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Abstract

One of the most famous ranking methods for digraphs is the ranking by Copeland score. The Copeland
score of a node in a digraph is the difference between its outdegree (i.e. its number of outgoing arcs)
and its indegree (i.e. its number of ingoing arcs). In the ranking by Copeland score, a node is ranked
higher, the higher is its Copeland score. In this paper, we deal with an alternative method to rank nodes
according to their out- and indegree, namely ranking the nodes according to their degree ratio, i.e. the
outdegree divided by the indegree. To avoid dividing by zero, we add 1 to both the out- as well as
indegree of every node. We provide an axiomatization of the ranking by degree ratio using a clone
property, which says that the entrance of a clone or a copy (i.e. a node that is in some sense similar
to the original node) does not change the ranking among the original nodes. We also provide a new
axiomatization of the ranking by Copeland score using the same axioms except that this method satisfies
a different clone property. Finally, we modify the ranking by degree ratio by taking only the out- and
indegree, but by definition assume nodes with indegree zero to be ranked higher than nodes with positive
indegree. We provide an axiomatization of this ranking method using yet another clone property and a
maximal property. In this way, we can compare the three ranking methods by their clone property.
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1. Introduction

Ranking is one of the crucial issues in everyday economic, social, and political activities. There
are numerous examples of applications, such as ranking departments and candidates within a university,
journals ([17]), web pages on the internet ([[7]), teams in sport competitions, firms in an industry, political
candidates and alternatives in social choice ([19]). The use of an appropriate ranking method is of
particular importance. Directed graphs have an established role in modeling and investigating various
ranking methods, with nodes having different interpretations (individuals, journals, web pages, teams,
alternatives, institutions, political parties, etc.).

Formally, a ranking method assigns to every directed graph a complete preorder on the set of nodes.
One of the most famous ranking methods for digraphs is the ranking by Copeland score ([9]). The
Copeland score of a node in a digraph is the difference between its outdegree (i.e. its number of outgoing
arcs) and its indegree (i.e. its number of ingoing arcs). In the ranking by Copeland score, a node is ranked
higher, the higher is its Copeland score. We investigate an alternative to rank nodes according to their
out- and indegree, namely ranking the nodes according to their degree ratio, i.e. the outdegree divided by
the indegree. To avoid dividing by a zero indegree, we add 1 to both the out- as well as indegree of every
node. In some types of situations, the degree ratio ranking can give different results from the ranking
by Copeland score. While a draw (i.e., two arcs between the same nodes oriented in opposite direction)
is neutral in the ranking by Copeland score, it is not in our ranking by the degree ratio. In particular,
when an agent loses more (respectively less) frequently than gains, a draw is beneficial (respectively
disadvantageous) for such an agent. Therefore, when losing by itself is seen more negatively than
winning is seen positively, the degree ratio ranking might be a more appropriate ranking method to use.

The degree ratio ranking method can be applied in various fields. In fact, it is applied in ranking
players in online video gaming. When the nodes in a digraph represent countries (or regions) and the
arcs represent migration flows, then the degree ratio gives for each country its emigration relative to
(i.e. divided by) its immigration, which can be seen as an alternative to the usual net migration rate,
being essentially a Copeland score. In case the digraph represents a financial network where outgoing
arcs represent money borrowed to other banks, and ingoing arcs represent money borrowed from other
banks, the degree ratio of a bank is its debit to credit ratio. A similar interpretation can be given when
the digraph represents a mutual control network of firms investing in each other.

We provide an axiomatization of the ranking by degree ratio using a clone property, which says
that the entrance of a copy or a clone of a node (i.e. a node that is similar to the original node) does
not change the ranking between this node and the other original nodes. Other properties that, together

with the clone property, characterize the ranking by degree ratio are anonymity, positive responsiveness,



independence of irrelevant arcs, and the intermediary property. Anonymity means that relabeling the
nodes implies a corresponding relabeling in the ranking. According to positive responsiveness, when
one of two equally ranked nodes gets one more outgoing arc, this node becomes strictly higher ranked
than the other one. Independence of irrelevant arcs implies that, when pairwise comparing two nodes,
we only need to consider the arcs that involve these two nodes. The intermediary property means that
putting only one new node on an existing arc, does not change the ranking.

Besides characterizing the ranking by degree ratio, we also provide a new axiomatization of the
ranking by Copeland score using similar axioms, except that this ranking method satisfies a different
clone property.

Finally, we modify the ranking by degree ratio by taking only the out- and indegree, but assuming
that nodes with indegree zero are ranked higher than nodes with a positive indegree. Obviously, such a
ranking by modified degree ratio is different from the ranking by degree ratio and the Copeland score.
However, if the degree and modified degree ratios give different ranking of two nodes with positive
indegrees, then their ranking by degree ratio is always the same as their ranking by Copeland score.
We provide an axiomatic characterization of the ranking by modified degree ratio by similar axioms as
mentioned before, except that we replace the clone property by yet another modified clone property and
an additional maximal property. This last axiom requires to rank nodes with zero indegree above nodes
with positive indegree. In this sense, the method refines the set of strong maximal nodes, being the set
of nodes with indegree zero. If a strong maximal node exists, then the node that is ranked highest is a

strong maximal node.

Related literature. There exists a vast literature that studies the Copeland score as well as other ranking
methods. The ranking by Copeland score is characterized, e.g., by [15] and [3], see also [6] for a related
ranking method. [18] characterizes the ranking by Copeland score on the class of tournaments. On
the class of tournaments, the ranking by Copeland score coincides with the ranking by outdegree. In
[22], a generalization of Rubinstein’s result is presented by characterizing the ranking by outdegree for
arbitrary directed graphs. An axiomatic characterization of the outflow ranking method for weighted
directed graphs is provided in [23], while [21] axiomatizes the outflow as a relational power measure
for weighted and nonweighted directed graphs. [5] axiomatizes the alternative S ranking method for
directed graphs, which is based on the S-measure introduced in [21]. Several works study methods
based on evaluations or citations and consider one-sided or peers’ settings; see e.g., [1], [16], [20]. In a
one-sided setting, experts provide evaluations on some items to be ranked. We obtain the peers setting

when the experts coincide with the items (e.g., webpages linking to other pages or journals citing each



other). [14] studies ranking of items in a graph determined by a choice of utility function. [12] and
[13] characterizes ranking methods based on evaluations or citations which consider one-sided settings
and two-sided settings, respectively. The Hirsch index, which induces a ranking method supporting
evaluations of researchers, is axiomatically characterized in [24] and [4]. For other works considering
the peers setting, e.g., incentive compatibility, see [2], [8], and for some studies of rankings in a dynamic

setting, see [[10] and [11].

The underlying paper is structured as follows. In Section 2l we present basic preliminaries on di-
graphs and ranking methods. The ranking by degree ratio is introduced and axiomatized in Section 3|
In Section 4] we provide a comparable axiomatization of the ranking by Copeland score. The ranking
by modified degree ratio is introduced and axiomatically characterized in Section[5] We present some

concluding remarks in Section [6l

2. Preliminaries

A directed graph (or digraph) is a pair (N, D), where N C N is a finite set of nodes and D C N X N is
a binary relation whose elements (i, j) € D are called arcs on N. We only consider digraphs (N, D) that
are irreflexive, i.e., (i,i) ¢ D for every i € N. The collection of all digraphs is denoted by D. Fori € N
and (N, D) € D, we define

S ={jeN|G ) € D}

being the set of successors of node i € N in digraph (N, D), and

Pwv.py)() ={j € N|(ji) € D}

being the set of predecessors of i in (N, D). The outdegree out;(N, D) and indegree in;(N, D) of node i in

(N, D) are the cardinalities of S v p)(i) and Py, p)(7), respectively, i.e.,
out;(N, D) = #S(N’D)(i) and in;(N, D) = #P(N’D)(i).

A preorder on N is a binary relation R € N X N that is reflexive (i.e., (i,i) € R for all i € N) and
transitive (i.e., if (i, j) € R and (j, h) € R, then (i,h) € R for every i, j,h € N). A preorder R on N is
complete if (i, j) € Ror (j,i) € R for every pair i, j € N, i # j. We use the standard notation: i > j if and
only if (i, j) € R (meaning that i is ranked at least as high as j); i > j if and only if [{ > j and not j > i]
(meaning that i is ranked higher than j); and i ~ j if and only if [{ > j as well as j > i] (meaning that i

and j are ranked equally). The collection of all complete preorders is denoted by W.



