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HYPERCONTRACTIVITY FOR MARKOV SEMI-GROUPS

C. ROBERTO AND B. ZEGARLINSKI

ABSTRACT. We investigate in a systematic way hypercontractivity property in Orlicz
spaces for Markov semi-groups related to homogeneous and non homogeneous diffusions
in R". We provide an explicit construction of a family of Orlicz functions for which we
prove that the associated hypercontractivity property is equivalent to a suitable func-
tional inequality.

1. INTRODUCTION

The first aim of this paper is to give a unified setting for strong contractivity properties
of Markov semi-group to be satisfied with respect to suitable family of Luxembourg norms
in Orlicz spaces.

Initiated by Nelson in the late sixties [Nel66, Nel73a, Nel73b] in quantum field theory,
the notion of hypercontractivity of the Ornstein-Ulhenbeck process was put in light by
Gross’ seminal work [Gro75]. One of the main observation of Gross is that hypercon-
tractivity is equivalent to the so called log-Sobolev inequality. See also [Fed69, Sta59] for
earlier papers on related topic.

More precisely, let ~, be the standard Gaussian measure on R™. Then the Ornstein-
Uhlenbeck semi-group (P;)¢>0, whose infinitesimal generator is L := A — x - V (with the
dot sign standing for the Euclidean scalar product), is reversible with respect to 7, and
satisfies the following remarkable hypercontractivity property: for any f: R™ — R smooth
enough it holds

1Pcfllgey S WPsfllgs), s <t
where ¢(t) = 14 (¢(0) — 1)e*, q(0) > 1, and ||g|[% := [ |g[Pdyn, p > 1. Such a contraction
property is equivalent [Gro75] to the following log-Sobolev inequality: for any f: R” — R
smooth enough, it holds

Ent., (f2) = /f2 log f2d, —/f2d7nlog/f2d% < 2/ny|2¢1%.

Using Gross’ paper and I'>-calculus of Bakry-Emery [BES5, Bak94], it can be immediately
proved that any semi-group associated to a diffusion of the form L := A — VV -V, with
V satisfying Hess(V) > p > 0, as a matrix, enjoys the hypercontractivity property as
above with reference measure having density e~V with respect to the Lebesgue measure
and q(t) = 1 + (q(0) — 1)e¥/P)t ¢(0) > 1.

From the seventies, both the hypercontractivity property and the log-Sobolev inequality
found a huge amount of applications in various fields, including Analysis (isoperimetry,
concentration of measure phenomenon, convex geometry), Statistical mechanics, Infor-
mation Theory and others. Giving an exhaustive presentation of the literature is out of
reach. We refer to the textbooks [ABCT00, Led01, GZ03, BGL14, Mas07, O’D14] for an
introduction and references.

Key words and phrases. Hypercontractivity, Ornstein-Uhlenbeck semigroup, Markov semi-groups, I's
calculus.
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Now, let ®: Ry — R4 be a continuous convex function satisfying ®(x) = 0 iff x = 0.
Later on we may call such a function a Young function!. Then, given f: R” — R such
that [ ®(af)dy, < +oo for some a > 0, one can define the so-called Luxembourg norm
associated to ® and v, as

1flle = inf{A >0: /<I> ('i') Ay, < 1}.

The power function ®(z) = |z|P, p > 1, trivially corresponds to the usual L,-norm intro-
duced above ||f|le = || f]|p- The space of all functions with finite Luxembourg norm will
be denoted by Lg(7,) (or simply Lg when there is no confusion, note however that norms
are always computed with an underlying measure).

With this definition at hand, for the family of Young functions ®;(z) = |z|¢®), z € R,
t > 0 with ¢(t) = 1+ (¢(0) — 1)e?, q(0) > 1, the hypercontractivity above can be restated
as follows

1Pflle, < [[Psflle,, — s<t

In other words, the Ornstein-Uhlenbeck semi-group is a contraction along the family of
Orlicz spaces (Lg, )t>0-

Following Gross’ ideas, in [BCRO6] the authors proved that some contraction prop-
erty along a different type of family of Orlicz spaces could hold. Consider the following
infinitesimal generator? in dimension n, L := A — VV -V, with V(z) = 7% |24|%,
a € [1,2], x € R". Denote by (F;)t>0 the associated semi-group and by p(dxr) =
Z7le V@, x € R™, the associated reversible probability measure, Z := i e V@) g
being the normalization constant. Finally define ®;(z) = |z[Pe?®F®) with F(z) =
log(1 + x)2@=D/e _og(2)2e=D/e 4(t) = Ct for some constant C' > 0, and p > 1.
By construction Ly, C Le, C L, for any s <t and Lg, ¢ L,1. for any € > 0, ¢t > 0 and
a € [1,2) (since e?MF @) « || near infinity, for any o € [1,2)).

In [BCROG6] it is proved that (P;):>0 is a contraction along the family of Orlicz spaces
(Lo, )t>0: namely that, for any s < ¢, it holds ||P;f|le, < ||Psf||le,. Moreover, such a
contraction property is equivalent to the following, known as F-Sobolev inequality ([Ros76,
Wan00)): for any f: R™ — R it holds

2
| rF (%) dn<C' [191Pdp

where C’ is a constant that depends on C and a. Note that @ = 2 corresponds to the
Gaussian case depicted above. Such inequalities and contraction properties were used
to establish dimension free isoperimetric inequalities and concentration properties for p
[BCRO6, BCRO7]. We refer the reader to [Wanl13] for explicit criterion for a F-Sobolev
inequality to hold, and to [Wan00] for associated contraction property of the semi-group.

Motivated by the previous two fundamental examples, the aim of this paper is to inves-
tigate on contraction properties ||P.f||s, < ||Psflls., s < t, along abstract general family

of Orlicz spaces (L, )t>0, together with possible connection with functional inequalities of
F-Sobolev type.

INote however that, usually, one does not require in the definition of a Young function neither the
regularity assumption, nor the condition ¢(z) =0iff x =0

2More precisely one should consider a regularized version of |z|® in a neighborhood of the origin. For
the sake of simplicity we may avoid such technical considerations in this introduction, that are irrelevant
for our purpose, and we refer to [BCRO6] for details



The second objective of the paper is to explore a more general setting which would
include inhomogeneous diffusion operators associated to one parameter families of prob-
ability measures that we now introduce. Consider L; := A — VV; -V, t > 0, on R",
with V; smooth enough and such that [e~" = 1 so that pu(dz) = e~V*®)dz is a prob-
ability measure on R"™ for all ¢ > 0. The associated semi-group will be denoted by
(Ps(t))szo (we refer to e.g. [Bak94, GZ03] for its construction and related technicali-
ties) which is reversible in La(p;). One wishes to obtain contraction bounds of the type

HPt(t)qu,t < m(t, s)]]PS(S)fH¢S, s <t for some function m possibly equal to 1.
Thus in the more general setting we not only change with time the Orlicz functions,
but also the underlying probability measures. Here we are interested in a class of flows
through Orlicz spaces and how it relates to an action of contractions.
Besides interesting generalisations, we hope that our results can be used in the future
to study linear and nonlinear parabolic time dependent problems. Note that in case of a
time dependent parabolic problem of the form

Ou = Lu+ B¢ - Vu = Lyu
Ujt=0 = f

under suitable conditions on the coefficient 5;, one can hope to approximate the solution
on small intervals s € [ty,t,t1] by Ps(tj;)nutn. Then one needs to setup a suitable frame-
work to control convergence of such approximation when sup,, |tp+1 — t,| — 0. While we
mention here as an example a linear problem, we remark that nonlinear semigroups with
hypercontractivity properties has been studied in [FRZ12] and one could possibly extend
the above given idea to the nonlinear time dependent parabolic problems.

