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KURANISHI AND TEICHMULLER

LAURENT MEERSSEMAN

ABSTRACT. The goal of this short article is to describe the local struc-
ture of the Teichmiiller stack of [8] in the neighborhood of a Ké&hler
point. In particular we show that at a generic Kahler point X, Catanese
Kur=Teich question, when interpretated at the level of stacks, has an
affirmative answer. The situation may be much more complicated if X
is non-Kahler suggesting that Teichmiiller spaces/stacks of non-Kéhler
manifold has a much richer geometry.

1. INTRODUCTION.

Let Xy be a compact complex manifold with underlying C'* manifold
denoted by M. There are traditionnally two ways of describing the com-
plex structures near X(y. From the one hand, one may (try to) construct a
moduli space of complex structures on M and look at a neighborhood of the
class of Xy in this moduli space. From the other hand, one may focus on
small deformations of Xy and look for a deformation from which all other
deformations can be obtained by pull-back, after restriction to an adequate
neighborhood of the base point.

Teichmiiller refers to the Teichmiiller space, that is the set of classes
of complex manifolds diffeomorphic to M up to biholomorphism smoothly
isotopic to the identity; hence to the first setting. Kuranishi refers to the
Kuranishi semi-universal deformation; hence to the second setting.

In complex dimension one, the Teichmiiller space has a natural structure
of a complex manifold and the base of the Kuranishi deformation of X is a
(germ of) neighborhood of the class of X in the Teichmiiller space. So the
link between the two notions is direct.

In complex dimension strictly greater than one, the Teichmiiller space is
just a topological space, usually non Hausdorff and non locally Hausdorff
(see [8], Examples 13.3 and 13.6); and there exists a surjective continuous
mapping from the (C-analytic) base of the Kuranishi family onto a neighbor-
hood of the class of X in the Teichmiiller space. Catanese asked in [1], see
also [2], for conditions under which these two spaces are locally homeomor-
phic and proved it is the case in several cases including the case with trivial
canonical bundle. However, due to usual non-local HausdorfIness, the exis-
tence of such a local homeomorphism is a rather restrictive property. And
a useful criterion is missing. We use the slogan Kur=Teich to refer to this
question and to a positive anwer to it.

In [8], we replace the Teichmiiller space with the Teichmiiller stack, an
analytic Artin stack over the category of C-analytic spaces (see also [9] for
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2 LAURENT MEERSSEMAN

a comprehensive presentation). On the way of exhibiting an atlas for this
stack, we also construct Kuranishi stacks which are, roughly speaking, the
quotient of Kuranishi base spaces by the automorphism group of the base
points.

Catanese’s question Kur=Teich becomes in this new framework to find
conditions for these two stacks to be locally isomorphic. It is now more
natural since we stick to the analytic world.

The goal of this short article is to show that, in the Kéahler setting, we
have Kur=Teich at a generic point of the Teichmiiller space. We obtain
this result as a consequence of a much more detailed statement. Indeed,
we give a complete description of the Teichmiiller stack around a point
encoding a Kahler structure by showing in Theorem 6.2 that the natural
inclusion of stacks Kur C Teich is a finite analytic morphism. We then
prove that Kur=Teich outside a strict analytic substack of Teich that we
characterize in Theorem 6.5. We point out that such a result does not hold
at the level of the Riemann moduli stack since the mapping class group of a,
say projective, manifold can act on the Teichmiiller stack with dense orbits
(this is the case for 2-dimensional tori [5] or for Hyperkahler manifolds [11]),
hence the inclusion of Kur in this moduli stack may be far from being a finite
morphism.

Moreover, at a non-Kéhler point, the situation may be much more com-
plicated and the finiteness property is also lost. This is only a theoretical
statement and we unfortunately lack of examples. Indeed, we do not know
of a single example with infinite fibers. However, our results and methods
strongly suggest that they should exist and point towards a dichotomy be-
tween points with the above mentionned inclusion being a finite morphism
(including but not equal to Kéhler ones) and points with infinite fibers
(which have to be non-Kéhler). As a consequence, the local structure of the
Teichmiiller stack is much more singular in a sense at a non-Kahler point.
If correct, this would really be surprising since, at the level of the Kuran-
ishi space (and Kuranishi stack), there is no difference between Kahler and
non-Kéahler manifolds: the Kuranishi space of a Kahler, even of a projec-
tive, manifold can exhibit all the pathologies (for example not irreducible
[1], not reduced [!1], arbitrary singularities [13]) the Kuranishi space of a
non-Kéahler one can have. In the same way, as noted above, there is no
difference between them at the level of the Riemann moduli stack. This
difference only appear when considering the Teichmiiller stack and suggests
that the full complexity of the Teichmiiller stack is only seen at non-Kéhler
points hence that its geometry cannot be fully understood without dealing
with non-Kahler manifolds.

We also prove two related results in the paper. Firstly, we show in Theo-
rem 3.2 that the germ of Kuranishi stack at a point has a universal property.
This generalizes the semi-universality property of the Kuranishi space. At a
rough level, this is folklore (see for example [15]), but we never saw a precise
statement of such a property, probably because the stack setting developed
in [8] is necessary to a clear formulation. Secondly, we investigate when the
local Teichmiiller stack is an orbifold. We solve this question in Theorem
6.10 in the Kéahler setting.
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2. THE TEICHMULLER STACK: BASIC FACTS

We recollect some facts about the Teichmiiller stack of a connected, com-
pact oriented C*° manifold M admitting complex structures. We refer to
[8] for more details.

Let & be the category of analytic spaces and morphisms endowed with
the transcendantal topology. Given S € &, we call M -deformation over S
a proper and smooth morphism X — S whose fibers are compact complex
manifolds diffeomorphic to M. As C*°-object, such a deformation is a bun-
dle over S with fiber M and structural group Diff" (M) (diffeomorphisms
of M that preserve its orientation). It is called reduced if the structural
group is reduced to Diff’(M ). In the same way, a morphism of reduced M-
deformations X and X’ over an analytic morphism f : S — S’ is a cartesian
diagram

X — X

L

51 g

such that X and f*X’ are isomorphic as Diff’(M)-bundles over S.
The Teichmiiller stack .7 (M) is defined as the stack over the site & such
that

i) J(M)(S) is the groupoid of isomorphism classes of reduced M-
deformations over S.
i) 7 (M)(f) is the pull-back morphism f* from .7 (M)(S’) to 7 (M)(S).
A point Xy := (M, Jy) is an object of 7 (M)(pt) that is a complex struc-
ture on M up to biholomorphisms smoothly isotopic to the identity.
Alternatively, .7 (M) can be considered as an analytic version of the quo-
tient Z(M)/Diff’(M). Here, Z(M) is the set of integrable complex operators
on M compatible with its orientation (o.c.), that is

