N

N

Rate of convergence for particles approximation of PDEs
in Wasserstein space *

Maximilien Germain, Huyén Pham, Xavier Warin

» To cite this version:

Maximilien Germain, Huyén Pham, Xavier Warin. Rate of convergence for particles approximation
of PDEs in Wasserstein space *. 2021. hal-03154021v1

HAL Id: hal-03154021
https://hal.science/hal-03154021v1

Preprint submitted on 26 Feb 2021 (v1), last revised 16 Nov 2021 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03154021v1
https://hal.archives-ouvertes.fr

Rate of convergence for particles approximation of
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Maximilien GERMAIN | Huyén PHAM # Xavier WARIN 8

February 26, 2021

Abstract

We prove a rate of convergence of order 1/N for the N-particle approximation of
a second-order partial differential equation in the space of probability measures, like
the Master equation or Bellman equation of mean-field control problem under common
noise. The proof relies on backward stochastic differential equations techniques.

1 Introduction

Let us consider the second-order parabolic partial differential equation (PDE) on the
Wasserstein space Ps (]Rd) of square-integrable probability measures on R%, in the form:

{atv+H<t,u,v,auv,axauv,agv> =0 EMERD) xP®)

o(T,p) = G(p), /LG,P2(Rd)'

Here, 0,,v(t, 1) is the L-derivative on P2(R?) (see [CD18a]) of > v(t, i1), and it is a function
from R? into R?, 8,0,v(t, ;1) is the usual derivative on R? of x € R? v d,v(t, u)(x) € RY,
hence valued in R¥? the set of d x d-matrices with real coefficients, and 821)(75, ) is the
L-derivative of p + 9,v(t, 11)(.), hence a function from R? x R? into R¥?. The terminal
condition is given by a real-valued function G on Py(R?), and the Hamiltonian H of this
PDE is assumed to be in semi-linear (non linear w.r.t. v, d,v, and linear w.r.t. 0,0, aﬁv)
expectation form:

Mt 209 0() = [ [ ga(a) + 5tr((00" + ou) (1, )3()) )
(1.2)
1

+ 5/ tr(oo(t, z, p)og(t, @', p)yo(z, o)) p(dx)u(da’),
R? x RY

for some real-valued measurable function H defined on [0, 7] x R? xPy(RY) x R x R%, and
where o, 0y are measurable functions on [0, 7] x R? x Py (R%), valued respectively in R4*™,
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and R™*™. Here tr(M) denotes the trace of a square matrix M, while M is its transpose,
and . is the scalar product.

PDEs in Wasserstein space have been largely studied in the literature over the last years,
notably with the emergence of the mean-field game theory, and we mention among others
the papers [BFY15], [GS15], [PW18], |Car+19], [SZ19], [Bur+20], and other references in
the two-volume monographs [CD18a]-|CD18b]. An important application concerns mean-
field type control problems with common noise. The controlled stochastic McKean-Vlasov
dynamics is given by

dX = B(s, X, IP’()](? yag)ds +o(s, X, ng)dWs (1.3)

+ 00(57X37ng)dwsoy t<s<T, Xz? =,

where W is a n-dimensional Brownian motion, independent of a m-dimensional Brownian
motion W (representing the common noise) on a filtered probability space (Q, F,F =
(Ft)o<t<T,P), the control process « is F-adapted valued in some Polish space A, and here
P* denotes the conditional law given W°. The value function defined on [0, 7] x Py(R) by

T
v(t,p) = InfE;, [/ e_T(S—t)f(X;x7 cha ,ag)ds + e"“(T—t)g(X%, ]pz%) ,
a t s

(here E; ,,[] is the conditional expectation given that the law at time ¢ of X solution to (I.3])
is equal to ) is shown to satisfy the Bellman equation (LI)-(L2]) (see [BEY13], [CP19],
IDPT19]) with G(p) = [ g(z, p)p(dz), o, oo as in ([I3) and

H(t,w,py,2) = —ry+ iof [B(t 2, p,0).2 + f(z, 1, 0)]. (1.4)

