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This work addresses the question of a pertinent macroscale model describing creeping,
incompressible and single-phase flow of a Newtonian fluid in an exuding, rigid and
homogeneous porous medium. The macroscopic model is derived by upscaling the pore-
scale Stokes equations considering a normal mass flux at the solid-fluid interface. The
upscaled mass equation shows that the average velocity is non-solenoidal. In addition, the
macroscopic momentum equation involves a Darcy term with the classical permeability
tensor accounting for macroscopic drag and a correction velocity vector which is a
signature of the local fluid displacements induced by the exuding phenomenon. This
correction is the sum of a term accounting for the local exuding effect and a compensation
term associated to the assumption of spatial periodicity. The first term, as well as the
permeability tensor, are obtained from the solution of the same unique and intrinsic
closure problem, which corresponds to the one involved in classical Darcy’s law. The
upscaled model is validated by comparisons with pore-scale numerical simulations in
several illustrative examples. The different configurations evidence the richness of the
problem, despite the apparent simplicity of its formulation. The results of this work
motivate further investigation about the influence of internal flow sources in transport
phenomena in porous media.
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1. Introduction

Low Reynolds number incompressible flow of a single Newtonian fluid in a rigid porous
medium is governed, at the microscopic (pore) scale, by Stokes equations. In the absence
of rarefaction effects and of any source or sink, they are supplemented with a zero-velocity
condition at the solid-fluid interface. Provided the medium can be regarded as statistically
homogeneous at a scale much larger than the typical scale of its microstructure, the flow
can be described, from a macroscopic point of view, by Darcy’s law. This equation relates
the local average of the fluid velocity to the gradient of the average pressure via the
intrinsic permeability tensor, which only depends on the geometry of the microstructure

1 Email address for correspondence: didier.lasseux@u-bordeaux.fr
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and accounts for the macroscopic drag on the solid phase. Darcy’s law can be formally
obtained as the macroscopic momentum equation using various theoretical upscaling
methodologies, such as homogenization based on multiple scale expansions or the volume
averaging theory (see e.g., Sanchez-Palencia 1980; Whitaker 1986; Mei et al. 1996; Davit
et al. 2013). As a result of the zero mass-flux condition at the solid-fluid interface at
the underlying pore scale, upscaling also yields a divergence-free average velocity as
the macroscopic mass conservation equation. Subject to prescribed conditions at the
external boundaries of the macroscopic domain, both equations can be used to solve the
macroscopic problem.

In a variety of situations, however, the zero mass-flux condition at the solid-fluid
interface does not apply. This occurs, for example, when the fluid is released from the
solid into the pore space or absorbed from the pore space into the solid, due to many
possible mechanisms illustrated in the following. It is then a common practice to account
for the volume source in the macroscopic mass conservation equation, while using Darcy’s
law and the value of the intrinsic permeability, valid in the absence of source (Lachaud
et al. 2017; Vu & Tsotsas 2018). However, the zero velocity at the solid-fluid interface
is a key feature in the derivation of the classical form of Darcy’s law. There is, a priori,
no argument supporting that this equation remains unchanged if non-zero fluxes take
place at the interface and, even if a Darcy term remains, the modification or not of the
permeability must be carefully addressed. Therefore, it is of interest to determine if such
a heuristic formulation is reliable or not. For example, in the presence of interfacial slip,
it has been reported that Darcy’s law is applicable at the cost that the permeability
tensor is no longer intrinsic as it depends on the Knudsen number, in agreement with
the fact that the shear is modified by the existence of slip (Lasseux et al. 2016). When a
normal flux is present, one may expect that, if a Darcy term is preserved, the permeability
remains intrinsic as in classical Darcy’s law since the drag is unaltered. However, how
the macroscopic momentum equation is affected by the normal inward or outward
flow at the pore walls remains to be elucidated. Fundamentally, the problem under
consideration raises the questions: ¢) Is the solenoidal nature of the macroscopic (average)
velocity preserved? i) Is the Darcy model (macroscopic momentum balance equation)
heuristically used for exuding media in some reported works in the literature a physically
sound one? #4) If a Darcy term persists in the macroscopic momentum equation, is the
permeability still the intrinsic permeability? These questions are addressed in detail in
the following sections. This is a very important problem, both from fundamental and
potential applications points of view, which, to the best of our knowledge, has not been
yet addressed in the literature. Derivation of a valid macroscopic model in such situations
is therefore the purpose of the present work.

In the above description, and in some of the following examples, the solid phase is
actually often a nanoporous material. Nevertheless, this nanoporous structure is generally
too tight to actively participate to the flow within its volume at the scale of description
of interest. Consequently, it can be considered as an apparent continuous solid material
allowing fluid transfer between its surface and the neighbouring macropores. An example
is provided by the exploitation of tight gas reservoirs for which natural or induced
fracturing is required to access the resource. The gas contained under high pressure
in the nanoporous matrix is exuded at the fracture walls. Its flow towards the producing
well through the fractures is described, in field scale simulation models, by Darcy’s law
(Olorode et al. 2012; Jiang & Younis 2015), with a permeability which is deduced from
the fracture geometrical characteristics in the absence of surface sources (Mourzenko
et al. 2018).

Drying or pyrolytic processes also induce interfacial sources, with water vapor or
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pyrolytic gases produced in the solid and exuded into the pore space. Water can be
initially chemically bonded or confined in liquid state in nanopores. Pyrolytic gases can
result from thermal decomposition of biomass or organic compounds, such as kerogen
trapped in the nanopores of oil shales. In the latter case, a largely predominant inert
mineral matrix prevents the solid from deforming (Elayeb et al. 2017). Darcy’s law and
the usual intrinsic permeability are universally used in the macroscopic modelling of such
situations, see e.g. (Erriguible et al. 2006; Warning et al. 2015) for drying, (Shepel et al.
2010) for plaster dehydration, (Di Blasi 1994; Larfeldt et al. 2000; Bryden et al. 2002;
Mahmoudi et al. 2014) for pyrolysis.

Chemical reactions can also give rise to non-zero velocities at the solid-fluid interface.
Consider, for instance, a carbonaceous solid and the heterogeneous reactions Os +2C —
2CO (oxidation) or CO3 + C — 2CO (gasification). In both cases, a single mole of Oq
or COs is consumed and two moles of CO are produced. This volume increase resulting
from the net production of gas localized at the solid surface, can be accounted for by a
normal velocity directed into the pores. Reactions between gaseous species can result in
the same behaviour, if they require a catalyst contained in the solid, such as, for example,
the methanation reaction COs + 4H, — CHy + 2H50, or the inverse process of steam
reforming (Ronsch et al. 2016). By converting 5 moles of gas into 3 or conversely, it
induces a velocity at the surface directed towards or from the solid, respectively.

Fluxes at the pore/solid interface can also result from phase changes. Interesting
examples are provided by the water ice/vapour system, with sublimation/condensation
at the solid surface. The equilibrium vapour pressure depends on the surface curvature
as described by Kelvin’s law, giving rise to the isothermal snow ageing metamorphism,
with vapour migration from surface sources to surface sinks (Flin et al. 2003; Vetter et al.
2010). It also depends on temperature. Thus, in a bubble enclosed in an ice mass subject
to a temperature gradient, a water vapour transfer takes place from a surface source by
sublimation on the warm side to a surface sink by condensation on the cold side. This
phenomenon, in turn, induces the slow migration of the bubble (Shreve 1967; Dadic et al.
2010).

In many of the above examples, the solid geometry is subject to evolution, by ei-
ther mass loss or gain inducing shrinkage or growth. However, the characteristic time
associated to the deformation is usually very large compared to the one associated to
the fluid displacement, so that the flow problem can be treated with a quasi-steady
approximation within a fixed geometry. In the water ice/vapour system for instance, this
can be explained by the very large solid/gas density contrast.

As a generic problem accounting for the above mentioned situations, the interest is
focused in this work on the macroscopic description of flow in a porous material resulting
from exuding at the solid-fluid interface at the pore scale, i.e., from a non-zero velocity
normal component at this interface. Exuding is meant here in a general sense including
fluid release from the surface into the pores or, conversely, absorption from the pore into
the solid through the interface. The key question then arises whether Darcy’s law is still
a valid model at the macroscopic scale, keeping the hypotheses of a Newtonian fluid and
creeping incompressible flow conditions.