(21) Z(M)={J : TX —TX | J?>=—-Id, Joc., [T, 710 c 10}

for
Y0 ={v—iJv|veTX}.
and Diff’(M) is the group of diffeomorphisms of M which are C'*°-isotopic
to the identity.
Two points have to be emphasized here. Firstly, as stack, 7 (M) also
encodes the isotropy groups of the action. Recall that the isotropy group at
Xp is the group

(2.2) Aut!(Xp) := Aut(Xo) N Diff’(M).

which may be different from Aut(Xj), the connected component of the
identity of the automorphism group Aut(Xj), see [10]. Secondly, the action
of Diff’(M) onto Z(M) is not a holomorphic action but an action by biholo-
morphisms. Indeed Diff’(M) can be endowed with a complex structure as
an open set of the complex Fréchet space of C'°°-maps from M to X, but
this complex structure depends on X, that is depends on the choice of a
complex structure on M. Taking this into account means putting as com-
plex structure on Diff’(M) x Z(M) not a product structure but the structure
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such that Diff’(M) x {J} is an open set of the complex Fréchet space of C>-
maps from M to X ;. In other words, Diff’(M) x Z(M) is endowed with a
complex structure as an open set of the complex Fréchet space of C*°-maps
from M x Z(M) to Xz(p) the tautological family over Z(M).

Since Diff’(M) acts on the (infinite-dimensional) analytic space Z(M)
preserving its connected components and its irreducible components, we may
speak in this way of connected components and irreducible components of
T (M). Indeed Kuranishi’s Theorem tells us that there exist local analytic
sections K of finite dimension at each point Xy = (M, Jy) of Z(M). Hence,
locally, the irreducible components of Z(M) at Jy are those of the finite-
dimensional space K.

In [8], a finite-dimensional atlas of (a connected component of) .7 (M)
is described under the hypothesis that the dimension of the automorphism
group of the complex manifolds encoded in .7 (M) is bounded. The rough
idea is that the Diff’(M)-action on Z(M), though not locally free when the
complex structures admit holomorphic vector fields, defines a sort a foliation
that we call a TG foliation. A holonomy groupoid can be defined for this
sort of foliation and gives the desired atlas.

Such a groupoid is obtained by taking a complete set of local tranversals to
the foliation and considering its quotient through the holonomy morphisms.
In our situation, the transversal at a point Xy of .7 (M) is the Kuranishi
stack. It is build from Kj, see [8, §2.3] and Section 3.3.

3. THE KURANISHI STACK

In the first two sections, we review the construction of the Kuranishi fam-
ily first from classical deformation theory point of view, then from Kuranishi-
Douady’s point of view.

We then review the construction of the Kuranishi stack(s) introduced in
[%] and finally describe some important properties of them.

It is worth pointing out that the classical point of view (which presents
Kuranishi family from a formal/algebraic point of view leaving aside the
analytic details of the construction) is not enough for our purposes. This is
indeed an infinitesimal point of view and even if it gives complete equations
for the Kuranishi space, it fails in describing the properties of the structures
close to the base complex structure. Kuranishi-Douady’s point of view allows
to pass from the infinitesimal point of view to a local one.

3.1. The Kuranishi family. The Kuranishi family 7 : % — Ky of Xy is
a semi-universal deformation of Xy. It comes with a choice of a marking,
that is of an isomorphism i between X and the fiber 771(0) over the base
point 0 of Ky. The semi-universal property means that

i) Every marked deformation 2~ — B of Xy is locally isomorphic to the
pull-back of the Kuranishi family by a pointed holomorphic map de-
fined in a small neighborhood of the base point of B with values in a
neighborhood of 0 in Kjy.

ii) Neither the mapping f nor its germ at the base point are unique; but
its differential at the base point is.
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Two such semi-universal deformations of X are isomorphic up to restric-
tion to a smaller neighborhood of their base points. Hence the germ of
deformation (g, 771(0)) — (Ko, 0) is unique. This explains why we talk of
the Kuranishi family, even if, in many cases, we work with a representent of
the germ rather than with the germ itself.

The Zariski tangent space to the Kuranishi space Ky at 0 identifies nat-
urally with H'(Xg,0g). Indeed, K is locally isomorphic to an analytic
subspace of H'(Xy,©g) whose equations coincide at order 2 with the van-
ishing of the Schouten bracket.

The groups Aut(Xp), Aut®(Xg) and Aut!(Xp) act on this tangent space.

However, this infinitesimal action cannot always be integrated in an action
of the automorphism groups of Xy onto Ky. Still there exists an action
of each 1-parameter subgroup and all these actions can be encoded in an
analytic groupoid and thus in a stack. To do this, we need to know more
about the complex properties of the structures encoded in a neighborhood
of 0 in Ko.

3.2. Kuranishi-Douady’s presentation and automorphisms. Let V
be an open neighborhood of Jy in Z(M). Complex structures close to Jy can
be encoded as (0, 1)-forms w with values in 70 which satisfy the equation

(3.1) 5w—|—%[w,w] =0

Choose an hermitian metric and let 0* be the L?-adjoint of 0 with respect
to this metric. Let U be a neighborhood of 0 in (7T%1)* @ T, Set

(3.2) Kb:{weUH%+%@¢4:?w:@

Let W an open neighborhood of 0 in the vector space of vector fields L2-
orthogonal to the vector space of holomorphic vector fields H°(Xg, ©). In
Douady’s setting [3], Kuranishi’s Theorem states a local isomorphism be-
tween Z(M) at Jy and the product of Ky with W such that every plaque
{pt} x L is sent through the inverse of this isomorphism into a single local
DiﬁO(M)—orbit. To be more precise, up to restricting U, V and W, the
Kuranishi mapping

(3.3) (T eEW xKyr—s J-e(§) €V

is an isomorphism of infinite-dimensional analytic spaces. As usual, we use
the exponential map associated to a riemannian metric on M in order to
define the map e which gives a local chart of Diff’(M) at Id. And - denotes
the natural right action of Diff’( M) onto Z(M) given by

(3.4) J-f:=df toJodf

Composing the inverse of (3.3) with the projection onto K gives a retraction
map Z: V — Ky. Let now f be an element of Aut(Xy). There exists some
maximal open set Uy C Ko such that

(3.5) Hol; : JeU; C Ko—E(J - f) € Ko
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is a well defined analytic map. Observe that Hol; fixes Jp and that it fixes
each leaf of the foliation! of Ky described in [7, §3].

Of course, in (3.5), we may restrict ourselves to elements of Aut®(Xj) or
Autl(Xo).

