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We study modulational instability (MI) in optical fibers with random group velocity dispersion
(GVD) generated by sharply localized perturbations of a normal GVD fiber that are either randomly
or periodically placed along the fiber and that have random strength. This perturbation leads to the
appearance of low frequency MI side lobes that grow with the strength of the perturbations, whereas
they are faded by randomness in their position. If the random perturbations exhibit a finite average
value, they can be compared with periodically perturbed fibers, where Arnold tongues appear. In
that case, increased randomness in the strengths of the variations tends to affect the Arnold tongues
less than increased randomness in their positions.

I. INTRODUCTION

The combined effect of nonlinearity and group veloc-
ity dispersion (GVD) may lead to the destabilization of
the stationary states (plane or continuous waves) of a
given physical system. This phenomenon, known under
the name of modulational instability (MI), consists in
the exponential growth of small harmonic perturbations
of a continuous wave [1]. MI has been pioneered in the
60s in the context of fluid mechanics [2, 3], electromag-
netic waves [4] as well as in plasmas [5], and it has been
observed in nonlinear fiber optics in the 80s [6]. In uni-
form fibers, MI arises for anomalous (negative) GVD,
but it may also appear for normal GVD if polarization
[7], higher order modes [8] or higher order dispersion are
considered [9]. A different kind of MI related to a para-
metric resonance mechanism emerges when the disper-
sion or the nonlinearity of the fiber are periodically mod-
ulated [10–13]. Many studies were published to address
generalizations to high-order dispersion [14, 15], birefrin-
gence [16], fiber cavities [17–23], and the nonlinear stage
of MI [24].

The effect of a random variation of GVD on MI has
been studied extensively [25–29] for the particular case
where the GVD is perturbed by a Gaussian white noise,
which is explicitly solvable. Under these conditions a de-
formation of the conventional MI gain profile due to the
random perturbation was found when the unperturbed
fiber has an anomalous dispersion. In the case of nor-
mal dispersion, the generation of MI sidebands as the
result of the random perturbation was reported as well.
White noise however, which implies arbitrarily high vari-
ations of GVD on arbitrarily small scales, constitutes an
idealization that does not always provide a relevant mod-
eling of the randomness that may occur in physical GVD
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fibers [30]. An attempt to consider a GVD perturbed by
a Gaussian noise with a finite correlation length was re-
ported in [31], but the analysis was not conclusive, and
the problem was solved with numerical simulations only
[32].

The question then arises for which type of random
GVD processes MI occurs and how the characteristics
of such instabilities depend on the statistical properties
of the process. In such generality, the question seems
however out of reach and it is consequently of inter-
est to study the problem in a class of random fibers
that is both experimentally accessible and theoretically
tractable. Our focus here will therefore be on homoge-
neous fibers with a normal GVD perturbed by a set of
random “kicks”. More specifically, the fibers we consider,
described in more detail in Section II, have a GVD given
by

β2(z) = β2,ref + ∆β2

∑
n∈Z

λnδ

(
z − Zn
Zref

)
. (1)

In our previous work [33], we investigated such fibers with
a periodic modulation of the fiber dispersion induced by
a Dirac comb, in which the Zn = nZref are periodically
placed along the fiber and the strengths λn of the delta
functions are all equal. Such GVD was shown to be well
approximated in experiments by a periodic series of short
gaussian-like pulses. In this work, the Zn are chosen to
be random points along the fiber, and the λn are in-
dependent and identically distributed centered random
variables and Zref is a reference length. We will limit our
analysis to perturbations of fibers with a normal GVD
because in that case the unperturbed fibers show no MI,
and consequently any MI observed in the randomly per-
turbed fibers is entirely due to the randomness.

The perturbations of the GVD considered in Eq. (1)
result in a non-autonomous nonlinear Schrödinger equa-
tion (NLSE) (see Eq. (2)) determining the evolution of
the wave profile as a function of the longitudinal coor-
dinate z along the fiber in which the perturbation can
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be interpreted as a succession of “kicks” taking place at
points z = Zn. These systems therefore bear an analogy
to the paradigmatic problem of the kicked rotor in clas-
sical and quantum mechanics [34–36], which is why refer
to them as randomly GVD kicked fibers.

We will show that MI occurs in such fibers through
a mechanism that is familiar from Anderson localization
theory [37, 38]. The MI gain can indeed be computed
in terms of a random product of transfer matrices in
the same way as the localization length of the station-
ary eigenfunctions of the random Schrödinger operator
in the Anderson model. We are then able to analyze
how the properties of this gain depend on the features
of the random process β2(z) and on the frequency of the
harmonic perturbation of the continuous wave.

The rest of the paper is organized as follows. In Sec-
tion II we precisely describe the randomly kicked fibers
under study, then we derive a general expression for the
mean MI gain in Section III. In Section IV, we develop
a perturbative estimation of the mean MI gain in the
case where the random perturbations of the GVD vanish
on average (λn = 0) and compare it to numerical re-
sults. We establish in this manner the existence of MI at
low frequencies of which we characterize the properties.
We finally compare the MI gain with the gain computed
from the solution of the nonlinear Schrödinger equation
and observe a good correspondence. In Section VI we
consider MI in a randomly kicked homogeneous fiber of
normal GVD in which the random perturbation does not
vanish on average (λn 6= 0). The situation is very dif-
ferent since, depending on the nature of the point pro-
cess Zn determining the positions of the kicks along the
fiber, there may or there may not be a remnant of Arnold
tongues, a signature of MI in periodic fibers. In Section V
we show how GVD kicked fibers can approximate fibers
with a white noise GVD. Conclusions are drawn in Sec-
tion VII.

