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A NOTE ON THE MEAN-FIELD LIMIT FOR THE PARTICLE SWARM
OPTIMIZATION

HUI HUANG

ABSTRACT. Recently a continuous description of particle swarm optimization (PSO) based on a system of
stochastic differential equations was proposed in |10] for solving global optimization problems. This note is
devoted to providing a proof of the well-posedness, and the large particle limit under the assumption of the

finite exponential moment.

Keywords: Swarm optimization, propagation of chaos, consensus based optimization, Laplace’s principle.

1. INTRODUCTION

Particle Swarm Optimization (PSO) has fascinated the scientific community ever since it was initially
introduced to model the intelligent collective behavior of complex biological systems such as flocks of birds
or schools of fish [14}[15,/19], and it is now widely recognized as an efficient method for tackling complex
optimization problems [18]. However the mathematical understanding of PSO is still in its infancy. Recently
Grassi and Pareschi [10] took a significant first step towards a mathematical theory for PSO based on a

continuous description in the form of a system of stochastic differential equations

dX} = Vjdt, (L1)
AV = — L Vidt + 5 (Xp (oY) = X{)dt + 2 D(XP(pN) — X{)dBj, i=1,---,N, '

where X7, Vi € R? denote the position and velocity of the i-th particle at time ¢, m is the inertia weight,
v =1—m > 0 is the friction coefficient, A > 0 is the acceleration coefficient, ¢ > 0 is the diffusion

coefficient, and {(B})i>0}Y ; are N independent d-dimensional Brownian motions. Moreover, we use the

& N
notations D(X;) := diag{(X¢)1,-..,(X¢)a} € R¥*? and the weighted average X (pV) := f?‘l;;;(%)ppj\, (itf))df
R a )

with the empirical measure p™ (t,z) = %ZZI\; dxi(z). Here the initial data (XE, VPN, is iid. with

common distribution fy € Py(R??), where P2 (R??) denotes the set of probability measures with finite second

moment, which is endowed with the 2-Wasserstein distance W5 [1]. The choice of the weight function
£

¢ (z) = exp(—a&(x)) comes from the well-known Laplace’s principle [6L|16], a classical asymptotic method

w
for integrals, which states that for any probability measure p € P(R?), it holds

Jim (—; log (/w wi(x)dp(ac))) = wESiur;fp(p)e(x). (1.2)

Thus for o large enough, one expects that X{(p") ~ argmin {S(Ytl), ...,&(X})}. This note works as
a completion for some theory gaps suggested in [10] by providing a proof of the well-posedness, and the
derivation of the mean-field limit under the assumption of the finite exponential moment.

In the following we give the assumption on our given cost function £ in this section.

Assumption 1. The given cost function £ : R — R is globally Lipschitz continuous and satisfies the
properties
1. |E(w) — E(u)| < L|v — ul for all u,v € RY, where L > 0 is the global Lipschitz constant ;

2. £ is bounded, i.e. —oo < £ :=inf€ <& <sup€ =: £ < +oo and define 6 : =€ — £.
1



9 HUI HUANG

For later use let us denote [N] :={1,--- ,N}. As N — oo, the mean-field limit result [2}3}/12|13}[20] shall
show that our PSO dynamic (1.1]) well approximates solutions of the following mean-field kinetic Mckean-
Vlasov type equations

dX, = V,dt,
—i —i i i ; (1.3)
dV, = —1V,dt + 2 (X8 (p) — X,)dt + ZD(Xp — X,)dB;, i€ [N],
where f .
N aws (x)p(t, x)dx
X (p) = 2B pt,z) = [ f(t,z,v)dv, (1.4)

@t s o

and the initial data (Yg,Vé) is the same as in (L.I). Then the processes (Yi,Vi)tZO are independent
since the initial conditions and driving Brownian motions are independent. Here f(¢,x,v) is the common
distribution of (Yl, Vi) at time ¢ for all ¢ € [N], which makes the set of equations nonlinear. As a direct
application of It6’s formula, the law f; := f(t,-,-) at time ¢ is a weak solution to the following nonlinear
Vlasov-Fokker-Plank equation

0_2
Ofi+ v Vafi =V (Lot 2= XEG) it gD - XPOI V) (05)

with the initial data fo(x,v) = E(Yé,Vé). It was formally showed in [10] that, in the zero inertia limit
(m — 0), one expects the macroscopic density in the mean-field PSO equation (1.5 to be well approximated
by the mean-field Consensus Based Optimization (CBO) [4}/5]8}9,/11,/17] equation of the form

0'2 d (92 2
Oupi+ AV - (X7 (p) =) = T D 55 (e 2y — (X7 (0)),)°) - (1.6)

In the sequel we shall use the notation m3, := [[g.a(|2|* + [v]) f(t, 2, v)dzdv for the second moment of f;.