To address this issue, the article is organized as follows. In section 2, the pore-scale
model is presented, the solution of which is illustrated in a simple case, showing that the
classical Darcy’s law fails and hence, highlighting the necessity of deriving a macroscopic
model. Section 3 is dedicated to the upscaling of the pore-scale problem which yields
macroscopic mass and momentum transport equations. The former involves a term
accounting for the net mass that is released (or absorbed) through the solid-fluid interface
and the latter contains a correction term to Darcy’s law. This term involves a local
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FIGURE 1. a) Schematic representation of a porous medium saturated with a single fluid phase
along with the averaging domain and characteristic lengths. b) Position vectors associated to
the averaging volume.

contribution of the exuding effect and a compensation for the periodicity assumption.
The model is validated in section 4 by comparisons with pore-scale numerical simulations
in a variety of physical situations. Discussion and concluding remarks are provided in
section 5.

2. Pore-scale model

In this section, the boundary value problem under consideration and an illustrative
analytical solution in a simple case, justifying the analysis proposed in the following
sections, are provided.

2.1. Pore-scale boundary value problem

Consider a rigid and homogeneous porous medium, #);, of typical size L and of external
macroscopic boundary 9¥js, made of a solid rigid skeleton (o-phase) and saturated by
a single fluid (B-phase) as sketched in figure la. The situation of interest is when the -
phase is either released or absorbed at the solid-fluid interface .7g,. For this process,
the [-phase is considered as Newtonian and the flow is supposed to remain in the
incompressible creeping regime.

Let ¥, of measure V and size rg, in which the region occupied by the S-phase is
denoted by 73 (of measure V3), be a subdomain of 3 (¥ C %) referred to as the
averaging domain in the following (see figure 1a). At any point located at r = x +y
within 73, x denoting the position of the centroid of ¥ (see figure 1b), the fluid pressure
may be decomposed under the form p|. = (p)B]r + pl, (Gray 1975). Application of the
gradient operator, leads to

Vol = V{p)°|_ + Vil, (2.1)

In these relationships, (¢>ﬁ|r denotes the intrinsic average of 1 evaluated at r. The
averaging operator at any point x is defined as

W), = Viﬂ / ¥ dV (2.2)
Vs (x)

while 7,/; represents the deviations of ¥ with respect to its intrinsic average. In the course
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of the development, the superficial average defined as

1

W=7 [ v av=cw)? (23

Vs (x)

will also be used, € being the porosity of the medium (¢ = V3/V'), which is supposed to
be constant. This is a reasonable assumption that is supported by the consideration of
geometrical homogeneity of the porous medium.

As in the double scale homogenization technique, x may be understood as the macro-
scopic (or “slow”) variable, having a typical length-scale of variation L while y corresponds
to the microscopic (or “rapid”) variable having a characteristic length of variation ¢g,
typical of the pore dimension (see figure 1b). As for any upscaling procedure, a separation
of length-scales is assumed, expressed as g < 79 < L. The gradient of the average
pressure evaluated at r in equation (2.1) may be further considered using the following
Taylor series expansion written in a generic form as

1
v| :W\x+y-VW|x+§yy:VVW|x+... (2.4)

r
Performing an order of magnitude estimate on the first-order term in this expansion
allows writing

W, =W +0 (%OAJ/) (2.5)

where A¥ represents the characteristic variation of ¥ over the length-scale L. Since the
order of magnitude of A¥ can be at most as large as ¥, and as a result of the separation
of length scales, it seems reasonable to use the approximation ¥|, ~ ¥| . When ¥
represents an average quantity (¢)?, and, denoting from now on (1)?| = ()?, this
readily implies

@)? ~0 (2.6)

When ¥ is taken to be V{(p)? and when the resulting approximation is introduced in
equation (2.1), the flow problem under consideration can be written in ¥ as

V-v=0, in 73 (2.7a)
I oo 1,5 .
0=——Vp+Vv——V({?, in¥; (2.7h)
1 1
v =—yon, at Fp, (2.7¢)

In these equations, v is the velocity in the [-phase, whose dynamic viscosity, u, is
assumed to be constant. For the sake of simplicity, albeit keeping generality, no body
force is considered in the analysis. In the exuding boundary condition at </3,, (equation
(2.7¢)), vo denotes the rate of production (or consumption) of fluid per unit interfacial
area. It is supposed to be a position-dependent but known function of space, a priori,
and n is the unit normal vector at %73, directed from the § to the o-phase.

Additional boundary conditions at the entrances and exits, #/3., of ¥" must be pre-
scribed in order to complete the problem statement. In a classical homogenization
approach, one would certainly consider periodicity at 7. as this is the classical way
of carrying out the upscaling, assuming locality (Mei et al. 1996). However, taking the
superficial average of the mass balance equation (2.7a), applying the divergence theorem
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and making use of the boundary condition at <73,, yields

1
V/n~vdA:<p0 (2.8)
dge
with
1
Yo =1 / vo dA (2.9)
Ao

Clearly, periodicity on v at @3, is not physically admissible unless ¢y = 0. Even if it
will be further considered later in the development, the boundary condition at .o, is left
unspecified at this point. The macroscopic boundary condition over ¥}, shall nevertheless
be denoted as

%(v,p) = O, at JZfMge (210)

“prge denoting the portion of 074 intersecting the fluid phase. Here again, ¢(v, p) must
be compliant with the equivalent of equation (2.8) when the entire macroscopic domain
is considered.

2.2. Preliminary comments about the interpretation of Darcy’s law

At this point of the analysis, it is pertinent to make a clear distinction between the
superficial average of the pore-scale velocity (i.e., (v)) and another definition of the
seepage velocity (denoted q, in the following) that is typically found in the porous media
literature. To this end, let (v) be expressed as follows:

(v) = 1 /V~ (vr) dV — 1 (V-v)rdV (2.11)

The last term in the above equation is zero due to the solenoidal nature of the pore-scale
velocity. Using the divergence theorem in the remaining term, it follows that

(v) =q,+ % / n-(vr) dA (2.12)
Do
with
q, = % / n-vr dA (2.13)
e

In the above equations, qy is recognized in the porous media literature (see, for instance
Adler 1992) as the flux or seepage velocity. This definition of the seepage velocity is
intuitively appealing and corresponds to a quantity that is easily measurable in the
laboratory, with an empirical origin dating back to H. Darcy’s pioneering experiments.
In the classical Darcy’s law, for which the velocity is zero at the solid-fluid interface, the
last term in equation (2.12) is zero and it results that (v) = q, = —ﬁK - V(p)? so that
(v) or qs may be indifferently employed. However, in the case under study, v = —vgn at
273, and equation (2.12) takes the form

(v) =q, — é / vor dA (2.14)
P

Two important remarks must be made from the expressions of (v) and q,. First, it
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FIGURE 2. Two-dimensional flat channel made by a pair of plane parallel plates.

should be noted that qs, as given in equation (2.13), is ill-defined because it explicitly
depends on the origin of the system of coordinates when there are net sources in the
domain. Conversely, the average velocity, (v), does not and, consequently, this is the
appropriate definition of the macroscopic velocity that must be used in an upscaled
equation. Second, the definition of (v) captures both the mean flow entering/leaving
the porous medium (gs) and the local fluid displacements resulting from the interfacial
sources and/or sinks. These local phenomena must be taken into account for a complete
macroscopic description of the flow. The derivations presented in what follows are hence
given in terms of (v) and not of q,, which are different in the case under consideration.
2.3. Solution for a two-dimensional flat channel

Before developing the macroscopic model and in order to illustrate the specific features
of the problem, it is instructive to investigate a simple case for which an analytical solution
can be achieved. To this end, a two-dimensional periodic layered medium is considered.
Its unit cell contains a channel with aperture 2h as illustrated in figure 2. The surface
sources are denoted va' and vy at y = h and y = —h, respectively, and are assumed to
be independent of , so that po = £ (vg +vg )-

The analytical solution is derived imposing v, = 0 at = 0 with the idea that this
is a plane of horizontal symmetry resulting from the fact that the channel is open to
the atmosphere at both ends along x. The dimensionless solution for the horizontal
and vertical velocities, v; and vy, and pressure, p*, in the unit cell is obtained using
2h, vrey = max (|vg |, vy |) and p25 as the reference length, velocity and pressure,
respectively. This solution is given by

3 *
vy = 5% (1—4y*?)2* (2.15a)
36 (14 v =
e A 2.15b
vy =g ( 37 )y 5 (2.15b)
* % 906 *2 *2
pr=pi 462 (v - ") (2.15¢)

p} in equation (2.15¢) being an arbitrary constant. If o is positive, the pressure decreases
with #* and from the walls to the channel mid-plane. The opposite applies if ¢f results
in a net sink and p* remains constant if there is no net source or sink.

