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We report fully quantum calculations of the collisional perturbation of a molecular line for a system that is relevant for
Earth’s atmosphere. We consider the N2-perturbed pure rotational R(0) line in CO. The results agree well with the avail-
able experimental data. This work constitutes a significant step towards populating the spectroscopic databases with ab
initio collisional line-shape parameters for atmosphere-relevant systems. The calculations were performed using three
different recently reported potential energy surfaces (PESs). We conclude that all three PESs lead to practically the
same values of the pressure broadening coefficients.

I. INTRODUCTION

Detailed knowledge about the interaction energy in molec-
ular systems is crucial for understanding variety of physi-
cal phenomena. An accurate potential energy surface (PES)
is important for the calculations of bound states of molecu-
lar complexes,1 understanding the dynamics of the interstel-
lar medium,2 proper interpretation of collisionally induced
spectra3 and determination of shapes of the optical molecu-
lar resonances.4 Nitrogen molecule, as the main constituent of
Earth’s atmosphere, is of particular importance for the spec-
troscopic community. Collisions with N2 can perturb the ab-
sorption lines of less abundant molecules in the atmosphere,
leading to the pressure broadening (and shift) of the spectra,
and constitute the primary broadening mechanism in the tro-
posphere.5 Accurate values of pressure broadening and shift
coefficients are essential for reducing atmospheric-spectra fit
residuals,6 which might affect values of the quantities re-
trieved from the fit, such as the volume mixing ratio (VMR)6,7

of the absorbing compound. This is especially important in
terms of remote sensing applications, as subpercent accuracy
of the VMR is needed to reliably identify the sources and
sinks of the greenhouse gases.8,9 Carbon monoxide is a trace
gas in Earth’s atmosphere which has an indirect impact on
the concentration of methane. Indeed, CO reacts with hy-
droxyl radicals (·OH) and reduces their abundance in the at-
mosphere, which, in turn, leads to higher concentration of the
CH4 molecules.10,11 Carbon monoxide is also an important
gaseous pollutant and a useful tracer of various anthropogenic
activities, such as fossil fuel combustion.12–14

Apart from remote sensing measurements, accurate pres-
sure broadening coefficients of the nitrogen-perturbed CO
lines are of particular importance in the analysis of the at-
mospheres of various objects in the outer Solar System. The
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atmosphere of Titan, the largest moon of Saturn, is dominated
by nitrogen (94.2%) and methane (5.65%).15,16 Trace amounts
of the CO molecule were discovered there by Lutz et al.,17

who identified several P and R lines of the 3-0 band from
ground-based measurements. To accurately determine the
CO concentration in Titan’s atmosphere, several studies were
pursued, where pure rotational transitions,18,19 in particu-
lar the R(0),20–23 R(1),23,24 R(2)23,25 lines, as well as tran-
sitions from the fundamental band, were investigated.26–28

Currently,29 the most accurate values of the VMR of car-
bon monoxide come from ground-based measurements using
the Submillimeter Array,25 from the SPIRE instrument on the
Herschel satellite,30 and the Composite Infrared Spectrome-
ter (CIRS) on board the Cassini probe19 and are given by (5.1
± 0.4) ×10−5, (4.0 ± 0.5) ×10−5 and (4.7 ± 0.8) ×10−5,
respectively. In all these investigations, the experimental
values31–34 of the pressure broadening coefficients of the N2-
perturbed CO lines were necessary to properly interpret the
measured spectra.

Carbon monoxide was also detected in the nitrogen-
dominated35 atmosphere of Triton, the largest moon of
Neptune.36 The ground-based spectroscopic observations of
Triton in the 2.32-2.37 µm region, using the European South-
ern Observatory Very Large Telescope (ESO VLT), deter-
mined the abundance of CO and CH4 to be at a level of a
few hundredths of a percent of that of the nitrogen. Accurate
information about the relative abundance of CO and CH4 is
especially needed for the analysis of seasonal changes of Tri-
ton’s atmosphere37 and could be a subject of interest for future
orbital missions to Neptune.38 The atmosphere of Pluto shares
some similarities to those of Triton and Titan, as consists
mostly of nitrogen, with trace amounts of methane (0.25%)
and carbon monoxide.39 Searches for the CO features in the
atmospheric spectra of Pluto were subjects of various inves-
tigations in the millimeter40–43 and near-IR ranges.44,45 The
analysis of the pure rotational R(2) line by Lellouch et al. in-
dicated a CO mole fraction of 515 ± 40 ppm for a surface
pressure of 12 µbars.43
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As a molecular complex, the CO-N2 system was a sub-
ject of thorough theoretical and experimental investigations
throughout past years. The first pure rotational spectra of the
CO-N2 complex were observed in 199646,47 in the IR region.
These works were followed by studies of the microwave and
millimeter transitions in the complex,48–52 and several stud-
ies devoted to the transitions in the IR region.53,54 We recall
also two very recent studies of this complex in the millime-
ter range,55,56 which provided an accurate test of the recently
reported PESs.55,57,58

