
HAL Id: hal-03151320
https://hal.science/hal-03151320v1

Submitted on 24 Feb 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Upscaling Reactive Transport Under Hydrodynamic Slip
Conditions in Homogeneous Porous Media

Francisco J Valdés-Parada, Didier Lasseux, Stephen Whitaker

To cite this version:
Francisco J Valdés-Parada, Didier Lasseux, Stephen Whitaker. Upscaling Reactive Transport Under
Hydrodynamic Slip Conditions in Homogeneous Porous Media. Water Resources Research, 2020, 56
(1), �10.1029/2019WR025954�. �hal-03151320�

https://hal.science/hal-03151320v1
https://hal.archives-ouvertes.fr


Upscaling Reactive Transport Under Hydrodynamic Slip
Conditions in Homogeneous Porous Media
Francisco J. Valdés-Parada1, Didier Lasseux2, and Stephen Whitaker3

1Área de Ingeniería en Recursos Energéticos, Universidad Autónoma Metropolitana-Iztapalapa, Mexico City, Mexico,
2CNRS, UMR 5295, Univ. Bordeaux, Talence, France, 3Department of Chemical Engineering, University of California at
Davis, Davis, CA, USA

Abstract Reactive transport of a dilute species in a Newtonian fluid saturating a homogeneous porous
medium for slip flow is analyzed in this work. Incompressible Newtonian flow with a first-order (Navier)
slip boundary condition is considered together with a first-order heterogeneous reaction. Kinetic numbers
range up to unity while Knudsen numbers, characteristic of slip-flow, are smaller than approximately 0.1.
The pore-scale problem is upscaled, using the volume averaging method, to obtain a macroscopic transport
equation (referred to as the complete upscaled model) operating at the Darcy scale. Using order of
magnitude estimates and an expansion in terms of the Kinetic number, simplifications in the expressions
of the effective coefficients are explored. The conditions under which the effective convective velocity and
the total dispersion tensor are independent of reaction are derived. Under such conditions, a simplified
version of the macroscopic transport equation is obtained. This is referred to as the simplified model.
Numerical results for a simple structure indicate that the longitudinal dispersion coefficient decreases with
decreasing Knudsen number, while the opposite holds for the transverse component of the total dispersion
tensor, the effective convective velocity, and the effective reaction rate coefficient. These effects are more
evident when the Péclet number increases (i.e., in the convective-favored regime) and when slip effects are
more pronounced. Results predicted by the simplified and the complete versions of the upscaled model are
validated with direct numerical simulations of the pore-scale problem on a two-dimensional model
structure.

1. Introduction
The study of reactive transport in porous media has been long-reported in the literature due to its wide range
of applications that may range from chemical reactor engineering (Froment et al., 2010) to large-scale soil
remediation processes (Bear, 2018). In the past decade, this transport phenomenon has attracted renewed
interest due to the key role that it plays in environmental applications such as bio-remediation (Oya &
Valocchi, 1998) and carbon dioxide sequestration (see, for instance, Niemi et al., 2017), among others. In
this particular application, there are several studies focused on reactive transport based either on pore-scale
modeling (Tian & Wang, 2017) or on the use of Darcy-scale models (Nordbotten & Celia, 2011). For exam-
ple, Gao et al. (2017) used a Lattice-Boltzmann approach to study the effects of unsteady local reactions and
unstable dissolution fronts, thus enabling the assessment of porosity changes due to reaction fronts. On the
same line of research, Bringedal et al. (2016) derived a macroscale model using the homogenization tech-
nique for a situation in which ions dissolved in the fluid precipitate on the porous skeleton while the solid
grain minerals dissolve in the fluid saturating the pores.

Despite the remarkable advances in pore-scale modeling (e.g., Alhashmi et al., 2015; Scheibe et al., 2015;
Yang et al., 2016), the use of Darcy-scale models is still an active research field, since it allows making
large-scale predictions at a somewhat reasonable computational cost. However, Darcy-scale models are lim-
ited by the corresponding set of length-scale constraints and assumptions implicit in their derivation. During
the past decade, there have been many works focused on identifying the threshold of application of these
types of models for diffusive conditions (Battiato et al., 2009), diffusive-convective conditions considering
linear (Boso & Battiato, 2013) and nonlinear (Battiato & Tartakovsky, 2011) reaction kinetics. In the work by
Boso and Battiato (2013), it was emphasized that heterogeneous reaction leads to more stringent constraints
than in situations where the reaction is homogeneous.
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The derivation of upscaled models can be carried out by a number of available techniques such as homoge-
nization (Auriault et al., 2009), volume averaging (Whitaker, 1999b), or the thermodynamically constrained
averaging theory (Gray & Miller, 2014). The first two approaches have been largely used for the study of
reactive transport and were shown to be equivalent (Davit et al., 2013). In these methods, the macroscale
model is derived by spatially smoothing the governing equations at the pore scale. The resulting model is
written in terms of effective-medium coefficients that can be predicted by solving ancillary closure prob-
lems in representative zones of the pore-scale structure. These representative zones are usually chosen to be
periodic unit cells. Recently, Yan and Li (2017) used volume averaging to compute the dispersion coefficient
in many different types of unit cells. They noticed that the scattering of dispersion coefficients decreases by
increasing the unit cell size. In addition, their modeling predictions were validated with existing correla-
tions and experimental data. During the same period, Porta et al. (2016) used the volume averaging method
to study reactive mass transport under unsteady conditions, applicable even at the closure-problem level,
and compared their results with other available macroscale models that require calibration with experimen-
tal data. This analysis followed a previous work by Porta et al. (2013) where it was argued that the resulting
macroscale model, which is nonlocal in time, can be approximated by its local counterpart since quasi-steady
conditions are obtained for very short characteristic times at the closure level.

In most of the above references, transport coefficients involved in the upscaled model have been assumed
to be independent of the reaction rate despite the long debate in the literature on this dependency (e.g.,
Dadvar & Sahimi, 2007; Zhang & Seaton, 1994). Under a volume averaging framework, it was shown that
the dispersion coefficient is, in general, dependent on the reaction rate (Valdés-Parada et al., 2011). Results
obtained in this work confirmed those reported earlier by Edwards et al. (1993) indicating that the dispersion
coefficient decreases as the Kinetic number increases. A more systematic analysis in the limit cases of large
and small Péclet and Kinetic numbers was proposed by Mauri (1991). Under nonconvective conditions, a
recent work by Valdés-Parada et al. (2017) was carried out to revisit the derivation of the upscaled model
in order to investigate the impact of reaction on the effective diffusivity. When the Kinetic number remains
smaller than unity (a situation of practical use for the catalyst to be efficient; Froment et al., 2010), the
dependence of the effective diffusivity on the reaction rate was found to be negligible in the prediction of
the macroscopic concentration dynamics.