A ranking method is a mapping R: D — W which assigns to every digraph (N,D) € D on N a
complete preorder R(N, D) € ‘W such that the set of nodes in R(N, D) coincides with the set of nodes in
(N, D). We use the notation i >y,p) j if and only if (i, j) € R(N, D).

One of the most famous ranking methods for digraphs is the ranking by Copeland score. The

Copeland score cop;(N, D) of node i € N in digraph (N, D) is given by
copi(N, D) = out;(N, D) — in;(N, D).

Then, the ranking by Copeland score is the ranking method given by

i .cop

=(N,D) J © copi(N,D) = COpj(N, D) for all i,jE€N.

In the next section, we introduce and characterize a different ranking method based on the outdegree

and indegree.

3. Axiomatization of the ranking by degree ratio

Whereas the Copeland score assigns to every node in a digraph its outdegree minus its indegree, the
degree ratio assigns to every node in a digraph its outdegree divided by its indegree. To avoid dividing
by zero, we add 1 to both the out- as well as indegree of every node. Notice that doing the same for the
Copeland score does not change the scores, but it has an effect for the degree ratio.

Definition 1. The degree ratio of node i € N in digraph (N, D) is given by

out;(N,D) + 1

(N, D) = .
iN.D) = N Dy v 1

The corresponding ranking method ranks nodes higher, the higher is their degree ratio.

Definition 2. The ranking by degree ratio is the ranking method given by

i 28, j & ri(N,D) 2 /N, D) for all i, j € N.

The ranking by degree ratio is different from the ranking by Copeland score, and it is easy to con-
struct examples such that for two nodes i, j € N, cop;(N, D) < cop;(N, D) while r;(N,D) > r;(N, D).
This happens, e.g., when

outj(N, D) — inj(N, D)
inj(N,D) + 1

inj(N,D) =0 and < outi(N, D) < outj(N, D) — inj(N, D). (D
Example 1. Consider the digraph (N, D) with N = {1,2,...,9}and D = {(1,2)} U {(i,5) | i = 3,4} U
{(5,i)|i=6,7,8,9} as presented in Figure[ll

Table [1 shows the out- and indegree, the Copeland score and the degree ratio for every node. The
last row shows the modified degree ratio ¥ which is discussed in Section

Note that copy(N,D) = 1 < 2 = cops(N,D) but ri(N,D) = 2 > 3 = rs(N, D). Moreover,

3
N,D)—ins(N,D .
s D) = 2 < 1 = outy (N, D) < 2 = outs(N, D) — ins(N, D).



/®
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Figure 1: Example[T]

i 1,3,4 2,6,7,8,9 5
out;(N, D) 1 0 4
in;(N, D) 0 1 2
cop;(N, D) 1 -1 2
ri(N, D) 2 1/2 5/3
ri{(N, D) 00 0 2

Table 1: Example[T]

Another property of the degree ratio concerns draws, i.e., two arcs between the same nodes oriented
in opposite direction. A draw is not neutral in the degree ratio, contrary to the Copeland score which
is indifferent to an additional draw. More precisely, when an agent loses more frequently than gains,
he benefits from an additional draw. On the contrary, if an agent gains more frequently than loses, an
additional draw is disadvantageous to him. So, one can say that being a winner requires keeping the

good image. Formally, we have the following fact.

Fact1. Let (N,D),(N,D’) € D, i € N and x € N, be such that in;(N,D’) = in;(N,D) + x and
out;(N,D") = out;(N, D) + x. Then cop;(N,D") = cop;(N, D) and

ri(N,D") > ri(N,D) ifand only if in;(N,D) > out;(N, D).

Proor

Indeed, we have

_out;(N,D')+1 _ out;(N,D) + x + 1 . out;(N,D) + 1

N.Dy =2 =2 :
N D)= N DY+l mN.D)tx+ 1 im(N.D)+ 1

= ri{(N, D)
& (outi(N,D) + x + 1)(in;(N, D) + 1) > (out;(N, D) + 1)(in;(N,D) + x + 1)
< ini(N, D) > out;(N, D)
OJ

Hence, with the out- and indegree being interpreted as the number of gains and losses, respectively,
the degree ratio can be used, for instance, for ranking candidates in situations when losing is seen more

negatively than winning is seen positively.



In what follows, we deliver an axiomatic characterization of the ranking by degree ratio. The first
axiom is the ‘standard’ anonymity axiom stating that relabeling the nodes implies a corresponding re-
labeling in the ranking. For digraph (N, D) € D and permutation 7: N — N, the permuted digraph is
(N, D) with 7D = U pep(r(i), 7( ).

Axiom 1 (Anonymity). For every (N, D) € D, it holds that i >(n,p) j © 7(i) =N zp) 7(j).

Positive responsiveness implies that, when two nodes are equally ranked, and one of the nodes gets

one more successor, then this node becomes strictly higher ranked than the other node.
Axiom 2 (Positive responsiveness). Let (N,D),(N,D’) € D and i € N be such that
D’ = DU{(i, g)} for some g € N\ {i} such that (i, g) ¢ D.

Theni>py j=i>wp) jforall j€N\\{i}.

The next axiom is independence of irrelevant arcs which implies that for the pairwise comparison
between two nodes, we only need to consider the arcs that involve these two nodes.

Axiom 3 (Independence of irrelevant arcs). Let (N, D), (N,D’) € Dand i, j € N be suchthat S (n,p)(i) =
Sw.on(@)s Pivopy)@) = Povon(@), Swvpy(j) = Sw,pn()) and Pivpy(j) = Pwp)(j). Then i zwp) j ©
i >N J.

This axiom is weaker than independence of irrelevant arcs as used in [22], generalizing an axiom of
[18], to axiomatize the ranking by outdegree. This requires that the ranking between two nodes does not
change as long as their sets of successors do not change. An alternative weakening of [22]’s indepen-
dence of irrelevant arcs is used by [3]. There an arc is considered irrelevant for the pairwise comparison
between nodes i and j, if none of these two nodes is predecessor on this arc, nor is any of their succes-
sors the successor on the arc. So, whereas we take into account the relations with the predecessors of i
and j, [5] takes account of the relations of the successors of i and j with their predecessors. These two
weakenings of [22]’s independence of irrelevant arcs are not logically related.

All axioms above are also satisfied by the ranking by Copeland score. Anonymity, positive respon-
siveness and negative responsivenes are used by [3] to axiomatize the ranking by Copeland score.
Instead of independence of irrelevant arcs, there independence of 2- or 3- cycles is used, meaning that

deleting a cycle of length 2 or 3 does not change the ranking.

2We do not need the axiom of negative responsiveness for characterizing the ranking by degree ratio, but in our framework
this axiom would be defined as follows: Let (N, D),(N,D’) € D and i € N be such that D’ = D U {(g, )} for some g € N \ {i}
such that (g,i) € D. Then j >p) i = j >wp) i forall j € N\ {i}.



Next, we introduce a new type of property that is not satisfied by the ranking by Copeland score.
This concerns the entrance of new nodes. Suppose that node i and all its direct relatives (i.e. all its
successors and predecessors) get a ‘clone’ or a ‘copy’. Assume that agent i is symmetrically related to
its own clones, i.e., it is its predecessor as well as successor. If agent i is related to the copies of its
relatives in exactly the same way as to its original relatives (i.e., i becomes successor of the copies of all
its predecessors, and becomes predecessor of the copies of all its successors), then the ranking between

node i and any other original node j who is not related to node i, should not change.

Axiom 4 (Clone property 1). Let (N,D) € D and i € N, and let S', P’ C N\ N be such that #S’ =
#S (v.p) (D), #P' = #Py.py(i) and #(S’ N P") = #(S v.p)(i) N P(n,p)(0)). Further, let (N’,D’) be given by
N =NUS'"UP U{/'}, i’ ¢ NUS"UP, and

D' =DU{(h,i)| he P'YU{@,h) | heS'YU{E), 3,0}
Then i Z(N,D) jei Z(N',D’) jforall je N\ (P(N’D)(l') U S(N’D)(i)).

The entrance of a clone is illustrated in Figure 2l (For transparency, the figure only considers cases

where there are no nodes that are successor as well as predecessor of node i).

Pv,py (i)
~
-~

Sy () ‘@

Figure 2: Axiom[]- entrance of a copy of i if Py p)(i) NS .p)(i) = 0, the dashed arrows represent the added arcs.