3.3. The Kuranishi stacks. The Kuranishi stacks encode the maps (3.5)
in an analytic groupoid. The first step to do this consists in proving that
there is an isomorphism

(3.6) (€,9) € W x Aut?(Xp) — goe(€) € Dy

with values in a neighborhood Dy of Aut®(Xp) in Diff’(M), see [3, Lemma
4.2].
Let now Diff’(M, %) denote the set of C°° diffeomorphisms from M to
a fiber of the Kuranishi family J#; — Ky. This is an infinite-dimensional
analytic space?, see [3]. Here by (J, F) € Diff%(M, %), we mean that we
consider F' as a diffeomorphism from M to the complex manifold X ;.
Given (J, F) an element of Diff’ (M, %), we say it is (V, Dy)-admissible
if there exist a finite sequence (J;, F;) (for 0 < i < p) of Diff’(M, %) such
that
i) Jop = J and each J; belongs to Kj.
ii) Each F; belongs to Dy.
iii) F = Fyo...0F,
iv) Jiy1 = Ji - F
We set then
(3.7) Ao = {(J, F) € Diff’(M, ) | (J, F) is (V, Dy)-admissible}
We also consider the two maps from Ag to Ky
(3.8) s(JJF)=J and  tJ,F)=J-F
and the composition and inverse maps
(3.9  m((J,F),(J-F,F')=(J,FoF), i(JF)=(J FF

With these structure maps, the groupoid A9 = Ky is an analytic groupoid
[8, Prop. 4.6] whose stackification over & is called the Kuranishi stack of
Xo. We denote it by . Note that it depends indeed of the particular
choice of V.

As a category, its objects are still reduced M-deformations over bases
belonging to &. However, the allowed complex structures are those encoded
in V; and the allowed families are those obtained by gluing pull-back families
of #y — K with respect to (V, Dy)-admissible diffeomorphisms. In the same
way, morphisms are those induced by (V, Dy)-admissible diffeomorphisms.
Hence, not only the complex fibers of the families have to be isomorphic to
those of %), but gluings and morphisms of families are restricted.

Of course, the same construction can be carried out for the automor-
phism groups Aut!(Xj), resp. Aut(Xy), with the obvious modifications.

IThe leaves correspond to the connected components in Ky of the following equivalence
relation: J = J’ iff both operators belong to the same Diff’(M)-orbit.

2Strictly speaking, we have to pass to Sobolev L?-structures for a big [ to have an
analytic space, and Diff’ (M, %) is the subset of C° points of this analytic set. In the
sequel, we automatically make this slight abuse of terminology, cf. Convention 3.2 in [3].



KURANISHI AND TEICHMULLER 7

In (3.6), Aut’(Xp) is replaced with Aut!(Xy), resp. Aut(Xp), defining a
neighborhood Dy of Aut!(Xy) in Diff’ (M), resp. D of Aut(Xy) in Diff(M).
This allows to speak of (V,D;)-admissible, resp. (V,D)-admissible diffeo-
morphisms. Then, replacing Dy with Dj, resp. D in (3.7) we obtain the
analytic groupoid A; = Kj, resp. A =3 K. Its stackification over & gives a
stack 7, resp. /. The previous description of @ as a category applies to
&, resp. </ with the obvious changes. We also call them Kuranishi stacks.

3.4. Universality and the Kuranishi stacks. Recall that Kuranishi’s
Theorem asserts the existence of a semi-universal deformation for any com-
pact complex manifold. This is not however a universal deformation when
the dimension of the automorphism group varies in the fibers of the Kuran-
ishi family, i.e. in the setting of section 3.1, the germ of mapping f is not
unique. Replacing the Kuranishi space with the Kuranishi stack allows to
recover a universality property.

To do that, we need to germify the Kuranishi stacks. We replace our base
category & with the base category & of germs of analytic spaces. We turn
& into a site by considering the trivial coverings. Hence each object of &
has a unique covering and there is no non trivial descent data.

We then germify the groupoids. Starting with A = Ky, resp. Ag = K
and A; = Ko, and using s and ¢ as defined in (3.8), we germify Ky at 0, A,
resp. Ap and Aj, at the fiber (s x t)71(0) and germify consequently all the
structure maps. We thus obtain the groupoids (A, (s x t)71(0)) = (Ko, 0),
resp. (Ao, (s x 1)71(0)) = (Ko,0) and (As, (s x t)~1(0)) = (Ko, 0).

Finally, we stackify (A, (s xt)~1(0)) = (Ko, 0), resp. (Ag, (sxt)~1(0)) =
(Ko, 0) and (Ay, (s xt)~1(0)) = (Ko,0), over &. We denote the correspond-
ing stacks by (<7,0), resp. (2%,0) and (<4, 0).

The objects of (<7, 0) over a germ of analytic space (.5, 0) are germs of M-
deformations p : X — S with fiber at the point 0 of S isomorphic to Xy. We
denote them by (X,p~1(0)) — (S5,0). The morphisms over some analytic
mapping f : S — S’ are germs of morphisms between M deformations
(X, p~1(0)) = (S,0) and (X', ' 1(0)) — (S,0) over f. Note that f(0) = 0.

Remark 3.1. Tt is crucial to notice that we deal with germs of unmarked
deformations. There is obviously a distinguished point (since we deal with
germs), but there is no marking of the distinguished fiber.

The following theorem shows that (<7, 0) contains indeed all such germs of
M-deformations and of morphisms between M-deformations. It is folklore
although we never saw a paper stating this in a precise way.

Theorem 3.2. The stack (<7,0) is the stack over & whose objects are the
germs of M -deformations of Xog and whose morphisms are the germs of
morphisms between M -deformations.

Proof. Since the site & does not contain any non-trivial covering, there is
no gluings of families, and the torsors associated to («7,0) are just given
by the pull-backs of the germ of Kuranishi family (%5, 7=1(0)) — (Ko, 0).
Kuranishi’s Theorem implies that the natural inclusion of (<7, 0) in the stack
of germs of M-deformations over & is essentially surjective.
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Morphisms over the identity of some germ (.5,0) of analytic space are
thus given by morphisms F between two germs of families (f*. %5, 7~1(0)) —
(B,0) and (g* 4y, 7 1(0)) — (B,0) for f and g germs of analytic mappings
from (B,0) to (Ko,0). Hence F restricted to the central fiber Xo ~ 7 1(0)
is an automorphism of the central fiber that is an element of Aut(Xy). But
(s x t)71(0) is isomorphic to Aut(Xp) so such a morphism F is induced by
an analytic mapping from (B, 0) to (A, (s x t)71(0)) that we still denote by
F which satisfies so F = f and t o F = ¢g. This shows that the natural
inclusion of (7, 0) in the stack of germs of M-deformations over & is fully
faithful. O

This must be thought of as a property of universality. Indeed, the failure
of universality in Kuranishi’s theorem comes from the existence of automor-
phisms of the Kuranishi family fixing the central fiber but not all the fibers.
Imposing a marking is an artificial and incomplete solution to this problem
because this automorphism group is not in general isomorphic to Aut(Xy)
which is killed by the marking.

In the same way, we have

Corollary 3.3. The stack (24,0) is the stack over & whose objects are the
germs of reduced M -deformations and whose morphisms are the germs of
morphisms between reduced M -deformations.

Here C*°-markings of the M-families, that is the choice of a C*° diffeo-
morphism from M to the central fiber, can be used to characterize reduced
families. Morphisms are required to induce on M a diffeomorphism isotopic
to the identity through the markings.

