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A NOTE ON THE MEAN-FIELD LIMIT FOR THE PARTICLE SWARM
OPTIMIZATION

HUI HUANG

ABSTRACT. Recently a continuous description of particle swarm optimization (PSO) based on a system of
stochastic differential equations was proposed in [I0] for solving global optimization problems. This note
is devoted to solving the open problem suggested in [I0] by providing a rigorous proof of the large particle

limit under the assumption of finite second moment.

Keywords: Swarm optimization, propagation of chaos, consensus based optimization, Laplace’s principle.

1. INTRODUCTION

Particle Swarm Optimization (PSO) has fascinated the scientific community ever since it was initially
introduced to model the intelligent collective behavior of complex biological systems such as flocks of birds
or schools of fish [4, 15, T9], and it is now widely recognized as an efficient method for tackling complex
optimization problems [I¥]. However the mathematical understanding of PSO is still in its infancy. Recently
Grassi and Pareschi [0] took a significant first step towards a mathematical theory for PSO based on a

continuous description in the form of a system of stochastic differential equations

dX} = Vidt,

_ | | - (L1)
dVj = —2Vjdt + A(XP(pN) - X})dt + ZD(Xp(p™) - X{)dBi, i=1,-- N,

where X}, Vi € R? denote the position and velocity of the i-th particle at time ¢, m is the inertia weight,
v =1—m > 0 is the friction coefficient, A > 0 is the acceleration coefficient, ¢ > 0 is the diffusion

coefficient, and {(B})i>0}Y; are N independent d-dimensional Brownian motions. Moreover, we use the

£ N
notations D(X;) := diag{(X¢)1,- .., (X¢)a} € R¥*? and the weighted average X (p) := f?ddx:g*(f))ppj\, ((ttg)d’ix
Jrd Wa s

with the empirical measure pV(t,z) := & SV, dxi(x). Here the initial data (X§,Vy)iL, is iid. with

common distribution fo € Py(R??), where Py(R24) denotes the set of probability measures with finite second

moment, which is endowed with the 2-Wasserstein distance W [0l]. The choice of the weight function
£

W

(x) := exp(—a€(x)) comes from the well-known Laplace’s principle [B,16], a classical asymptotic method

for integrals, which states that for any probability measure p € P(R?), it holds

lim —llog wE(x)dp(z) ) | = inf E(z). (1.2)
a—>°°< o </]Rd )) z€supp(p)

Thus for « large enough, one expects that X¢(p") ~ argmin {£(X}),...,E(XN)}. Due to the nonlinearity
coming from the local best position X (pV), the authors in [I0] could only formally derive the mean-field
Vlasov-Fokker-Plank equation in the limit of a large number of particles. This note works as a completion
for a theory gap suggested in [M0] by providing the rigorous derivation of the mean-field limit under the

assumption of finite second moment. Before proving the mean-field limit result (see Section B), we need to

The author would like to thank Prof. Lorenzo Pareschi for suggesting this problem to him, and thank Prof. Massimo
Fornasier for his encouragement and support during the author’s stay at TUM. This work is partially supported by the Pacific
Institute for the Mathematical Sciences (PIMS) postdoctoral fellowship.
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9 HUI HUANG

establish the well-posedness for both the particle system (D) and its limiting equation (I=3) (see Section
), which was missing in [I0].
In the following we give the assumption on our given cost function &£.

Assumption 1. The given cost function £ : R — R is globally Lipschitz continuous and satisfies the
properties

1. |E(w) — E(u)| < Ljv — u for all u,v € RY, where L > 0 is the global Lipschitz constant ;

2. £ is bounded, i.e. —oo < £ :=inf€ <& <sup€ =: £ < +oo and define 6 : =€ — £.

