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Shape optimization of a Dirichlet type energy for semilinear
elliptic partial differential equations

Antoine Henrot* Idriss Mazari' Yannick Privat?

Abstract

Minimizing the so-called “Dirichlet energy” with respect to the domain under a volume
constraint is a standard problem in shape optimization which is now well understood. This
article is devoted to a prototypal non-linear version of the problem, where one aims at mini-
mizing a Dirichlet-type energy involving the solution to a semilinear elliptic PDE with respect
to the domain, under a volume constraint. One of the main differences with the standard
version of this problem rests upon the fact that the criterion to minimize does not write as
the minimum of an energy, and thus most of the usual tools to analyze this problem cannot
be used. By using a relaxed version of this problem, we first prove the existence of optimal
shapes under several assumptions on the problem parameters. We then analyze the stability
of the ball, expected to be a good candidate for solving the shape optimization problem, when
the coefficients of the involved PDE are radially symmetric.

Keywords: shape optimization, Dirichlet energy, existence/stability of optimal shapes.

AMS classification: 49J45, 49K20.

1 Introduction

1.1 Motivations and state of the art

Existence and characterization of domains minimizing or maximizing a given shape functional
under constraint is a long story. Such issues have been much studied over the last decades (see
e.g. [1, 6, 10, 17, 13]). Recent progress has been made in understanding such issues for problems
involving for instance spectral functionals (see e.g. [12]).

The issue of minimizing the Dirichlet energy (in the linear case) with respect to the domain is
a basic and academical shape optimization problem under PDE constraint, which is by now well
understood. This problem reads:

Let d € N* and D be a smooth compact set of RY. Given g € W~12(D) and m < |D|,
minimaize the Dirichlet energy

1
J(Q) = 5/9 Vug|? = (g, ua) 1.2 () wi2()»
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where uq s the unique solution of the Dirichlet problem' on Q associated to g, among
all open bounded sets Q@ C D of Lebesque measure |Q < m.

As such, this problem is not well-posed and it has been shown (see e.g. [9] or [13, Chap. 4] for
a survey of results about this problem) that optimal sets only exist within the class

Om ={Q2 € A(D), |Q <m}, (1)

where A(D) denotes the class of quasi-open sets” of D.

This article is motivated by the observation that, in general, the techniques used to prove
existence, regularity and even characterization of optimal shapes for this problem rely on the fact
that the functional is "energetic", in other words that the PDE constraint can be handled by noting
that the full shape optimization problem rewrites

1
i i 5 A% 2 - ) -1 s .
QKGI}i(HD)ueVII%IE(D) {2 /Q‘ Ul =g W -ra ey wy 2(9)}

In this article, we introduce and investigate a prototypal problem close to the standard “Dirichlet
energy shape minimization”, involving a nonlinear differential operator. The questions we wish
to study here concern existence of optimal shapes and stability issues for “non energetic” models.
We note that the literature regarding existence and qualitative properties for non-energetic, non-
linear optimization problems is scarce. We nevertheless mention [18], where existence results are
established in certain asymptotic regimes for a shape optimization problem arising in population
dynamics.

Since our aim is to investigate the optimization problems in the broadest classes of measurable
domains, we consider a volume constraint, which is known to lead to potential difficulties. Indeed,
the literature in shape optimization is full of optimization problems that are not well-posed under
such constraints.

In the perturbed version of the Dirichlet problem we will deal with, the linear PDE solved by
ug is changed into a nonlinear one but the functional to minimize remains the same. Since, in such
a case, the problem is not "energetic" anymore (in the sense described above), the PDE constraint
cannot be incorporated into the shape functional. This calls for new tools to be developed in order
to overcome this difficulty. Among others, we are interested in the following issues:

e Existence: is the resulting shape optimization problem well-posed?

e Stability of optimal sets: given a minimizer (}j for the Dirichlet energy in the linear
case, is Qf still a minimizer when considering a “small enough” non-linear perturbation of
the problem?

This article is organized as follows: the main results, related to the existence of optimal shapes
for Problem (3) and the criticality/stability of the ball are gathered in Section 2. Section 3 is
dedicated to the proofs of the existence results whereas Section 4 is dedicated to the proofs of the
stability results.

1in other words

. 1 2
un = argmin {7/ [Vul = (g,u) 1.2 1,2 } .
oy 12 Ja w=1.2(0), Wi 2 (@)

2Recall that Q C D is said quasi-open whenever there exists a non-increasing sequence (wn)nen such that

Vn €N, QUuw, isopen and lim cap(wn) =0
n—-+oo



1.2 The shape optimization problem

In what follows, we consider a modified version of the problem described above, where the involved
PDE constraint is now nonlinear.

Let d € N*, D a smooth compact set of R, d=2,3, g € L*(D) and f € WH>°(R). For
a small enough positive parameter p, let ug € Wol’Q(Q) be the unique solution of the

problem
{ —Au,0 —ﬁgf(upg) =g inQ @)
Up, Q2 S WO’ (Q)
For m < |D|, solve the problem:
. 1
Qlergm Jp(Q)  where J,(Q) = §/Q|Vup,g|2 — /qup,n, (3)

where Oy, is defined in (1).

In this problem, the smallness assumption on the parameter p guarantees the well-posedness of the
PDE problem (2) for generic choices of nonlinearities f.

Lemma 1. There exists p > 0 such that, for any Q € O,,, for any p € [0, p), Equation (2),
understood through its variational formulation, has a unique solution in VVOL2 Q).

This follows from a simple fixed-point argument: let A1 (2) be the first eigenvalue of the Dirichlet
Laplacian on €2. We note that the operator

T: W) — W,2(Q)
u — wq,

where wq is the unique solution of

—Aw—g=—pf(u) inQ
w e Wy (),

is Lipschitz with Lipschitz constant Cr(Q2) such that Cr(Q) < pﬁ I Ilwt.s. By the monotonic-
ity of A1 with respect to domain inclusion (see [11]), we have, for every Q € O,,, A1 (D) < A1 (),

so that Cr(Q) < 7p|‘§‘1lz’vjjl)'°°.

2 Main results of the paper

2.1 Existence results

We state hereafter a partial existence result inherited from the linear case. Indeed, we will exploit
a monotonicity property of the shape functional J, together with its lower-semi continuity for
the y-convergence to apply the classical theorem by Buttazzo-DalMaso (see Subsection 3.1). Our
approach takes advantage of the analysis of a relaxed formulation of Problem (3). To introduce it,
let us first consider a given box D C R™ (i.e a smooth, compact subset of R™) such that |D| > m.

In the minimization problem (3), let us identify a shape £ with its characteristic function 1.
This leads to introducing the “relaxation” set

@m = {a S LOO(D, [0, 1]) such that / a < m}
D



For a given positive relaxation parameter M, we define the (relaxed) functional J M,p by

R 1 M
Imp(a) = 3 /D IVunspa 2 4 > /D(l — a)u?w%a — /DguM%a, (4)

for every a € @m, where ups,pq € VVO1 ’Q(D) denotes the unique solution of the non-linear problem

—Aunrpa + M1 —a)unrpa+ pf(Unipa) =9 in D (5)
Unspa € Wy 2 (D).

Our existence result involves a careful asymptotic analysis of uas,p.q as p — 0 to derive a mono-
tonicity property. R B
Standard elliptic estimates entail that, for every M > 0 and a € O,,, one has u,p.q € ().

Remark 1. Such an approximation of u,q is rather standard in the framework of fictitious
domains. The introduction of the term M (1 — a) in the PDE has an interpretation in terms of
porous materials (see e.g. [7]) and it may be expected that uas,, . converges in some sense to u, o
as M — 4oo and whenever a = 1. This will be confirmed in the analysis to follow.

Roughly speaking, the existence result stated in what follows requires the right-hand side of
equation (2) to have a constant sign. To write the hypothesis down, we need a few notations
related to the relaxed problem (5), which is the purpose of the next lemma.