Moreover, as suggested to us by a referee, since Gross’s theorem is established for
symmetric Markov processes associated with Dirichlet forms, it is reasonable to conjecture
that most of the result of this paper can be extended to such an abstract framework and
leave this to future investigation.

After Section 2, that collects some technical facts about Orlicz functions/norms, we
deal in Section 3 with the homogeneous setting.

Our first main theorem is Theorem 3.9 that asserts that, for any properly chosen family
of Orlicz spaces (see Section 3.2), we have

1P fllo, < [|Psflle,

if and only if some inequality of log-Sobolev type holds. Theorem 3.9 encompasses the
above two known fundamental examples and can therefore be seen as a generalization of
Gross’ theorem.

Section 4 is devoted to the time-inhomogeneous setting. Our second main result is
Theorem 4.1 which constitutes some analog of Gross’ theorem for inhomogeneous Markov
semi-groups.

Acknowledgment. We warmly thank T. Tao for useful discussion on the topic of this
paper, and the anonymous referees for their suggestions to improve its content and pre-
sentation.

2. TECHNICAL PREPARATIONS

In this section we collect some useful technical facts on various aspects of Young Func-
tions and Luxembourg norms.



2.1. Youngs functions. An even continuous convex function ®: R — R, satisfying
®(x) = 0 iff x = 0 is called a Young function. If in addition lim, o ®(z)/z = 0,
lim, 00 ®(7) /2 = +00, and ®(R) C RT, @ is called a nice Young function, or N-function
[RRI1].

Classical examples include ®(z) = |z|P, p > 1 which is a nice Young function only for
p>1; &x) =€l —|z] — 1, d(z) = el?® — 1,6 > 1 are nice Young functions.

We say that & satisfies the As-condition if for some K > 0 and all z > 0, it holds
®(2x) < K®(x). A useful consequence of the As-condition is the fact that z®’(x) compares
to . More precisely,

(2.1) O(z) < 2d'(z) < (K —1)®(x).

The first inequality follows from the convexity property of ® and ®(0) = 0, while the
second is a consequence of the As-condition and ®(2z) — ®(z) = ffx D' (t)dt > ¥’ (z)x.
Given a Young function ® and a probability measure y, for any f: R™ — R we set

e =it {7 >0: [0 (M) aus1} e oo

with the convention that inf ) = +00. When useful we may write || f||s,, to emphasize the
underlying measure.

2.2. Derivative of Luxembourg norm. Here we give an explicit expression of the
derivative with respect to time of the following function t — || P;f||s, which will constitute
the starting point of our investigations.

In the sequel we will use the following notations. Given a family of twice differentiable
Young functions (®;);>0 = (®(t, z))¢>0, we denote by ®; the derivative with respect to ¢,
and by @} and ®} the first and second order derivative with respect to the second variable
x.

Consider the inhomogeneous diffusion generator L; := A — VV, -V, t > 0, on R",
with V; sufficiently smooth and such that [e~V¢dz = 1 so that u(dz) = e V¥ @dz is

a probability measure on R” for all ¢ > 0. Denote by (Ps(t))szo the associated semi-
group. By construction L; is symmetric in Lo(y¢) and the following integration by parts
formula holds for any differentiable function ¥: R — R, any f,g: R™ — R, such that
U(f), VU(f) € La(pe) and g is in the domain of L.

(2.2) [ ¥ Ligdne =~ [(£)9F - Vgdp.
As we explain in Appendix 1, formally we have

0P f = Lif + Vi
We prove the following differential property.

Lemma 2.1. Let f: R® — R be a smooth bounded function not equal to zero a.e. and

(t)
(®1)t>0 be a family of C* Young functions. Let N(t) := HPt(t)fH@t and g = 7\’}—“{, t>0.

Suppose VV; - VVt — AVt = —LtVt is pg-integrable. Then, it holds
N') [ g@ig)dn = N0 ( [ elg)du ~ [ @) Voldue ~ [ lo)Vidu )
t .
+ [ [ POsvPO@9) - idsdu

. . t
— [V 9V - avi] [ RO @) (9)dsd



In particular, when Vi does not depend on t (homogeneous case), the latter reduces to

N') [ 90g)dn = NG [ Bulg)dn - [ 6!(@)IVoldu) .

Remark 2.2. We assumed C? for Young functions for simplicity. Most of the results in
this paper can easily be understood for any Young function using the notion of second
order derivative in the sense of Aleksandrov.

Proof. Let f: R™ — R be a smooth bounded function not equal to zero a.e.. From the very
definition of the Luxembourg norm, we observe that for any ¢ > 0, [ ®, < N@ > duy =

Therefore, taking the derivative, we get

/q)t d#t+/q)/ T ( {) dpg — /‘I’t Widp, = 0

where as already mentioned the dot stands for the derivative with respect to the variable
t. Observe that,

i Pt(t)f _ Pt(t)f LtPt(t)f B Pt(t)fN,(t) _ Pt(t)f Lo N/(t)
a\ Nt )~ No T ONQO N ()2 NE) YT Ne Y
where we set
(t—l—e) () "
— t f - Pt f S 1 / d (t+€
B0 =l = =i g (ROORRD) ds
1
(t+¢) _
= il_r)% =y P ([ tte Lt}Pt_sf) ds

- / PO (v, - vPY,f) ds.

Therefore, using (2.2), we get

/(I)( )di <P(t(){> diy // ()P (VVi - VP, £) dsdpu

- / 3 (9)|VoPdu - ]]VV'((;’ [ s2io)dn

The previous computations lead to

tH(g)dp = / ét(g)dut - / Y (9)|Vg|*du — / ®,(g)Vidu

- / / o) (VVi- VPO, f) dsdp

and we are left with the study of the last term on the rlght hand side of the latter. By
reversibility of the semi-group, we have

[ ®ita) P (- VP, f) du = [ PO(@,(9)VVi- VR, fdp

= [ POV (PO ®1(0)V V) du

where V7 is the adjoint of V in Lo(u:), namely such that [uVovdu; = [vViudp,. One
can see that V;" = —div + VV; where VV; acts multiplicatively. Therefore,

/(I)t VV VPt()sf)d:u_ /Pt vap(t( ())‘Vf/}d#t

+ [ POIPO @) [VVi- TV - AT dp



From this the desired result follows. OJ

2.3. Expansion of the square. Here we may recall the expansion of the square method
or, as it is called in [HZ10], U-bounds. That is the bounds obtained by using Leibnitz rule
together with integration by parts as follows. Let U: R™ — R be such that [ e Vdxr < .
Then, for any differentiable function f: R™ — R, one has

(2.3) /f2(]VU\2 —oAU)e Vdr < 4/ V|2V da.
In fact, expanding the square, one has
1
0 g/]V(fe_U/2)|2dx:/]Vf\Qe_de—/fo-VUe_de—i—Z/fZ\VUFe_de.

The expected inequality (2.3) then follows by applying an integration by parts on the cross
term.

The expansion of the square method revealed to be very powerful. It can be used for
instance to prove Hardy’s inequality with optimal constant on R¢, d > 3, or Poincaré
inequality for the Gaussian measure. We refer the interested reader to [HZ10, DV12] for
more results and references.