We now consider a finite-dimensional approximation of the PDE (LI)-(L2) in the
Wasserstein space. This can be derived formally by looking at the PDE for i to averages
of Dirac masses, and it turns out that the corresponding PDE takes the form

N

ol + & ZH(t,xi,ﬂ(:c),vN, ND, o) + %tr(ZN(t,w)DivN) =0, on [0,7) x (RHN
i=1

oN(T,x) = G(ﬂ(iﬂ)), x = (2i)ie[1,N] € (RN,

(1.5)
where fi(.) is the empirical measure function defined by i(x) = + Zf\i 1 0, for any x =
(1,...,zn), N € N*, and X = (E%’)i,jG[[LN}] is the RN _yalued function with block

matrices E%(t,w) = o(t,x, i(x)) o7 (t, zj, i(x))i; + oo(t, z, i(x))ol(t, zj, i(z)) € R,
In the special case where H has the form (I.4]), we notice that (I.5]) is the Bellman equation
for the N-cooperative problem, whose convergence to the mean-field control problem has
been studied in [Lacl7], [CD18hb], [LT20], when oy = 0 (no common noise), and recently
by [Dje20] in the common noise case. For more general Hamiltonian functions H, it has
been recently proved in [GMS20] that the sequence of viscosity solutions (vV)y to (LH)
converge locally uniformly to the viscosity solution v to (LI).

In this paper, we adopt a probabilistic approach by considering a backward stochastic
differential equation (BSDE) representation for the finite-dimensional PDE (L.3]) according
to the classical work [PP90]. The solution (YN, Z"Y = (Z%N),<;<n) to this BSDE is writ-
ten with an underlying forward particle system X~ = (XHN Ji<i<n of a McKean-Vlasov



SDE, and connected to the PDE () via the Feynman-Kac formula: Y,V = oV (¢, XN),
ZZ’N = DwivN(t,Xi’N), 0 <t < T. By using BSDE techniques, our main contribu-
tion is to show a rate of convergence of order 1/N of |YV;¥ — v(t, i(X7))|, and also of
INZPN — 0t f(X M) (XPN)2, i = 1,..., N, for suitable norms, and under some regu-
larity conditions on v (see Theorem [2.4]). This rate of convergence on the particles approx-
imation of v and its L-derivative is new to the best of our knowledge. We point out that
classical BSDE arguments for proving the rate of convergence do not apply directly due
to the presence of the factor N in front of D, v" in the generator H, and we rather use
linearization arguments and change of probability measures to overcome these issues.

The outline of the paper is organized as follows. In Section 2] we formulate the particle
approximation of the PDE and its BSDE representation, and state the rate of convergence.
Section [3is devoted to the proof of this result.

2 Particles approximation of Wasserstein PDEs

The formal derivation of the finite-dimensional approximation PDE is obtained as follows.
We look at the PDE (LI)-(L2) for 1 = a(z) = SN 6, € Po(RY), when @ = (Ti)ieq, N
runs over (RY)N. By setting oV (¢, ) = v(t, fi(z)), and assuming that v is smooth, we have
for all (i,7) € [1, N] (see Proposition 5.35 and Proposition 5.91 in |[CD18al):

{ Da o™ (@) = §0u0(ts il@)) (), 1)
Dgixjf)N(t,:c) = 0,0,0(t, i(x))(:)8;; + #831)(&/1(&:))(@,%).

By substituting into the PDE (ILI))-(L2) for x = f(x), and using ([21]), we then see that
o™V satisfies the relation:

Ny — ZHtxZ, N ND,, ) (2.2)
1 N
45 S (o0 + 0008) (i, ) (D0 — 5 R0(t, (@) s, 20)
=1
b S wnlooltm m@)oy(t oy ) D, oY)

i#jE[L, N]]

2N2 Ztr o0o(t, i, fi())00(t, fi(®)) (zi, 7:)) = 0

for (t,x = (2i)iep,ny) € [0,T) % (RHYN, together with the terminal condition &V (t,x) =
G(n(x)). By neglecting the terms OZU /N? in the above relation, we obtain the PDE (7))
for vV ~ #N. The purpose of this section is to rigorously justify this approximation and

state a rate of convergence for vV towards v, as well as a convergence for their gradients.