2. WELL-POSEDNESS FOR THE PARTICLE SYSTEM(1.1J) AND THE MEAN-FIELD DYNAMIC (|1.3))

To start with, we recall a lemma from [8, Lemma 2.1}, which implies that the coefficients in (1.1} are

locally Lipschitz and have linear growth.

Lemma 2.1. [8, Lemma 2.1] Let N € N, a > 0 be arbitrary and & satisfy Assumption [} Then for any
pN = LS 0 and BV = £ SN | 0., it holds

o Cae
xe() < Lo xv, 2.)
and o oI
~ o, 200 o, -~ -~
Xe() = xe ) < (S 220 E R ) I - RV (2.2

where Cy g = €% with §¢ = € —E. Here we used the notations for norms of vectors || XV ||, = sup; v [ X7
and || XN, = vazl | X, Let X(p) be as in (1.4), then it holds

IX%(p)] < Clne /R lelp(t, 2)dw = Covs //R (2| (t, 2, v)dzdo < C(Cag,m2). (2.3)

Theorem 2.1 (Well-posedness of (1.1)). Let fo € P2(R??), and assume that (X§, Vi)Y, are ii.d. with
the common law fo. Then the particle system (L.1) admits a unique global solution with the initial data
(X&, Vi)N.,. Moreover one has

N

DX+ Vi)

i=1

E et (2.4)

N
<E [Z(IXSQ + V51

i=1

for allt > 0, where C depends only on \,m,c and Cq¢.
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Proof. We can rewrite as the SDE
dz) = o™(Z))dB} + b (Z})dt, (2.5)
in R24N | where ZN = (th, Vi XN, VtN) Then it holds

o a 7 20 1 «
o™ (@) | < Z1X7 () = XiP < 21X+ X))

20 117 |12 2y < 20 iz 2 Ca g2
< L (zT )< (2N P+ = 2 ). (2.6)
Moreover one has
RN A _
<ZN le V’L Z |V2|2+ZE‘/’L (Xa(pN) _XZ)
i=1 i=1
1 v 2 A % a
<(G+g,) 012" | +%<;|v ? 4+ NX* ("))
L d /\Cgc,g 2
§(§+% 1z NH + N2 Z|X <( +W)HZNH : (2.7)

This is a sufficient condition for the global existence and path-wise uniqueness |7, Chapter 5, Theorems 3.7
and 3.11]. Moreover for any i € [N] we compute

d 2y 2 o2 &
i2 i2] _ oxi . 1/t i2 i a i X
ZEIX P+ V7] = 2X° -V = — V7| +EV'(X( mfz_: XDk (28
Summation of the previous equality over i € [N] yields

2Na 202

SE{ZY |*) < 28 [(2Y b (2)))] + 0 B X7 (o)) + 2|2 |

2y 2XCLe 202 20°C%;

<l+—-4—+—+ —F ZN 2.9
<O+ T S T Y| (2.9)
which leads to (2.4) by Gronwall’s inequality. O

To prove the well-posedness of (|1.3)), let us first introduce a related linear problem:

dX; = V,dt,

_ o (2.10)
dVy = —1Vidt + 2 (X (p) — X¢)dt + 2D(X7(p) — X¢)dBy

£
where X (p) = %, = Jra f( f(t,z,v)dv for any given f : [0,T] — Pa(R24).