For later use let us denote [N] :={1,--- ,N}. As N — oo, the mean-field limit result [2,B,0%, 3, 20] shall
show that our PSO dynamic () well approximates solutions of the following mean-field kinetic Mckean-

Vlasov type equations

in:Vidt w3
AV, = —2V,dt + 2 (X (p) — X;)dt + ZD(X® — X,)dBi, i€ [N], '
where
J t,
xo(p) = Jpmea@et e o, (1.4

Jpa wE(x)p(t, z)dx R

and the initial data (YS,VE)) is the same as in (). Then the processes (Y;’;,Vi)tzo are independent
since the initial conditions and driving Brownian motions are independent. Here f(¢,,v) is the common
distribution of (Yz, Vi) at time ¢ for all ¢ € [N], which makes the set of equations (IZ3) nonlinear. As a direct
application of Itd’s formula, the law f; := f(¢,-,-) at time ¢ is a weak solution to the following nonlinear

Vlasov-Fokker-Plank equation
o2
ufi+ v Vafi =V (Lofit 2 o= X)) fi+ oD o = X)) V1) (1.5

with the initial data fo(z,v) = £(YS,V§)). It was formally showed in [I0] that, in the zero inertia limit
(m — 0), one expects the macroscopic density in the mean-field PSO equation (IT3) to be well approximated

by the mean-field Consensus Based Optimization (CBO) [d,5,8,d, 11, 7] equation of the form
0'2 d (92 2
O+ XV (X () =) = T Y (ot (25 = (X2(0)))°) - (1.6)

In the sequel we shall use the notation m3, := [[g.a(|2|* + [v]?) f(t, 2, v)dzdv for the second moment of f;.

2. WELL-POSEDNESS FOR THE PARTICLE SYSTEM(ICI) AND THE MEAN-FIELD DYNAMIC (IZ3)

To start with, we recall a lemma from [8, Lemma 2.1], which implies that the coefficients in (IC0) are

locally Lipschitz and have linear growth.

Lemma 2.1. [R, Lemma 2.1] Let N € N, a > 0 be arbitrary and & satisfy Assumption Q. Then for any

p = % Zfi1 oxi and pV = % 2521 dg:, it holds
« Ca,S
X (p™)] < T||XN||1 (2.1)

and
o PPN C £ 2aC ,gL S S
M) = XV < (S5 2GR ) I - R, (2.2
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where Cy g = €% with §¢ = € —E. Here we used the notations for norms of vectors || XV || = sup;en [ X7
and || XN, = vazl | X, Let X(p) be as in (), then it holds

IX%(p)] < Clne /R lelp(t, 2)dz = Cos //]R (2| (t, 2, v)dzdo < C(Cag,m2). (2.3)

Theorem 2.1 (Well-posedness of (I0)). Let fo € P2(R??), and assume that (X3, V@)Y, are ii.d. with
the common law fo. Then the particle system (ICI) admits a unique global solution with the initial data

(XE, VN, . Moreover one has

N N
E D (X +ViP)| <E [Z(IXSQJFVW) e, (2.4)
i=1 i=1
for allt > 0, where C depends only on \,m,c and Cy.¢.
Proof. We can rewrite (D) as the SDE
dz) = o™(Z))dB} + b (Z})) dt, (2.5)
in RN where ZY = (X}, V..., X}, V). Then it holds
, 2 .
o (2™) | < %w(p% - X@F < Z (X 41X (M)
< 2012 P+ S ) < 2 P+ St )y 26)
~m m ' ’
Moreover one has
N
, A .
<ZN ZXZ V’L Z |Vl|2+ZEVZ’(Xa(pN)_X’L)
i=1 i=1
Lo vyl A 02 of NY|2
<450z |+ 2mgw [+ NIX(oM)P)
1 0% 2 N/\ Ci i 'y )\C(i 2
<+ Dy P+ 2 e Z|X ¢ g Ty g @.7)

This is a sufficient condition for the global existence and path-wise uniqueness [id, Chapter 5, Theorems 3.7

and 3.11]. Moreover for any i € [N] we compute

m

x4 Vi = 2xt - vi - Zyip 4 Byi (xe (V) - x0 + L f X2 (28)
t t m m —~ k- .

