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Learning link marginals from dynamic simulation to calculate sustainable system optimum

This work focuses on dynamic sustainable system optimum (SSO). When carrying out dynamic SSO assignment, instead of minimizing their own travel cost of each user, we aim to define an SSO status to minimize the on-road traffic emissions of the whole system. The method is based on an system-optimization program. This work proposes a simple, intuitive, simulation-based methodological framework for solving the SSO problem. The main contribution of this paper is to propose a statistically reliable learning process of link marginals that permits to derive link performance function from any DTA simulator. Then the obtained functions can be used to compute network equilibrium including SSO. A test case is carried out on a toy network. Numerical results show that with the help of the proposed method, we can reduce 5.79 % of carbon monoxide (CO) emission on the whole system under SSO equilibrium, when compared with UE.

Introduction

Exhaust emissions from road transport are one of the most important sources of air pollution at urban areas. With given traffic demand and infrastructure, various researches are focused on reducing on-road traffic emission via (i) emission pricing, (ii) traffic signal control and (iii) eco-cost-based traffic assignment models, etc. (Chen and Yang, 2012, [START_REF] Ma | Emission modeling and pricing in dynamic traffic networks[END_REF][START_REF] Osorio | Urban transportation emissions mitigation: Coupling high-resolution vehicular emissions and traffic models for traffic signal optimization[END_REF], Aziz and Ukkusuri, 2012[START_REF] Wang | Dynamic traffic assignment: A review of the methodological advances for environmentally sustainable road transportation applications[END_REF]. This paper focuses on the third topic. We propose a methodological framework to determine the dynamic traffic assignment (DTA) aiming at minimizing the total traffic emissions of the whole system. The obtained equilibrium status is called sustainable system optimum (SSO), in reference to the system optimum (SO) equilibrium where travel time is minimized [START_REF] Mo Ghali | A model for the dynamic system optimum traffic assignment problem[END_REF], Peeta and Mahmassani, 1995b[START_REF] Shen | On path marginal cost analysis and its relation to dynamic system-optimal traffic assignment[END_REF][START_REF] Zhen | System-optimal dynamic traffic assignment with and without queue spillback: Its path-based formulation and solution via approximate path marginal cost[END_REF][START_REF] Lu | Dynamic origin-destination demand flow estimation under congested traffic conditions[END_REF]. While calculation methods for SO have received lots of attention in the literature, very few studies focus on the environmental counter part. In recent years, some hEART 2020 Symposium Original abstract submittal pioneering researches propose eco-system optimal DTA models that extend cell-based DTA model (Aziz and Ukkusuri, 2012) and agent-based DTA model [START_REF] Lu | Eco-system optimal time-dependent flow assignment in a congested network[END_REF], with emission considerations. Aziz and Ukkusuri (2012) compute CO emission in each cell during a time interval based on a nonlinear regression model [START_REF] Lin | Impacts of traffic heterogeneity on roadside air pollution concentration[END_REF]Ge, 2006, Zhang et al., 2010), combined with computed average space-mean speed in each cell. In their mathematical program, the SO objective function takes (i) CO emission and (ii) travel time into account.

In classical SO problem, the path marginal cost (PMC) represents the increase of travel cost to the whole system due to an additional vehicle on that path. At SO state, users are on routes with equal and minimum PMC so that no user can shift to any other paths that have less marginal travel cost (Sheffi, 1985). In SSO problem, we consider path marginal emission (PME) and try to minimize it. Based on this concept, [START_REF] Lu | Eco-system optimal time-dependent flow assignment in a congested network[END_REF] propose an integer linear program based on a bottleneck model to compute link travel speed. They extended path marginal delay formulation proposed by [START_REF] Shen | On path marginal cost analysis and its relation to dynamic system-optimal traffic assignment[END_REF][START_REF] Zhen | System-optimal dynamic traffic assignment with and without queue spillback: Its path-based formulation and solution via approximate path marginal cost[END_REF], [START_REF] Lu | Dynamic origin-destination demand flow estimation under congested traffic conditions[END_REF], in order to model path marginal emission. Their numerical results show that when users choose paths under eco-system SO criteria, we can reduce significantly emissions and total travel time of the whole system. However, as mentioned in [START_REF] Lu | Eco-system optimal time-dependent flow assignment in a congested network[END_REF], there are approximation errors when the bottleneck capacities are highly dynamic, especially when the capacies changes due to the traffic signal and/or the queue spills back from the downstream link. Basically, this approach is only functional for network with slow varying traffic conditions and homogeneous vehicle distribution. In dense and large urban network, many signalised intersections and local heterogeneity prevent from using this approach to determine PME.