Although v} can be identified as a Poiseuille-like solution at each position z*, the
flow remains two-dimensional. This contrast with respect to the classical flow induced
by a pressure gradient along the channel may be better highlighted with the average
expressions of vy, vy and p* given by

1 9pH)?
12 Oz*

(v)P = (2.16a)
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+*x =%
(w)? = —w (2.16)
¥ = p3 — 622a" (2.16¢)
1/2
with (*)# = [ 4*dy and p5 = p} + ¢/(2¢). Equation (2.16a), once multiplied by
—1/2

€, corresponds to the classical Darcy’s law, involving the dimensionless permeability,
€/12, of the channel system in the a-direction. For the y-component of the velocity, no
analogy is possible with a Darcy-like flow. Note that this term accounts for the local fluid
displacements and remains even if ¢y = 0.

This simple example is a clear evidence that the upscaled model accounting for the
presence of surface sources and/or sinks at the solid-fluid interfaces can not be reduced,
in general, to Darcy’s law.

3. Upscaling

In this section, the derivation of a macroscopic model for the flow problem given
in equations (2.7) is proposed. The macroscale mass equation is obtained following
the classical volume averaging method (Whitaker 1999). However, for the derivation of
the upscaled momentum equation, an approach inspired by the adjoint homogenization
method recently proposed by Bottaro (2019) is used.

3.1. Mass balance equation

In order to derive the macroscopic mass equation, it is convenient to recall the result
given in equation (2.8) and use the relationship reported by Slattery (1967),

1
V/n-vdA:V~<v> (3.1)
e

in order to obtain

V- (v) = o (3.2)
o being given in equation (2.9). It should be noticed that, except when ¢y = 0, this
result contrasts with the macroscopic mass balance equation obtained while deriving the
classical Darcy’s law with a zero velocity at <73, (Whitaker 1986, 1999) or when a slip flow
boundary condition is considered (Lasseux et al. 2016). In other words, a consequence of
the conservation of mass within the averaging domain is that (v) has a non-solenoidal
character, despite the fact that the flow is incompressible at the underlying pore-scale.
This non-solenoidal nature of the average velocity is an important modification to the
classical Darcy model as it accounts for the mass entering/exiting the system through
the solid-fluid interface. At this point, the macroscopic model must be complemented
with the momentum balance equation as proposed in the following paragraphs.

3.2. Momentum equation

An efficient and simple way to derive a macroscopic form of the momentum equation,
is to make use of the adjoint method proposed by Bottaro (2019). To this purpose, an
adjoint problem can be conveniently defined with the minimum requirements as follows

V-D=0, in %3 (3.3a)
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0=-Vd+V?D+1, in¥; (3.3b)
D=0, at %, (3.3¢)

Again, boundary conditions for D and d at @/, are necessary for this problem to be
well-posed. However, they are not specified here as they are not required at this point of
the development.

The derivation is carried out by adding the product of equation (2.7a) by d to equation
(2.7b) pre-multiplied by D”. Forming the superficial average of the result leads to

(@v-v) + <DT : (/ivm v2v)> - % <DT> - V{p)? (3.4)

The three terms on the left-hand side of the above equation can be respectively rewritten
as

(dV -v) = (V- (vd)) — (v-Vd) (3.5a)
,% <DT . Vﬁ> - *%(V - (D)) (3.5b)
<DT : v2v> — (v-V2D) + <v : (VV D-v- (VD)T1)> (3.5¢)

Equation (3.5b) is obtained while taking into account the divergence-free property of
D. Note that in equation (3.5¢), the superscript T'1 denotes the transpose operator on
the third order tensor VD which permutes the first and second indices, i.e. (VD)?;}g
(VD) ,;x- Introducing these expressions into equation (3.4) and making use of equation

(3.3b), allows expressing (v) as

1 1
(v) =— E(DT) Vip)? + <v : [v~ (ld - (VD)“) + (—Nﬁl + Vv) : D]> (3.6)
This last expression can be reformulated using the divergence theorem together with the
boundary conditions for v and D at <73, given in equations (2.7¢) and (3.3¢) in order to
obtain

(v) :7;<D>Tov<p>ﬁfé / vo (d —nn: VD) dA
Ao

/ <_p|+vv> DdA——/ ~(-1d+(VD)™)] dA (3.7)

Here, the fact that nn : VD™! = nn : VD was taken into account as a result of the
symmetry property of the tensor nn. It must be noted that equation (3.7) is valid
whatever the boundary conditions at <73, are imposed for both the physical (equations
(2.7)) and adjoint (equations (3.3)) problems and that the only approximation is the one
associated to equation (2.5).

To make further progress towards a closed form of this macroscopic momentum
equation, it is now assumed that the porous structure can be assimilated to a periodic
one and that vy is also periodic. Under theses circumstances, 7 is selected as the smallest
periodic unit cell satisfying these properties. Moreover, periodic boundary conditions on
D and d can be considered for the adjoint problem as this does not imply any physical or
mathematical contradiction. This choice is retained in the remainder of the development.
Nevertheless, appropriate boundary conditions at «7s. for the physical problem are still
required, keeping in mind that periodicity on v is incompatible with equation (2.8) when
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wo # 0. To handle this situation, it is proposed, as an ansatz, to consider periodic
boundary conditions for both v and p at <73, and then, compensate for this assumption
as it is explained below. For the moment, it suffices to note that, on the basis of periodic
boundary conditions for both the physical and adjoint problems, equation (3.7) reduces
to

1

V=7

1 1
T\ | B _ .
<D > Vi) -5 / vod dA + o / vonn : VD dA (3.8)
'Q{B(y »‘2{5‘0‘

An additional simplification can be made regarding the last term in the above expres-
sion of (v). Taking into account the fact that v is a solenoidal field allows writing

<DT~ (v : (VV)T)> - <v- ((VV)T D-v- VD)> =0 (3.9)

Applying the divergence theorem to the term in the middle of this equation (3.9) leads
to

%/Uonn:VDdA—i—%/n-(Vv)T~DdA—%/n-(V-VD) dA=0 (3.10)
P e e

When periodic boundary conditions for both v and D are considered, the two last terms
on the left hand side of this last relationship are zero, which means that

% / vonn: VD dA =10 (3.11)
Ao
This allows simplifying equation (3.8) to
1 1
vy =—=(D)" - V(p) - = / vod dA (3.12)
I %
.Qf[;a

It must be kept in mind that this form is an approximation of (v), as a result of the
application of periodic boundary conditions for v at /.. Moreover, at this stage of the
derivations, an important point remains to be carefully addressed. Indeed, the adjoint
problem for D and d given in equations (3.3), complemented with periodic boundary
conditions, remains ill-posed as d can only be determined to within an arbitrary additive
constant, and this leaves the expression of (v) undetermined due to the last integral
term on the right hand side of equation (3.12). When vy is uniformly zero, i.e., when
the problem reduces to the derivation of Darcy’s law, it can be shown that an additional
constraint can be imposed on d by setting (d)? equal to an arbitrary constant for the
adjoint problem to be well-posed. This is due to the fact that, in this particular case,
the closed macroscopic momentum equation only involves (D) and that the field of D is
insensitive to any additive constant superimposed to the field of d. Indeed, the only source
of the physical problem originates from the gradient of the average pressure reflected in
the source term | in equation (3.3b). However, when a non-zero exuding flux is present,
d must be uniquely defined in equation (3.12) to obtain a closed expression for (v). This
feature results from the fact that periodic boundary conditions have been considered for
v, while the solution for (v) depends on both the internal surface source or sink, vy,
and the macroscopic boundary conditions. To circumvent this difficulty, it is convenient
to consider the decomposition of d under its intrinsic average A = (d)? and deviation
d; = d as

d=Xx+d; (3.13)
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Keeping in mind that, within the periodic unit cell, ¥, (d;)? = 0 (see equation (2.6)
with ¢ = d;) and that A can be considered as a constant (see equation (2.5) with ¥ = X
together with the ensuing approximation), the adjoint problem for d; and D can be
written as