Lemma 2. Let m € [0,|D|], a € O,, and g € L*(D) be nonnegative. There eists a positive
constant Ny, 4 such that

Va € O, YM >0, € [0,p),  |unrpalloc < Nongs (6)

where p is defined in Lemma 1, upr o denotes the unique solution to (5). In what follows, Ny, g
will denote the optimal constant in the inequality above, namely

Nung = sup{[|uarpalloc: @ € Oy M >0,p € [0, p)}.

This follows from standard arguments postponed to Section A.
We now state the main results of this section. Let us introduce the assumptions we will consider
hereafter:

(H1) There exist two positive numbers gg, g1 such that go < g1 and go < g(-) < ¢1 a.e. in D.

(Hz) One has f € WHo°(R)ND?, where D? is the set of twice differentiable functions (with second
derivatives not necessarily continuous). Moreover, f(0) < 0 and there exists § > 0 such that
the mapping = — z f(z) is non-decreasing on [0, N,,, 4 + ] where N,, , is given by Lemma 2.

Theorem 1. Let us assume that one of the following assumptions holds true:
e g or —g satisfies the assumption (Hy);

e ¢ is non-negative and the function f satisfies the assumption (Hga) or g is non-positive and
the function —f satisfies the assumption (Ha);

Then, there exists a positive constant pg = po(D, f(0),||fllwr.e,go,g1) such that the shape
optimization problem (3) has a solution Q* for every p € (0, po). Furthermore, |Q*| = m.



Remark 2. The proof of Theorem 1 rests upon a monotonicity property of the relaxed functional
J M, given by (4). This is the first ingredient that subsequently allows the well-known existence
result of Buttazzo and Dal-Maso to be applied.

It is natural to wonder whether or not it would be possible to obtain this result in a more direct
way, for instance by using shape derivatives to obtain a monotonicity property. In other words,
an idea could be to consider, for a set F whose boundary satisfies minimal regularity assumptions,
and for a vector field V : 9F — R"™, the shape derivative

1o Tl +EV)E) — J, (B)

e—0 3

and to prove that this quantity is positive whenever V - v > 0 on OFE. We claim that such an
approach would require considering domains €2 satisfying a minimum regularity assumption, so
that the shape derivative (in the sense of Hadamard) of J, at Q in direction V', where V' denotes
an adequate vector field, both makes sense and can be written in a workable way (as the integral of
the shape gradient multiplied by V -v). We would then need to extend this property to quasi-open
sets, as the set of set satisfying such regularity assumptions are not closed for y-convergence, which
is the natural topology for this class of optimisation problems.This relaxed version enables us to
work with quasi-open sets directly.

It is interesting to note that Theorem 1 also yields an existence result when restricting ourselves
to the set O, = {Q quasi-open, |Q}| = m}, since Theorem | ensures that, under the appropriate
assumption, the optimiser fulfills the volume constraint.

We end this section by providing an example where existence within the class of open sets does
not hold. It thus shows that it is in general hopeless to get a general existence property for this
kind of problem, even by assuming stronger regularity on f and g. Let us consider the case where
g = 0 and the function f is such that

f(0) <0 and =z — xf(x) is decreasing. (Hy)

An example of such fis f(z) = —e®”. In order to make it a globally W1°°(R) function, one can
truncate f outside of a large interval [—M, M] and retain Property (Hy).

Theorem 2. If g =0 and f satisfies (Ha), if the optimization problem (3) has a solution §, then
Q has no interior point. In particular, the problAlme of minimizing J,(2) given by (3) over the
set of open domains  such that |2 < m has no solution.

Remark 3. As will be emphasized in the proof, the key ingredient is that, when g = 0 and f
satisfies (H.), the functional J, is increasing for the inclusion of sets.

2.2 Stability results

In what follows, we will work in R?. We assume that D is large enough so that there exists a
centered ball B* included in D such that [B*| = m. We denote by R > 0 the radius of B* and
introduce S* = JB*. The notation v stands for the outward unit vector on S*, in other words
v(z) = x/|z| for all z € S*.

In this section, we will discuss the local optimality of the ball for small nonlinearities. We
will in particular highlight that the local optimality of the ball can be either preserved or lost
depending on the choice of the right-hand side g. Indeed, if p = 0 and if g is radially symmetric
and non-increasing, the Schwarz rearrangement” ensures that, for any Q € O, Jo(Q2) > Jo(B*).
Without such assumptions, not much is known about the qualitative properties of the optimizers.

According to the considerations above, we will assume in the whole section that

3see e.g. [16] for an introduction to the Schwarz rearrangement.



(H3z) We assume that D is a large ball containing B*, that g is a non-increasing, radially symmetric
and non-negative function in L?(D) and that f is €2 N W1°.

Notice that the analysis to follow can be generalized to sign-changing g. Here, this assumption
allows us to avoid distinguishing between the cases where the signs of normal derivatives on S* are
positive or negative. For the sake of simplicity, for every p > 0, we will call u, the solution of the

PDE
—Aup +pf(u,) =g n B )
u, € Wy (B*) on OB* = S*.

Proving a full stationarity result® is too intricate to tackle, since we do not know the minimizers
topology. Hereafter, we investigate the local stability of the ball B*: we will prove that the ball
is always a critical point, and show that we obtain different stability results, related to the non-
negativity of the second shape derivative of the Lagrangian, depending on f and g.

To compute the first and second order shape derivatives, it is convenient to consider vector
fields V € W3 (R% R?) and to introduce, for a given admissible vector field V' (i.e such that, for
t small enough, (Id +tV)B* € O,,), the mapping

fv it J, (Id+tV)B").
The first (resp. second) order shape derivative of J, in the direction V' is defined as
JL(B)V] = £, (0) , (resp. J2(B)V, V] = f1(0)).
To enforce the volume constraint 2] = m, we work with the unconstrained functional
Ly, : Q= Jp(Q) = A, (Vol(Q) —m),

where Vol denotes the Lebesgue measure in R? and A, denotes a Lagrange multiplier associated
with the volume constraint. Recall that, for every domain Q with a €2 boundary and every vector
field V € W3 (R2,R?), we have

Vol’(Q)[V]:/ V.v and Vol"(Q)[V,V]= [ H(V -v)?
o on

where H stands for the mean curvature of 9. The local first and second order necessary optimality
conditions for Problem (3) read as follow:

LYy (V]=0
L E&ég[‘;[‘/} >0 } for every V € W*°°(R?, R?) such that / V.v=0.
Ay ) =

s

For further informations about shape derivatives, we refer for instance to [13, Chapitre 5|. Let us
state the main result of this section. In what follows, p is chosen small enough so that Equation
(2) has a unique solution.

Theorem 3. Let f and g satisfying the assumption (Hg). Let V € W3°°(R% R?) denote a vector
field such that [.. V -v =0.

1. (Shape criticality) B* is a critical shape, in other words J,(B*)[V] = 0.

4 in other words, proving that, for any p < p*, B* is the unique minimizer of Jp in Oy



2. (Shape stability) Assume that

27TR2g(R)</ g and 0</ g, (8)

where R denotes the radius of the ball B*. Let A, be the Lagrange multiplier associated with
the volume constraint. There exists p > 0 and C' > 0 such that, for any p < p,

_ 1 (TR * L l12
(Jp = A VO "BV, VI = CIV -y - )

3. (Shape instability) Assume that g is the constant function equal to 1 and that f is a non-
negative function such that f' < —1 on [0,2||ugllec), where ug is the solution of (2) with
p =0 and Q = B*. Then, the second order optimality conditions are not fulfilled on B*:
there ezists p> 0 and V € W3 (R2,R?) such that fS* Vv =0 and, for any p < 7,

(J, — A, Vol)"(B*)[V, V] < 0.

Remark 4. The coercivity norm obtained in (9) could also be obtained in the three-dimensional
case, but we only present the proof in the two-dimensional case for the sake of readability. As will
be clear throughout the proof, this estimate only relies on the careful use of comparison principles.