The main contribution of this work is that we extend the method of Peeta and Mahmassani (1995b) in order to compute time-dependent link marginal emission (LME) and path marginal emission (PME), based on link performance functions learned from DTA simulation results. The core idea is to learn link performance functions (speed v.s. density) from different network loading and then to derive SSO. Briefly, the methodological framework of this work is as follows:

(1) The dynamic SSO problem is formulated as a minimization program with total emission as objective function. COPERT model [START_REF] Ntziachristos | Copert: a european road transport emission inventory model[END_REF][START_REF] Eea | EMEP/EEA air pollutant emission inventory guidebook -2016[END_REF][START_REF] Lejri | Accounting for traffic speed dynamics when calculating copert and phem pollutant emissions at the urban scale[END_REF] is used for computing on-road traffic emission.

(2) We learn the link performance function, i.e., speed v.s. density, from dynamic simulation with multiple demand scenarios. This process permits us to estimate the link response to most loading scenarios and defines the link cost function for equilibrium calculation.

(3) Based on the link-cost function, we can compute time-dependent LME and PME. We can then solve the optimization problem using the classical fixed-point problem formulation and the MSA algorithm (Peeta andMahmassani, 1995a, Sbayti et al., 2007). In fact, for the same Origine-Destination (OD) pair and for each iteration of the MSA loop, users can switch to optimal routes with minimum PME in order to converge towards SSO. The solution approach consists of simulation-based heuristic hEART 2020 Symposium Original abstract submittal and iterative algorithm in order to obtain equal PME of all OD pairs of the whole system.

(4) Finally, a case study is carried out on a toy network during 30 minutes to evaluate the efficiency of the method.

The remainder of this paper is organized as follows. Section 2 overviews the general SSO problem, methodological framework, the calculation of link emission, link marginal emission, path emission and parth marginal emission. Section 3 present the case study and numerical results.

Method

This section presents mathematical formulation, methodological framework and solution algorithm for modeling and solving SSO problem. Table 1 (on the last page) shows the main notations used in this paper.

Mathematical program

The SSO refers to the status where no user of the network can reduce the whole system emission by changing its routes. The path emission is obtained by summing up link emission. The latter can be obtained as the product of (i) link traffic flow and (ii) emission factor computed by COPERT model. Similar to the classical SO problem (Sheffi, 1985, Peeta andMahmassani, 1995b), the mathematical program of SSO problem reads:

min E total = τ o d p E τ odp = τ a E τ a , ∀o, d, p, τ, a (1a) subject to p f τ o,d,p = q τ o,d ∀o, d, p, τ (1b) f τ o,d,p ≥ 0 ∀o, d, p, τ (1c) x τ a = τ o d p (f τ o,d,p × δ τ a odp ) ∀o, d, p, τ, a (1d) 
In Equation ( 1a), E total is used to evaluate the total emission of the whole system. E τ odp and E τ a represent path emission and link emission, respectively. Equation (1b) and Equation (1c) are contraints that the traffic flows of the DTA problem should respect. Equation (1d) explains the relation between the link traffic flow and path traffic flow, with the indicator function δ τ a odp which: (i) equals to 1 if link a belongs to the path p departing at time τ from o to d, and (ii) equals to 0 otherwise.

The total duration of the simulation period H is divided to discret assignment periods T that is indexed by τ : τ ∈ [τ 0 , τ 0 + ∆T, τ 0 + 2∆T, . . . , H]. We assume that the demand hEART 2020 Symposium Original abstract submittal is constant over an assignment period for all OD pairs. Furthermore, traffic condition including TT are averaged over the period to transform the DTA problem into a quasistatic one. During T i , the program (1) can be reformulated as Equations ( 2) based on marginal emissions in order to transform the optimization problem as a fixed-point problem [START_REF] Sbayti | Efficient implementation of method of successive averages in simulation-based dynamic traffic assignment models for large-scale network applications[END_REF][START_REF] Lu | Eco-system optimal time-dependent flow assignment in a congested network[END_REF].