3. HYPERCONTRACTIVITY FOR HOMOGENEOUS MARKOV SEMI-GROUPS

In this section our aim is to introduce the notion of standard Orlicz family that will
play a key role for proving the equivalence between some functional inequality and a
hypercontractivity property along the corresponding family of Orlicz spaces. We need
first to analyze how to get a hypercontractivity property along a general family of Orlicz
spaces.

All along the section we set L = A — VV -V, with V' smooth enough and such that
p(dr) = e Vdz is a probability measure on R™. We denote by (P;)i>0 the associated
semi-group which is reversible with respect to u. Orlicz spaces and their corresponding
Luxembourg norms are understood with respect to u.

3.1. Hypercontractivity along Orlicz spaces. Using Lemma 2.1 we first prove that
hypercontractivity is a direct and immediate consequence of some family of functional
inequalities. Our second result shows how that family can, under some assumptions, be
reduced to one single functional inequality of log-Sobolev-type.

Proposition 3.1. Let (®;);>0 be a family of C* Young functions. Assume that for any
t > 0, any sufficiently smooth function f, we have

(. 191, [ & (=) dn < [t () 1w sPan

Then, for any t > s,

1P flla, < [1Psflle,-

Proof. We need to prove is that N : ¢t — ||P.f||s, is non-increasing. Lemma 2.1 asserts
that

N’(t) &/ du— [ & " 2
9% (9)du = | @ (g)du— [ @ (9) Vgl dp
N(t)
where g := ]}\;t({). Since for any t > 0, ®; is a Young function, it satisfies 2®}(x) > 0 for
any = € R. It follows by (3.1) that N'(¢) < 0 which is the expected result. O

Using an isometry between Lo, and Lg,, we may translate (3.1) for @ into a similar
inequality for ®;, therefore reducing the family of inequalities (3.1) possibly to a single
one.



Proposition 3.2. Let (®;);>0 be a family of C*> Young functions. Assume that for some
t,s >0 there exist two positive constants C(t,s) and C(t,s) such that
(4)
(i)t(q)t_l) < C(t73>¢)5(q)s_1)7
(i)
/! "

P ~ D
thQ od, > C(t,s)(l)s od .

72
t s

Assume furthermore that for some constant ¢ > 0 and for any f (smooth enough), it holds
2 : f " f 2
(3.2) 1713, [ & dp<c o IV f Pdp.
[RAIE [RAIE
Then, for any f smooth enough it holds

I, [ (g ) egss [ o (7 ) 19 Pn

Is,t : L@t — ]LCI’S
fo= | flle, @ o @, (W) '

For any f € Lg,, by the very definition of the Luxembourg norm, it holds ||Is+(f)|e, =
|| fllo,- Therefore, I;;(f) is an isometry between the two Orlicz spaces Lg, and Lg,.
Applying (3.2) to I;+(f) leads to

1115, [ o (9 0 wu() ) au <

2
r(__f 2
c/<I>// 0d1od, ( / ) i (||fH<I>t) V7] dp
s S 2 |
1flle./ @ o 351 0 @, (Hfﬁept)

The result follows by (i) and (i7). O

Proof. Let

The simplest example is given by the L, scale ®;(z) = |2|2® for some function ¢ that
we assume to be increasing. Then, it holds

o odl — CI(ﬂ_ll

/
Lo q'(t)
O, (D7) = xlogx and —L = )
t( t ) g (1)22 t q(t) T

q(t)

. .. . _ q'(t)g(s) ~ _ (g®)—1)q(s)

Therefore assumptions (i) and (i7) hold with C(t,s) = Jh) and C(t,s) = (OG-

In particular, the choice q(t) = 1+ e*/Pt p > 0, guarantees that C(t,s) = C(t, s) for all

s,t. Hence, the family of inequalities (3.2) are all equivalent to (3.2) with s = 0, which
reads

Bt () < p [ IVfdp

since ®y = |z|?> (and therefore ®o(x) = (2/p)z?loga? and ®(x) = 2). This is the log-
Sobolev inequality and therefore Proposition 3.2 is just one direction in Gross’ theorem
[Gro75].

In the above example, both ®;(®;!) and g,g o ®; ! are of the form a(t)b(z). Based on

t

this simple observation, we may construct a generic family of Orlicz functions that, by
construction, will automatically satisfies assumptions (i) and (i7) of the latter. This is the
object of the next section.




3.2. The standard Orlicz family. We define a large class of family of N-functions that
we will call the standard Orlicz family.

Definition 3.3 (standard Orlicz family). Let F : (0,00) — R be a C? increasing function
with F(1) = 0. Assume that (0,00) © = — xF(z) is convex and that 1/zF(z) is not
integrable at x = 0, x = 1 and z = +o00. Let F; : (0,1) - R and F2 : (1,400) — R be
two primitives of z — 1/(zF(z)).

Let ®( be a nice Young function and x, the unique positive point such that ®¢(z,) = 1.

/
We assume that — (%) F(®g) — ®gF'(®y) is non-increasing on R™ and that ® is of class
0
C? on (0, 00).
Given an increasing function A: [0,00) — [0, 00), with A(0) = 0, we define the family of
functions (®;);>0 by

0 forx =0
By(z) = ]—Tl (Fi(®o(x)) + A(t)) for z € (0,x,) vt s 0
1 for x = z, '

.7:2_1 (Fo(Po(x)) + A(t)) for z € (x5, +00).

We shall call the family (®¢)¢>o the standard Orlicz family built from F, ®p and \.

Remark 3.4. The Lemma below will prove that all ®; are indeed Young functions and
in fact nice Young functions. This justifies the terminology ”Orlicz family”. Also, it is not
difficult to check that the definition above does not depend on the choice of the primitives:
any two different primitives lead to the same final function ;.

Example 3.5. As an example consider F'(z) = log(z) and any nice Young function
®y. Then, Fi(z) = log(log(1/z)), = € (0,1) and Fao(x) = log(log(x)), = > 1 so that
Fil(z) = e and Fy '(z) = ¢, 2 € R. Hence, &;(z) = <I>8W>. This corresponds to an
L, scale when ®y(x) = |z|? for some ¢ > 1. More specifically, if g(t) = 1 + 4/}t and
A(t) = log(q(t)/2), with ®g(z) = 22, we have ®4(x) = |z|?® and we are back to Gross’
setting.

The more general choices F(z) = log(14x)” —log(2)?, 8 € (0,1), can also be considered,
but lead to non explicit F; and F. Although one can easily give an asymptotic of
the corresponding ®;(x), when z tends to 0 or +o0o0. For instance, ®; is equivalent to
Ppersrlos %0)” when z tends to infinity, where ag is a numerical constant that depends
only on . This amounts to the family of Young functions z2e'(®) considered in [BCRO6,
Section 7].

In the next lemma we collect some property of the standard Orlicz families.

Lemma 3.6. Let F', &g and X\ satisfying the assumptions of Definition 3.3 and let (P¢)i>0
be the standard Orlicz family built from F, ®g and X. Then,

(i) F1 and Fa are C? functions respectively on (0,1) and (1,+00). Fi is decreasing with
lim, 0 F1(z) = —limgz1 Fi(x) = +oo. While Fy is increasing with lim,_; Fo(x) =
—limy 400 Fo(x) = —00. In particular ®, is well defined and continuous. Moreover, for
t>s, & < Pg on (0,20) and & > P4 on (xg, +00).

