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Abstract

Variable importance measures are the main tools to analyze the black-box mechanisms
of random forests. Although the mean decrease accuracy (MDA) is widely accepted as the
most efficient variable importance measure for random forests, little is known about its
statistical properties. In fact, the definition of MDA varies across the main random forest
software. In this article, our objective is to rigorously analyze the behavior of the main
MDA implementations. Consequently, we mathematically formalize the various imple-
mented MDA algorithms, and then establish their limits when the sample size increases.
This asymptotic analysis reveals that these MDA versions differ as importance measures,
since they converge towards different quantities. More importantly, we break down these
limits into three components: the first two terms are related to Sobol indices, which are
well-defined measures of a covariate contribution to the response variance, widely used
in the sensitivity analysis field, as opposed to the third term, whose value increases with
dependence within covariates. Thus, we theoretically demonstrate that the MDA does
not target the right quantity to detect influential covariates in a dependent setting, a fact
that has already been noticed experimentally. To address this issue, we define a new im-
portance measure for random forests, the Sobol-MDA , which fixes the flaws of the original
MDA, and consistently estimates the accuracy decrease of the forest retrained without a
given covariate, but with an efficient computational cost. The Sobol-MDA empirically
outperforms its competitors on both simulated and real data for variable selection. An
open source implementation in R and C++ is available online.

Keywords: MDA; Random forests; Sensitivity analysis; Sobol indices; Variable impor-
tance; Variable selection

1 Introduction

Random forests (Breiman, 2001) are a statistical learning algorithm, which aggregates a large
number of trees to solve regression and classification problems, and achieves state-of-the-art
performance on a wide range of problems. In particular, random forests exhibit a good be-
havior on high-dimensional or noisy data, without any parameter tuning, and are also well



known for their robustness. However, they suffer from a major drawback: a given predic-
tion is generated through a large number of operations, typically tens of thousands, which
makes the interpretation of the prediction mechanism impossible. Because of this complex-
ity, random forests are often qualified as black boxes. More generally, the interpretability of
learning algorithms is receiving an increasingly high interest since this black-box character-
istic is a strong practical limitation. For example, applications involving critical decisions,
typically healthcare, require predictions to be justified. The most popular way to interpret
random forests is variable importance analysis: covariates are ranked by decreasing order of
their importance in the algorithm prediction process. Thus, specific variable importance mea-
sures were developed along with random forests (Breiman, 2001, 2003a). However, we will
see that they may not target the right variable ranking to detect influential covariates in a
dependent setting, and could therefore be improved. First, we present the objectives of vari-
able importance. Second, we review the existing variable importance measures for random
forests, and then conduct a theoretical analysis of their limitations. Finally, we introduce the
Sobol-MDA algorithm, a new importance measure for random forests, which mimics the brute
force algorithm of retraining the forest without a covariate to measure the accuracy decrease,
but with a much higher computational efficiency. The Sobol-MDA is proved to be consis-
tent, and outperforms the existing variable importance competitors for variable selection, as
shown in the experiments. An implementation in R and C++ of the Sobol-MDA is available at
https://gitlab.com/drti/sobolmda, and is based on ranger (Wright and Ziegler, 2017), a
fast implementation of random forests.

2 Context and Objectives

2.1 Variable Importance for Random Forests.

There are essentially two importance measures for random forests: the mean decrease accu-
racy (MDA) (Breiman, 2001) and the mean decrease impurity (MDI) (Breiman, 2003a). The
MDA measures the decrease of accuracy when the values of a given covariate are permuted,
thus breaking its relation to the response variable and to the other covariates. On the other
hand, the MDI sums the weighted decreases of impurity over all nodes that split on a given
covariate, averaged over all trees in the forest. In both cases, a high value of the metric means
that the covariate is used in many important operations of the prediction mechanism of the
forest. Unfortunately, there is no precise and rigorous interpretation since these two defini-
tions are purely empirical. Furthermore, in the last two decades, many empirical analyses
have highlighted the flaws of the MDI (Strobl et al., 2007). Although Li et al. (2019), Zhou
and Hooker (2021), and Loecher (2020) recently improved the MDI to partially remove its
bias, Scornet (2020) demonstrated that the MDI is consistent under a strong and restrictive
assumption: the regression function is additive and the covariates are independent. Otherwise,
the MDI is ill-defined. Overall, the MDA is widely considered as the most efficient variable im-
portance measure for random forests (Strobl et al., 2007; Ishwaran, 2007; Genuer et al., 2010;
Boulesteix et al., 2012), and we therefore focus on the MDA. Although it is extensively used
in practice, little is known about its statistical properties. To our knowledge, only Ishwaran
(2007) and Zhu et al. (2015) provide theoretical analyses of modified versions of the MDA,
but the asymptotic behavior of the original MDA algorithm (Breiman, 2001) is unknown:



Ishwaran (2007) considers Breiman’s forests but simplifies the MDA procedure, whereas Zhu
et al. (2015) considers the original MDA but assumes the independence of the covariates and
an exponential concentration inequality on the random forest estimate, the latter being proved
only for purely random forests, which do not use the data set to build the tree partitions. On
the practical side, many empirical analyses provide evidence that when covariates are depen-
dent, the MDA may fail to detect some relevant covariates (Archer and Kimes, 2008; Strobl
et al., 2008; Nicodemus and Malley, 2009; Genuer et al., 2010; Auret and Aldrich, 2011; Tolosi
and Lengauer, 2011; Gregorutti et al., 2017; Hooker et al., 2021; Mentch and Zhou, 2020).
Several proposals (Mentch and Hooker, 2016; Candés et al., 2018; Williamson et al., 2021)
were recently made to overcome this issue. Mentch and Hooker (2016) prove the asymptotic
normality of random forests, which enables detection of whether the predictions of a forest
built without a given covariate are significantly different from the ones of the original forest
with all covariates. Alternatively, Candés et al. (2018) introduce model-X knockoffs, which
rely on conditional randomization tests, where the relation between a covariate and the re-
sponse variable is broken without modifying the joint distribution of the covariates. Finally,
Williamson et al. (2021) propose to measure the decrease of accuracy between the original pro-
cedure and a new run without a given covariate. However, these methods have a much higher
computational cost, as many model retrains are involved, and are in particular intractable in
high dimension. Furthermore, it is critical to assess that the properties of a variable impor-
tance measure are in line with the final objective of the conducted analysis. In the following
subsection, we review the possible goals of variable importance, and then introduce sensitivity
analysis to deepen the theoretical understanding of the MDA.

2.2 Sensitivity Analysis

In practice, obtaining raw measures of variable importance is rarely the end goal. Rather,
practitioners are frequently interested in using such measures to detect influential covariates
to either (Genuer et al., 2010): (i) find a small number of covariates with a maximized accuracy,
or (ii) detect and rank all influential covariates to focus on for further exploration with domain
experts. Depending on which of these two objectives is of interest, different strategies should
be used as the following example shows: if two influential covariates are strongly correlated,
one must be discarded in the first case, while the two must be kept in the second case. Indeed,
if two covariates convey the same statistical information, only one should be selected if the
goal is to maximize the predictive accuracy with a small number of covariates, i.e., objective
(). On the other hand, these two covariates may be acquired differently and represent distinct
physical quantities. Therefore, they may have different interpretations for domain experts,
and both should be kept for objective (ii) of ranking all variables for interpretation.

Sensitivity analysis is the study of uncertainties in a system. The main goal is to apportion
the uncertainty of a system response to the uncertainty of the different covariates. Iooss
and Lemaitre (2015) and Ghanem et al. (2017) provide detailed reviews of global sensitivity
analysis. In particular, sensitivity analysis introduces well-defined importance measures of
covariate contributions to the response variance: Sobol indices (Sobol, 1993; Saltelli, 2002)
and Shapley effects (Shapley, 1953; Owen, 2014; Iooss and Prieur, 2019). These metrics are
widely used to analyze computer code experiments, especially for the design of industrial
systems. However, the literature about variable importance in the fields of statistical learning



and machine learning rarely mentions sensitivity analysis. The reason of this hiatus is clear:
until quite recently, sensitivity analysis was focused on independent covariates, whereas such
an assumption is generally unreasonable in machine learning contexts. In the last years,
Gregorutti (2015) first established a link between sensitivity analysis and the MDA: in the
case of independent covariates, the theoretical counterpart of the MDA is the unnormalized
total Sobol index, i.e., twice the amount of explained variance lost when a given covariate
is removed from the model, which is the expected quantity for both objectives (i) and (ii)
in this independent setting. Accordingly, the algorithm from Williamson et al. (2021) also
estimates the total Sobol index when the accuracy metric is the explained variance, even when
covariates are dependent, and although this connection is not explicitly mentioned. When
one is using variable importance to select a small number of covariates while maximizing
predictive accuracy, i.e. objective (i), the total Sobol index is clearly the relevant measure
to eliminate the less influential covariates, as also suggested by Williamson et al. (2021).
Additionally, Owen (2014) reintroduced Shapley effects, originally proposed in game theory
(Shapley, 1953). Shapley effects exhibit very interesting properties for objective (ii), of ranking
all variables for interpretation, as they equitably allocate the mutual contribution due to
dependence and interactions to individual covariates. Shapley effects are now widely used by
the machine learning community to interpret both tree ensembles and neural networks. SHAP
values (Lundberg and Lee, 2017) also adapt Shapley effects for local interpretation of model
predictions, and Lundberg et al. (2018) provide a fast algorithm for tree ensembles. Finally,
we refer to Antoniadis et al. (2020) for a review of random forests and sensitivity analysis.

3 MDA Theoretical Limitations

3.1 MDA Definitions

The MDA was originally proposed by Breiman in his seminal article (Breiman, 2001), and
works as follows. The values of a specific covariate are permuted to break its relation to the
response variable. Then, the predictive accuracy is computed for this perturbed dataset. The
difference between this degraded accuracy and the original one gives the importance of the
covariate: a high decrease of accuracy means that the considered covariate has a strong in-
fluence on the prediction mechanism. However, a review of the literature on random forests
and their software implementations reveals that there is no consensus on the exact mathe-
matical formulation of the MDA. We focus on the most popular random forest algorithms:
the R package randomForests (Liaw and Wiener, 2002) based on the original Fortran code
from Breiman and Cutler, the fast R/C++ implementation ranger (Wright and Ziegler, 2017),
the most widely used python machine learning library scikit-learn (Pedregosa et al., 2011)
(RandomForestClassifier /RandomForestRegressor), and the R package randomForestSRC
(Ishwaran and Kogalur, 2020), which implements survival forests in addition to the original
algorithm. To give an order of magnitude, the typical number of users of each of these packages
during the year 2020 is about half a million. A close inspection of their code exhibits that
essentially three distinct definitions of the MDA are widely used. References and details about
the MDA implementation in the package codes are provided in the Supplementary Material.
The differences between the three MDA versions are twofold: the MDA can be computed
based on the tree error or the whole forest error, and via a test set or out-of-bag samples, as



Algorithm Package Error Estimate Data

. scikit-learn .
Train-Test MDA randomForestSRC Forest Testing dataset

randomForest (normalized)

Brei -Cutler MDA
reiman-Cutler ranger / randomForestSRC

Tree OOB sample

Ishwaran-Kogalur MDA randomForestSRC Forest OOB sample

Table 1: Summary of the different MDA characteristics.

summarized in Table 1. We first introduce the required notations, and then mathematically
formalize these different MDA definitions. We define a standard regression setting with the
following Assumption 1, as well as the random forest notations below.

Assumption 1 The response variable Y € R follows Y = m(X)+e, where the covariate vector
X = XM, ..., XP) e 0,1]” admits a density over [0,1]? bounded from above and below by
strictly positive constants, m s continuous, and the noise € is sub-Gaussian, independent of
X, and centered. A sample D, = {(X1,Y1),...,(Xn,Yn)} of n independent random variables
distributed as (X,Y) is available.

The random CART estimate my(x,®) is trained with 2,, and ©, where © is used to
generate the bootstrap sampling and the split randomization, and z € [0,1]P is a new obser-
vation. The component of © used to resample the data is denoted ©) ¢ {1,...,n}. The
random forest estimate ms (7, ©(yr)) aggregates M ©-random CART, each of which is ran-
domized by a component of ©(,s) = (01,...,01). In the sequel, we consider a fixed index
j€A{1,...,p}. Next, we define Xin; as the vector X; where the j-th component is permuted
between observations. Similarly, X, is the vector X where the j-th component is replaced
by an independent copy of X@). Finally, we also introduce X(=9) as the random vector X
without the j-th component. Now, we can detail the three MDA definitions, summarized in
Table 1.

The most simple approach is taken by scikit-learn where the forest is fit with a training
sample and the accuracy decrease is estimated with an independent testing sample 2/ =
{(X1,Y]),....(X],Y,))}. Throughout the article, we call the generalization error of the forest
the expected squared error for a new observation, usually estimated with an independent
sample. Thus, forest predictions are run for both the test set and its permuted version, and
the corresponding mean squared errors are subtracted to give the generalization error increase,
called the Train-Test MDA.

Definition 1 (Train/Test MDA) The Train/Test MDA is defined by

——(TT)
MDA,

)

. 1 &
(X(J)) — ﬁ Z {1/1/ — mMyn(X’L{,ﬂ'j’ G(M))}2 — {Y;’ — mM,n(leye(M))}Q
=1

This algorithm is the only MDA version implemented in scikit-learn, and is one pos-
sibility in randomForestSRC. Note that the Train/Test-MDA is straightforward to implement
with any random forest package by simply running predictions.



In practice, splitting the sample in two parts for training and testing often hurts the
accuracy of the procedure, then decreasing the accuracy of the MDA estimate. Since the
data is bootstrapped prior to each tree growing, a portion of the sample is left out, which
is called the out-of-bag sample and can be used to measure accuracy. Despite the lack of
mathematical formulation in the original MDA introduction (Breiman, 2001), it seems clear
that for each tree, the generalization error is estimated using its out-of-bag sample and the
permuted version. Then, the two errors are subtracted and this difference is averaged across
all trees to give the Breiman-Cutler MDA.

Definition 2 (Breiman-Cutler MDA) If X; ., is the i-th permuted out-of-bag sample for the
(-th tree and for i€ {1,...,n}\ @gs), then the Breiman-Cutler MDA (BC-MDA) (Breiman,
2001) is defined by

M n

——(BO) . 1 1

MDAy, (X9 = i > o > Y = mn(Ximy 00} = {Yi — ma (X3, @g)}ﬂ]li%@f),
=1"""™" i=1

)

where Ny =Y 1", ]l#@(s) 1s the size of the out-of-bag sample of the £-th tree.
4

Among the four main random forest implementations introduced above, only ranger and
randomForestSRC exactly follow this original definition. In randomForests, the final quantity
is normalized by the standard deviation of the generalization error differences. However, this
procedure is questionable (Diaz-Uriarte and De Andres, 2006; Strobl and Zeileis, 2008): a
non-influential covariate would constantly have a standard deviation close to zero, potentially
leading to a high normalized MDA.

More importantly, observe that Breiman’s MDA definition is in fact a Monte-Carlo estimate
of a random tree decrease of accuracy when a covariate is noised up. Since we are interested
in the covariate influence in the entire forest, and not only in a single tree, it seems natural
to extend the out-of-bag procedure to estimate the forest error (Ishwaran et al., 2008) as
implemented in randomForestSRC: for each observation X;, we retrieve the random set A,, ; of
trees which do not involve X; in their construction because of the resampling step, formally
defined by

Ai={tef{l,.... M}:ig 01

We can take advantage of such batch of trees to define the out-of-bag random forest estimate by

averaging the tree predictions considering only trees that belong to Ay, ;, i.e., fori € {1,...,n},
00B 1
mSMn (X, Ourn) = Ao Z mn(Xi, ©) L), ;1>0-
n,i 0

It is therefore possible to estimate the random forest error using %, alone. Recall that for
each ©y-random tree, we randomly permute the j-th component of the out-of-bag dataset to
define X; r;,, and we stress that the permutation is independent for each tree. Then, we define
the permuted out-of-bag forest estimate as

00B 1
i (X6 000) = 7 2. Ma(Xim O, 0.



These estimates enable to compute both the out-of-bag error of the forest and the inflated
out-of-bag forest error when a covariate is noised up. Finally, the difference between these two
errors forms the Ishwaran-Kogalur MDA. From an algorithmic point of view, the only difference
with Breiman’s definition is the mechanism to aggregate tree predictions and compute the
errors, as highlighted in Algorithms 1 and 2 of the Supplementary Material.

Definition 3 (Ishwaran-Kogalur MDA) The Ishwaran-Kogalur MDA (IK-MDA) (Ishwaran,
2007; Ishwaran et al., 2008) is defined by

———(IK)

MDAy, (X)) Z{Y— ;jj?f)(x@,@( DI = ¥ - m79P (X0, 00m)),

=1

NMn

where Nyp = >0 Lja, ;>0 is the number of points which are not used in all tree construc-
tions.