π p,τ (P M E p,τ -P M E * p,τ ) = 0; ∀o, d, p ∈ P od,τ , τ ∈ T (2a) P M E p,τ -P M E * p,τ ≥ 0; ∀o, d, p ∈ P od,τ , τ ∈ T (2b) π p,τ ≥ 0; ∀o, d, p ∈ P od,τ , τ ∈ T (2c)
We firstly present in subsection 2.2 the optimization process embedded with MSA method for searching the least PME paths. Then we present in detail the calculation of LME and PME in subsection 2.3 and subsection 2.4.

Equilibrium calculation for one assignment period

The optimization process embeds two layers [START_REF] Sbayti | Efficient implementation of method of successive averages in simulation-based dynamic traffic assignment models for large-scale network applications[END_REF]: (i) the outer layer for updating the candidate least PME paths set of all OD pairs and (ii) inner layer to update the traffic assignment on cadidate paths using classic MSA method (Peeta and Mahmassani, 1995b) based on the calculation of PME. Figure 1 illustrates the simulation-based two-layer optimization process. In this work, we use Symuvia as a trip-based DTA simulator for computing variables that are used to solve the program 1. Symuvia is developed by the LICIT laboratory at Gustave Eiffel University. It is a microscopic simulator based on a Lagrangian discretization of the LWR model [START_REF] Leclercq | The lagrangian coordinates and what it means for first order traffic flow models[END_REF]. The convergence check of the outerloop (Step 4) is based on the total gap on PME during the corresponding time interval. Regarding the innerloop convergence check, we rely on the total PME gap of all paths of the path set. The convergence check of the outerloop (Step 4 in Figure 1) is based on the total gap on PME during the corresponding time interval. Regarding the innerloop convergence check, we rely on the total PME gap of all paths of the path set. We explain in detail the calculations of LME and PME in the following subsection 2.3.

Emission and marginal emission of links and paths

Link level emission

The key step is to calculate E a in Equation (1a). It is calculated as E a = T T D τ a × e, which represents the product of (i) total traveled distance of all vehicles on a and (ii) emission factor e(v). On the one hand, based on the assumption that the traffic demand during [τ 0 , τ 0 + ∆T ] is constant, the traffic flow is obtained as

x τ a = k τ a × v t a (n t a )
. The total traveled distance on link a reads: according to COPERT model, the emission factor can be modeled as a function of average speed: e a (v τ a ). Therefore, the link emission E τ a is calculated as:

T T D τ a = L a x τ a ∆T = L a ∆T k τ a v τ a = ∆T n τ a v τ a .
E τ a = ∆T n τ a v τ a e a (v τ a ). (3) 
The link average speed can be obtained via a learning process, in order to get a map from

n to v: v τ z (•) : n τ a → v τ a .
We focus on the spatially-averaged number of vehicls because it represent the link density (k a = na La ), yet it is easy to be obtained via DTA simulator:

n τ = T T T τ σ .
Therefore, at link level during a fixed time interval T , link emission can be hEART 2020 Symposium Original abstract submittal considered as a function of n t a : E t a = F a (n t a ). F t a depends only on (i) time-dependent n on link a and (ii) link characteristics of a (link length, speed limit, jam density, traffic light cycle, etc.). For simplicity, in the following parts of this subsection, we focus on link-level formulations on a during the time interval [τ, τ + ∆T ] and ignore the subscript a and suscript τ . To ensure that the solution of the mathematical program exits, the first and second derivative of F (n) should be non-negative, i.e., ∂F (n) ∂n ≥ 0, ∂ 2 F (n) ∂n 2 ≥ 0. Nonetheless, we cannot ensure the nonnegativity of ∂F (n) ∂n since the term n dv dn is negative as shwon in Equation (4).

∂F (n) ∂n = ∂nv(n)e(v(n)) ∂n = e(v)(v + n dv dn ) + nv ∂e(v) ∂n . ( 4 
)
Furthermore, computationally speaking, we cannot solve the problem over the full time horizon H. Therefore, we calculate the optimal solution over T where path flow and traffic condition can be assumed constant (quasi-static approximation). In the latter case, the link marginal definition may drive the system to a solution where link speed are very small as it reduces the travel distance and thus emission. It appears that the term in Equation ( 3) is not the most adequate formulation for quasi-static simulations. We then assume that all vehicles have to travel the full link distance after some time. This assumption seems reasonable since we set the assignment period ∆T to 15 min. Then T T D a is calculated as L a × n a . We can then reformulate the link emission function depending on n, and at the same time, respects the definition of link traffic emission. The link emission is calculated by the product of (i) total traveled distance of all vehicles on link a and (ii) the emission factor, as shown in Equation (5a). The corresponding link marginal emission is then calculated by Equation (5b).