(i) For anyt > 0, ®; is a nice Young function of class C* on (0,00) (with ®}(z,) = ®}(z,)
and @Y (x,) = ®f () ).

(i33) For anyt >0, &; 0 ®; 1 = N (t)zF(z).

1"
(iv) For anyt > s > 0. q),g, o @;1 > ;2*2 od L.

t
(v) Assume that X tends to infinity at infinity. Then for any f € Lo, limy i o0 || fllo, =
27l
x0 S




Proof. Points (i) and (iii) are simple consequences of the definitions of the object involved.
It is not difficult but tedious to prove that for all t > 0, ®; is C2 (we omit the proof).
Using that ®;, < &g on (0,z,) and since ¢ is a nice Young function we deduce that
lim,_,q (x) = 0. Similarly, lim, (I)tfc) = 4o00. In order to prove that ®; is a nice
Young functlon it therefore remains to show that ®; is convex. For x # xzg, a simple
differentiation gives

(3.3)

U gy (@) | F() )
o~ T F @7 T F @ T Fegey

— F(®)) ((;) (@) - (;‘) (o) + JT/(;){;P’OJ

where F = F; when z € (0,20) and F = F2 when & > 9. A Taylor expansion of (%)
at the first order insures that

(I)” 1 " (1)6/
=F'(® o -9 < > )+ ———
o= rwa (- (5) 04 8
for some 6 € (P, ®g) when = € (0,z9) and 6 € (P, ;) when x > zg. Since z — zF(x)
" "
is convex, = is convex. It follows that (%) (#) > 0 and thus that (&, — @) (%/) 0) +

/

ﬁ has the same sign as F'(®;). This proves that ®; is convex.

Next, we deal with Point (iv). From (3.3) we have with the same notation as before

Y oy @ (F®) @\
0 =y P )<ff<q>o>2+f'<¢>o><1>62> e

Note that by hypothesis,
F"(®g) o B (<I>0
Fl(®0)2  Fl(®)®p?  \ ¥

)I F(®) — BoF' (@)

is non-increasing. Thus, by Point (i) and using the sign of F'(x) on each domain (0, )
and (xg,+00), we have

O o1 FN) oy [ F(P0) g -1
_—t >
a2 % @ 2 ) PO Fage T Fagep ) 0t ™
@// "
S50

which is the expected result.

Finally we will prove Point (v). Let f € L. Then, f<I>t<|TJ?|||Q>du < Dy(xp) = 1.

Hence, by definition of the norm, ||f|le, < %Hf“oo In order to prove the bound from

below, fix ¢ > 0 small enough. Then note that for any x > xg, limy_ 1o ®1(x) = +o00.
Thus

/ i <|f|£ |9160— s>) = /{|f|>||f||oo(1§)} b (Hflofgo— 5)) s

>0 (w014 g7=) )0 (012 11 = ) 21

provided ¢ is large enough. It follows that %Hf”oo(l —¢) <||flle, for t large enough. This
leads to the expected result and achieves the proof of the lemma. ]




Remark 3.7. When A(t) = at for some a > 0, the standard Orlicz family enjoy a shift
type property. Indeed, in that case ®; = F; ' (F;(®s) + A(t — s)), i = 1,2. Therefore, the
standard Orlicz families (®¢)¢>0 built from ®¢, F' and A and (¥y)>0 built from ®,, F and
A, satisfy W, = &y, for any t > 0.

Remark 3.8. When ®¢(z) = 22,
(Do B / R YO N vy
Y F(®g) — Do F' (D) = 2F(x ) — x“F'(x*).
0
Thus, this function is non-increasing if and only if 3F'(z) + zF”(z) > 0 if and only if

x +— xF(2?) is convex. Thus, in that case, one can only assume that x +— 2zF(z?) is
convex (which implies that z — zF'(x) is convex).

3.3. Gross-Orlicz’ theorem. Thanks to the above definition of the standard Orlicz fam-
ily, we can state one of our main results which generalizes Gross’s theorem.

Theorem 3.9 (Gross-Orlicz). Let (®¢)¢>0 be a standard Orlicz family built from F', ®g
and \ satisfying the hypotheses of Lemma 3.6. Let ¢ > 0. Then the following are equivalent

(4)

a4 Il | (I)O<Hf]\CI%>F (%(\fﬁ%)) du<e | of (Hfﬁ%) 1Py

for any function f for which the right hand side is well defined;
(1i) t > s >0, it holds

1P fllo: < [|1Psflle,-
for any function f for which the m’ght hand side is well deﬁned
Moreover (i) = (i) f2 o®d; 1 > eN(t )3 Py o oyt for
0

any t > 0 (in particular, any \ satisfying N'(t) < 1/c would do); and (ii) = (i) with
c=1/N(0).

Proof. We first prove that (i) implies (i7). Item (iv) of Lemma 3.6 guarantees that q),/; o

t

O > eN(t ) 2 oCD U with A(t) = t/c. Hence, the set of functions ), increasing, satisfying

<I>’2 Oq) >CA/( )@/2

Consider the standard Orlicz family (®¢)¢>0 built from F, 2 and \.
Note that by definition of the standard Orlicz family, &9 = N (0)®oF(®p). Thus In-
equality (3.4) reads as

191, [ 0 (7 ) < N0 [ 0 (0 ) (9P
()

From the properties proved in Lemma 3.6 we can apply Proposition 3.2 with C(¢,0) = X0)
and C(t,0) = cN (). We get that, for any ¢ > 0, any smooth function f satisfies

U1 fa () < X [ () watan= fot () rostan

The result of Point (éi) follows by Proposition 3.1.
Now we prove that (ii) implies (i). Let N(t) = ||Pif||s,- By Lemma 2.1 at t = 0, we
infer that

,(O; / ||fﬂ¢0 % (nfﬂ%) in= [ b (nfﬂ@) i~ [ @4 (ufﬁ%) v \fﬁ% i

od, ! for any ¢ > 0 is non empty and we may fix one of them.




The hypercontractivity property of Point (i7) insures that N’(0) < 0. Thus, since 2®{(z) >

0, we get that
11, b0 (=) au< [ 94 (=) 19

The result follows by the formula &y = X (0)®oF (®g) proved in Lemma 3.6. O

Remark 3.10. When ®y(z) = 22, Inequality (3.4) reads as

f2
2
/f i (u(f2)

This is the usual F-Sobolev inequality introduced by Rosen [Ros76] (see also Wang
[Wan00]), and corresponds to the log-Sobolev inequality when F'(z) = logz.

When F = log, one can consider \(t) = log(1 + e(*/?*) —log2, with p = 2¢. Then, as
already mentioned in Example 3.5, the standard Orlicz family built from ®q(z) = 22, F
and A, is ®4(z) = |z|9®) with ¢(t) = 1 + ®*/P)*. In that case Theorem 3.9 is nothing but
Gross’ equivalence between the log-Sobolev inequality and the hypercontractivity in L,
scale recalled in the introduction.

Theorem 3.9 has to be compared to [BCR06, Theorem 6]. When F' = log, [BCRO06,
Theorem 6] asserts that || P f|l7,) < [ fll2 with q(t) = 2¢ePt which is off by a factor of 2 in
the exponential (though capturing the exponential character of the L,, scale).