We also have

Corollary 3.4. The stack (<, 0) is the stack over & whose objects are the
germs of O-reduced M -deformations and whose morphisms are the germs of
morphisms between 0-reduced M -deformations.

A 0-reduced M-deformation is just a marked family. We use a different
terminology because morphisms are different. A morphism of marked fami-
lies is required to induce on Xy the identity through the markings, whereas
a morphism of 0-reduced M-deformation is required to induce on Xy an
element of Aut’(X;) through the markings.

3.5. Kuranishi stack as an orbifold. We now investigate when the Ku-
ranishi stack(s) is (are) an orbifold. Here by orbifold, we mean the stack
given by the global quotient of an analytic space by an holomorphic action
of a finite group fixing exactly one point. We have

Theorem 3.5. The Kuranishi stack < is an orbifold if and only if Aut(Xy)
is finite.

Remark 3.6. To be more precise, the statement ”the Kuranishi stack &7 is
an orbifold” must be understood as: ”for a good choice of V and Kj, the
Kuranishi stack . is an orbifold”. This should appear clearly in the proof.

Proof. Since the isotropy group of Xy is Aut(Xj), the condition is obviously
necessary. So let us assume that Aut(Xy) is finite. We show that we may
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choose V' and Kj so that the corresponding atlas A = Ky of &/ is Morita
equivalent to the translation groupoid Aut(Xy) x Ko = K.

We start with an arbitrary atlas A = K. We assume that the Aut(Xj)
version of (3.6) is valid. Given f € Aut(Xj), define Holy as in (3.5) and set

(3.10) op:JeUs CKogr— (J,foe(xy) €A

where x is an analytic mapping from Uy C Ko to W with x(0) = 0 defined
by

(3.11) EW- )= f)-ex(J))
Observe that
(3.12) Holy(J) = f o e(x(J))

The map o is a local analytic section of the source map s : A — Ky defined
on Uy. It satisfies

(3.13) too = Holy
The proof of Theorem 3.5 consists in the following two lemmas.

Lemma 3.7. For all f € Aut(Xy), the map of : Uy C Ko — A is the
unique (up to restriction) extension of f.

By extension of f, we mean a section F' of s defined in a neighborhood of
0 and such that F(0) = f.

Proof of Lemma 3.7. The map o is obviously an extension of f as desired.
Let now G be another extension of f. Then, for all J € K close to 0, we
have a decomposition

(3.14) G(J) = foe(n(J))

using (3.6). Here the factor in Aut(Xy) is constant equal to f since Aut(Xj)
is discrete.

The mapping 7 also satisfies (3.11). But since (3.3) is an isomorphism,
(3.11) is uniquely verified and 7 = x. Thus G = o on a neighborhood of
J() in Ko. O

Redefine Ky as the intersection of all Uy for f in the finite group Aut(Xo).
Then all extensions oy are defined on Ko, Set

(3.15) Ext={os: Ko — & | f € Aut(Xo)}
We have

Lemma 3.8. (&xt,0) is a group isomorphic to Aut(Xy).
Proof of Lemma 3.8. Define

(3.16) ggoof + Je Koy o4(J-0p(J))oop(J)

This is an extension of g o f, and thus by Lemma 3.7 is equal to o4 on a
neighborhood of Jy, hence on Ky by analyticity.

Still by Lemma 3.7, if g1 o... 0 g = Id, then the same relation holds for
the og,’s. O



10 LAURENT MEERSSEMAN

The space Ky is invariant by the group (&zt,o0). We may thus take as
atlas for &/ the translation groupoid &xt x Ky = Ky, or, equivalently the
translation groupoid Aut(Xy) x Ko = K. O

Replacing 7 with @, resp. % and Aut(Xp) with Aut’(Xp), resp.
Aut®(X)) yields the following immediate corollaries.

Corollary 3.9. The Kuranishi stack o, is an orbifold if and only if the
group Autt(Xo) is finite.

and

Corollary 3.10. The Kuranishi stack <#y is an orbifold if and only if
Aut®(Xy) is zero.

4. THE NEIGHBORHOOD OF A POINT IN THE TEICHMULLER STACK

A neighborhood of Xy in .7 (M) consists of M-deformations all of whose
fibers are close to Xy, that is can be encoded by structures J living in a
neighborhood V' of Jy in Z(M). As in [8], we shall denote it by .7 (M, V).
From now on, we assume that V' is open, connected and small enough to
come equipped with a Kuranishi mapping (3.3).

4.1. Atlas. The main difficulty to construct an atlas in [3] was to describe
all the morphisms between the different Kuranishi spaces involved. Here, in
the local case, we just need to use one Kuranishi space and it is straightfor-
ward to give an atlas for .7 (M, V). Just consider

(4.1) Tv = {(J, f) € Diff’(M, %) | J - f € Ko}

with structure maps as in (3.8) and (3.9). This gives an atlas Ty = Ky
for 7 (M,V). Observe that it is very close to that of the Kuranishi stacks.
Indeed the points are exactly the same than those of &/, but & has less
morphisms, hence also less descent data and thus less objects. To understand
how to pass from @ to .7 (M,V), we need to understand and encode the
”missing” morphisms.

4.2. Target Germification. To compare the local Teichmiiller stack with
the Kuranishi stacks, we need to germify V' and consider only complex struc-
tures belonging to the germ of some point Jy in V. This process is different
from the germification process of section 3.4 which was about germifying
the base category and thus the base of M-deformations. Here we still want
to consider M-deformations over any analytic bases, but need to germify
the set of possible fibers. Hence we need a target germification process, as
opposed to the source germification process used in Section 3.4.

To do that, we look at sequences of stacks .7 (M, V,,) for (V,,) an inclusion
decreasing sequence of neighborhoods of a fixed point Jy with Vp = V.
Corresponding to a nesting sequence

(4.2) L.CcV,c...cvVcs

we obtain the sequence

(4.3) i ——> T(M, V) —— ... —— T(M,V)
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As in the standard case of germ of topological spaces, we may endow the
set of stacks .7 (M, V) for V C .# with the following equivalence relation

(4.4) TM, V)~ T(MW) < VnV =wnV'
for some neighborhood V' of Jy in .#.

We call the resulting equivalence class of .7 (M) the target germification of
T (M) at Jy and denote it by (7 (M), Jo).

To understand (.7 (M), Jy), we need to consider sequences of M-deformations
over the same base (2, — B) such that 2, is an object of .7 (M,V},,) for
some decreasing sequence (4.2). We identify two such sequences (£, — B)
and (2, — B) if the families 2”,, — B and 2, — B are isomorphic for
every large n. Here are some examples of such sequences

i) Start with a M-deformation 2"~ — D over the disk with central fiber
isomorphic to Xy and thus can be encoded in Jy. Then consider the
pull-back sequence (A 2" — D) where (\,) is a sequence of homotheties
with ratio decreasing from 1 to 0.

ii) Start with a fiber bundle £ — B with fiber Xy and structural group
Aut!(Xy) and a M-deformation 7 : 2~ — B x D which coincides with
the bundle E over B x {0}. Then pick up some sequence (x,,) in the disk
which converges to 0. Then consider the sequence of families (7~1(B x
{zn}) — B).