2.1 Particles BSDE approximation

Let us introduce an arbitrary measurable R%valued function b on [0, T] x R? xPy(R%), and
set By the (RY)N-valued function defined on [0, T]x (RN by By (t,x) = (b(t, z;, () ie[1,N]



for (t,z = (%i)icp,ny) € [0,T) x (RN, The finite-dimensional PDE (F) may then be

written as
N 4+ By(t, ). Dpv™ + 1tr(2N(t,w)D§vN)
N
£ Hy(t, i N ND,vN) =0, on[0,T)x (RH)Y, (2.3)
i=1

(T m) = G( ( ))7 T = (xl)ze[[l N] € (Rd)N7

where Hy(t,z, p,y,2) := H(t,z,u,y,z) — b(t,x,n).z. For error analysis purpose, the func-
tion b can be simply taken to be zero. The introduction of the function b is actually
motivated by numerical purpose. It corresponds indeed to the drift of training simulations
for approximating the function v, notably by machine learning methods, and should be
chosen for suitable exploration of the state space, see a detailed discussion in our companion
paper [Ger+21]. In this paper, we fix an arbitrary function b (satisfying Lipschitz condition
to be precised later).

Following [PP9(], it is well-known that the semi-linear PDE (Z3]) admits a probabilistic
representation in terms of forward backward SDE. The forward component is defined by
the process XV = (Xi’N)ie[[LNﬂ valued in (RY)V, solution to the SDE:

dXN = By(t, XN)dt + on(t, XN)AW; + oo(t, X N )dW} (2.4)

where oy is the block diagonal matrix with block diagonals o%(t,x) = o(t,z;, ii(x)),
o0 = (0)iep,n] Is the (R*™)N_valued function with o (t,x) = oo(t,x;, fi(x)), for & =
(Ti)iep,ny, W = (W, ...,WN) where W%, i = 1,..., N, are independent n-dimensional
Brownian motions, independent of a m-dimensional Brownian motion W° on a filtered
probability space (Q, F,F = (F;)o<i<7,P). Notice that ¥y = ono}y + 090, and XN is
the particles system of the McKean-Vlasov SDE:

dX; = b(t, Xy, Py, )dt + o (t, X;, PY )AW, + ao(t, Xy, PG, )dWY, (2.5)

where W is an n-dimensional Brownian motion independent of W°. The backward compo-
nent is defined by the pair process (YN, ZV = (ZLN),-E[[LN}]) valued in R x (R%)N, solution
to

N T
1 ) )
YN = Ga(XP) + 5 / Hy(s, XoN, (X)), YN, NZpN)ds (2.6)
i=1"1t
N T ' ' '
=Y [ @y Y pX ) aw,
; t
=Y [ @ oo(s X X )awd. o<t

We shall assume that the measurable functions (¢, z,u) — b(t,z,pn), o(t,x,n) satisfy a
Lipschitz condition in (z, ) € R? xPy(R?) uniformly w.r.t. ¢ € [0,7], which ensures the
existence and uniqueness of a strong solution X € S2((RY)") to (24)) given an initial con-
dition. Here, SF(R?) is the set of F-adapted process (V;); valued in R? s.t. E[supg<icr |Vi|?]
< 00, (|.] is the Euclidian norm on R?, and for a matrix M, we choose the Frobenius norm



M| = \/tr(MMT)), and the Wasserstein space Pa(R?) is endowed with the Wasserstein
distance

Wil i) = (inf {BIE— P €~ ~i'}),

and we set ||pll, = ( [pa|z|? ,u(da:))% for p € Po(RY). Assuming also that the mea-
surable function (t,z,u,y,2) — Hy(t,z, 1y, z) is Lipschitz in (y,z) € R xR uniformly
with respect to (¢,x, 1) € [0,T] x R xPy(RY), and the measurable function G satisfied a
quadratic growth condition on Po (Rd), we have the existence and uniqueness of a solution
(YN, ZN = (Z"N)iep,ny) € SE(R) x HZ((RY)N) to (26), and the connection with the PDE
23) (satisfied in general in the viscosity sense) via the (non linear) Feynman-Kac formula:

YN = oV, XN), and Z"N = DoV, XY), i=1,...,N, 0<t<T, (2.7)

(when vV is smooth for the last relation). Here, H2(RY) is the set of F-adapted process
(Vi) valued in R? s.t. E[ [ [Vi|2dt] < oo.