Furthermore, for F(x) := log(1 + z)? — log(2)?, 8 € (0,1), [BCR06, Theorem 6 and
Corollary 34] does not give an hypercontractivity property, but only hyper-boundedness
(see section 3.5 below for more on hyper-boundedness). One of the main difference comes
from the fact that in [BCRO6] the authors deals with an explicit family of Young func-
tions which imposes in some situation stronger assumptions. This happens for the sec-
ond assumption of [BCR06, Theorem 6] which reads in our setting as ®;(z)F(2?) <
()P (F(Py(z))) + m. We do not need such an assumption here.

To conclude with the comparison between the two theorems, we observe that the first
assumption of [BCR06, Theorem 6] is implied by x + zF(x?) convex, see remark 3.8
above and [BCRO6, Proposition 7].

Notice that, for the following smooth version of |z|%, a € (1,2),

) dp < 20/ IV f|2dpu.

(2) || for |z| > 1
U\ T ) = _ _
o ala) 4 palial2 L (1- 30+ La?) for |z <1

it has been proved in [BCR06, Proposition 33] that the probability measure dul(z) =

n . Z e (@) dz; on R” satisfies (3.4) with F(z) = log(1 + 2)? — log(2)? with 8 =
2(1 — 1), ®y(x) = 22 and some constant ¢ = c¢(a) > 0 (that does not depend on n). This

«
in turn leads to an hypercontractivity property for the standard Orlicz family built from

F, ®y and any \ satisfying X' (t) < 1/ec.

3.4. Perturbation of Orlicz families and hypercontractivity. In this next section
we show how to translate the hypercontractivity property from one family of Young func-
tions to another.

Proposition 3.11. Let (Vy)i>0 and (Pr)e>0 be two families of Young functions and (P;)i>o0
be a linear semi-group acting on a set of functions A onto itself. Assume that for some
t>0,

(i) any f € A satisfies | Pof v, < || fllwo.

(i7) the function W, o ®; is conver, satisfies Uy o ®; < Uyl o @y and U, o ®y(A) C A,
(i7i) for any function f € A, any convex function F', F(P.f) < P,(F(f)).

Then, any f € A satisfies

1P fllo, < [1flleo-



Proof. By definition of the norm and Jensen’s inequality given in (iii), together with (i7),

we have
P f ~1 /
1:/<I>t<>du:/\lfto\11 o<I>t<Pt>du
|P:f |, ! | Pef @,

< /\IJt (Pt\IJt_l o ®, (m“]’;'@)) dp.

This implies by definition of the norm and the hypercontractivity for the family ¥, (given
in (7)) that

_ f 1 f
1< [P0, 0 @ (s )l < 1057 0 @4 157 ) lwo-
' <HPtfH<I>t) ‘ ! (HptfH':Dt) ’
—1 f . .. f
It follows that 1 < [ Vo U, o@t(m)du. Hence by point (i), 1 < f@o(m)d,u.
In turn, || f|le, > || P:f||e,. This ends the proof. O

Example 3.12. Assume that ®; = W, o F for a fixed Young function F. Then hypotheses
(77) and (i4i) are automatically satisfied. For instance, it is known that the linear semi-
group with diffusion generator L = A — VUV with Hess(U) > p > 0 satisfies log-Sobolev
inequality with constant 2/p and in turn is hypercontractive in the sense that

1P fllgcey < N1 £ll2, with g(t) == 1 + /Pt

Now let Wy(z) = ]w\q(t). Hence, for any Young function F', the previous proposition asserts
that

1P fll pacr < (11| -

Similarily from [BCR06] we learn that the semi-group associated to L = A — VUV with
U(z) = |z|* (more precisely a smoothed version of |z|%), 1 < a < 2, is hypercontractive

1
in the Orlicz’ spaces family Lg, with &; = 22ectlog(1Hz*)* 73 £ some constant . It

follows that for any Young function F, the semi-group (F;):>0 is also hypercontractive in

1
the Orlicz’ spaces family Ly, with ¥, = F(:r)2ec’5log(lﬂF(’C)P)Q(1 «)

3.5. Hypercontractivity versus hyper-boundedness. In this section, we deal with
perturbation arguments that allows one to get some hyper-boundedness property starting
from hypercontractivity.

Theorem 3.13. Let (¢)i>0 and (V¢)i>0 be two standard Orlicz families built respectively

from F and F, ® and \, both satisfying the hypotheses of Definition 3.3.
Assume that for any e > 0 there exists D(g) > 0 such that all x > 0 satisfy

F(x) <eF(z)+ D(e).
Suppose also that for any f and any t > 0, it holds
1P flloe < [1Lflleo-

Then, for any sy > s1 > 0, any t > 0, any C' increasing function q : RT — Rt with
q(0) = s1 and q(t) = s, it holds

! N'(0)
Pifllw., < o, exp{/q'u/\’qu D()du} VfeLly, .
1P She, < Uflhw, exp{ [ d N @)D (e f €Lu,
Proof. Our aim is to use the hypercontractivity property in Orlicz spaces Ly, together
with Theorem 3.9 to get a functional inequality involving the Young functions ®;, and
then use the assumption on F' and F' to get a similar inequality for F'.



Fix s3 > 51 > 0, t > 0 and a C! increasing function ¢ : RT — Rt with ¢(0) = s;
and ¢(t) = s. Fix f € Ly, and let N(u) := [|Puf|w,,, and g := P, f/N(u). Applying

Lemma 2.1 to \Tf(t r) 1= @44 (), and observing that %\I/(t,a:) = q’(t)\i/q(t) (x), we get
9)dp=q'(u /\I’ g)dp — /\1’” 9)IVgl* dp.

Since \Ilq(u) is a nice Young function, x\I/q(u)(a:) > Wy (r) for any z > 0, any u.
Therefore fg\IJ;( ( )d,u > 1 and in turn, when N'(u) > 0, we have

/\If (w) (9) dp — /‘Pq(u ) [Vgl? dp.

Now, thanks to Theorem 3.9, the hypercontractivity assumption guarantees that

1714, [ <\fﬂ%> P (0 (1)) < iy S 2 (g ) 19

By our assumption, item (i4i) of Lemma 3.6 (recall that Yo = ®g), we have
o = N (0)BoF(Bg) < N (0)e®oF (Do) + X' (0)D(e)Po.
Therefore, for any f with || f||e, = 1,

[0 (5 du < X [ @0 () F (@0 () diu+ N (0)D(e)
e [ (1)IVIP du+ NO)DE) = [ (H)IVF du+ N(O)D(E).

Recall the isometry

IS7tZL\pt — L\ps
£ e 95t o @ (i

f\pt )

from Proposition 3.2 that we may use with s = 0 and ¢t = ¢(u). The previous inequality ap-

plied to Io,q(u)(f) ensures that for any f with Hqu,q(u HIO,q(u)(f)H\pO = HIO,q(u)(f)H% =
1, it holds

. A
/WOOWOIOWQ(U)(f>d”S€/@

0
It follows from items (iii) and (iv) of Lemma 3.6 that

X(0 . /
)\’(q((i)) Vo (f)du < e/ vy () IV 12 dp+ XN (0)D(e).