Summation of the previous equality over i € [N] yields

2 0'2 0'2 2
SEI|ZY | < 2 (2N, b (20))] + 2RI oM + 252 |

2'y 20C? e 202 202 O

a, N
S S e T = 2 (2:9)
which leads to (E4) by Gronwall’s inequality. O

To prove the well-posedness of (I=3), let us first introduce a related linear problem:

dX; = V,dt,

_ — _ _ (2.10)
dVy = —2Vdt + 2(X2(p) — X¢)dt + ZD(X{(p) — X1)dB

where X (p) = M o( = Jza f( f(t,z,v)dv for any given f : [0,T] — Po(R2).

Jpa wE (x)p(t,x)dz
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Proposition 2.2 (Well-posedness of (2I0)). For any T > 0, let fo € Po(R2Y) and f : [0,T] — Pa(R24) be
a given continuous curve in the Wo topology. Assume that (X, V) is distributed according to fo. Then the
linear SDE (EI0) admits a unique solution up to time T with the initial data (Xo, Vo). Moreover one has

S[up]]EHXH2 +Viel?] < (Bl X0l + Vo] + C) T, (2.11)

te[o,T

where C' depends only on A\,m,0,Cq ¢ and sup m?; Here we have used the second moment notation
te[0,T) t

2 .= ffde |x|2f(t,x,v)dwdv.
Proof. We rewrite (E10) as
It easy to check that

o (2)] < ( 5// 22 F(t, 2, v dxdv+|Z|2) (2.13)

and

v 7 Y2, Ao a 5 1 A 2 2 //
Z62) =X -V - L SV (XP) - X) < (= + D)2z + =
(ZH2) =XV = 2P+ 2V (x5 - X) < (G + 2P+ -2 [ [ a2t v)dedv.
Notice that f : [0,7] — P2(R24), so we again obtain a sufficient condition for the global existence and
path-wise uniqueness.

Moreover by It6’s formula one has

d
7 — — 202
TEIX P+ |Vi?] = 2B [(Z0, b( Z (X7 (P) = X0)i < 2B[(Z0, b(Z0)] + SB[ X * + | X7 (7))
k=1
<O\ m, )E[|X? + Vi) + C(\,m,0,Ca¢) // |z f(t, z, v)dzdy . (2.14)
R2d

So Gronwall’s inequality implies that the second moment E[|X;|? + |V;|?] is bounded on [0, T as desired in
(21m). O

Before we state our theorem on the well-posedness of (IZ3), let us introduce the following lemma.

Lemma 2.2. [§, Lemma 2.2] Assume that f, fep, (R24). Then the following stability estimate holds
[ X%(p) = X*(p)| < CW2(p,p), (2.15)

where C' depends only on Cy ¢, 0, L, m? and m??,

Theorem 2.3 (Well-posedness of (I=3)). For any T > 0, let fo € Po(R??), and assume that (Xo, Vo) is
distributed according to fo. Then the following nonlinear SDE

dyt = Vt dt,

_ _ _ _ (2.16)
AV = —21Vdt + 2 (X7 (p) — X¢)dt + ZD(X{(p) — X¢)dBy .

has a unique solution up to time T with the initial data (Xo,Vo). Here the nonlinearity comes from the
requirement that (X, V) has the law f;, and pi(x f]Rd fi(x,v)dv.

Proof. Take the random variable (Xg, V) with distribution f; € Po(R24). We define the stochastic process
(X}, V}) recursively by
dX; =V, dt,

n

— —n —n . (2.17)
AV} = =2V} dt + 2(Xp (") — X )dt + ZD(X2 (p"") — X, )dBs,
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for n > 1, where

L L R S T (2.18)
e 8 @16, 2)da 9
Here f(n > 1) is the distribution function of (X;,V}) and f0 := fo for all t € [0, T]. Below we will also use
the alternate notation f"(t,z,v) for f/*(x,v). According to Proposition 22, for any given f"~!, the linear
SDE (211) is well-posed up to time T', and the second moment m?ctn of (X;,V7}) is bounded on [0, T].