2.2 Main result

We aim to analyze the particles approximation error on the solution v to the PDE (L),
and its L-derivative d,v by considering the following pathwise quantities:

EY = sup ‘YtN —U(t,ﬂ(XiV))‘a
0<t<T

N T
) 1 i = Ny |2
o= w2 [ N = 0 aX )Pt
i=1

where the initial conditions of the particles system, XS’N, i =1,...,N, are i.i.d. with
distribution pyg.

Here, it is assumed that we have the existence and uniqueness of a classical solution v
to the PDE (LI)-(L2]). More precisely, we make the following assumption:

Assumption 2.1 (Smooth solution to the Master Bellman PDE). There exists a unique
solution v to to (1), which lies in 05’2([0,T] x Po(R%)) that is:

e v(.,u) € CY[0,T)), and continuous on [0,T], for any p € Pa(R?),

e u(t,.) is fully C% on Po(RY), for any t € [0,T] in the sense that: (z,u) € RY xPy(R?)
= Ouu(t, u)(z) € RY, (z,1) € R xPy(RY) > 0,0,0(t, 1) (z) € MY, and (z,2',p1) €
R? x R? XPQ(Rd) — 83v(t,u)(a:,a;’) e M¢, are well-defined and jointly continuous,

o there exists some constant L > 0 s.t. for all (t,z,p) € [0,T] x R? xPy(R?)
0ot ) (@) < LU+ 2]+ ul,),  [0Fv(t, w)(z,2)| < L.

The existence of classical solutions to mean-field PDE in Wasserstein space is a cha-
llenging problem, and beyond the scope of this paper. We refer to [Buc+17], |CCD15],
[SZ19], [WZ20] for conditions ensuring regularity results of some Master PDEs. Notice
also that linear-quadratic mean-field control problems have explicit smooth solutions as in
Assumption 2] see e.g. [PW18].

We also make some rather standard assumptions on the coefficients of the forward
backward SDE:



Assumption 2.2 (Lipschitz condition on the coefficients of the forward backward SDE).

(i) The drift and volatility coefficients b, o, 0 are Lipschitz: there exist positive constants
8], [0], and [o0] s.t. for allt € [0,T], z,2’ € RY, p, 1’ € Pa(RY),
[b(t, @, 1) = b(t, 2", 1) < [b] (|l — 2" + Walu, 1))
otz 1) — o(t,2’, 1) < o] (|l — '] + Walu, 1))
oo (t, 2, 1) — oo(t, 2", 1) < [oo] (Jo — 2’| + Wa(u, 1))

(ii) For all (t,x,p) € [0,T] x R xPy(RY), S(t,x, ) := 007 (t,x, ) is invertible, and the
function o, and its pseudo-inverse ot := oTE ! are bounded.

(iii) 1o € Pag(RY) for some ¢ > 1, i.e., llolls, = (f]a;\‘lquo(dm))‘l_lq < 00, and
T
/ [b(t, 0, 80)|"7 + |0 (2,0,80)[ "¢ + |o0(, 0, 80)|" dt < oc.
0

(iv) The driver Hy satisfies the Lipschitz condition: there exist positive constants [Hp),
and [Hy], s.t. for allt € [0,T], z,2" € R, pu, 1/ € Po(RY), y,9/ € R, 2,2/ € RY,