II. MODULATIONAL INSTABILITY IN
RANDOMLY KICKED FIBERS

We consider the NLSE

i∂zu−
1

2
β2(z)∂2

t u+ γ|u|2u = 0, (2)

where γ > 0 is the fiber nonlinear coefficient, and
β2(z) its GVD. We are interested in the modula-
tional (in)stability of the stationary solution u0(z) =√
P exp(iPγz) of Eq. (2). We consider a perturbation

of u0(z) in the form u(z, t) = [v(z, t)+1]u0(z), where the
perturbation v(z, t) satisfies |v| � 1. Writing v = q + ip,
with q and p real functions, inserting this expression
into Eq. (2), and retaining only the linear terms, we
obtain a linear system for q and p. Writing x(z, t) =
(q(z, t), p(z, t)) and x̂(z, ω) = 1√

2π

∫
x(z, t)e−iωt dt one

finds

∂zx̂(z, ω) =

(
0 −β2(z)

2 ω2

β2(z)
2 ω2 + 2γP 0

)
x̂(z, ω). (3)

Note that this is, for each ω, a non-autonomous lin-
ear Hamiltonian dynamical system in a two-dimensional
phase plane with canonical coordinates (q̂, p̂). We wish
to study the (in)stability of its fixed point at the ori-
gin q̂ = 0 = p̂, as a function of the frequency ω and
of the properties of β2(z). Since for general β2(z), its
explicit solution cannot be computed analytically, this
is not straightforward. We will concentrate on random
fiber profiles, as detailed below.

Note that if γ = 0, Eq. (3) is reminiscent of a har-

monic oscillator with random frequency k = β2(z)
2 ω2

(also called multiplicative noise) for which a vast liter-
ature exists [30, 39–43]. The focus of the present work is
to study a “generalised” random oscillator including the
term 2γP ) which accounts for the nonlinear effects, where
the random frequency is modeled by the non-stationary
stochastic processes described by Eq. (1). The study of
stationary colored noise, where classic perturbative tech-
niques apply [30], will be the subject of a future work
[44].

The modulational instability of the fiber is expressed
in terms of the sample MI gain G(ω), defined as follows:

G(ω) = lim
z→+∞

1

z
ln ‖x̂(z, ω)‖, (4)

where ‖ · ‖ designates the euclidean norm. Here sam-
ple stands for a single realization of the random per-
turbation. When G(ω) > 0, this indicates ‖x̂(z, ω)‖ '
exp(G(ω)z), meaning that the stationary solution is un-
stable for perturbations with frequency ω. One is inter-
ested in establishing for which ω, if any, this occurs, and
how large G(ω) is in that case.

Dispersion-kicked fibers are characterized by the ex-
pression of β2(z) given in Eq. (1). Here δ is a sharply
peaked positive function satisfying

∫
R δ(z)dz = 1; in

our theoretical analysis below, we will take δ to be a
Dirac delta function; λn are independent, identically dis-
tributed real random variables with mean λ ≥ 0, and
Zref > 0 is a characteristic length associated to the ran-
dom sequence of points Zn. We will write

λn = λ+ εδλn, (5)

with δλn = 0 and ε > 0 a dimensionless parameter.
We think of this as a fiber with irregularities in its di-
ameter of random area, giving rise to effective disper-
sion kicks |λn|∆β2Zref , placed at the points Zn along the
fiber. These fibers can be physically fabricated by means
of the state-of-the-art fiber-drawing techniques. Indeed,
some examples of uniformly dispersion-kicked fibers has
been reported in [33] with a period Zref = 10 m and a
kick width w = 0.14 m and relative large kick strength
max |β2(z)|/β2,ref ≈ 35.
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FIG. 1. Realization of a simple random walk fiber (left panel) and a Poisson fiber (central panel) with zero-mean kick
strength λ̄ = 0, and of a simple random walk fiber with λ̄ = 1 (right panel). The kicks are modeled with Gaussian pulses

δ(z) = 1/
√

2πw2 exp(−z2/ 2w2) of width w = Zref/20. The position of the kicks is indicated by the vertical dotted lines; λn

are uniform random variables in [−1, 1].

To compute the MI gain in such fibers, we proceed
as follows. We first note that, due to the presence of
the delta functions, the left and right limits x̂±n (ω) =
(q̂(Z±n , ω), p̂(Z±n , ω)) of the solution x̂(z, ω) at Zn are dif-
ferent and are related by x̂+

n (ω) = Knx̂
−
n (ω), where the

random matrix Kn is defined as

Kn =

(
cos(∆β2Zrefλn

ω2

2 ) − sin(∆β2Zrefλn
ω2

2 )

sin(∆β2Zrefλn
ω2

2 ) cos(∆β2Zrefλn
ω2

2 )

)
. (6)

On the other hand, for Zn < z < Zn+1, (3) is au-
tonomous and straightforwardly solved; the solution
x̂(z, ω) is smooth in this range. One finds x̂−n+1 = Lnx̂

+
n ,

where now

Ln =

(
cos(k∆Zn) −µ sin(k∆Zn)

µ−1 sin(k∆Zn) cos(k∆Zn)

)
, (7)

with

k2 =
β2,ref

2
ω2

(
β2,ref

2
ω2 + 2γP

)
, µ =

β2,ref

2 ω2

k
. (8)

Note that k is real for all ω when β2,ref > 0 (normal
dispersion or defocusing NLSE), and that it is imaginary
for small ω when β2,ref < 0 (anomaluous dispersion or
focusing NLSE). To sum up, we can now describe the
evolution of this system between z = Z−n and z = Z−n+1

as follows. For all ω ∈ R and n ∈ N

x̂−n+1 = LnKnx̂
−
n = Φnx̂

−
n . (9)

Considering an initial condition x̂−0 =
(q̂(Z−0 , ω), p̂(Z−0 , ω)) ∈ R2 with ‖x̂−0 ‖ = 1, one then finds

G(ω) =
1

Zref
lim

n→+∞

1

n
ln ‖ΦnΦn−1 . . .Φ1x̂

−
0 ‖. (10)

Note that

0 ≤ µ ≤ 1, µ ' 1− 2γP

β2,refω2
+O(ω−4), lim

ω→+∞
µ = 1.