[I5] considers a different axiom that allows new nodes to enter that are in some sense related to the
existing nodes. First, they introduce node addition, which states that “the addition of nodes that are not
linked to any other node has no influence on the ranking”. Obviously, this axiom is also satisfied by the
ranking by degree ratio. Second, independence of local density is introduced, stating that “increasing
the number of successors of node i and simultaneously increasing their number of predecessors, in the
same proportion, does not improve or worsen the position of node i”. Together with node addition this
is a different way of adding new nodes that are related to 7 in a special way, but is logically not related

to clone property 1.



Remark 1. In clone property 1, we allowed symmetric arcs between the node that gets a clone or a
copy and its successors/predecessors, i.e. S py(i) N Py, p)(i) might be nonempty. The uniqueness result
presented below in Theorem [I] also holds if we weaken the clone property by not allowing symmetric
arcs, i.e., if we only require the statement if S (v p)(i) N Piy,py(i) = O for all i € N, as was the case in the
illustration in Figure 2l

Remark 2. Also, we required the ranking not to change between i and any original node j that is not
related to i. This is sufficient in the characterization, but the ranking by degree ratio satisfies the stronger
axiom where we require the ranking between i and any other node in N not to change.

The final axiom states that putting only one new node between a successor and a predecessor, with-
out any further relations, does not change the ranking. This axiom is also satisfied by the ranking by

Copeland score.

Axiom 5 (Intermediary property). Let (N,D) € D, z ¢ N and i, j € N be such that (i, j) € D. Let
(N’,D’) be given by N' = N U {z} and

D" = D\ {G, HH V{2, )}

Then h >(np) 8§ © h > py g forall h,g € N.

The above axioms characterize the ranking by degree ratio.

Theorem 1. The ranking by degree ratio is the unique ranking method satisfying anonymity, positive
responsiveness, independence of irrelevant arcs, clone property 1, and the intermediary property.

We prove Theorem []in several steps.

Lemma 1. Let (N,D) € D and i,j € N be such that S(N’D)(l.) N P(N’]_))(l') = S(N’]_))(l') N P(N,D)(j) =
S(N’]_))(j) N P(N’D)(l.) = S(N’]_))(j) N P(N,D)(j) =0, and (i, ]), (_], l) ¢ D. Ifranking method > satisﬁes the
axioms of Theorem!|l] then [i > j if and only if ri(N, D) > r;(N, D)].

Proor

We distinguish the following cases:

Case A

Suppose that r;(N, D) = r;(N, D). We will shortly denote r;(N, D) and r;(N, D) as r;, respectively r;.
First, we enter a cloning of node i (in;(N, D) times), and j (in;(N, D) times) as in the clone property, in
order to create symmetric positions for them.

To this end, define Pl’. , P}, S l’., S }, I,J c N\ N such that each pair of these sets is disjoint, and
o #I = in;(N,D), #J = in/(N, D);

o #P) = #P;. =in;(N, D) - in;(N, D);



o #S7 = outi(N,D) - in;j(N, D), and #S;. = out (N, D) - in;(N, D).

Further, let digraph (N’, D”) € D be given by

N =NUS;US,UP,UP,UIUJ (2)
and
' =pu|| JIG h)}] U [U{(h, i)}] U [U{(i, h, (h, i)}] U
heS; heP; hel

G mr|u] [t i u[U{(j,h),(h,j)}] (3)

hes’, heP’ heJ

This entrance of clones of nodes i and j is illustrated in Figure[3] where the dashed arrows represent new
added arcs, and the solid arrows represent already existing arcs in D.

To get rid of the asymmetry between nodes i and j with respect to the different sizes of the sets I, re-
spectively J, we put nodes on the arcs between i (respectively j) and the nodes in the set /I (respectively
the set J) in both directions, which does not influence the ranking between nodes i and j by the inter-
mediary property. This gives the following digraph (N, D”'). Without loss of generality, let the nodes
in [ be labeled as I = {iy, ..., i}, and thus #/ = in;(N, D) = s. Similarly, let the nodes in J be labeled
as J = {Jji,..., Ji}, and thus #J = in;(N,D) = t. Now, let N/ = NV UI' UJ with I',J' c N\ N’,

#I’ = 2#I and #J' = 2#J, and suppose that the nodes in the two new sets are labeled as follows:

I = {i’”,...,i’ls,i’ZI,...,i’zs} and J' = {j’ll’""j/lt’j’ZI"“’j/Qt}' Further, let
D" = [D’ \ [[U{(i, w, i)}] U [U{(j, w, j)}]}]
hel heJ
) { {(l’ i,lk)’ (illk’ ik)a (ik’ i,2k)a (iéka l)}]
k=1
U{U{(.]’ .]llk)9(.],1k’.]k)a (.]ka.]ék)’(.]ék’.])}] (4)
k=1

being the digraph where we put intermediary nodes on all arcs between i, respectively j, and the nodes

in the sets /, respectively J.
Next, let (N”, D"””) be given by
D" ={(h,g) € D" | {h,g} N {i, j} # 0}, 5)

where we deleted all ‘irrelevant arcs’ not containing i or j.

10
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Figure 3: Proof of Lemmal[l- Case A

Notice that
(1) #Pvr (i) = #P; + #P;(N, D) + #I = in;(N, D) - inj(N, D) + inj(N,D) + inj(N,D) = #P;. +#J +
#P}(N’ D) = #P(N",D’”)(j)’ and

(i) #S (v, prry(@) = #ST +#S (N, D) + #I = out;(N, D) - in (N, D) + out;(N, D) + inj(N, D) = (out;(N, D) +
D)(inj(N,D)+1)—1 = (out j(N, D)+ 1)(in;(N, D)+1)—1 = out j(N, D)-in;(N, D) +out (N, D) +in;(N, D) =
#S;. + #S j(N, D) + #J = #S v~ p(j), where the fourth equality follows from the assumption that
r,-(N, D) = rj(N, D)

Therefore, anonymity implies that i ~n» p) j.

Independence of irrelevant arcs implies that the ranking between i and j is the same in (N, D”’) as in
(N”,D""), and thus i ~» pry j.

The intermediary property implies that the ranking between i and j is the same in (N’, D") as in (N”', D”"),
and thus i ~n p) J.

A repeated application of clone property 1 implies that i ~u p) j.

Case B
Suppose without loss of generality that r;(N, D) > r;(N, D).
We define similar sets S/, S;., P, P;., I and J as in Case A, so define P/, P},Sl’.,S;., I,J c N\ N such

that each pair of these sets is disjoint, and
e #I =in;(N, D), #J = in,(N, D),
o #P) = #P} = iniy(N, D) - in;(N, D);

o #S7 = out;(N,D) - inj(N, D), and #S;. = outj(N, D) - inj(N, D).

11



Define digraph (N’, D’) as in Case A (see (@) and (3)).

Similar to Case A, we put intermediary nodes on the arcs between nodes i (respectively j) and the nodes
in the set I (respectively the set J), to obtain the digraph (N”’, D’”) in the same way as in Case A, see ().
Also, similar to Case A, let (N”, D""") be the digraph where we deleted the ‘irrelevant arcs’, given by
@.

Similar to Case A,

() #P» pry(i) = #P, + #P;(N, D) + #I = in;(N, D) - inj(N, D) + inj(N, D) + in;j(N, D) = #P;. + #J +
#P (N, D) = #P» p) ().

But now,

(i) #S (v, prry (i) = #Sl’. +#S (N, D) +#I = out;(N, D) -inj(N, D) + out;(N, D) + in (N, D) = (out;(N, D) +
D)(inj(N,D) + 1) = 1 > (outj(N,D) + 1)(in;(N,D) + 1) — 1 = out;(N, D) - in;(N, D) + out;(N, D) +
ini(N, D) = #S', +#S j(N, D) +#J = #S v+ (), where the inequality follows from the assumption that
ri(N,D) > rj(N, D).

Let D" € D" with [(h,g) € D"/ \ D" = h = i] and #S v pron)(0) = #S (.0 (j) = #S (w0 ().

Since (N”',D""") is as in Case A, we have that i ~» pry j.
Since D’ is obtained from D””” by adding arcs with node i as predecessor, a repeated application of

positive responsiveness implies that i >y~ pr) j.

Independence of irrelevant arcs implies that the ranking between i and j is the same in (N, D”’) as in
(N”,D""), and thus i >~ pry J.