The theoretical investigations on the CO-N2 complex were
reviewed in more detail in a previous paper.57 Here, we only
recall the importance of the study conducted by Fišer and
Polák,59 who investigated multiple orientations of the com-
plex using the coupled-cluster singles and doubles including
connected triple corrections [CCSD(T)] and Møller-Plesset
(MP) perturbation theory up to fourth order. The first four-
dimensional (4D) PES was reported by Karimi-Jafari et al.,60

who employed the MP4 method with a basis set obtained
from the Dunning’s aug-cc-pVQZ basis set. In this investi-
gation, the g and f functions were removed from the orig-
inal basis set and, additionally, a set of 3s3p2d1f midbond
functions was used. Nonetheless, as it was stated in Ref. 57,
due to the method used, reduction of the basis set and too
small number of grid points chosen by the authors, this PES
should not be considered reliable enough to study various
physical phenomena. Recently, three highly accurate PESs
were reported.55,57,58 Liu et al.58 calculated a 5D PES us-
ing the CCSD(T)-F12 method and the aug-cc-pVQZ basis
set, claiming the discrepancies between theoretical and exper-
imental energies of the IR transitions of the CO-N2 complex
to be smaller than 0.068 cm−1. Surin et al.55 reported a 4D
PES calculated using the standard CCSD(T) method and the
aug-cc-pVQZ basis set, supplemented with 3s2p1d midbond
functions. The accompanying experimental results enabled
the authors to assign several newly detected transitions. How-
ever, some significant discrepancies between the calculated
and experimental rotational states were observed. The third,
more recent potential,57 was calculated using the CCSD(T)
method with the aug-cc-pVQZ basis set, extended with the
3s3p2d1f1g midbond functions. This 4D PES was fit to an
analytical expression,57 which performs well for geometries
where the interaction energy does not exceed 100 µEh. The
agreement between the theoretical and experimental values of
the energy levels is significantly better than for all the afore-
mentioned PESs.

Collisional broadening of the CO lines by nitrogen
molecules has been studied in detail both theoretically and ex-
perimentally. A majority of the experimental data refers to the
lines in the fundamental band of CO.33,34,61–89 N2-perturbed
CO lines were also measured for the first84,90–94 and second
overtones.65,95–97 In the case of pure rotational transitions,
the pressure broadening coefficients of the N2-perturbed lines
were determined for the first five R lines of CO. The first mea-
surements of the nitrogen-, oxygen- and air-broadened widths
of the R(0) line were reported by Connor and Radford,98 and
by Colmont and Monnanteuil.31 These results were refined
by Nissen et al.99 in a comparative study of foreign gas pres-

sure broadening of the R(0) line, using Fourier-transform and
radio-acoustical detection spectrometers. There are also a
few papers regarding foreign gas broadening of the R(1),32

R(2)100 and R(4)101,102 CO lines, in which a temperature de-
pendence of the N2 broadening coefficients was determined.
Puzzarini et al.103 reported a thorough study of various line-
shape models in the analysis of the N2- and O2-broadened
R(0-3) lines at 296 K. The pressure broadening coefficients of
the N2-perturbed CO lines from the S branch were also deter-
mined using coherent anti-Stokes Raman scattering (CARS)
spectroscopy.104

It has been recently shown for a benchmark system of
helium-perturbed H2, that a full ab initio description of the
shapes of rovibrational transitions leads to subpercent agree-
ment with experimentally measured spectra.105 This success-
ful theoretical approach is based on a very accurate PES, de-
termined from first principles,106,107 quantum scattering cal-
culations and a state-of-the-art model of collision-perturbed
shape of rovibrational resonance,108–111 which includes the
speed dependence of line broadening and shift112 and the in-
fluence of velocity changing collisions.113 Helium-perturbed
H2 lines were subjects of several recent investigations. In
Ref. 114 the influence of PESs’ quality on shapes of partic-
ular rovibrational lines was studied in detail. The most ac-
curate PES for this system and line-shape parameters for the
rovibrational Q lines were reported in Ref. 107. Shapes of
optical resonances from the O and S branches were deter-
mined in Ref. 115. Importance of centrifugal distortion (the
dependence of the radial coupling terms of the PES on the ro-
tational quantum number) was studied in Ref. 116. Finally,
the first comprehensive database of the line-shape parameters
(broadening, shift, their speed dependence and the complex
Dicke parameter), generated from ab initio calculations, was
reported in Ref. 117. The same methodology was applied to
the cases of helium-perturbed lines of HD118,119 and D2.120,121

Recently, subpercent agreement with the experimental shapes
of Ar-perturbed rovibrational lines in CO was achieved.122

Here, we report the ab initio quantum scattering calcula-
tions of the collision-perturbed shape of the molecular line
for a system that is relevant for the terrestrial atmosphere.
We investigate the width of the N2-perturbed pure rotational
R(0) line in CO. Scattering calculations are performed using
three PESs.55,57,58 Our results are in good agreement with the
available experimental data.31,98,99,103 The shape of the pure
rotational R(0) line is dominated by the collisional broaden-
ing, which is two orders of magnitude larger than the pressure
induced shift. Hence, in this paper we do not consider the
pressure shift coefficient. Due to the complex structure of the
close-coupled (CC) equations and a large number of channels
that must be taken into account, the equations are solved using
the coupled states approximation (CSA).123

The paper is organized as follows: in Sec. II we briefly de-
scribe the PESs used in the calculations. In Sec. III we discuss
the details of the scattering calculations and we analyze the
obtained generalized spectroscopic cross sections. In Sec. IV
we describe the calculations of the pressure broadening coef-
ficient and in Sec. V we compare our results with the exper-
imental data. The accuracy of our calculations we discuss in
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Sec. VI and in Sec. VII we summarize our results.

II. POTENTIAL ENERGY SURFACE

A PES for a system consisting of two rigid diatomic
molecules (A and B) depends on four variables: the in-
termolecular distance between the centers of mass of the
molecules, R, the angles between each of the molecular axes
and the intermolecular axis, θA and θB, and the dihedral an-
gle, φ . Let us identify subscripts A and B with CO and N2
molecules, respectively. The definition of the angles is pre-
sented in Fig. 1. Contrary to the PESs of Surin et al.55 and
Cybulski et al.,57 which are 4D, the PES of Liu et al.58 addi-
tionally takes into account the stretching of the CO molecule.
However, for the purpose of these calculations (we investigate
a pure rotational transition in the ground vibrational state of
CO), we do not consider any changes of the intramolecular
distance of the molecule.

FIG. 1. Geometry of the CO-N2 system.