Hence it follows that for large ω, both Kn and Ln are
rotation matrices and consequently their product Φn is
also a rotation matrix. Consequently, for large ω, the MI
gain tends to zero.

We finally describe the models we will consider for the
random positions Zn of the delta-functions, and for their
strengths λn. For the Zn, we set

Z0 = 0, ∀n ∈ N, Zn+1 = Zn + Zrefjn, (11)

where Zref > 0 and jn is a sequence of independent and
identically distributed positive random variables with
values in R+ and with probability density ρ(jn). We
assume that

〈jn〉 =

∫ +∞

0

jρ(j)dj = 1, (12)

so that 〈∆Zn〉 = 〈(Zn+1 − Zn)〉 = Zref > 0. Hence
Zn+1 = Zn + ∆Zn is a random walk with drift. We will
principally consider two cases. First, introducing a new
parameter εZ > 0, we consider

jn = (1 + εZδjn) , (13)

where now δjn is a sequence of independent, identically
and uniformly distributed random variables in (−1, 1)
and εZ ∈ [0, 1]. In this random walk model the mean
position of Zn is nZref and their variance

〈(Zn − nZref)
2〉 = nε2

ZZ
2
ref〈(δj)2〉,

grows with n. The increments are independent and iden-
tically distributed and their variance is given by

〈(∆Zn − Zref)
2〉 = Z2

refε
2
Z〈(δj)2〉.

We will refer to this as the simple random walk model.
Second, we will consider the Poisson model where

the ∆Zn = Zrefjn are independent and identically dis-
tributed with exponential density

ρ(j) = exp(−j). (14)
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The Zn are now the arrival times of a Poisson process
with parameter Z−1

ref . We will refer to this as the Poisson
fiber.

When all λn = 0 the above fibers are homogeneous.
We will concentrate here on the defocusing regime, in
which no modulational instability occurs when λn = 0.

Some examples of realizations of the random walk and
of the Poisson fibers are reported in Fig. 1, where the
kicks are modeled by sharp Gaussian functions. Here and
in all numerical examples we take ∆β2 = β2,ref = γ =
P = Zref = 1.

In Section III and IV we consider random kick
strengths λn that vanish on average. Our focus is there-
fore on the question: what kind of random inhomo-
geneities of the GVD can produce MI in an otherwise
modulationally stable homogeneous fiber?

In Section VI we then briefly discuss the case λ >
0: in that situation, MI occurs in the form of Arnold
tongues in the limiting case when εZ = 0, resulting in a
periodic GVD. We will investigate the stability of these
Arnold tongues under the random perturbations of the
Zn and/or λn which occur when εZ 6= 0 and/or ε 6= 0.

III. THE MEAN MI GAIN OF A RANDOMLY
KICKED FIBER

Since the random walk process Zn in Eq. (12) has
independent and identically distributed increments the
Furstenberg theorem [45] (see [38] for a textbook treat-
ment) asserts that the limit in Eq. (10) exists for almost
every realization of the fiber, that is, for amost every
choice of the λn and the jn; it is in addition strictly pos-
itive and independent of the realization. As a result, in
such random fibers, there is always MI at all values of ω.
However, it is notoriously difficult to obtain analytical
expressions for G(ω) as function of the model parame-
ters, and hence to assess the strength of the sample MI
gain G(ω). We will therefore follow [28] and introduce
a suitable mean MI gain based on moments of Eq. (9)
which we will refer to as G2(ω).

We recall that no useful information can be obtained
from the evolution of first-order moments of Eq. (9). The
second-order moments have instead to be computed. Let

Φn ≡ LnKn =

(
an bn
cn dn

)
.

It is then straightforward to check that for all n ∈ N,

Xn+1 :=

 q̂(Z−n+1)2

q̂(Z−n+1)p̂(Z−n+1)
p̂(Z−n+1)2

 = Mn

 q̂(Z−n )2

q̂(Z−n )p̂(Z−n )
p̂(Z−n )2

 ,

(15)
where

Mn =

 a2
n 2anbn b2n

ancn andn + bncn bndn
c2n 2cndn d2

n

 . (16)

Since ‖x̂−n ‖2 ≤ ‖Xn‖1 ≤ 3
2‖x̂
−
n ‖2 it readily follows that

G(ω) =
1

2Zref
lim

n→+∞

1

n
ln ‖Xn‖1,

where now ‖(x, y, z)‖1 = |x| + |y| + |z|. From Jensen’s
inequality, it follows that

G(ω) =
1

2Zref
lim

n→+∞

1

n
ln ‖Xn‖1

≤ 1

2Zref
lim

n→+∞

1

n
ln ‖Xn‖1 = G2(ω).

(17)

We will refer to G2(ω) as the mean MI gain. It is worth
to point out that this corresponds to one half the growth
rate of the average power of the perturbations.

As we now show, G2(ω) is larger than the sample
MI gain G(ω) itself but can be more readily computed.
For that purpose, first note that, since |q̂(Z−n )p̂(Z−n )| ≤
1
2 ((q̂(Z−n ))2 + (p̂(Z−n ))2), and since

∣∣∣q̂(Z−n )p̂(Z−n )
∣∣∣ ≤

|q̂(Z−n )p̂(Z−n )|, we have

‖Xn‖1 ≤ ‖Xn‖1 ≤
3

2
‖Xn‖1.