An asymptotic analysis of these three MDA versions, summarized in Table 1, reveals
that they do not share the same theoretical counterpart. Consequently, they have different
meanings and generate different variable rankings, from which divergent conclusions can be
drawn. However, these MDA versions are used interchangeably in practice. The convergence of
the MDA is established in the next subsection, and then the different theoretical counterparts
are analyzed in the following subsection.

3.2 MDA Inconsistency

The out-of-bag estimate is involved in both the Breiman-Cutler MDA and Ishwaran-Kogalur
MDA, but is also used in practice to provide a fast estimate of the random forest error.
We begin our asymptotic analysis by a result on the efficiency of the out-of-bag estimate,
stated in Proposition 1 below, which shows that the out-of-bag error consistently estimates
the generalization error of the forest. This result will be later used to establish the convergence
of the Ishwaran-Kogalur MDA. The only difference between the implemented algorithms and
our theoretical results, is that the resampling in the forest growing is done without replacement
to alleviate the mathematical analysis (Scornet et al., 2015; Mentch and Hooker, 2016; Wager
and Athey, 2018). We define a,, the number of subsampled training observations used to build
each tree.

Proposition 1 If Assumption 1 is satisfied, for a fived sample size n and i € {1,...,n}, we
have
OOB 2
B[99, (X, ©an) ~ (X)) ~ E[{masann1(X. 00) ~ m(X)}]| = 0(57).

First observe that, by construction of the set of trees A, ;, the out-of-bag estimate aggre-
gates a smaller number of trees than in the standard forest: E[|A, ;] = (1 — an/n)M trees
in average. Therefore, the errors of the out-of-bag and standard forest estimates are differ-
ent quantities. To our knowledge, this is the first result which states the convergence of the
out-of-bag error towards the forest error for any fixed sample size, with a fast rate of 1/M.
This suggests that growing a large number of trees in the forest, which is computationally



possible and what is done in practice, ensures that the out-of-bag estimate provides a good
approximation of the forest error.

Next, the convergence of the three versions of the MDA holds under the following As-
sumption 2 of the consistency of a theoretical randomized CART. Since we are interested in
the random forest interpretation through the MDA, it seems natural to conduct our analysis
assuming that each tree of the forest is an efficient learner, i.e., consistent. To formalize such
an assumption, we first define the variation of the regression function within a cell A C [0, 1]?
by

A(m, 4) = sup |m(z) — m(z')],
r,x' €A
and secondly, we introduce Aj(z, ©) the cell of the theoretical CART of depth & (randomized
with ©) in which the observation z € [0, 1]? falls.

Assumption 2 The randomized theoretical CART tree built with the distribution of (X,Y) is
consistent, that is, for all x € [0,1]P, almost surely,

lim A{m, A%(z,©)} = 0.
k—ro0

At first glance, Assumption 2 seems quite obscure since it involves the theoretical CART.
However, Scornet et al. (2015) show that Assumption 2 holds if the regression function is
additive. Because the original CART (Breiman et al., 1984) is a greedy algorithm, Assumption
2 may not always be satisfied when the regression function m has interaction terms. However,
it holds if the CART algorithm is slightly modified to avoid splits close to the edges of cells,
and the split randomization is slightly increased to have a positive probability to split in all
directions at all nodes (Meinshausen, 2006; Wager and Athey, 2018). Indeed in that case, all
cells become infinitely small as the tree depth k increases, and therefore Assumption 2 holds
by continuity of m. Such modifications of CART have a negligible impact in practice on the
random forest estimate since the cut threshold and the split randomization increase can be
chosen arbitrarily small. Notice that such asymptotic regime is specifically analyzed in the
next section.

As specified above, a,, is the number of training observations subsampled without replace-
ment to build each tree, and we define t,, as the final number of terminal leaves in every tree.
Notice that we can specify a, in masq, n(z,O () Or Ma, n(z, ©) when needed, but we omit
it in general to avoid cumbersome notations. In order to properly define the MDA procedures,
the out-of-bag sample needs to be at least of size 2 to enable permutations, i.e., a, < n — 2.
Finally, we need the following Assumption 3 on the asymptotic regime of the empirical forest
as stated in Scornet et al. (2015), which essentially controls the number of terminal leaves with
respect to the sample size n to enforce the random forest consistency.

Assumption 3 The asymptotic regime of a,,, the size of the subsampling without replacement,
and the number of terminal leaves t,, is such that a, <n —2, a,/n <1 —k for a fized k > 0,
lim a, = oo, lim t, = oo, and lim tn(loggﬂ =0.
n—oo n—oo n—oo n

In the case of the Ishwaran-Kogalur MDA, the number of trees has to tend to infinity with
the sample size to ensure convergence. To lighten notations, we drop the dependence of M,

to n.



Assumption 4 The number of trees grows to infinity with the sample size n: M — oo.
n—oo

Theorem 1 If Assumptions 1, 2, and 3 are satisfied, then, for all M € N* and j € {1,...,p},
we have
——(TT .
() MDAy, (X9) 25 Bl{m(X) - m(Xx,)P)
.. ——(BC) () L! 2
(11) MDAy, (XV) = E[fm(X) —m(Xz;)}].

If Assumption 4 is additionally satisfied, then

(IK)

(iii) MDAy, (X9)) 25 E[{m(X) — Em(X, )| X“D)}2.

s

Theorem 1 reveals that the theoretical MDA counterparts are not identical across the dif-
ferent MDA definitions. Thus, covariates are ranked according to different criteria depending
on the MDA version involved. We deepen this discussion in the following subsection.

3.3 MDA Analysis

The theoretical counterparts of the MDA established in Theorem 1 are hard to interpret since
X7, has a different distribution from the original covariate vector X whenever components
of X are dependent. These different MDA versions are widely used in practice to assess the
variable importance of random forests, but the relevance of such analyses completely relies on
the ranking criteria E[{m(X) — m(Xx,)}?] or E[{m(X) — E[m(Xﬂj)|X(_j)]}2], according to
Theorem 1. It is possible to deepen the discussion, observing that X and X, are independent
conditionally on X (=9 by construction. It enables to break down the MDA limit using Sobol
indices that are well-defined quantity to measure the contribution of a covariate to the response
variance.

Definition 4 (Total Sobol Index) The total Sobol index of covariate X9 (Sobol, 1993; Saltelli,
2002) gives the proportion of explained response variance lost when X s removed from the
model, that is

E{V(m(X) | X))} V{m(X)} - V{mI (X))

STV = V() V(Y) ’

where m(=9) (X (=) = E{m(X) | X=9)}. Notice that STY) is also called the independent
total Sobol index in Kucherenko et al. (2012) and Benoumechiara (2019).

We also introduce a new sensitivity index: the total Sobol index computed for the input
vector Xz ;. We call it the marginal total Sobol index, since the distribution of X is the
product of the marginal distributions of X and X(=7). It can take high values even when
X ) ig strongly correlated with other covariates, as opposed to the original total Sobol index.
We derive the main properties of this new sensitivity index below, proved in the Supplementary
Material.



Definition 5 (Marginal Total Sobol Index) The marginal total Sobol index of covariate X )
1s defined by

E{V(m(X,) | X))}

() —
ST, V()

Property 1 (Marginal Total Sobol Index) If Assumption 1 is satisfied, the marginal total
Sobol index ST,S{; satisfies the following properties.

(a) STY) =0 < STV =0,
(b) If the components of X are independent, then we have ST(jg) = ST,

(c) If m is additive, i.e. m(X) = 3, mp(XR), then we have ST#{Q) = V{m;(XW)}/V[y],
and ST) > STG).

Notice that the last property states that ST, ,Eig) > ST for additive regression functions,
which may also hold in the general case with interactions. However, such an extension is out
of the scope of the article. We also mention that total Sobol indices can be generalized to a
group of covariates. It is now possible to break down the MDA limits as the sum of positive
terms using total Sobol indices and the following quantity MDA*(] ) , further discussed below
and defined as

MDA = E{E(m(X) | XC9) — E(m(X,,) | X)),

Proposition 2 If Assumptions 1, 2 and 3 are satisfied, then for all M € N* and j € {1,...,p},
we have

(i) MDAy, (X9) L5 vy] x STG 4 V[Y] x ST) + MDALY

(i) MDAy (X)L VY] x ST + V(Y] x STG) + MDAV,
If Assumption 4 is additionally satisfied, then

(i) MDAs (X9) 25 vy x STO + MDA,

Importantly, each term of the decompositions of Proposition 2 is positive, and can be
interpreted alone. We denote MDA*(]) V[Y] x STW and MDA*(]) VY] x ST#{;

MDAl(] ) is the non-normalized total Sobol index that has a straightforward interpretation:
the amount of explained output variance lost when X() is removed from the model. This
quantity is really the information one is looking for when computing the MDA for objective
(1) of finding a small group of the most predictive covariates.

MDA, *U) is the non-normalized marginal total Sobol index. Its interpretation is more dif-
ficult. Intultlvely, in the case of MDA] *0) , contributions due to the dependence between X )
and X (=7) are excluded because of the condltlonlng on X9, For MDA*(j ) , this dependence is
ignored, and therefore such removal does not take place. For example, 1f X (3 ) has a strong in-
fluence on the regression function but is highly correlated with other covariates, then MDAI J

10



is small, whereas MDA;U ) is high. For objective (i), one wants to keep only one covariate of
a group of highly influential and correlated inputs, and therefore STW{g) can be a misleading
component.

MDAg(j ) is not a known measure of importance, and seems to have no clear interpretation:
it measures how the permutation shifts the average of m over the j-th covariate, and thus
characterizes the structure of m and the dependence of X combined. MDA;U ) is null if
covariates are independent. The value of MDA;O ) increases with dependence, and this effect
can be amplified by interactions between covariates.

Overall, all MDA definitions are misleading with respect to both objectives (i) and (i)
since they include MDAg(] ) in their theoretical counterparts. In the Supplementary Material,
we provide an analytical example to show how the MDA can fail to detect relevant covariates
when the data has both dependence and interactions. From a practical perspective, it is
only possible to conclude in general that the Breiman-Cutler MDA or Ishwaran-Kogalur MDA
should be used rather than the Train/Test-MDA. Indeed, on the one hand we only have access
to one finite sample %, in practice, which has to be split in two parts to use the Train/Test-
MDA, hurting the forest accuracy. On the other hand, it is possible to grow many trees at a
reasonable linear computational cost, and Proposition 1 ensures that the out-of-bag estimate
is efficient in this case. With additional assumptions on the data distribution, the Breiman-
Cutler MDA and the Ishwaran-Kogalur MDA recover meaningful theoretical counterparts.

Corollary 1 If covariates are independent, and if Assumptions 1-3 are satisfied, for all M €
N* and j € {1,...,p}, we have

———(BC)

(XY S oviy] x STO) and  MDAgy (X)) L 2v]y] x STO).

MDA,

In addition, if Assumption 4 is satisfied,

(IK)

— . ]Ll .
MDA, (XW) == V[Y] x STV,

s

Thus, Corollary 1 states that when covariates are independent, all MDA versions estimate
the same quantity, the unnormalized total Sobol index (up to a factor 2), as stated in Gre-
gorutti (2015). However, since the Train/Test-MDA is based on a portion of the training
sample, the Breiman-Cutler MDA on the accuracy of a single tree, and the Ishwaran-Kogalur
MDA on the accuracy of the forest, the Ishwaran-Kogalur MDA appears to be a more efficient
estimate than the two others in this independent setting. Also notice that in the case of in-
dependent covariates, the total Sobol index is a relevant measure for both objectives (i) and
(ii). Interestingly, when covariates are dependent but without interactions, all MDA versions
then estimate the marginal total Sobol index, as stated in the following Corollary.

Corollary 2 If the regression function m is additive, and if Assumptions 1-3 are satisfied, for
all M € N* and j € {1,...,p}, we have

(BC)

T . . — . .
XY B oviy) x STY)  and MDAgry (X)) Ly 2v]y] x STG).

i
In addition, if Assumption 4 is satisfied,

(IK)

MDAy, (X9) L5 yiy] x ST)
M,n( )_> [ ]X mg*
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In this correlated and additive setting, the MDA versions now estimate the marginal total
Sobol index, which takes the simple form stated in Property 1-(c), but is difficult to estimate
with a finite sample because of dependence. The MDA is thus quite relevant for objective (ii)
of ranking all variables for interpretation: while contributions due to the dependence between
covariates are removed in the total Sobol index, it is not the case here. Also notice that
covariates with no influence in the regression function are excluded. If we further assume that
the regression function is linear, the MDA limits can be written with the linear coefficients
and the input variances as stated in Gregorutti et al. (2015); Hooker et al. (2021).

Remark 1 (Distribution Support) Our asymptotic analysis relies on Assumption 1, which
states that the support of the covariate distribution X is a hypercube. Without such geometrical
assumption, the support of Xr, may differ from the support of X in the dependent case. It
means that the random forest estimate may be applied on regions with no training samples,
resulting in inconsistent forest and MDA estimates, and then in a low predictive accuracy
(Hooker et al., 2021). This is an additional source of confusion of the MDA when inputs are
dependent, induced by the permutation trick.

4 Sobol-MDA

4.1 Objectives

When covariates are dependent, the MDA fails to estimate the total Sobol index, which is our
true objective to solve problem (i) of finding a small group of the most predictive covariates,
as shown in Section 3. Therefore, we introduce an improved MDA procedure for random
forests: the Sobol-MDA, that consistently estimates the total Sobol index even when covariates
are dependent and have interactions. The Sobol-MDA is able to identify the less relevant
covariates, as the total Sobol index is the proportion of response explained variance lost when
a given covariate is removed from the model. For example, if two influential variables are
strongly correlated, the Sobol-MDA takes small values for these two variables, since the model
accuracy does not decrease much when one of them is removed. Therefore, a recursive feature
elimination procedure based on the Sobol-MDA is highly efficient for our objective (i) of
selecting a small number of covariates while maximizing predictive accuracy. Notice that
training a random forest without the covariate of interest would also enable to get an estimate
of the total Sobol index, and is the approach taken by Williamson et al. (2021). However, the
Sobol-MDA only requires to perform forest predictions, which is computationally faster than
the forest growing, and scales with the dimension p as opposed to this brute force approach from
Williamson et al. (2021). Similarly, Mentch and Hooker (2016) detect influential covariates
with hypothesis tests based on the asymptotic normality of random forests and a model retrain
without the considered covariate. However, this approach is only valid in specific forest settings
(Peng et al., 2022), which considerably reduce the accuracy of tree ensembles compared to
Breiman’s algorithm, and therefore the ability to identify influential covariates. It is also
possible to estimate total Sobol indices with existing algorithms which are not specific to
random forests. Indeed, this type of methods only requires a black-box estimate to generate
predictions from given values of the covariates. Initially, Mara et al. (2015) introduce Monte-
Carlo algorithms for the estimation of total Sobol indices in a dependent setting. The first
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step of the method is to generate a sample from the conditional distributions of the covariates.
However, in our setting defined in Assumption 1, we do not have access to these conditional
distributions, and their estimation is a difficult problem when only a limited sample %, is
available. Consequently, the approach of Mara et al. (2015) is not really appropriate for our
setting. Notice that the promising approach from Candés et al. (2018) to detect relevant
covariates also requires to sample from the conditional distributions of the covariates, and
is therefore not adapted to our problem as well. In the sequel, we describe the Sobol-MDA
algorithm, along with its main properties.

4.2 Sobol-MDA Algorithm

The key feature of the original MDA procedures is to permute the values of the j-th covariate
to break its relation to the response, and then compute the degraded accuracy of the forest.
Observe that this is strictly equivalent to drop the original dataset down each tree of the
forest, but when a sample hits a split involving covariate j, it is randomly sent to the left or
right side with a probability equal to the proportion of points in each child node. This fact
highlights that the goal of the MDA is simply to perturb the tree prediction process to cancel
out the splits on covariate j. Besides, notice that this point of view on the MDA procedure
(using the original dataset and noisy trees) is introduced by Ishwaran (2007) to conduct a
theoretical analysis of a modified version of the MDA. Here, our Sobol-MDA algorithm builds
on the same principle of ignoring splits on covariate j, such that the noisy CART tree predicts
m(=)(X ) = E[m(X)|X (9], similarly to the tree that is rebuilt by removing X@) from
the training data. It enables to recover the proper theoretical counterpart: the unnormalized
total Sobol index, i.e., E[V(m(X)|X(=9)]. To achieve this, we leave aside the permutation
trick, and use another approach to cancel out a given covariate j in the tree prediction process:
the partition of the covariate space obtained with the terminal leaves of the original tree is
projected along the j-th direction, as shown in Figure 1, and the outputs of the cells of this
new projected partition are recomputed with the training data. From an algorithmic point
of view, this procedure is quite straightforward as we will see below, and enables to get rid
of covariate X() in the tree estimate. Then, it is possible to compute the accuracy of the
associated out-of-bag projected forest estimate, subtract it from the original accuracy, and
normalize the obtained difference by V[Y] to obtain the Sobol-MDA for X ().