In order to reduce the potential to a form suitable for the
scattering calculations, the 4D PES is expanded over bispher-
ical harmonics:

V (R,θA,θB,φ) = ∑
lA,lB,l

AlA,lB,l(R)IlA,lB,l(θA,θB,φ). (1)

The radial terms of the potential are denoted as AlA,lB,l and the
bispherical harmonics, IlA,lB,l , are defined as:

IlA,lB,l(θA,θB,φ = φA−φB) = (2)√
2l +1

4π
∑
m
(lA mlB −m|lA lB l 0)YlA,m(θA,φA)YlB,−m(θB,φB),

where Yli,m(θi,φi) are spherical harmonics and
(li ml j −m|li l j l 0) are the Clebsch-Gordan coefficients.
In the case of the CO-N2 system, lA is a non-negative integer,
lB is a non-negative integer that takes only even values and
l satisfies the triangular condition |lA − lB| ≤ l ≤ lA + lB.
Additionally, the sum of these three indices is an even integer.

The radial terms of the potential, AlA,lB,l(R), are obtained
by the integration of the product of the bispherical harmonics
and the full PES, over the angles θA, θB and φ :124

AlA,lB,l(R) =
8π2

2l +1

∫ 2π

0
dφ

∫
π

0
dθA sinθA

∫
π

0
dθB sinθB (3)

V (R,θA,θB,φ)IlA,lB,l(θA,θB,φ)

In the cases of Liu’s58 and Surin’s55 PESs, we used their ana-
lytical fits. In the case of Cybulski’s PES,57 the reliable fit is

limited to energies smaller than 100 µEh, hence, we interpo-
lated the original 10 000 energy points (which covered the in-
termolecular distances from 5.0 to 30.0 a0) with the reproduc-
ing kernel Hilbert space method (RKHS).125 The values of the
smoothness parameter, n, and the parameter which determines
the long-range behavior of the radial terms, m, were set to the
same values as the ones used in the paper of Surin et al.55

Finally, all the three PESs were prepared in a form of 205
radial terms, up to the term with lA = 10, lB = 8 and l = 18.
The grid of the intermolecular distances for which the radial
terms were calculated, consisted of 230 points, from 4.25 a0
to 50 a0. Fig. 2 presents a comparison between isotropic and
(two) anisotropic contributions to the three PESs in the vicin-
ity of the minimum of the isotropic component.
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FIG. 2. Comparison between isotropic (lA, lB, l = 0,0,0, solid lines)
and anisotropic (lA, lB, l = 1,0,1, dashed lines and lA, lB, l = 2,2,4,
dotted lines) radial terms of the three considered PESs.55,57,58 The
two curves corresponding to the isotropic terms of the Surin’s and
Liu’s PES, as well as the curves representing the anisotropic terms
for all the three PESs, are overlapping.

III. QUANTUM SCATTERING CALCULATIONS

The quantum scattering theory of two rigid diatomic
molecules in a 1Σ electronic state is well known and thor-
oughly discussed in the literature.124,126–129 Here we briefly
summarize the issue and we connect the results of the scat-
tering calculations with the generalized spectroscopic cross
section.

The total wavefunction of the system is expanded in a basis
set discussed in Ref. 124 or in Ref. 129. The expansion sep-
arates the intermolecular distance and the angles describing
the geometry of the two diatomics. A substitution of the ex-
panded form of the wavefunction into the Schrödinger equa-
tion leads to a set of CC equations for the radial part of the
total wavefunction (see Eq. (9) in Ref. 124). The equations
are solved numerically for a wide range of kinetic energies.
Boundary conditions on the radial part of the total wavefunc-
tion connect the solutions of the coupled equations with the
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scattering S-matrix (see Eq. (11) of Ref. 128). The elements
of the scattering S-matrix enter the formulas for the gener-
alized spectroscopic cross section, whose real and imaginary
parts are called the pressure broadening and shift cross sec-
tion, respectively.130,131

In contrast to simpler systems of molecule-
atom107,115,120,132 or molecule-molecule with large rotational
constants,109 for a system of two diatomic molecules typical
for Earth’s atmosphere, the number of basis levels (necessary
to converge numerical calculations) grows considerably
with the relative kinetic energy of the colliding pair. At
present, this effectively hinders the possibility to study the
room-temperature collisions. The memory resources and
the CPU time required to perform such calculations exceed
capabilities of typical work stations. It has enforced us to use
an approximate method of solving the CC equations.

There are several well-known methods for simplifying the
coupled equations.123,133–141 In this work we have made use
of the widely used coupled states (CS) approximation.123 The
theory behind the formulas is well-known and the review of
the literature can be found in Chapter 9 of Ref. 142.

In the body-fixed frame of reference, the relative angular
momentum operator, l2, couples channels with different val-
ues of the projection of the j12 angular momentum, Ω, on the
intermolecular axis, where j12 is the result of coupling of the
rotational angular momentum of the two diatomic molecules,
j12 = j1 + j2. Within the most common version of the CS ap-
proximation, the off-diagonal matrix elements of the relative
angular momentum operator, l2, coupling different values of
Ω, are neglected. This leads to the coupled equations that are
diagonal with respect to this quantum number and immensely
speeds up the calculations. Additionally, a new quantum num-
ber, l̄, which approximates the diagonal matrix elements of the
relative angular momentum operator as l̄(l̄+1), is introduced.
This quantum number is used instead of the total angular mo-
mentum, J. Finally, within the CS approximation, the coupled
equations are block-diagonal with respect to l̄ and Ω.