The intermediary property implies that the ranking between i and j is the same in (N, D") as in (N, D"),
and thus i > p) J.

A repeated application of clone property 1 implies that i >y p) j.

In a similar way, it can be shown that j % (y,p) i, and thus i > p) J.

12



ProoOF oF THEOREM(T]

To prove uniqueness, given Lemma [II we still have to consider the case where not all conditions
Sw,p)(®) N Pvpy@ = Swv,py(@) N Pvpy()) = Swvpy() N Piv,py(@® = Sw,py()) N Pvpy(j) = 0 and
@, j), (j, i) ¢ D are satisfied. This is dealt with by the intermediary property.

First, if (i, j) € D then define (N', D") by N’ = NU{z} forsome z ¢ N, and D’ = (D\{(i, H}DU{(, 2), (z, j)}.
Similarly if (j, i) € D. If (i, j), (j,i) ¢ D, then simply take (N’,D’) = (N, D).

H= { U {q, h)}] U { U {, h)}] U
heS v,p)(DNP,py (i) heS (v.py)(DNP.p)())

{ U {(j,h)}]u{ U {(j,h)}],
hePw,py(HNS (v,p) () heS .oy (DNPw.p) ()

being the outgoing arcs (from i or j) of the symmetric part involving nodes i and j, and nodes that are

Next, define

directly related to both i and j.
Then, define (N”’, D) such that

N’ c N” with #N” = #N' + #H

and, labeling the nodes in N \ N" as N \ N’ = {zp¢) | (h,8) € H},

D" =M \H)UY | 10200, Gngy» @)
(h.g)eH

Thus, in,(N”’,D") = out,(N”,D"”) = 1forall ze€ N" \ N'.

Since (N”, D") is as in Lemmal[I] we have i >~ p~ jif and only if i 2?1(,,,’ D) J.

dr

The intermediary property then implies that i >y p) j if and only if i Z(N.D) Jj-

We are left to show that the ranking by degree ratio satisfies the axioms.

>4" satisfying anonymity is obvious.

>4" satisfying positive responsiveness follows since the degree ratio of a node is increasing if its outde-

gree increases, which has no positive effect for the other nodes.
>4" satisfying independence of irrelevant arcs follows since the degree ratio of a node only depends on

the arcs with its successors and predecessors.

out;(N',D")+1 _ 2out;(N,D)+1+1 _ 2(out;(N,D)+1) _

d . . 3 —_—
=" satisfying clone property 1 follows since r;(N’, D’) = (VDT = BN AT = 2 (NDID =

out;(N,D)+1

(N = ri(N,D), and rj(N’,D") = r;j(N,D) for all j € N\ {i}, where (N’,D’) is as given in the

axiom.
>4" satisfying the intermediary property follows since ri(N',D") = ri(N, D) for all j € N with (N’,D")

as given in the axiom.
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O
Logical independence of the conditions in Theorem [ is shown by the following alternative ranking

methods.

1. Consider the ranking method that always ranks all nodes according to their label: For every
(N,D) € D, let

i>(N,D)j(:)i<jf0ralli,j€N.

This ranking method satisfies all axioms of Theorem [I] except anonymity.
2. Consider the ranking method that always ranks all nodes equally irrespective of the relations

among the nodes: For every (N, D) € D, let
i ~(N,D) jforalli, jeN.

This ranking method satisfies all axioms of Theorem [Ilexcept positive responsiveness.

3. Consider the ranking method, where (i) node i is ranked higher than node j if there is a directed
path from i to j but not the other way around, or (ii) if there is a directed path in both directions
or no directed path between these nodes at all, then they are ranked by their degree ratio. The
transitive closure of digraph (N, D) is digraph (N, tr(D)) given by (i, j) € tr(D) if and only if there
exists a sequence hy,...,h; € N such that (i) h; = i, (i1) (g, lge1) € D forall k € {1,...,1r — 1},
and (iii) h; = j. For every (N, D) € D, let

(i, j) € tr(D) and (j,i) ¢ tr(D)
or
izwp) J €4 G, )), (i) € tr(D) and r,(N, D) > r;(N, D)

or

(@, j), (j,1) ¢ tr(D) and r;(N, D) > rj(N, D)
This ranking method satisfies all axioms of Theorem [T except independence of irrelevant arcs.

4. The ranking by Copeland score satisfies all axioms of Theorem [l except clone property 1 (see
Section [)).

5. Consider the modification of the ranking by degree ratio where the outdegree (respectively inde-
gree) is modified by assigning only % to every successor that is also a predecessor (respectively
assigning only % to every predecessor that is also a successor). Define

_ # 8w\ Pan®) + 1#(S ) (0) N Py,py(D)) +
#(Pv,py@ \ S v,py) (D) + 3# (S v,p) () N Py, py(0)) +

Ti(N, D)

= | o=
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For every (N, D) € D, let
i > j©TiN,D) 27N, D)

This ranking method satisfies all axioms of Theorem [Tl except the intermediary property.

4. A comparable axiomatization of the ranking by Copeland score

From the axioms of Theorem/[I] the ranking by Copeland score satisfies all except the clone property.
However, it does satisfy an alternative clone property where, instead of putting all arcs as described in
Axiom HE] we only link i with its own copy i’ by putting the arcs between i and its copy i’ in both
directions. So, we only consider cloning i’ as new entrant, who is symmetrically related to i. This
entrance of a clone is illustrated in Figure Bl (For transparency, the figure again only considers cases

where there are no nodes that are successors as well as predecessors of node i).

Axiom 6 (Clone property 2). Let (N,D) € D andi € N. Let (N',D’) be given by NN = NU{i’}, i’ ¢ N,
and D’ = DU{(i,1"),(i’,i)}. Then i Z(N,D) jei Z(N',D’) jforall jeN.

@

@

Figure 4: Axiom[d— entrance of a copy of i if Pyy.py(i) NS w.py(i) = 0, the dashed arrows represent the added arcs.

Replacing clone property 1 in Theorem[IIby clone property 2, characterizes the ranking by Copeland

score.

Theorem 2. The ranking by Copeland score is the unique ranking method satisfying anonymity, positive
responsiveness, independence of irrelevant arcs, clone property 2, and the intermediary property.

We prove Theorem 2lin similar steps as in the proof of Theorem!/I1

Lemma 2. Let (N,D) € D and i,j € N be such that S(N,D)(l.) N P(N’]_))(l') = S(N’]_))(l') N P(N,D)(j) =
Sy () N Pn.py(D) = Swvp) () N Pvpy(j) = 0, and (i, j), (j, 1) ¢ D. If ranking method > satisfies the
axioms of Theorem[2) then [i > j if and only if cop;(N, D) > cop (N, D)].

15



Proor

We distinguish two similar cases as in the proof of Theorem Il

Case A
Suppose that cop;(N, D) = cop (N, D). Suppose without loss of generality that out;(N, D) > out;(N, D)
(and thus in;(N, D) > in;(N, D)).
First, we enter a cloning of node j several times as in clone property 2, in order to create symmetric
positions for nodes i and j. (Notice that in the proof of Theorem [I] we had to enter copies of both nodes
i and j.) Therefore, for J C N\ N such that #J = out;(N, D) — out ;(N, D), define digraph (N’,D’) € D
by

N =NU/J,

and

D' =DU

a6 h)}] :

heJ

The entrance of a cloning of node j is illustrated in Figure 5] where the dashed arrows represent new

added arcs, and the solid arrows represent already existing arcs.

@

Sy ()

Figure 5: Proof of Lemma[Pl— Case A

To get rid of the asymmetry between nodes i and j with respect to the set J, we add intermediary nodes
between j and the nodes in the set J, which does not influence the ranking between nodes i and j by
the intermediary property. This is done similar as in the proof of Theorem [I but now only considering
j and the set J. This gives the following digraph (N, D’"). Without loss of generality, let the nodes
in J be labeled as J = {ji,..., j,} and thus #J = out;(N, D) — out;(N,D) = t. Now, let N/ = N" U J’

with J* ¢ N\ N’ such that #J’ = 2#J, and suppose that the nodes in the new set are labeled as follows:
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J = {j’“,...,j’lt,jél,...,j’%}. Further, let

D" =D\ | i, @ j)}}]
heJ
t
u{U{(j, 710 Gies i (jk,jap,(j’zk,j)}] (©6)
k=1

being the digraph where we put intermediary nodes on all arcs between j and the nodes in the set J.