0 Wy 0 Wy () [VF12 W 2(H)dpa + N(0) D(e).

This leads to
N'(u) _ o ) :
< +
Nw) = ( /\I' PIVFdp+ N0 ) /\Ilq(u) ) IV fI? dp

for any u such that N '(u) > 0. The latter being valid for any € > 0, choose ¢ such that
¢ (u)N(q(u))e = N(0). Therefore, provided that N'(u) > 0 it holds
N'(u)

Y X'(0)
¥ <D (o)
This bound trivially holds when N'(u) < 0. Hence

tog 127w, ~ 1081, = [ - 10g [ Pufll

' N'(u)
o N(u)

¢ / !/ )\/ O)
< fV ) (q«mw) i

The result follows. O

du




As an example of application, consider, for 8 € (0, 1], Fs(z) = (log(1 + x))? — (log 2)”.
It is not difficult to check that for any € > 0 and any 8’ < (3, it holds
Fg(x) < eFg(x) + D(e)
with

D(e) := —(log2)” + e(log 2)? + (%)Bﬁﬁ b _66/ (i)ﬁfﬁ

Now let
|| for x| > 1
Ua(-%') - a(a8—2)x4 + a(44—a)x2 + (1 _ %O& + %052) for ’.1‘| <1
be a smooth version of |z|* « € (1,2). Define the probability measure dul(z) =
n . Z e (@) dz; on R™. As already mentioned in Remark 3.10, it follows from [BCRO6,
Proposition 33] that Inequality (3.4) holds for Fj, ®y(z) = z? and some ¢ = c(a) > 0
and therefore that the semi-group (P;);>0 associated to p is hypercontractive along the
standard Orlicz family (®¢)¢>o built from Fj, ®g and any A satisfying \'(¢) < 1/c. Fix for
simplicity A(t) = t/c.
Consider the standard Orlicz families (V;);>o built from Fp/, ®o(z) = 2% and .
The previous theorem shows that (for s; = 0 and sy = s)

1P fllw, < m@)]fl2

m(t) = iI(}feXp {i /Ot q' (u)D (q’(lu)> du}

where the infimum is running over all increasing ¢: [0, t] — Ry with ¢(0) = 0 and ¢(t) = s.
We stress that the Luxembourg norm is computed here with reference measure p..
One has

where

/ 1 ’ B B8 ! L/
q (u)D 70 = —¢'(u)(log2)” + (log2)” + Cgp(q'(u))5—F
/ L/, /
where we set, for simplicity, Cg g := (%) -5 B gﬁ . Therefore,

iI‘}f {/Ot q' (u)D (q’(lu)> du} = —s(log2)” + t(log2)” + Cap irl}f {/Ot(q’(u))ﬁﬁﬂ’du} .

Since $/(8 — ") > 1, by Holder’s inequality (and equality cases in Holder’s inequality), it
is easy to see that
b =L B _ B8
inf {/ (q'(uw))B5-#" du} = sB-F"t B-F.
q 0
As a conclusion

1 / B __p
m(t) = exp { (—S(log 2)5 + t(log 2)5 + Cp 55t HB’)} )
c

Note in particular that the factor in the exponential explodes for a fixed ¢, when s goes to
infinity. This must be since the semi-group associated to p, can not be ultracontractive.

4. CONTRACTION PROPERTY FOR INHOMOGENEOUS MARKOV SEMI-GROUPS

In this section we deal with the time-dependent diffusion operators Ly := A—VV;-V, t >
0, on R", with V; smooth enough and such that [ e~"* = 1. Recall that the associated semi-

group (Ps(t)) s>0 is reversible with respect to the probability measure i (dz) := e~ V+(®)dz.
All along this section Luxembourg norms are understood with respect to ;. We may omit
such a dependence when not needed and write otherwise || - ||a,,u, -



In order to obtain contraction bounds for Pt(t) f, one could try to use the following
natural simple strategy. For ¢ fixed, one may assume that Hess(V;) > p; for some p; > 0
so that Gross’ theorem applies and leads to

1P Fllgeis)e < 1]

2,10t s, > 07

1
with, say, g:(s) < 1+ e®/?)% where we set ||gllqu = ([ |g|9du)7 for the L, norm of g
with respect to ¢ (we choose ¢:(0) = 2 for simplicity). Applying the latter at time s = ¢
leads to

1P f e < |1

Now observe that the latter might be very weak if p; is small. Moreover and more es-
sentially one would like to deal with a norm on the right hand side independent of ¢ (say
related to pg). Before achieving this program, by means of Lemma 2.1, let us end this in-
troduction with an easy (and very specific) example of inhomogeneous Markov semi-group
whose hypercontractivity property can be derived from the results of the previous section.

Consider for instance V; = U; for t € [0,T] and V; = Us for t > T where U; and U,
are associated to hypercontractivity properties in Orlicz spaces L(I)El) and L o respec-

2»/% *

tively. Then, we can argue that ||Pt(t)f||¢,<1) < HPs,(S)f||¢,<1), for any s <t < T, and then
t s

||Pt(t)f||q>(2) < ||Ps(s)f||<b(2) for any T' < s < t. Therefore, if the two families of Orlicz spaces
t s

coincide at time T, i.e. <I>(T1 ) = @g? ), and potentially modulo some extra assumptions on

the Young functions @El), <I>§2), if we set ®; = <I>§1) for t € [0,T] and @4 := <I>§2) fort > 1T,
one has HPt(t) flla, < HPS(S) flla, for all s <t¢. As already mentioned this is however very

specific and somehow artificially inhomogeneous. We would like to deal with examples of
potentials V; that evolve all along the time ¢.

In the next section we will deal under the restricted hypothesis of the log-Sobolev
inequality (4.1) related to the Orlicz family ®;(z) = |z[?®") (L, scale). This makes the
presentation more precise and easier by reducing some technicalities. However, it already
encompasses many of the difficulties. The last section (that comes after) will finally deal
with a more general setting.

We stress that the results below are a first step in the understanding of contraction
properties for inhomogeneous Markov semi-groups. Many remain to be discovered and
we believe that our investigations open new lines of research with possible application,
as mentioned in the introduction, to non-linear parabolic time dependent problems (in
infinite dimension).

4.1. LL,-scales. In order to give the flavor of what is happening in the inhomogeneous
setting (and avoid some technicalities), in this section we may only deal with contractivity
properties in Ly-scales. Recall that X_ = max(—X,0) stands for the negative part.

Theorem 4.1. Consider the inhomogeneous diffusion operator Ly as above. Set a; :=
Vi) =llsos bt := IVVi||loos ¢t := [[(VVi - VV; — AV,)_ || and assume that ag, by, c; < 00
for allt > 0. Assume also that, for all t > 0 there exists p; € R such that Hess(V;) > p;.
Finally, assume that there exists py > 0 such that the following log-Sobolev inequality holds

(4.1) [ £ 108(53d < [ 194

for all f with [ f2du; = 1 for which the right hand side is well defined. Then, for any
f: R" = Ry smooth enough, any p > 1 and any s < t, it holds

1P fllay e < mls, )|PD fllo, s



where ®(z) = 210, q(t) = 1+ (p — 1) exp{ L (2/s)ds}, ¢ > 0 and

1 — e Pul

ta
m(s,t) := exp /*u-i-ucu—l—bi
(s:%) { s qu)

(q(u) — 1)du} .

20y

Remark 4.2. As already mentioned, one possible criterion for the log-Sobolev inequality
(4.1) to hold, is Hess(V;) > p; > 0 (as a matrix), which implies p; < ;%‘ Alternatively, as
will be used below, one can apply a perturbation argument a la Holley & Stroock [HS87].