Remark 5. Let us comment on the strategy of proof. It is known that estimates of the kind (9)
can lead to local quantitative inequalities [4]. We first establish (9) in the case p = 0, and then
extend it to small parameters p with the help of a perturbation argument. Assumptions of the
type (8) are fairly well-known, and amount to requiring that B* is a stable shape minimiser [5, 14].
Finally, the instability result rests upon the following observation: if ¢ = 1 and if V is the vector
field given by V (r cos(f), rsin(6)) = cos(8)(r cos(#), r sin()), then one has

(J§ — Ao Vo) (B*)[V, V] =0

while higher order modes are stable [5, 14]. It therefore seems natural to consider such perturbations
when dealing with small parameters p.

It should also be noted that our proof uses a comparison principle, which shortens many otherwise
lengthy computations.

Remark 6. The H'/? coercivity norm obtained for the second order shape derivative of the
Lagrangian in Estimate (9) is the natural one in the framework of shape optimisation, see for
instance [4]. We emphasise that in the case of the functional under scrutiny here, completely
explicit computations are not available, but that we obtain this norm through a very careful
analysis of the diagonalised shape hessian, using comparison principles.

Although this is not the primary focus of this article, we believe that, with this coercivity
property at hand, one can apply the techniques and results of [4] to derive a local quantitative
inequality at the ball.

Remark 7. The stability result is obtained in the two dimensional case, but could be obtained
with the same techniques, provided higher integrability for g holds; indeed, such regularity is
needed in fine estimates, see Lemma 10.

The instability result can readily be extended to higher dimensions, as will follow from the
proof which relies on explicit computations on shape derivatives.



3 Proof of Theorem 1

3.1 General outline of the proof

The proof of Theorem 1 rests upon an adaptation of the standard existence result by Buttazzo-
DalMaso (see either the original article [2] or [13, Thm 4.7.6] for a proof), based on the notion of
~y-convergence, that we recall below.

Definition 1. For any quasi-open set ), let Rq be the resolvent of the Laplace operator on Q.
We say that a sequence of quasi-open sets (Qx)ren in O y-converges to Q € O, if, for any
(e W13(D), (Rq, (£)) ey converges in W, (D) to Ra(l).

The aforementioned existence theorem reads as follows.

Theorem (Buttazzo-DalMaso). Let J : O,, — R be a shape functional satisfying the two following
assumptions:

1. (monotonicity) For every Q1,Qs € O, Q1 C Qo = J(Qa) < J(Q1).
2. (y-continuity) J is lover semi-continuous for the vy-convergence.

Then the shape optimization problem

o ()

has a solution.

As is customary when using this result, the lower semi-continuity for the y-convergence is valid
regardless of any sign assumptions on g or of any additional hypothesis on f. This is the content
of the next result, whose proof is standard and thus, postponed to Appendix B.

Proposition 1. Let f € WY(R) and p > 0. The functional J, is continuous for the -
convergence.

It remains hence to investigate the monotonicity of J,. Our approach uses a relaxed version
of J,, namely the functional Jy,, defined by (4). More precisely, we will prove under suitable
assumptions that

VM > O,Val,ag S 6;,0,1 < ay = jM7p(a1) > JM’p(ag). (10)

It now remains to pass to the limit in (10) to obtain monotonicity of the functional J,,.
One could expect, for any Q2 € O,,, that choosing a = 1 and taking the limit M — oo would
give .
J log) —— J,(1q).
mp(la) ——— Jy(la)

This is not true in general, but it holds for sets Q that are quasi-stable, see [13, Chapitre 4]; we
recall that a set ( is said to be quasi-stable if, for any w € W12(D), the property “w = 0 almost
everywhere on D\{)” is equivalent to the property “w = 0 quasi-everywhere on D\Q”. We underline
the fact that, if Q; and €25 are two admissible sets that are equal almost everywhere but not quasi-
everywhere, we expect the limits limps o0 Jar,p(1o,) and limpr—oe Jar,p(Lo,) to be equal. Our
strategy is then to first use this relaxation to prove that the functional J, is monotonous on the
set of stable-quasi open sets and then to use the continuity of J, with respect to the y-convergence
to establish its monotonicity on O,,.



Using the relaxation for stable quasi-open sets The following result, whose proof is post-
poned to Appendix C for the sake of clarity, allows us to make the link between Jys , and J,.

Lemma 3. Let Q € O, be a stable quasi-open set. One has

im u(1e) = J,(9).

Setting then a; = 1g, ,a2 = lg,, and passing to the limit in (10) as M — oo gives the
monotonicity of J, on the set

Ons :=1{0 € Oy, , N is stable} .

Passing from stable quasi-open sets to O,, The monotonicity of J, on O,, is established
using the following Lemma, whose proof is postponed to Appendix D:

Lemma 4. If J, is monotonous on O,, s, then it is monotonous on O,,.

Combining Lemma 4 with Lemma 3 and Equation (10) then gives the required montonicity of
the functional J,.

In the next sections, we will concentrate on showing the monotonicity property (10). To this
aim, we will carefully analyze the so-called “switching function” (representing the gradient of the
functional Jys,,) as the parameter M is large enough.

3.2 Structure of the switching function

It is notable that, in this section, we will not make any assumption on g or f other than f € W1
and g € W~12(D). Let M > 0. Considering the following relaxed version of Problem (3)

inf Jar,(a), (11)
CLEOHL

it is convenient to introduce the set of admissible perturbations in view of deriving first order
optimality conditions.

Definition 2 (tangent cone, see e.g. [3]). Let a* € @m and Ty« be the tangent cone to the set (5m
at a*. The cone Ty« is the set of functions h € L (D) such that, for any sequence of positive real
numbers e, decreasing to 0, there exists a sequence of functions h,, € L>(D) converging to h for
the weak-star topology of L>°(D) as n — 400, and a* + e, h,, € @m for every n € N.

In what follows, for any a € @m, any element h of the tangent cone 7, will be called an
admissible direction.

Lemma 5 (Differential of jM’p). Let a € @m and h € Ty. Let var p,q be the unique solution of

{ _AUI\/I,p,a + M(l — a)vM%a + Pf/(UM,p,a)UM,p,a = ,Of(UM,a) in D (12)

Vpa € Wy (D).

Then, jMyp is differentiable in the sense of Fréchet at a in the direction h and its differential reads
<dJAM,,,(a)7 h) = fD hW,, where U, is the so-called “switching function” defined by

UM, p,a
U, =-M (UM,p,a + 9 ) UM,p,a-



Proof of Lemma 5. The Fréchet-differentiability of J M,p and of the mapping O, 3 a = uprpa €
W) 2(D) at m* is standard (see e.g. [13, Chap. 5]). Let us consider an admissible perturbation h
of a and let 47, o be the differential of w4 at @ in direction h. One has

) . ) M
<dJM7p(a), h> — / vu]%,p,a . vu]bf,p,a —+ M/ (1 — a)UM,p,aUM,p,a - / hU?\/[ p,a
A . 2 I P
—(g, uM,p,a>W*1«2(Q),W&’2(Q)7

where s p,q solves the system

{ _A{LM,p,a + M(l — a)ﬂ + pf’(uM,p,a)uM,p,a = MhuM,a in D (13)

int p.a € Wy (D).
Let us multiply the main equation of (5) by %z, and then integrate by parts. We get
/ VUM,p,a'VZ.LM’p_’a+M/ (17a)uM,p,auM,p,a+p/ f(uM,p,a)uM,p,a = <gauM,p,a>W71,2(Q)7W0172(Q)
D D D

and therefore,
N M .
(dJnp(a),h) = —7/ hu?\/[,p,a* - P/ J(unr,p.a* )Un, p,ax
D D

Let us multiply the main equation of (13) by v, and then integrate by parts. We get

. . / .
/ Vor,pa - Vin,pa +M/ (1 —a)vm,paiing,pa +P/ f(unt,a)ins,avn,p,0 = M/ hun,aVM,p,a-
D D D D

Similarly, multiplying the main equation of (12) by s . and then integrating by parts yields

/ V’UM,p,a'VL.LM,p,a"_-]\4/ (1_a)vM,p,aiLM,p,a+p/ f/(uM,p,a)i’/J\/[,p,avM,p,a:p/ f(uM,p,a)uM,p,a~
D D D D

Combining the two relations above leads to
P/ fQuntp.a)iont pa = M/ hur,p,.aVM,pa-
D D
Plugging this relation into the expression of (d.Jyy, o(a), h) above yields the expected conclusion. [

3.3 Proof that (10) holds true whenever p is small enough

Let us consider each set of assumptions separately.