To the best of our knowledge, when convective mass transport is involved, the impact of hydrodynamic
slip on the effective dispersion and reaction coefficients has not been documented so far. The analysis of
dispersion in the presence of slip flow was performed in capillary tubes and beds of spheres for applications
in chromatography (Adrover et al., 2009; Beauchamp & Schure, 2019; Smits et al., 2014; Yan & Wang, 2013)
in order to investigate the effect of slip on the plate height. However, the effect of reaction was not explicitly
taken into account in these references. One should note the work by Altevogt et al. (2003) in which the
dispersion problem involving a slip effect was studied in a homogeneous porous medium using the volume
averaging method. In this reference, no reaction was considered and slip was assumed to be induced by mass
and not by momentum transport. However, there are many situations for which hydrodynamic slip effects
are of special interest. This is the case when the dispersion-reaction process takes place in a gas-saturated
porous medium and when the Knudsen number is not exceedingly small compared to 1. The objective of the
present work is to address this problem. Meanwhile, the effect of the potential coupling between dispersive
and reactive mechanisms on the total dispersion coefficient and effective convective velocity is revisited
within the context of slip flow.

The analysis carried out in this work is organized as follows. In section 2, the pore-scale model is presented,
considering incompressible Newtonian flow with a first-order (Navier) slip condition for a fluid (gas) satu-
rating a homogeneous porous material. A chemical species is supposed to be transported by convection and
Fickian diffusion while experiencing a first-order heterogeneous reaction. In order to obtain a macroscopic
model operating at the Darcy scale, an upscaling approach is followed using the volume averaging method,
which is briefly summarized in section 3. The application of this upscaling technique to the pore-scale
problem, under time and length-scale constraints that are recalled, is reported in section 4. This yields a
macroscopic model for which simplifications are investigated in section 5. These simplifications are based
on order of magnitude estimates, on the one hand, and on an expansion in terms of the Kinetic number,
which is supposed to remain smaller than unity, on the other hand. The relevance of these simplifications is
further analyzed in section 6. Predictions of the effective coefficients, namely, the effective convective veloc-
ity, longitudinal and transverse total dispersion, and the effective reaction rate coefficient, are reported in
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Figure 1. Sketch of a porous medium system (macroscopic region) composed of a fluid (𝛾-phase) and a solid (𝜅-phase)
including the averaging domain 𝒱 , the characteristic lengths, and the unit normal vector n.

section 6.1 for both the complete and simplified versions of the macroscopic model. The simplified upscaled
model is validated in section 6.2 by comparison with pore-scale direct numerical simulation results on a
simple 2D structure. Finally, conclusions are drawn in section 7.

2. Pore-Scale Model
The process under consideration consists of convective and diffusive mass transport of a dilute chemical
species (species A) in a rigid and homogeneous porous medium such as the one illustrated in Figure 1. Here,
the fluid phase is denoted as the 𝛾-phase and the solid phase is the 𝜅-phase. Assuming steady, incompressible
flow of a Newtonian fluid, the problem can be described by the following pore-scale governing equations:

∇ · v = 0, in the 𝛾-phase, (1a)

0 = −∇p + 𝜌g + 𝜇∇2v, in the 𝛾-phase, (1b)

𝜕c
𝜕t

+ ∇ · (cv) = ∇ · (𝒟∇c), in the 𝛾-phase. (1c)

Here, p and v represent the pressure and velocity of the fluid phase that is assumed to have a constant den-
sity 𝜌 and dynamic viscosity 𝜇. In addition, c denotes the molar concentration of species A that is transported
by convection and diffusion within the fluid phase, and 𝒟 represents the mixture diffusivity of species A.
This coefficient is considered to be a known constant. Inertia is assumed to be negligible in the momen-
tum equation (1b) with the idea that the Reynolds number, Re = 𝜌v𝓁𝛾∕𝜇, is such that Re ≪ 1, 𝓁𝛾 and v
representing the characteristic pore diameter and the order of magnitude of the fluid velocity, respectively.
The constraints supporting the incompressibility assumption are Ma2 ≪ 1 and Ma ≪ Fr, Ma = v∕C
and Fr = v∕

√
g𝓁𝛾 being respectively the Mach and Froude numbers of the flow; C is the speed of sound
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(Whitaker, 1988, 1999a). Furthermore, steady flow is subject to the time constraint t ≫ Re𝓁𝛾∕v. Note that
this time scale must be considered as being uncorrelated to mass transport. This means that transport of
species A starts after steady flow is established. Equation (1c) is written in a form derived in Whitaker (2009)
(see equations (164) and (173) therein). The validity of this equation is subject to two restrictions, namely,
(i) a constant total molar concentration within the fluid phase and (ii) the transported species A is dilute.

In this work, the interest is focused on the case where the mean-free path of the fluid molecules (𝜆) is not
exceedingly small compared to the characteristic pore diameter (𝓁𝛾 ), so that Knudsen effects are significant
and flow can be considered to be in the slip regime (Harley et al., 1995). This means that the Knudsen
number, Kn = 𝜆∕𝓁𝛾 , remains smaller than ∼ 0.1. Under these circumstances, the interfacial boundary
condition may be stated as the classical first-order slip condition (Maxwell, 1879)

v = −𝜉𝜆(I − nn) · [n · ∇v + ∇vT], at the 𝛾 − 𝜅 interface. (1d)

Here, 𝜉 is a parameter related to the tangential momentum accommodation coefficient (Arkilic et al., 2001)
and is usually close to 1 in practice. In addition, I and n represent the identity tensor and the unit normal
vector directed from the fluid phase towards the solid phase, respectively. For mass transport, it is assumed
that a heterogeneous first-order chemical reaction, characterized by a constant reaction rate coefficient, k,
takes place at the solid-fluid interface, so that the normal diffusive flux of species A can be expressed as

−n · (𝒟∇c) = kc, at the 𝛾 − 𝜅 interface. (1e)

The pore-scale model is completed with the corresponding boundary conditions at the macroscopic
entrances and exits, as well as by the initial condition for the species concentration. However, this informa-
tion is not necessary for the derivation of the macroscale model and it is not specified here for the sake of
brevity.

3. Generalities on Upscaling by Means of the Volume Averaging Method
The method of volume averaging is an upscaling approach that allows deriving macroscale models by spa-
tially smoothing the microscale heterogeneities in hierarchical systems (Whitaker, 1999b). This approach
has two salient features. First, it allows one to clearly identify the time- and length-scale constraints together
with assumptions under which the macroscale model is applicable. Second, it includes a closure scheme in
order to predict the effective-medium coefficients involved in the resulting upscaled model. The purpose of
this section is to present the basic elements of the volume averaging method, which are used to derive the
macroscopic equations for momentum and mass transport.

For a multiscale system such as the one sketched in Figure 1, a separation of several orders of magnitude
between the characteristic length of the macroscale, L, and those associated to the microscale, 𝓁𝛾 ,𝓁𝜅 is
assumed. Here, 𝓁𝜅 is the characteristic length associated to the solid phase. In between these length scales,
it is further assumed that a support scale, r0, that characterizes the size of the averaging domain, 𝒱 , can be
defined such that

𝓁𝛾 ,𝓁𝜅 ≪ r0 ≪ L. (2)

According to this scale hierarchy, the averaging domain can be considered to be representative. This means
that it allows one to filter out the redundant information from the microscale although it is small enough
compared to L to keep sufficient information at the scale r0. On this basis, the superficial and intrinsic aver-
aging operators of a piecewise continuous function, 𝜓 , defined in the 𝛾-phase, can be respectively defined
as follows:

⟨𝜓⟩ = 1
V ∫

𝒱 𝛾

𝜓dV , (3a)

⟨𝜓⟩𝛾 = 1
V𝛾

∫
𝒱 𝛾

𝜓dV . (3b)
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Figure 2. Sketch of a simple 2D periodic representation of the pore-scale geometry and unit cell for the closure
problems solution.