V-D=0, in 73 (3.14a)
0=-Vd; +V’D+1, in ¥ (3.14b)
D=0 at s, (3.14¢)

b +1) =), i=123¢=d,D (3.14d)
(dy)f = (3.14e)

where 1; are the periodic lattice vectors of #". This problem exactly corresponds to the
closure problem (D and d; being the closure variables) involved in the derivation of the
classical Darcy’s law from which the intrinsic permeability tensor K is given by (Whitaker
1986, 1999; Mei et al. 1996; Mei & Vernescu 2010)

K = (D) (3.15)

Introduction of the decomposition for d into equation (3.12) while taking into account
that K is a symmetric tensor (see e.g. Lasseux & Valdés-Parada 2017), yields

(v) = —iK SVi{p)P + v (3.16)

where the vector v, denoting the correction velocity to Darcy’s law due to the surface
source or sink, vg, is defined as

1
Vg = —— / ’Uodl dA—A(po (317)
Vv ——
Ao v
N————
Vd

It should be noted that both K and v, are obtained from the same closure (adjoint)
problem that is intrinsic to the structure under consideration and it corresponds to the
same closure problem yielding K in the classical Darcy’s law. This is novel in the volume
averaging method, where it is usually required to produce a distinct closure problem for
each source in the pore-scale model. In addition, it should be noted that vy, like K, is
independent of the fluid viscosity, but, unlike K it is unmodified in a homothetic change
of scale of the microstructure.

To clarify the physical meaning of the terms involved in the macroscopic momentum
equation (3.16), it is instructive to rewrite it in the following alternative form

K K 1
——-VpB:——-—/n~TdA:v:v—vS 3.18
S v =K V=) (3.18)
P
where T is the total stress tensor (T = —pl + p (Vv + Vv7T)). In this formulation,

vy, which identifies as the Darcy term, corresponds to the average contribution of the
microscale flow field that induces a force on the solid phase (which translates into the
macroscopic pressure gradient). Conversely, v, is the contribution that does not induce
such a force but is nevertheless not zero due to the local fluid displacements.

In the expression of v, the first term (i.e., v4) accounts for the local effect of vg
whereas the second term (i.e., v, ) is a compensation of the effect of the periodic boundary
condition applied to v at the level of the unit cell. The idea here is that A can be computed
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from equation (3.16) with (v) obtained from solving the pore-scale flow problem in a
domain potentially significantly smaller than ¥}, with the same macroscopic boundary
condition (see equation (2.10)). If such reduction is not possible, then it should be
evaluated from a flow solution over the entire domain. Nevertheless, as illustrated in
section 4 below, A has no significant contribution in many circumstances, even if it can
be crucial in some very specific cases. The correction term v in v, does not even exist
when ¢y = 0 and this is consistent with the fact that, in that case, periodic boundary
conditions for v at @73, are physically admissible.

A particular feature of v4 must be pointed out when the structure is non-percolating
in a direction, ey, of space. In such circumstances, the projection of the closure problem
on e; admits the unique solution

D-e,=0 (3.19a)
and consequently
di-ex=(r—rg) e (3.19b)

rg being the barycentre of #3. From equation (3.19b), it appears that v, - ey, is the first
moment of vy in the e; direction. Hence, an average velocity may be induced in a non-
percolating direction of the medium in the absence of a macroscopic pressure gradient,
as already noted in the case of the flat channel (see equation (2.160)). This is further
illustrated in section 4.

The fact that the correction to Darcy’s law given in equation (3.16) is a vector implies
that, for situations in which the microstructure and the distribution of vy are both
isotropic, v should be 0 due to the absence of a privileged direction. Isotropy can also
result from statistical reasons, such as the averaging of the randomness in real media. In
addition, v4 may also be evanescent because of an uncorrelated combination of d; and
vg. In other words, v, plays a role only if there is some spatial alignment in the local
geometrical and /or fluid exuding distribution properties, in particular, when vy presents
some kind of polarization between releasing and absorbing interfaces. Moreover, an order
of magnitude estimate can be performed on vy and v) as reported in Appendix A. It
shows that both v; and v, are, at most, of order vg.

As a summary, the upscaled (or macroscopic) model describing flow in porous media
of a Newtonian fluid in the creeping incompressible regime, induced by a rigid and
homogeneous exuding solid matrix, is given by

V- (v) =g (3.20a)

(v)=— g -V(p)’ + v, (3.200)

in which ¢ and v, are given by equations (2.9) and (3.17), respectively, and this
represents the salient result of this work. Clearly, the macroscopic momentum equation
(3.200) differs from Darcy’s law by the correction term v, while (v) is not a divergence-
free field, except when g = 0.

4. Results

The purpose of this section is to assess the validity of the macroscale model derived
in section 3 for a variety of situations. Firstly, flow in two geometries of corrugated
two-dimensional channels is considered for three configurations of vy at the solid-fluid
interface. Secondly, flow in both isotropic and anisotropic two-dimensional model porous
media is analysed. Finally, the case of exuding within spherical bubbles is investigated, a
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situation which may be thought of as a simple representation of the migration of water
vapor bubbles in ice.

In all the situations studied here, the reference macroscale velocity and pressure results
are those obtained from averaging the numerical solution of the governing flow equations
at the pore-scale carried out in ¥#js. The pore-scale numerical simulation (PSNS) of the
flow problem, as well as the solutions of the closure problem given in equation (3.14) and
of the upscaled model are carried out using the finite element solver Comsol Multiphysics
5.5. The smoothed aggregation algebraic multigrid solver was chosen for the fluid flow
variables considering preconditioning. In addition, typical tests of convergence in terms
of the relative tolerance and number of mesh elements were performed so that the results
presented here are independent of these numerical degrees of freedom.

For the developments reported below, it is convenient to introduce the following
dimensionless variables and parameters

= r v — v oF = Vo * _ pzcell . QO* _ QOOEcell K = K .
Ecell 7 Uref ’ 0 Uref HUref ’ 0 Uref ’ giell ’
A d D
A = . di=—; D*= — (4.1)
gcell Ecell écell

Here v,.f = max(|vg|) and £cey; is the length of the geometrical periodic unit cell used to
construct the solution domain.

Before presenting the numerical results, the analytical solution obtained from the
macroscopic model in the case of the flat channel is compared to the flow solution reported
in section 2.3, keeping the same conditions. In that case, {..;; = 2h and the analytical
solution of equations (3.14) for D* and dj is given by

* 1 * 1 * *
D;, =0, Dj, =0, di,=y" (4.20)

Note that the results in equations (4.2b) correspond to the solution in equations (3.19),
as expected. Once these results are inserted into equation (3.16), it yields

*\8
() = = 2] (4.30
(vy) = —M (4.3b)

Combining the macroscopic mass and momentum equations (3.20), leads to the following

average dimensionless pressure equation
e &*(p)”
12 Ox*2

The solution of this equation is obtained by considering that (v:) = 0 (i.e. d(p*)?/0z* =
0) at * = 0 and it can be written as

=p;=c¢ (var* + vg*) (4.4a)

()’ =p5 - 6%%‘*2 (4.4b)

with p} being an arbitrary constant. The results given in equations (4.3) and (4.4b)
coincide with those obtained from the flow solution (see equations (2.16)). In particular,
v} is zero and the result from the macroscopic model is exact in that case.
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FIGURE 3. Pore-scale streamlines corresponding to a) Case a, b) Case b and ¢) Case d. Case ¢
is not reported for the sake of brevity.