Similar to the proof of Theorem[I} let (N”’, D"””) be given by
D" ={(h,g) € D" | {h, g} N{i, j} + 0}, (7)
where we deleted all ‘irrelevant arcs’ not containing i or j.

Notice that #S(N”,D”’)(j) = #S (N,D)(j) +#J = outj(N, D) + out;(N, D) — outj(N, D) = out;(N,D) =
#S (NN’DW)(Z'), and thus with cop;(N, D) = COpj(N, D) it follows that #P(N”,D”’)(j) = #P(N’]_))(j) +#J =
il’lj(N, D) + out;(N,D) — outj(N, D) =in;(N,D) = #P(NH’DH/)(I').

Therefore, anonymity implies that i ~n~ py j.

Independence of irrelevant arcs implies that the ranking between i and j is the same in (N, D”’) as in
(N",D""), and thus i ~n» pry j.

The intermediary property implies that the ranking between i and j is the same in (N, D") as in (N, D"),
and thus i ~n pry J.

Similar to the proof of Theorem [I] a repeated application of clone property 2 implies that i ~y,p) J.

Case B
Suppose without loss of generality that cop;(N, D) > cop (N, D).
If in;(N, D) < inj(N, D) then take I € N\N with#/ = in (N, D)—in;(N, D), and let (N’, D) € D be given
by N = NUITand D' = D U (Upe/dG, h), (b, i)}). Since iny(N’, D) = inj(N’, D’) and cop;(N’,D’) =
copi(N, D) > cop;(N, D) = cop;(N’,D’), it follows that out;(N’, D) > out;(N’,D").
Suppose that the nodes in [ are labeled as I = {iy,...,i,}, and thus p = #I = in;(N, D) — in;(N, D). Fur-
ther, let I” C N\N’ with #I” = 2#I, and suppose that the nodes in I” are labeled as I’ = {i11,...,i1p, 121, ...i2p}.
Define (N”,D”) by N” = N" U I’ and

P
J@m. @, i)}]] U [U{(i, i10s g 100, Giks i), (oo DY |

hel k=1

DN — Dl \

being the directed graph where we put intermediary nodes on symmetric arcs between i and the nodes

in the set I, in both directions.



Notice that in;(N",D") = inj(N"”,D") = inj(N, D) and out;(N",D") = out;(N, D) + #I = out;(N, D) +
inj(N, D) — in;(N,D) > outj(N,D) = out;(N"”,D"), where the inequality follows from cop;(N, D) >
copj(N, D).

Let (N”,D"") € D be such that D"’ ¢ D" with

e (h,g)e D"\ D" = h=1i,and
e out;{(N"”,D"") = outj(N",D"") = outj(N",D").

Since (N”', D"”) is as in Case A, we have that i ~~ pry j.
Since D" is obtained from D’ by adding arcs with node i as predecessor, a repeated application of

positive responsiveness implies that i >y~ pry J.

The intermediary property implies that the ranking between i and j is the same in (N, D") as in (N, D"),
and thus i >(N',D’) J-
A repeated application of clone property 2 implies that i >y p) j.

In a similar way, it can be shown that j % (y,p) i, and thus i > p) J.

If in;(N, D) > inj(N, D), we start by taking J C N\N with #J = in;(N, D)—in;(N, D), and let (N’,D’) € D
be given by N’ = NU J and D’ = D U (Upes{(j, ), (h, )}). (Again, iny(N’,D’) = inj(N’,D’) and
out{(N',D") > outj(N’,D’).) Then, the proof follows a similar reasoning as above, but now replac-
ing (N"’, D") by the similar digraph that is obtained by putting intermediary nodes on symmetric arcs

between j and the nodes in the set J, in both directions, and defining D" in the same way as above.

PrOOF OF THEOREM 2]

To prove uniqueness, given Lemma ] we still have to consider the case where not all conditions
Sy @) N Pivpy(@) = Svpy(@ N Pivpy() = Swp) () N Pvpy (@D = Swvpy() N Pv,py(j) = 0 and
@i, j),(j, i) ¢ D are satisfied. This is dealt with by the intermediary property in the same way as it was
done for the ranking by degree ratio in the proof of Theorem [Il (Therefore, we omit this part of the
proof.)

We are left to show that the ranking by Copeland score satisfies the axioms.

>“P gatisfying anonymity is obvious.

=P satisfying positive responsiveness follows since a node’s Copeland score is increasing if its outde-

gree increases, which has no positive effect for the other nodes.
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>“P satisfying independence of irrelevant arcs follows since the Copeland score of a node only depends
on the arcs with its successors and predecessors.

>“P satisfying clone property 2 follows since cop;(N’, D’) = out;(N’,D’) — in;(N’, D") = (out;(N, D) +
1)—(in;(N, D)+1) = out;(N, D)~in;(N, D) = cop;(N, D), and copj(N’, D) = cop;j(N, D) for all j € N\{i},
where (N, D) is as given in the axiom.

>P satisfying the intermediary property follows since cop;(N’,D") = cop;(N, D) for all j € N with

(N’, D’) as given in the axiom.

O
Logical independence of the axioms in Theorem [2]is shown by the following alternative ranking meth-
ods. The first two methods are the same as used to show logical independence of the axioms in Theorem
[l at the end of Section 3. The third and fourth methods are a variation of the third and fourth methods at

the end of Section 3.

1. Consider the ranking method that always ranks all nodes according to their label: For every
(N,D) € D, let

i>(N,D)j(:)i<jf0ralli,j€N.

This ranking method satisfies all axioms of Theorem 2] except anonymity.
2. Consider the ranking method that always ranks all nodes equally irrespective of the relations

among the nodes: For every (N, D) € D, let
i ~n,py jforalli,jeN.

This ranking method satisfies all axioms of Theorem [2|except positive responsiveness.

3. Consider the ranking method, where (i) all nodes that belong to a top cycle are ranked above nodes
that do not belong to a top cycle, and (ii) within and outside the top set (i.e. the union of all top
cycles), we rank the nodes by their Copeland score. Formally, this ranking method is given as
follows: For every (N, D) € D, let

i€ Top(N,D)and je N\ Top(N, D)

or

I ZNp) ] © 1 i, j€ Top(N,D) and cop;(N, D) > copj(N, D)

or

i,j€ N\ Top(N, D) and cop;(N, D) > cop;(N, D)
where Top(N, D) is the top set (i.e. union of all top cycles) of (V, D).

This ranking method satisfies all axioms of Theorem [2| except independence of irrelevant arcs.
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4. The ranking by degree ratio satisfies all axioms of Theorem 2 except clone property 2 (see Section
3).

5. Consider the modification of the ranking by Copeland score where we give 1 point for a strict win
(i.e. a node that is a successor but not a predecessor), 0 points for a draw (i.e. a node that is a
successor as well as a predecessor), and subtract just half a point for a strict loss (i.e. a node that

is a predecessor but not a successor). Define
— : ] : .
ri(N, D) = #(S .p)()) \ Pwv.py(D)) — 5#(P(N,D)(l) \ S v.py(D)

For every (N, D) € D, let
i>jeT(N,D)>7i(N,D)

This ranking method satisfies all axioms of Theorem [2|except the intermediary property.

Theorems [1] and 2] present comparable axiomatic characterizations of the rankings by degree ratio and

Copeland score, respectively, that only differ in one axiom — the clone property.

5. A modification of the ranking by degree ratio choosing strong maximal nodes

In Section[3] we defined the degree ratio as the ratio between the outdegree and indegree after adding
1 to both degrees, avoiding dividing by a zero indegree. However, we can also simply use the outdegree
divided by the indegree (without adding 1’s) whenever the indegree is nonzero, and specify the ranking
if there are nodes with zero indegree. An obvious way to do this is (i) to always rank strong maximal
nodes, i.e., nodes with zero indegre, above nodes with positive indegree, (ii) rank nodes with positive
indegree by their modified degree ratio, and (iii) if there are multiple strong maximal nodes, then to rank
them by outdegree. This keeps the “spirit” of the degree ratio, but in some situations ranks nodes that
were never losing above those with a positive indegree.
Definition 3. The modified degree ratio of node i € N in digraph (N, D) is given by

1i(N,D) v
RN,D) = { moioy D)0
oo if in;(N, D) = 0.