Morphisms from (27, — B) to (%, — B) are sequences (f,) with f, a
family morphism over B from 27, to 2, for every n. Once again, we
identify tow such sequences (f,,) and (gy) if there exists some integer k such
that f,, = g, for n > k.

4.3. Sequences of isomorphic structures in the Kuranishi space.
Let (f,) be a morphism from (2", — B) to (%, — B), two sequences
of (7 (M), Jy), as explained above in Section 4.2. Since Ty, = Kj is an
atlas for 7 (M,V,,), each f, is obtained by gluing a cocycle of morphisms in
Ty, over an open cover of V,,. Such morphisms are local morphisms of the
Kuranishi family. Hence the existence of a morphism f,, acting non-trivially
on the base is subject to the existence of two isomorphic distinct fibers of
the Kuranishi family, that is to the existence of two distinct points in K
encoding the same complex manifold up to isomorphism. In the same way,
the existence of sequences of morphisms ( f,,) acting non-trivially on the base
is subject to the existence of sequences (z,) and (y,) of points in Ky such
that

i) Both sequences (z,) and (y,) converge to the base point of Kj.
ii) For every n, the fibers of the Kuranishi family above z, and y, are
isomorphic.

In particular, there exists a sequence (¢,) of Diff’(M) such that
(4‘5) vn, T On = Yn

Now, we are looking for missing morphisms in the Kuranishi stacks. In other
words, we are looking for such sequences (z,,) and (y,) with the additional
property that (z,, ¢,,) does not belong to <7, that is (xy,, ¢,,) is not (V,,, Dp)-
admissible.
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From (4.5) and the convergence of (z,) and (y,), we see that the sequence
(¢n) may exhibit three different types of behaviour.

i) It converges uniformly on compact sets to a diffeomorphism g. This g
fixes the base point of K, hence is an automorphism of Xy and (¢,,) is
already encoded in the Kuranishi stacks.

ii) It does not converge uniformly but the associated sequence of graphs
converges in the cycle space % .

iii) Neither the sequence of diffeomorphisms nor the sequence of graphs
converge.

Here ¢ denotes the Barlet space of (relative) n-cycles of £ ? x #;e? for
¢4 the reduction of the Kuranishi family. Let also %p be the Barlet space
of n-cycles of Xy x Xj.

Each ¢, is an isomorphism between the fiber 7=!(x,) and the fiber
71 (yy,) of the Kuranishi family, hence defines an element =, of 4. When
these cycles converge, the limit belongs to 5. So we may reformulate the
three previous cases as follows.

i) The cycles 7y, converge to the graph of an automorphism of Xj.
ii) The cycles 7, converge to a cycle in 6y which does not belong to the
irreducible component(s) formed by Aut!(Xy).
iii) The cycles v, do not converge.

5. FINITENESS PROPERTIES IN THE KAHLER SETTING

In this section, we recall and apply a basic result on cycle spaces in the
Kahler case, which is due to Lieberman [0]. We state the relative version,
which is adapted to our purposes.

Proposition 5.1. Let w; : X; — B; be smooth morphisms with compact
Kdhler fibers over reduced analytic spaces B; for i =0,1. Let E C By X By
be a subset and let Z — E be a family of relative cycles of Xg x X1. Assume
that the projection of E is included in a compact of By X By. Assume also
that any cycle Z is the graph of a biholomorphism from some fiber (Xo)¢
onto some fiber (X1)y. Then,

i) Z only meets a finite number of irreducible components of the cycle
space of Xy X Xj.

i1) Let C be such a component. Then C contains a Zariski open subset
Co all of whose members are graphs of a biholomorphism between a

fiber of Xy and a fiber of X;.

Proof. i) Let (w!)iep, be a continuous family of Kihler forms on the m;-
fibers (i = 0,1). Let M be the smooth model of Xy and let (J{)iep, be a
continuous family of integrable almost complex operators on M such that
(X:)¢ = (M, J}). For every e € E, call fo : M — M the biholomorphism
from some fiber (Xj); onto some fiber (X7)y corresponding to the cycle Z.
We compute the volume of these cycles using the w;. We have

Vol(Z,) :/ (wf + frwp)" :/ (w) +wp)"”
M M

since f, is isotopic to the identity hence f:wtl, and wtl, differs from an exact
form. Since the projection of E is included in a compact of By x By, we
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obtain that the volume of the Z, is uniformly bounded. It follows from [0,
Theorem 1] that Z has compact closure in the cycle space of Xy x X;. Hence
Z only meets a finite number of irreducible components of this cycle space.

ii) Consider the family of cycles C C Xy x X, — C. Since this map is proper
and surjective, it is smooth on a Zariski open subset. Since some fibers
are non singular, the generic fiber is non singular. The cycles above E are
submanifolds of some (Xy); % (X1)p with projections pr; being bijective onto
both factors. Hence, on a Zariski open subset of C, every cycle enjoys such
properties. So is the graph of a biholomorphism between a fiber of Ay and
a fiber of Aj. O

Setting Xo = (M, Jo), considering the orbit O of Jy in Z(M) and viewing
Ky as a local transverse section, we obtain a first interesting Corollary.

Corollary 5.2. If Kq is small enough then Kq intersects O only at Jy.

Proof. We assume that Kj is small enough so that it only contains Kéahler
points. We also assume that Kj is reduced, replacing it with its reduction if
necessary. Take X} = J#) and Xy = X seen as a family over the point {Jy}.
Let E’ be the subset of Ky corresponding to complex structures J in the same
Diff’(M)-orbit that Jy. Now, E' is a subset of Ky which does not contain
any continuous path by Fischer-Grauert Theorem, see [7, Lemma 5] for
the convenient geometric reformulation. So it contains at most a countable
number of points. Since we are only interested in what happens close to Jy,
we may replace E’ with its intersection with a compact neighborhood of Jy
in Ko. Then for each J € E’, choose some element f; of Diff®(M) mapping
Jo onto it. Set E = {Jp} x E" and let Z be the cycles corresponding to the
graphs of the f;. Apply Proposition 5.1. We conclude that Z meets a finite
number of irreducible components of the cycle space of Xy x %, say Cq,...,
Cp.
Still by Proposition 5.1, it follows that a Zariski open subset of each C;
only contains graph of biholomorphisms between Xy and some X; with
J € E’. Hence each of these components only contains cycles in a fixed
product Xy x X7 and E’ is a finite subset. Reducing K| if necessary, we
may assume that E’ is just {Jy} as wanted. O

Let I" be the union of the irreducible components of 4 containing a se-
quence (4.5). Let Iy be the intersection of I" with 6. Observe that every
cycle in I'g projects onto each factor of Xy x X through a map of degree
one. In the same way, every cycle in I' projects onto each factor of some
X; x Xy through a map of degree one. We may state our second Corollary

Corollary 5.3. Assume X is Kdhler. Then,

i) Fach irreducible component of I' contains at least one cycle of Xy x Xp.
ii) T' has a finite number of components.
iii) Take a component C of I'. Every irreducible component of the intersec-
tion To N C is either the closure of a connected component of Aut*(Xo)
or a component all of whose members are singular cycles.