4.1. Flow in corrugated channels

In this section, two types of two-dimensional channels, for which the macroscopic
domain, #js, is composed of the N-repetition (N = 11 here) along x of a geometrical
periodic unit cell, are considered. This geometry may be viewed as a simple model to
study flow in exuding fractures (cf., Rasoulzadeh et al. 2020). For the first channel
geometry, namely the wavy channel, the lower wall at y* = 0 is flat, while the upper wall
follows the oscillatory function y* = 0.35 + 0.25 cos(272*). The developed dimensionless
length of the upper wall is denoted by A7,,..,. The second type of geometry, referred to
as the shark-fin channel, is such that the lower wall is corrugated and not symmetric.
It presents a positive undulation over the baseline y* = 0 while the upper wall is flat,
positioned at y* = 1. In the following numerical evaluations, the dimensionless height
of the unit cell is taken equal to the maximum dimensionless channel aperture, i.e., 0.6
and 1 for the wavy and shark-fin channels respectively. The interest is to examine the
following four configurations:

Case a v = 1 at the upper wall and vj = —A
so that ¢f = 0;

Case b v5 = 1 at @3, in the wavy channel;
Case ¢ A Janus-typet configuration for which vg = 1 at the solid-fluid interfaces located
in the right half and v = 0 in the left half of each geometrical unit cell in the wavy
channel;

Case d v5 =1 at %, in the shark-fin channel.

To complete the problem statement, the following form of ¢*(v*, p*) for the condition
at the macroscopic boundaries, /g, (see equation (2.10)) is imposed for all the pore-

upper b the lower wall in the wavy channel,

1 named after the ancient Roman two-faced sculpture.
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TABLE 1. Values of the permeability (K*) and the components of v for all the numerical
simulation cases. Note that v}, was found to be irrelevant in all cases.

Case K* 0O Uiy Vgy vy
Wavy channel Case a 6.14 0 0 0 0.854 0
Wavy channel Case b ( '0 0> x107%  4.11 0 0.048 —0.349
Wavy channel Case ¢ 2.056 0.401 0.024 —0.174

Shark-fin channel Case d <1'018 8) x 1072 3.04 0.143 0.211 0.514
1

Isotropic porous medium Case a . 0 10-2 0 0 0.404 0
Isotropic porous medium Case b 0 1.94] % 0 0.793 0.283 0 0
Anisotropic porous medium

vertical Janus 31.10 3.31 4.92 0039 0.346 0
Anisotropic porous medium 3.31 1.72

horizontal Janus 4.81 0384 0.137 0

scale numerical simulations
G (v, p*) =n- [-p 1+ Vv + (V'v)T] =0 (4.5)

with n being the unit normal vector at #/sg. pointing out of the S-phase. The PSNS
were performed considering a channel composed of eleven geometrical unit cells and it
was verified that similar results were obtained considering larger values of N. In all the
simulations, the coordinate axes origin is located at the lower left corner of the system.
The pore-scale streamlines for the three cases listed above are presented in figure 3.
Regarding these results the following comments are in order:

(i) In Case a, the streamlines appear to be periodic from one geometric unit cell to
another. Since ¢f; = 0, fluid is released from the upper wall and absorbed at the lower
wall at the same rate so that the net flow is directed from the upper to the lower wall and
no overall flow is directed towards @/s3.. As a matter of fact, similar results are obtained
if, instead of equation (4.5), one imposes periodic boundary conditions at </ysg., which
complies with mass conservation in this case.

(ii) In Cases b and d, there is a net fluid source, with ¢ > 0. Consequently, the fluid tends
to move from the channel centre towards ./j;g.. Notice that in Case d, the streamlines do
not follow a symmetric pattern: the velocity is larger near the left macroscopic boundary
than near the right one.

(iii) The results for Case ¢ are equivalent to those shown in figure 3b, except that the
maximum values are divided by a factor of two and they are not reported in this figure
for the sake of brevity.

The predictions from the macroscopic model derived here are compared with these
PSNS for the above four cases. Comparisons are made in terms of the horizontal and
vertical components of the velocity vector, (v*), and the intrinsic average pressure, (p*)?.
It should be noted that a straightforward consequence of the mass equation for these
geometries is that the profiles of (v}) along z* are linear with a slope equal to ¢,
a feature that was recovered in all the four cases with the PSNS and the macroscale
predictions.

A salient feature of the upscaling approach presented in section 3 is that it is necessary
to solve only one closure problem (see equations (3.14)) in order to compute the field of
D", from which K* is obtained and the field of dj, from which v} can be deduced for



16 Lasseuz, Valdés-Parada, Thovert and Mourzenko

FIGURE 4. Fields of the closure variables corresponding to the wavy channel (a-d) and to the
shark-fin channel (i-iv). a) and i) Dj,; b) and ii) Dj,; ¢) and iii) dj, with isolines; d) and iv)
di, with isolines. The fields of D3, and D, are zero and are not represented here.

any source distribution. The fields of the closure variables are presented for both channel
geometries in figure 4. In specific, the fields of the zz and yx components of the closure
tensor D* are presented in figures 4a, 4i and 4b, 4ii. Since the channels do not percolate
in the y-direction, the zy and yy components of D* are zero for both geometries (see
equations 3.19a). In addition, the fields of the x and y components of the closure variable
vector dj are shown in figures 4c, 4iii and 4d, 4iv. As expected, the fields of dj, in figures
4d and 4iv are in agreement with equation (3.196). From the solution on D*, it follows
that the components of the permeability tensor are K, = K; = K = 0 for both
channels, while the only non-zero term is K. Its values are reported in Table 1.
Under these circumstances, the equation resulting from the combination of the
macroscale mass and momentum equations reduces to
2 /0 k\ B
K3, T g (4.60)
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which is subject to the following boundary conditions
ata* =ah, ()’ = pp (4.60)
at ¥ =3, (p")P =p} (4.6¢)

Here, p; and pj are the values of the dimensionless intrinsic average pressure obtained
from the PSNS at the first and last unit cell, located at z5 = 0.5 and 27 = 10.5,
respectively. The analytical solution of this boundary-value problem is

(PE _pé)(‘r* — xé) _ SDZ() [{E*2 *2

From the above expression, it is easy to obtain

R Ay S R 2
— - 2% — (% + xf 4.8
dz* (xf — )  2K%, (207 = (@7, + 20)] (48)

which is further used to compute the Darcy term.

The values of the two terms v}; and v} change for each case study as reported in Table
1. Nevertheless, some insight can be obtained from the results in figure 4c. In this plot, it
is observed that d7, is antisymmetric around z* = 0.5 at both solid-fluid interfaces. This
means that the contributions from v}, should be zero for the wavy channel when vg is
uniform at .o73,. However, this is not true for the shark-fin channel. In this configuration,
the contributions from both dj, and dj, are relevant because no particular antisymmetry
condition is observed. Furthermore, since the permeability is zero in the y-direction, it
follows that v, should be the only relevant term in the predictions of (v;) in both channel
geometries.

Regarding the predictions of A\*, its values are obtained from a combination of the
macroscale model and PSNS in a reduced macroscale domain. As mentioned in section
3.2, the pore-scale equations can be solved in a subdomain of ¥}; containing either
three or five geometric unit cells in order to obtain the values of (v}) and (vy). These
values show periodic oscillations about a geometric unit cell. Once smoothed by a second
spatial average over a moving unit cell, as suggested by Barrére (1990), and substituted
into the macroscale momentum equations, they allow computing A} and Aj. For the cases
described above, it was found that A} is irrelevant, i.e., v3, = 0. However, the same is not
true for A} (v3, # 0). Moreover, it was noted that a subdomain made of three unit cells
is sufficient as the same value of A} was obtained on the central unit cell for a subdomain
made of five (or even more) unit cells.

4.1.1. Case a: wavy channel, ¢ =0

In this case, the macroscopic pressure is constant along the system and therefore, the
Darcy term plays no role in the prediction of (v*). In addition, v} = 0 because ¢ =0
and, since v}, = 0, as already noted, (v}) = 0. Furthermore, the vertical component of
the macroscale velocity is completely determined by vy, (see value in Table 1) and, in
this case, it has the value of (v;) = —0.854. These macroscopic results were checked to
be in perfect agreement with those from the PSNS.