If V; does not depend on t then m(s,t) = 1 and ¢(t) = 1+ (p — 1)e/?*, which is Gross’
theorem off by a factor of 2 in the exponential (see the introduction). This is coming from
a technical computation that uses Cauchy-Schwarz’ inequality. One can actually improve
this and get ¢(t) = 1+ (p — 1) exp{(2 — €) f5(2/ps)ds}, for any £ > 0, but at the price of
a factor m(s,t) that depends on ¢, and that increases when ¢ decreases.

Modulo such a factor 2, the above theorem can therefore be seen as an inhomogeneous
counterpart of Gross’ theorem.

Example 4.3. The above theorem contains some non trivial examples. For instance one
can consider potentials of the form Vi(z) = U(z) + a(t)V(z) + v(t) with V unbounded
and (t) := log [ e"V=*Vdx so that p; indeed defines a probability measure.

Take for instance U(z) = @7

|m|2)§, with 8 € (0, 1] (this is an unbounded (time-dependent) perturbation of the standard
Gaussian potential U).

Then, V; = o/(t)(1 + |z|?)Z so that a; = 0; VV; = o/(t)B(1 + |x]2)§_1x, whence
by = o/(t)ﬂw% (which is understood as its limit when 8 = 1, namely b; = o/(¢)
if 5 = 1). Using crude estimates, it is not difficult to prove that c¢; < n%a/(t)(a(t) + 2).
On the other hand (again we omit details) Hess(V;) > 1 so that p, = 1 and (4.1) holds
with py = 2. Theorem 4.1 then implies that the corresponding inhomenegous semi-group
(Pt(t))tzo is hyper-bounded in the Ly scale, with ¢(t) = 14 (p — 1)’

For V(z) = log(1 + |z|?) one can easily see that a; = 0, by = o/(¢) and ¢; < co. The
issue is coming from estimating p;. In fact Hess(V;)(z) is bounded below by a positive
matrix only outside a ball (of radius proportional to «). Therefore, one can write V; =
H + R, with H strictly convex, in the sense that Hess(H) > 1/2, say, and R is bounded.
Then Bakry—Emery criterion applies to the measure with density proportional to e 7,
leading to a log-Sobolev constant at most 4, and then we use Holley-Stroock perturbation
Lemma, see e.g. [ABCT00, THeorem 3.4.3] to get Inequality (4.1) with constant p; at
most 4e95¢(%) (therefore potentially exponentially big in ) where Osc(R) = sup R — inf R
is the oscillation of R. Theorem 4.1 applies and finally leads to some contraction property
with ¢(t) — oo for a bounded or slowly growing to infinity (for instance «(t) = loglogt
would do).

a: [0,00) — [0,00) non-decreasing and V(z) = (1 +

B
2

Proof of Theorem 4.1. Let ®;(z) := |z|?® with ¢: [0,00) — [0, 00) increasing and satisfy-

(t)
ing ¢(0) > 1. Set N(t) := HPt(t)qu)t’ut for some non-negative smooth f, and g := Pth SO

that [ ®4(g)dus = 1. From Lemma 2.1, we have

N'(t) [ 9®i(g)dps < N (1 ( [ #ilo)due ~ [ ®1(9) Vgl dpn + )

t t
+ by / /0 P F v PO (®)(g))|dsdps + ¢ / /0 PO PO (g))dsdy.



We observe that x®}(x) = ¢®(x) so that [ g®}(g)du: = q. Also, by reversibility, the last
term of the latter satisfies

[ [ PO @ionasin = [ [ POED. D@ g)duas
0 0
— tN() [ 9@(g)du = N (B)a(0).

Since ®4(x) = ¢'(t)|z|7log(|z|) and ®}(x) = q(q — 1)|x|972, we get

1) Sy < gy Bt 9") — ala =) [ 'Vl dpc+ an + teca(t

by tow o
v ) PSP @9 s

The condition Hess(V;) > p; ensures that \VPS(t)h| < e_ptSPy)(Wh\) for all s > 0 and all
h (see e.g. [ABCT00][Proposition 5.4.5]). Hence, by reversibility

t t
| [ ROsvpO@onidsdn < [ [ e rO, s pO(T8;g))dsdn

t
= / /0 e~ P 10/ (9)| Vgl dsdpy

1 — e_ptt

= N(t)=———dla=1) [ 6" IVgldju.

Using the inequality uv < %uQ + £0v? with e = btl_%ptt, u=g3 ' |Vg| and v = g7 we get

2
1 — e Pit _ 1 _ 1 1 — e Pit
7/9" Vgldue < 7/9" VglPdpe + S| ———— /quut
pt 2by 2 Pt
so that, since [ g%du; = [ P¢(g)due =1,

q(t) ]]\\r,/((f)) < (izl((tt)) Enty, (¢7) — Q(q; 2 / 972V gPdu + ag + teq(t)
1 —e it

2p¢

+bf q(t)(q(t) —1).

Next, we observe that [ g7 2|Vg|*du; = ;%f|Vg%|2dut. Hence, for ¢(t) == 1+ (p —
1) exp{fg(Q/ﬁs)ds} which satisfies 2451

7 = Pt, we are guaranteed by (4.1) that
q(t) q(g —1) / Iy
E ay _ q
q(t) nt#t(g ) 2 g |Vg] d:u't
q'(t 2(q—1 a
=18 (Brtton) - 2 [ 199 e
q(t)

_ a9
o(t) <Eﬂtut(9q) —,Ot/|v92| dm) <0.
It follows that

N'(t) a

< — 4t +b21_7€_ptt( (t) — 1)
N ) T 2y

which leads to the desired conclusion.




4.2. General result. In this section we establish a more general result than Theorem 4.1
that allows one to deal with more general Orlicz families, and not only the L,-scales. As
a motivation, one can consider for instance as above Vi(z) = U(z) + a(t)V (x) + v(t) with
U(x) ~ % (for large |z|), v(t) := log [ e V=V dx and ®(x) = 2@ with F(z) ~
log(z)? (for large x). This corresponds, with a proper choice of V, to a generalization of
the hypercontractivity property proved in [BCRO7] in the homegenenous setting (recall
the introduction, see also Remark 3.10.

Theorem 4.4. Consider the inhomogeneous diffusion operator Ly as above. Assume that
for allt >0, by == |||[VVi|[|leo < 00 and that there exists p; € R such that Hess(V;) > p; (as
a matriz).

Let (®¢)¢>0 be a family of Young functions satisfying ®(z) < z®j(x) < By®(x), @;2 <
C;®®) and 22®)(z) < Dy®(x) + E; for all x > 0 and some constants By, Cy, Dy, Ej.

Assume that for all t > 0 there exist & € [0,1) and F; € R such that (V;)_ <
2 (IVVi[* = 2AV;) + F,.

Set Wy .= (VV; - vV, — AVt), and denote by p; € (0, 00| the best constant such that for
all f with || flle, =1 it holds

(4.2) [ e f)dne < v [ @IS P

Finally, assume either that
(4) et := [Willoo < 00 and py <1 —0¢;
or

(i1) ¢, := max (2|||VW,5Hoo/bt,supx:Wt(x#O (L{/szft —pt)_) < oo and that for all t >
0 there exists 8, € [0,1) and F] € [0,00) such that &, [ el%~Ps)5ds < 1 and W; <

i ([VVi2 = 2AV;) + F.