Step 1: Cauchy estimate. Denote

X" =

=X X, W =TT T, e = |y + a2 (2.19)
We compute by It6’s formula and for any n > 1,

jt [l 2] = 2E[(yy', up)] < Elly|* + |uy|’] = Elef], (2.20)
and
d n  Yon Y on Y yvarn af n— 0% < af n— 2
Bl ) = 28 [(u, — Ly — Ly 200 om) - X2(m 7)) | + o DB () = X2 — i

< (24 200Ele) + 28 [{uf, L () - X))+ 2T EIXE (") — XG0P

It follows from Lemma 22 and the definition of Wasserstein metric that one has

X7 (p") = X7 (0" )P < OW3 (i, oy ™) < CE[lyr 7], (2.21)
where C' depends only on Cy g, a, L, sup m?2, , and sup mf,L. Thus we have
te[0,T] fi te[0,T)
2(up, X7 (p") = X (p"7Y) < Juf P+ X (") — X (0" TP < P+ CE[lyy ). (2.22)
This yields
2 2
’7 g n ,y n— g n—
H up?] < (m + W)E[et] + %]Eﬂut %]+ CE[lyp ' *] + ﬁC]EHyt 2
< CE[e}] + Ele} 1. (2.23)

Collecting estimates (2220) and(2=23), we conclude that

d
—Elet] < CEle}] + CE[ef™]. (2.24)
Let us denote n™(t) := E[e}'], then one has
d n n n—
(6 < (1) + Cny (). (2.25)
Applying Gronwall’s inequality leads to
t
t)y<c / eCU=In=1(s)ds, (2.26)
0
and iterating this inequality gives
! (t—s)"! c c
n"(t) < C’”/ =0 ()= ds < Cme“t™ sup n°(s) < C"eC™H™ sup n°(s). (2.27)
0 (n—1)! s€[0,t] s€0,t]
Hence we obtain
0" (t) < exp (n(Ct +1n(Ct))) sup 7°(s), (2.28)

s€[0,t]
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where C depends only on C, g, , L, sup m?2, , and sup mfm. Note here that sup m?2,_, and sup m?n
tefo,] 7t tefo,7] " tejo,] Tt tefo,7] "
can be uniformly bounded in n. Choosing 0 < T, < T small enough such that 8 := CT, +In(CT) < 0, then

sup 7"(t) < e sup n%(s) =0, asn —oo0. (2.29)
t€[0,T.] $€[0,T.]

Step 2: Passing the limit. The last step proves that {(Y;L,V?)te[oj*]}ng is a Cauchy sequence. Denote
by (X, Vi)ieo,r,) the limit point such that

sup E[X; — X2+ |V, =V}l =0 asn— 0. (2.30)
te[0,T]

Assume that (X, Vt)te[O,T*] has the distribution (f;):c[o,7,], then by the definition of the Wasserstein metric

one has

Wa (", f) == sup Walff', f) < sup (E[X, — X2+ Vi = Vi*)F -0 asn—oo,  (2.31)
te[0,T] te[0,T]

and f € C(0,Ty; P2(R?)) since C(0, Ty; P2(R?9)) is complete w.r.t. the metric W, *. Lastly, taking n — oo
(up to a subsequence) in (2I7), one obtains that the limit process (X¢,Vy)iep,r,) s a solution to the
Nonlinear SDE (EI8) up to time 7. Next, we can easily extend the existence to the whole interval [0, T
by iterating this procedure starting from 7.

Step 3: Uniqueness. Assume that (Yi,V;)tG[O)T] and (Yf,V?)te[QT] are two solutions to SDE (ZZI8)

with the same Brownian motion. Similar to Step 1, it is easy to derive
%E (X, - X0 <E[X -XL2+V; - ViR
and
SE[Iv, -7
(14 COR[X - XiR4 [V- Vip) + LB [V - Vo] + IR, - X1+ B[R, - Ko,

Applying Gronwall’s inequality yields

sup E[|X; - X, 2+ |V, - V;P| <E[IXq - Kol + [V - Vol €, (2.32)
t€[0,T]
showing uniqueness of solutions to (ZI8). O

3. MEAN-FIELD LIMIT

Let us start this section with introducing the following lemma on a large deviation bound.

