civita connection and sectional curvature

In this section, we give the Levi-Civita connection and the curvature without
detailing the proofs. The computations are based on the fundamental equations
of submersions [11]. We denote sym(M) = 1(M + M ") the symmetric part of a
matrix.

Theorem 5 (Levi-Civita connection and sectional curvature of quotient-
affine metrics). The Levi-Civita connection of quotient-affine metrics is:

(VxY)c = (0xY)|c + sym[Diag(X#)Y# + Diag(Y#)X# + Diag(X#C~'Y#)C
— X#CY# — L1Diag(X#)CDiag(Y#) — 2Diag(X#)Diag(Y#)C]. (9)

The curvature of quotient-affine metrics is:

e 3 Go (ver[X# Y #] ver[X# Y #])
re(X,Y) = RE(XFYH) 4 4 R Xge (VY ) —ge X V) (10)

G _1twe(c tvetwetwetw+we v . .
where kg(V,W) = 3 GV VIGE (W WI—g0 (V)2 ) <0 is the sectional cur-

vature of the affine-invariant metrics, [V, W] = 0y W — 0wV is the Lie bracket
on Sym™ (n) and:

(Ox#Y )0 = %(Diag(X#)Y+YDiag(X#))fzx#.qp((InJrA(C))*Diag(c*ly)n)ﬂc(x, Y),

where va (X, Y) = 2C o ((I, + A(C))™'D(X,Y)1) € Ve and
D(X,Y) = Diag(C~'XC™'Y)
+(X* e O™ —C o (CT'X#CO™h) (I, + A(C)) ' Diag(C~'Y).

Note that the first term of the sectional curvature is negative and the sec-
ond one is positive so we don’t know in general the sign of the curvature of
quotient-affine metrics. Although these formulae are quite heavy, it is possible
to implement them. This will be the goal of a future work.

The quotient-affine metrics not only provide a Riemannian framework on
correlation matrices but also provide correlation-compatible statistical tools on
SPD matrices if we consider that the space of SPD matrices is the Cartesian
product of positive diagonal matrices and full-rank correlation matrices. We
give a taste of such construction in the next section.

4 Tllustration in dimension 2

In dimension 2, any correlation matrix C' € Cor™ (2) writes C' = C(p) := (; lf)

with p € (—1,1). In the following theorem, we give explicitly the logarithm, the
distance and the interpolating geodesics of the quotient-affine metric.

Theorem 6 (Quotient-affine metrics in dimension 2). Let C; = C(p;1),Cy =
C(p2) € Cor™(n) with p1,ps € (—1,1). We denote f : p € (=1,1) > ifﬁ €

(0,00) which is a smooth increasing map. We denote A = A(p1, p2) = 3 log ;EZ?;

which has the same sign as pa — p1. Then:
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9
1. LOgC1 (C) = A <1 0p2 1 Opl) and d(Ch,Cs) = \ﬁ|>\|,
e

A cosh(At)+sinh(At .
2. 7(QC1702)(t) = C(pQA(t)) where pQA(t) = Zi Sinh(()\t))-i-coshgktg € (_171) 5

monotonic (increasing if and only if pa — p1 > 0).

Let 1,25 € Sym+(2) and C1, Cs their respective correlation matrices. We
denote yA1, 4LE the geodesics between X and Yy for the affine-invariant and
the log-Euclidean metrics respectively. We define p*!, p"F such that the corre-
lation matrices of yAI(t),y“E(t) are C(pAl(t)), C(p B (t)). Figure 1.(a) shows
pAL e pQA with X = 111(1)0) and Yy = 11090 149
merically ¥; and Y, it seems that p"F and p”! always have three inflec-
tion points. In contrast, p@* always has one inflection point since (p@*)”" =
—2XA2pQA (1 — (p@4)?2). Analogously, we compare the interpolations of the deter-
minant (Fig. 1.(b)) and the trace (Fig. 1.(c)) using several Riemannian metrics:
Euclidean (trace-monotonic); log-Euclidean and affine-invariant (determinant-
monotonic); power-Euclidean x quotient-affine (correlation-monotonic).