Here, V is the volume of the averaging domain,𝒱 𝛾 is the domain (of volume V𝛾 ) occupied by the fluid phase
within 𝒱 . These two averaging operators are related by means of the Dupuit-Forchheimer equation:

⟨𝜓⟩ = 𝜀⟨𝜓⟩𝛾 , (4)

𝜀 = V𝛾∕V being the volume fraction of the fluid phase within the averaging domain, that is, the porosity.

Application of the averaging operator to the pore-scale equations requires one to interchange spatial integra-
tion with temporal and spatial differentiation. This is carried out by means of the general transport theorem
(Slattery, 1999) and the spatial averaging theorem (Howes & Whitaker, 1985). These are respectively given
by ⟨

𝜕𝜓

𝜕t

⟩
=

𝜕⟨𝜓⟩
𝜕t

− 1
V ∫

𝒜𝛾𝜅

n · 𝜓wdA, (5a)

⟨∇𝜓⟩ = ∇⟨𝜓⟩ + 1
V ∫

𝒜𝛾𝜅

n𝜓dA, (5b)

where w is a vector that denotes the displacement velocity of the solid-fluid interface. In addition, in most
applications of the volume averaging method, it is convenient to spatially decompose pore-scale variables
according to Gray (1975):

𝜓 = ⟨𝜓⟩𝛾 + �̃� . (6)

Here, �̃� represents the spatial variations of 𝜓 with respect to its intrinsic average. In this way, once �̃� is
determined by means of a closure problem solution, the resulting model is closed. The solution domain of
the closure problems is usually chosen to be a periodic unit cell of characteristic size 𝓁 (see Figure 2). The
final model often involves effective-medium coefficients that are defined in terms of integrals of closure
variables. Details about the steps involved in the volume averaging method can be found in Whitaker (1999b)
and Wood and Valdés-Parada (2013).
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4. Species Mass Transport and Reaction. The Complete Upscaled Model
In this section, the methodology described above is used to average the pore-scale problem in equations (1).

The result of applying the intrinsic averaging operator to the species conservation equation, taking into
account the averaging theorem, the interfacial boundary conditions, and the spatial decompositions of the
concentration and velocity, can be expressed as (see details in Whitaker, 1999b)

𝜕⟨c⟩𝛾
𝜕t

+ ∇ · (⟨c⟩𝛾⟨v⟩𝛾 ) + ∇ · ⟨c̃v⟩𝛾 = ∇ ·
⎡⎢⎢⎢⎣𝒟

⎛⎜⎜⎜⎝∇⟨c⟩
𝛾 + 1

V𝛾
∫
𝒜𝛾𝜅

nc̃ dA
⎞⎟⎟⎟⎠
⎤⎥⎥⎥⎦

−
kA𝛾𝜅

V𝛾

⟨c⟩𝛾 − k
V𝛾

∫
𝒜𝛾𝜅

c̃ dA.

(7)

This form of the macroscale transport equation represents the unclosed model that is written in terms of
filters of information (i.e., interfacial and volumetric integrals) from the pore scale contained in the spatial
concentration deviations. In the above equation, ⟨v⟩𝛾 is the intrinsic average velocity, which is determined
from the average flow model. The macroscopic momentum equation in this model is a Darcy-like equation
that accounts for slip effects. It was derived by Lasseux et al. (2016), and it is given by

⟨v⟩ = −
Ks

𝜇
·
(
∇⟨p⟩𝛾 − 𝜌g

)
. (8)

Here, the apparent permeability tensor, Ks, whose symmetry properties were reported by Lasseux and
Valdés-Parada (2017), is obtained from the solution of a closure problem which was reported in the literature
(see sections 3.1 and 4.1 in Lasseux et al., 2016).

On the basis of the dilute assumption, flow is decoupled from species transport, and, for this reason, the
fluid velocity, as well as its average and spatial deviations, can be regarded as known solenoidal fields for
the rest of the derivations.

To progress towards a closed form of equation (7), a governing equation for c̃ is required. This is achieved
by subtracting equation (7) from equation (1c), yielding

𝜕c̃
𝜕t

+v · ∇c̃ + ṽ · ∇⟨c⟩𝛾 − ∇ · ⟨c̃v⟩𝛾 = 𝒟∇2c̃ − ∇ ·
⎛⎜⎜⎜⎝
𝒟
V𝛾

∫
𝒜𝛾𝜅

nc̃ dA
⎞⎟⎟⎟⎠

+
kA𝛾𝜅

V𝛾

⟨c⟩𝛾 + k
V𝛾

∫
𝒜𝛾𝜅

c̃ dA, in the 𝛾-phase.

(9)

With the aim of simplifying this expression, the following orders of magnitude estimates are proposed:

∇ ·
⎛⎜⎜⎜⎝
𝒟
V𝛾

∫
𝒜𝛾𝜅

nc̃ dA
⎞⎟⎟⎟⎠ = O

(
𝒟 c̃
𝜀𝓁𝛾L

)
, (10a)

𝒟∇2c̃ = O

(
𝒟 c̃
𝓁2
𝛾

)
, (10b)

v · ∇c̃ = O
(

c̃v
𝓁𝛾

)
, (10c)

∇ · ⟨c̃v⟩𝛾 = O
( c̃v

L

)
. (10d)

In these expressions, v denotes the order of magnitude of v as well as of both ⟨v⟩𝛾 and ṽ as can be deduced
from equation (1d) and the fact that Kn is smaller than 0.1 (see also section III A in Lasseux et al., 2014).
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On the basis of the separation of length scales, 𝓁𝛾 ≪ L, the nonlocal diffusion and convection terms can be
assumed to be negligible with respect to their local counterparts. Consequently, equation (9) is reduced to

𝜕c̃
𝜕t

+ v · ∇c̃ + ṽ · ∇⟨c⟩𝛾 = 𝒟∇2c̃ +
kA𝛾𝜅

V𝛾

⟨c⟩𝛾 + k
V𝛾

∫
𝒜𝛾𝜅

c̃ dA, in the 𝛾-phase. (11)

At this point of the developments, it is convenient to examine the characteristic time scale associated to
the transport of the concentration deviations, say 𝜏, in order to explore the possibility of a quasi-steady
assumption to be applicable. With this in mind, it is worth noting that the average concentration and its
gradient are assumed to be constant in both space and time at the closure level. By comparing the orders
of magnitude of the terms involving c̃ in equation (11), the following constraint arises that allows assuming
quasi-steady conditions:

O
(

t𝒟
1 + Pe + 𝜙2∕𝜀

)
= 𝜏 ≪ t. (12)