Existence under the first assumption: g or —g satisfies the assumption (Hj ).

According to the discussion carried out in Section 3.1, proving Theorem 1 boils down to proving
monotonicity properties for the functional Jy,, whenever p is small enough, which is the purpose
of the next result.

Lemma 6. Let a; and as be two elements of @m such that a1 < as a.e. in D. If g or —g satisfies
the assumption (Hy), then there exists p1 = p1(D, go, 91, || f|lwr.e) > 0 such that

VM > 07 P € (O7p1) = jM,p(al) 2 jM,p(QZ)-

10



Proof of Lemma 6. Assume without loss of generality that go > 0, the case 0 < g9 < —9g < @1
being easily inferred by modifying all the signs in the proof below. Then, one has

—Auprpa+ M —a)urpa=9—pf(urmpa) >0 inD,

whenever p € (0,90/|f||~), and therefore, one has ups .o > 0 by the comparison principle.
Similarly, notice that

_AUM,p,a ggl"’pr”OO in D’
which implies that unr,. < (91 + p|| f]

oo)Wp were wp is the torsion function of D. By the

2/d
classical Talenti’s estimate of the torsion function [21], we have || wplleo < o <‘D‘) (where wq

2d \ wa
is the volume of the unit ball). Thus

1Dl

wq

1 2/d
HU]\/I,p,aHoo < (gl + p”f“oo)ﬁ ( ) = C(QOvPa ||fH007D) (14)

Setting Uns,p,a = 3UM,p,a + UM p,a, €lementary computations show that Upy,, 4 solves the prob-
lem

{ 7AUM7P7G + (M(]' - a‘) + pf/(uM,p,a)) UM,p,a = g (f(uM,p,a) + uM,p,af/(uM,p,a)) + % in Da
Ur,p,a =0 on 0D.
(15)
Before we conclude the proof of Lemma 6, we need the following intermediate result on the
sign of Ups,p,a-

Lemma 7. Let us choose py in such a way that

A1(D)

P11 lloo + Clgos [ fllos: DI loe) < g0, and prllf'lloe < =5

(16)

where A1 (D) denotes the first eigenvalue of the Dirichlet-Laplacian operator on D and C(go, || f|loo, D)
is given by estimate (14). For every p € [0,p1), Un p.a is non-negative in D.

Proof of Lemma 7. The result follows immediately from the generalized maximum principle which
claims that if a function v satisfies

—Av+a()v =0 with a() > =X (D) (17)

and v = 0 on dD, then v > 0 a.e. in D. This is readily seen by multiplying the above inequality
by the negative part v_ of v and integrating by part. Here we have chosen p; in such a way that

M(1 - a) + pf’(uM,p,a) > -\ (D)
and the right-hand side of (15) is non-negative which yields the result. O

Coming back to the proof of Lemma 6, consider h = a3 — a;. According to the mean value
theorem, there exists € € (0,1) such that

jM,P(aQ) - ij(a‘l) = <de,p(a1 + €h)7h> - 7M/ huJVI,a1+shUM,a1+eh < 0,
D

according to the combination of the analysis above with Lemma 5. The expected conclusion
follows. O
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Existence under the second assumption: ¢ is non-negative and the function f satisfies
the assumption (Hy) or g is non-positive and the function — f satisfies the
assumption (Ha).

The main difference with the previous case is that g might possibly be zero. Deriving the
conclusion is therefore trickier and relies on a careful asymptotic analysis of the solution uas . as
p— 0.

~

Proposition 2. There exists C = C(D,||fllco) > 0 such that, for any M € Ry, any a € Oy,
there holds

Ut p,a — tns,0,all oo (D) < Cp. (18)
Proof. Let us set 2, = un,p,a — UM,0,a for any p > 0. A direct computation yields that z, satisfies
_Azp + M(l - a)zp = _pf(uMyp,a)
By comparison with the torsion function wp of D, this implies

l1zpllco < Pl fllocllwplloo
and the result follows, with a constant C explicit by Talenti’s Theorem like in the proof of Lemma 6.

O

Let us consider the switching function ¥ = —MUy; , oUnr,p,e Where upsr,, o and Uy, o Tespec-
tively solve (5) and (15), and we will prove that both ur .o and Uns, .« are non-negative, so that
one can conclude similarly to the previous case.

Lemma 8. The functions uy p.a and Uns,p.a are non-negative whenever p is small enough.

Proof. Let us choose p such that p| f|lcc < A1(D). Since uas,, o satisfies
f(ung,p,a) — f(0)

—Aunpo+M(1—a)upmpo+p
UM, p,a

unr,pa = g —pf(0) =0

because f satisfies assumption (Ha).
The non-negativity of uas,, is a consequence of the generalized maximum principle (17).
Indeed, for p small enough, we have

M(l - a) + pf(U]\/[’p’a) > —)\1(D).

Since Uny,p,q satisfies (15), the proof follows the same lines assuming the p||f'|lcc < A1(D)
and using the assumption (Hz) to get non-negativity of the right-hand side. By mimicking the
reasoning done at the end of the first case, one gets that (10) is true if p is small enough. O

Thus, in both cases, the monotonicity of the functional is established, so that the theorem of
Buttazzo and Dal Maso applies: there exists a solution Q* € O,, of (3). The fact that |Q*| = m
is a simple consequence of the monotonicity of the functional.

12



3.4 Proof of Theorem 2: non-existence of regular optimal domains for
some (g, f)

Since the proof is mainly based on the use of topological derivatives ([19]), we only provide hereafter
a sketch of proof. Let us assume the existence of a minimizer Q of J, in O,, and of an interior
point xg in €. Notice that existence of such a point xg is not guaranteed for general quasi-open
sets, see e.g. [22, Remark 4.4.7].

Let us perform a small circular hole in the domain: define Q. = Q\ B(zg,¢) for € > 0 small
enough so that Q. C Q.

Following [15, 8], one computes the so-called topological derivative d.J,(€.)/de|__,. One gets

Jp(Qa) = JP(Q) + 7T€2up,Q(x0)Up,Q(x0) + 0(62), (19)
where u, o solves (2) and U, o solves

{ —AUp o+ pf' (up0)Upa = 5 (f(upa) +upaf(upq)) inQ

20
U, € Wy2(). (20)

Since u,,o satisfies

f(up0) — f(0)

up0 = —pf(0) >0
Up,Q

_Aup,ﬂ + P

according to Assumption (H,) and since z is an interior point, it follows from the strong maximum
principle that one has u, o(z¢) > 0.
On the other hand, assumption (H,) ensures that

—AU, 0+ pf'(up)Uya <0
so that U, o(x0) < 0. As a consequence, for ¢ > 0 small enough, we have
Jp(Qe) < Jp(92),
leading to a contradiction with the minimality of .

Remark 8. It is interesting to observe that the asymptotic expansion (19) can be formally obtained
by using the relaxation method: for a given M > 0, for a = 1g and he := —1p(,, ), Lemma 5
yields

<de7P(a)7h8> = _/ hsuM7p,aUM7p7a = /
D B

uM,p,aUMpa & 71'527“”\/1,13,11(330)U1\/I,p,a(950)-
(z0,¢) e—0

Passing to the limit M — oo provides the expected expression. Of course, such a method is purely
formal.

4 Proof of Theorem 3

Note first that the functional J, is shape differentiable, which follows from standard arguments,
see e.g. [13, Chapitre 5].