F (n) = L × n × e(v). ( 5a 
) LM E = ∂ F (n) ∂n = L × (e(v(n)) + n ∂e(v) ∂n ) = L × (e(v(n)) + n de(v) dv dv(n) dn ) (5b) 
There are two keys to ensure the nonnegativity of ∂ 2 F (n) ∂n 2 : (i) to choose a reasonable emission factor model e(v) with d 2 e (v) dv 2 ≤ 0, and (ii) to build link performance function v(n) with non-positive second derivative. On the one hand, based on COPERT model, e(v) is approximated as a polynomial regression of v. In urban areas, the link average speed is usually limited under 60 km h -1 , which ensures the condition of d 2 e (v) dv 2 ≤ 0 [START_REF] Ntziachristos | Copert: a european road transport emission inventory model[END_REF][START_REF] Eea | EMEP/EEA air pollutant emission inventory guidebook -2016[END_REF][START_REF] Lejri | Accounting for traffic speed dynamics when calculating copert and phem pollutant emissions at the urban scale[END_REF]. On the other hand, v(n) can be learned from data obtained from DTA simulators.

Path marginal emission

To compute PME, we take similar assumptions made in (Peeta and Mahmassani, 1995b), stating that the PME is the sum of time-dependent LME. Therefore, based on Equation (5b), the PME can be calculated as hEART 2020 Symposium

Original abstract submittal

P M E τ o,d,p = τ o d p LM E τ a (n τ a )δ τ a odp , ( 6 
)
where δ τ a odp = 1 if the link a is on the path p of the OD pair od with departure time τ . Otherwise, δ τ a odp = 0.

Learning of link performance function v-n

The main objective is to define the v -n curve of all links based on data obtained from microscopic DTA simulator. We assume that v(n) represents the intrinsic characteristic of link a. It represents the response of the speed to the level of loading (n) at link level. Here, we assume that we can estimate a single valuated decreasing function for each link of the network from previews simulations (learning process). There are three main concepts for building the v -n curve, learned from DTA simulator results.

(1) We should make sure that the regression curve is monotone on n, and the second derivative should be non-positive:

d 2 v dn 2 ≤ 0.
(2) We need enough observations of (n, v) on links to obtain good quality fits. This requires a thorough and comprehensive design of simulation experiments deriving the learning. To this end, we introduce a full OD matrix with various demand profiles, in order to reach a relatively congested status on the network, yet without gridlock. The simulations are carried out with sufficient iterations to ensure that a maximum number of links have enough sample points (n, v). Furthermore, we classify different values of n into K classes and update the statistical mean values and standard deviations of T T D and T T T of each class. This helps us to get statistically reliable link average speed computed by T T D T T T . This also enables us to eliminate points with extreme values of T T D and T T T .

(3) We rely on quadratic regression to approximate the v -n curve based on all the mean values of n and v in each class. Figure 2 

Final expression for the LME

We devide the values of samples of n into K classes on each link. The outputs of the method from Section 2.4 give sample points (n k , v k ) of each class k. We then carry out a quadratic regression between all sample points (n k , v k ) and the final learned function v(n) reads:

v(n) = a × n 2 + b × n + c, ( 7 
)
where the values of a and b are bounded in order to respect d 2 v dn 2 ≤ 0. Therefore, at time t, the calculation of LME reads:

LM E t = ∂E(n) ∂n = ∂Lne(v) ∂n = L × (e(v t ) + n t de(v) dv | v=v t dv(n) dn | n=n t ). (8) 
With the help of COPERT formula [START_REF] Ntziachristos | Copert: a european road transport emission inventory model[END_REF][START_REF] Eea | EMEP/EEA air pollutant emission inventory guidebook -2016[END_REF][START_REF] Lejri | Accounting for traffic speed dynamics when calculating copert and phem pollutant emissions at the urban scale[END_REF], the generalized formulus for computing the emission factor is considered as a 3 order polynomial, hEART 2020 Symposium Original abstract submittal

e(v) = p 3 × v 3 + p 2 × v 2 + p 1 × v + p 0 , ( 9 
)
where p 0 , p 1 , p 2 and p 3 are scalar coefficients, obtained from empirical regression of COP-ERT model [START_REF] Lejri | Accounting for traffic speed dynamics when calculating copert and phem pollutant emissions at the urban scale[END_REF]. By substituting Equation ( 9) and Equation ( 7) into Equation ( 8). We then get Equation ( 10) for computing link level emission in function of n,