Definition 5.4. An exceptional component of I'y is an irreducible compo-
nent of some I'g N C, all of whose members are singular cycles. In this case,
we also say that C is exceptional above Jj.



14 LAURENT MEERSSEMAN

Exceptional components may be isolated singular cycles or components
of positive dimension with a reducible generic member.

Notice that the irreducible components of an intersection I'g N C may
not be irreducible components of I'y. Two distinct components of I' may
intersect in I'g.

Proof. As above in the proof of Corollary 5.2, assume that K is reduced
and all the fibers of the Kuranishi family are Kahler. We may thus apply
Proposition 5.1 to Xy = X} = J#; and to I'. This proves that I" has a finite
number of components. It also proves that every sequence of I' converges
up to passing to a subsequence, and so case iii) of the list at the end of
Section 4 is not possible. Moreover, if a component of some I'g N C contains
a (irreducible) manifold, this has to be the graph of an automorphism, since
it projects with degree one onto each factor of Xy x Xy. By Proposition 5.1
applied to Xy = X1 = Xy and to 'y, this is a component of the closure of
Autl(Xo). O

More precisely, let Irr I' be the set of irreducible components of I'; that
is, each point of Irr I', encodes an irreducible component of I'.

Corollary 5.5. Assume X is Kdhler. Then,

i) The number of irreducible components of the reduction of Ty is finite.
i) If V is a sufficiently small neighborhood of Jy in Z(M), then there ex-
ists a natural bijection between the set of irreducible components of the
reduction of Ty and Irr T.
iii) If V is a sufficiently small neighborhood of Jy in Z(M), and V! C V
contains also Jy, then the natural inclusion of Ty in Ty is a bijection
between the corresponding sets of irreducible components.

Proof. Assume Ty is reduced. Every irreducible component of 7y, injects in
an irreducible component of %. Just send (J, f) to its graph as a cycle of
HKo X K. Since € has only a finite number of components by Kéahlerianity,
this proves i). Moreover, by Proposition 5.1, a component of 7y forms a
Zariski open subset of the corresponding component of . Then, using
Corollary 5.3, for a sufficiently small neighborhood V' of Jy, the point Jy
is adherent to the s-image of every such component. Hence they contain
a sequence (4.5). So the irreducible components of 7y are in fact in 1:1
correspondence with the irreducible components of I', proving ii). Then iii)
follows from ii). O

As a consequence of Corollary 5.5, we do not need to consider the full
target germification in the Kéahler case. It is enough to look at 7 (M, V) for
a fixed small enough V since restricting to smaller neighborhoods of 0 will
not change the number of components of Ty,/.

In other words, there is no wandering sequence (4.5) with each ¢,, belong-
ing to a different component of Ty .

6. LOCAL STRUCTURE OF THE TEICHMULLER STACK IN THE KAHLER
SETTING

We want to analyse the structure of the analytic space 7y defined in (4.1)
and compare it with o7 in the Kéahler setting.
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We already observed in Section 4 that there is a natural inclusion of
groupoids of A; into Ty. It comes from the fact that 7y encodes every
morphism between fibers of the Kuranishi family, whereas A; encodes some
morphisms between fibers of the Kuranishi family. This inclusion is just
the description at the level of atlases of the natural inclusion of .7 into
T (M,V): ofj-objects, resp. &A-morphisms, inject in 7 (M, V)-objects,
resp. 7 (M, V)-morphisms. So our final goal here is to give the structure of
this inclusion.

There exists also a natural inclusion of & into 7 (M, V). We first relate
the morphisms encoded in 7Ty to those encoded in Aj.

Lemma 6.1. Let (J, f) € Ty and let (J,g) € Ty. Then these two elements
belong to the same connected component of Ty if and only if (J - f, f~1og)
belongs to Ay.

Proof. Assume (J-f, f~'og) belongs to Ay, that is (J - f, f~tog) is (V, Dg)-
admissible. Then we may decompose it as

(J1, f og) = (Ji,h) o (Ja, ha) o ... 0 (J, hy)

where J; := J - f. Now each h; € Dy can be decomposed as k; o e(x;)
through (3.6) and is thus isotopic to the identity inside Dy. Hence (Ji, Id)
and (Ji, h) stay in the same connected component of Ty, and so do (J, f)
and (J, f o hy).

Conversely, let (J, f) and (J, g) belong to the same connected component
of Ty. Then, there exists an isotopy (Jy, f;) joining these two points in Ty .
But then we may find 0 < ¢; < ... <t < 1 such that

(Ji,h) = (- f, f 7 o fr)
satisfies hy € U, as well as
(J2, ha) := (J1 - ha, fih o fuy)
satisfies ho € U and so on. O
We are now in position to state and prove our first main result.

Theorem 6.2. The natural inclusion of <%y into T (M, V'), resp. of <) into
T (M,V), is a finite morphism of analytic stacks.

By finite morphism of analytic stacks, we mean that, given any B € &
and any morphism u from B to 7 (M, V), the fiber product

B xu oty —32 5 oy Bx, o —s o
(6.1) fll - linclusiona resp. fll = linclusion
B—" s 7(M,V) B —" s F(M,V)
satisfies

i) B Xy 9, resp. B x, 4, is a C-analytic space.
ii) The morphism f; is a finite morphism between C-analytic spaces.

Remark 6.3. We emphasize that in the definition of analytic stack used in
[3], we did not impose that the diagonal is representable, see the discussion
in §2.4 of [8]. As a consequence, point (i) above does not follow from the
fact that .7 (M, V) is an analytic stack but shall be proved by hands.
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Proof. By Yoneda’s lemma, a morphism v : B — .7 (M, V') corresponds to
a family X — B. The fiber product B x, &% encodes the isomorphisms of
T (M, V)

X —= X

(6.2) \ /

between families X — X’ over B modulo isomorphisms 3 over B

X/

(6.3) - lﬁ
T~

X”

belonging to ..

Decompose B as a union of connected open sets B1U. ..UBy in such a way
that the family X', resp. X”, is locally isomorphic above B; to u}. % for some
u; : B; — Ky, resp. to (u})*#p for some u} : B; — K. These local models
are glued through a cocyle u;; : B; N Bj — Ty, resp. ugj : BN Bj — Ay,
satisfying s(u;;) = w; and t(u;;) = uj, resp. s(u;;) = u; and t(uj;) = ul, to
obtain a family isomorphic to X, resp. X”.