Our proof of Theorem 3 is divided into two steps: after proving the criticality of B* for p small
enough, we compute the second order shape derivative of the Lagrangian associated with the
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problem at the ball. Next, we establish that, under Assumption (8), there exists a positive constant
Cy such that, for any admissible V', one has

(Jo = Ao Vol) (B)[V, V] 2 Co[[V - v]22ey. (21)

Finally, we prove that, for any radially symmetric, non-increasing non-negative g, there exists
M € R such that, for any admissible V', one has

(Jp — A, Vol)'(BY)[V, V] > (Jo — Ao Vo) (BY)[V. V] = Mp|[V - 1|22 q). (22)

Local shape minimality of B* for p small enough can then be inferred in a straightforward way.
If V' is an admissible vector field, we will denote by u;y and UZ,V the first and second order
(eulerian) shape derivatives of u, at B* with respect to V.

4.1 Preliminary material

Lemma 9. Under the assumptions of Theorem 3, i.e when g is radially symmetric and non-
increasing function, for p small enough, the function u, is radially symmetric nonincreasing. We
write it u, = ¢, (| - |). Furthermore, if p =0, one has

8u0 R
> .
5, = 391

Proof of Lemma 9. The fact that u, is a radially symmetric nonincreasing function follows from a
simple application of the Schwarz rearrangement. Integrating the equation on the ball B* yields

8u0 8u0
B* o ‘/an 81/ T 3V

on the one-hand, while using the fact that g is decreasing;:
R
— [ Auyy= / g = 27rg(R)/ rdr = TRg(R)
B* * 0
O

By differentiating the main equation (2) with respect to the domain and the boundary condi-
tions (see e.g. [13, Chapitre 5]), we get that the functions u/, , and uj y, satisfy

—Auly + pf (up)ul,,, =0 in B* (23)
Uy = _%uypv ‘v on OB*
and ,
—Auy s+ pf' (up) uy y + pf" (up) (w,)” =0 in B* o)
u’ 92
wy = 27V v — (V- v)2 5 on OB*.

4.2 Proof of the shape criticality of the ball

Proving the shape criticality of the ball boils down to showing the existence of a Lagrange multiplier
A, € R such that for every admissible vector field V € W3°°(R?,R?), one has

(J, — A, Vol) (B*)[V] =0 (25)
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Standard computations (see e.g. [13, chapitre 5]) yield
7B [V] :/*<Vup,Vu'p’V> —/B* gulp’v—l—/S* %|Vup\2v.u
:/S* u;,y% fp/B* ui,yf(up)Jr/S* %|w,,|2v.u
- (%?)QV-H/S*QWVWp/B*u;,vﬂup)

S*
1

We introduce the adjoint state p, as the unique solution of

(26)

—Ap, + pppf'(up) + pf(up) =0 in B
pp, =10 on S*.

Since u, is radially symmetric, so is p,. Multiplying the main equation of (26) by u;y and
integrating by parts yields

dp, Ou
_ / — it indiel 2 Vo
p/]B* up,Vf(up) - v Ov Vv v,

B Op, Ou 1 (0u,\’
T E)V] :/S* (afaf‘z <a) )V"*

Observe that % and % are constant on S*since u, and p, are radially symmetric. Introduce
the real number A, given by
2
A — Opp Oup, 1 (0Ou,
PTov v 2\ ov

we get that (25) is satisfied, whence the result.

and finally

; (27)

S*

In what follows, we will exploit the fact that the adjoint state is radially symmetric. In the
following definition, we sum-up the notations we will use in what follows.

Definition 3. Recall that ¢, (defined in Lemma 9) is such that
up(z) = @p(lz]), Vo eB"
Since p, is also radially symmetric, introduce ¢, such that

po() = ¢p(|z]), Ve B

4.3 Second order optimality conditions

Let us focus on the second and third points of Theorem 3, especially on (9). Since B* is a critical
shape, it is enough to work with normal vector fields, in other words vector fields V' such that
V = (V-v)v on S*. Cousider such a vector field V. For the sake of notational simplicity, let us
set Jj' = J/(B)[V, V], LY = (J, = A, Vol)"(B)[V, V], u = up, v =\, and v’ =uj .
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4.3.1 Computation of the second order derivative at the ball

To compute the second order derivative, we use the Hadamard second order formula [13, Chap. 5,
p. 227] for normal vector fields, namely

L oo | (s O
_O/wam*k(t)_ [ w2 [ Kov +/* (Rk(0)+ > )(v )2,

applied to k(t) = £|Vu|*> — gus, where u,; denotes the solution of (2) on (Id +tV)B*.
The Hadamard formula along with the weak formulation of Equations (23)-(24) yields

d2
dt?|,

J/’)’:/ (Vu,Vu")—/ gu” + |Vu'|2+2 j %g—uv / gu'V v

1 5  Oud*n  Ou
*/S* <zR'V“' *ayayzgay)(v V)’

=0 [~ / WP )+ /§+ L5

Ou ou/ , ul? (“)u(“)u Ou
ou 82u ou
" N2 p/ _o_ " . -
[ i p/B*<u>f<u>+/S*(2ayvV Tuwew >)ay
8u ou’ Ou o’ , 2 Ou 0%u ou 5
“leaa Vvt / (ayay‘gu>v'”+/s*( Yl 5 a0 ga,,)(V'”)

" ND o1 Ou 9%u Ou ou’
o [ s = [ @rr - [ G- [ SOy

ou 2, Ou 0%u ou 9
o [ Bt [ (v + S )

1 [ou\> 0 oud
o [ S —p / (W) ) + /S <2R (8“) +g(;:> verr- | 5 gj/v v

As such, the two first terms of the sum in the expression above are not tractable. Let us rewrite
them. Multiplying the main equation of (26) by «” and integrating two times by parts yields

"o 1 Op N2 7
o [ = [ e [ @it .

To handle the last term of the right-hand side, let us introduce the function A, defined as the

solution of
{ — AN+ A (W) + pulp, f(u) =0 in B

)\P = 0 on S*. (28)

Multiplying this equation by u’ and integrating by parts gives

" ne a)‘
o [ Fwr= [ o

To handle the term —p [, (u')?f'(u) of J)/, we introduce the function 7,, defined as the only

solution to
—Anp + pnpf'(w) + pu' f'(w) =0 in B
* (29)
7, =10 on S*.
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Multiplying this equation by u’ and integrating by parts gives

on 817 ou
. N2 pt _ rZp L, P
p/*(u)f(u) /*uay S*V ov v’

Gathering these terms, we have

" _ " 8pp / a)\ anp ou B Ou o’
Jp_/* 81/+ u@l/ g 81/81/VV S*ayayvy

+/S* (211% (gg) +ggz> (V-v)2

Using that
8pp 6up aup ? 11 (T _/ 1 2
A, = 5 Dy ey ) and Vol"(B*) = ) R(V V)=,
one computes
dp ,ON, an, Ou Ou o’
"o nYFPp P
Ap_/* 81/+/ 81/ S ayauv” S*E)VBI/VV

(e (2 ) "

4.3.2 Expansion in Fourier Series

In this section, we recast the expression of £§ in a more tractable form, by using the method
introduced by Lord Rayleigh: since we are deahng with vector fields normal to S*, we expand
V - v as a Fourier series. This leads to introduce the sequences of Fourier coefficients (ozk) ken+ and
(Bk)ken+ defined by:
V.v= Z (ak cos(k-) + B sin(k-)),
kEN*

the equality above being understood in a L?(S*) sense.
Let vy, (resp. wy,,) denote the function u’ associated to the perturbation choice V4, given by
Vie = V¢ = cos(k-)v (resp. Vi =V} :=sin(k-)v), in other words, vi,, = u;ykc (resp. wg, = u;’VI:).
Then, one shows easily (by uniqueness of the solutions of the considered PDEs) that for every k € N,
there holds
Vg, p(7, 0) = Vi (1) cos(k) (resp. wy,,(r,0) = ¢ (1) sin(k6)),

where (7,6) denote the polar coordinates in R?, where Yy, p solves

{ ~20vp,) =~ (5 +of (@) vy (0R) (31)
q/}k,p(}%) = 7@;(R)

By linearity, we infer that

= E VL, + BrW p.

keN*

For every k € N*, let us introduce 7 , as the solution of (29) associated with vy ,. One shows
that 7y , satisfies

—Ang,, + Pf/(u)ﬂk,p + Pf'(u)’uk,p =0 inB*
* (32)
M,p =0 on S*.
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Similarly, one shows easily that

Mie,p(1,0) = &k, p(1) cos(kB),

where &, , satisfies

2 .