Proposition 2.2 (Well-posedness of (2.10)). For any T > 0, let fo € Po(R2) and f : [0,T] — Pa(R24) be
a given continuous curve in the Wy topology. Assume that (Xo, Vo) is distributed according to fo. Then the
linear SDE (2.10)) admits a unique solution up to time T with the initial data (Xo, Vo). Moreover one has

sup E[|X[* + [Vof*] < (E[[Xo|? + [Vo|*] +C) T, (2.11)
t€[0,T
where C depends only on \,m,0,Cs ¢ and sup m%. Here we have used the second moment notation

fi
te[0,T]
2= [fpsa [P f (2, 0)dadv.
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Proof. We rewrite (2.10) as

It easy to check that

lo(2)|| < = ( g// |z f(t, 2, v)dedv + |Z|2) (2.13)
and

o _ _ — 1 A A ~
(Z,b(Z)) :X.V—l\V\Q—i- V. (XY(p)—X) < (§+f)\2|2+2—c§’5 // lz|? £ (t, z,v)dzdv .
m m R2d

A
m m
Notice that f : [0,7] — P2(R3?), so we again obtain a sufficient condition for the global existence and

path-wise uniqueness.

Moreover by Ito’s formula one has
d
_ _ 202
—E[X:|* + [Vi[*] = 2E [(Zy, b( Z (X7 (P) = X0)i < 2B[(Z0, b(Z0)] + SB[ X]* + |X7(P) ]
k=1

< C()\7m7a)E[|Yt|2 + |Vt|2] +C(A,m,0,Cqc) // |x\2f(t, x,v)dzdv . (2.14)
R2d

So Gronwall’s inequality implies that the second moment E[|X¢|? + [V;|?] is bounded on [0, 7] as desired in
@11). O

Before we state our theorem on the well-posedness of , let us introduce the following lemma.
Lemma 2.2. [8, Lemma 2.2] Assume that f, fep, (R24). Then the following stability estimate holds
X2 (p) - X°(5)] < CWa(p,7), (2.15)
where C depends only on Cy g, 0, L, m% and m%.

Theorem 2.3 (Well-posedness of (L.3)). For any T > 0, let fo € Pa(R?*?), and assume that (Xo,Vo) is
distributed according to fo. Then the following nonlinear SDE

dX; = V.dt,

_ _ _ (2.16)
th tht + = (Xa( ) Xt)dt + %D(Xta(p) - Xt)dBt .
has a unique solution up to time T with the im‘tial data (Xo,Vo). Here the nonlinearity comes from the
requirement that (Xt, Vt) has the law fi, and p(x f]Rd fi(x,v)dv. Moreover it holds that
s[up]E [|Yt\2 + \Vtm <E[|Xo* + |Vo|2]e . (2.17)
telo,T

where C' depends only on A\, 0, m and Cy¢.

Proof. Take the random variable (Xg, V) with distribution f; € Po(R??). We define the stochastic process
(X}, V) recursively by

dX; =V, dt,
X . . (2.18)
AV} =~ AVidt+ A(XP (") ~ X))t + £D(X (o) — X, )dB
for n > 1, where
E(x)p"(t, x)dx
o1y — fRd TWe ) n—1y :/ n—1(t dv . 2.19
£ Jra WS (@)p" 1 (¢, ) d (b= J, I ey =)
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Here f*(n > 1) is the distribution function of (X, V) and f2 := fo for all ¢ € [0, T]. Below we will also use
the alternate notation f™(t,z,v) for f*(x,v). According to Proposition for any given f"~1, the linear
SDE (2.18) is well-posed up to time T', and the second moment m%, of (X}, V}) is bounded on [0, T].
Step 1: Cauchy estimate. Denote
n+1 N —n+1 —n

yr =X, =Xy, up=Ve =V e =y e (2:20)

We compute by It6’s formula and for any n > 1,

Bl ) = 257 up)) < Ellyy [ + | ) = Elef], (2.21)
and
o? ¢
Lmlup ) =28 [{up, ~ Lo — Ly 4 LX) - X)) + Ty DB — X7 —
k=1
2

02 g
<4 %)E[eﬂ + 28 [(up, 2 (xp(0m) - X0 )| + %E[lX?(p”) — X" P

It follows from Lemma [2.2] and the definition of Wasserstein metric that one has