In these models, up to passing to a finer covering, an isomorphism (6.2)
corresponds to a collection F; : B; — Ty fulfilling

i) soF; =wu; and to F; = u}

11) E Ouij == u;j ©) Fj
Then X’ corresponds to a cocycle u/ : B; — Ky and o to a collection
F!: B; — Ty satisfying similar relations.
Denoting by «; the isomorphism between uf. %) and (u})*.#, and setting

(6.4) Fi(b) = (ui(b), Fip) and  Fj(b) = (ui(b), F}})
we have

(6.5)  ai(bv) = (ui(b), Fip(v))  and  @j(b,v) = (us(b), Fjy(v))

and
(6.6) u;(b) - Fyp = u;(b) and ui(b) - Fiy = uj (b)

Let 8 be o/ o a~!. This is a morphism of .7 (M, V') which is given in our
localisation by

(6.7) Bi(b,v) = (ui(b), Gip(v) := Fy,' o Fy(v))

We want to know when 8 is a morphism of Aj.

Since the B; are connected, the image of each map F;, F/ and G;, is
included in a single connected component of 7y,. By Lemma 6.1, F; and
F! land in the same connected component of 7y if and only if G; lands in
Ap. Choose a point b; in each B;. Then « and o' are equivalent through
(6.3) if and only if (b;, F;(b;)) and (b;, F}(b;)) belong to the same connected
component of Ty for all i.
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Now, assume that (b1, F1(b1)) and (b1, F{(b1)) belong to the same con-
nected component of 7y. Given ¢ # 1 and taking ¢ € By N B;, it follows
from the compatibility relations that

(6.8) F;(c) = ulq o Fy o uy;(c) and Fl(c) = u}} o F{ o uy;(c)

But u}; and uf; are mappings with values in Ay, hence (¢, F;(c)) and (¢, F(c))
belong to the same connected component of 7y,. And so do (b;, F;(b;)) and
(b, FL(b).

Therefore, the fiber product B X, 7 identifies with the disjoint union of
g copies of B, where g is at most the number of connected components of
Ty, through the map

(6.9) (b, (u(b), Fy)) € (B xu #0) 1) — (b, #(u(b), Fy)) € B x #Tv

Here (B X, %)) denotes the set of objects above {b}, the set {7y is the
set of connected components of 7y, and the § application maps an element
of Ty to the connected component of Ty which contains it.

Finally f1 can be rewritten as the natural projection map

(6.10) B x t,Ty — B

for #47v the connected components of 7y that can be attained through (6.9).
This proves that the inclusion of <% in .7 (M, V) is a finite morphism.
Recall that any element f of Aut'(Xp) admits a natural extension o -
see (3.10) - in Ty whose s- and t-projections cover a neighborhood of Jj in
Kj. Recall also that the s-projection of any component is at least adherent
to Jo. Hence, given an element (.J, g) of some connected component C of Ty
and an element f of some connected component A’ of Aut!(Xy), we may
compose (J, g) with o(.J-g) as soon as J is sufficiently close to Jy. Moreover
this composition lands in some component C’ of 7y, which depends only on
C and on A’. Hence there is an action of fAut!(Xp) onto #7y.
One eventually finds that the fiber product B x, &/ identifies with the
disjoint union of a finite number of copies of B and f; with the natural
projection map

(6.11) B x #,Ty/(tAut' (Xo) N4, Tv) — B
0

So, going back to the setting ”Kur/Teich”, we obtain that, in the Kéhler
case, there is a finite morphism from Kur to Teich. Our next step is to
characterize the Kur=Teich case.

The fiber of this finite morphism is #7y//fAut!(Xg), hence we obtain
Kur=Teich if and only these two finite groups have same cardinal. Now,
this occurs if and only if, for some C in Irr I', the intersection I'go N C con-
tains a component with only singular cycles. This motivates the following
definition.

Definition 6.4. A point X of .7 (M) is called exceptional if I'y has at least
one exceptional component in the sense of Definition 5.4.

By the mere definition, X satisfies Kur=Teich if and only if it is not
an exceptional point of the Teichmiiller stack. The atlas (4.1) being an
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atlas of a neighborhood of Xy in the Teichmiiller stack, it contains all the
information we need to decide which points close to X are exceptional.

Indeed, pick a point Xy in Ky. Assume it is exceptional. If V' is sufficiently
small, every irreducible component of & contains a cycle of Xy x Xg, hence
the set I'y of cycles of X ; x X ; which are limits of cycles of ¥ is included in
I'. As a consequence, J is exceptional if and only if there are only singular
cycles in a component of I' above J. Let S be the analytic set of singular
cycles of €. Let p denote the projection of I' to Ky x Ky. The set of
exceptional points is thus equal to

6.12) E= |J {JeKo|p '(J,J)NC#Pand (p~'(J,J)NC)o C S}
Celrr I

where (p~1(J,J) N C)g C S means that some irreducible component of
p~1(J,J)NC is included in S. This is a constructible set.

Let E¢ be the closure of (6.12). Now, E° is a closed constructible set,
hence an analytic set. We claim that E° is a strict analytic subspace of K.
Assume the contrary. Then every cycle of a component C above a Zariski
open set of the diagonal in Ky x Ky is singular. As we already argued
several times, each component C contains a Zariski open subset of graphs
of biholomorphisms between fibers of the Kuranishi family. Moreover, if p;
denotes the projection of Ky x Ky onto the first factor composed with p,
then the image of this Zariski open set by p; is an open set of Ky. Hence,
p(C) is an analytic set of Ky x Kj strictly containing the diagonal; and a
Zariski open subset of it encodes graphs of biholomorphisms. We may thus
find for a well chosen J close to 0 in Kj, a path of biholomorphisms between
X, and some X with J; distinct from J. Hence Ko has a non trivial
foliated structure in the sense of [7]. But this implies that the dimension of
AutO(Xo) jumps at 0, that is is not constant in a neighborhood of 0 in K.
Since £y — Ky is complete at every point J of Ky, denoting its Kuranishi
space K j, then the set of exceptional points in K ; is also the full K ;. Hence
the same argument tells that the dimension of the automorphism group also
jumps at X ;. But it cannot jump at every point of K. Contradiction. The
set F° is a strict analytic subspace of Kjy.

So we may define a strict analytic substack of .7 (M, V) as the stackifica-
tion of the full subgroupoid of Ty, = Ky above E¢ C Kj. Since the notion of
exceptional point is an intrinsic notion, this substack is just a neighborhood
of Xy of an analytic substack of .7 (M, Vk). Here Vi is the open* set of
Kahler points of Z(M). So we have proved our second main Theorem

Theorem 6.5. The closure of exceptional points of the Teichmiiller stack
T (M, Vi) of Kihlerian structures form a strict analytic substack &(M) of
T (M, V).

and its immediate Corollary

3As above in Section 5, we replace Ko with its reduction if necessary, so strict means
that E° is not the whole K.