The rest of the procedure is similar to the case without the
approximations. The S-matrix elements (connected with the
space-fixed S-matrix elements by a unitary transformation,
see Eq. (44) of Ref. 143 and the discussion therein) are ob-
tained and the generalized spectroscopic cross section is cal-
culated. Due to the unitary transformation between the S-
matrix elements obtained within the CS approximation and
calculated exactly in the space-fixed frame of reference, the
formula for the generalized spectroscopic cross section is

quite different (see Eq. (96) of Ref. 144):

σ
q
0 ( ji, j f , j′i, j′f , j2,Ekin) = (4)

× π

k2

√
2 j′i +1
2 ji +1 ∑

l̄,Ω,Ω′
∑

j′2, j12, j′12, j̄12, j̄′12

(−1) j12+ j′12+ j̄12+ j̄′12

×(2l̄ +1)
√
[ j12]

[
j′12

]
[ j̄12]

[
j̄′12

]( j′12 j̄′12 q
Ω −Ω′ Ω′−Ω

)
×
(

j12 j̄12 q
Ω −Ω′ Ω′−Ω

){
j′12 j̄′12 q
j′i j′f j′2

}{
j12 j̄12 q
ji j f j2

}
[δ j12 j′12

δ j̄12 j̄′12
δ ji j′i

δ j f j′f
δ j2 j′2
−

〈 ji j2 j12|SCS
l̄Ω(ETi)| j

′
i j′2 j′12〉〈 j f j2 j̄12|SCS∗

l̄Ω′ (ETf )| j
′
f j′2 j̄′12〉],

where [x] = 2x+1, the quantities in parenthesis are Wigner 3-j
symbols and the quantities in braces are Wigner 6-j symbols.
If line-mixing effects are not considered, the cross sections are
calculated with ji = j′i and j f = j′f , which denote the initial
and final states, respectively, of the spectroscopic transition.
For the dipole R line analyzed in this work, the tensor order
of the radiation-matter interaction, q, is equal to 1.

The results presented here were obtained by solving
the coupled equations, within the CS approximation, using
MOLSCAT code.145 The modified log-derivative algorithm
of Manolopoulos146 was used, with propagation beginning
deeply in the repulsive wall of the potential at R = 4.25a0 and
ending at R = 100a0. The radial coupling terms of the PES
were extrapolated for R > 50a0 in a Cn/Rn form, where Cn
and n were obtained from the fit using the long range part of
the AlA,lB,l(R) terms. We took advantage of the fact that there
are two spin isomers of nitrogen molecule, which give rise
to two different symmetries of the rotational wavefunction.
ortho-N2, with total nuclear spin I = 0 or I = 2, exhibits a
rotational structure which involves only even j values, while
para-N2, with I = 1, yields rotational levels which correspond
to odd j values. This allowed us to perform scattering cal-
culations with these two species independently, and, thus,
to reduce the basis set. At least two asymptotically closed
levels (( j1; j2) states, the energy of which is larger than the
total energy of the scattering system and are thus energeti-
cally inaccessible at large intermolecular distances) were kept
throughout the calculations. The rotational energy levels of
both molecules were taken from HITRAN database.147 The
generalized spectroscopic cross sections were obtained using
the newly developed FORTRAN code.148

It is difficult to obtain, for a given relative kinetic energy,
converged values of the imaginary part of σ1

0 . The pressure
shift cross section is very sensitive to the range and step of
the propagator and the number of asymptotically closed chan-
nels in the basis set (see Sec. 5 of Ref. 115 and Sec. 4 of
Ref. 119). The susceptibility of Im(σ1

0 ) to these factors is es-
pecially pronounced in the molecule-molecule scattering sys-
tems and might lead to relatively large uncertainties of the re-
sulting pressure shift coefficients. This is the case for, ana-
lyzed here, the N2-perturbed pure rotational R(0) line in CO.
However, the pressure shift is at least two orders of magni-
tude smaller than the collisional broadening of this particular
line and it has not been detected in any experiment.31,98,99,103

Acc
ep

ted
 m

an
us

cri
pt



5

Thus, in this study, we focus on the real part of σ1
0 and the

resulting pressure broadening coefficient, γ (see Eq. (6)).
We begin the discussion with a comparison of the pressure

broadening cross sections obtained using three different PESs.
Fig. 3 presents the dependence of σ1

0 on kinetic energy for
j2 = 0. For this particular value of j2, we were able to calcu-
late the cross sections for the widest range of relative kinetic
energies. As it can be seen in Fig. 3, all the three PESs result in
almost the same values of the pressure broadening cross sec-
tions (the largest relative difference between the cross sections
is at a level of 1.5%). The same situation occurs for higher val-
ues of j2, with relative differences between the values of σ1

0
obtained with different PESs being at the level of 1%. Due to
very small differences between the pressure broadening cross
sections, in the following analysis we will focus on the results
obtained with the PES of Cybulski et al.57

102 2 × 102 3 × 102 4 × 102

Ekin (cm 1)

102

1.1 × 102

1.2 × 102

9 × 101

R
e

1 0 
(A

2 )

Cybulski et al.
Liu et al.
Surin et al.

FIG. 3. Comparison between pressure broadening cross sections for
j2 = 0 calculated using three different PESs.55,57,58
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102
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1.2 × 102

1.3 × 102

9 × 101

R
e

1 0 
(Å

2 )

j2=0
j2=3
j2=5
j2=7
j2=9
j2=12

FIG. 4. Pressure broadening cross sections as a function of relative
kinetic energy for several values of j2. The cross sections were cal-
culated using the PES of Cybulski et al.57

Fig. 4 presents the kinetic energy dependence of the calcu-

lated generalized spectroscopic cross sections for various ro-
tational levels of the perturber, j2. The range of the kinetic en-
ergies, for which the calculations of σ1