Definition 4. The ranking by modified degree ratio is the ranking method given by
ini(N,D) = 0 and in;j(N,D) > 0

or
i =(\%) j &3 ini(N,D)-inj(N, D) > 0 and Fi(N, D) = 7(N, D)
or

ini(N, D) = inj(N, D) = 0 and out;(N, D) > out j(N, D).

3 A node is usually called maximal if it is not strictly defeated by any other node, i.e. if every predecessor is also a successor.

We speak about a strong maximal node if it does not have any predecessor at all.
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The ranking by modified degree ratio being different from the ranking by Copeland score can be
seen from Example[Il In this example, cops(N, D) = 2 > 1 = copi(N, D), but according to the modified
degree ratio, node 1 is ranked higher than node 5 since it has zero indegree.

As illustrated in the following example, the ranking by modified degree ratio is also different from

the ranking by degree ratio.

Example 2. Consider (N, D)with N = {1,2,3,4,5}and D = {(3,2),(2,4), (2,5)} as illustrated in Figure
6l Table 2 presents the degrees and the scores in question for every node.

O Q—O

®

Figure 6: Example[2]

i 1 2 3 4,5
out;(N, D) 0 2 1 0
in;(N, D) 0 1 0 1
cop;(N, D) 0 1 1 -1

ri(N, D) 1 3/2 2 1/2
7i(N, D) 00 2 00 0

Table 2: Example 2]

Then ri(N,D) =1 < % = ry(N, D), but according to the modified degree ratio, node 1 is ranked
higher than node 2 since it has zero indegree. This example also shows that the ranking by Copeland
score is different from the rankings by degree ratio and modified degree ratio: cop,(N,D) = 1 =
cops(N, D) while ry(N, D) < r3(N, D) and node 3 is also ranked higher according to the modified degree
ratio. Note that in\(N, D) = in3(N, D) = 0, but node 3 is ranked higher than node 1 according to the
modified degree ratio, since out;(N, D) = 1 > 0 = out|(N, D).

If the degree and modified degree ratios give different ranking of two nodes with positive indegrees,
then their ranking by Copeland score coincides with their ranking by degree ratio, as stated and proved
by the following fact.

Fact 2. Letini(N, D) - inj(N, D) > 0. Then, for every i, j € N,
(i) If [ri(N, D) <7;(N, D) and r;(N, D) > r;(N, D)] then cop;(N, D) > cop (N, D).

(ii) If [ri(N, D) > r (N, D) and r;(N, D) < r;(N, D)] then cop;(N, D) < cop (N, D).
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Proor

(i) Let in;(N, D) - inj(N,D) > 0, r;(N,D) < 7;(N, D) and r;(N,D) > rj(N, D) for some i, j € N. This

outi(N,D) _ outj(N.D) d Qui(N.D)+1 outj(N,D)+1
in;(N,D) in;(N,D) in;(N,D)+1 in;(N,D)+1

means that . Therefore, out;(N, D)-inj(N, D) < out (N, D)-
in;(N, D) and out;(N, D)-in (N, D)+out;(N, D)+inj(N, D) > out j(N, D)-in;(N, D)+out j(N, D)+in;(N, D).
This implies that out;(N, D) + inj(N, D) > out;(N, D) + in;(N, D), and hence cop;(N, D) > cop (N, D).

(ii) It follows similarly to (i).

O
The ranking by modified degree ratio can be different from the ranking by degree ratio due to strong
maximal nodes, but not necessarily because of that. The following example proves this observation and

also illustrates Fact[2

Example 3. Consider the digraph (N, D) with N = {1,2,...,8} and D = {(1,2),(5,8)} U{(i,5) | i =
3,4,6,7} as presented in Figure[/l with the corresponding Table 3

© /®

Figure 7: Example 3]

i 1,3,4,6,7 2,8 5

out;(N, D) 1 0 1
in;(N, D) 0 1 4
cop;(N, D) 1 -1 -3
ri(N, D) 2 1/2 2/5
(N, D) 00 0 1/4

Table 3: Example[3]

Note that rp(N, D) = % > % = rs(N,D), but (N,D) = 0 < }L = rs(N, D). Moreover, cop,(N, D) =
-1 > =3 = cops(N, D), so the pairwise rankings between nodes 2 and 5 according to the Copeland
score and degree ratio coincide.

The ranking by modified degree ratio can be axiomatized by similar axioms as before, except that we
consider yet a different type of clone property, and add an axiom that explicitly requires to rank nodes

with zero indegree above nodes with positive indegree.
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Clone property 2 used a subset of the arcs and nodes used in clone property 1. Putting the arcs and
nodes that are used in clone property 1, but not in clone property 2, we get another clone property that
turns out to be satisfied by the ranking by modified degree ratio. In this clone property, new copies of
the predecessors and successors of agent i enter, and these new copies are related to node 7 in the same
way as their original nodes. This clone property is illustrated in Figure Bl (For transparency, the figure
again only considers cases where there are no nodes that are successors as well as predecessors of node
0).

Axiom 7 (Clone property 3). Let (N,D) € D and i € N with Pp(i) # 0. Let S’,P’ € N\ N be such

that #S' = #S (N,D)(i)’ #P' = #P(N,D)(l.) and #(S' N P") = #(S (N,D)(i) N P(N,D)(l.)). Further, let (N’,D’) be
given by N =NUS’ U P, and

D' =DU{(h,i)|he Py U{(i,h)|heS'}

Then i Z(N,D) ] =N Z(N’,D’) iji’ all ] eN \ (P(N’]_))(l') U S(N’D)(l')).

P(N'D) (l)
-
-
-~

SHENC

Figure 8: Axiom [7]- entrance of copies of the predecessors and successors of i if Poypy(i) NS w.p)(i) = 0, the dashed arrows

represent the added arcs.

Additionally, we require that we refine the set of strong maximal nodes in the sense that, if a strong
maximal node exists, then the node that is ranked highest is a strong maximal node. A node is called a

strong maximal node if it does not have any predecessor. Let
SMAX(N,D) ={i € N | Poy,py(i) = 0}

be the set of strong maximal nodes of (N, D).

Axiom 8 (Maximal property). Ifi € SMAX(N, D) and j € N \ SMAX(N, D), then i > p) J.

Replacing clone property 1 in Theorem [I] by clone property 3, and adding the maximal property,

characterizes the ranking by modified degree ratio.
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Theorem 3. The ranking by modified degree ratio is the unique ranking method satisfying anonymity,
positive responsiveness, independence of irrelevant arcs, clone property 3, the intermediary property,
and the maximal property.

We prove Theorem [3]in several steps that are similar to the proof of Theorem [11

Lemma 3. Let (N,D) € D and i,j € N be such that S(N’D)(l.) N P(N’]_))(l') = S(N’]_))(l') N P(N,D)(j) =
S w.p)() N Pv,py(@) = S v,py(j) N Pav,py()) = 0, (G, j), (j, i) ¢ D and ini(N, D) - inj(N, D) > 0. If ranking
method > satisfies the axioms of Theorem 3| then [i > j if and only if 7/(N, D) > 7;j(N, D)].

ProOF
The proof for this case goes very similar to the proof of Lemma/[Il but with modified definitions of the

modified digraphs. We give the full proof for completeness. We distinguish the following cases:

Case A

Suppose that 7;(N,D) = 7;j(N,D). We will again shortly denote 7; and r; for r;(N, D), respectively
7j(N, D).

First, we enter a cloning of node i (in;(N, D) — 1 times), and j (in;(N, D) — 1 times) as in clone property
3, in order to create symmetric positions for them.

To this end, define P, P;., NI ; c N'\ N such that each pair of these sets is disjoint, and
e #P! = (inj(N,D) - 1) - in;(N, D), and #P} = (ini(N, D) — 1) - inj(N, D);
e #S! = (inj(N,D) - 1) - out;(N, D), and #S;. = (ini(N, D) — 1) - outj(N, D).
Further, let digraph (N’, D’) € D be given by
N’:NuSlqu}uP,’.uP; 8)

and

D'=Du[U{<z‘,h>}Ju[U{(h,mJu G|l [ J i ©)

hes heP; heS’,. heP’,.
Next, similar to the previous proofs, we delete all arcs that do not contain node i or j, defining (N’, D")

similar as in the previous proofs with D" given by
D" ={(h,g) € D" | {h, g} N {i, j} # 0O}. (10)

Notice that
(i) #Pyr (i) = #P, + #P.py(i) = (inj(N,D) — 1) - ini(N, D) + ini(N, D) = in;(N, D) - inj(N, D) =
(in,-(N, D) - 1) . inj(N, D) + inj(N, D) = #P; + #P(N,D)(j) = #P(N’,D”)(j)y and
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(i) #S v .pH (D) = #S (v.p)(D) + #S | = out;(N, D) + (inj(N, D) — 1) - out;(N, D) = out;(N, D) - inj(N, D) =
outj(N, D)-in;(N, D) = out j(N, D) + (in;(N, D) — 1) - out j(N, D) = #S (v,p)(j) +#S} =#S v .p(j), where
the fourth equality follows from 7;(N, D) = 7;(N, D). Therefore, anonymity implies that i ~ p) J.
Independence of irrelevant arcs implies that the ranking between i and j is the same in (N’, D”’) as in
(N',D’), and thus i ~* pry Jj.