Here, t𝒟 ≡ 𝓁2
𝛾
∕𝒟 is the characteristic time for diffusion at the pore-scale, whereas Pe and 𝜙2 are the

microscale Péclet number and pore-scale Kinetic number, respectively defined by

Pe = v𝓁𝛾∕𝒟 , (13a)

𝜙2 = k𝓁𝛾∕𝒟 , (13b)

𝜙2 remaining smaller than 1. It must be noted that the constraint expressed in (12) is usually a severe one
and that the macroscale model developed under this constraint remains accurate at times slightly larger
than (or even of the order of) 𝜏 (see, for example, results in Figure 7 in Valdés-Parada et al., 2017). Qualita-
tively, this may be explained by the fact that, even though the effective coefficients might not be accurately
predicted from the steady closure problem when this constraint is not satisfied, the relative error induced
on the average concentration fields at the corresponding times remains small. Nevertheless, the constraint
in (12) is kept here, and, under these circumstances, equation (11) may be reduced to

v · ∇c̃ + ṽ · ∇⟨c⟩𝛾
⏟⏞⏟⏞⏟

source

= 𝒟∇2c̃ +
kA𝛾𝜅

V𝛾

⟨c⟩𝛾
⏟⏞⏞⏟⏞⏞⏟

source

+ k
V𝛾

∫
𝒜𝛾𝜅

c̃ dA, in the 𝛾-phase. (14a)

The corresponding interfacial boundary condition results from applying the spatial decomposition for the
concentration in equation (1e). The result can be expressed as follows:

−n · (𝒟∇c̃) − n · (𝒟∇⟨c⟩𝛾 )
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟

source

= kc̃ + k⟨c⟩𝛾
⏟⏟⏟

source

, at the 𝛾 − 𝜅 interface. (14b)

In addition, a convenient, albeit not mandatory assumption, is that the concentration deviations can be
considered as periodic fields in a unit cell. In this way, the following boundary condition is imposed:

c̃(r) = c̃(r + li), i = 1, 2, 3. (14c)

Finally, since the information from the macroscopic boundary conditions is lost, the closure problem is
ill-posed, and, for this reason, it is necessary to add the following average constraint for the deviations fields,
which results again from the decomposition of the concentration and periodicity:

⟨c̃⟩𝛾 = 0. (14d)

The problem for c̃ defined by equations (14) being linear, its formal solution can be shown to be given by

c̃ = b · ∇⟨c⟩𝛾 + s′⟨c⟩𝛾 , (15)
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where b and s′ are closure variables that solve the following problems:

Problem I (source∇⟨c⟩𝛾 )

ṽ + v · ∇b = 𝒟∇2b + k
V𝛾

∫
𝒜𝛾𝜅

b dA, in the 𝛾-phase, (16a)

−n · (𝒟∇b) − kb = n𝒟 , at the 𝛾 − 𝜅 interface, (16b)

b(r + li) = b(r), i = 1, 2, 3, (16c)

⟨b⟩𝛾 = 0. (16d)

Problem II (source⟨c⟩𝛾 )

v · ∇s′ = 𝒟∇2s′ + k
V𝛾

∫
𝒜𝛾𝜅

s′ dA +
kA𝛾𝜅

V𝛾

, in the 𝛾-phase, (17a)

−n · (𝒟∇s′) − ks′ = k, at the 𝛾 − 𝜅 interface, (17b)

s′(r + li) = s′(r), i = 1, 2, 3, (17c)

⟨s′⟩𝛾 = 0. (17d)

When nonslip hydrodynamic conditions apply, Problem I, under both reactive and nonreactive conditions,
and Problem II have been extensively studied (Edwards et al., 1993; Mauri, 1991; Valdés-Parada et al., 2011).
However, the impact of slip flow on the solutions of these problems still needs to be analyzed, and this is the
objective of the subsequent sections.

With the formal closure problem solutions available, it is now possible to redirect the attention to the
upscaled model and substitute equation (15) into the integral terms in equation (7) in order to obtain the
closed form (containing average quantities only) of the macroscopic transport equation for species A that is
given by

𝜕⟨c⟩𝛾
𝜕t

+ ∇ ·
⎡⎢⎢⎢⎣
⎛⎜⎜⎜⎝⟨v⟩

𝛾 + ⟨vs′⟩𝛾 − 𝒟
V𝛾

∫
𝒜𝛾𝜅

ns′ dA + k
V𝛾

∫
𝒜𝛾𝜅

b dA
⎞⎟⎟⎟⎠ ⟨c⟩

𝛾

⎤⎥⎥⎥⎦ =

∇ ·
⎧⎪⎨⎪⎩
⎡⎢⎢⎢⎣𝒟

⎛⎜⎜⎜⎝I +
1

V𝛾
∫
𝒜𝛾𝜅

nb dA
⎞⎟⎟⎟⎠ − ⟨vb⟩𝛾⎤⎥⎥⎥⎦ · ∇⟨c⟩

𝛾

⎫⎪⎬⎪⎭ −
kA𝛾𝜅

V𝛾

⎛⎜⎜⎜⎝1 + 1
A𝛾𝜅

∫
𝒜𝛾𝜅

s′ dA
⎞⎟⎟⎟⎠ ⟨c⟩

𝛾 .

(18)

The validity of this result is only subject to the assumptions and constraints adopted at the closure level,
namely, the scale hierarchy, the time scale constraint, and periodicity.

In order to express equation (18) in a more compact form, it is of interest to introduce the following effective
coefficients:

veff = ⟨v⟩𝛾 + ⟨vs′⟩𝛾 − 𝒟
V𝛾

∫
𝒜𝛾𝜅

ns′ dA + k
V𝛾

∫
𝒜𝛾𝜅

b dA, (19a)

D∗ = 𝒟

⎛⎜⎜⎜⎝I +
1

V𝛾
∫
𝒜𝛾𝜅

nb dA
⎞⎟⎟⎟⎠ − ⟨vb⟩𝛾 , (19b)
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keff =
k

A𝛾𝜅
∫
𝒜𝛾𝜅

(s′ + 1) dA, (19c)

where veff is the effective convective velocity, D∗ the total dispersion tensor, and keff the effective reaction rate
coefficient. At this point, it is worth noting that the last three terms in equation (19a) account for the influ-
ence of reaction on the macroscopic convective mechanism. In addition, the definition of the total dispersion
tensor, D∗, is identical to the one involved under nonreactive transport (see equations (3.3-38)–(3.3-40) in
Whitaker, 1999b). However, the dependence of this coefficient on reaction is implicitly contained in the
presence of reactive terms in closure Problem I. In addition, all the three effective coefficients depend on slip
due to the dependence of the closure variables on v. With the above nomenclature, noticing that effective
coefficients are constant, equation (18) can be expressed as

𝜕⟨c⟩𝛾
𝜕t

+ veff · ∇⟨c⟩𝛾 = D∗ ∶ ∇∇⟨c⟩𝛾 − keffav𝜀
−1⟨c⟩𝛾 , (20)

where av = A𝛾𝜅∕V . This form of the macroscopic transport equation will be referred to as the complete
upscaled model. In the following paragraphs, simplifications of this equation are investigated on the basis of
orders of magnitude estimates and expansions in the pore-scale Kinetic number, 𝜙2, and Knudsen number,
Kn.