4.1.2. Case b: wavy channel, v =1

In this case, the mean flow goes from the centre of the system towards .27y, g, as shown in
figure 3b. Hence, the macroscale velocity and pressure are z-dependent along the channel.
As shown in figure 5, the macroscopic variables (p*)? and (vy) obtained from PSNS
exhibit an oscillatory behaviour, with a period corresponding to that of the geometrical
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FI1GURE 5. Comparisons of the averaged results of the pore-scale numerical simulations (PSNS),
with the predictions from the upscaled model (UM) for a) (p*)? b) (v3), c) (v}). These results
correspond to Case b for flow in a wavy channel, in which vy =1 at %3,.

unit cell. The PSNS profiles can be subject to a double spatial smoothing as described
above in order to eliminate the spatial oscillations. These non-oscillatory results (referred
to as PSNS (smoothed) in figure 5), are in excellent agreement with the predictions from
the upscaled model derived here. In this way, the macroscopic pressure follows a parabolic
profile, with its maximum located at the centre of the domain that is correctly described
by equation (4.7). The linear profile of the z-component of the macroscale velocity is in
agreement with the Darcy-term contribution. For the y-component of the macroscopic
velocity, the values of vg, and v}, reported in Table 1 lead to (vZ) = —0.3. This value
matches the smoothed PSNS result as shown in figure 5c. From this point on, the doubly-
smoothed PSNS results are no longer reported for the sake of brevity in presentation.

4.1.3. Case c: wavy channel, Janus-type configuration

This case is of interest because v features a heterogeneous distribution along the
channel walls. Nevertheless, as expected, the global amount of exuded fluid in this case
is half that in Case b, i.e., ¢§ = 2.05. Results obtained from the PSNS are qualitatively
equivalent to those reported in figure 3b and figure 5, all values being only affected by
a coefficient 1/2. In contrast to Case b, (v}) is shifted by v, which is non-zero in the
present case (see value in Table 1) due to the uneven source distribution. As indicated
in Table 1, v, is half the value reported for Case b. In addition, the value of A} was
found to remain unaltered in comparison to Case b, so that (v;) = —0.15, which is half
the value found in Case b. This is again in excellent agreement with the smoothed value
obtained from the PSNS and the same comment applies to the profiles of (p*)? and (v).
These results are not represented here for the sake of brevity in presentation.

4.1.4. Case d: Shark-fin channel, v =1

The last channel case considered here corresponds to the shark-fin configuration with
vg = 1 throughout #3,. In contrast to Case b, now v}, is non-zero due to the non-
symmetric geometry. Furthermore, taking the values of vy, and v}, reported in Table 1,
(vy) = 0.725, which, again, exactly coincides with the PSNS result as shown in figure
6¢. In the same figure, it is evident that (p*)? and (v}) are also in agreement with the
PSNS results. Contrary to the previous cases, (p*)” and (v};) are not evenly distributed at
the macroscopic boundaries and, interestingly, they exhibit less-pronounced oscillations
along the domain than those observed in figures 5a and 5c. Finally, (vX) follows a linear
profile, which is not entirely described by the Darcy term since it is shifted by v}, # 0.
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FIGURE 6. Comparisons of the averaged results of the pore-scale numerical simulations (PSNS),
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Ficure 7. Representation of a model porous medium of characteristic length L, made of an
array of periodic unit cells of length Z..;;. The solid phase is modeled as a circular obstacle of
diameter /.

4.2. Flow in porous media

A second set of numerical experiments was performed in simple two-dimensional model
porous media constructed by an x and y repetition of a periodic unit cell with isotropic
and anisotropic geometries for the solid phase. Two types of distributions are considered
for vg in the isotropic geometry:

Case a a sine-like exuding condition for which ¢f = 0;
Case b Janus exuding grains, which refers to a single object featuring two-sided con-
trasted properties, namely v; = 1 and v§ = 0 on each half-part of the grain surface.

The last vg distribution is also applied in the anisotropic geometry.

4.2.1. Isotropic geometry

Consider a porous medium made up of an array of periodic unit cells in which the solid
phase is modelled as a circular obstacle as shown in figure 7. The macroscopic domain
is modelled as a square of side length L = N/..;, with N = 11, although similar results
were observed for larger values of N. The porosity is taken equal to 0.8.

Case a: Sine-like exuding condition

As a first case study, consider a situation in which v§ obeys the following sinusoidal
function

2y* —
vy = % =sin(f), at s, (4.9)

where 6 is the inclination of the position vector of a point on 273, on the horizontal axis
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Ficure 8. Dimensionless pore-scale fields of a) v} = sin(#) cos(#) and v}, = sin®(0) at the
solid-fluid interface corresponding to the sinusoidal distribution of vg, b) v; and c) v;,.

(see figure 7). In addition, y is the dimensionless y-coordinate of the centroid of each
solid inclusion, whereas ¢ is the dimensionless diameter of the inclusion. In this way,
vg is position-dependent at .73, albeit periodic. Furthermore, the boundary condition
given in equation (4.9) leads to ¢f = 0. This means that, in this case, it is physically
acceptable to impose periodic boundary conditions at 7. instead of equation (4.5)
without compromising conservation of mass. Hence, it is not necessary to solve the pore-
scale problem in #3; made of the N x N unit cells; it suffices to carry out the solution
in only one geometrical unit cell.

The pore-scale velocity fields are presented in figure 8 both at .73, (figure 8a) and in the
unit cell domain (figures 8b and 8c), as a result of the PSNS. The pressure fields are not
reported in this figure as they are uniformly zero. Both components of the velocity exhibit
an oscillatory behaviour at @/s,; however, v} has cancelling amplitudes and vy > 0.
Consequently, it is not surprising that (v;) = 0; in addition, (vy) = 0.404.

Focusing now on the upscaled model, the closure problem was solved in the periodic
unit cell sketched in figure 7. The resulting fields of the closure variables are represented
in figure 9. Clearly, the diagonal components of tensor D* are x and y-symmetric fields,
whereas the off-diagonal components are antisymmetric. As a consequence, K* is a
spherical tensor, i.e., K* = K*I and the value of K* is reported in Table 1.

Regarding the fields of the closure vector dj, the results for the z- and y-components
are represented in figures 9e and 9f showing that di, and d;, are antisymmetric about
the vertical and horizontal directions, respectively. It is worth recalling that these results
are intrinsic to the geometry i.e., they are independent of vg. In addition, since there is
no macroscopic pressure gradient in any direction, it follows that the Darcy term in the
macroscale momentum equation (3.200) is zero, thus simplifying the model to (v*) = v?.
Finally, since ¢f = 0 in this case, v} = 0 and v} = v};. With the values reported in Table
1, this leads to a perfect match with the PSNS data.

Case b: Janus exuding grains

The second case study deals with a Janus-type configuration for v, such that

. {1 when 0<60<w/2 and 37/2<60<27 (4.10)

70 when 7/2<6<3m/2

Solving the governing equations at the pore-scale subject to the macroscopic boundary
condition provided in equation (4.5) gives rise to the velocity and pressure fields reported
in figure 10. The field of v} is y-symmetric but not z-symmetric, whereas the field of v
is x-symmetric and y-antisymmetric. The pressure field is = and y-symmetric with a
maximum value located at the centre of the domain.
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Ficure 10. Fields of a) v3, b) vy, ¢) p* obtained from pore-scale numerical simulations
considering the Janus exuding grains.

These observations suggest that the solution of the governing macroscale pressure
differential equation

*

*2 *,B:_QDO
V=T Tor

(4.11a)

can be performed in one quarter of the macroscopic domain. Notice that, in the above
equation, the isotropic nature of the permeability tensor was taken into account. Locating
the coordinate axes origin at the macroscopic domain centre, the solution of equation
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Fiqure 11. Comparison of the macroscopic velocity (a, b and c) and pressure (d) profiles
obtained from the upscaled model (UM) and pore-scale numerical simulations (PSNS) for the
Janus exuding grains. In b), the horizontal averaged velocity results from PSNS are compared
with those from Darcy’s law.