Then, for any f: R™ — R smooth enough, it holds

1P flloy e < (s, 1P £l e

where under assumption (i),

2
' 1—er\> D ,+E
m(s,t):exp{/ Fu+<bu € ) 5 ut L —l—cuBuudu},
S

and under assumption (ii),

Lo 2 bu(Dy + By)
— (Cv_p”)v u v v
m(s’t)_exp{ ([ ) s, 25 e

+ / el =Py (B, F! + F,) du}.
0

Remark 4.5. Observe that, when §; = 0, the assumption (V;)_ < g—tt (IVVi]? — 2AV;) + Dy

amounts to a; := ||(V;)_||ec < o0 which is the assumption that we used in Theorem 4.1.
Also, it might be that V; > 0 so that, in that case, one chooses & = D; = 0.

Observe also that the first inequality in the assumption ®;(z) < z®j(x) < Bi®P(z)
is satisfied by all Young functions, while the second inequality is a consequence of the
As-condition.

Finally we observe that, although we weakened most of the hypotheses of Theorem 4.1,
one key assumption one would like to remove/reduce is by = |||V V;|||oo < 0c0. Indeed one
interesting example one would like to deal with is for instance V;(z) = (1 — )% |z|> + |z|*,
with a € (1,2), where we have a critical point t = 1 in which hypercontractivity property



in IL,, spaces is replaced by a weaker property. Such an example is not covered by Theorem
4.4 since b; = oo.

Proof of Theorem 4.4. We start as in the proof of Theorem 4.1. Set N(¢) := HPt(t)fH‘I)t,Hm

(t)
g:= Pth so that from Lemma 2.1 for some non-negative smooth function f, it holds
N') [ g@g)dn < N ( [ o) ~ [ 6(0) Vol ~ [ Bulg)Vidu
(43) + [ [ RO VPO@, ) - Viidsds

t . .
— [ [ 9V 9V AR, £ PO (@) (g))dsdr

We analyze each term separately.

Since z®}(x) > ®4(x), it holds [ ¢gP,(g)dut > [ ®1(g)dur = 1. Hence, if N'(t) > 0, the
left hand side of the latter is bounded below by N’(t).

Since (V;)- < % (|VV1t|2 — 2AVt) + F;, we can use the expansion of the square, namely

Inequality (2.3) Wlth f=+v®:(g), to get that

[ oo < [otg)) an < 2[5

<5 [ /() Voldu + F.

Now assume first that assumption (i) holds, namely that ¢; = |[(VV;-VV; = AV})_ |00 <
oo. In that case we can proceed as in the proof of Theorem 4.1 to get

/] P VPO @) - idsdp, — [ / [VVi - VV; — AV PO, FPO(®)(g)) dsd
<b [ / PO SV EO(@,(9))dsdps + i [ / PO, FPO(®)(g))dsdp

e~ Pt
< BN(t )T / 98" (9)[Vgldus + cit N (t) / 9P (g)dpis.

Using our assumption on ®; and uv < 2 u? + 5 £92, the latter is bounded above, for any
e >0, by

1—e Pt /1
th(t)T (25/ 9@} (g9)dp + = /‘I) )IVgl| th) + ¢ Byt N(t) /‘I)t )d
1—e 1 b N(t)(1 — e Pt
<N (D )+ B (o) + U= a9y,
t t

b( —e —pet )
2p¢
together with inequality (4.2), we can conclude that for any ¢ such that N'(¢t) > 0,

Choose ¢ so that = [1 — d — pt]/2 so that, collecting the above computations

].—6_ptt 2 Dt—{—Et
Pt

(1 — 575 ) + CtBtt>

from which the conclusion under assumption () follows.
Now we turn to assumption (7). We need to bound the last two terms in (4.3). Using
Proposition 4.6 with W := W;/b; (observe that, since p; is a probability measure, by # 0),

N'(t) < N(t) (Ft - (bt



it holds

t
[ [ PO RO @) - Vidsdu — [ [ 19 V= AVIPL, PO @) (0))dsdne

<o [ [P0 (I9PO@I0)]+ TP @0 ) dsd

Wi
<o [ [ e, pp0 (|v<1>'<g>|+,j<1>'<g>)
t

t
= N() [ eerids (b [ g2l aldue+ [ Wigtlg)du

where we used the reversibility in the last inequality. For the first term in the right hand
side of the latter, we proceed as for aasumptlon (7). Namely, it holds for all ¢ > 0

[ o@t @) Valdne < o [ Pl g+ 5 [ #@IToPdu
1 €
< 5 (Di+ B+ 5 [ (o) Vgl du

For the second term, we use the expansion of the square (inequality (2.3) with f = /®:(g
to get that

/thq)t )d,ut < Bt / Wt(I)t d,LLt /(I)t |VV;§|2 - 2AV2) d,ut + BtFt/

O [ 2i(g)?
- 4Ct q)t(g)

Summarizing, under assumption (i7), when N'(t) > 0, we obtain

t
/Q)t Yy — <1—5t—;/ (e pg)sds—i—é// ~ps sds)/qb )| Vgl?dp
0

Di+ FE
+/0 elcs=Ps)sdg <bt( ;: ) +BtFt/+Ft)

|Vg|2dut + B, <8 [ @)(9)?Valdus + BEY.

t, D, +E
< / elesps)s g (bt(;:t) + ByF] + Ft> (thanks to (4.2))
0

2
_ (/t e(cg—ps)sd8> bt(Dt + fft) - + /t G(CIS_pS)SdS (BtFt/ + Ft)
0 2(1 =0y — pr — 0 Jy elsmre)ds)  Jo

1-6 g, e(cs—ps)s s . .
for € so that § fg elchi=po)sds = 10707 ‘g . The desired conclusion follows. [

In the proof of Theorem 4.4 we used the following results borrowed from [RZ21].

Proposition 4.6. Let L = A — VU -V, on R", and denote by (P;)i>0 its associated
semi-group. Assume that U: R™ — R is smooth enough and satisfies [e™V =1 so that
p(dz) = e V@ dzx is a probability measure on R™ and Hess(U) > p (as a matriz) for some

p€R. Let W: R — Ry be such that ¢ := max (2|||VW|||oo,SUPI;W(x)¢o (% - p)> <

oo. Then, for all f non negative

VP, f| + WP f < el PP (IVf|+WF).
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5. APPENDIX 1

Here we discuss the following formula

t .
PV f=L.f+ /O (eTL<t>Lte(t_T)L<t> f) dr.



Note that
) 1 t+5) t
9, Py f:l%;(Pt(+s f_Pt()f>
L s (t) L) (t+s)
=lim (B = POp) + lim = (P = Ry)
For the first term on the right hand side we have

t
Pt(t+5)f . Pt(t)f _ /0 (eTL(t+s) (L(t—‘rs) _ L(t)) e(t—T)L(t)f) dr

provided e(*="L® f is in the domain of L, — L(y) for every sufficiently small s and all
7 € [0,¢]. Hence if the limit
.1 t—mLey ¢ — T (t—T)L
S (L(t+s> —L<t>) o f = LelmDho f
is well defined, we have
1 L (pt+s) (t) YLy (-
- _ = ®) )L
tim — (P77~ Bf) /O(e 0 Ltk £) dr

On the other hand
PV F = B = Ly [ etk far
0

is well defined for Cp-semigroup and for f in the domain of L;we have

1 S S
lim — (P = PUTF) = Lt

s—0 8

Combining all the above yields

t .
o P f = Lif + /0 (etw Liet=DEw f) dr.
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