Since the Mn are identically distributed and mutually in-
dependent, one has moreover Xn = Mn Xn−1 = M

n
X0,

where

M =

 a2
n 2anbn b2n

ancn andn + bncn bndn
c2n 2cndn d2

n

 (18)

is independent of n. Hence

G2(ω) =
1

2Zref
lim

n→+∞

1

n
ln ‖Xn‖1

=
1

2Zref
lim

n→+∞

1

n
ln ‖Mn

X0‖1 =
1

2Zref
ln |x|,

(19)

where x is the eigenvalue of M with largest modulus.
The matrix M depends on the parameters of the

model, in particular on ω, the laws of λn, jn, ε and εZ .
It follows that G2(ω) can be computed from the spec-
trum of M , which is easily determined numerically. The
explicit analytical computation of closed formulas for its
spectrum remains however complicated. As we show be-
low, a perturbative treatment yields an analytic expres-
sion provided that the perturbation is not too large.

Dropping the index n on λn, Zn, we introduce

θ = ∆β2Zrefλ
ω2

2
, (20)

which corresponds to the phase acquired by the pertur-
bation v̂(ω) at each kick, and write

M = M+ cos2 θ +M0 sin(2θ) +M− sin2 θ, (21)
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FIG. 2. Comparison of numerically computed MI gains in randomly kicked homogeneous fibers with λ = 0; εZ and ε are
indicated in each panel. The random kicks are located at Zn as in Eq. (13) (random walk). The δλn and δjn are taken to be
uniform in [−1, 1]. The numerically simulated sample MI gain G(ω) (dashed blue line), the mean MI gain G2(ω) computed
directly from the largest eigenvalue of M (dotted red line), the perturbative approximation of the mean MI gain (dash-dot
black line) and the perturbations’ growth rates (black stars) calculated from numerical solutions of the NLSE are shown.

where

M+ =

cos2(k∆Z) −µsin(2k∆Z) µ2sin2(k∆Z)
sin(2k∆Z)

2µ cos(2k∆Z) −µ sin(2k∆Z)
2

sin2(k∆Z)
µ2

sin(2k∆Z)
µ cos2(k∆Z)

 ,

M− =

µ
2sin2(k∆Z) µsin(2k∆Z) cos2(k∆Z)

−µ sin(2k∆Z)
2 − cos(2k∆Z) sin(2k∆Z)

2µ

cos2(k∆Z) − sin(2k∆Z)
µ

sin2(k∆Z)
µ2

 ,

and

M0 =−
µ sin(2k∆Z)

2 µ2 sin2(k∆Z)− cos2(k∆Z) µ sin(2k∆Z)
2

cos(2k∆Z)
2 −(µ+ 1

µ ) sin(2k∆Z)
2 − cos(2k∆Z)

2
sin(2k∆Z)

2µ cos2(k∆Z)− sin2(k∆Z)
µ2 − sin(2k∆Z)

2µ

 .

From the independence of the random variables it follows
that

M = M+cos2 θ +M0sin 2θ +M−sin2 θ. (22)

The expressions of the coefficients of the matrix M are
reported in Appendix B; the (in)stability depends on its
spectrum. Note that all information on the randomness
in the strengths of the kicks is contained in θ, whereas the
randomness in the spacings between the kicks is encoded
in the matrices M0,M±.

For a homogeneneous randomly kicked fiber with av-
erage normal GVD and vanishing mean kicking strength
(λ = 0) we resort to a perturbative analysis, presented
below in Sec. IV.

IV. ZERO AVERAGE KICK AMPLITUDE

We consider in this section randomly kicked fibers as
in Eq. (1) with λn as in Eq. (5) and λ = 0 and with Zn a
random process as in Eq. (11), so that the random fiber
can be seen as a perturbation of a homogeneous defocus-
ing fiber (see Fig. 1). We recall the latter is known to
be modulationally stable. The MI gains of such random
fibers with Zn as in Eq. (13) and Eq. (14) are illustrated
in Fig. 2 (for the random walk model) and in Fig. 3 (for
the Poisson model) for various parameter values ε and
εZ as indicated. It is worth reminding that the sample
MI gain is deterministic if calculated at infinite z. In the
numerics we calculated an approximation of the sample
MI gain from Eq. (10) for n = 250 kicks and averaged
over 500 realizations (dashed blue curves in the figures).
In order to check that the sample MI gain correctly pre-
dicts the growth rate of the perturbations we computed
the latter from a numerical solution of the NLSE using
the same procedure (black stars in the figures). One ob-
serves a good agreement.

One notices that the random perturbation produces
modulational instabilities that we now further analyze,
for a given distribution of the ∆Zn and the λn, and at
fixed ω. This can be done perturbatively in ε. Indeed,
since λ = 0, we have λ = εδλ, which is small. We can
therefore compute the largest eigenvalue of M pertur-
batively in ε; its logarithm will yield the mean MI gain
G2(ω). The details of the computation are given in Ap-
pendix A.

To set up the perturbation problem, we proceed as
follows. For ε = 0, M = M+ so that the first ingredient
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FIG. 3. Same as Fig. 2, with Zn as in Eq. (14) (Poisson model). The parameter ε is indicated in the panels.

we need are the eigenvalues and eigenvectors of M+. It
is easy to check that M+ has the eigenvalue x0 = 1. The
corresponding right and left eigenvectors are

ϕ(0) =
(
µ2 0 1

)T
and ψ(0) =

(
1 0 µ2

)T
, (23)

with ψ(0)Tϕ(0) = 2µ2.
We always suppose ω 6= 0 so that µ 6= 0. The two

remaining eigenvalues of M+ are easily determined to be

x± = exp(±i2k∆Z) =

∫ +∞

0

exp(±i2kZrefj)ρ(j)dj

=
√

2πρ̂(∓2kZref).
(24)

Since the exp(i2kZrefj) lie on the unit circle, clearly
|x±| ≤ 1. To apply nondegenerate perturbation theory,
we need that x± 6= 1. To investigate this condition in
the two models that we investigate here for the Zn, let
us first consider the random walk model Eq. (13), and
assume the distribution of δj is given by a density σ, so
that

x± = exp(±i2k∆Z) = e±i2kZref

∫
e±2ikZrefεZsσ(s)ds.