’Hb(taxaﬂ7y7z)_Hb(t7x7,ufay/72)’ S [ ] (’y y’+’2—2‘)
|Hy(t, 2, p,y, z) — Hy(t, 2", 1y, 2)] < [Hyly (1+ [ + |2 + [lell, + 11]],)
(lz — @'+ Walp, 1))

(v) The terminal condition satisfies the (locally) Lipschitz condition: there exists some
positive constant [G] s.t. for all pu, ' € Py(RY)

1G(r) = G| < [GI(llely + 1) W lp, 1)

Remark 2.3. The Lipschitz condition on b, o in Assumption[Z2(i) implies that the func-
tions x € (RHN — By(t,x), resp. on(t,x) and oo(t,x), defined in 24), are Lipschitz
(with Lipschitz constant 2[b], resp. 2[o] and 2[o¢]). Indeed, we have

N

’BN(t7w) - BN(t7 :IZ/)’2 = Z ’b(tvxlaﬂ(w)) - b(tv‘rivﬂ(a}/))F
1=1

N
20> (|zi — 2f|” + Wa(p(e), i(2'))?)
=1
< 2[p)? ml2+z lx — ') = 4[|z — /|7,

for x = (:Ei)ie[[LN]], and similarly for on and og. This yields the existence and unique-

ness of a solution X" = (X*N),cpy np to @A) given initial conditions. Moreover, under
Assumption [22(iii), we have the standard estimate:

E[ sup [XY[*] < C(1+[lpoll}?) < oo, i=1,...,N, (2.8)
0<t<T



for some constant C' (possibly depending on N ). The Lipschitz condition on Hj w.r.t.
(y, z) in Assumption [2Z2(iv), and the quadratic growth condition on G from Assumption
[Z2(v) gives the existence and uniqueness of a solution (YN, ZN = (7 Miep.ny) € SE(R) x

H]F((]Rd) ) to ([2.6]). Moreover, by Assumption [Z2(iv)(v), we see that

2

1 o 1
|N2Hb(ta$i7 yvzl _N tﬂj‘,/.t yvzl)‘

! ' ; — @ Lar:—ac’
\/—N(leﬂm D) (i = 2] + —| )

N
1 /
Hyl, =Y (L4 |a| + |2 + —
=1 N

A[Hy), (1 + || + |2'|) |x — 2|
|G(a(x)) — G(a(x"))| < %(W + [2])]|x — 2|,

forallz, 2’ e R, x = (zi)ien,N]> ®'= (2})icqi,N] € (RYN | which yields by standard stability
results for BSDE (see e.g. Theorems 4.2.1 and 5.2.1 in [Zhal]) that the function vV in
220) inherits the locally Lipschitz condition:

[N (t, ) — oM (ta')| < C(1+ |2| + |||z — 2|, Va2’ € R)Y
for some constant C' (possibly depending on N ). This implies
ZpN < c(1+|XY)), 0<t<T, i=1,...,N, (2.9)

(this is clear when v is smooth, and otherwise obtained by a mollifying argument as in

Theorem 5.2.2 in [ZhalT]).
Theorem 2.4. Under Assumptions (2.1 and[2.2, we have P-almost surely
Ev+EV = O(N_l),

where the constant in the big Bachmann-Landau term O(.) depends only on the data of the
PDE-BSDE problem.

Remark 2.5. Let us consider the global weak errors on v and its L-derivative O,v along
the limiting McKean-Viasov SDE, and defined by

EY = sup [E[Y}"] —E[v(t,P] )]
0<t<T

B = NZ/ E[NZV] E[@uv(t,]P’gg)(Xf)]rdt,

where X' has the same law than X, and with McKean-Vlasov dynamics as in (Z35) but
driven by W', i = 1,...,N. Then, they can be decomposed as

EY < E[&%] + EY, E% < 2(E[&%] + E%),



where EX,, E]ZV are the (weak) propagation of chaos errors defined by

Byi= sup [B[p(ta(X})] - Ep(t.BY,)]

~ 1 &L [T _ N N 0 iy |2
Bom 520 [ Bl axi))] - Bl P )]
=1

From the conditional propagation of chaos result, which states that for any fired k > 1,

the law of (XEN)QE[[%%] converges toward the conditional law of (Xf)i[[%%],

nfinity, we deduce that E~']}<,,E~'JZV — 0. Furthermore, under additional assumptions on v,
we can obtain a rate of convergence. Namely, if v(t,.) is Lipschitz uniformly in t € [0,T],
with Lipschitz constant [v], we have

as N goes to

[NIES

B <[] swp (EDVa(a(X ), P, )?))