A repeated application of clone property 3 implies that i ~ p) j.

Case B
Suppose without loss of generality that 7;(N, D) > 7 (N, D).
We define similar sets S, S;., P} and P;. as in Case A, so define P;, P;., S, S}. c N\ N such that each

pair of these sets is disjoint, and
e #P! = (inj(N,D) - 1) - in;(N, D), and #P; = (in;(N,D) — 1) - inj(N, D);
e #S! = (in;(N, D) — 1) - out;(N, D), and #S;. = (in;(N,D) — 1) - out j(N, D).

Define digraph (N’, D’) as in Case A (see (8) and (9)).

Similar to Case A, let D" be given by (10).

Similar to Case A,

() #P pr(i) = #P; + #P,py(i) = (inj(N,D) — 1) - iny(N, D) + inj(N, D) = inj(N, D) - in;(N, D) =
(@ini(N,D) = 1) - inj(N, D) + inj(N, D) = #P;. + #Pv.p)(J) = #Pv .oy (),

but now

(i) #S (v .p (D) = #S (v,p)(i) + #S | = out;(N, D) + (inj(N, D) — 1) - out;(N, D) = out;(N, D) - in;(N, D) >
outj(N, D)-ini(N, D) = out j(N, D) + (inj(N, D) — 1) - out j(N, D) = #S (v,p)()) +#S;. =#S v .p(j), where

the inequality follows from 7;(N, D) > r;(N, D).
Let D'’ c D” with [(h,g) € D” \ D" = h =], and #S (N',D/N)(l.) = #S(N/’]_)W)(j) = #S(N/’]_)N)(j).

Since (N’, D""") is as in Case A, we have that i ~n p) J.
Since D" is obtained from D’” by adding arcs with node i as predecessor, a repeated application of

positive responsiveness implies that i > pr) j.

Independence of irrelevant arcs implies that the ranking between i and j is the same in (N’, D’) as in
(N,’ D”), and thus { >(N’,D’) ]
A repeated application of clone property 3 implies that i >y p) j.

In a similar way, it can be shown that j i(N, p) i, and thus i >y p) Jj.
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O

Lemmad. Let (N,D) € D and i,j € N be such that S p)(i) N Pnp)(i@) = Sw,p)(@) N Ppy(j) =
Sw.0)(J) N Pvpy(D) = Swv.py(j) N Pvpy(j) = 0, (i, j), (j, i) ¢ D, ini(N,D) = 0 and inj(N,D) > 0. If
ranking method > satisfies the axioms of Theorem[3) then i > j.

Proor

This follows directly from the maximal property.

O

Lemma 5. Let (N,D) € D and i,j € N be such that S(N’D)(l.) N P(N’]_))(l') = S(N’]_))(l') N P(N,D)(j) =
Sw.p)() N Pav,py(@) = Sv,py() N Pypy(j) = 0, (i, ), (j,i) € D, in;(N,D) = inj(N,D) = 0. If ranking
method > satisfies the axioms of Theorem[3] then [i > j & out;(N, D) > outj(N, D)].

Proor

We distinguish two cases.

Case A

Suppose that in;(N, D) = inj(N, D) = 0 and out;(N, D) = out (N, D).

Let D’ C D be again obtained by deleting all irrelevant arcs, so D’ = {(h,g) € D | {h, g} N {i, j} # 0}.
Anonymity implies that i ~ pr) Jj.

Then, independence of irrelevant arcs implies that i ~ p) J.

Case B
Suppose that in;(N, D) = inj(N, D) = 0 and out;(N, D) > out (N, D).
Let D’ C D be such that

e (h,g) € D\ D’ implies that & = i, and
e outi(N,D’) = outj(N,D’") = out;(N, D).

Since (N, D’) is as in Case A, it follows that i ~ pry Jj.

A repeated application of positive responsiveness implies that i > p) Jj.

PrOOF oF THEOREM [3]

To prove uniqueness, given Lemma’s Bl 4 and [5] we still have to consider the case where not all con-

ditions S (n,p)()) N Pv,py() = Sv,p)(D) N Pn.py(j) = Swv.py(J) N Piv,py(D) = Sv,py()) N Pn,py(j) = 0
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and (i, j), (j, i) ¢ D are satisfied. This is dealt with the intermediary property similarly to the proof of
Theorem 11

Also, the ranking by modified degree ratio satisfying the axioms follows similarly to the proof of Theo-
rem [T (notice that in clone property 3, we only consider nodes i with Py p)(i) # 0), while >"" satisfying

the maximal property follows by definition.

O

The set of added arcs between new and old nodes in clone property 2 and clone property 3, form
a partition of the set of added arcs between new and old nodes in clone property 1 (assuming that the
added sets S’ and P’ in clone property 1 and 3 are the same). Hence, applying the clone property where
we add the arcs between new and old nodes that underlie the ranking by degree ratio, and leaving out
those that underlie the ranking by Copeland score, gives the ranking by modified degree ratio.

By Theorems [Tl and 2] there is no logical relation between clone properties 1 and 2, because with
the other axioms they each characterize a different ranking method. The logical relations with clone
property 3 are less direct, because Theorem [3]also uses the maximal property. Obviously, clone property
3 does not imply clone property 1 since otherwise, together with the other axioms of Theorem 3l (without
the maximal property), clone property 3 would characterize the ranking by degree ratio, and thus with
the maximal property we have an impossibility. Similar, clone property 3 does not imply clone property
2 since otherwise, together with the other axioms of Theorem [3] (without the maximal property), clone
property 3 would characterize the ranking by Copeland score, and thus with the maximal property we
again have an impossibility.

Proving that clone properties 1 and 2 do not imply clone property 3 can be shown by the following
example which makes clear that the ranking by degree ratio and the ranking by Copeland score do not
satisfy clone property 3.

Consider digraphs (N, D) and (N’, D) with

(i) i,j € NN C N withi # jand N’ \ N = {i1, iz, i3}, ini(N, D) = inj(N,D) = 1, out;(N,D) =
out(N,D) = 2,

(i) D c D’ with D’ \ D = {(i1,i), (i, in), (i, i3)}-

Then ri(N,D) = rj(N,D) = rj(N’,D’) = 3 and r;(N’,D’) = 3. Thus i ~§,QD) jbuti >§,Q, oy s
showing that the ranking by degree ratio does not satisfy clone property 3.

Now, consider digraphs (N, D) and (N’, D") as above. Then cop;(N, D) = cop (N, D) = cop;j(N’,D’) =
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1 and cop;(N’,D’) = 2. Thus i ~(C;,p p) Jbuti >Z:,’,’ 1) J» showing that the ranking by Copeland score does
not satisfy clone property 3.

So, we conclude that the three clone properties do not imply one another.

We show logical independence of the axioms in Theorem [3] by the following alternative ranking

methods.

1. Consider the ranking method that ranks all nodes without predecessors above nodes with prede-
cessors, and within these two sets, ranks the nodes according to their label: For every (&, D) € D,

let
ini(N,D) = 0 and in;(N, D) > 0

or
iZwp) J € i< jand ini(N,D) =inj(N,D) =0

or

i < jand in;(N,D) -inj(N,D) > 0.
This ranking method satisfies all axioms of Theorem 3 except anonymity.
2. Consider the ranking method that ranks all nodes without predecessors above nodes with prede-

cessors, and within these two sets ranks the nodes equally irrespective of the relations among the

nodes: For every (N, D) € D, let

in;(N,D) = 0 and in;(N,D) > 0
or
i ZNp) J €4 ini(N,D) =inj(N,D)=0

or

ini(N, D) - inj(N, D) > 0.