7%(7{]/@, )/ = - (% + pf/(u)) fk,p - p"/’k,p m (O,R)

? (33)
Ekp(R) =0

Notice that one has ¢ , = 0 whenever p = 0, which can be derived obviously from (29).

We recall that u, is radially symmetric and that we denote by r — ¢,(r) this radial function.
Finally, we introduce a last set of equations related to \,. Let us define (,, as the solution of

{ 7(7"@;”))/ = *ng,p - Tka,pf/(u) - prwk,p(bpf”(u) in (Ov R) (34)
Cr,p(R) = 0.

and verify that A, = (j ,(r) cos(kf) whenever V = V.

Proposition 3. The quadratic form [pr expands as

LR, =D wnp (A +57) (35)
k=1
where, for any k € N*,

whp = TR( = 204 ,(R)0,(R) = & (R)G, () — ¢y ()6, (R)
— €l (R (R) — 22+ S () + o(R)E(R) — 2y (RWL,(R)), (36)

the functions Yy 5, &k, p, Ck,p being respectively defined by (31), (33), (34), and A, is given by (27).

Proof of Proposition 3. Let us first deal with the particular case V - v = cos(k-). According to
(23), (24) and (30), one has

" _ 1" app / a)\ anp Ju B Ou ou’
Er, = /* v * v Jo O 8VV v o Ov 8VV g
A, 1 (0Ou ou 9
(e () o

_ R/O (—2 cos(k0)*0} ,(R) — cos(kB)20!(R)) ) (R)d6 — R/ cos(k0)* ¢, (R)C). (R)d6

_R/ ﬂcos (k0)? & (R)@,L(R) d9+R/ cos(kf)? < /;:ip + %(@;)2 +g(R)cp;,(R)) do

R [ o0l (R, ()0

and therefore

EI/
= 20 (RIG(R) — ¢ (R)GE,(R) — ¢ (R)G)(R) — &, (R)) (R)
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f% + —(2,)% + g(R)¢,(R) — &, (R} ,(R)

We have then obtained the expected expression for this particular choice of vector field V. Similar
computations enable us to recover the formula when dealing with the vector field V' given by
V -v = sin(k-). Finally, for general V, one has to expand the square (V -v)2, and the computation
follows exactly the same lines as before. Note that all the crossed terms of the sum (i.e. the term
that do not write as squares of real numbers) vanish, by using the L?(S) orthogonality properties
of the families (cos(k-),sin(k-)),cn- O
4.3.3 Comparison principle on the family {wy ,}ren-

The next result allows us to recast the ball stability issue in terms of the sign of wy ,.
Proposition 4. There exists M > 0 such that, for any p small enough,
Vk e N*, wy,—wi,>—Mp and lwi,, —wi0] < Mp.
Proof of Proposition /. Fix k € N and introduce @y, , = wy,,/(7R). Using (36), one computes
Ghp =01 = (¢ (R) = 20,(R)) (Y1, ,(R) — ¥4 ,(R))
—0p(R) (&k o (R) — &1 ,(R) + G p(R) = (1 ,(R)) -

We need to control each term of the expression above, which is the goal of the next results, whose
proofs are postponed at the end of this section.

Lemma 10. There exists M > 0 and p > 0 such that for p € [0, p], one has

max {[l¢, — gz (0,r), 101> 0,7): 1€k plloc } < Mp and ||¢, ,lloc < Mp*.

According to Lemma 9, one has in particular ¢f(R) < 0. We thus infer from Lemma 10 the
existence of § > 0 such that

min{—¢},(R) — 2¢,(R), —¢,(R)} > ¢ > 0.
for p small enough. Furthermore, Lemma 10 also yields easily the estimate
|<I/c,p(R) - C{,p(R” < Mp2

Hence, we are done by applying the following result.

Lemma 11. There exists M > 0 and p > 0 such that for p € [0, p], one has
Vip(R) =95 ,(R) >0 and &, ,(R) =& | (R) < Mp. (37)
Indeed, the results above lead to

Wh.p = Wi,p 2 6(U(R) — ¥ ,(R) + & ,(R) = & ,(R)) 2 0

for every k > 1 and p small enough.
Finally, the proof of the second inequality follows the same lines and are left to the reader. [
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Proof of Lemma 10. These convergence rates are simple consequences of elliptic regularity theory.
Since the reasonings for each terms are similar, we only focus on the estimate of ||¢/[|. Recall
that p, solves the equation (26). Multiplying this equation by p,, integrating by parts and using
the Poincaré inequality yield the existence of C' > 0 such that

(1= pCNl f | @) IVPullT2 ) < 2l FllLow @) [Poll L2 (B4

so that || pp||WO1,z(B*) is uniformly bounded for p small enough. Hence, the elliptic regularity theory

yields that p,, is in fact uniformly bounded in W22(B*), and there exists M > 0 such that, defining
W2 (B*) := W22(B*) N W, % (B*), ||pP||W02’2(]E*) < Mp and, since B* C R?, we get

IPp |l oo By < Mp.

Since Ap, = pp, f'(u,)+pf(u,) and the right-hand side belongs to LP(B*) for all p > 1, the elliptic
regularity theory yields the existence of C' > 0 such that

||pp||W02>p(Q) < C(p”pp”oo”f/”oo + p“.f”oo) < Mp

and using the embedding W2P « €1 for p large enough, one finally gets
IVDpllLo @) < Mp.
O

Proof of Lemma 11. The two estimates are proved using the maximum principle. Let us first prove

that, for any k& and any p small enough, 1 , is non-negative on (0, R). Since, for p small enough,

—p,(R) is positive, and therefore 9y, ,(R) > 0. Since v; belongs to WO1 2 one has necessarily
Y1, »(0) = 0. Furthermore, according to (31), by considering p > 0 small enough so that

1 1

T2 + p”fI”oo < 52

it follows that

1 ) k2
_;(Tw;c,p)/ = Ck,p(r)¥k,p Wwith cg, = 2 pf'(ug) < 0.

Let us argue by contradiction, assuming that 1) , reaches a negative minimum at a point r;.
Because of the boundary condition, r1 is necessarily an interior point of (0, R). Then, from the
equation,

0= =ty (1) = ¢k p(r1)r p(r1) >0,

which is a contradiction. Thus there exists p > 0 small enough such that, for any p < p and every
k € N*, 4y, , is non-negative on (0, R).
Now, introduce 2 = ¥y, — ¥1,, for every k > 1 and notice that it satisfies

k2

le/)k,p — pf'(uo) -

1, ., 1
—=(rz})) = =1, —
r ( k) r2 P
Since v, is non-negative, it implies

1 1\’ k2 !
—;(rzk) < <_r2 —pf (u0)> zk, and zp(R) = 2;(0) = 0.
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Up to decreasing p, one may assume that for p < p, —% — pf'(up) < 01in (0, R). If z; reached a

I
positive maximum, it would be at an interior point 1, but we would have

2
0< —2(r) < <_i:2 _ pf/(uo)> zp(r1) < 0.

Hence, one has necessarily z; < 0 in (0, R) and zj reaches a maximum at R, which means in
particular that 2} (R) = ¢ (R) — ¢ ,(R) > 0. O

4.4 A further comparison result on the family {wy ,}ren

While the previous section helps us determine the sign of the sequence {wg ,}ren+ and thus gives
us a stability criterion for the ball, we address here a more precise property, that of the optimal
coercivity norm. We keep the same notation. If we assume that

Vk €N, wy, >0

which is guaranteed provided we have w; , > 0 (see the next subsection 4.5), obtaining the H'/2-
coercivity norm is equivalent to proving that, for some constant £, > 0 we have

Wi,p = Lok >0  for any k large enough.

This property is established is the following result.

Proposition 5. There exist {1 > 0, k1 > 0 and M > 0 such that, for any p small enough,
Vk € N*, k> ki = wi, = bk — Mp.