(4.11a) is subject to the following set of boundary conditions

£\8
at 2% = 0, 3(81772 =0 (4.11b)
xXr
d(p*)”
at y* =0, =0 4.11¢
y oy ( )
at z* =a7, ()’ =pi.(y") (4.11d)
at y* =7, <p*>'6 = pzy(x*) (4.11e)

The first two boundary conditions follow from the macroscale pressure-field symmetries.
As in the analysis of the corrugated channels, 27 and yj locate the positions of the last
centroids of the unit cells where the PSNS data were collected (i.e., 2* = y* = 5). Hence,
the functions p7 ,(y*) and p}, (z*) are extracted from the PSNS.

Due to the y-antisymmetry of d7, exhibited in figure 91, it follows that v;, = 0. With
the data reported in Table 1 for v}, and ¢y, it is possible to carry out the upscaled model
solution and compute the profiles of the macroscale velocity and pressure. These results
are reported in figure 11 and they are compared with those arising from the average PSNS
data for various values of y*. The simulations from the upscaled model are found to be
in good agreement with the PSNS without requiring the computation of v}. In order to
appreciate the relevance of v}, the predictions of (v}), only considering the Darcy term,
are compared with the PSNS results in figure 11b, showing a clear discrepancy. The two
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FIGURE 12. Periodic unit cell used to construct the anisotropic porous medium. The
boundaries at which vg is set to one are shaded in blue.

sets of curves differ by a constant vertical shift, corresponding to v}, . It should be noted
that the magnitude of the macroscopic pressure gradient builds up while moving away
from the centre of the domain, thus increasing (v%). Consequently, since v} is a constant
vector, its relative contribution decreases when the Darcy term becomes dominant.

When considering the results on (v;) and (p*)? represented in figure 1lc and 11d,
respectively, it is observed that the averaged PSNS results follow an oscillatory behaviour,
more prominent for (vy). Nevertheless, the predictions from the upscaled model are in
excellent agreement with the PSNS results once doubly-smoothed for all the values of y*
considered here.

4.2.2. Anisotropic geometry

To conclude this section, consider now flow in an anisotropic medium with porosity
e = 0.621, constructed by a N x N repetition in the = and y directions (N = 11 in the
present case) of the periodic unit cell shown in figure 12. For this case, v} = 1 at the
blue shaded part of @73, shown in this figure, while v§ = 0 at the remaining part of the
solid-fluid interfaces. This arrangement is referred to as a vertical Janus configuration
in the following paragraphs. Imposing the boundary condition given in equation (4.5) at
nige, and carrying out PSNS, yields the velocity and pressure fields shown in figure 13.
The numerical results are somewhat similar to those presented in figure 11 in the sense
that the fluid tends to move from the centre towards the macroscopic boundaries.

The fields of all the closure variables, obtained after solving the closure problem in
the geometric unit cell shown in figure 12, are represented in figure 14. Clearly, no
symmetric or antisymmetric property is observed. From this solution, the components of
the permeability tensor, which is now a full matrix, can be computed and the results are
reported in Table 1 along with the values of ¢f, vg, and vj,.

Since no symmetry properties are applicable to the pressure, the upscaled model must
be solved in the entire macroscopic domain, #j;. Locating the origin of the coordinate
axes at the system centre, the macroscale pressure solves the following boundary-value
problem

K*: V*V*(p*>6 = —p; (4.12a)
at z* = -7, (p")” =pi.(y*) (4.12b)
at " =23, (p")’ =pi.(y") (4.12¢)
at y* =—yi, (")’ =pp, (") (4.12d)
at y* =yi, ()’ =pi, ") (4.12¢)



F1GURE 13. Pore-scale fields of a) vy, b) vy and c) p* obtained from the vertical Janus
configuration in the anisotropic geometry.
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FicURE 14. Fields of the closure variables a) D;,, b) Dy, ¢) D3, d) Dy, e) dy, f) d;, for the
anisotropic geometry.

As in the previous case, 3 = y} = 5, while pf; and p}, (i = z,y) are functions of
position that are obtained from the PSNS. Despite the fact that this problem was solved
in the entire domain, the comparisons with the PSNS data are reported in figure 15 for
only one quarter of ¥}, for the sake of brevity in presentation. The macroscale velocity
and pressure profiles barely change for y* = 0,1 and 2 and for this reason, the results
corresponding to y* = 1 and y* = 2 are not reported in this figure. These results are in
excellent agreement with the predictions from the upscaled model without considering
the contribution from v3. Note that, as in Case a for the isotropic porous medium, the
relative importance of v} with respect to the (v*) decreases while moving away from the
centre of the domain.

Finally, it is worth considering another distribution of v in the same porous medium,
which can be viewed as a horizontal Janus exuding pattern. As for the vertical Janus
distribution of v, an excellent agreement is found between the averaged PSNS results
and the solution of the upscaled model, without taking v} into account that is again
irrelevant in that case. The values of ¢ and v}; are given in Table 1. Most interestingly,
if the contribution from v is neglected and if the results are normalized by ¢, then the
macroscale velocity and pressure profiles from the vertical Janus match those from the



Ezuding porous media: Deviations from Darcy’s law 25

) ) S <P>J10‘

[ ; . r R
250 o y =0 E 4k ] 2'5; °

] : 1 2F

[ o ] 3 .4 [

15;—UM ] Y0 150 — UM 1

10f ] r 1 : ]
0; ] : fvcv oy =0l 1r A, 1
F 7 ] [ 3 ] [ W ]
oF 4 1 :

1 0s5F L.

R o e mrlt (1] S T I

FI1GURE 15. Comparison of the macroscopic velocity (a and b) and pressure (c) obtained from
the upscaled model (UM) and the pore-scale numerical simulations (PSNS) for the vertical Janus
configuration in the anisotropic medium.

horizontal Janus. This is expected, since when the net volume sources and outer boundary
conditions are identical, the macroscopic model (3.20) predicts that the velocity fields
differ only by the value of v} associated with a particular distribution of the interfacial
sources. This is a relevant result, that may be of interest in practical situations in which
one may only account for ¢ at the macroscale.

4.3. Migration of water vapor bubbles in ice

To conclude this section, an extension of this work to the migration of water vapour
bubbles in ice is briefly discussed. To this end, consider an ice mass containing a dilute
population of spherical bubbles. For simplicity, assume that the bubbles contain pure
water vapour, so that internal mass transfer does not involve diffusion. Each bubble is
supposed to be in global equilibrium, i.e., its internal pressure is equal to the saturation
pressure at the temperature of the surrounding ice and its volume is constant. Any
deviation would result in a net ice sublimation or vapor condensation rate, with pressure
and volume variations, until an equilibrium state is reached ultimately.

Despite the global equilibrium, an overall temperature gradient can exist in the
ice mass, as occurs in glaciers or polar ice caps (Mellor 1960). The resulting slight
temperature difference across the bubble causes sublimation to take place at the warm
part of its surface, and condensation on the opposite cold side. This, in turn, induces a
migration of the bubble in the direction of increasing temperature. Under a quasi-steady
approximation, it is reasonable to neglect interfacial displacement, so that, the transfers
at a bubble boundary correspond to

v =Pin (28 9T, at o, 4.13
0 Pu <piLsUTef p ( )
Vi

Here p; and p, denote the densities of ice and water vapour, respectively. In addition,
k; is the ice thermal conductivity, L, is the latent heat of sublimation and VT is the
overall temperature gradient. Finally, the term between parenthesis in the above equation
corresponds to the dimensionless bubble velocity, vj. Its expression results from an
energy balance, and shows that it does not depend on the bubble size (Shreve 1967). The
source distribution in equation (4.13) results in ¢ = 0, in agreement with the global
equilibrium hypothesis.

A simple way to derive an expression for the macroscopic vapor velocity, without
actually solving the flow problem, is by noticing that v* = V* - (v*r*) and applying the
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TABLE 2. Summary of the macroscopic velocity features in the different case studies. The
values of vj,, vy, and v}, are reported in Table 1.