— O<N_max1(d,4) 1 + ln(N)ld:4>,
0<t<T

hence EY = (N——mx}d,4> T+ (N ), (2.10)

where we use the rate of convergence of empirical measures in Wasserstein distance stated
in [FG13], and since we have the standard estimate E[supg<i<r |Xi|*] < C(1 + [|pol39)
by Assumption [22(iii). The rate of convergence in (210Q)) is consistent with the one found
in Theorem 6.17 [CDI18b] for mean-field control problem. Furthermore, if the function
Ouv(t,.)(.) is Lipschitz in (x, n) uniformly in t, then by the rate of convergence in Theorem
2.12 of [CD18l], we have

Bf = O(N @0 (14+In(N)lyms) ), hence  E = O(N™ 5@ (1+In(N)1a=s)).

3 Proof of Theorem 2.4

Step 1. Under the smoothness condition on v in Assumption[2.1], one can apply the standard
1t6’s formula in (R?)N to the process oV (t, X V) = v(t, i(X ), and get

T
oV, XNy = (T, X)) — / 0™ (5, XV )ds (3.1)
t

T
1
_/ B (s, X2).Da (5, X + Str(Sn (s, X2) D20 (5, X 1)) ds
t

N7

=3 [ D X)) o X X
i=1"1t
N T )

=Y [ (D s X)) a0 XY XN,
i=1"t

Now, by setting (recall ([2.1])):

ViV = ot 5(X7)) = oVt X7,
y 1 .
70N = Nauv(t,,a(XiV))(XZ’N) = D, oV, XY), i=1,...,N, 0<t<T,



and using the relation (Z2)) satisfied by oV into (B.I]), we have for all 0 <t < T,

- 1 N7 . - ..

TN = Gax) + / Hy(s, X0V g(XY), VY NZIN)ds (3.2)
i=1

N T
1 N ) i i
~ 2N2 Z/t tr(2(87Xs’NaM(Xév))aiv(sa,U(Xév))(Xs’N’XS,N))dS
i=1

N . N .7
-y / (ZiNyro (s, X2V, p(XY))dwi — > / (ZeN)roo (s, XoN, p(X ) awy.
t i=1 t

i=1

Step 2: Linearization. We set
AYN .= YN YN, Az = NzZN - ZY), i=1,...,N, 0<t<T,
so that by (2.6)-32),

N7

1 —_— . —_— - -

AY;N = N Z/ [Hb(&X;’N’,u(XéV)’}/stNZ?N) - Hb('S’X;’N’,u(X‘]SV)’}/stNZ?N)] ds
i=1"1

N T
1 WwWIN — N 2 — N i\, N i\ N
* g | e X ROK )t KK X

N T
- 32 [ Az (s X XY )aw
=1

N T
1 . .
- 33 [ Ao XV XD AWE, 0<e<T.
i=1
We now use the linearization method for BSDEs and rewrite the above equation as

N T N 1 Y T i, IN
AYY = SAY ' d — LAZYYd
t /t o s ds + N ;/t Bs s s
1 M7 . . .
~ N 3 [ Az (s, XY (XY )
=171

N T
-3 [ Az (s, X ) aiw
i=1"1t

N T
1 . . .
b o [ (e XN OO s X (XY X)) s,
=1
with
e Hy(s, X0V n(XY), YN NZeY) — Hy(s, X0V, (X)), YN Nz )
=5y NG Tayyzo
=1 S
i Hy(s, X0V a(XN), YN NZ2YY—H, (s, X0V p(xN) YN NZVN i,N
gi — I axy) \A)ZQ’NT2( ax) IAZ LV o



for i = 1,..., N, and we notice by Assumption ZZ(iv) that the processes a and 3° are
bounded by [Hp),. Under Assumption 2.2[ii), let us define the bounded processes Mo =
ot (s, XN p(XN)BL, s € [0,T], i = 1,..., N, and introduce the change of probability