0 are feasible, strongly
depends on j2. For example, for j2 = 0, we were able to calcu-
late the cross sections up to kinetic energy values of 400 cm−1,
for j2 = 7 up to 250 cm−1, and for j2 = 12 up to 120 cm−1. We
note that at large kinetic energies the dependencies are linear
on the log-log plot. This type of relation has already been re-
ported in the studies of the argon-perturbed CO lines122,149,150

as well as in the studies of the Ar-perturbed CO2
151 or H2-

perturbed N2
152 isotropic Raman lines. Moreover, it is seen

from Fig. 4 that, for a given relative kinetic energy, the pres-
sure broadening cross sections become j2-independent for
larger j2. A tentative explanation for such behavior of the
cross sections is as follows. The PBXS for this system is
essentially determined by the contribution from the inelastic
state-to-state cross sections (fact that we have checked mak-
ing use of the random phase approximation151,153,154). This is
even more evident for larger j2 values, since the N2 molecule
rotates faster and averages the long range anisotropic com-
ponents of the PES, resulting in a small elastic dephasing
contribution. Therefore, large j2 values mostly sample the
same, short range (repulsive) part of the PES. We thus ob-
serve small differences between the PBXS for large j2 values.
This phenomenon was already noticed for several molecule-
molecule systems.152–154 For instance, in the study of C2H2-
H2 system,153 a very weak j2-dependence of the cross sections
for kinetic energies larger than 500 cm−1 was reported (see
Fig. 3 in Ref. 153 and the discussion therein). In fact, during
the calculations of the thermally-averaged pressure broaden-
ing coefficient at temperatures larger than 500 K, the cross
sections for j2 > 3 were taken as the mean value of σ

q
0 with

j2 = 1, 2 and 3. Similar observation about less pronounced
j2-dependence of σ

q
0 at large relative kinetic energies were

reported in the studies of the N2-H2 and N2-N2 systems (see
Fig. 1 of Ref. 152 and Fig. 3 of Ref. 154, respectively).

The conclusion that σ1
0 (Ekin) obeys the power law allows

us to extrapolate it for large kinetic energies. We fit the ab
initio values of σ1

0 to the single power law:

σ
1
0 (Ekin) = A

(
E0

Ekin

)b

, (5)

where E0 = 100 cm−1. The cut-off energies are set from 30
to 180 cm−1, depending on the value of j2. In the case of
the extrapolation with respect to the rotational quantum num-
bers of the perturber, we make use of another observation,
that for large values of j2, for a given kinetic energy, the σ1

0
cross section converges to a constant value. Thus, we use the
following procedure to determine σ1

0 for given j2 and Ekin:
for j2 < 12, σ1

0 (Ekin, j2) is obtained by fitting the expres-
sion given in Eq. (5) to the results of the quantum scattering
calculations. For j2 values larger than 12, we assume that
σ1

0 (Ekin, j2) = σ1
0 (Ekin, j2 = 12).

Figs. 5 and 6 demonstrate the extrapolation procedure for
given j2 and Ekin, respectively. In Fig. 5, we present the ab
initio and fitted values of σ1

0 for j2 = 0 and j2 = 7. As no-
ticed in the previous section, the power-law fit works well at
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FIG. 5. Kinetic energy dependence of σ1
0 for j2 = 0 and j2 = 7. The

solid and dashed curves correspond to the ab initio and fitted (see
Eq. (5)) values, respectively. For reference, we put the Maxwell-
Boltzmann distribution at 298.15 K (gray curve).
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FIG. 6. j2-dependence of σ1
0 for various kinetic energies. The points

and the black dashed curves correspond to the ab initio and the ex-
trapolated values, respectively.

sufficiently large values of Ekin. In Fig. 6, we show the val-
ues of the cross sections as a function of the rotational levels
of the perturber, for three kinetic energies: Ekin = 100, 200
and, 300 cm−1. We note, following the discussion of Fig. 4,
that the j2-dependence of the cross sections becomes less pro-
nounced as j2 increases. For these three particular values of
Ekin, the cross sections for j2 > 5 differ from each other by
less than 0.6%.

In Table I we show the calculated parameters of the power-
law fit for j2 < 13 for the three different PESs.55,57,58 This data
can be used to reproduce the shape of the R(0) pure rotational
line with different line-shape models (not considered here).
Again we can see that the three analyzed PESs lead to almost

TABLE I. Coefficients obtained from the fitted cross section values
with the power-law expression, Eq. (5), using three analyzed PESs.
Values in parenthesis correspond to the standard deviation error of
the parameters.
j2 Cybulski et al.57 Surin et al.55 Liu et al.58

A (Å2)
0 117.5(1.7) 116.2(1.7) 115.7(2.0)
1 124.7(3.3) 124.3(3.3) 123.7(3.2)
2 127.3(2.4) 127.2(2.1) 127.2(2.2)
3 127.4(3.5) 126.9(4.2) 126.2(3.7)
4 125.4(0.8) 124.8(0.8) 124.3(0.8)
5 125.9(1.0) 125.2(0.7) 124.8(0.7)
6 125.2(0.5) 124.9(0.5) 124.4(0.5)
7 126.3(1.2) 125.9(1.2) 125.5(1.2)
8 126.8(1.2) 126.6(1.2) 125.9(1.4)
9 125.9(1.0) 125.4(1.1) 124.7(1.1)
10 125.1(1.0) 125.0(0.9) 124.4(1.3)
11 125.6(1.9) 125.3(2.2) 125.2(2.4)
12 125.7(2.1) 125.7(2.3) 125.1(3.4)

b
0 0.19(2) 0.18(2) 0.18(2)
1 0.19(3) 0.19(3) 0.19(3)
2 0.19(2) 0.19(1) 0.19(2)
3 0.20(3) 0.20(4) 0.20(3)
4 0.22(1) 0.21(1) 0.22(1)
5 0.23(2) 0.23(1) 0.23(1)
6 0.23(1) 0.23(1) 0.23(1)
7 0.24(3) 0.24(3) 0.24(2)
8 0.24(2) 0.24(2) 0.24(3)
9 0.21(2) 0.21(2) 0.21(2)

10 0.21(2) 0.21(2) 0.21(2)
11 0.20(3) 0.21(3) 0.20(3)
12 0.19(4) 0.19(5) 0.19(7)

the same generalized spectroscopic cross sections and that the
dependence of the coefficient of the fit on j2 is negligible for
j2 > 5.