Case ¢ (v3) ()
Flat channel e(vg™ +v5 ") Darcy' vy
Wavy channel Case a 0 0 Uiy
Wavy channel Case b 4.11 Darcy Uy + U3y
Wavy channel Case ¢ 2.05 Darcy+uvy, Uy + U3y
Shark-fin channel Case d 3.04 Darcy+uv}j, Uiy + U3y
Isotropic porous medium Case a 0 0 Uiy
Isotropic porous medium Case b 0.793 Darcy+uvy, Darcy
Anisotropic porous medium « *
vertical Janus 4.92 Darcy+vy, Darcy-+tuvg,
Anisotropic porous medium « ¥
horizontal Janus 4.81 Darcy+vi, Darcy-+va,
Bubble 0 vy /) VT

"The term Darcy denotes the projection of —K* - V*(p*)? on the corresponding direction.

intrinsic averaging operator together with the divergence theorem to obtain

1 .
(v¥)P = v / vor* dA* = —%vg (4.14)
5 v
,Qfga

The last equality results from substitution of vg from equation (4.13) in the integral. In
fact, this interfacial integral can be identified as the source dipole. For instance, if the
source and sinks were concentrated at two points, it would reduce to a usual point-source
dipole (Pozrikidis 2003; Spagnolie & Lauga 2012).

Since the pore space in the ice is made of disconnected cavities, its permeability
coefficient is zero, hence the Darcy-term in equation (3.16) vanishes and the macroscopic
velocity reduces to (v*) = vi = v} because ¢ = 0. In this way, the closure problem given
in equations (3.14) can be solved in a unit cell containing a single bubble. It is readily
apparent that D* = 0 (and therefore K* = 0) and d] = r* —r}, as mentioned in section
3.2 (see equations (3.19)). Substitution of this result, along with the expression of v
given in equation (4.13), into equation (3.17), taking into account the fact that ¢f = 0,
leads to an expression for (v*), which, when divided by the porosity, allows recovering
the result given in equation (4.14). This can be straightforwardly extended to periodic
media where the unit cell contains any number of bubbles, possibly with different sizes.
Thus, the upscaled model established in the previous section accommodates this peculiar
situation of a non-percolating porous medium, and predicts the correct mean gas velocity.

To summarise the different situations investigated with the above examples, the
features of the macroscopic velocity components are reported in Table 2, highlighting
the richness of the problem. Note that the Darcy model is applicable in the minority of
the cases studied here. When ¢ = 0, there is no Darcy-term in the macroscale model.
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5. Discussion and conclusions

In this work, a macroscale model describing incompressible, Newtonian and creep-
ing flow in exuding rigid and homogeneous porous media was derived. The governing
transport equations at the pore-scale correspond to the ones involved in the derivation
of Darcy’s law with the difference that a normal mass flux is present at the solid-fluid
interface. Despite the apparent simplicity of this problem, this physical situation is quite
rich. Indeed, mass conservation prevents, in general, the simplification of the problem to a
single periodic unit cell. Therefore, the use of periodic boundary conditions in the course
of the upscaling process must be treated with caution. Nevertheless, a common practice in
the literature is to use the classical Darcy’s law at the macroscopic level, which raises the
question about the pertinence of such an equation and/or whether or not the permeability
tensor can remain intrinsic. The upscaling of the governing pore-scale equations developed
in this work contrasts to the Darcy model in two respects. First, the macroscopic velocity
field is non-solenoidal. The non-solenoidal nature of the average velocity (despite the fact
that the flow is incompressible) is a relevant modification to the classical Darcy model,
albeit not the only one, as it accounts for the mass entering/exiting the system through
the solid-fluid interface. Second, the macroscale momentum equation involves the classical
Darcy term (with the intrinsic permeability) and a correction term. The correction term,
Vs, in the macroscopic momentum equation is the sum of a contribution, vg4, due to the
local effect of vy and a term, vy, that compensates for the periodicity assumption. The
magnitude of both v4 and vy were found to be, at most, of the order of vg. Since vy is
a vector, the correction only applies in one spatial direction. This can only occur if the
system features privileged directions that result from geometrical and/or vy distribution
anisotropy. A salient feature of the model derived here is that a unique intrinsic closure
problem, exactly corresponding to the one involved in the classical Darcy case, is required
to predict both the intrinsic permeability tensor and v4. The correction term, v, accounts
for the local fluid displacement induced by the exuding phenomenon at the solid-fluid
interfaces. This effect is not captured by the Darcy term, which only accounts for the
macroscopic drag. This correction term, v, identifies as the average of a contribution to
the flow field which does not induce any macroscopic force on the solid skeleton of the
porous material.

The performance of the upscaled model was validated in a variety of physical situations
ranging from flow in flat and corrugated channels to isotropic and anisotropic porous
media. For channels, the component along the channel-axis of the correction term in the
macroscopic momentum equation results from a complex interplay of the distribution
of vy and the walls geometry. This component is zero in the case of the plane channel
(it can be shown that this result holds whatever vg) or in the sine-channel when v is
uniform. In more complex cases, a correction is needed in the axial direction and it can
only be obtained from the solution of the adjoint problem. The different channel examples
illustrate the pertinence of the correction in various flow situations; a detailed analysis
on the role played by the topology and vy distribution is out of the scope of this work.

The macroscale model solution requires physically sound boundary conditions at the
macroscopic boundaries. In this work, they were obtained by fitting data from the pore-
scale numerical simulations at the macroscopic boundaries. Certainly, it is tempting to
impose heuristic boundary conditions, such as (p)” = 0 at <7js5.. However, it was verified
that using this approach leads to relative percent errors larger than 10%, especially near
the macroscopic boundaries. In contrast, the approach used here leads to an error below
1%. Certainly, this issue requires further analysis since the derivation of macroscopic
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boundary conditions is still a developing research subject not specific to the exuding
problem investigated here. However, this is beyond the scope of the current work.

For the cases in which ¢g = 0 (plane channel when ¢y = 0, wavy channel Case a,
isotropic porous medium Case a, and bubbles in ice), periodicity is physically justified
and the macroscopic model is exact to within the approximation associated to the classical
length-scale constraint. Since no macroscopic pressure gradient is present, it follows that a
Darcy-type model is incapable of predicting the constant velocity. This result is accurately
predicted by v4 with vy = 0.

When the distribution of vy is such that ¢ # 0, many different situations can occur.
The pertinence of the constant correction term vy with respect to the Darcy term is
particular to each application. Moreover, the correction term v was found to be generally
irrelevant for the cases studied here. The exception is in the corrugated channel cases,
for which v, plays a role in the non-percolating direction of the channel.

The above indicates that a Darcy-type model may be pertinent whenever the pressure
gradient spatially develops so that the Darcy term overcomes the contribution from vg.
Nevertheless, it should be noticed that, even if a Darcy model would provide acceptable
predictions of the macroscopic velocity, in some particular situations, v, may not be
neglected (see Table 2). Indeed, it can trigger some mechanisms, like instability for
instance, if flow is coupled to another non-linear phenomenon, which may be overlooked
if a pure Darcy model is employed.

As a matter of perspective, the combination of the upscaled model from this work with
species and /or heat transport models can be used to predict an ample variety of transport
processes in porous media involving internal flow sources, such as mineral dissolution in
rough fractures as recently studied by Rasoulzadeh et al. (2020). Finally, the results from
this work should also call for complementary experimental investigation.
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Appendix A. Order of magnitude estimates

The purpose of this appendix is to provide order of magnitude estimates for the
correction vectors vy and vy. To this end, it is convenient to commence the analysis
by examining the boundary-value problem given in equations (3.3), which are subject
to homogeneous boundary conditions at .2/3.. This means that this problem is driven by
the unitary volume source in equation (3.3b). From this observation, the following order
of magnitude estimate can be made

d = 0(ty) (A1)

Since A = (d)?, it follows that A = O(fg), with the idea that this represents an upper
bound. Directing the attention to the closure problem defined in equations (3.14), a
similar analysis leads to the estimate

d; = O(¢p) (A2)
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Taking these results into account, the order of magnitude estimates for v4 and vy are
derived

1
V4 = _V / U0d1 dA=0 (’U()) (A 3&)
Ao
V) = —)\QOO =0 (7)0) (A 3b)

which are again upper bounds. With these results, it immediately follows that vy = O(vg)
and this concludes the derivations.
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