E(n) = L × (a 6 × n 6 + a 5 × n 5 + . . . + a 2 × n 2 + a 1 × n + a 0 ). ( 10 
)

Simulation results

We carry out DTA simulation under SSO equilibrium condition on a toy network during 30 minutes. The reference case is DTA simulation under UE condition with the same networks and OD matrix. We then compare the total emissions of the whole network under UE and SSO condition.

The test network has 5 links with one OD pair and one traffic light, presented in Figure 3 (left). Figure 3 (right) presents the traffic demand rate (in veh h -1 ). We carry out two DTA simulations under UE and SSO equilibrium condition, respectively. The total simulation horizon H = 30 min. H is divided into 3 successive assignment periods of 10 min. The results are shown in table 2. Results show that when users choose their path based on SSO condition, the total emission of CO is 5.79 % less than the total emission when users are traveling based on UE condition. 

Conclusions and perspectives

This work proposes a methodological framework to solve the dynamic sustainble system optimum (SSO) problem. The SSO is formulated as an optimization program in terms of minimizing the total emissions of the whole system. It is then transformed into a fixedpoint problem using classical Beckman transformation and solved with a MSA algorithm.

The key contribution of this paper are twofold. First, we provide new definitions for link marginals that now address the SSO equilibrium instead of the classical SO problem. Second, the calculation of link marginals with dynamic simulation has always been a challenge which is not well-documented in the literature. Here, we propose a new framework to learn the link performance function from multiple simulations on the same network with different loading scenarios. The implementation of the learning process is simple and can be coupled with other networks and/or DTA simulators.

To evaluate the method efficiency we carry out a case study on a simple network during 30 minutes. The proposed method solves the SSO problem and success to obtain a reduction of total emissions from UE status to SSO equilibrium. At SSO status, the total emissions of CO is 5.79 % less than the CO emissions when users choose their routes based on classic user equilibrium (UE). The authors are working on case studies on a real-world network. 
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 2 Figure 2: Link v -n curve earned from simulation results. v min and v max are minimum and maximum link average speed. The red points are obtained from sample points (n k , v k ). The numerical number beside each point denotes the total number of points in each class k.

Figure 3 :

 3 Figure 3: Input for case study on a simple network. Left: small network with traffic light, right: traffic demand rate from node A to node B.
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  Set of optimal paths (with minimum path marginal emissions) from node o to d departing at τ Total origin node o to destination node d departing at time τ E τ odp Emission due to traffic departing from node o at time τ to node d via path p f τ odp Path traffic flow from origin node o to destination node d departing at time τ , using path p number of vehicle on link a. na = T T Ta ∆T and na = La × ka K The total number of classes of values of n on link a πp,τ Number of users departing at τ using the path p

  

  On the other hand,
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		Link flow, density, travel time and LME	
		2. Time-dependent least PME path calculation	
		3. Update cost function wrt emission	
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		5. Initialization of Step 1		6. Update path assignment
		No: innerloop iteration k+1	simulation 7. Microscopic
		10. Innerloop convergence reached?		Link flow, density, travel time and LME
		9. Update cost function wrt emission		8. Searching for the least PME path
				MSA method
	Figure 1: Flow chat of optimization process
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Table 2 :

 2 Total computed CO emissions on the network in Figure3. The difference is calculated with respect to emissions obtained when users travel under UE condition.

	Equilibrium type	Total CO emissions (in g)	Relative difference of ∆E = E SSO -E UE E UE
	UE	24672	-
	SSO	23244	-5.79 %

Table 1 :

 1 Basic notations in this work Index for OD pxair from node o to node d via path p with departure time τ Set of paths from node o to d departing at τ

	Notations Explanations
	o, d, p, τ	
	t	Current time
	a	Index of a link in a road network
	P od,τ	
	P * od,τ