IV. LINE-SHAPE PARAMETERS

Generalized spectroscopic cross sections are used to calcu-
late the pressure broadening coefficients at a given tempera-
ture T , using the following formula:109

γ(v) =
1

2πc
1

kBT ∑
j2

p j2
2

π v̄pv
(6)

×Re
∫

∞

0
dvrv2

r e
− v2+v2

r
v̄2
p sinh

(
2vvr

v̄2
p

)
σ

1
0 ( ji, j f , j2,vr),

where v is the speed of the active molecule, vp denotes the
speed of the perturber with the most probable value v̄p =√

2kBT/mp, and their relative speed vr with the mean value
v̄r. mp and kB are the mass of the perturber and Boltzmann
constant, respectively. p j2 denotes the population of the per-
turbing molecule in a rotational state j2 (at a given tempera-
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ture):

p j2 =
1

Z(T )
w j2(2 j2 +1)e−

E j2
kBT , (7)

and Z(T ) is the partition function

Z(T ) = ∑
j2

w j2(2 j2 +1)e−
E j2
kBT . (8)

In order to cover 99% of the population of the perturber’s rota-
tional states at room temperature, one should extend the calcu-
lations up to j2 = 22. The weight w j2 comes from the symme-
try of the total wavefunction of the nitrogen molecule and the
degeneracy of the total nuclear spin, I. The nitrogen nucleus
is a boson with the nuclear spin equal 1, which gives the re-
sultant total nuclear spin of the N2 molecule I = 0,1 or 2. For
I = 0 and I = 2 (ortho-N2), only even values of the rotational
quantum number of N2, j2, are possible. This corresponds to
the value of w j2 = 6. para-N2 has the total nuclear spin I = 1,
with only odd values of j2 allowed. In this case w j2 = 3.

Speed-averaged values of the pressure broadening coeffi-
cients (γ0) are obtained either by averaging Eq. (6) over the
velocity distribution of the active molecule or directly from
the generalized spectroscopic cross sections:109

γ0 =
1

2πc
1

kBT
v̄r

×∑
j2

p j2Re
∫

∞

0
dxxe−x

σ
q
0 ( ji, j f , j2,x = Ekin/kBT ).

(9)

In Fig. 7, we compare the speed-dependent, Eq. (6), and
speed-averaged, Eq. (9), values of the pressure broadening
coefficient at 298.15 K. We also plot the Maxwellian distribu-
tion, which enters Eq. (9) and determines the speed-averaged
value of the broadening coefficient.

To compare our calculations with the experimental data, the
influence of the speed dependence of the line broadening on
the collision-perturbed profile should also be taken into ac-
count. The speed dependence of the broadening is manifested
as line narrowing, i.e., the effective width of the profile is
smaller than γ0. To account for this effect, we simulated the
shape of the line with the weighted sum of Lorentz profiles
(WSLP) and fitted the simulated profile with a simple Lorentz
profile. The fitted width of the Lorentz profile (denoted here
as γ†) corresponds to the values that are obtained from the
experiments.31,98,99,103 The influence of the speed dependence
of the collisional shift is negligible for this system.

Here, we recall that the line-shape parameters are related to
the standard, pressure-dependent broadening coefficients by
Γ = γ p, where p denotes the pressure.

V. COMPARISON WITH THE EXPERIMENTAL DATA

In this section, we compare the obtained pressure
broadening coefficients with the available experimental
data.31,98,99,103 Connor and Radford98 reported pressure

0 200 400 600 800 1000 1200 1400
v (m/s)

0

25

50

75

100

125

150

175

200

 (1
0

3  
cm

1 /
am

ag
at

)

FIG. 7. Ab initio speed dependence of the collisional broadening,
γ(v) (black solid line), for the N2-perturbed pure rotational R(0)
line of the CO molecule at 298.15 K. The speed-averaged value,
γ0, is presented as the black dashed line. For reference, we put the
Maxwellian distribution at this temperature (in arbitrary units), as the
grey solid curve. The results were obtained using the PES of Cybul-
ski et al.57
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FIG. 8. Comparison between the effective collisional width (γ†) of
the pure rotational R(0) line of the N2-perturbed CO molecule with
the pressure broadening coefficient (γ0) and the available experimen-
tal data. The estimated uncertainty of γ†(T ) is represented by the
shaded area (see Sec. VI for details). The results presented here were
obtained with the PES of Cybulski et al.57

broadening coefficients for the N2-, O2- and air-broadened
R(0) lines in CO. The measurements were performed for sev-
eral temperatures in the range from 202 K to 324 K and the
results were fitted to the empirical power law relation:

γ(T ) =C
(

T0

T

)d

, (10)
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TABLE II. Comparison of the theoretical and experimental power
law coefficients (Eq. (10)). Dagger symbol, †, denotes the results
obtained after the inclusion of the speed-dependence of the broaden-
ing (see black curve in Fig. 8). Values in parenthesis correspond to
the standard deviation error of the parameters.

PES C (MHz Torr−1) d
Surin et al.55 3.44(8) 0.71(14)

Cybulski et al.57 3.45(7) 0.71(14)
Liu et al.58 3.43(8) 0.71(14)

Surin et al.55† 3.29(7) 0.71(14)
Cybulski et al.57† 3.30(7) 0.71(14)

Liu et al.58† 3.28(7) 0.71(14)
Experiment (Ref. 31)a 3.26(10) 0.86(12)
Experiment (Ref. 98) 2.99(+14,-10) 0.74(10)

Experiment (Ref. 99, FTMMW) 3.13(1) 0.74(2)
a The C coefficient is calculated from the C and d values reported

for T0 = 293 K.