5. Simplified Upscaled Model
The purpose of this section is to explore the possibility of obtaining a simplified version of the complete
upscaled model given in equation (20). This is carried out in two steps, the first one consisting in using order
of magnitude analyses and the second one involving the use of Maclaurin expansions.

5.1. Simplifications Based on Order of Magnitude Estimates
Simplification is first examined on the different terms that constitute the effective coefficients, more specif-
ically those involved in veff and keff. To do so, a common aid in the volume averaging approach is to use
order of magnitude estimates of the closure variables. This is carried out in Appendix A, and the resulting
estimates of these variables can be written as follows:

b = O(𝓁𝛾 (1 + Pe)), at the 𝛾 − 𝜅 interface, (21a)

s′ = O(𝜙2). (21b)

It is important to note that both expressions are overestimates, whereas an underestimate for the latter is
s′ = 0.

With this information at hand, and keeping in mind that ∇⟨c⟩𝛾 = O (⟨c⟩𝛾∕L), the following estimates are
proposed for the convective-like terms in equation (18), with the idea that they must be overestimates:⎛⎜⎜⎜⎝

𝒟
V𝛾

∫
𝒜𝛾𝜅

ns′ dA
⎞⎟⎟⎟⎠ · ∇⟨c⟩

𝛾 = O
(
𝒟av𝜙

2

𝜀L
⟨c⟩𝛾) , (22a)

⎛⎜⎜⎜⎝
k

V𝛾
∫
𝒜𝛾𝜅

b dA
⎞⎟⎟⎟⎠ · ∇⟨c⟩

𝛾 = O
(k𝓁𝛾 (1 + Pe)av

𝜀L
⟨c⟩𝛾) , (22b)

⟨vs′⟩𝛾 · ∇⟨c⟩𝛾 = O
(

v𝜙2

L
⟨c⟩𝛾) . (22c)

In addition, an order of magnitude estimate of the macroscopic reaction term, that is, the last term on the
right-hand side of equation (18), is

keffav𝜀
−1⟨c⟩𝛾 = kav

𝜀

1
A𝛾𝜅

∫
𝒜𝛾𝜅

(s′ + 1) dA ⟨c⟩𝛾 = O
(

kav

𝜀
⟨c⟩𝛾) . (23)
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Here, it is important to note that the order of magnitude estimate for s′ was taken to be zero with the idea
that, in this case, an underestimate of the reaction term is of interest.

On the basis of the length-scale constraint, 𝓁𝛾 ≪ L, already assumed, a comparison of the estimates given
in equations (22a) and (23) leads to conclude that

⎛⎜⎜⎜⎝
𝒟
V𝛾

∫
𝒜𝛾𝜅

ns′ dA
⎞⎟⎟⎟⎠ · ∇⟨c⟩

𝛾 ≪ keffav𝜀
−1⟨c⟩𝛾 . (24)

In addition, when the constraint

𝓁𝛾

L
(1 + Pe) ≪ 1 (25)

is satisfied, it follows that

⎛⎜⎜⎜⎝
k

V𝛾
∫
𝒜𝛾𝜅

b dA
⎞⎟⎟⎟⎠ · ∇⟨c⟩

𝛾 ≪ keffav𝜀
−1⟨c⟩𝛾 . (26)

Finally, upon the constraint

𝜀
𝓁𝛾

L
Pe ≪ 1, (27)

it can be inferred that

⟨vs′⟩𝛾 · ∇⟨c⟩𝛾 ≪ keffav𝜀
−1⟨c⟩𝛾 . (28)

As mentioned in Appendix A, where (24), (26), and (28) are verified on a numerical example, the simplifi-
cation resulting from (28) may be valid even if the constraint expressed in (27) is not satisfied. However, in
the absence of more precise estimates, it is kept as such in this analysis.

The simplifications on the effective convective velocity in equation (19a) resulting from the above analysis
can be summarized as follows:

• Whatever the values of Pe, 𝜙2, and Kn, and on the basis of the constraint 𝓁𝛾 ≪ L, the expression of veff
reduces to

veff = ⟨v⟩𝛾 + ⟨vs′⟩𝛾 + k
V𝛾

∫
𝒜𝛾𝜅

b dA. (29)

• In addition, when the constraint

𝓁𝛾

L
Pe ≪ 1 (30)

is satisfied, veff = ⟨v⟩𝛾 . This means that, under these circumstances, the contributions of the reactive
correction to convective transport can be ignored in the macroscopic model given in equation (18).

• Finally, from the expression of keff and veff in equations (19c) and (29), respectively, together with the order
of magnitude estimate for s′ in equation (21b), it can be inferred that, when 𝜙2 ≪ 1,

keff = k (31a)

and

veff = ⟨v⟩𝛾 + k
V𝛾

∫
𝒜𝛾𝜅

b dA. (31b)

In the following paragraphs, simplifications of the total dispersion tensor D∗ are sought by making use of
Maclaurin expansions.
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5.2. Maclaurin Expansions
With the intention of further simplifying the macroscopic model, it is convenient to consider Maclau-
rin expansions in terms of the Kinetic number (see also Mauri, 1991 for a similar approach for no-slip
conditions). To do this, the following change of variable may be first used:

s = s′ + 1, (32)

which yields a simpler form of Problem II given by

v · ∇s = 𝒟∇2s + k
V𝛾

∫
𝒜𝛾𝜅

s dA, in the 𝛾-phase, (33a)

−n · (𝒟∇s) = ks, at the 𝛾 − 𝜅 interface, (33b)

s(r + li) = s(r), i = 1, 2, 3, (33c)

⟨s⟩𝛾 = 1. (33d)

It should be noted that s = O(1). In this way, the definition of keff given by equation (19c) can be rewritten as

keff =
k

A𝛾𝜅
∫
𝒜𝛾𝜅

s dA. (34)

In addition, s′ can be replaced by s in the expression of veff in equation (29) to obtain

veff = ⟨vs⟩𝛾 + k
V𝛾

∫
𝒜𝛾𝜅

b dA. (35)

At this stage, a rescaling making variables of order 1 is used. It is given by

b∗ = b
𝓁𝛾 (1 + Pe)

; ∇∗ = 𝓁𝛾∇; v∗ = v
v
. (36)

The dimensionless forms of the closure problems can hence be expressed as

Problem I*

Pe
1 + Pe

ṽ∗ + Pev∗ · ∇∗b∗ = ∇∗2b∗ + 𝜙2

V∗
𝛾
∫
𝒜𝛾𝜅

b∗ dA∗, in the 𝛾-phase, (37a)

−n · ∇∗b∗ − 𝜙2b∗ = 1
1 + Pe

n, at the 𝛾 − 𝜅 interface, (37b)

b∗(r + li) = b∗(r), i = 1, 2, 3, (37c)

⟨b∗⟩𝛾 = 0. (37d)

Problem II*

Pev∗ · ∇∗s = ∇∗2s + 𝜙2

V∗
𝛾
∫
𝒜𝛾𝜅

s dA∗, in the 𝛾-phase, (38a)