As a consequence if wy , > 0 for any k € N, then there exists a constant lo > 0 such that

Vk € N* [ wy, = lok.
Proof of Proposition 5. We know from Lemma 10 that, for any k& € N, there holds
Okp = (=9, (R) —2¢,(R)) ¢y, ,(R) — Mp.
We also recall that there exists § > 0 such that
min{—¢},(R) — 2¢/,(R), —¢,(R)} >0 > 0.

for p small enough.
Let us state main ingredient of the proof.

Lemma 12. There exist £y >, M > 0 and p > 0 such that for p € [0, p], one has
For any k > k1, iy, ,(R) = Lok — Mp. (38)

According to Lemma 11, one has wy, , > 6(¢ok— M p), yielding to the conclusion of Proposition 5
for p small enough. O

let us prove Lemma, 12.
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Proof of Lemma 12. Observe that, for any k € N, the function y, : 7 — (%) V2 (—¢/,(R)) solves
the ODE

2 .
_%(ry;e,p)/ = _Zk‘?ykip m (07 1)7 (39)
Yr.p(R) = =@, (R).

Let us consider the function 2y := ¥y , — yi,,. Using the same idea as in the proof of Lemma 11,
we want to prove that z;,(R) > 0.
To do so, we note that the function zj satisfies

1, 2o 2 2
=) == | g pf () ) Yk + 5 5k < — 5 5 Uk — Ukyp)-

Indeed, %y, > 0 and ’;—z +pf (uo) = %22 for p small enough, uniformly in k. As a consequence, we

have z; < 0. Since zi(R) = 0, we have 2, (R) > 0. Since

Vio(B) = —=(=2)(R)

and since we have —ga’p(R) > 6 > 0 according to Lemma 10 for any p > 0 small enough, one gets
the desired conclusion. O

4.5 Shape (in)stability of B*
4.5.1 Proof of the stability of the ball under Assumption (8)

Stability under Assumption (8) is well known (see [5]) in the case where p = 0. Hereafter, we recall
the proof, showing by the same method a stability result for p > 0.

Lemma 13. Under assumption (8), one has w1 > 0.

This Lemma concludes the proof of the second part of Theorem 3. Indeed, according to Propo-
sitions 3 and 4 we have, for p > 0 small enough, and any k € N*,

Wk,p > 0.

From Lemma 12, there holds, for some constant £, > 0,

Vk € N* y Wk, p > lok.

oo
Ly BHV, V] = > lok (af + 5})
k=1
- 7 L2
= LV,
for p small enough.

Proof of Lemma 13. To compute w1 o, recall that, for p = 0, the function 1) ¢ solves

1 1
—;(7“1/)1,0)/ =~ 3%10 and Y10(R) = —¢p(R),
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and therefore, ¥y o(r) = =5 ¢o(R) for all r € [0, R], so that

w10 _A() 1 /

=t op0(R)” + g(R)¢H(R) — i (R o(R)

- %(%(R))2 +9(R)¢p(R) + % (#wp(R))?
:%%WW+MM%W>
= —¢}(R) (—Z%(R) - g(R))

where the expression of A is given by (27). Since —Rp)(R) = fOR tg(t)dt = 5= [5. g, and @ (R) <

0, we infer that the sign of wj ¢ is the sign of
)~ 9(B) =~ [ g o(m)
RQOO g - 7TR2 - g g )

and the positivity of this last quantity is exactly Assumption (8).
The conclusion follows. O

4.5.2 An example of instability

In this part, we will assume that g is the constant function equal to 1, i.e. g = 1. Even if the
ball B* is known to be a minimizer in the case p = 0, it is a degenerate one in the sense that
w1,0 = 0 coming from the invariance by translations of the problem. In what follows, we exploit
this fact and will construct a suitable nonlinearity f such that B* is not a local minimizer for p
small enough, in other words such that w; , < 0.

We assume without loss of generality that R = 1 for the sake of simplicity.

Lemma 14. There holds

wip = o+ wf)(1) + 0(%)

where wy solves
2 r2 .
{ —(rw}) = —jw1 = 5 f'(po) = 5 in (0,1) (40)

Proof of Lemma 1/. The techniques to derive estimates follow exactly the same lines as in Lemma
10. First, we claim that

¢p =0+ pp1+0(p®) e, (41)
where ¢ satisfies
—r(r¢})" = —f(po) in (0,1)
r ’ 42
{ ¢1(1) = 0. (42)

Indeed, considering the function § = ¢, — wo — pp1, one shows easily that it satisfies

—5(rd")" = p(f(w0) = f(pp)) in(0,1)
5(1) = 0.

Therefore, by mimicking the reasonings done in the proof of Lemma 10, involving the elliptic
regularity theory, and the fact that ||, — @ollw1.« = O(p), we infer that ||| = O(p?), whence
the result.

— =
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Using that ¢, satisfies —%(T(p/p)/ + pf(p,) = g and integrating this equation yields
1 1 1 1
b =g =0 [ tedt=g—p [ tfea®)dt+0(?). (43)
The Equation on ¢, reads
{ ~(r6) = (= pouf'(00) = pf(,)) in (0,1)
9, (0) =
and according to Lemma 10, there holds ||¢,[|cc = O(p). We thus infer that

— g (1) = —p / t(po) dt + O(p?). (44)

From (43) and (44),we infer that

1

1
(F) = o051 = 5601 = (1) [ trte0)de +peil1) [t dt+O(?)

0

A, =

©0(1)* + 0(p?). (45)

N = N

Regarding 11, and using that it satisfies (31), we get

1
v = =) =5 = [ th(eu)ds

We then infer that [|v1 , + r¢p ,(1)[lsr = O(p). Plugging this estimate in (31) allows us to show
that

U1,(r) = —po(Dr + pyr (1) + O(p?) i €7(0, 1), (46)
where ¥y solves
(ry1) = ”y1+r ©o(1)f (o) in (0,1)
{ (1) = _fo tf(¢o) dto i (47)

Regarding & , and using that it satisfies (33), we easily get that ||& ,|lw1. = O(p), according
to Lemma 10. This allows us to write

€1, = p21+O(p?) in %1(0,1) (48)
where z; satisfies
—(rz]) = —+z1 +r2¢p(1) in (0,1)

Let us now expand wy , with respect to the parameter p. Recall that

(_2w/1,p(1)¢/1,p(1) - 90;:(1)¢/1,p(1) - (pfa(R)Ci,p(R)
€, (L) + Ay L6 + (1) - 1L, >)

DN =

Wi,p =

Regarding the term ¢ ,(R)(] ,(R), we know from Lemma 10 that [[¢] ,(R)[ = O(p?).
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Using this estimate and plugging the expansions (41)-(45)-(46)-(48) in the expression above
yields successively

1 1
=20 (1)), (1) = 2P<P6(1)/0 tf(po) dt +O(p?) = *p/o tf (o) dt + O(p?).

43,1 = 1)) + O = § [ tfea) dt + O6P)
0

€1, (De)(1) = —¢h(DEL, (1) +0(p?) = 24 (1)

1 1
Ao+ 5l = e =5 [ trenat+ 06t = 1= § [ trindt+06?)

G0 = =50 [ (a0 di+ O

o (DU (1) = @h(1)? — peb (D (1) + ph(1) / tf (o) dt + O(?)

_l.p, P/l
—4+2y1(1) 5/, tf(o)dt,

by using that ||¢,|w1.c = O(p) and ||€1,,]|w1.c = O(p). This gives
1 o [ o
oy =p [ ti(ende+ § [ eften)dt+ Bxi00)
0 0
1 p [ 1 ! 1 p, p [ >
+— =5 tflpo)dt—=+p [ tf(po)dt+~+=yi(1) =% [ tf(po)dt+O(p?).
4 2 ), 2 0 4 2 2 Jo
As expected, the zero order terms cancel each other out and we get
1
P P
=5 [ el de+ §41)+ S (1) + O,

which concludes the proof by setting wy = y1 + 21.
O

Construction of the non-linearity. Recall that we are looking for a non-linearity f such that
wi,, < 0, in other words such that (w; 4+ w)(1) < 0 according to Lemma 14. To this aim, let us
consider the function wy solving (40). Let us consider a non-negative function f such that

fe)y <=1 on [0, lollec]- (50)
It follows that .
wl(l):—/ tf(po)dt < 0.
Besides, i
1 r?