(25)
We can then compute x± perturbatively in εZ as follows.
Noting that, when εZ = 0, x± = exp(±i2kZref) and
remembering that 〈δj〉 = 0, one sees

x± = exp(±i2kZref)
[
1− 2(kZrefεZ)2〈δj2〉+ O(ε3

Z)
]
,

(26)
so that, with increasing εZ , the eigenvalues x± move ra-
dially inward, towards the origin. Hence |x±| < 1 and,
a fortiori, x± 6= x0 = 1 for εZ 6= 0. For a Poisson fiber,
where the Zn form a Poisson process, the eigenvalues x±
can be computed explicitly:

x± =
1

1∓ i2kZref
, (27)

so that |x±| < 1 for all ω 6= 0.
We can therefore use, in the above cases, a non-

degenerate perturbation expansion to compute x0 as a
function of ε. We will establish that x0 is real and a
growing function of ε, giving rise to a strictly positive
mean MI gain.

Recalling that λ = εδλ (See Eq. (5), with λ = 0),
we consider the case where the probability distribution
ν(δλ) of δλ satisfies ν(−δλ) = ν(δλ) so that not only

λ = ε
∫
sν(s)ds = 0 but also sin(2θ) = 0, since sin θ is an

odd function of δλ. Hence, we can write

M = M+ + ∆Mη, (28)

where η = cos(2θ) − 1 =
√

2π
(
ν̂(ε∆β2Zrefω

2)− ν̂(0)
)

and ∆M = 1
2 (M+ −M−).

Finally, for small εω2,

η ' −1

2
(ε∆β2Zrefω

2)2δλ2. (29)

The eigenvalue xη of M in Eq. (28) that emanates from
x0 = 1 can be expanded as

xη ≈ 1 + ηx(1) + η2x(2), (30)

where

x(1) = − (1− µ2)2

4µ2
,

x(2) =
1

16µ4
(1− µ4)2 2S(2S − 1) + S2

2

4S2 + S2
2

, (31)

with

S = sin2(k∆Z) =
1

2

(
1− cos(2k∆Z)

)
, S2 = sin(2k∆Z).

(32)
The corresponding mean MI gain is then, using Eq. (19)

G2(ω) =
1

2Zref
lnxη ≈

1

2Zref
ln(1+ηx(1) +η2x(2)). (33)

To lowest order in ε, we therefore find that, approxi-
mately, for small ω,

G2(ω) ≈ 1

2
|η| (1− µ

2)2

4µ2
≈ 1

4

∆β2
2Z

2
refγP

β2,ref
(εω)2δλ2. (34)

The mean MI gain G2(ω), computed by evaluating the
spectral radius of M numerically, as well as its approxi-
mation from Eq. (33), are shown in Fig. 2 for the simple
random walk model and in Fig. 3 for the Poisson model.
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There is, in both cases, a MI side lobe. The perturba-
tive approximation works well for the Poisson model, for
all ω in the range considered (see dashed black curves in
Fig. 3 ). It does however not capture the vanishing of
the MI that occurs at a specific value of ω for εZ = 0 or
small in the random walk model (see Fig. 2). There is in-
deed a marked difference between the shape of these side
lobes, depending on which of the two random processes
are chosen for the Zn, that we now explain.

For that purpose, first consider the leftmost column
of Fig. 2. There εZ = 0, which means the Zn = nZref

are distributed periodically along the fiber. The GVD
is nevertheless not periodic, since the kick strengths λn
are random. One notices on the figure that, in that case,
both the sample MI gain and the mean MI gain show
a characteristic zero at a precise value of ω. This phe-
nomenon can be explained as follows. If ω = ω` is such
that kZref = π` for some ` ∈ Z, then the matrices Ln
in Eq. (7) are all equal to the identity matrix, and one
immediately sees from Eq. (10) that G(ω`) = 0, for all ε.
Indeed the propagation through the constant dispersion
segments of the fiber does not change the perturbation
and the kicks act as random rotations, which only change
the phase of the perturbation v̂, giving as a results a van-
ishing MI gain. Using Eq. (8), one sees this corresponds
to the specific values of ω given by ω = ω`, where

ω2
` =

2

β2,ref

√(γP )
2

+

(
π`

Zref

)2

− γP

 . (35)

One furthermore readily checks that the eigenvalues of
M in this case are given by 1, cos θ, sin θ, which are less
than one in absolute value. Therefore the mean MI gain
G2(ω`) also vanishes for all ε at ω = ω`. Again, this is ap-
parent from Fig. 2 at ω = ω1. Interestingly enough, the
frequencies determined from Eq. (35), fulfill the paramet-
ric resonance condition kZref = π` [12, 24, 33]. These fre-
quencies correspond to the location of the tips of Arnold
tongues for any periodic fiber with period Zref and whose
average GVD over one period equals β2,ref.

Quite surprisingly, for kicks with random amplitudes
and zero-mean, the situation is reversed and the system
becomes stable under perturbations precisely at these
same frequencies.