S

measure P* with Radon-Nikodym density:

dP> N Ti . N 1 [T .
==& = exp(;/o )\SdWS—ZZ:;i/O \)\8]2ds>,

so that by Girsanov’s theorem: Wti =W} - fot Ads,i=1,...,N, and WY are independant
Brownian motion under P*. By applying It6’s Lemma to elo asdsAY;N under P*, we then
obtain

N T
1 * aydu ) = = % )
AYN = ) /t el @vtir (s, XV, p(XT) (s, X)) (XN, X0T))ds
1=1

N T

1 s . . —

SN X [ e Az (5, X (X)) AT
i=1"1t

N T
1 s . .
- ¥ > / el wdu(AZEN YT o, (5, XEN (X)) AW, 0<t<T. (3.3)
i=1 t

Step 3. Let us check that the stochastic integrals in (3.3]), namely [ ég’N.d/W§, and
S ZNS’i’N.dWL? are “true” martingales under P*, where Zi" := eo ondugr (s, XN, ﬂ(XéV))AZg’N,
2PN = elo aundugr (s XUV (XN AZIN i =1,...,N,0< s <T.

Indeed, for fixed ¢ € [1, N], recalling that « is bounded, and by the linear growth
condition of oy from Assumption 22(i), we have

£ [ 120 Pas] < 0B [ [ (loo(s, 0,000 + XV 4 1K)
(INZZY? + 10uv(s, (X)) (XM)P)ds
< CE[g} /OT N (Joo(s,0.80)[* + X' [*)ds]
where we use Bayes formula, the estimation (23)), the growth condition on d,v(.)(.) in

Assumption I and noting that |X2V| < | XN, |R(XN)? = | XY [?/N. By Holder
inequality with ¢ as in Assumption 2.2(iii), and % + % = 1, the above inequality yields

T 1 T 1
EF' [/ 204N 2as| < N2 (E[|EA])” (E[/ (Io0(s,0, 8017 + | X *1)as | ),
0 0
which is finite by (2.8), and since A is bounded. This shows the square-integrable martingale
property of | z? ’Z’N.dVVS0 under P*. By the same arguments, we get the square-integrable
martingale property of [ ZHN AW under P
Step 4: Estimation of EX,. By taking the P* conditional expectation in B3), we obtain

N T
1 A o du ) P P 7 7
AVY = 5 S| [ el (s, XY ) 0o, () (Y. X)) s
i=1

10



for all ¢ € [0,7T]. Under the boundedness condition on ¥ = ooT in Assumption 2.2(ii), and
on agv in Assumption 2.1] it follows immediately that

EY = sup |AYN|= O(N7Y), as. (3.4)
0<t<T

Step 5: Estimation of £3;. By applying It6’s formula to |JAYN|? in (33) under P*, and
integrating from 0 to T', we have

AV + Z [ 1o X RO AZEN P 3o, X4 ) AZ s
T
1 i _ — 7 i
=2 /0 s AV + ZAY;Ntr(ms,X;N,u(XiV NI, X XY, XoN))ds
- = /AYN (AZPNYTo (s, X0V (X)) dw}

-= / AYN(AZIN Yoo (s, XUV, (X)) dwry.
As o7 is bounded by Assumption 2.2(ii), and taking expectation under P*, we then get
HU +H2 i, N N i,N |2
Z s, XPN (X)) AZENPds

< Jlo* |2 EP[2 / 0. N|AY P
0

N
1 i _ — i i
+ 7 2 ANt (S(s, X0V, A(X ) Tu(s, (X)X, X;N>)ds].
i=1
Recalling that «, ¥ and amﬂ are bounded, and using the estimate (3.4]), we conclude that:
&% = O(N7Y), as. O
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