Interestingly, to compute SHAP values for tree ensembles, Lundberg et al. (2018) also
introduce an algorithm to modify the CART predictions to estimate m(_j)(X(_j)). More
precisely, they propose the following recursive algorithm: the observation x is dropped down
the tree, but when a split on covariate j is hit, x is sent to both the left and right children
nodes. Then, x falls in multiple terminal cells of the tree. The final prediction is the weighted
average of the cell outputs, where the weight associated to a terminal leave A is given by an
estimate of P(X € A|X (=9) = 2(=9)): the product of the empirical probabilities to choose the
side that leads to A at each split on covariate j in the path of the original tree. At first sight,
their approach seems suited to estimate total Sobol indices, but unfortunately, the weights are
properly estimated by such procedure only if the covariates are independent. Therefore, as
highlighted in Aas et al. (2021), this algorithm gives biased predictions in a correlated setting.

We improve over Lundberg et al. (2018) with the Projected-CART algorithm, formalized in
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Algorithm 3 in the Supplementary Material: both training and out-of-bag samples are dropped
down the tree and sent on both right and left children nodes when a split on covariate j is met.
Again, each observation may belong to multiple cells at each level of the tree. For each out-of-
bag sample, the associated prediction is the output average over all training observations that
belong to the same collection of terminal leaves. In other words, we compute the intersection of
these terminal leaves to select the training observations belonging to every cell of this collection
to estimate the prediction. This intersection gives the projected cell. Overall, this mechanism
is equivalent to projecting the tree partition on the subspace span by X (=9) as illustrated in
Figure 1 for p = 2 and j = 2. Recall that A, (X, ©) is the cell of the original tree partition
where X falls, whereas the associated cell of the projected partition is denoted A%_J ) (X (=), 0).
Formally, we respectively denote the associated PI‘OJeCted tree and projected out-of-bag forest
estimates as m' j)(X(_j), ©) and m( ]’OOB (X; 7, O(ar)), respectively defined by

2 XGA( N (x(=9),0)

m(x) 0) =

I

Zan 1 -
X;eAGD (X (=D @)

mS\JJnOOB)(X( 7) @( ))

The Projected-CART algorithm provides two sources of improvements over Lundberg et al.
(2018): first, the training data points are dropped down the modified tree to recompute the
cell outputs, and thus E[m(X)|X(7) € A] is directly estimated in each cell. Secondly, the
projected partition is finer than in the original tree, which mitigates masking effects (when an
influential covariate is not often selected in the tree splits because of other highly correlated
covariates).

Finally, the Sobol-MDA estimate is given by the normalized difference of the squared error
of the out-of-bag projected forest with the out-of-bag error of the original forest. Formally, we
define the Sobol-MDA as

g MDAMTL( Z{Y JOOB)(X( 7) @( ))}2

— Vi =m0 P (X5, 00n)

where 6% = 123" | (V;—Y)? is the standard variance estimate of the response Y. An imple-
mentation in R and C++ of the Sobol-MDA is available at https://gitlab.com/drti/sobolmda
and is based on ranger (Wright and Ziegler, 2017), a fast implementation of random forests.
Given an initial random forest, the Sobol-MDA algorithm has a computational complexity of
O{Mnlog®(n)}, which is in particular independent of the dimension p, and quasi-linear with
the sample size n. On the other hand, the brute force approach from Williamson et al. (2021)
has a complexity of O{Mp?nlog®(n)}, which is quadratic with the dimension p and therefore
intractable in high-dimensional settings, as opposed to the Sobol-MDA. Additional details are
provided in the Supplementary Material.

Remark 2 (Empty Cells) Some cells of the projected partition may contain no training sam-
ples. Consequently, the prediction for a new query point falling in such cells is undefined. In
practice, the Projected-CART algorithm uses the following strategy to avoid empty cells. Recall
that each level of the tree defines a partition of the input space (if a terminal leave occurs before
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Figure 1: Example of the partition of [0, 1]? by a random CART tree (left side) projected on
the subspace span by X (-2 = x(1) (right side). Here, p =2 and j = 2.

the final tree level, it is copied down the tree at each level), and that a projected partition can
thus be associated to each tree level. When a new observation is dropped down the tree, if it
falls in an empty cell of the projected partition at a given tree level, the prediction is computed
using the previous level. Notice that empty cells cannot occur in the partitions associated to
the root and the first level of the tree by construction. Therefore, this mechanism enforces that
the projected tree estimate is well defined over the full covariate space.

4.3 Sobol-MDA Consistency

The original MDA versions do not converge towards the total Sobol index, which is the rele-
vant quantity for our objective (i) of finding a small group of the most predictive covariates,
as stated in Proposition 2. On the other hand, the Sobol-MDA is consistent as stated below.
Before introducing this convergence result, we need to introduce additional assumptions. In-
deed, in Section 3, we show the convergence of the different MDA versions provided that the
forest is an efficient estimate, i.e. consistent. To enforce the consistency of random forests, we
used Assumption 2 which controls the variation of the regression function in each cell of the
theoretical tree: A{m, A%(z,©)} <> 0. Because the covariates may be dependent, Assump-
tion 2 does not imply the same property for the projected partition. Therefore, we cannot
directly build on Scornet et al. (2015) to prove the consistency of the Sobol-MDA. Thus, we
take another route and define a new Assumption 5 which brings two modifications to the
random forest algorithm.

Assumption 5 A node split is constrained to generate child nodes with at least a small fraction
~v > 0 of the parent node observations. Secondly, the split selection is slightly modified: at each
tree node, the number mtry of covariates drawn to optimize the split is set to mtry =1 with a
small probability & > 0. Otherwise, with probability 1 — §, the default value of mtry is used.

Importantly, since v and ¢ can be chosen arbitrarily small, the modifications of Assumption
5 are mild. Besides, notice that this assumption follows Meinshausen (2006) and Wager and

15



Athey (2018): we slightly modify the random forest algorithm to enforce empirical cells to
become infinitely small as the sample size increases. The projected forest inherits this property
and an asymptotic analysis from Gyorfi et al. (2006) gives the consistency of the Sobol-MDA,
provided that the complexity of tree partitions is appropriately controlled. If an original tree
has t¢,, terminal leaves, the associated projected partition may have a higher number of terminal
leaves, at most 2. Thus, we introduce Assumption 6, which slightly modifies Assumption 3
with a more restrictive regime for the number of terminal leaves ¢,, in the original trees.

Assumption 6 The asymptotic regime of a,, the size of the subsampling without replacement,
and the number of terminal leaves t,, is such that a, < n —2, ap/n < 1—k for a fized k > 0,

lim a, =00, lim ¢, =00, and lim 2tnw =0.

n—oo n—oo n—oo

The Projected-CART algorithm ignores the splits based on the j-th covariate, and the
associated out-of-bag projected forest consistently estimates m(=9) (X (=d )) under Assumptions
1, 5, and 6, which leads to the Sobol-MDA consistency towards the total Sobol index, as stated
below.

Theorem 2 If Assumptions 1, 5, and 6 are satisfied, for all M € N* and j € {1,...,p}, we
have

STMDA N (X)) 25 ST,

According to Theorem 2, the Sobol-MDA targets the appropriate quantity for objective
(i), of selecting a small number of covariates while maximizing accuracy, whereas original
MDA versions target a biased quantity, as stated in Proposition 2. Notice that the brute force
approach of retraining the forest without covariate X (9) also estimates the total Sobol index, as
proved in Theorem 3 of the Supplementary Material. However, the brute force method has a
quadratic computational complexity with respect to the dimension p, and is thus intractable in
high dimensional settings. Since the Sobol-MDA complexity is independent of p, our approach
is much more computationally efficient and outperforms its competitors, as shown in the next
subsections.

4.4 Experiments with Simulated Data

We conduct three batches of experiments. First, we use the analytical example of the Supple-
mentary Material, and show empirically that the Sobol-MDA leads to the accurate importance
variable ranking, while original MDA versions do not. Next, we simulate a typical setting where
several groups of covariates are strongly correlated and only few covariates are involved in the
regression function. In such difficult setting, the Sobol-MDA identifies the relevant covariates,
as opposed to its competitors. Finally, we apply the recursive feature elimination algorithm
on real data to show the performance improvement of the Sobol-MDA for variable selection.

We first consider the analytical example of the Supplementary Material, where the data
has both dependence and interactions. In this example, the covariates are distributed as a
Gaussian vector with p = 5, and the regression function is given by

m(X) = CYX(I)X(Q)]lX(3)>O + BX(4)X(5)1X(3><0.
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BC-MDA* | BC-MDA || IK-MDA* | IK-MDA || ST* | S-MDA Un; | S-MDALg,
X 047 1037 0.03)] 047 [0.43 (0.02)] 0.47]0.45 (0.03)]0.42 (0.06)] 0.43 (0.03)
xX@ 021  |0.10 (0.02)| 0.37 |0.14 (0.01)|| 0.10]0.08 (0.01)|0.06 (0.04)| 0.13 (0.01)
XOGM 021 ]0.09 (0.01) 0.37 |0.13 (0.01)| 0.10[0.08 (0.01)|0.06 (0.04)| 0.13 (0.01)
XM 0.64 |0.24 (0.02) 1.0 ]0.29 (0.02) | 0.07]0.05 (0.01)|0.03 (0.04) | 0.22 (0.02)
x@ 0.64 [0.24 (0.02) 1.0 ]0.28 (0.02) || 0.070.05 (0.01) |0.03 (0.04) | 0.23 (0.01)

Table 2: BC-MDA (normalized by 2V[Y]), IK-MDA (normalized by V[Y]), Williamson et al.
(2021) (vn,5), and Sobol-MDA estimates for Example 1 (standard deviations over 10 repetitions
in brackets). Theoretical counterparts are defined in Proposition 2.

Here, we set « = 1.5, 8 =1, V[X(j)] = 1 for all covariates j € {1,...,5}. The correlation
coefficients are set to p12 = 0.9 and ps5 = 0.6, and other covariance terms are null. Finally,
we define the model response as Y = m(X) + ¢, where ¢ is an independent centered Gaussian
noise whose variance verifies V[e]/V[Y] = 10%. Then, we run the following experiment: first,
we generate a sample %, of size n = 3000 and distributed as the Gaussian vector X. Next,
a random forest of M = 300 trees is fit with Z,, and we compute the Breiman-Cutler MDA,
Ishwaran-Kogalur MDA, the algorithm from Williamson et al. (2021) denoted by 1, j, and the
Sobol-MDA. To enable comparisons, the Breiman-Cutler MDA is normalized by 2V[Y], and
the Ishwaran-Kogalur MDA by V[Y], as suggested by Proposition 2. To show the improvement
of our Projected-CART algorithm, we also compute the Sobol-MDA using the algorithm from
Lundberg et al. (2018), denoted S-MDA 44. All results are reported in Table 2, along with the
theoretical counterparts of the estimates, and the covariates are ranked by decreasing values
of the theoretical total Sobol index since it is the value of interest: X®), then X and X©®),
and finally X and X®). Thus, only the Sobol-MDA computed with the Projected-CART
algorithm and Williamson et al. (2021) rank the covariates in the same appropriate order
than the total Sobol index. In particular, X and X®) have a higher total Sobol index than
covariates 1 and 2 because of the stronger correlation between X and X® than between
X@ and X®). For all the other importance measures, X" and X® are more important
than X and X®). For the original MDA, this is essentially due to the term MDAg(]), which
increases with correlation. Since the explained variance of the random forest is 82% in this
experiment, all estimates have a negative bias. The bias of the Breiman-Cutler MDA and
Ishwaran-Kogalur MDA dramatically increases with correlation. Indeed, a strong correlation
between covariates leaves some regions of the input space free of training data. However,
the out-of-bag permuted sample may fall in these regions, regions for which the forest has to
extrapolate, resulting in a low predictive accuracy, and then in a high bias of the Breiman-
Cutler MDA and Ishwaran-Kogalur MDA for correlated covariates. Finally, the Sobol-MDA
computed with the algorithm of (Lundberg et al., 2018) is biased as suggested by (Aas et al.,
2021), and the bias also seems to increase with correlation.

We then consider the following problem inspired by Archer and Kimes (2008); Gregorutti
et al. (2017) and related to gene expressions. The goal is to identify relevant covariates among
several groups of many strongly correlated covariates. More precisely, we define X, a random
vector of dimension p = 200, composed of 5 independent groups of 40 covariates. Each group
is a centered gaussian random vector where two distinct components have a correlation of 0.8
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S-MDA BC-MDA/2V[Y] || IK-MDA /V[Y] Un.j
XM 10.035 || XD 0.048 XM 0.056 || XM ]0.042
X611 0.005 || X2 | 0.010 X®) 0.009 || X119 | 0.031
X6 10,004 || XGU | 0.008 X6Y 0,007 || X155 | 0.029
X2 10004 || X | 0.008 X@D 1 0.005 || X@ | 0.029
XU 1 0.002 || XH@O | 0.007 X6 1 0.005 || X®Y | 0.029
X171 0.002 || X® 0.007 X5 1 0.005 || X(™) | 0.028
X3 1 0.001 || XOD | 0.006 X201 9005 || X103) | 0.028
X@5) 1 0.001 || X2 | 0.006 X@ 1 0.005 || X129 | 0.027

Table 3: Sobol-MDA, BC-MDA, IK-MDA, and Williamson et al. (2021) (@EL’\]) for Example 2
(influential covariates in blue).

SMDA | BC-MDA | IK-MDA | 4,
0.90 0 033 | 0

Table 4: Probability to recover the 5 relevant covariates in Example 2 as the top 5 most
important covariates ranked using the BC-MDA, IK-MDA, Sobol-MDA, and Williamson et al.
(2021).

and the variance of each component is 1. The regression function m only involves one covariate
from each group, and is simply defined by

m(X) =2xW 4 x@) 4 x 6D 4 x(21) 4 (16,

Finally, we define the model response as Y = m(X) + €, where ¢ is an independent gaussian
noise (V[e]/V[Y] = 10%). Next, a sample of size n = 1000 is generated based on the dis-
tribution of X, and a random forest of M = 300 trees is fit. Thus, Tables 3 and 4 show
that the Sobol-MDA identifies the five relevant covariates, whereas the Breiman-Cutler MDA,
Ishwaran-Kogalur MDA, and Williamson et al. (2021) identify some noisy covariates among the
top five. In this additive and correlated example, Corollary 2 states that all MDA algorithms
have an appropriate theoretical counterpart to identify the five relevant covariates involved in
the regression function, because these five covariates are mutually independent. However, in
this finite sample setting, the original MDA versions give a high importance to the covariates
of the first group because of their correlation with the most influential covariate X, Since
the Ishwaran-Kogalur MDA is based on the forest error, it outperforms the Breiman-Cutler
MDA, which relies on the tree error. Quite surprisingly, Williamson et al. (2021) is the worst
performing algorithm although it uses a brute force approach by retraining the forest without
a given covariate to consistently estimate its total Sobol index, the appropriate theoretical
counterpart. In fact, the multiple layers of data splitting involved in Williamson et al. (2021)
generate a high variance of the associated estimate, whereas the MDA and the Sobol-MDA
operate with a given dataset and a given initial forest structure to compute the decrease of
accuracy, resulting in finer estimates and a higher performance to detect irrelevant covariates.
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Figure 2: Random forest error versus the number of covariates for the “HIV” and “Ozone”
datasets at each step of the recursive feature elimination algorithm, using different importance
measures.

4.5 Experiments for Variable Selection with Real Data

The recursive feature elimination algorithm is originally introduced by Guyon et al. (2002)
to perform variable selection with SVM. Gregorutti et al. (2017) apply the recursive feature
elimination algorithm to random forests with the MDA as importance measure. The principle
is to discard the less relevant covariates one by one, and is summarized in Algorithm 4 in
the Supplementary Material. Thus, the recursive feature elimination algorithm is a relevant
strategy for our objective (i) of finding a small group of the most predictive covariates. At each
step of the algorithm, the goal is to detect the less relevant covariates based on the trained
model. Since the total Sobol index measures the proportion of explained response variance lost
when a given covariate is removed, the optimal strategy is therefore to discard the covariate
with the smallest total Sobol index. The Sobol-MDA directly estimates the total Sobol index,
and therefore improves the performance of the recursive feature elimination procedure with
respect to the original MDA, as shown in the following experiments. Indeed, the original MDA
inflates the importance of dependent covariates, which leads to discard influential independent
covariates, in favor of covariates which are related to the response only through correlation
with others.