It is finally clear from Fig. 2 that the perturbative
treatment of the mean MI gain does not function well
when ω approaches ω1 or ω2. This is as expected since,
when ω = ω`, the three eigenvalues of M+ coincide:
x± = 1 = x0. The nondegenerate perturbation theory
used above does then not apply. When ω 6= ω`, this
degeneracy is lifted and the perturbation theory yields
increasingly good results as εZ increases, even at ω = ω`.
As can be seen in the second column of Fig. 2, both the
sample and mean MI gains are still diminished in the
neighbourhood of ω1 and ω2 when εZ is small, and this
is well captured by the perturbative analysis above. This
phenomenon can be seen as a remnant of the underlying
periodic structure of the random points Zn that is only

partially destroyed when εZ is nonzero, but small. It
completely disappears when εZ approaches its maximal
possible value, which is 1, as can be seen in the third
column of the figure.

Since for the homogeneous fiber (β2(z) = β2,ref, εZ =
0 = ε) there is no MI at all, it is clear that all MI is cre-
ated by the randomness. Note however that, whereas in-
creased fluctuations in the kicking strengths λn increases
the MI, increased fluctuations in the Zn tends to decrease
it.

In Fig. 3 the MI for the Poisson model is illustrated.
One sees that, as for the simple random walk model,
there is an MI side lobe starting at low frequencies, but
the frequencies ω` do now no longer play a special role.
The gain of this side lobe is comparable, in width and
height, for the same value ε = 0.5 of the strength of the
kicks, as in the random walk fiber with εZ = 0.9. Note
that, in the latter, this means successive Zn can be close,
as in the Poisson fiber. The perturbative treatment of
the previous section reproduces the mean MI gain quite
accurately.

V. APPROXIMATING WHITE NOISE GVD
WITH RANDOMLY KICKED GVD

Previous work on MI in random fibers has concentrated
on GVD perturbed by white noise [26–28]. As pointed
out above, white noise is not necessarily physically per-
tinent since it requires arbitrarily large variations of the
GVD over arbitrarily short distances. In this section we
will show that the kicked fibers considered here can, in
an appropriate parameter regime determined below, and
for sufficiently low frequencies, produce a similar MI gain
as a white noise GVD. Fig. 4 illustrates our findings.

For a kicked GVD as in (1), with λ = 0, the two-point
function is

(β2(z)− β2,ref)(β2(z′)− β2,ref) =

(∆β2Zrefε)
2δλ2

(∑
n

ρn(z)

)
δ(z − z′).

Here the average is taken with respect to λn and Zn and
ρn(z) is the probability distribution function of Zn. Note
that the fiber is therefore delta-correlated in z, but it is
not stationary, since

∑
n ρn(z) is not constant. Never-

theless, one finds

lim
z→+∞

∑
n

ρn(z) = Z−1
ref ,

so that it does becomes stationary for large z. To show
this, one can proceed as follows. Introducing the counting
function N(Z) = ]{n | Zn ≤ Z}, one easily sees that

N(Z) ' Z
Zref

. On the other hand, N(Z) =
∫ Z

0
n(z)dz,

where n(z) =
∑
m δ(z − Zm). So, since

n(z) =
dN

dz
(z), n(z) =

dN

dz
(z),
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FIG. 4. Comparison between the mean MI gain of the white noise model (black dots) and the mean MI gain of the random
walk (left and center panels) and Poisson models (right panel). MI gain for white noise model is calculated from Eq. (29) form

[25] with A = 1 (A ≡
√
P in our notation) and σ2 = 0.1. Parameters ε and εZ as indicated and Zref as in (37) with δλ2 = 1/3.

it follows from n(z) =
∑
m ρm(z) that

lim
z→+∞

∑
n

ρn(z) = lim
z→+∞

n(z) =
dN

dz
(z) =

1

Zref
.

In conclusion, for z large, one has

(β2(z)− β2,ref)(β2(z′)− β2,ref) ≈ 2σ2δ(z − z′),

where

2σ2 = (∆β2ε)
2Zrefδλ2. (36)

One recognizes here the two-point function of a Gaussian
white noise. In a kicked fiber, the fluctuations take place
on a length scale comparable to Zref and have a strength
proportional to ε. This suggests that, if Zref is small and
ε large, with a scaling given by

Zref = 2σ2/(∆β2
2ε

2δλ2) (37)

then the kicked fiber will be statistically close to a white
noise fiber and the resulting MI will therefore be similar
in both fibers. This is indeed illustrated in Fig 4. The
mean MI gain of a white noise fiber is plotted there (black
circles) using an explicit formula for this gain obtained
in [25]. It is compared to the mean MI gain of randomly
kicked fibers, with parameters ε and εZ as indicated and
with Zref as in (37), computed from the largest eigen-
value of M . As suggested by the above argument, for
sufficiently large ε, the MI gain of the kicked fibers con-
verges to the one of the white noise fiber. The agreement
is best for small ω, a reflection of the fact that the low
frequency perturbations are less sensitive to the rapid
variations of the white noise.

We make two further comments. First, the value of
σ2 = 0.1 is chosen in the numerics because it is the right
order of magnitude for the fibers used in the experiments
described in [33] in which both ε and Zref are of order 1.
Note that this means that the mean spacing between the
kicks in these fibers is of the same order of magnitude as
the nonlinear length ZNL = (γP )−1. Second, for higher
but intermediate values of ε, the MI lobe of the randomly
kicked fibers can be higher and wider than the one of the

white noise model. Third, it would be a challenge to
make fibers with a considerably larger value of ε since
they correspond to a small value of Zref . This means
that one would need to be able to put the sharp peaks
and dips in the fiber diameter very closely together.