. When varying nu-

2500 — Euclidean
E(2)xQA
E(1)xQA

—— LEXQA

— E(-1)xQA

—— Affine-invariant

Log-Euclidean

2000

1500

1000

Determinant

500
0.00 4

-0.25 4
0.0 02 0.4 0.6 08 10

Time t

Correlation coefficient

—0.50 4

ovotientat (b) Interpolation of the determinant
-0.75 1 -_— uotient-attine

—— Affine-invariant 0
-1.00 Log-Euclidean 100 f
s 10 o5 00 05 10 15 « \ /
Time t 50 \
(a) Interpolation and extrapolation of the corre-,
lation coefficient. All the interpolations relying® = g
—— Euclidean
on product metrics on Sym*(2) = Diag™(2) x * seon
40

Cor™(2) with the quotient-affine metric on —
Cor™*(2) lead to the same correlation coefficient, —— Afe-invanant
labelled as “Quotient-affine”. ®

Log-Euclidean

0.0 02 04 0.6 0.8 1.0
Time t

(c) Interpolation of the trace

Fig. 1: Extrapolation and interpolation between the SPD matrices X and X,
using various Riemannian metrics. The metrics E(p)xQA refer to the p-power-
Euclidean metric on the diagonal part and the quotient-affine metric on the
correlation part. When p tends to 0, the p-power-Euclidean metric E(p) tends
to the log-Euclidean metric LE = E(0).
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Eu. / 0 0 © <o = —
E@)xQA / J J 7 Z — —
E(1)xQA / / J S S - —
LExaA / /| s s - -
E(1)xQA / R
Affiinv. / / 0 - - = —
waa | e - —

t=0 . t=1

Fig. 2: Interpolations between SPD matrices 37 and Xs.

On Figure 2, we compare the geodesics of these metrics. The determinant is
the area of the ellipsis and the trace is the sum of the lengths of the axes. Thus the
product metrics of the form power-Euclidean on the diagonal part and quotient-
affine on the correlation part can be seen as performing a correlation-monotonic
trade-off between the trace-monotonicity and the determinant-monotonicity.

5 Conclusion

We investigated in this paper the very nice idea of quotienting the affine-invariant
metrics on SPD matrices by the action of the positive diagonal group to ob-
tain the principled quotient-affine metrics on full-rank correlation matrices. The
quotient-affine metric with a« = 1 and 8 = 0 was first proposed in Paul David’s
thesis [6] and in the subsequent journal paper [5]. We contribute here exact
formulae for the main Riemannian operations, including the exponential map,
the connection and the sectional curvature. The exponential map is particularly
interesting to rigorously project tangent computations to the space of full-rank
correlation matrices. This opens the way to the implementation of a number of
generic algorithms on manifolds. However, we could not find a closed form expres-
sion for the logarithm which remains to be computed through an optimization
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procedure. Thus, computing distances with these metrics remains computation-
ally expensive. In order to obtain more efficient methods, this leads us to look
for other principled Riemannian metrics on correlation matrices for which the
logarithm could be expressed in closed form.
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A Proof of theorem 1

We denote Ax, = Diag(2)1/2. Using Section 2.1, we have:
dsm(V) = AG' [V — $(ASDiag(V) X + YDiag(V)AL?)] AL
V€ Vs = Vi,j € {1,...n},Vij = Ty x (§+ T) Ve Yey(R).
WeHs <= VV €V, tr(Z'VETIW) =0,
=V e R Y50 [E7 5 Zik(ky + ) [ Wi =0,
<= VD € Diag(n), tr(X"'DW + DX™'W) = 0,
= (ET'W WX € Hol(n) <= W € Sy—1(Hol3(n)).

Thus, we have computed the horizontal space for the affine-invariant metric o = 1
and 8 = 0. It is still valid for all @ > 0 and 8 > —a/n since the latter is included
in the former (because tr(X~'W) = 0) and they have the same dimension so they
are equal. Now we compute the vertical projection. Let V € TxSym™(n) and let
w € R" and W € Hy such that V = X e ¢)(u) + W. We are looking for p. Since
XYW =27 (T eqp(p)) + ZT'W, we have:

(Z7 W0 = 32, 127 e Zig (s + p15) = pa + [A(Z) s
Diag(X~'V)1 = (I, + A(X))u, hence p = (I, + A(X)) 'Diag(X'V)1.
B Proof of theorem 2
We compute dsm(V) with V = A X As. Note that Diag(V) = 0.
dsm(V) = AG' [V — $(ASDiagy (V)X + EDiag(V)AL?)] AL = X.

Hence, hor(V) € Hx satisfies dsm(hor(V)) = X so X# = hor(V).

C Proof of theorem 3
We use the definition of the quotient metric.
96" (X, X) = G& (hor(X), hor(X)) = G&7 (X, X) — G&P (ver(X), ver(X)).

We denote ver(X) = C e ¢(u) with u = (I, + A(C)) *Diag(C~ ' X)1. Then:

Ge(ver(X),ver(X)) = « tr(C™ 'ver(X)C ™ tver(X)) +8  tr(C 'ver(X))?
—_—
gkt [C7 i Ck (b +1k) [C 7t Cra (i +h4) (345 [C7 145 Caj (mitng))?

203, (655 + [C7 a5 Cog)pipy + 48 (n"1)?
2u” [ + A(C)) + 2811 " .