The recursive feature elimination algorithm is illustrated with the “Ozone” data (Dua and
Graff, 2017) and the high-dimensional dataset “HIV” as suggested in Williamson et al. (2021),
and run using the original MDA, the Sobol-MDA, and Williamson et al. (2021). At each
step of the recursive feature elimination algorithm, the explained variance of the forest is
retrieved. Following Gregorutti et al. (2017), we do not use the out-of-bag error since it gives
optimistically biased results, but use instead a 10-fold cross-validation, repeated 40 times to
get uncertainties: the forest and the associated importance measure are computed with 9 folds,
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and the error is estimated with the 10-th fold. Thus, Figure 2 highlights that the Sobol-MDA
leads to a more efficient variable selection than all competitors for the “HIV” and “Ozone”
datasets. We refer to the Supplementary Material for additional experiments. Notice that
the Ishwaran-Kogalur MDA performs better than the Breiman-Cutler MDA as expected from
their theoretical counterparts stated in Proposition 2. Finally the algorithm from Williamson
et al. (2021) is the worst performing approach because of the data splitting procedure, as
explained in the previous subsection.
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Supplementary Material for “MDA for random

forests: inconsistency, and a practical solution via the
Sobol-MDA”

1 Analytical Example for the MDA

To illustrate the behavior of the MDA, we take a simple example and analyticall derive
the MDA limit and its three associated components MDA*(J ) MDA*(j ), and MDA ) This
example shows how the MDA is misleading when input Variables are dependent We consider
the Breiman-Cutler MDA, denoted by MDA to lighten notations. The TT-MDA or Ishwaran-
Kogalur MDA lead to identical conclusions.

The input X is a Gaussian vector of dimension p = 5. Its covariance matrix is defined by
VIXU)] = o2 forj € {1,...,5}, and all covariance terms are null except Cov[X (1), X@)] = p; 90109
and Cov[X™, X©®)] = p; 50405. The regression function m is given by

m(X) = aXWXP1 50+ BXBDXO 5.

Notice that m has a simple form to enable an easy interpretation of the importance measures,
but that interaction terms are required to highlight the different behaviors of the three MDA
components in a correlated setting. Simple calculations give the analytical expression MDA*™M)
of the MDA limit for X as

1 3
MDA*1) — 5 (agng) (1-— pi2) + 5(040102)2 + 59%,2(0‘0102)2 .

MDA} MDA MDA

First, observe that MDA] U decreases with the correlation between X and X®. Indeed,
MDAIU) is the total Sobol index and when these two variables are strongly dependent, the ad-
ditional information provided by X () alone is small. In the extreme case, p1,2 = 1 implies that
MDA;(I) =0, i.e., X can be removed from the model without hurtin% the model accuracy
since all its information is contained in X (). On the other hand, MDA does not rely on the
dependence between X and X @ . Indeed, recall that in the case of MDA *(1) , contributions
due to the dependence between X ( ) and X®@ are excluded because of the conditioning on
X For MDA;(I), this dependence is ignored, and therefore such removal does not take place.
Therefore, it is clear that the MDA mixes two terms with opposite meanings. Finally, the third
term MDAE;(I) measures how the permutation of X shifts the mean value of the regression
function averaged over X (1) which is not a quantity of interest to rank variables. However, in
a high correlation setting (Pl 2 > f) we have MDAJ HORN MDA*( ) + MDA*( ) , which means
that the meaningless third term is the main contribution of the MDA value of Variable X,
Besides, symmetrically for the other input variables, we have MDA*() = MDA*®)| and the
same formula for X* and X ®) with the appropriate parameters. MDA formulas for variables
3,4, and 5 are to be found in the last section of the Supplementary Material.
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As stated in the introduction, one of the main objective of variable importance analysis
is usually to select a small number of variables while maximizing the model accuracy. In our
example, we show how the MDA fails for this purpose. Let say we want to remove the less
relevant input variable in a setting where the two vectors X1:2) and X*5) are interchangeable
(o109 = PBoyos), except that their dependence strengths differ and satisfy p; 2 < ps5. Since
the correlation between variables 4 and 5 is higher than between variables 1 and 2, we should
remove X or X to minimize the information loss, as suggested by the total Sobol index
ranking

ST®W = §76) « 71 = 72 < 576G,
However, in such setting we have
MDA*(M) = MDA*®) <« MDA*®) « MDA**) = MDA*®),

that would lead to discard X1 or X, which is suboptimal—see the last section of the
Supplementary Material for computation details. On the other hand, using only MDA;(] ) or
MDAI(], ) + MDA;(J ) as importance measures gives the accurate variable selection. The term
MDAE(] ) artificially increases the MDA value because of correlation, and is thus misleading

for both objectives (i) and (ii).

2 Algorithms

2.1 MDA Algorithm Formulations

Algorithms 2.1 and 2.1 respectively provide an algorithmic formulation of the Breiman-Cutler
MDA and the Ishwaran-Kogalur MDA.

Algorithm 1 Breiman-Cutler MDA
1: Input: A random forest and a variable index j € {1,...,p}
2: for /in 1,..., M:
3:  randomly permute the j-th component of the out-of-bag observations of the ¢-th tree
4:  for all permuted observations of the ¢-th tree:
5 compute the /-th tree prediction
6: compute the quadratic error associated to these predictions
7
8

subtract the original /-th tree error to the obtained quadratic error
: average the error difference over all trees

2.2 Ishwaran-Kogalur MDA by Blocks

The Ishwaran-Kogalur MDA is implemented in randomForestSRC. This package also provides
the possibility to define the Ishwaran-Kogalur MDA by blocks: the trees of the forest are
divided in a fixed number of blocks. The Ishwaran-Kogalur MDA is estimated for each block
and then averaged. Thus, the Breiman-Cutler MDA can be seen as a specific case where the
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Algorithm 2 Ishwaran-Kogalur MDA
1: Input: A random forest and a variable index j € {1,...,p}
2: forin 1,..., M:
3:  randomly permute the j-th component of the out-of-bag observations of the ¢-th tree
4:  for all permuted observations of the /-th tree:
5 compute the ¢-th tree prediction
6: foriel,...,n:
7
8

get the set of trees A, ; which do not involve X; in their construction
: average the tree prediction of the permuted i-th observation X; r,, across all trees in
An,i
9: compute the quadratic error associated to these averaged predictions
10: subtract the original forest error to the obtained quadratic error

number of blocks is the number of trees M, and each block contains only one tree. On the
theoretical side, if the number of blocks is fixed and Assumption 4 is satisfied, the number of
trees in each block grows to infinity, and therefore Theorem 1-(iii) still holds.

2.3 Sobol-MDA Computational Complexity

Recall that the computational complexity of the brute force approach of Williamson et al.
(2021), where a forest is retrained without each input variable, is O(Mp®*nlog®(n)), which is
quadratic with the dimension p and therefore intractable in high-dimensional settings.

On the other hand, the original MDA procedure has an average complexity of O(Mpn log(n)):
to run a balanced tree prediction for a given data point, it is dropped down the log(n) levels of
the tree, which makes a complexity of O(nlog(n)) for the full out-of-bag sample, repeated for
the M trees of the forest and the p variables. In the Sobol-MDA procedure, the complexity
analysis is similar, except that when a point is dropped down the tree, it can be sent to both
the left and right children nodes, generating multiple operations at a given tree level and then
an additional multiplicative factor of log(n). However, it is not necessary to run the Projected-
CART algorithm for each of the p covariates. Indeed, when a given observation is dropped
down the tree, it meets at most log(n) different variables in the original tree path. Therefore,
the Projected-CART prediction has to be computed only for log(n) covariates for each obser-
vation. Thus, the Sobol-MDA algorithm has a computational complexity of O(Mnlog®(n)),
which is in particular independent of the dimension p, and quasi-linear with the sample size
n.

2.4 Projected-CART

We provide below Algorithm 3 for an implementation of the projected random forests.
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Algorithm 3 Projected-CART

1:

e e e e e e

Input: A ©-random CART built with &, and a variable index j € {1,...,p}. (Note
that if a terminal leave occurs before the final tree level, it is copied at each level down
the tree.)

Initialize both in-bag and OOB samples at the root node of the tree;

for all tree levels:

for all level nodes:
if the splitting variable is not j:
send each data point to the right or left children node according to the node split;
if the splitting variable is j:
send the node sample to both the right and left children node ignoring the split;
for all data points:
retrieve the collection of nodes where the data point falls at the current tree level;
for all OOB data points:
retrieve the set of in-bag points which fall in the same node collection;
if all nodes in the considered node collection are terminal:
compute the output average of the in-bag points;
set this average as the prediction for the considered OOB observation;
if no in-bag points fall in the same node collection:
retrieve the corresponding in-bag data points at the previous tree level;
set the output average of these in-bag points as the prediction for the considered
OOB observation;

19: return predictions;
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Figure 3: Random forest error versus the number of variables for the “Ozone” and ‘“Breast
Cancer Wisconsin Diagnostic” datasets at each step of the RFE, using different importance
measures: BC-MDA, Williamson et al. (2021), IK-MDA, and Sobol-MDA.

2.5 Recursive Feature Elimination

Figures 3 and 4 provide additional experiments to show that the Sobol-MDA leads to a more
efficient variable selection than the Breiman-Cutler MDA, Williamson et al. (2021), and the
Ishwaran-Kogalur MDA. Notice that Algorithm 4 recalls the RFE procedure. The “Prostate”
dataset in Figure 4 is an example where the Sobol-MDA does not significantly improve over
the original MDA.

Algorithm 4 Recursive Feature Elimination
1: for jin1,...,p:
2:  train a random forest
3:  compute the MDA for all variables
4:  remove the variable with the smallest MDA
5: return the ordered list of removed variables

3 Proof of the MDA Consistency

3.1 Assumptions and Theorem 1

We recall Assumptions 1, 2, 3, 4, Proposition 1, and Theorem 1 for the sake of clarity.

Assumption 1 The response Y € R follows
Y=m(X)+e¢
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Figure 4: Random forest error versus the number of variables for the “Galaxy” and “Prostate”
datasets at each step of the RFE, using different importance measures: BC-MDA, IK-MDA,
and Sobol-MDA.

where X = (XU ... X®)) € [0,1]P admits a density over [0, 1]P bounded from above and below
by strictly positive constants, m is continuous, and the noise € is sub-Gaussian, independent of
X, and centered. A sample Dy, = {(X1,Y1),...,(Xn,Y,)} of n independent random variables
distributed as (X,Y) is available.

Assumption 2 The randomized theoretical CART tree built with the distribution of (X,Y) is
consistent, that is, for all x € [0,1]P, almost surely,

lim A(m, A} (z,©)) = 0.

k—o00

Assumption 3 The asymptotic regime of a,, the size of the subsampling without replacement,
and the number of terminal leaves t,, is such that a, <n —2, a,/n <1 —k for a fized k > 0,
lim a, = o0, lim t, =00, and lim tn(bgéﬂ =0.

n—oo n—oo n—oo n

Assumption 4 The number of trees grows to infinity with the sample size n: M — oo.
n—o0

Proposition 1 If Assumption 1 is satisfied, for a fixed n and i € {1,...,n}, we have

1

’E[(mﬁfﬂ(){i, Onr) — m(X:)*] = E[(mara, m1(X, On1) — m(X))?] ’ - O(M).

Theorem 1 If Assumptions 1, 2, and 3 are satisfied, then, for all M € N* and j € {1,...,p}
we have

(i) MDAy (X9 5 B[(m(X) — m(Xx,))?]
(i1) MDAypy (XD) L5 El(m(X) — m(Xx,))?]

If Assumption 4 is additionally satisfied, then

(iii) MDAppy (XD) 2 Bl(m(X) - Efm(X,,)| X))
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3.2 Proof of Theorem 1-(i)

Assumptions 1, 2 and 3 are sufficient to slightly extend the L2-consistency of random forests
from Scornet et al. (2015, Theorem 1) to the case where inputs are dependent, and also when
the prediction is performed for the permuted sample (i.e, for a query point with a different
distribution than the training data). Then, the TT-MDA consistency follows using a standard

asymptotic analysis.

Lemma 1 If Assumptions 1, 2, and 3 are satisfied, for M € N* we have

lim E[(masn(X,0n) — m(X))? =0,

n—oo

and for all j € {1,...,p}

lim E[(marn(Xx,, On) — m(Xx,))?] = 0.

n—o0

Proof of Theorem 1-(i). We assume that 1, 2, and 3 are satisfied, and fix j € {1,...

M e N*.
Firstly, according to Lemma 1, we have

lim E[(masn(X,0n) — m(X))? =0,

n—o0

and

lim E[(man(Xn,,Onm) — m(Xx,))?] = 0.

n—o0

Next, we can break down the Train/Test-MDA as follows

n

,p} and

(3.1)

MDAy (X0) = =3 (4 = mara(X g, ©20))* = (V] = mag (X1, O1))°

=1

= % 3 (m(X]) + ¢} — mM,n(X{Jrj, @M))2 — (m(X})) + &} — mar (X5, @M))2
i=1

= % " ((mi(X) (XL )] + (X ) = mara(XL O00)] + 1)
=1

— (m(X}) = marn (X}, Onr) + &)

= % y (m(X)) = m(X] ) + (X ) = marn(X] -, Oum)] + €F

=1

+ 2[m(X5) = m(X  )Im(X ) = masn (X 7, O]

+ 255[m(X5) — m(X )] + 265 [m(X 1) — marn (X 7,

J

,Ou1)]

= [m(X}) = mar (X, O0))F = €7 = 26i[m(X]) — marn (X3, Oar))-
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Then, we use the triangle inequality and the previous expression to get the following bound

E[| MDA,

)

=1
n

FE[LS

n -
=1

FE[ 23X — m(XL Nim (X)X, O]

=1

FE[|Z S & m(X)) - m

=1

FE[ 23 elm(X] ) — mara(X]

=1
n

+E[=) [m(X]) = marn (X}, O))7]

n
=1

(X)) — E[(m(X) — m(Xx,))?]|]

<E[2 S m(X) - mf

) — mMm(X'

)12 = E[(m(X) = m(Xx,))*|]

77‘761\/1)]2]

;O[]

+ EH% ZEQ[TR(X;) — mM,n(Xga @M)] H .

=1

Now, let us consider all the terms on the right hand side one by one.

(3.7)

(3.8)

(3.9)

The first and fourth terms (3.3) and (3.6) do not depend on the forest estimate, but it is not
possible to simply apply the law of large numbers since the permutation introduces dependence
within samples. For both terms, we prove L2-convergence, which implies the L'-convergence
we are looking for. For the first term (3.3), we define A,, 1 as

n

1

Ap1=— Z[m(X;) —m(

n“
=1

Clearly, we have E[A,, 1] = 0. Its variance writes

VIAna] = %E[ Z ([m(Xs) = m(Xim;)]? = E[(m(X) — m(Xx,))?])

n
i,k=1

x ([m(Xg) = m(Xpx,)]?

)12 = E[(m(X) = m(Xx,))?).

— E[(m(X) — m(Xx,))?])].

Because of the permutation, each element of the sum is dependent on only two other terms.
Therefore, only 3n terms of the double sum are not null, and because m is bounded (continuous

on a compact), we get

x 64)|m|[2..



Thus, lim, o V[Ap 1] = 0, which proves L2-convergence of Ay 1 towards E[A, 1] = 0. We
can handle the fourth term (3.6) in the same way. For the second term (3.4), by symmetry,

n

E[% Z[m(XZ(,ﬂ'j) - mM,n(Xz{,frﬁ@M)]Q] = EKm(XWJ) - mM,n(XTFj7®M))2]7
=1

which tends to zero according to (3.2). The sixth term (3.8) is handled similarly using (3.1).
Since m is bounded, we can bound the third term (3.5)

E[|2 S m(X) — m(X )m(X, )~ masa(X, ey O30)]]
=1
< AmlocBlIm(Xx,) — masn(Xn,, On)|],

and since L2 convergence implies L' convergence, we use (3.2) to obtain the convergence
towards 0 of this third term (3.5). For the fifth term (3.7) we first apply the triangle inequality,
and by symmetry we get

B2 3 ellm(XL ) — maran(XL e, Oa0)] < 2Bl (0(Xa,) = maga(Xa, . ©30)]
=1
< 2E[|¢|E[|m(Xx,) — marn(Xr,, Onr)]],

which tends to zero according to (3.2). Similarly, the last term (3.9) is handled with (3.1).
Gathering all previous convergence results on (3.3)-(3.9), we have for all M, for all j €

{1,...,p},

(TT)

MDA, (X9) L5 E[(m(X) — m(X,))2).