VI. NONZERO AVERAGE KICK AMPLITUDE

In this section we briefly discuss the effect on MI of
randomly placed kicks with random strengths λn that
are not vanishing on average, so that λ 6= 0. We will
separately consider the two cases where the Zn form a
simple random walk or a Poisson process, and that lead
to different phenomena.

We first consider the simple random walk, as in
Eq. (13), an example of which is reported in Fig. 1,
rightmost panel. In the first column of Fig. 5 the numer-
ically computed sample and mean MI gains are displayed
for such a fiber for which εZ = 0, so that Zn = nZref ,
i.e., the delta kicks are placed periodically. The λn are
chosen as in Eq. (5) with average λ = 1. Note that, if in
addition ε = 0, then this fiber is actually periodic: this is
the situation in the top left panel of the figure. It is well
known that periodic fibers display MI through so-called
Arnold tongues [12, 16, 46–48] and this has been experi-
mentally shown in periodically kicked fibers [13, 33]. The
first such Arnold tongue can be observed in the top left
panel of Fig. 5. In the other panels of the first column,
ε 6= 0 so that the kick strengths are now random, while
the Zn remain periodic. The corresponding fibers can
therefore be viewed as random perturbations of a periodic
fiber. It appears from these data that the fluctuating kick
strengths only weakly affect the position and strength of
the Arnold tongues. In the other columns of Fig. 5, on
the other hand, MI gains are shown for fibers for which
there is randomness in both kick positions Zn and kick
strengths λn. It appears from these data that randomiz-
ing the positions of the kicks has a much stronger effect
than randomizing their strengths. As the randomness in-
creases, one observes a marked decrease in the MI gain,
with a widening of the Arnold tongue, while its position
is less affected. Note that the MI is considerably larger in
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FIG. 5. Sample and mean MI gains for a simple random walk process and λ = 1 and δλn uniform in [−1, 1]. Color code is the
same as Fig. 2

these fibers with λ = 1 than with those having λ = 0 as
can be seen by comparing the vertical scale of Fig. 5 with
that of Fig. 2 and Fig. 3. In the first case, we are deal-
ing with random perturbations of a periodic fiber, which
displays MI due to parametric resonance. In the second,
the MI is on the contrary generated by the randomness.

In Fig. 6 the numerically computed sample and mean
MI gains are displayed for a Poisson fiber with values
of ε as indicated. For ε = 0 one observes the identical
vanishing of these gains at ω ≈ 2.5. This is actually a
more general phenomenon, not related to the distribution
of the kicks, that is easily understood as follows. Let us
consider a defocusing fiber with, for all n, λn = λ > 0 and
with arbitrary values for Zn. They could in particular be
periodic, quasiperiodic, or random. If we now choose ωn
as

nπ = λ∆β2Zref
ω2
n

2
, (38)

then we immediately see from (6) that Kn = ±I2. In
other words, for these values of ω, the kicks have no ef-
fect on the linearized solution of the equation of motion.
One therefore has Φn = ±Ln and so the sample MI gain
is equal to the sample MI gain of the unperturbed fiber.
Since the latter is defocusing, the sample MI gain van-
ishes. When n = 1, one finds ω =

√
2π ≈ 2.5. That the

mean MI gain must also vanish follows from observing

that, if the above condition is satisfied, then θ = nπ in
Eq. (20). Hence Eq. (21) implies M = M+ and conse-
quently M = M+. But we saw that the eigenvalues of
M+ are 1, x±, with |x±| ≤ 1. Hence the mean MI gain
also vanishes.

Let us stress that this phenomenon is not limited to
the Poisson fiber, for which it can be observed in Fig. 6.
In fact, for the simple random walk fiber it is visible in
the top panels of Fig. 5. The phenomenon also appears
in periodically kicked fibers where

β2(z) = β2,ref + ∆β2λ
∑
n

δ

(
z − nZref

Zref

)
,

so that the spatial average of the GVD is

β2,av =
1

Zref

∫ Zref

0

β2(z)dz = β2,ref + ∆β2λ.

It is then well known that the Arnold tongues for such a
fiber occur at values ω′n defined by

β2,avZref
ω′n

2

2
=
√

(γPZref)2 + (nπ)2 − γPZref .

Comparing this to Eq. (38), one observes that, for all n,
ω′n < ωn. Note that both ωn and ω′n depend on λ.
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FIG. 6. Sample and mean MI gains for a Poisson model with λ = 1. Color code is the same as Fig. 2

Condition (38) is complementary to condition (35).
The former arises when the spacing between the kicks
is constant, whereas the second appears when the am-
plitude of the kicks is. The two conditions show that
whenever either the position or the amplitude of the kicks
are deterministic, particular values of the frequency exist
where the gain vanishes.

VII. DISCUSSION AND CONCLUSIONS

We reported on the modulation instability phe-
nomenon in optical fibers where the GVD is a random
process. Most studies of such random fibers have con-
centrated on the case when a homogeneous GVD is per-
turbed by a stationary white noise. In that case vari-
ous methods exist to compute the MI gain. White noise
is however very particular and not always adequate to
model physically relevant scenarios. In this paper we in-
vestigated the behavior of the MI gain in random fibers
for which the GVD is of a very different nature. More
specifically, we considered a class of experimentally re-
alizable [33] random fibers in which a constant normal
GVD is perturbed by a sequence of delta kicks with ran-
dom positions and amplitudes.