() ==y = (P o) 1) >

by using(50). Thus w; cannot reach a local negative minimum in (0,1). Moreover, by using that
wy is regular (wy is the sum of two functions at least ¥’* according to the proof of Lemma 14) and
integrating the equation above yields

—rw' (r 1 Ts2 s 5= — " wi(s) s
)+ 5 [ Ul 1) ds == [

S
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for » > 0. The left-hand side is well-defined and it follows that so is the right-hand side, which
implies that necessarily w;(0) = 0 (else, we would immediately reach a contradiction).

Since w; cannot reach a local minimum on (0,1) and since 0 = w1 (0) > wy (1), we get that w
is decreasing on (1 — 4,1) for some ¢ > 0, ensuring that w{(1) < 0. The conclusion follows.

A  Proof of Lemma 2

Recall that we want to establish a uniform (with respect to a and M) L* bound on the solutions
of

{ _AUM,p,a + M(]- - a)uM,p,a + pf(“]%,p,a) =49, in Da (51)

UM, p,a € W0172 (Q)

Here, it is assumed that ¢ is non-negative.
Define ¢4 as the solution of

—A¢g +pf(¢g) =g, in D,
by € Wy ().

Standard W22 estimates in dimension 2 and 3 show that ¢4 is continuous and that
[6gloc < Fo00.
Define z == ¢y — unrp.a € Wy'>(). We can write

1(69) = fWrtpa) _ _

=M1l —a)uprpa =0
¢g_uM,p,a ( ) )

—Az+p

The generalized maximum principle, and the fact that f is Lipschitz entails that z reaches its
minimum on the boundary 0D, so that z is non-negative. Thus

0 < uM,p,a g d)g < ||¢gHoo < +0o0

and we conclude by noting that the quantity in the right-hand side is uniformly bounded with
respect to p € [0, p).

B Proof of Proposition 1
We recall that we want to establish that if (Q)ren € O, y-converges to 2, then
< limi .
J,(9) < liminf.J, (%)

Fix such a sequence (2;)ren that y-converges to 2. For the sake of clarity, we drop the subscript
p, f and g and define, for every k € N, uy € Wol’Q(D) the unique solution to

—Auy, —ﬁ,gf(uk) =g in Q,
Uk € VVO7 (Qk)a
uy, is extended by continuity as a function in Wy?(D).

First note that, for any k& € N, multiplying the equation by uj, and integrating by parts immediately

yields
D) [t =xD) [ ad<n@) [at< [ Vul
D Qk Qk Qk
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1
< lgllzz vl @) + oI Nl e ) [ 2 [Jurl L2 04 -

The sequence (uy)ken is thus uniformly bounded in WO1 2(D). By the Rellich-Kondrachov Theorem,
(ur)ren converges (up to a subsequence, strongly in L?(D) and weakly in Wy"?(D)) to a function
u e Wy (D).

The dominated convergence theorem then yields that the sequence (f(ux))ren converges strongly
in L2(D), to f(u). Thus, the sequence (g — f(uz))ren converges strongly in W, %(D) to g — f(u).
Since by assumption (Q)ren y-converges to 2 and since the right hand term converges strongly
to g — pf(u) in W0_1’2(D), it follows that (ug)gen converges strongly in VVOI’2 (D) to u and that u

solves
—Au+pf(u) =gin Q,
ue W),

which is unique.
This strong convergence immediately implies that

J(Q) = lim J(u),

k— o0

thus concluding the proof of Proposition 1.

C Proof of Lemma 3

Proof of Lemma 5. Let us first prove that (uas,,q)am>o0 is uniformly bounded in Wol’z(D) with
respect to M and p. To this aim, let us multiply (5) by uas,p,. and integrate by parts. One gets

/D |VUM7p,a|2 S /D ‘VUM»PVG‘Q +M(1 - a)ufva’,l
< lgllw-r2ylluarpallzoy + o (£(0) + (| fllwre) [[uar,p,all L2(D).-

By using the Poincaré¢ inequality, we infer an uniform estimate of ups, . in Wy'>(D). According
to the Rellich-Kondrachov Theorem, there exists u* € WO1 ’Q(D) such that, up to a subfamily,
(unr,p,a) >0 converges to u* weakly in H'(D) and strongly in L?(D). As a consequence, up
to a subsequence, (f(unr,p,a))m>0 converges to f(u*) in L?(D) by using that f is Lipschitz and
((9; urta, ) w12, 11 ) M0 converges to (g, u*)y-1.2 g1 By rewriting (5) under variational form with
U = UM, p,q, and passing to the limit as M — 400 after having adequately extracted subsequences,
we infer that «* is the unique solution of (5). Using uas,p,q as a test function in (2) and plugging
the expression yielded in the definition of Jy. p(a), we first obtain

2 p
I, p(a) = _5/ UM, p,af (UM, p,a) — <97UM,p,a>W*112(D),W01*2(D)
D
so that, from the previous convergence result, we have
T 4 * * *
I pla) = —5/ u* f(u*) = (g,u >W_1)2(D)7W01,2(D) as M — +oo.
D

Finally, if a = 1o and if 2 is a stable quasi-open set, by multiplying (5) by s, and integrating
by parts, one gets

/D [Vt p,al? +M/D\Q U pa = /D(g—pf(UM,p,a))uzvf,p,av
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and since the right-hand side is uniformly bounded with respect to M, we infer that /M UM, p,a
is bounded in L?(D\2) so that u* = 0 almost everywhere in D\Q. Since  is stable, this is, by
definition, equivalent to u* € Wy *(Q).

The conclusion follows by observing that this convergence result is indeed valid without need
to extract subfamily, since the closure points of {uas,p,q }ar>0 reduces to a unique element. O

D Proof of Lemma 4

We recall that €2 is a stable quasi-open set if the sets

H(Q) :={we H(D),w=0q.e in D\Q}
and .

Hj(Q) :={we H'(D),w =0 a.ein D\Q}

coincide.
The assumption of Lemma 4 is that for 0 < p < p, the functional J, is monotonous on the set
of stable quasi-open sets O,, s(D):

¥(Q1,Q) € (O s(D))?, Q1 C Qo= () = J,(Q2).
Let us now prove that the functional J, is monotonous on O(D), namely
Y(Q1,Q2) € (O(D))?, Q1 C Q2= J,(Q1) = J,(Qa).
We first prove that J, is monotonous on the set of open sets
Om.o(D) :={Q € O(D),N is open}.

Proof of the monotonicity on O, (D). We use results from [20, Lemmas 2.3 and 2.6].

We consider two admissible open sets 3 C Qg, where Q1,2 € O, o(D). Let us consider,
for ¢ = 1,2, an increasing sequence (£2; x)ren of smooth open sets included in €2; which Hausdorft
converges to §2;.

We can assume that, for every k € N, Q , = Qs U 1, and that this sequence still Hausdorff-
converges to 2. As in [20, Proof of Point (2), Lemma 3.6], the sequence (€ x)ken (strong)
~y-converges to €;, i = 1,2. Since the functional is continuous for the strong y—convergence, we
can pass to the limit in the inequalities

Jp(Ql,k) 2 Jp(QQ,k)

and obtain the required conclusion.

We can now prove Lemma 4.

Proof of Lemma /. From a classical result recalled in [20, Lemma 2.6], for any €; C Qs such that
21,02 € O, (D) and i = 1,2, there exists a sequence (£2; x)xen of open sets included in ; that
~y-converges to (2.
Up to replacing Qs with ©q ; U Qg , giving a new sequence that still y-converges to {22 and
is still open, we can assume that
Vk € N,Ql,k C Q2,k~
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Since J, is monotonous on O,, ,, we have, for every k,

Jo( k) = Jp(Q2k)

and the strong continuity for the v-convergence of sets allows us tu pass to the limit in these
inequalities, yielding the desired result. O
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