)

O]

Proof of Lemma 1. We assume that Assumptions 1, 2, and 3 are satisfied, and fix j € {1,...,p}
and M € N*. We first introduce the infinite forest estimate m,(x) defined as m,(x) =
Eo[mn(x,©)] where my,(x,0) is the randomized CART estimate.

Theorem 1 from Scornet et al. (2015) states the L2-consistency of infinite random forests.
It relies on Assumption 3 for the asymptotic regime of a,, and t,, and on a modified version
of 1, where the regression function is additive and X is uniformly distributed over [0, 1]P.
Here, we extend this result to any continuous regression function and any positive distribution
for X with support on the unit cube. First, the extension to the case where X has any
distribution bounded from above and below by positive constants can be easily obtained by
several technical adaptations as already highlighted in Scornet (2020). Secondly, notice that
the additive structure of the regression function is only required in Scornet et al. (2015) to
show the consistency of a theoretical randomized CART. Therefore we can drop the additivity
assumption and replace it by Assumption 2. Overall, we can extend Theorem 1 from Scornet
et al. (2015): provided that Assumptions 1, 2, and 3 are satisfied, we have
lim E[(m,(X) — m(X))?] = 0. (3.10)

n—oo
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Next, this result needs to be extended when the query point X is replaced by X . From
Assumption 1, X admits a density fx over [0,1]". By construction, the random vector X, is

the vector X where the j-th component is replaced by an independent copy of X (). Therefore
X7, admits a density fr,, which is the product of the densities of X (@) and X(fj), i.e., for
x € [0,1]7,

for (%) = / Fe)axt) x [ e (x)ax). (3.11)
’ [0,1]p1 [0,1]

From Assumption 1, fx is bounded from above and below by positive constants. Thus, it
exists ¢1, cg > 0 such that for all x € [0, 1]?,

1 < fx(x) < co. (3.12)

Combining (3.12) and (3.11), we obtain that for all x € [0,1]P, ¢f < fr,(x) < ¢3, and conse-
quently,

f7rj (%) < C%

su .
xe[oﬁ]p fx(x) T a

Now, we write

Bma (Xa,) = (X P1%0] = [ (ma0) =m0 s, ()

- x
= [ (a0~ e o 2
<2 [ )~ e
< B8(ma(X) - m(X)P|%)].
Taking expectations on both sides and using (3.10), we finally obtain
lim E[(my,(Xx,) — m(Xx,))?] = 0. (3.13)

n—o0

Equations (3.10) and (3.13) state that infinite forests evaluated at X or Xy, are L? con-
sistent. The first of these two results can be extended to get the consistency of a single
randomized CART m,, (X, ©), as shown in Scornet et al. (2015) by an easy adaptation of the
infinite forest case. Formally, we obtain

lim E[(m,(X,0) —m(X))?*] = 0. (3.14)

n—oo

The exact same reasoning as for the infinite forest above applies to get the extension to Xr,
and thus, we have

lim E[(my,(Xx,,0) — m(Xx,))*] = 0. (3.15)

n—oo

33



Now, we expand the final quantity of interest E[(mas,,(X, ) — m(X))?] (and its coun-
terpart for Xr,):

E[(marn(X,011) = m(X))?]

1 U 2
=E[(- Y _ mn(X,0,) — m(X))"]

=

M
—%E[E[ S [ (X, ©0) = m(X)]ma (X, 0p) — m(X)]|X, 7]
=1
1 M 2
=1 pBE[D (ma(X,0) = m(X))*[X, 7,]]
/=1
+ B B[ Y ma(X, 00) — m(X)]ma(X, 0p) — m(X)]X, 7,]]

£l
Conditional on (X, %,,), the random variables m,,(X,©y) for £ = 1,..., M are iid. Hence

E[(masn(X,0) — m(X))?]
= LE[E[(ma(X, 0) - m(X))*|X, 7,]]

+ 2Bl Y (Ema(X, 0)[X, 2] — m(X)) (Efma (X, 00)[X, 7,] — m(X))]
£l
1 2 1 2
ZKZEKm%QL@)—nKX» ]+(1—j2ﬂﬂ@mxX)—nan]. (3.16)

Using (3.10) and (3.14), we obtain the final result
T E[(maga(X, ©21) — m(X))? = 0,
which also holds for X, using (3.13) and (3.15):
lim E[(1mas(Xs, Oar) — m(X,))?2] = 0.

n—o0

3.3 Proof of Theorem 1-(ii)

Theorem 1-(i) can be quite easily adapted to the BC-MDA (ii).

Proof of Theorem 1-(ii). We assume that Assumptions 1-3 are satisfied, and fix j € {1,...,p}
and M € N*. Recall that the Breiman-Cutler MDA is formally defined by

1YL

- M N. ¢ [(3/1 - mn(Xi,ngy ef))Z - (}/z - mn(X“ @g))2:|
e=1"""™" =1

MDA&WRXUU Lo
Sy

34



where N, g =>"" |1 ols) 18 the size of the out-of-bag sample of the ¢-th tree.
4

i¢
Since a, observations are subsampled without replacement prior to the construction of
each tree, all out-of-bag samples have the same constant size of N,y = n — a,. Using the

triangle inequality, we have

E[|MDAyyy, (X9) — E[(m(X)—m(Xx,))?]]
M n
< % Z n —1(1 EH Z[(Yl - mn(XiJl'je’ 66))2 - (Yz - mn(Xz’a @Z))2
=1 n i=1
~ E[(m(X) — m(Xe, )1, 0[]
and by symmetry, this boils down to
E[|MDA)y, (X9) — El(m(X)—=m(Xx,))?]]]
< B[ Yl ma(Xin,,, 00)° — (% — ma(X:, 01))?
" i=1

2
— E[(m(X) = m(Xe, )10 ]
Next, we expand the sum in the right hand side and obtain a similar decomposition as the
one in the proof of Theorem 1-(i),

n

[(Yi = mn(Xiryy, 1)) = (Vi — ma(X4, 01))%]1

n

= Z[([m(xl) - m(Xi,ﬂ'ﬂ)] + [m(XiﬂTﬂ) - mn(XiJrju@l)] + 5i)2
= ([m(X3) = ma (X, ©1)] + &)1 o1

1

igel®

n

2
= Z[m(XZ) — m(Xi,ﬂjl)] ]li¢@§5)
+ [m(X—i,le) - mn(Xi,ﬂ'jla @1)]2]1i¢@§5') + Ezznig@(f)
+ 2[m(XZ) - m(Xi,le)][m(Xi,le) - mn(XiJrjla @1)]]li¢@§5>
+ 2¢; [m(Xz) - m(Xi,Trj1)]]li¢@§S)
+ 2Ei [m(Xim—jl) — mn(Xi,ﬂjlv @1)]]11¢®§S)
— [m(Xz) - mn(Xi7 @1)]2]1i¢@§s) - Ezzﬂig@gs)
— 2e;[m(X;) — mn(X;, 01)]1

ige()
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Thus, we have the following bound

E[|[MDA 7, (X9) ~ E[(m(X) - m(Xx,))?][]
<B|l—— nl (1m(X0) ~ m(Xiz, )2~ E0m(X) — m(Xe 2D o]l (317
+ E[n _1an i[m(xmﬂ) — i (Ximj1 s @1)]2111.%@53)] (3.18)
+E[[~ _2% i[m(xi) = (XK M XKieyy) = 10 (Ximyy, O[] (3.19)
+E[|- _2% ilsi[m(xi) (XK )1 o] (3.20)
+E[| - _2% igi[m(xml) — i (Ximj1 s @1)]112.¢®§S) ] (3.21)
+E[n_1an zn;[m(xi) (X, 001 )] (3.22)
+E[| - _2% Zj;si[m(xi) — mn (X, @1)]]1i¢@<15) ]. (3.23)

Now, let us consider all the terms on the right hand side one by one.

For the first term (3.17), we define A, ; as

By = 32 2 (((X5) — (Ko, )P~ E[0m(X) — m(Xe, )P, 0
=1 n
Its expectation is
ElAna] <E[=—((m(X1) = m(Xr,)]* = Bl(m(X) = m(Xz,) )1, o]
= B[ = (X r,))? ~ E[m(X) = m(X, )P(1L ¢ 6F7)
=0.

Next, observe that each term of the sum in A, ; is dependent on two other terms because
of the permutation of the j-th component, then we have V[A, ;] = O(1/(n — ay)). By
Assumption 3, a,/n < 1 — k with a fixed £ > 0, thus V[A, ;] = O(1/n). Since E[A, 1] =0
and lim,,_,oc V[Ay, 1] = 0, A, 1 converges towards 0 in L2, which implies L'-convergence. We
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can handle the fourth term (3.20) in the same way. For the second term (3.18),

n

1
E[n —an ;[m(xiﬂjl) - mn(Xiﬂij @1)]2]1i¢658)]
3 . P(i ¢ 0
SB[y — (K )7 # 0 PO
=1 n
S B [m(Ximy) — (Km0 ¢ 06
n 1,751 n\i,mi1y F1 1
i=1

where the last equality results from P(i ¢ @gs)) = (n — ap)/n. The conditioning event
{i ¢ @gs)} means that the observation of index ¢ belongs to the out-of-bag sample. Thus, it is
strictly equivalent to consider the tree trained with the sample 2, \ (X;,Y;) of size n — 1 with
a subsampling size a,. Furthermore, we can replace the query point X; ., by Xz, because
these two random vectors are iid and both independent of the training data of mg,, ,—1. Then,

1 n
;[m(xi,ﬁjl) - mn(XiJrjp @1)]2]12-¢@(15)]

E|

n— an

:% ZE[[m(Xﬂ]) — man,n—l(Xﬂ'j7@)]2]
=1
=E[(m(Xx,) ~ ma,n-1(Xx;, 0)));

which tends to zero according to the second statement in Lemma 1 for M = 1. The sixth
term (3.22) is handled similarly using the first part of Lemma 1. Since m is bounded, we can
bound the third term (3.19)

n

2
]EH n — an Z[m(xl) - m(Xi,ﬂ'jl)Hm(Xi,Tfjl) - mn(X’i,Trj17 61)]174%955) H
=1
Allmlloo 5
<= o B (X, = ma(Ximy,, 01)] X 1]

=1
4llm|ls <
ST ZE[’m(X’i,ﬂjl) - man,’nfl(Xi,ﬂ'jla @l)H
i=1
§4Hm||ooEHm(X7r]) - man,nfl(Xﬂ’ja G)Hv

which tends to zero according to Lemma 1 (with M = 1). Similarly, for the fifth term (3.21),
we have

and the convergence towards 0 is again given by Lemma 1. The last term (3.23) is handled in
the same way. Gathering all previous convergence results on (3.17)-(3.23), we have for all M,
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for all j € {1,...,p},

MDAy, (X9)) 15 B[(m(X) = m(X,,))?)

3.4 Proof of Theorems 1-(iii) and Proposition 1

The obstacle in the asymptotic analysis of the IK-MDA arises from the randomness of A, ;,
which can even be empty. However, the quadratic risk of the OOB estimate can be bounded
using the risk of the standard forest, as stated in the following Lemma.

Lemma 2 If Assumption 1 is satisfied, for all M € N* and i € {1,...,n}, we have

2
E[(meen (X5 Oa1) = m(X0) Lin, 0] < 5= B (masa,n-1(X, Oar) = (X)) 7).

We can draw interesting insights from Lemma 2. First by construction, the OOB estimate
aggregates a smaller number of trees than in the standard forest: E[|A;,;|] = (1—ay,/n)M trees
in average. Therefore the risk of the standard forest is inflated by the coefficient 2/(1—a,/n) >
2 to bound the OOB risk. Since the risk of the OOB estimate is bounded by the risk of the
standard forest, the L2-consistency of random forests can be extended to the OOB estimate.

Lemma 3 If Assumptions 1, 2, and 3 are satisfied, for alli € {1,...,n} and M € N* we have

lim E[(m{%" (X:, 0ur) — m(X:))*Lja, 150] = 0,

n—oo
and if Assumption 4 is additionally satisfied, for all j € {1,...,p}

. (OOB)
3 Bl

J

(X, 0nr) — Elm(Xim, )| X210, 50 = 0.

To prove Lemma 2 and 3, we need the following Lemma 4, proved at the end of the section.

Lemma 4 If dpr,n, and yar, are defined as

1
Satn = MQE[ S[1,2 ¢ Am-]]P(l,Q € Ani)
’An,i‘
1
o MQIE[ |1 e AW}IP(I € Ani),
|Ami‘
for all M € N\ {0, 1}, we have
6M,n <1
2
6M,n§7M,n§ 1_ @n>’
n

and for a fized sample size n,

1= 6ppn = o(%).

38



Then, we can deduce the consistency of the IK-MDA.

Proof of Theorem 1-(iii). We assume that Assumptions 1-4 are satisfied, and fix j € {1,...,p}.
Recall that Ishwaran-Kogalur MDA is defined as
(IK) .

J—— . 1
MDA, (X)) =5 D0 =m0 (K5, 0a)* = (Vi =m0 (%, 0a0))°,
=1

where Ny, = >0 LA, ;|>0 is the number of points which do not belong to all trees, and

OOB 1
mg\/[m )(X27®M) n(XZ’@£)1|An,Z|>O’
gEAnz
OOB 1
mg\/[””)(X“@M) 1A, | Z M (Ximse, O0) L, 4] >0-
[Anil Le,,, 7

To lighten derivations, we define M DA7, = E[(m(X) - E[m(Xﬂj)\X(fj)])ﬂ. We expand the
following expression,

E[[MDAy ) (X0) — MDA%]]
1 n

B[ 57— Do [ = mi7 2 (0%, 0u))* = (¥ = i) (X, O0))° = MDAj )11, 50
=1

Observe that Ny, is bounded between n and n — a,,, and consequently
—(IK .
EHMDAEM) (X)) — MDAGk|]
n

1
<E[| 3 - m{0 (Xi,0u)) — (Vi — mly 0P (X, 001))% ~ MDAf] L, 50]]-

- n—a
" oi=1

Then, we follow the proof of Theorem 1-(i) and (ii) with a similar decomposition of the sum
of the above expression

M IV=mi G0 (Xi,0u)) — (Vi =m0 (X, 001))? = MDA, 50
=1

- Z[([moc» = Elm(Xom, ) 1X{) + [Elm(Xir )X =m0 (Xi, O0)] + 1)’

(0]0] *
<[m<x ) — mﬁwﬁ (X, Ou)] + €)% = MDA ], 150

Z (X, )X — MDAf)la, >0
" Em(Xin ) X7 miro ) (Xi, 0021, 150 + €2 11a, 150

+2[m(Xs) = Elm(X; 2,) X Em(X 7)) X = m G0 (Xi, @)1, 150
+26;[m(X;) — Elm(Xim, )|XS 1A, 50

+ QEZ[E[TTL(XZ ﬂ-j)|X(._j)] E\?gi) (Xl’GM)]]l|Anz|>0

[0]0)
— [m(X;) — m70P (Xi, 0101, 20 — €211, 150
— 2e;[m(X;) — m<003> (Xi, O1)]Lja, . 50-
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We then obtain the following bound

E[[MDAy,

1

(XW) — MDAj|]

n

SB[ D (0n%) ~ Bl (X)) XN = MD AT, o] (3:24)
=1
+E[ - _1a i[E[mmmXE‘”] —mQ9o) (X, 002, 50] (3.25)
™ i=1
+E[| —— i[m<xi> — Efm(Xi,) | X} )
. [Efm (X, ) XE] = mig o2 (Xe, O30, 50]] (3.26)
T ilsi[moci) (X XL, ] (3.27
+E[| S B (X)X = 922 (X, @20, g0 (3.28)
™ i=1

vE[ S (X0 — mG9” (K, O, oo (3.29)
" i=1

T z (%) — m©9P (X, 0], ool (3.30)

Now, let us consider all the terms on the right hand side one by one. For the first term (3.24),
we can rewrite

S (Im(Xs) — Ein(Xim, )| XN — MDA, 50
=1

1

n— ap

n

n —

1 « _j
— > ([m(X3) ~ Elm(Xix,) X[ ]? = MDAj) ), 0.
n i—1

and the multiplicative term in front n/(n — a,) is upper bounded by 1/ > 0 by Assumption
3. Next, we can apply the strong law of large numbers to show that the sum converges almost
surely towards

E[([m(X1) — Em(Xi-,) X2 = MDA )1, 0]
= E[([m(X1) — E[m(Xi,x,)|X ]2 = MDAG )] P(|An| > 0)
= 0.