−n · ∇∗s = 𝜙2s, at the 𝛾 − 𝜅 interface, (38b)

s(r + li) = s(r), i = 1, 2, 3, (38c)

⟨s⟩𝛾 = 1. (38d)



10.1029/2019WR025954

Accordingly, the dimensionless version of the total dispersion tensor, effective velocity, and effective reaction
rate coefficient can be reformulated as

D∗

𝒟
= I + (1 + Pe)

⎛⎜⎜⎜⎝
1

V∗
𝛾
∫
𝒜𝛾𝜅

nb∗ dA∗ − Pe⟨v∗b∗⟩𝛾⎞⎟⎟⎟⎠ , (39a)

veff

v
= ⟨v∗s⟩𝛾 + 𝜙2 1 + Pe

Pe
1

V∗
𝛾
∫
𝒜𝛾𝜅

b∗ dA∗, (39b)

keff

k
= 1

A∗
𝛾𝜅

∫
𝒜𝛾𝜅

s dA∗. (39c)

At this point, it must be noted that when 𝜙2 ≪ 1, the reaction terms can be neglected in Problem I* and
Problem II*. Hence, Problem I* is the same as for passive dispersion (see equations (3.3–35) in Whitaker,
1999b), and so is D∗, whereas, for Problem II*, s = 1. In that case, no other simplification than those already
expressed in equation (31) can be obtained. For this reason, 𝜙2 = O(1) is considered in the remainder of
this section. In addition, only a simplification on D∗ is expected from Maclaurin expansions. Consequently,
these expansions only need to be carried out on Problem I*.

The orders of magnitude of the terms involving Pe in closure Problem I* differ depending on the transport
regime defined by the Péclet number. This requires special attention in the process of expanding the closure
variable b∗ in terms of the Kinetic number and in the identification of the ensuing subproblems at the suc-
cessive orders in 𝜙2. When transport is dominated by diffusion (i.e., Pe ≪ 1), the dispersion tensor reduces
to the effective diffusivity tensor. This situation was explored by Valdés-Parada et al. (2017) where it was
shown that this effective coefficient can be considered as reaction-independent. For this reason, situations
for which Pe ⩾ 1 will be considered in the following paragraphs.
5.2.1. Expansions in Terms of the Kinetic Number- Pe = O(1)
When convection and diffusion are of equal importance in the transport process (i.e., Pe = O(1)), all the
terms in closure Problem I* in equations (37) are O(1). In this case, assuming𝜙2 < 1, the following expansion
of the closure variable b∗ in terms of the Kinetic number is considered:

b∗ =
∞∑
𝑗=0

(𝜙2)𝑗b∗
𝑗
. (40)

When this expansion is substituted into equations (37), closure Problem I* yields the following closure
problems at the 0th and 𝑗th (𝑗 ⩾ 1) orders, respectively given by

Problem I∗0
Pe

1 + Pe
ṽ∗ + Pev∗ · ∇∗b∗

0 = ∇∗2b∗
0, in the 𝛾-phase, (41a)

−n · ∇∗b∗
0 = 1

1 + Pe
n, at the 𝛾 − 𝜅 interface, (41b)

b∗
0(r + li) = b∗

0(r), i = 1, 2, 3, (41c)

⟨b∗
0⟩𝛾 = 0. (41d)

Problem I∗
𝑗

(𝑗 ⩾ 1)

Pev∗ · ∇∗b∗
𝑗
= ∇∗2b∗

𝑗
+ 1

V∗
𝛾
∫
𝒜𝛾𝜅

b∗
𝑗−1 dA∗, in the 𝛾-phase, (42a)
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−n · ∇∗b∗
𝑗
= b∗

𝑗−1, at the 𝛾 − 𝜅interface, (42b)

b∗
𝑗
(r + li) = b∗

𝑗
(r), i = 1, 2, 3, (42c)

⟨b∗
𝑗
⟩𝛾 = 0. (42d)

Note that Problem I∗0 corresponds to the typical closure problem encountered in passive dispersion in porous
media (see equations (3.3–35) in Whitaker, 1999b).

As expected, the order of magnitude analysis of the above closure problems indicates that, at most,

b∗
𝑗
= O(1), 𝑗 ⩾ 0, (43)

in the bulk of the 𝛾- phase and at the 𝛾-𝜅 interface.

When the expansion in equation (40) is substituted in the definition of D∗, the following expression results:

D∗

𝒟
=I + (1 + Pe)

⎛⎜⎜⎜⎝
1

V∗
𝛾
∫
𝒜𝛾𝜅

nb∗
0 dA∗ − Pe⟨v∗b∗

0⟩𝛾
⎞⎟⎟⎟⎠

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
D∗

0∕𝒟

+ (1 + Pe)
∞∑
𝑗=1

(𝜙2)𝑗
⎛⎜⎜⎜⎝

1
V∗
𝛾
∫
𝒜𝛾𝜅

nb∗
𝑗

dA∗ − Pe⟨v∗b∗
𝑗
⟩𝛾⎞⎟⎟⎟⎠

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
D∗
𝑗 ∕𝒟

.

(44)

From this expression, the following order of magnitude estimates for the 𝑗th (𝑗 ⩾ 1) dispersive terms
emerging from the series in the expression of D∗∕𝒟 in equation (44) are proposed:

⎛⎜⎜⎜⎝
𝒟 (1 + Pe)(𝜙2)𝑗

V∗
𝛾

∫
𝒜𝛾𝜅

nb∗
𝑗

dA∗

⎞⎟⎟⎟⎠ ∶ ∇∇⟨c⟩𝛾 = O

(
k⟨c⟩𝛾
𝜀𝓁𝛾

(𝓁𝛾

L

)2

𝜙2( 𝑗−1)

)
, (45a)

(
𝒟 (𝜙2)𝑗Pe(1 + Pe)⟨v∗b∗

𝑗
⟩𝛾) ∶ ∇∇⟨c⟩𝛾 = O

(
v⟨c⟩𝛾

L
𝓁𝛾

L
𝜙2𝑗

)
. (45b)

Note that the series are convergent because the successive terms decrease as 𝑗 increases. The estimate in
equation (45a) can be compared with the one given in equation (23) while the estimate in equation (45b) is
compared to the convective term for which the order of magnitude is

⟨v⟩𝛾 · ∇⟨c⟩𝛾 = O
(⟨c⟩𝛾v

L

)
. (46)

Therefore, since the present analysis is restricted to 𝜙2 < 1, and on the basis of the length-scale constraint
𝓁𝛾 ≪ L, it can be deduced that the following comparisons are reasonable:

⎛⎜⎜⎜⎝
∞∑
𝑗=1

𝒟 (1 + Pe)(𝜙2)𝑗

V∗
𝛾

∫
𝒜𝛾𝜅

nb∗
𝑗

dA∗

⎞⎟⎟⎟⎠ ∶ ∇∇⟨c⟩𝛾 ≪ keffav𝜀
−1⟨c⟩𝛾 , (47a)

(
𝒟 (1 + Pe)

∞∑
𝑗=1

(𝜙2)𝑗Pe⟨v∗b∗
𝑗
⟩𝛾) ∶ ∇∇⟨c⟩𝛾 ≪ ⟨v⟩𝛾 · ∇⟨c⟩𝛾 . (47b)
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Consequently, the macroscale model can be written in the following simplified form:

𝜕⟨c⟩𝛾
𝜕t

+ ⟨v⟩𝛾 · ∇⟨c⟩𝛾 = D∗
0 ∶ ∇∇⟨c⟩𝛾 − keffav𝜀

−1⟨c⟩𝛾 , (48)

with

D∗
0

𝒟
= I + (1 + Pe)

⎛⎜⎜⎜⎝
1

V∗
𝛾
∫
𝒜𝛾𝜅

nb∗
0 dA∗ − Pe⟨v∗b∗

0⟩𝛾
⎞⎟⎟⎟⎠ . (49)

This effective coefficient corresponds to the total dispersion tensor under nonreactive conditions. In the
following section, the analysis is extended to situations for which Pe ≫ 1.
5.2.2. Expansions in Terms of the Kinetic and Péclet Numbers - Pe ≫ 1
When Pe ≫ 1, the convective terms in equation (37a) are much larger than 1, and this represents a difficulty
in the identification of the problems at the successive orders of 𝜙2 if the expansion given by equation (40)
were employed. For this reason, b∗ is first expanded in terms of Pe−1 as

b∗ =
∞∑
𝑗=0

Pe−𝑗b∗
𝑗
. (50)

This expansion is then introduced in equations (37) after equation (37a) is divided by Pe. The subproblems
at the successive orders of Pe−1 are then identified, taking into account the fact that 𝜙2 = O(1). At this stage,
a second expansion in 𝜙2 defined as

b∗
𝑗
=

∞∑
k=0

(𝜙2)kb∗
𝑗k (51)

is employed in each subproblem at the 𝑗th order of Pe−1. Problems at the successive 𝑗th and kth orders of
Pe−1 and 𝜙2 are then identified. Although they are not provided here for the sake of brevity, b∗

𝑗k is found to
be O(1), as expected. Accordingly, this double expansion of b∗ can be inserted in the expression of D∗. Using
the notation

b+
k =

∞∑
𝑗=0

Pe−𝑗b∗
𝑗k (52)

yields

D∗

𝒟
=I + (1 + Pe)

⎛⎜⎜⎜⎝
1

V∗
𝛾
∫
𝒜𝛾𝜅

nb+
0 dA∗ − Pe⟨v∗b+

0 ⟩𝛾
⎞⎟⎟⎟⎠

+ (1 + Pe)
∞∑

k=1
(𝜙2)k

⎛⎜⎜⎜⎝
1

V∗
𝛾
∫
𝒜𝛾𝜅

nb+
k dA∗ − Pe⟨v∗b+

k ⟩𝛾
⎞⎟⎟⎟⎠ .

(53)

The closure problem for b+
k (k ⩾ 0) can then be derived. It is obtained by adding the problems on b∗

𝑗k at the
appropriate 𝑗th orders after multiplication by the convenient power of Pe for each of them. This results in
closure problems that are exactly identical to problems I∗0 and I∗

𝑗
(𝑗 ⩾ 1) in equations 41 and 42 in which b∗

𝑗

is formally replaced by b+
𝑗

(𝑗 ⩾ 0). Consequently, b+
𝑗
= b∗

𝑗
(𝑗 ⩾ 0), which are all O(1).

The simplification on D∗ can now be analyzed on the basis of the following order of magnitude estimates:

⎛⎜⎜⎜⎝
𝒟 (1 + Pe)(𝜙2)k

V∗
𝛾

∫
𝒜𝛾𝜅

nb+
k dA∗

⎞⎟⎟⎟⎠ ∶ ∇∇⟨c⟩𝛾 = O

(
k(1 + Pe)⟨c⟩𝛾

𝜀𝓁𝛾

(𝓁𝛾

L

)2

𝜙2(k−1)

)
, (54a)

(
𝒟 (𝜙2)kPe(1 + Pe)⟨v∗b+

k ⟩𝛾) ∶ ∇∇⟨c⟩𝛾 = O
(

v⟨c⟩𝛾
L

(1 + Pe)
𝓁𝛾

L
𝜙2k

)
. (54b)
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These estimates can be compared with those given in equations (23) and (46), respectively. Since 𝜙2 < 1,
the length-scale constraints

(1 + Pe)
(𝓁𝛾

L

)2

≪ 1, (55a)

𝜙2(1 + Pe)
𝓁𝛾

L
≪ 1, (55b)

suggest that the following comparisons are reasonable:

⎛⎜⎜⎜⎝
∞∑

k=1

𝒟 (1 + Pe)(𝜙2)k

V∗
𝛾

∫
𝒜𝛾𝜅

nb+
k dA∗

⎞⎟⎟⎟⎠ ∶ ∇∇⟨c⟩𝛾 ≪ keffav𝜀
−1⟨c⟩𝛾 , (56a)

(
𝒟

∞∑
k=1

(𝜙2)kPe(1 + Pe)⟨v∗b+
k ⟩𝛾

)
∶ ∇∇⟨c⟩𝛾 ≪ ⟨v⟩𝛾 · ∇⟨c⟩𝛾 . (56b)

At this point, it is pertinent to note that the constraints given in 55 can be summarized into Pe𝓁𝛾∕L ≪ 1,
which was already imposed to simplify veff. Consequently, in the convection-dominated regime, and under
the latter constraint, the macroscale model can be written in the simplified form given in equation (48).

The above simplifications show that the macroscopic dispersive and convective mechanisms can be decou-
pled from the heterogeneous reaction whenever Pe𝓁𝛾∕L ≪ 1 so that ve𝑓𝑓 ≈ ⟨v⟩𝛾 and the total dispersion
coefficient can be reasonably estimated from the closure problem at the 0th order of𝜙2 given by equations 41,
which is identical to the one in the absence of reaction (Whitaker, 1999b). This is in agreement with the
conclusion reached in the work by Mauri (1991) and generalizes the result in the presence or absence of
hydrodynamic slip.
5.2.3. Final Forms of the Upscaled Models and Closure Problems
In the recent work by Lasseux et al. (2016), it was recalled that the apparent permeability tensor, Ks, in
equation (8) does not reduce, in general, to the intrinsic permeability tensor when the Knudsen number is
not vanishingly small. Moreover, it was suggested that a finite truncation of an expansion of Ks in terms of the
Knudsen number was suitable to provide an accurate prediction of the apparent permeability tensor. This
motivates applying a similar approach to the effective coefficients involved in the present analysis. However,
when this is done, it is found that all the terms in the expansion in the Knudsen number are required. As a
consequence, no further simplifications with respect to this parameter are possible.

To conclude this section, the upscaled models with the associated constraints and the related closure
problems can be summarized as follows.