This ranking method satisfies all axioms of Theorem [3except positive responsiveness.

3. Consider the ranking method, where (i) nodes that have no predecessor are ranked above all nodes
with predecessors, and among themselves are ranked by their outdegree, and (ii) among the nodes
that have predecessors, a node i is ranked higher than node j if there is a directed path from i to
Jj but not the other way around, or (iii) if there is a directed path in both directions or no directed

path between these nodes at all then they are ranked by their modified degree ratio: For every
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(N,D) € D, let

ini(N, D) = 0 and in;j(N,D) > 0

or

in;(N, D) = inj(N, D) = 0 and out;(N, D) > out;(N, D)

or

iZwp) J €\ ini(N,D)-inj(N,D) > 0,(i, j) € tr(D) and (j, i) ¢ tr(D)

or

ini(N, D) - inj(N, D) > 0, (i, j), (j, i) € tr(D) and 7;(N, D) > 7 (N, D)

or

ini(N, D) - inj(N, D) > 0, (i, j), (j,i) & tr(D) and ri(N, D) = rj(N, D)

where (N, tr(D)) is the transitive closure of digraph (N, D). This ranking method satisfies all
axioms of Theorem [Tl except independence of irrelevant arcs.

. Consider the ranking method that ranks all nodes without predecessors above nodes with prede-

cessors, and within these two sets, ranks the nodes according to the ranking by the initial degree

ratio (see Section[3): For every (N, D) € D, let

in(N, D) = 0 and in;(N, D) > 0
or
i 2,0y J © 4 ini(N,D) = inj(N,D) = 0 and r{(N, D) > rj(N, D)

or

in;(N, D) - inj(N, D) > 0 and r;(N, D) > r;(N, D)

This ranking method satisfies all axioms of Theorem [3except clone property 3.

. Consider a further modification of the ranking by modified degree ratio where the outdegree (re-
spectively indegree) is modified by assigning only % to every successor that is also a predecessor
(respectively assigning only % to every predecessor that is also a successor). Define

_ #Swn® \ Ppy®) + 1#(S w0y (0) N Pv,py(D))
#(Pov,py() \ S v,py (D) + 3# (S .0y (D) N P,y (D))

Ti(N, D)

Consider the ranking method that (i) ranks all nodes without predecessors above nodes with pre-

decessors, (ii) ranks nodes without predecessors by their outdegree, and (iii) ranks nodes with

29



predecessors by 7. For every (N, D) € D, let

ini(N, D) = 0 and in (N, D) > 0
or
i Z,p) J © 4 ini(N,D) = inj(N,D) = 0 and out;(N, D) > outj(N, D)

or

ini(N, D) - inj(N, D) > 0 and 75(N, D) > 7(N, D)

This ranking method satisfies all axioms of Theorem [3lexcept the intermediary property.

6. Define
7(N,D) ifin;(N,D) >0

out;(N,D) if in;(N,D) =0

r/(N,D) =
Consider the following ranking method: For every (N, D) € D, let
i Z(N,D) je r;(N, D) > I”~(N, D)

This ranking method satisfies all axioms of Theorem 3| except the maximal property.

6. Conclusion

This paper considers the ranking by degree ratio and ranking by modified degree ratio, as alternatives
to the famous ranking by Copeland score. Similar to the ranking by Copeland score, these rankings are
based on the out- and indegree. But instead of taking the difference between the out- and indegree,
we divide the outdegree by indegree. In order to avoid dividing by a zero indegree, in the degree ratio
we add 1 to the out- and indegree of a node. For the modified degree ratio, we take only the out- and
indegree, but by definition assume that nodes with indegree zero are ranked higher than nodes with a
positive indegree. The main results of the paper are axiomatic characterizations of the rankings by degree
ratio and by modified degree ratio, as well as a comparable axiomatization of the ranking by Copeland
score. A main difference between these three axiomatic characterizations is in the clone property that is
applied. Therefore, the axiomatizations in this paper allow us to compare the three ranking methods by

their clone property.

In our view, we cannot say which clone property (and therefore ranking method) is best in general,
since this depends on the application. The clone properties are some kind of invariance properties
requiring that the ranking between existing nodes does not change when we clone a node. In clone
property 1, cloning means that a node is predecessor as well as successor of its copy, and also is defeating

and is defeated by copies of its successors and predecessors. This seems reasonable when nodes focus
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on their ‘wins’ and ‘losses’. This is typical in sports and game competitions, where one looks at ‘who
did I defeat and by whom am I defeated’. Therefore, ranking by degree ratio seems a good ranking
method to apply to sports and game competitions

In clone property 2, cloning a node simply means to copy this specific node, and let this clone be
predecessor as well as successor of the original node. Being invariant to this type of cloning seems
reasonable when one makes decisions based on pairwise comparisons. For example, when in a prefer-
ence relation we introduce a new alternative that is equivalent to alternative i and is not comparable with
other alternatives, then this should not change the ranking of the original alternative i compared to the
other alternatives This might explain the popularity of the ranking by Copeland score in individual and
social choice theory.

Finally, our motivation to consider the ranking by modified degree ratio was more to look what
happens if in cloning, we consider the arcs of cloning 1 which did not occur in cloning 2. Is the resulting
method more similar to the ranking by degree ratio or the ranking by Copeland score? It turned out that
the first is the case, but we modify the ranking by putting strong maximal nodes above all other nodes
(by the maximal node property), and rank the other nodes by a modified degree ratio. This seems to be
rather similar to the ranking by degree ratio, but supports the idea that nodes that are not defeated (i.e.
teams that lost no matches) take the highest position.

A plan for future research is to consider a degree ratio for weighted directed graphs where the links
can have different weights. This allows to consider applications such as migration flows, financial flows,

investment flows, etc., as mentioned in the introduction.

We conclude this paper by comparing our axioms for the ranking by Copeland score with indepen-
dence of circuitsH in [3]. From our Theorem [2] and the results in [3], it follows that, under anonymity
and positive responsiveness, Bouyssou’s independence of circuits is equivalent to the set of axioms [in-
dependence of irrelevant arcs, clone property 2 and the intermediary property]. Next, we verify that

(without anonymity and/or positive responsiveness) these axioms do not imply one another.

“For example, participants in the popular Fortnite online video game are ranked by the ‘Kill to Death ratio’ (KDR), which
is their degree ratio in the digraph where a player’s outgoing arcs are to the opponents that he/she killed, and the ingoing arcs
are from the opponents who killed him/her. In the game you can resurrect after being killed, and therefore you can be killed
multiple times. The idea behind the KD ratio is that it gives the average number of kills you make on average in a life, which

is considered a good measure of the strength of the players.
>Notice that, although in clone property 2 we only added the arcs between the original node i and its clone, we could as

well have added arcs between the clone and the predecessors and successors of the original node.
For nonweighted digraphs as considered in this paper, independence of circuits means that the ranking of the nodes does

not change if we delete or add a cycle of length 2 or 3.
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1. First, we show that [independence of irrelevant arcs, clone property 2 and the intermediary prop-
erty] together do not imply independence of circuits.
Consider the measure wcop that assigns to every node its Copeland score multiplied by its label,
i.e. weopi(N,D) =i-cop;i(N,D) = i- (out;(N, D) — in;(N, D)) for all i € N and (N, D) € D. The
corresponding (non-anonymous) ranking method is given by: For every (N,D) € D and i, j€ N,
let

. _wcop
LZ(N D)

J © wcopi(N, D) > wcop (N, D)
This ranking method satisfies independence of irrelevant arcs, clone property 2 and the interme-
diary property. It does not satisfy independence of circuits.

2. Next, we show that independence of circuits does not imply any of the axioms from the set [inde-
pendence of irrelevant arcs, clone property 2 and the intermediary property].
Consider the ranking by Copeland score with partial tie-breaking rule such that, if among the
nodes with equal Copeland score there is the node with the highest label in N, then this node is

ranked strictly above the others. If this node with highest label is not amongst these nodes, then

all are ranked equal. For every (N, D) € D, let

copi(N, D) > cop (N, D)
or
i Z(Np) ] € 4 copi(N,D) = copj(N,D) and i = maxey h

or

copi(N,D) = cop;(N, D) and i, j # maxuey h

This ranking method satisfies independence of circuits. It does not satisfy independence of irrele-
vant arcs, clone property 2 and the intermediary property.
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