Since almost sure convergence implies L'-convergence, the first term (3.24) converges towards
0. The fourth term (3.27) is handled similarly with the strong law of large number since the
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noise is centered and independent of Z,,. The second term

n

(0]0)3)
o 2B (X X = mi 0 (X €20 150]
"i=1
n —j 00OB
“h—a E[<E[m<X1,m1X§ W)= i) (X1, €01, o)

converges towards 0 from the second part of Lemma 3 and because n/(n — a,) < 1/k. The
sixth term (3.29) is handled identically using the first part of Lemma 3. For the third term
(3.26), since m is bounded (continuous on a compact), we have

2

n—an ~

E[]

—7 00
X [E[m (X ) IXE ] = mi70 2 (X, 014, 0]
_ Anllmlls

) 00
p— E[|E[m(Xyq,)X{ 7] - m(M,n,ﬂj (X1,00) 1A, 1 50) 5
n

which converges towards 0 by Lemma 3. Similarly, for the fifth (3.28) and seventh (3.30)
terms, we have the following bound

—j OOB
n—a Zsl Zﬂ] XZ( J)] mswnﬂ')(X“@M)]]llAnz'>0H
" oi=1
2n —j OOB
<o Bl (Bl (X1 )X = mi7 00 (X1, Oa) [, 150),

and we conclude using Lemma 3 again. Overall, we have

IK .
MDAy, (X9) 25 Bl(m(X) — Efm(X,,) X))
O
Proof of Lemma 2. We assume that Assumption 1 is satisfied, and consider i € {1,...,n}

and M € N*. To prove the first part of Lemma 2, we begin with and expansion of the OOB
estimate

E[(m\9") (X, ©ar) — m(X:))?[|Anal > 0]

—E|( ’A;' é; (X3, O, 0~ m(X0)) | A

1 & 2
E [(m S [ (Xi, ©) = m(Xi)leea, ) [|Anil > 0].
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Now, we expand the square with a double sum,

E[(m{9% (Xi,0a1) — m(Xi)*[|Anal > 0]

M
=Y E A |2[mn(Xu@z) m(X;)][mn(Xi, O) — m(Xi)Leen, || Ani| > 0}
0,0'=1 it
M 1
-y E[r[mn(Xi,@g) — (X[ (Xi, O0) — m(X:)] |6, ¢ € An}

0,00=1
x P(0,0 € An;i||Ani| > 0).
Observe that conditionally on {¢,¢' € A, ;}, A,; only depends on {O,k € {1,...,M}\

{€,0'}}. This means that A, ; and [m,(X;, ©,) —m(X;)][m,(X;, ©p)—m(X;)] are independent
conditionally on {¢,¢" € A, ;}. We can then write

E[(mg(ng)(Xi,@M) — m(X3))|[Ani| > O] P(|An ] > 0)

o 1 / /
“Z:lla[mn sl € M| P(6,0 € Apil[Ani] > 0)P(|An| > 0)

x E [[mn(XZ, @g) — m(XZ)][mn(X“ @g/) — m(Xl)] € Anﬂ] .
- ;IE[IAMP €A, } (6,0 € A,y)
X E[[mn(XZ, @g) — m(XI)][mn(XZ, @g/) — m(X,)] c An,i] .

Since |A;, ;| is a binomial distribution, E[ﬁw, = An,i]IP(E,E’ € A, ;) takes the same value
for each pair of distinct ¢,¢ and any sample i € {1,...,n}. Similarly for the case ¢ = ¢,
E[ﬁ‘f € An’i]]P(E € A, ;) is constant when ¢ varies. Therefore, we introduce

_ 2 / .
St = M E[|Am| eAm}]P(u € Ans),
and
a2
YMn = M E[|Anz|2 ’f S Anz:| (K € Anz)
Then, we have
E[(mi7 " (X, 0a1) = m(X))?[|An| > O] P(|An ] > 0)

:5M,n% Z E[[mn(Xi, ©) — m(Xq)][mn(Xs, ) — m(Xi)][€, € € An,]
20=1

M
1
+(sn = OMn) 35 d "E[(mn(Xi, 00) — m(X))?[€ € Api].
=1
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Recall that m,(X;, ©y) is the randomized CART estimate, built with %,, and ©,, where the
component @ES) is used to subsample a, data points. When conditioned on {¢ € A, ;} (i.e.

i¢ @gs)), mn (X, ©¢) can be seen as the CART estimate built with 2, \ {(X;,Y;)} and with
the subsample size ayp, i.e., mq, n—1(Xi, ©¢). Therefore, we have for all pairs ¢, ¢/,

E [[mn(Xi, ©¢) —m(Xs)][mn(Xi, Op) — m(Xy)] |6, 0 € Ayl
= E[[ma, n-1(Xi, O¢) — m(Xi)][ma,n-1(Xi, Or) —m(X;)]]
= E[[man,n—1(X, ©¢) — m(X)][ma, n—1(X,0p) — m(X)]], (3.31)

where the last equality holds because X; and X are identically distributed and both indepen-
dent of the training data of mg, ,—1. Then, this last equality is plugged in the previous result
to obtain

E[(mg(j‘jB)(Xi, Onr) — m(X))?[|Ans| > 0] P(|An | > 0)

5MnM2 Z man,n 1 X @f) (X)][man,n—l(xv @E’) - m(X)H

0,0'=1
M
+ (’me — 5M,n)# ZE[(man,n—l(X7 @g) — m(X))Q] . (3.32)
(=1

Next, we factorize the right hand side

E[(m(fj’?)(xi, Our) — m(Xy))?||Ans| > O] P(|An | > 0)

1 & 2
:5M,nE [(M Z man,nfl(Xa 65) - m(X)) i|
/=1
+ (i~ 514) 3B [0, 01X, ) — m(X))’]

:5M,nE [(mM,an,nfl(X7 @M) - m(X))2]
1
+ (’YM,n - 6M,N)ME|:(mCLn,TL—1(X7 @) - m(X))2]> (333)
where mazq, n—1(X, ©r) is the standard random forest estimate, built with a dataset of size

n— 1 and the subsample size a,,. Using the decomposition (3.16) of the risk of the finite forest,
we have

%E[(mamn_l(X, 0) — m(X))?] < E[(mara,n1(X,0n) — m(X))?].

Additionally, from Lemma 4, yar,, — dpr,n > 0. We combine the last two inequalities with the
previous result and obtain

E[(m' 9™ (Xs, ©3r)~m(X:))*|[Anil > 0]P(|An:
§5M,nE[(mM,an,n 1(X,0n) — m(X))Q}
+ (0 — Ontn)E[(Marann-1(X, Oar) — m(X))?]
<1 nE[(M1.0,n-1(X, O2r) — m(X))],
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and using again Lemma 4, we finally get

2

E[(mizn” (Xi Oa1) = m(X0) "M, 0] < T—an/n

E[(ma,n-1(X, Onr) — m(X))*].
U

Proof of Proposition 1. We need to bound the difference between the risks of the OOB estimate
and the standard forest. To do so, we go back to equation (3.33)
OOB 2
E[(miz5, " (Xi, O31) = m(X0))*|[Avi| > 0] (|Anil > 0)
= 6M,nE [(mM,an,n—l(Xv @M) - m(X))2]

+ (M~ a1 3B [, 01 (X,0) — m(X))],

and rewrite it
E[(mi20” (X, 0a1) = m(X0))"Lin, 0] ~ E[(mara,.0-1(X, ©21) = m(X))’]|
< ‘5M,n - 1‘E[(mM,an,n—1(X7 @M) - m(X))2]

+ (VM — (5M,n)%E[(mamn,1(X, 0) — m(X))Q]

According to Lemma 4, 6y, — 1 = O(1/M) and yar,n — Opr,n is bounded. Therefore, for a
fixed sample size n, we have

E[(m{997) (0%, 0a1)-m(X0)) Wi, 0] — B[(ma10,n-1(X,001) = m(X))"]| = 057 ).

(3.34)

Finally, recall that IP(|A, ;| > 0) is the probability that the i-th observation does not belong
to all trees (in this case the OOB forest estimate is properly defined). A simple calculation
gives that P(|A,.;| > 0) = 1 — (a,/n)M, which converges towards 1 exponentially fast as M
grows. Then, we have

E[(mi5”) (Xe, ©3) = m(X)*] = E[(m{7” (Xi, 1) = m(X0))*Ljn, 0]
= E[(me” (Xi,0u) — m(Xi))*1ja, ,1-0]
= E[m(X;)?|P(JAni| = 0)
< |Iml % (an/n)™. (3.35)

From Assumption 3, a,/n < 1, and combining the bound (3.35) with the previous result
(3.34), we conclude that

E(m{227 (X, ©30)=m(X.)*] = E[(mat.0-1 (X, O21) = m(X))*]| = O(57):
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Proof of Lemma 3. We first assume that Assumptions 1, 2, 3, and 4 are satisfied, and we

consider i € {1,...,n}. Using Lemma 2, we have
0OB 2 2 2
E[(m70”) (X3, Oa0) = (X)) Wi, 0] £ 7o B[t n-1(X, Oar) = m(X)) ]

(3.36)

According to Assumption 3, 1 — a,/n > k where £ is fixed positive constant. Thus, we can
directly apply Lemma 1 to obtain

lim [ (mas g, n1(X,0n) —m(X))?] =0,

n—o0

and then

lim E[(mg\?gB) (Xs,On) — m(Xi))Q]l\An,i\>0] =0.

n—0o0

Next, we extend this result to the permuted case, i.e., X; is replaced by X; ;. Following
the same proof as in Lemma 2, we derive the following decomposition, similarly to equation

(3.32)
E[(mG9% (X, 0u) — Em (X)X ) || Al > O] P(|Ani| > 0)

Mn,m;

X (a1 (Xir o ©O0) = BIm(Xin,) X))
1 |
g D B[, 11 (K, ©) — Bl (X )IX{)?)
=1

By symmetry, we have

E[(mi7e (Xi, Ou) = Elm(Xi )X 1) ([ Ani| > 0]P(|Ani] > 0)
M—-1
M

E[(may n1(Xinr, O1) — E[m(Xi )| X))

= 6M,n ?

X (man,n—l(Xz‘,wﬂ, O9) — E[m(ijNXZ(*j)])]

1013 (001 (X, ©) — Elm(X, ) X)),

In the first term of the right hand side, we need to deal with the specific case where ;1 = 7,2,
which implies that X; r., = X; r,, since they have the same j-th permuted component:

Mmn,m;

E[(m 392 (X, 0nr) = Eim(X, ., )|1X) | |Ani] > 0] P(|Ani| > 0)
M—1

E (M1 (Ximyy: ©1) = Efm(Xir) ) X{ )

M i
X (Ma -1 (Kiieyz: O2) = Elm(Xim )X lmjs # 73] P(mj1 # 7o)
Forn B (01 (K 01) — Bl X, ) X))
X (Mapn1(Kimjp, O2) = E[m(XiJJ”ij)])le = mja] P(mj1 = 7j2)
+7M,n%E[(man,n_1(Xm ,0) — E[m(Xy,)|X7])?]



which can be simplified using Cauchy-Schwartz inequality for the second term as

B[ (i (%0, O21) — Blm(Xir, ) X 7])° (Al > 0]P(|Ani] > 0) (337)
M—1 B
S 6M7n E[(man7n_1(Xi7ﬂj17®1) — E[m(XZ 7_I_J)‘X( ])])

X (man,n—l(Xi,ﬂ'jza @2) — E[m( zwj)|X ])‘71']1 7& 7Tj2]]P<7Tj1 ?é 7rj2>
+(7]1\\44,n +0n,n M]\; 1IP(7Fj1 = m))E[(mamn_l(Xﬂj, ) — E[m(X,,)X])?].

Now, we focus on the first term of the right hand side. We have

E (4,01 (Kiiry1 1) — E[m(Xie, ) X{ 7))
% (M 1 (X0 ©2) = Efm(X ) X[ # )
= E[[ma, n-1(Xim;1, 01) = m(Xiy) — (E[m(Xi,wj)\Xl(-_j)] —m(Xir,))]
X [Mayn—1(Xijp, O2) = m(Ximj,) — (Elm( im)|X(_j)] — m(Xi;))lmjn # 2]
= E[(may.n-1(Xiz;1, 01) = m(Xix;,)) (Mayn-1(Xigy, O2) — m(Xi,ﬂ'jQ))‘ﬂ-jl £ 7]
— 2B [(may n—1XKiz;p, 01) — m(Xi ;) (E[m(X; ﬂj)|X - m(Xix,))|mjn # 2]
+ E[Em(Xim, )X = m(Xi ) Em(Xa X)) = m(Xim )t # 750).
For the second term, the two multiplied terms are independent conditional on Xg_j)
Tj1 # Tj2, then

and

E[ (14,01 (Xismy1, ©1) = m(Ximy ) (E[m(Xir, )X = m(Xim o)) |1 # 750
= E[E[(Ma,n1Ximy1, 01) — m(Ximy,)) (Elm (X, )1 XS] m( i )| X 71 # ]
= E[E [ma, n1 (X1, 01) = m(Xim, ) | X E R (X)X = m(Xir,)) | X
=0.

Similarly, the third term is also null. Finally, we apply Cauchy-Schwartz inequality to the first
term to obtain

M -1 iy
7 Bl n1(Xinyy, 01) = Efm(Xi,)|X{ )
X (man,n—l(XiJrjzv O2) — E[m( Hrj)|X ])|7F]1 # 7"]2]

< 6M»HE [(man,n—l(XiﬂTﬂ?@l) - m(XiﬂTﬂ))Q]

< 5M,nE [(man,nfl(Xﬂ'j ) @) - m(Xﬂj))Q] )
where the last inequality holds because X, r;, is independent of the sample used to train
Mg, n—1 and have the same distribution as Xﬂj. Overall, using this last inequality with the
decomposition (3.37), we obtain the following bound

5M,n

E[(mgﬁi?) (X, O01) = E[m(X, )| X)) |[Ani] > 0] P(|Ani| > 0)

S(SMn [(man,nfl(XWJ y @) - m(XTFj))Q]
M -1

+ (7?\44n +oMn—7— i P(rj1 = 7Tj2))E[(mamn_1(X7rj,@) — E[m(Xﬁj)\X(*j)])ﬂ,
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Furthermore, using Lemma 4, the bound can be simplified to get

E[(m G902 (X, 0nr) — Em(X, ., )| X)? | [Ani] > 0] P(|Ani| > 0)

M,TLJI']'

<E[(ma, n-1(Xr;,0) — m(Xx,))?]

+ (1_271/”’]\14 + IP(ﬂ'jl = 7Tj2))E[(man,n—1(X7rj, ) — E[m(Xﬁj)‘X(—j)])ﬂ'

Next, we break down the expectation of the second term
E[(ma,n—1(Xr;, 0) — E[m(X,,)|X))?]
:E[(mamn_l(ij,@) - m(XTrj)
=E[(ma, n-1(Xx,,0) —m(Xy,)
+ QE[(mamn,l(Xﬂj, 0) — m(Xx,))(m(Xx,

+ (m(Xx,) = Em(Xx, ) X))
)]+ E[(m(Xr,) = Elm(Xr,) X))
;) = E[m(Xo)[ X))
Since m is bounded, we get
E[(man,n—l(XWjae) - ]E[m(Xﬂj)|X(7j)])2]
< E[(Mayn-1(Xr,, ©) = m(Xx,))?] + 4] [ml[
+ 4HmHooEUman,n—l<X7rjv 0) - m(Xﬂ'j)H'

Finally we obtain the following bound

E[(m G2 (X, 0ur) = Em (X)X ) |[Ani] > O] P(|Ani| > 0)

Mn,m;

< (1 + 1_211/71]\14 + P(mj1 = 7Tj2))E[(man,nfl(Xﬁja@K) - m(ij))Q]

2 1
(T ar PO = 1)) UlnlocE [P, o1 (X, ©) = (X, )]

2 1
HAlml (7=, 7 37 + B = mi2)).
n

The second part of Lemma 1 for M = 1 gives that
lim E[(mamn_l(ij, ) — m(Xﬂj))Q] =0,

n—oo

and since L2-convergence implies L'-convergence, we also have

llm E“man,n—l(Xﬂ’j)@E) - m(XWJ)H = O

n—oo
It is clear that P(mj1 = mj2) < 1/(n — ay,), and then lim, o P(7j1 = mj2) = 0, since
1 —ap/n > k > 0 by Assumption 3. Additionally, according to Assumption 4, M — oo,
n—o0
therefore
1

dm T T B = miz) = 0.

Overall, we have

(OOB)
M,n,7rj

lim E[(m

n—o0

— i)\ 2
(Xi,001) — Elm(Xin )X 1, 50] = 0.
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Proof of Lemma 4. We consider M € N\ {0,1}, i € {1,...,n}, and define

5M,n:M2E[‘A ’2\1 2eAm} (1,2 € Ay)

:MthAn,yg\M LM € A P(M = 1,M € Ar).

Recall that by definition, |A, ;| = Zé\il ]li¢@(s). Since ©y are iid, |A, ;| is a binomial random
£
variable. Then, we have

1
2+ 0021, got®)’

E[IAmP’M M—1¢€ Ay | =E|

On the other hand,

P(M —1,M € Ay) = (1-24)°.