where T0 = 300 K is a specific reference temperature. The
study conducted by Colmont and Monnanteuil31 was per-
formed in a slightly narrower temperature range, from 220 K
to 293 K. The authors derived the values of the fitting coeffi-
cients from Eq. (10) for the cases of self-, N2-, O2- and air-
broadened CO R(0) line, setting T0 = 293 K. Over ten years
later, Nissen et al.99 reported results of the joint study con-
ducted by the Kiel and Nizhny Novogrod groups. In this in-
vestigation, collisional broadening of the R(0) line in CO by
several buffer gases was studied by using two experimental
techniques in the time and frequency domain. The frequency-
domain data was obtained using radio acoustical detection
(RAD) spectrometer for the temperature range from 230 K
to 300 K, while the time-domain data was acquired using a
Fourier transform spectrometer in the millimeter wave region
(FTMMW) at one temperature T = 296 K. Puzzarini et al.103

conducted a thorough study of self- and foreign-gas broaden-
ing of the R(0-3) lines in the CO (12CO and 13CO) molecules.
The authors analyzed the shapes of the measured rovibrational
lines using the Voigt, Galatry155 and Rautian156 profiles at
296 K.

Fig. 8 presents the comparison between the theoretical and
experimental collisional width of the R(0) line of CO per-
turbed by N2 at various temperatures. In the case of the theo-
retical values, we present the speed-averaged pressure broad-
ening coefficient, γ0, and the effective collisional width of the
line, γ†, as described in Sec. IV. In order to quantitatively
compare the theoretical temperature dependence of the colli-
sional width, we chose to present the power law dependence
of γ(T ) by using coefficients fitted with Eq. (10). The theo-
retical and experimental values of the C and d coefficients are
collected in Tab. II.

The agreement between the theoretical and most of the ex-
perimental values31,99,103 is very good. An exception is a
slight difference between the theoretical collisional width and
the results reported by Connor and Radford.98 The inclusion
of the speed-dependence of collisional broadening through the
WSLP leads to significantly better agreement with the exper-
imental data.

VI. ACCURACY OF THE CALCULATIONS

In this section we discuss the sources of the uncertainty
of the pressure broadening coefficients reported in this paper.
First, we analyze the sources of the uncertainty of the cal-
culated generalized spectroscopic cross sections, originating
from the coupled states approximation, the initial parameters
of the chosen propagator and the number of the closed levels
used in the calculations. In the next step, we discuss the possi-
ble error originating from extrapolation of the kinetic energy
dependence of the cross sections and, finally, we discuss the
influence of neglecting the resonances observed at low kinetic
energies. The resulting total uncertainty of the pressure broad-
ening coefficient corresponds to the shaded area in Fig. 8.

The most important contribution to the uncertainty of the
final results comes from the coupled states approximation
used while solving the coupled equations. The accuracy of
the generalized spectroscopic cross sections calculated within
this approximation have been thoroughly discussed in the
literature.151,157–159 For instance, Roche et al.157 have re-
ported that for low j values of the active molecule and rel-
atively small values of kinetic energies, the cross sections cal-
culated within the CS approximation are underestimated by
about 15%. However, as was confirmed in other studies using
this approximation, i.e., in the cases of the molecule-molecule
systems, the CS approximation works better in the domain of
large kinetic energies and for larger values of j2.

We have made several tests to check how much the CC
and CS generalized spectroscopic cross sections differ. Over-
all, the agreement between the approximate and exact cross
sections is better than previously reported in the literature.
The largest relative difference between the CC and CS cross
sections in the analyzed energy domain is about 5.8% for
Ekin = 150 cm−1 and j2 = 2. Apart from j2 = 0, where the
CS cross sections are underestimated by about 4.5%, the ap-
proximate cross sections are slightly larger than the CC val-
ues. The largest j2 value, for which we could make such a
comparison was j2 = 7, where we calculated the cross sec-
tions for Ekin = 65 cm−1. Indeed, the CS works better for
larger values of j2, although we have not observed any sign
of convergence of the approximate cross sections to the exact
values of σ1

0 . To estimate the error introduced by the CS cal-
culations, we took the relative differences between the CC and
CS cross sections from those tests and averaged them with the
statistical weights coming from the population of the nitrogen
molecule in the considered temperature range. This resulted
in an estimated error of 2.7% coming from the approximate
method of solving the coupled equations.

Another contribution to the uncertainty of the results orig-
inates from the initial parameters of the propagator that
is used to solve the coupled equations. Let us remind
that we have used the hybrid log-derivative propagator of
Manolopoulos,146 which can be controlled by choosing the
starting (Rmin) and end point (Rmax) of the propagation, as
well as the step size. The choice of the starting point of the
propagation is driven by two factors. On the one hand, the
propagation process should start possibly deep in the classi-
cally forbidden region, where the PES is strongly repulsive.
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On the other hand, the quantum chemical methods, such as
CCSD(T), are less reliable there since in the short-range re-
gion convergence problems tend to occur. This, obviously,
affects the accuracy of the radial terms of the PES, that enter
the coupled equations. Therefore, one needs to find a starting
point which is a compromise between these two restrictions.
In this study, we set Rmin = 4.25 a0, which corresponds to the
shortest ab initio distance in the R-grid of Surin’s PES et al.55

We performed additional tests to check if a decrease in the
value of Rmin to 4.0 a0 or 3.5 a0 has any significant influence
on the values of the generalized spectroscopic cross sections.
Since the calculated σ1

0 have remained unchanged in those ad-
ditional runs, we can state that this parameter is chosen prop-
erly.

The propagation should end in the region where the radial
terms of the PES vanish and boundary conditions can be ap-
plied, and we used Rmax = 100 a0 in our calculations. We have
also performed additional tests to check how increasing (up to
200 a0) or decreasing (down 75 and even 50 a0) this param-
eter influences the generalized spectroscopic cross sections.
The tests confirmed that increasing this parameter does not
produce any significant difference in σ1

0 and the decrease of
this parameter to 50 a0 affects the pressure broadening cross
section by less than 0.01%. We conclude that the range of the
propagation has been chosen properly and does not contribute
to the final error of the collisional broadening reported here.