Lemma 3.1. [§, Lemma 3.1] For any T > 0, let {(ﬁ,Vﬁ)te[o’T]}f\Ll be the solution to the mean-field
dynamics (IZ3), which are i.i.d. with common distribution f € C([0,T], Po(R?%)). Then it holds

sup E [|X7(p™) — X{(p)?] < ((sup m3,)C3  N7!, (3.1)
te[0,T] te[0,T]

where we have used the notation p~ = % vazl Ospi-

We now state our main result on the mean-field limit, which states that the intermediate dynamics (I=3)

well approximates the interacting particle system ().



MEAN-FIELD LIMIT FOR PSO 7

Theorem 3.1. For anyT > 0, let fo € P2(R??), and assume that {(X{,Vi)iejo,m L, and {(Yivvi)tE[O,T]}i]\il
are solutions to () and (I=3) respectively with the same i.i.d. initial data distributed according to fo. Then
it holds that

sup  sup E[X - X, +|Vi - V)] <CNT, (3.2)
tel0,T] i=1,--- ,N

where C' depends only on v, \,o,m,T, m?o and Cope.

Remark 3.1. By the assumption fy € P2(R29) and the computation similar to (Z7I4), one can easily obtain

a uniform bound of the second moment: sup m?t < m?oec(/\’mﬁ’ca’f)T.
t€[0,T]
Proof. For alli=1,---, N, one can compute
7 R — P e e
ZEIXE = X) = 2B[(X] - X, V) = V)] S E[IX] = X, * + [V = V] (3.3)

Applying the Ito formula to |V} — Vi|2 we get

d i =
L v Vi)

=2B [(Vi' = Vi, = L (W = V) = L(XE = X0 + L7 (oY) = X7 (0)))] + 5 DUBIKE (oY) = X7 () - (X0 = X0)E)
k=1
<(L 4 ZRIX - KR + V- ViR 4 28 (- VL L (xe0) - X2 ()] + 25 Bl (0N) - X (o))

2 202 i =i PR 202 « «
<(CH+ TOEBIXE - X0 + [V = ViPT+ G+ ZTORIXT (07) - X7 (o))

= m? m
It follows from Lemma P4, Lemma B and the definition of Wasserstein distance that
E [ X2 (") = X{(0)1?] < 2B [|X7 (™) = X7 (p™)1?] + 2B [| X7 (0") — X7 (p)[]

<2CE [W3(p",p™)] +2( sup m3,)C3 ¢N~' < 2C sup E[|X/ — Yiﬁ +2( sup m%,)Cs N7,
t€[0,T] i€[N] te(0,7]

where C' depends only on Cy ¢, 0, L, T and m?eo. This implies that
d P P R
—E[V; =V, P < C sup E[|X; — X [* + [V} = V|| + CN"". (3.4)
dt i€[N]
where C' depends only on v, A\, 0, m, T, m?co and C, ¢. Collecting (B3) and (BH), one has
P L —i ¢ P P
sup E[| X} — X, 2+ |V =V, )] <C | sup E[| X! — X, ]*+|V! -V, |}ds +CN~'t,
1€[N] 0 i€[N]

which leads to

sup E[|X] — X;? + [V = V2] < ON e, (3.5)
1€[N]
for all ¢t € [0,T], where C depends only on v, A, T, U,m,mfco and Cq ¢. |

Remark 3.2. We point out here that the proof in this note can be easily extended to the case of the PSO
dynamic with memory and local best [0, Equation (3.6)] since the only difference there is an additional
variable Y;', which satisfies an ODE with globally Lipschitz coefficients.
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