Combining the previous two equations, we get

M-2

a2 OGnyvex~ L (M =2\ an\k On\M-2-k
s =31 = 2 5 gt (M) - S
M—2
9 (M —2)!  Gp\k+2 Gn\ M—(k+2)
=M k;z_o l<:—|—22k:' (k:+2))!(1 n) (n)
:M2M 2 k+1 ' M (1_7)]€+2( ) M—(k+2)
= 0(k+ 2)M(M —1) (E+2)(M — (k+2))! n n
M Zk+ A\ k42 Qn\ M—(k+2)
=31 2 kel e) 0 )
We reindex the sum with k& < k + 2 and get
M
M k—1(M Gn\k  Ony M—k
=y 2 () 05 G
M
M 1IN (M ANk Qp\M—k
o (- () - (239
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Next, we bound 0z,

(3.39)

Similarly for the second inequality, we define
1
‘An,i|2
1
|An,i|2

Vhn :MQE[ e Aw}lpu € An)

|M € AW]IP(M € Ani),

and get

Y =M (1 — a—") 3! <M - 1) (1- ‘L")’“(‘L")M—l—k

n n

where Z is a binomial random variable with M trials and parameter 1 — 22, Lemma 4.1 from

Gyorfi et al. (2006) states that "
1

E[Eﬂzzl} = (

2
M+ 1)(1— )’

n

(3.40)

which implies that

On the other hand,
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where the last inequality uses (3.39).

To prove the last statement of Lemma 4, we go back to equation (3.38):

k=1
U OMY o ank ik oMY o ke
w2 ()0 g () o - s
:M]\{ 1 - (%)M _E[%ﬂzﬂﬂ
an 2
ZM—1_1_(?)M_(M+1)( _Ln)]’

where we use inequality (3.40) for the last statement. Overall, using also inequality (3.39), we
have

M
M—-1

0> M(Garp—1) > n y M 2M )]

oM (M)

The right hand side is an increasing function of M and converges towards — }fg"fz as M — oo.

Additionally, the right hand side is always defined since 1 — a,,/n > k > 0 from Assumption
3. Therefore, for a fixed sample size n, M (dp, — 1) is a bounded sequence. Finally,

Satm — 1= o(%).

3.5 Proof of Proposition 2

Proposition 2 If Assumptions 1, 2 and 3 are satisfied, then for all M € N* and j € {1,...,p}
we have

(i) MDAy (XD) B vy] x ST 1+ V[Y] x STY) + MDAV

(ii) MDAy, (XD) 25 V[y] x STO 4 V[Y] x STY) + MDALY.

If Assumption 4 is additionally satisfied, then

(i) MDAy, (X@) L5 w[y] « TG + MpA39).

Proof of Proposition 2. We assume that Assumptions 1, 2, and 3 are satisfied, and fix j €
{1,...,p} and M € N*. Then, using Theorem 1-(i), we have

v (X9) 25 Elm(X) - m(X.,))?)

MDA, (X))
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First, we rewrite the MDA limit as
E[(m(X)—m(Xx,))?]
=E[E [(m(X) m(Xx,)? X))
=E[E[((m(X) — E[m(X)| X)) — (m(Xr,) - Elm(Xx,)[ X))
+ (Elm(X >|x< D] = Elm(Xx,) X)X ).

Now, observing that these three terms are independent conditionally on X9, we can expand
the MDA limit as follows

E[(m(X)—m(Xx,))?]
=E[E[(m(X) — E[m(X)|X))?|X] + E[(m(Xx,) — Elm(X,)[ X)X )]
+ (E[m (X)X — Em(Xx,) X))
=E[V[m(X)[X]] + E[V[m(X,, )| X)]
+ E[(E[m(X)[X 9] — Elm(X5,) X))
=V[Y] x STY + V[Y] x ST + E[(E[m(X)[X 9] - E[m(X,,)|X])2.

Theorem 1-(ii) gives the same theoretical counterpart for BC-MDA, and thus the same
decomposition applies

MDAy, o (X)) L5 Wiy] x STG) 1 V[Y] x STY) + E[Em(X)[XD] - Em(X,, ) X))2).

Now, we additionally assume that Assumption 4 is satisfied, i.e., the number of trees grows
to infinity with n. Then, using Theorem 1-(iii) we have

MDAy (X0 S B(m(X) — Elm(Xa,) X2,

We decompose the theoretical counterpart as in the first case,

E[(m(X) — E[m(X,)|X"))?]
=E[(m(X) — E[m(X)[X] = (E[m(Xx,)[ X)) - E[m(X)[X]))?]
=E[(m(X) — E[m(X)[X])?] + E[E[m(X)[ X)) — Eim(Xx,) X))

=VIY] x ST + E[(E[m(X)[X] — E[m(Xx,) X)),

3.6 Proof of Corollary 2

Corollary 1 If covariates are independent, and if Assumptions 1-3 are satisfied, for all M €
N* and j € {1,...,p} we have

MDAy (X@) 2 ay[y] x sT0)

C .
MDAy, (X0 L ov(y] x s7G)

o1



In addition, if Assumption 4 is satisfied,

MDAy (XD 2 yiy] x s7G).

Corollary 2 If the regression function m is additive, and if Assumptions 1-3 are satisfied, for
all M € N* and j € {1,...,p} we have

—(TT . .
MDAE\M) (X)) 5 9v(y] x STY)

(BC)

MDA, (xy L oyiy x STW
M, ( )—>2V[ ]X mg*

In addition, if Assumption 4 is satisfied,

(IK)

— (I . .
MDAy, (X9)) 25 v[y] x STG).

Proof of Corollary 2. We assume that Assumptions 1, 2, and 3 are satisfied, and fix j €
{1,...,p} and M € N*. Then, using Theorem 1-(i), we have

]Ll

W (X)) S E(n(X) — m(Xa,)2).

MDA, (X@)

Since the regression function is assumed additive, we can write m as

Then, the MDA limit writes
E[(m(X) — m(Xx,))?] = E[{mj(XY) — m;(X"D)}?]
= E[{(m;(XY) = E[m;(XV)]) = (mj(X"D) = E[m;(X9)])}?]
= 2V[m;(X V)],
where X' is an independent copy of X ) by definition of X,
On the other hand, we have
VY] x STY) = E[V[m(Xx,)|X]
E[{m(Xx;) — E[m(Xx,) X9}’

_ E[{mj(X/(])) + i mk(X(k)) — E[mj(X/(j)) + i mk(X(k))‘X(_J)]}Z]
ki gl

— E[{m;(X"Y)) — E[m;(X'9)]}?]

= V[m; (X))

— 1/2E[(m(X) — m(Xx,))?],

which gives the result of Corollary 2 for the Train-Test MDA.
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The proof for the Breiman-Cutler MDA is identical. For the Iswharan-Kogalur MDA, we
assume that Assumption (A4) is additionally satisfied, and Theorem 1 gives that

(IK)

MDA 7, (X9) L5 E[fm(X) — Efm(X,,)| X)),

n

Again, we can simplify the MDA limit in the additive setting, and we get

E[{m(X) — Elm(Xx,) XY = E[{m;(XY) — E[m;(X"9)]}?]
[mi (X))
[Y] x ST

mg?

A%
\%

which gives the final result.

3.7 Proof of Property 1

Property 1 (Marginal Total Sobol Index) If Assumption 1 is satisfied, the marginal total
Sobol index STT% satisfies the following properties.

(a) STY) =0 < ST =0,
(b) If the components of X are independent, then we have Squfg) = ST\,

(c) If m is additive, i.e. m(X) = 3, mp(X®), then we have ST,SQ = V[m;(XW)]/V[Y],
and ST#{; > ST,

Proof of Property 1. We assume that Assumption 1 is satisfied.

(a) First, we assume that ST = 0. Using the definition of the total Sobol index, we get
that

E[(m(X) — E[m(X)[X"7])? = 0.

By Assumption 1, the density of X is strictly positive on its support [0, 1]P, and since the
square function is positive, the previous equation gives that, almost surely,

(m(X) = E[m(X)[X=))* = 0,
which gives
m(X) = E[m(X)|X)]  as.
Therefore, m(X) does not depend on the j-th component almost surely, and we have

m(Xz,) =m(X) as,
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and consequently ST#{; = ST = (. The reverse case follows the same proof.

(b) By construction, X, and X have the same joint distribution when X has independent
components, and the result follows.

(c) We assume that m is additive and writes

We expand the definition of the marginal total Sobol index using the above expression of m
and obtain

VIY] x ST = E[Vim(Xx,) X))

= E[{m(Xa,) - Elm(X,)| X))

—E[{mj(Xl(j))+ka(X(k)) E[m;j(X') +ka X D]
k7 k#j
= E[{m;(X"Y) — E[m;(X"9)]}?]
= V{m; (X)),

For the second part of the statement, we similarly derive

VY] x STD = E[{m;(XD) — E[m;(XD)|X]}?]
= E[V[m; (X)X,

and the law of total variance gives that ST,S{; > ST,

4 Proof of the Sobol-MDA Consistency

For the sake of clarity, we recall Assumptions 5, 6, and Theorem 2.

Assumption 5 A node split is constrained to generate child nodes with at least a small fraction
v > 0 of the parent node observations. Secondly, the split selection is slightly modified: at each
tree node, the number mtry of candidate variables drawn to optimize the split is set to mtry = 1
with a small probability § > 0. Otherwise, with probability 1 — §, the default value of mtry is
used.

Assumption 6 The asymptotic regime of a,, the size of the subsampling without replacement,
and the number of terminal leaves t,, is such that a, < n —2, ap/n < 1—k for a fized k > 0,
lim a, = oo, hm t, = 00, and lim Qt”(loggﬂ =0.
n—oo n—oo n
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Theorem 2 If Assumptions 1, 5, and 6 are satisfied, for all M € N* and j € {1,...,p}

S MDA (X)) 25 ST,

The consistency of the Sobol-MDA relies on the consistency of the projected random
forest, stated in Lemma 6, and Lemma 7 for the corresponding OOB estimate. Lemma 5
is an intermediate result on the asymptotic behavior of the original forest. Under the small
modifications of the random forest algorithm defined by Assumption 5, Lemma 5 states that
the cells of a random tree in the empirical forest become infinitely small as the sample size
increases. For a cell A € [0, 1], we define diam(A) the diameter of a cell as

diam(A4) = sup [|x —x/[|2.
x,x'€A

Recall that A, (X, ©) is the cell of the original ©-random CART where X falls.

Lemma 5 If Assumptions 1, 5, and 6 are satisfied, we have in probability

1i_>m diam(An(X,©)) = 0.

The following lemma states that the Projected-CART estimate is consistent. Recall that
Agfj)(X(_j), ©) is the cell of the %)rOJected partition where X( 7) falls, m%ﬁj)(X(_j), ©) is the
associated projected tree, and my, X( My [m%_] )(X 0)|Zn, X(=7)] is the projected
infinite forest estimate. We also deﬁne m! J)(z) = E[m(X)]X(_J) =z| for z € [0,1]P~L.

Lemma 6 If Assumptions 1, 5, and 6 are satisfied, we have for j € {1,...,p}
lim E[(m{ (X)) — m(D(XE0Y))2] = 0.

n—oo
Lemma 7 If Assumptions 1, 5, and 6 are satisfied, for alli € {1,...,n}, j € {1,...,p}, and
M € N* we have
OOB —J —j
lim El(m{ 177" (X7, 00) = m(X)? A, 50] = 0.

n—oo
Proof of Theorem 2. We assume that Assumptions 1, 5, and 6 are satisfied and consider j €
{1,...,p}. We can exactly follow the proof of Theorem 1-(iii) by only replacing E[m(Xx,) 1X(=7)]
by E[m(X)|X(~7)] in the main decomposition, and get the L!-consistency of the unnormalized
Sobol-MDA using Lemmas 3 and 7. Finally, the Sobol-MDA is normalized by the standard
variance estimate 6y of the output Y, which is consistent by the Law of Large Numbers. Next,

according to the continuous mapping theorem 1/6y —+ 1/V[Y]. Overall, the Sobol-MDA is
the product of two random quantities which convergence in probability, and we have

STMDA 1, (X9)) 25 ST,
OJ
(=3)

The brute force approach of retraining the forest with the data %, ’’, where covariate
X ) is removed, also estimates the total Sobol index, as proved in Theorem 3 below. The
associated forest estimate is then denoted by mpr, (X (7). g )).
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Theorem 3 If Assumptions 1, 5, and 6 are satisfied, for all M € N* and j € {1,...,p}

E[(Y — mara(XTD, 2502 E[(Y — mara(X))Y
VY] - V(Y]

— ST0),

Proof of Theorem 3. We first need to show the L2-consistency of random forests under As-
sumptions 1, 5, and 6. Under these assumptions, Lemma 5 gives that

lim diam(4,(X,0)) =0.

n—o0

Then, we follow the proof of Lemma 6 to get the L2-consistency of random forests under
Assumptions 1, 5, and 6. Next, we break down the following quantity,
E[(Y — mara(X))?] = E[(m(X) — marn(X) +€)?]
= E[(m(X) — man(X))?] + 02 + 2E[e(m(X) — ma,n(X))),
where the last term is null because € is centered and independent from Z,,, ©,s, and X by

construction, and o = V[e]. Finally, since the forest estimate is L?-consistent, the first term
converges towards zero, and we get

E[(Y — man(X))2] = o2
For the second term, we can write

E[(Y — mara (X1, 7))
=E[(m(X) — mD(XED) + (m ) (X (9)) - mM,n(X(ij% 200Y)) 4 ¢)4
=E[(m(X) - m(X)?] + % + 2Ble(m(X) — m ) (X))
+ E[(mD (X)) — mM,n(X(_j), 2-0)))
+ 2E[e(m)(X (7)) — van(X(_j), 2)]
+ 2E[(m(X) — m(=9) (X(fj)))(m(fj)(x(fj)) _ van(X(*j), @éfj)))]_
As above, the third and fifth terms are null because ¢ is independent of the other random vari-
ables involved. The forest estimate is L2-consistent, and the result is valid for any dimension
of the input vector, and in particular for p— 1 when X is removed from the data. Therefore,

the fourth term is null asymptotically. It is also the case for the last term, since m is bounded
(continuous on a compact) and L2-convergence implies L'-convergence. Overall, we get that

E[(Y = marn(XT,257))%] = E[(m(X) —mD (X)) + 0%

n

We can rewrite

E[(m(X) —m(X))%] = E[(m(X) — Elm(X) | X])?]
[Vm(X) | X9

E
V[Y] x STW.
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Finally, we have

E[(Y — mun(XD, 2502 E(Y — maga(X))?) -
i — VY] — STU),

O

Proof of Lemma 5. The proof is inspired by Lemma 2 from Meinshausen (2006). We define
sn(X,©) as the number of splits to reach the terminal cell A, (X,0) where X falls. The
asymptotic regime of the tree growing is controlled by Assumption 6 by setting the number of
terminal leaves to ¢,. Since A, (X, ©) is a terminal leave, there are two possible cases: further
splitting A, (X, ©) will necessarily lead to cells with a number of observations smaller than
the algorithm parameter minimum node size, that we call N,,;,, and is typically equal to 5
in practice. Formally, it means that

Np(X,0) < 2Npin, (4.1)

where N, (X, ©) is the number of observations in A4, (X, ©). The other possibility is that the
total number of leaves t,, is reached, which implies that

229 > ¢,

the equality case happening if the tree is balanced. Next, according to Assumption 5, all chil-
dren nodes have at least a fraction 0.5 > v > 0 of the parent node observations. Then we have
any* %0 < N, (X,0). Combining this last inequality with (4.1), we obtain a,y*(X®) <
2Npin. Overall, at least one of the two following inequalities is satisfied

sn(X,0) > logs(ty)
logy(an/2Nmin)
logy(1/7)

From Assumption 6, a, — oo and t,, — oo. Therefore, we can conclude that

sn(X,0) >

sn(X,0) 25 co. (4.2)

Now, we fix j € {1,...,p}, and define Sg)(X, ©) as the number of splits involving the j-th

variable in the path to A4, (X, 0). According to Assumption 5, variable j can be selected at
each node with probability at least §/p. Combined with result (4.2), we consequently have

sU(X,0) 2 . (4.3)

Next, we break down the cell A4,(X,0) with a collection of intervals for each of the p
directions:

p
7j=1
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where each AY) (X, ©) is an interval and can be written as AY (X,0) = [l%j) (X, 0), ul) (X,0)].
Then, we can bound from above the number Nﬁj ) (X, ©) of observations whose j-th coordinate
belongs to Ag)(X, ©) using Assumption 2,
NP(X,0) < ay(1 =) %9,
and using (4.3), we get that
NY(X,0)/a, 0.