[XP (") = X (" HIP < CWE (o, 0P~ Y) < CEllyr 1, (2.22)
where C' depends only on C, g, 0, L, sup m?2, , and sup mfn Thus we have
tefo,7] It t€[0,T]
20wy, X{(p") = X7 (") < Jup P+ X7 (") — X7 (0" )P < [uf|? + CE[lyy ] (2.23)
This yields
o’ v 12 o’ —1)2
ZEP) < (L o+ Symler) + ZR[up?] + CEllyp P + OBl
< C’IE[et] +Elef ). (2.24)
Collecting estimates (2.21)) and(2.24), we conclude that
d
dtIE[et] < CE[e}'] + CE[e}1]. (2.25)
Let us denote n™(t) := E[e}'], then one has
d n n n—
(&) < Cn () + Cn" (). (2.26)
Applying Gronwall’s inequality leads to
¢
t)y<cC / eCU=n=1(s)ds, (2.27)
0
and iterating this inequality gives
t -1
, t—s)"
n"(t) < C’”/ eC(t_é)nO(s)%ds < et sup n°(s) < CmeCmH™ sup n°(s). (2.28)
0 (n—1)! s€[0,t] s€[0,t]
Hence we obtain
1" (t) < exp (n(Ct +1n(C1))) sup 1°(s), (2.29)

s€[0,t]

where C depends only on Cp g, , L, sup m?2, , and sup mf Note here that sup m?2,_, and sup mf
tejo,7] e tefo,7] "t tejo,) tejo,7] "t
can be uniformly bounded in n. Choosing 0 < T, < T small enough such that 8 := CT, +In(C7Ty) < 0, then

sup 7"(t) < e sup n%(s) =0, asn — oco. (2.30)
t€[0,T.] s€[0,T%]
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Step 2: Passing the limit. The last step proves that {(X:L>V?)te[0,T*]}n21 is a Cauchy sequence. Denote
by (X, Vi)ieo,r,) the limit point such that

sup E[|X; = X2+ Vi =V’ 20 asn— oo. (2.31)
te[0,Ty]
Assume that (X, Vt)te[O,T*] has the distribution (f;):c[o,7,], then by the definition of the Wasserstein metric
one has
Wi (f", f) = sup Wa(ff, fo) < sup (B[X] — X2+ Vi =Vil)E =0 asn—oo,  (2.32)
te[0,Ty] te[0,Ty]

and f € C(O,T*;PQ(RQEI)) since C(O,T*;PQ(RZd)) is complete w.r.t. the metric W;*. Lastly, taking n — oo
(up to a subsequence) in , one obtains that the limit process (Yt,Vt)te[OT] is a solution to the
Nonlinear SDE ( up to time T,. Next, we can easily extend the existence to the whole interval [0, T

by iterating this procedure starting from T.
Step 3: Uniqueness. Assume that (Y;,V:)te[o,ﬂ and (Y?,V?)te[oj] are two solutions to SDE (12.16)

with the same Brownian motion. Similar to Step 1, it is easy to derive
d =1 =2 P — —1 =2
ZE|X; - X <E[IX - X+ [V, -V,
and

Se[v - Vip]

2
Y g 1 2 —1 =2 Y -1 =2
<L+ E[X X2+ [V, -V, + 1E[IV, -

—1 =2 o? —1 =2
Vi + CEIX, - X, %) + CE[X, - X, 1.
Applying Gronwall’s inequality yields

1 -2 =1 =2 -1 =2 =1 =2
sup E [|X; - X, 12+ |V, = Vi ] E[IX - Xol* + |V — Vol?] €7, (2.33)
t€[0,T1]

showing uniqueness of solutions to (|2.16]).
Step 4: Second moment bound. It obvious that

t t
IX:|? = | Xol? + 2/ X, -Vids < |Xo|? +/ (1 X2 + |[Vs|?)ds. (2.34)
0 0
Applying It6’s formula one has
— — 2A [t - 20 [T -
V=Wl - [ 2 a4 2 [ (xe)-Kaas + 22 [V pxs) - s,
0 0

+—/ |X%(p) — X|%ds

=2, A 712 A o’ ! a ¥ |2 20 (' a ¥
< |V +E ) |VS‘ ds + EJFW ) | X5 (p) — X dSJFE . Vs D(X{(p) — Xs)dBs .

(2.35)
Notice that
Bx (o) - Xt = [ Lk L) —y' pltay = [ |Juele =) d“;“”’ olt,dy)
Rd d Rdw X
=t Jpa Iz = 3P0 5( )p(t, dz)p(t, dy) < 4C SE[[T ). (2.36)

- Jga W& (x)p(t, dx)
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Then collecting estimates and ( - yields

. . e o A t . . A 0_2 t .
B + Vi) < B + [VoP)+ 2 [ BIRE 4 P.Plas+ (24 2) [ ElX3 () - X Plas
m Jo m m 0

— — A A o? t —
E[|X,|? 2 Z 42 RARNE L. E[|X%(p) — X,|? 2.
Kol + Vol + (5 +2CaeCr + 7)) [ EIXS() - K. Plds, (237)
which leads to (2.17)) by Gronwall’s inequality. O

3. MEAN-FIELD LIMIT

Let us start this section with introducing the following lemma on a large deviation bound.