4By a classical result of Kodaira, Kéahlerianity is a stable property through small
deformations.
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Corollary 6.6. A compact complex Kdhler manifold X satisfies Kur=Teich
as well as the structures sufficiently close to it if and only if it belongs to

T (M, Vi) \ &EM).

Hence Kéahler points such that Kur=Teich as well as the structures suffi-
ciently close to it fill a Zariski open substack of the Teichmiiller stack.

Remark 6.7. The closure of exceptional points also form a strict analytic
subspace of V.

Remark 6.8. In particular, the set of points satisfying Kur=Teich is dense
in the Kihlerian Teichmiiller space Vi /Diff’(M) and contains an open set.
However, due to the non-Hausdorff topology this space may have, this may
be a misleading statement. For example, if M is S?xS?, then the (Kihlerian)
Teichmiiller space of M, as a set, is Z, a point a € Z encoding the Hirzebruch
surface Fa,°. Now, the topology to put on Z has for (non trivial) open sets
{0}, {0,1}, {—1,0} and so on, cf. [3], Examples 5.14 and 12.6. Hence 0 is
an open and dense subset of the Teichmiiller space.

Remark 6.9. If the intersection of an exceptional component of Xy and I'; is
non-empty but contains regular cycles, then the corresponding morphisms

i) either form a component of Aut!(X ;) which is not induced by Aut!(Xp).

ii) or send J to points that are distinct from J and not adherent to it.
Hence, when restricting to a sufficiently small neighborhood W of X,
this component disappears from .7 (M, W).

Finally, we deal with the orbifold case.

Theorem 6.10. Assume Xo Kahler. Then, the following statements are
equivalent
i) T (M,V) is an orbifold.
i) @ is an orbifold and Xy is not exceptional.
i) Aut!(Xo) is finite and X is not exvceptional.
iv) Aut®(Xg) is trivial and Xg is not exceptional.

Remark 3.6 applies also here.

Proof. By Theorem 6.2, .7 (M, V') has finite isotropy groups if and only if
&/ has finite isotropy groups. Now if X is exceptional the finite group
Irr T'/Aut?(Xp) is not the stabilizer of the base structure X, since the ex-
ceptional components do not yield automorphisms at 0. Also, if Xg is not
exceptional, then Kur=Teich by Theorem 6.5. This proves that i) and ii)
are equivalent. Then, ii) and iii) are equivalent by Corollary 3.3. Finally,
iii) and iv) are equivalent because of the fact that Aut’(X) has finite index
in Aut!(Xp) in the Kihler case. O

Remark 6.11. Consider the case of compact complex tori. Then Aut®(Xjp)
is not trivial, since it contains the translations. So neither .7 (M, V') nor
&/ is an orbifold, since their isotropy groups are not finite. However, if
we forget about the stack structure, the Teichmiiller space is naturally a
complex manifold. Indeed, roughly speaking, the stack is obtained from

5The surfaces Faq and F_o, are isomorphic, but not through a biholomorphism isotopic
to the identity.
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this complex manifold by attaching a group of translations to each point.
More precisely, it is the universal family of tori, see [3], Example 13.1.

7. THE NON-KAHLER CASE

In this section, we briefly investigate the non-Kéahler case.

The atlases of the Kuranishi stacks and of .7 (M, V) in Sections 3.3 and
4.1 are still valid. However, Proposition 5.1 and Corollaries 5.2, 5.3, 5.5 are
no more correct. As a consequence, there may be a countable number of
connected components in 7Ty ; and this number is not stable when restricting
to smaller neighborhoods V. There may be wandering components. Indeed,
taking V' C V, there is a natural injection of the set of connected compo-
nents of Ty into the set of connected components of Ty, but it is possible
that for a basis of neighborhoods V' O V; D Va ..., all the injection maps are
strict. So sequences (4.5) may jump from one component to another and
exceptional components do not capture all sequences (4.5).

For this reason, we have to deal with the target germification of .7 (M, V)
and it is not even clear that there is a reasonable sense to the assertion: the
inclusion of @ and <7 in .7 (M, V) is an analytic morphism of stacks with
countable fiber.

Also recall that cycles do not always converge in the non-Kéhler setting,
hence case iii) at the end of Section 4 really occurs. So we add the definitions

Definition 7.1. We say that a component of I' is adherent to Xq if its
projection onto Ky x Ky does not contain (0,0) but is adherent to it. We
say that a sequence of components of ¢ is wandering at X if none of them
is adherent to (0,0), but their union is.

and

Definition 7.2. A point Xy of .7 (M) is called adherent if I has a com-
ponent adherent to it. It is wandering if ¥ has a wandering sequence at
Xo.

Theorem 6.5 is no more correct but may now be replaced with

Theorem 7.3. The closure of exceptional, adherent and wandering points
of the Teichmiiller stack form a countable union of strict analytic substacks

of T(M).

Proof. Remark that every exceptional component, every adherent compo-
nent and every component of wandering points forms a constructible set of
Ky. Follow the proof of Theorem 6.5 to show that their closure is a strict
analytic substack of .7 (M, V') and thus of .7 (M, Vi ). Since there may exist
a countable number of such components, the statement follows. O

Corollary 7.4. A compact complex Kdhler manifold X satisfies Kur=Teich
as well as the structures sufficiently close to it if and only if it belongs to
T (M, Vi) minus an at most countable union of strict analytic substacks.

Still due to the wandering components, Theorem 6.10 is no more correct
in the non-Kahler setting and we do not have any equivalent.
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8. OPEN PROBLEMS

There are many open problems around this. We list some of them in this
section. Firstly, at the level of the Teichmiiller stack/Kuranishi space,

Problem 8.1. Find exceptional points.
and, in the non-Kéhler setting,
Problem 8.2. Find exceptional, adherent and wandering points.

Remark 8.3. Consider the second Hirzebruch surface Fy. It deforms onto
P! x P'. The automorphism ¢ that exchanges the two components of the
product P! x P! does not extend as an automorphism of Fy. So the corre-
sponding graphs of biholomorphisms extend as singular cycles in Fo x Fo.
Hence there is a component of singular cycles in the cycle space of Fo x Fo
that deform as automorphisms of the nearby structures. This really looks
like an exceptional component. However, it is not, for g is clearly not isotopic
to the identity.

Then, at the level of compact complex manifolds,

Problem 8.4. Find a compact complex manifold X, with Aut!(X;) having
an infinite number of connected components.

Such an example would automatically have §7y infinite. But there is no
reason for them to be equal. Hence we ask

Problem 8.5. Find a compact complex manifold Xg with infinite 7y but
Autl(XO) having a finite number of connected components.

Both problems concern non-Kéhler manifolds but in the Kéhler setting,
the difference between #7y and Aut!(Xy)/Aut’(Xy) is also unknown. So we
state our last problem

Problem 8.6. Find a compact Kéahler manifold with #7y different from
Autl(Xo)/AutO(Xg).
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