Next, we introduce Féi) the empirical cdf of X0 estimated with the ©(%)-subsample of Z,.
Similarly, F¥) denotes the cdf of XU). By definition, we have

NY(X,0)/an, = F (u)(X,0)) — F (17 (X, 0)) = 0. (4.4)
On the other hand, we can write

FOuP(X,0)) - FOUP (X, 0)) =F (uf (X, 0)) - FP (1P (X, 0))

~ [FO W (X,0)) - FD ) (X, 0))]
+ [FO9(X,0)) - FO 1D (X, 0))],

and we get the following bound
FO P (X,0)) - FD (1D (X,0)) < FD (W (X,0)) - FD(19)(X,0))

+2 sup |ED(2) — FU(2)].
z€[0,1]

The Glivenko-Cantelli Theorem gives that

sup |F)(z) — FU(2)| =0,
z€[0,1]

and combined with (4.4), we obtain
FO @ (X,0)) - FDI9(X,0)) £ 0. (4.5)

Finally, using the integral form of the difference above, we have

FO(u9)(X,0)) — FO(19) (X, 0)) = /  f9(@)de,
AP (X,0)

and since fU) is lower bounded by ¢; according to Assumption 1,
FOuP(X,0)) - FYIP (X, 0)) > eidiam(AY) (X, ©)).
This last inequality combined with limit (4.5) gives
diam(AY) (X, 0)) 2 0,

and since this is true for each direction j = 1,...,p, the final result follows. Then, we have in
probability

lim diam(A4,(X,0)) =0.

n—o0

o8



The proof of Lemma 6 is based on Theorem 10.2 from Gyorfi et al. (2006) and Theorem
1 from Scornet et al. (2015). First, we introduce several notations following Scornet et al.
(2015). The partition of [0,1]P~! obtained with the ©-random tree projected along the j-th

direction is denoted by P,(Z_j )(@n, ©). We define the family of all achievable partitions with ©
as

Ha(l_J) (9) = {P(_j)((xla yl)a sy (Xnv yn)7 @) : (Xiv yl) € [07 1]1)—1 X R}’
and the associated maximal number M (H%_j )(G))) of terminal nodes among all partitions in
(=) -
II,, 7 (©) is

MM (0)) = max{|P| : P e I (O)}.

Next, we consider z1,...,z, € [0,1]P~! and denotes I'(z, ... ,zn,H,(l_j)(G)) the number of
distinct partitions of z1, ..., 2z, induced by the elements of Hgfj )(@). Then, the partitioning
number I‘(H%_] )(@)) is defined as

PI1C(0)) = max{D(z1, ..., 2, 11(©)) 1 2y,...,2, €[0,1]P 7).

We define the truncated operator Tp, for L > 0. Thus, the truncated tree estimate
TLmﬁ])(X(_]’), ©) returns the constant L whenever |m,(fj)(X(_j), ©)| > L. Finally, we define
Fi )(@) the set of piecewise constant functions over the partition pL )(Qn, ©). Then, the

projected tree estimate mi (X(=9),©) is defined as the element of F&D (©) which minimizes
the quadratic risk.

For the sake of clarity, we recall Theorem 10.2 from Gyorfi et al. (2006), as presented in
Scornet et al. (2015) in the case of random forests.

Theorem 4 (Theorem 10.2 in Gyorfi et al. (2006)) Assume that

(@) iz B = o,
(i) lim E[ inf E[(f(XT7) =m(XE))?]] =0,
e F T (0))|fllo0<Bn
(#i7) for all L > 0,
HmEl s | S ) v —EIG(XC) - v =0
feFie), In cols)
[ flloo < Bn

Then, we have

lim E[(Tp,m$ (X)) —mED(x=D))2) = 0.

n—o0

Proof of Lemma 6. We assume that Assumptions 1, 5, and 6 are satisfied, and we fix j €
{1,...,p}. We closely follow the proof of Theorem 1 from Scornet et al. (2015) to adapt it to
the case of projected forest.
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(i) We set B, = ||m]|se + V[e]v/210g?(ay,). By definition, 8, — co and (i) is satisfied.

(ii) Approximation Error. Fix £ > 0. We can show that (see Scornet et al. (2015, page 17)
for the details), for n large enough such that 3, > ||m/||co,

B[ inf E(X)-m X))
feF o), . .
1l < 8o < €+ 4llml X P(A(m, AT (X, 0) > ©).

On the other hand, observe that A,(fj)(X(fj),@) is included in the projection of A4,(X,©)
along the j-th direction by construction—see Figure 5 for an illustration. Furthermore, when
a cell is projected, its diameter is smaller than the original one. Thus, we have

diam(AG7) (X9 @) < diam(A4, (X, ©)).
and consequently Lemma 5 implies that in probability

lim diam(AL7) (X9 @)) = 0.

n—oo

Since m is continuous, the control on the cell diameter implies that
A(m, AT (XD @) L5 0.
This enables to control the approximation error, i.e., for n large enough

B inf  E[(fXT)-mI X)) <2¢,
feFre),
[1f1lo0 < Bn

and therefore (ii) is satisfied.

(iii) Estimation Error. The number of terminal leaves in the original tree is ¢,. Conse-
quently,' the number of leaves in the projected tree is upper bounded by 2f». Thus, by definition
M (H;_])(@)) < 2t and simple calculations give F(H,(fj )(9)) < [(p—1)an)?™. Since Assump-

ot (108(an)°

tion 6 ensures that lim = 0, we can show (iii) exactly as in Scornet et al. (2015,

n—oo
page 17-18).

Since (i), (ii), and (iii) are satisfied, Theorem 4 gives the consistency of the truncated
projected tree estimate,

lim E[(Ts,m{ (X)) - mED(XEDY))?) = 0.

n—0o0

Finally, the extension to the untruncated projected tree estimate strictly follows Scornet
et al. (2015, pages 18-19) when the noise is Gaussian, and is still valid for our case of a
sub-Gaussian noise (Assumption 1). Overall, we have

lim E[(m,(fj)(X(fj)) —m9 (X(*j)))z] =0.

n—oo
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x @ X®

R . -
A, (X, 0) |
e X } ’ X
! L (]
x@) ‘ : > x(1)

Figure 5: Example of the partition of [0, 1]? by a random CART tree (left side) projected on
the subspace span by X(2 = x(1) (right side). Here, p =2 and j = 2.

Proof of Lemma 7. We assume that Assumptions 1, 5, and 6 are satisfied, and we fix j €
{1,...,p}. First, we expand the considered risk
—j,00B —j
E[(m{y 7 (X1, ©31) = m(X{) 1, 0]

) . . 2
> X, 00) = m(XT) M, ps0)
CeN, ;

-E| |AL-|

Then, identically to the proof of Lemma 2, we can handle the randomness of the selected batch
of trees A, ;, and bound the OOB risk with the risk of the standard projected forest, i.e.,

E[(m5 50" (X7, 00) = m(X)) 4, 50]

2 . » o
= mE[(mEW,Qn,nﬂ(X( D,0r) — m(X))7.

Lemma 6 gives the consistency of the infinite projected forest, which also implies the consis-
tency of the finite projected forest, that is
i i Zi\ 2
E[(m{,?) (XD, 0,) —m(X)*] — 0.

Additionally, from Assumption 6, a,/n < 1 — k with £ > 0, and thus

Jim Bl(n{ 077 06, O00) = m(X)PHjn, 0] = 0

5 MDA Software Implementations

We provide detailed references of the MDA implementations of the main random forest pack-
ages:
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1. scikit-learn 0.24
(https:/ /scikit-learn.org/stable/)

2. randomForest 4.6-14
(https://cran.r-project.org/web /packages /randomForest /index.html)

3. ranger 0.12.1
(https://cran.r-project.org/web /packages /ranger/index. html)

4. randomForestSRC 2.9.3
(https://cran.r-project.org/web/packages/randomForestSRC /index.html)

5.1 scikit-learn 0.24

In scikit-learn, the MDA is not specific for random forests, but is a generic procedure taking
a trained model and an independent testing sample as inputs. The MDA implementation is
located in the file: “scikit-learn/sklearn/inspection/ permutation importance.py”.

The method _ calculate permutation_ scores(estimator, X, vy, sample_weight, col_idx,
random__ state, n_ repeats, scorer) computes the error of the model estimator when the col-
umn of index col idx of the testing sample X is permuted, over multiple repetitions defined
by the parameter n_repeats. The model error is defined by scorer, and random_ state de-
fines the random seed. Finally, the permuted and the original errors are subtracted and the
multiple repetitions are aggregated in the method permutation importance(estimator, X, y,
* scoring=None, n_ repeats=5, n_jobs=None, random__ state=None) which thus implements

the Train/Test MDA.

5.2 randomForest 4.6-14

The R script “randomForest/R /importance.R” implements the function
importance.randomForest <- function(z, type=NULL, class=NULL, scale=TRUE, ...) be-
tween lines 6 and 44, where z is a fitted forest, which as the attribute z$importance storing
the Breiman-Cutler MDA and the standard deviation of the risk differences across trees, com-
puted with the script “randomForest /src/regrf.c” for regression forests. The function impor-
tance.randomForest handles exceptions and normalizes the MDA with the standard deviations,
and thus implements the normalized Breiman-Cutler MDA.

For regression forests, the C script “randomForest /src/regrf.c” computes the difference be-
tween the permuted and original errors for each tree between lines 262 and 295. The associated
means and standard deviations across all trees are computed between lines 327 and 338. These
computations are done right after the forest construction at the end of the method void regRF.

5.3 ranger 0.12.1

In ranger, the MDA is computed during the forest growing by specifying the paramater im-
portance = ’permutation’ in the call to the main function ranger. For each tree of the forest,
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the accuracy decrease is computed in the C++ file “ranger/src/Tree.cpp” with the method
void Tree::computePermutationImportance(), located between lines 206 and 255. Next, the
importance measures are averaged over all trees with the method void Forest:: computePer-
mutationImportance() between lines 646 and 763 of the C++ file “ranger/src/Forest.cpp”, and
thus the BC-MDA is computed. If the paramater scale.permutation.importance is set to True,
then the normalized BC-MDA is computed (default value is False).

5.4 randomForestSRC 2.9.3

The package randomForestSRC can compute the three types of MDA. The function vimp.rfsrc
(lines 1 to 82 of file “randomForestSRC/R /vimp.rfsrc.R”) computes the MDA, and takes a
fitted forest object as an input. If an independent testing sample is provided as the input
newdata, TT-MDA is computed. Otherwise if importance = ’permute’, the IK-MDA by blocks
is estimated: the trees of the forest are divided in multiple blocks and the IK-MDA is computed
for each block and averaged. The parameter block.size set the number of trees in each block,
10 by default. If block.size = 1, this procedure is the BC-MDA.

The function vimp.rfsrc computes the MDA calling a chain of C subroutines, located in
the file “randomForestSRC/src/randomForestSRC.c” between lines 2026 and 2564: permute,
getPermute Membership, getVimpMembership, update VimpEnsemble, summarizePerturbedPer-
formance, and finalize VimpPerformance.

6 Analytical Example Computations

We first recall the analytical example definition, and all computations are provided next.
The input X is a Gaussian vector of dimension p = 5. Its covariance matrix is defined by
V[X(j)] = 0j2~ for j € {1,...,5}, and all covariance terms are null except

Cov[XW, X3 = p) 90109,
and

Cov[XW, XO)] = py50405.
The regression function m is given by

m(X) = aXW XDy o+ BXDXO (5.

6.1 Total Sobol Index ST®.
By definition, V[Y] x ST® = E[V[m(X)[XV]]. Since XV and X@ are independent of
XG) ) X® and X©®) we have
E[m(X) XV = EfaXWXP Ly + BXDXO 1y XY
— E[QX(DX(2)]].X(3)>0’X(2)] + /8X(4)X(5)]1X(3)<0
= aXPEXDI XN g0+ BXBDXO 45y
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Since (XM, X@) is a bivariate centered Gaussian vector,
EXM|x®] = p1, 27X(2)
and then

E[m(X)|X 1)]—06012*X()]1x<3>>0+/3X VX O 3 -

Next, we compute

E[V[m(X)|X V)] = E[(m(X) — E[m(X)|X"V])?]
g

= E[(OzX(l)X(2)]lX(3)>O — Oép1720_f;X(2)2]lX(3)>0)2]

2
= SE[(XMX® - p Tl x2)2)

o9
2
«

= E(E[(X(I)X(z))Q] + (P12 Q)ZE[X(Z)A‘] 2p1 2*:E[X(1)X(2)3])-

Standard formulas give
E[(XMWX®)] = (1+2p] 5)0%03,
E[X 3] = 303,
and
E[XM x @3] = E[X(2)3E[X(1)|X(2)]] =, 2 [ ()47,
02

Using these last three formulas in the previous result, we get

2
_ 8]
E[V[m(X)|X( I)H =5 [(1 + 2p7 2)‘71‘72 + (p1, 2*) 303 — 2(py, 2*) 302]
2
a
=5 (14201 5)0%05 + 3(p1,20102)* — 6(p1,20102)°]

1
= 5(00102)(1 - 3)

6.2 Marginal Total Sobol Index ST(I)

By definition, V[Y] x ST = E[V[m(X,, )X,
E[V[m(Xn, ) XV]) = [(m( ) Elm(Xa,)|XY])?)
E[(aX M X® ). — oB[X' W XEVX O 0 0)?),

where X’ is an iid copy of X(1). Therefore X"(!) is independent of X and E[X’'M|X (V] = 0,
and we get

EVm (X)X = SE[0O X)) = LR OEX @)

1
= 5(0:0102)2.
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6.3 Third MDA Component MDAS.
By definition,
MDA = E[(E[m(X)[X V] - Efm (X, ) X))

As computed above for the marginal total Sobol index, E[m(Xx,)|X(Y] = ﬂX(4)X(5)]lX(3>>O,
thus

MDA = E[(aXWEX® XLy .0)7

1
= So*B[(XVE[X X D))
L 0142 (2)4
== —)’E[X
5 (P12 02) (X7
3 5 2
= 5/’1,2(0‘0102) :
6.4 Final MDA Limits
Overall, using Proposition 2, we obtain
N 1 1 3
MDA*() = 5(040102)2(1 — Pig) + 5(040102)2 + 5:0%,2(0“7102)2
MDA MDA} MDA

MDA =(ag102)2(1 + p2 ).
By symmetry, MDA*?) = MDA*() = (ao109)%(1 + p12), and
MDA*® = MDA*®) = (Bo405)2(1 + p}5).
Finally, since X®) is independent of the other variables, Corollary 1 gives

MDA*®) = 2MDA®) = 2E[V]m (X)X (3.

Next,
E[m(X)[XTY] = ElaXW X1 5 0 + BXDXO 5 _o|XEY)]
_ %aXu)X@) n %5X<4)X(5>7
and
VIEmm (X)X = 1a?VXOXO] 1+ 1pVXWXO]
Since

VXM x@) =E[(x®Px@)?2) - g x D x )2
=(1+2p1 5)0703 — (p1,20102)*

=(1+ pig)otas,
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we obtain
_ 1 1
VIEmOIX Y]] = 10?(1 + g a)otod + 16201 + A s)odol
On the other hand,

Vim(X)] :OPV[XU)X(Q)]IX@)N)] + 52V[X(4)X(5)]1X(3)<0]
+ 2COV[04X(1)X(2)]1X(3>>0, 5X(4)X(5)]lx<3><0]

o? 2y 22 O 2 B 2\ 2o B 2
= (1+2p15)0705 — —=(p120102)" + (1 + 20} 5)05405 — - (p1,50405)
1
_ 2aﬁEIE[X(UX(Q)]E[X(‘L)X(S)]
2 3 2

a

g 3 |
5 (1+ 5/)%,2)0'%03 + 3(1 + 5/)3,5)02%0? - 2045191,201‘72%,50405-

Finally,

MDA*®) = 2E[V[m (X) X)) = 2(V{m(X)] - V[E[m(X) X))
o 2 P

1
T 201 5)010% + 4t 2p%5)0408 — 208 p120102p4,50405)

1 1 1
= 5(00102)2(1 +p30) + §(ﬁ0405)2(1 +p35) + §(ap1,20 102 — Bpa50405)°.

:2(

6.5 High Correlation Setting.

In a high correlation setting, the third term becomes the main MDA contribution for variables
XM, X@ X® and X®). Since computations are similar, we only consider XM

MDALY > MDAXY 4 MDA

3 1 )
5/0%,2(0‘0-102)2 > 5(0&0‘10’2)2(1 — p%ﬂ) + 5(040'102)2
301 5(a0102)” > 2(00102) — (a0102)pf
4P%,2<a0102)2 > 2(aoi07)?
1
2
> —_
P12 5
V2
P12 > ?
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