A change of the step size of the propagator mainly influ-
ences the collisional shift of the spectral line shape, which
we do not consider here. Usually, the step size should be in-
versely proportional to the square root of the relative kinetic
energy. However, an appropriate choice of the step size be-
comes significant for kinetic energies smaller than 40 cm−1,
where resonant structures make obtaining the convergence of
the cross sections very difficult. In the kinetic energy domain
considered here, the error introduced by the step size of the
propagator is insignificant.

As mentioned in Sec. III, in all the calculations, we kept
at least two asymptotically closed levels. In the considered
relative kinetic energy domain this should be sufficient, but
we have performed tests to check how additional closed levels
(up to 6) influence the values of the pressure broadening cross
section. The additional asymptotically closed levels changed
the pressure broadening cross section up to about 0.7% of its
referential value (for j2 values larger than 7).

To summarize, the total uncertainty of the calculated pres-
sure broadening cross sections is estimated at a level of 3.5%.

Another important contribution to the uncertainty of the
pressure broadening coefficient originates from the extrapo-
lation of the kinetic energy dependence of σ1

0 . Let us remind
that for each j2, the power law function was fitted to the val-
ues of σ1

0 . The cut-off energy varied from 30 to 180 cm−1,
depending on the j2 value. In order to estimate the possible
error associated with the range of the ab initio points used in
the fitting procedure, we calculated the pressure broadening
coefficients using the power law dependence of σ1

0 (Ekin) fit-
ted to the data points with Ekin = 15 cm−1. The largest relative
difference between those values and the results presented here
is at a level of 1%.

10 1 100 101 102 103

Ekin (cm 1)

102

103

R
e

1 0 
(A

2 )

FIG. 9. Resonant structures observed in the pressure broadening
cross sections (red curve) for kinetic energies smaller than 15 cm−1.
The black line corresponds to the power law function fitted to the
points for which Ekin > 30 cm−1. As a reference, we draw the
Maxwell-Boltzmann distribution at 298.15 K (gray curve). These
results, corresponding to j2 = 9, were obtained using the PES of Cy-
bulski et al.57

In the present study we neglected the resonant structures
observed in the kinetic energy dependence of the pressure
broadening cross sections. These structures occur for kinetic
energies smaller than 15 cm−1, although the exact range de-
pends on j2. An example for j2 = 9 is presented in Fig. 9. The
Maxwell-Boltzmann distribution, shown in this plot, clearly
justifies the neglect of the points below 15 cm−1 in the calcu-
lations of the line-shape parameters (see Eq. (9)) at room tem-
perature. Nonetheless, we have performed tests to quantify
the influence of taking into account all the data points, includ-
ing the resonant structures. We conclude that the results (at
room temperature) obtained in this way differ by about 0.5%
with respect to the values reported in the previous section.

We have estimated all the possible contributions to the final
error of the pressure broadening coefficient. The generalized
spectroscopic cross sections are calculated with an approx.
3.5% uncertainty, which originates from the coupled states ap-
proximation (2.7%) and the contribution from the number of
the closed levels taken into account while solving the coupled
equations (0.7%). The cut-offs for the kinetic energies used
in the power law fit introduce an estimated error of about 1%.
Neglecting the resonant structures of the cross sections for ki-
netic energies below 10 cm−1 could affect the final results by
0.5%. Hence, the total uncertainty of the final pressure broad-
ening coefficients is at the 5% level.

VII. CONCLUSIONS

We have presented the first-ever theoretical calculations of
the pressure broadening of the pure rotational R(0) line of
the N2-perturbed CO molecule. Starting from an ab initio
PES, we performed quantum-scattering calculations. Because
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of the computational complexity of the coupled equations,
we made use of the well-known coupled states approxima-
tion. This allowed us to obtain the generalized spectroscopic
cross sections for a wide range of kinetic energies and for
the values of the rotational quantum number of the perturb-
ing molecule j2 ≤ 12. We calculated the speed-averaged and
speed-dependent values of the pressure broadening coefficient
and we obtained good agreement with the experimental data.

One of the goals of this paper was to determine whether any
of the previously reported PESs55,57,58 reproduces the shape
of the R(0) line significantly better than the other considered
PESs. Our results suggest that all three PESs lead to almost
the same results and it is impossible, at this level of accuracy
of the scattering calculations, to determine which one is the
most accurate.

This work constitutes a large step towards theoretical in-
vestigation of other N2-perturbed pure rotational CO lines.
Such studies are of particular importance for the physics of
the terrestrial and extraterrestrial atmospheres, and for pop-
ulating the spectroscopic databases, such as the HITRAN
database,147 with ab initio collisional line-shape parameters.

SUPPLEMENTARY MATERIAL

See the supplementary material associated with this article
for the tabulated radial terms of the three PESs.
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119K. Stankiewicz, H. Jóźwiak, M. Gancewski, N. Stolarczyk, F. Thibault,
and P. Wcisło, “Ab initio calculations of collisional line–shape parameters
and generalized spectroscopic cross-sections for rovibrational dipole lines
in HD perturbed by He,” J. Quant. Spectrosc. Radiat. Transf. 254, 107194
(2020).

120R. Z. Martínez, D. Bermejo, F. Thibault, and P. Wcisło, “Testing the ab
initio quantum-scattering calculations for the D2-He benchmark system
with stimulated Raman spectroscopy,” J. Raman Spectrosc. 49, 1339–1349
(2018).

121R. Z. Martínez, D. Bermejo, P. Wcisło, and F. Thibault, “Accurate
wavenumber measurements for the S0(0), S0(1), and S0(2) pure rotational
Raman lines of D2,” J. Raman Spectrosc. 50, 127–129 (2018).

122G. Kowzan, H. Cybulski, P. Wcisło, M. Słowiński, A. Viel, P. Masłowski,
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