Lemma 3.1. [8, Lemma 3.1] For any T > 0, let {(Yﬁ,Vﬁ)te[o’T]}f\Ll be the solution to the mean-field
dynamics (1.3)), which are i.i.d. with common distribution f € C([0,T], P2(R?4)). Then it holds

sup E [|X7(7™) — X7 (p)?] < ((sup m3,)C3  N7!, (3.1)
te[0,T] te[0,T]

where we have used the notation p" = % ZZ]\LI Ospi-

We now state our main result on the mean-field limit, which states that the intermediate dynamics (|1.3))
well approximates the interacting particle system (1.1]).

Theorem 3.1. For any T > 0, assume that {(X{,V;)icpo,m}iey and {(Xt,V Jtepo,r) ey are solutions
to and respectively up to time T with the same i.i.d. initial data distributed according to fo.
Furthermore assume that there exists some constants a,Cy, > 0 such that the solutions satisfy for any
ie{l,---,N}
sup {B[X]S+ X, + X} < (3.2)
t€[0,T]
Then it holds that for any e > 0
C

2o z‘:il-l-P,NEHXti X PV -V < iz (3.3)
where C depends only on v,a,\,o0,m,T,C, and Cq¢.
Proof. For alli=1,--- | N, one can compute
SE(X] - Ko = 2B((X] - X,V - V] <BIX{ - TP + Vi - Vi), (3.4)
Applying the It formula to |V — Vi|2 we get
e -vip
o8 (Vi ~ V(v — V) = L(xi =) + L0 (M) - X0 0] + ZE (X7 (oY) = X7 (p) = (Xi = X0)

20° i 3t i Y7t i JA a o’ a
<(L 4 2TRIXG - TP+ V= Vi) om (V- VL L) - X)) + 2L EIXE (M) - X2 ()]
2 —i P 20° o o
<2 2t XU 4 1V - ViR (L 4 2T () - X ().
It follows from estimate (2.2)), Lemma and the definition of Wasserstein distance that
E[IX7 (™) = X7 (0)] < 2B [|x7(0™) = X0 (2") ] + 2B [1X7 (0) = X7 ()]

<2C sup E[|Xt| |X; — | ] +2( sup m3,)Co eN~".
i€[N] t€[0,T

2
k

]
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Notice that

. . , . - . -
E[‘Xt |2‘Xt - Xt\2] = ]E[1|Y1‘2§R2|Xt ‘Q‘Xt - X;P] + E[1|?i|22R2|Xt |2|Xt - Xf:|2]
P 1, —1 g\ 1 . =g L
< RPE[IX] = X ") + (B[ g s o)) 2 (BIIX )5 (BIIXY — X %) (3.5)
and
E[1 3 < emdaR (gl X))z < Cem sl 3.6
(B[ s o)t < e 307 (B ¥ )E < G 30, (3.6)
This implies that
d o S o )
ZEIVE = Vi) < CQ+ B sup B[ X{ =X, + [V = V[P + ONT! - Cem3 (37
€[N
where C' depends only on Cq ¢,a,m,v, L, A\,0,T and C,. Collecting (3.4) and (3.7, one has
d A - e I
— sup E[[X] — X,[2+ [V = V,[?| < C(1+7) sup E[[X! — X2+ Vi = V| + C(N " 4 e7™).
dt je[n) i€[N]
where r = %aRQ. If we choose r = (In N )%, Gronwall’s inequality leads to
. — . i 2 1
sup E[|X; — X:§|2 + |V - V1|2] < CNTeC(T'H)T = 20TeCTCInN)2T—In N (3.8)

€[N

for all ¢ € [0, 7], where C depends only on Cy ¢,a,m,7,L,\,0,T and C,. For any given € > 0, there exists
some constant 6 such that

C(InN)?T —InN<6—(1—¢)InN. (3.9)
This leads to
sup E[| X} — X, |2+ |V} = V}|?] < 20TeCTHN—0=2) (3.10)
1€[N]
which completes the proof. O
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