The main result of our analysis is fourfold. First, we
show that in this situation low frequency MI lobes al-
ways arise as a result of such random perturbations, in-
dependently of the statistical distribution of the position
and amplitudes of the kicks. We trace the occurrence of
MI in random fibers to a mechanism familiar from the
study of Anderson localization and of the occurrence of
positive Lyapounov exponents in chaotic dynamical sys-
tems. Second, we show that the specific shape of these
side lobes does depend on these statistical properties and
we provide expressions to determine them. In particular,
we find that if either the positions or the amplitudes of
the kicks are deterministic, then at special frequency val-
ues the MI gain is identically zero. At these same points,
the MI remains suppressed when the random fluctuations
of the control parameter remain small enough. Third,
we show that the randomly kicked fibers considered be-
have, in a suitable parameter regime that we identify,
as a fiber with a white noise GVD. Finally, we have ob-
served that for comparable parameter regimes, the MI

produced through parametric resonance in fibers with a
periodic GVD is considerable larger than the MI gain
obtained from random perturbations of the fibers.
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Appendix A: Perturbative analysis

The eigenvalue xη of M in Eq. (28) that emanates
from 1 can be expanded as

xη = 1 + ηx(1) + η2x(2) +O(η3), (A1)

and the corresponding eigenvectors of M and M
T

,

ϕη = ϕ(0) + ηϕ(1) + η2ϕ(2) +O(η3),

ψη = ψ(0) + ηψ(1) + η2ψ(2) +O(η3),

where ϕ(0), ψ(0) are defined in Eq. (23). Expanding the
eigenvalue equation in powers of η leads in the usual man-
ner to the first correction to the eigenvalue:

x(1) =
1

2

ψ(0)T (M+ −M−)ϕ(0)

ψ(0)Tϕ(0)

=
1

4µ2

[
2µ2 − (1 + µ4)

]
= − (1− µ2)2

4µ2
.

Note that this correction does not at all depend on the
distribution of the Zn nor of the λn.

To obtain a satisfactory expression for the mean MI
gainG2(ω), we need to obtain the second order correction
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x(2). For that purpose, we need the first correction ϕ(1)

to the eigenvector corresponding to xη, which is given by

ϕ(1) =
1

ψT+ϕ+

[(
ψT+ϕ

(1)
)
ϕ+ +

(
ψT−ϕ

(1)
)
ϕ−

]
where

ψT±ϕ
(1) =

ψT±(∆M)ϕ(0)

1− x±
, ψ(0)Tϕ(1) = 0. (A2)

Here ϕ± are the eigenvectors of M+ and of M
T

+ corre-
sponding to the eigenvalues x±, given by

ϕ± =
(
−µ2 ±iµ 1

)T
,

ψ± =
(
1 ±2iµ −µ2

)T
, (A3)

with ψT±ϕ± = −4µ2. Finally, the second order correction
to the eigenvalue is

x(2) =
ψ(0)T∆MR∆Mϕ(0)

ψ(0)Tϕ(0)
, (A4)

with

R =
1

ψT+ϕ+

[
ϕ+ψ

T
+

1− x+
+
ϕ−ψ

T
−

1− x−

]
=

2

ψT+ϕ+
Re

ϕ+ψ
T
+

1− x+
.

Hence

x(2) =
2

ψ(0)Tϕ(0)ψT+ϕ+
Re
ψ(0)T∆Mϕ+ψ

T
+∆Mϕ(0)

1− x+

=
1

2ψ(0)Tϕ(0)ψT+ϕ+
Re
ψ(0)TM−ϕ+ψ

T
+M−ϕ

(0)

1− x+
.

(A5)

Here we used in the last line that ψ(0)TM+ϕ+ = 0 since
ψ(0)Tϕ+ = 0 and similarly ψT+M+ϕ

(0) = 0. One finds

ψT0 M−ϕ+ = (1− µ4), ψT+M−ϕ
(0) = (1− µ4)x+.

Hence

x(2) =
1

16µ4
(1− µ4)2

(
1 + Re

1

x+ − 1

)
=

1

16µ4
(1− µ4)2 2S(2S − 1) + S2

2

4S2 + S2
2

, (A6)

where

S = sin2(k∆Z) =
1

2

(
1− cos(2k∆Z)

)
, S2 = sin(2k∆Z).

(A7)

Appendix B: Computation of M

We describe here how to calculate the coefficients of
the 3 × 3-matrix M in Eq. (22). They depend on the

following averages of trigonometric functions. For the 3
terms involving the kicks we have

cos2 θ =
1

2

∫ 1

−1

cos2

[
∆β2Zref

ω2

2
(λ+ εx)

]
dx

=
1

2
+

1

2

cos
(
λ∆β2Zrefω

2
)

sin
(
ε∆β2Zrefω

2
)

ε∆β2Zrefω2
,

sin2 θ =
1

2
− 1

2

cos
(
λ∆β2Zrefω

2
)

sin
(
ε∆β2Zrefω

2
)

ε∆β2Zrefω2
,

and

sin 2θ =
sin
(
λ∆β2Zrefω

2
)

sin
(
ε∆β2Zrefω

2
)

ε∆β2Zrefω2
.

For the four terms involving ∆Z, we have for the ran-
dom walk model

cos2 (k∆Z) =
1

2
+

1

2
cos(2kZref)

sin(2kZrefεZ)

2kZrefεZ
,

sin2 (k∆Z) =
1

2
− 1

2
cos(2kZref)

sin(2kZrefεZ)

2kZrefεZ
,

cos (2k∆Z) = cos(2kZref)
sin(2kεZZref)

2kεZZref
,

and

sin (2k∆Z) = sin(2kZref)
sin(2kεZZref)

2kεZZref
.

For the four terms involving ∆Z, we have for the Pois-
son model

cos2 (k∆Z) =
1

2
+

1

2

1

1 + 4k2Z2
ref

,

sin2 (k∆Z) =
1

2
− 1

2

1

1 + 4k2Z2
ref

,

cos (2k∆Z) =
1

1 + 4k2Z2
ref

,

and

sin (2k∆Z) =
2kZref

1 + 4k2Z2
ref

.
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