• Under the constraints on the physical parameters expressed by Re ≪ 1, Ma2 ≪ 1, Ma ≪ Fr, Kn ≲ 0.1 and
on the time-scale and length-scale constraints given by t ≫ max(Re𝓁𝛾∕v, (𝓁2

𝛾
∕𝒟 )∕(1+v𝓁𝛾∕𝒟 +𝜙2∕𝜀)) and

𝓁𝛾 ≪ L, further assuming that the total concentration of all species remains constant, the macroscopic
mass conservation equation governing dispersion and heterogeneous reaction of a dilute species in the
presence of hydrodynamic slip is given by

𝜕⟨c⟩𝛾
𝜕t

+ veff · ∇⟨c⟩𝛾 = D∗ ∶ ∇∇⟨c⟩𝛾 − keffav𝜀
−1⟨c⟩𝛾 . (57)

In this model, veff, D∗, and keff are given by equations 39, which are determined by the solutions of the
closure problems I* and II* in equations 37 and 38. No constraint on Pe or 𝜙2 is associated to this model
that is referred to as the complete upscaled model.

• When 𝜙2 ≪ 1, the three effective coefficients are simplified to the following forms:

D∗

𝒟
=

D∗
0

𝒟
= I + (1 + Pe)

⎛⎜⎜⎜⎝
1

V∗
𝛾
∫
𝒜𝛾𝜅

nb∗
0 dA∗ − Pe⟨v∗b∗

0⟩𝛾
⎞⎟⎟⎟⎠ , (58a)
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veff

v
= ⟨v∗⟩𝛾 + 𝜙2 1 + Pe

Pe
1

V∗
𝛾
∫
𝒜𝛾𝜅

b∗
0 dA∗, (58b)

keff

k
= 1, (58c)

where b∗
0 is solution of closure ProblemI∗0 as given in equations 41. The symmetry properties of the tensor

D∗
0 were carefully explored by Lasseux and Valdés-Parada (2017).

• When 𝜙2 < 1 and the constraint Pe𝓁𝛾∕L ≪ 1 is satisfied, the effective coefficients are such that D∗∕𝒟 =
D∗

0∕𝒟 (see equation (58a)), keff∕k is given by equations (39c), whereas

veff

v
= ⟨v∗⟩𝛾 . (59)

In this last case, the macroscopic equation is referred to as the simplified upscaled model.

It must be recalled that the constraint Pe𝓁𝛾∕L ≪ 1 is the result of an analysis based upon order of magnitude
estimates, and it is thus likely that the simplified model has a range of applicability beyond the one strictly
limited by this constraint. For this reason, it is desirable to carry out numerical evaluations of the effec-
tive coefficients and of the average concentration resulting from both the simplified and complete upscaled
models.

Before proceeding with the numerical simulations, it is worth noting that the last term on the right-hand
side of equation (38a) can be reformulated as

𝜙2

V∗
𝛾
∫
𝒜𝛾𝜅

s dA∗ =
A∗
𝛾𝜅

keff𝜙
2

kV∗𝜀
=

keff

k
𝜙2a∗

v𝜀
−1. (60)

This suggests proposing the final change of variable

s∗ = s
𝜙2

V∗
𝛾

∫
𝒜𝛾𝜅

s dA∗
(61)

so that Problem II∗ can be written as

Problem II∗

Pev∗ · ∇∗s∗ = ∇∗2s∗ + 1, in the 𝛾-phase, (62a)

−n · ∇∗s∗ = 𝜙2s∗, at the 𝛾 − 𝜅 interface, (62b)

s∗(r + li) = s∗(r), i = 1, 2, 3, (62c)

which represents an easier form for a numerical solution. From this problem, one may then compute the
effective reaction rate coefficient as

keff

k
= 𝜀⟨s∗⟩𝛾𝜙2a∗

v
. (63)

6. Results
The purpose of this section is twofold. Firstly, the dependence of the effective coefficients is explored in
terms of the dimensionless numbers Kn, Pe, 𝜙2, and porosity. Secondly, the upscaled models are validated by
comparison with predictions of the dynamics of the average concentration resulting from direct numerical
simulations.
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Figure 3. Examples of the predictions of the x-component of the effective velocity in the complete upscaled model
normalized with the intrinsic average of the x-component of the fluid velocity as a function of the particle Péclet
number for 𝜀 = 0.4 (a) and 𝜀 = 0.8 (b), taking 𝜙2

c = 1.

6.1. Predictions of the Effective Medium Coefficients
In order to analyze the effective-medium coefficients involved in the complete and simplified versions of the
upscaled model, the following strategy is used: 1) The dimensionless versions of the pore-scale equations
for total mass and momentum transport are solved in a periodic unit cell to obtain v∗. 2) The result is used
in the solution of closure problems I∗ (equations 37), I∗0 (equations 41), and II∗ (equations 62). 3) Solutions
of these closure problems are employed to compute the effective medium coefficients involved in both the
complete and simplified upscaled models. Furthermore, since the closure problems only depend on the
Knudsen number by means of the fluid velocity, only steps 2 and 3 need to be repeated when changing
the Péclet number or the Kinetic number values. The numerical solutions of the closure problems were
obtained using the finite element solver Comsol 5.4 in the simple periodic unit cell sketched in Figure 2,
taking porosity values of 0.4 and 0.8. Certainly, more complex unit cells could be considered. For example,
in the work by Valdés-Parada et al. (2011), it is shown that the predicted values of the longitudinal and
transverse components of the total dispersion tensor resulting from three-dimensional unit cells are larger
than those obtain with two-dimensional unit cells for conditions in which Pe ≪ 1 while the opposite holds
for Pe ≫ 1. These authors considered a cubic block and a square to represent the solid phase in the three-
and two-dimensional periodic unit cells, respectively, keeping the same porosity value. In the more recent
work by Yan and Li (2017), predictions obtained on random distributions of solid obstacles in the unit cell
were reported. In the present work, the simple periodic unit cell shown in Figure 2 is chosen for illustrative
purposes.

It is worth mentioning that conventional meshing analyses were performed in order to guarantee the inde-
pendence of the predictions with this numerical parameter. In the following, results are presented in terms
of the particle Péclet number, which is defined as

Pep =
||⟨v⟩𝛾 ||𝓁𝜅

𝒟
𝜀

1 − 𝜀
=

v𝓁𝜅

𝒟
𝜀

1 − 𝜀
. (64)

In order to avoid numerical difficulties, the simulations were carried out for Pep values smaller than 103,
which correspond to values of Pe = O(100). In addition, the slip flow effects are analyzed with respect to the
cell Knudsen number, 𝜆∗, defined as 𝜆∗ = Kn𝓁𝛾∕𝓁 = 𝜆∕𝓁, and the reaction effects are studied in terms of
the cell Kinetic number 𝜙2

c = 𝜙2𝓁∕𝓁𝛾 .

To commence the analysis, let attention be directed towards the predictions of veff in the complete upscaled
model. Due to the symmetric geometry of the unit cell, it is sufficient to focus on the x-component, veff,x. In
Figure 3, the dependence of veff,x upon Pep is presented, normalized with ⟨vx⟩𝛾 , taking𝜙2

c = 1, the two porosity
values 𝜀 = 0.4 and 𝜀 = 0.8, and four values of 𝜉𝜆∗. The results in Figures 3a and 3b suggest that the effect
of 𝜙2

c on veff,x is moderate, since there is less than 10% of difference with respect to ⟨vx⟩𝛾 , for 𝜀 = 0.4. As the
porosity increases, this effect is reduced because the interfacial area also decreases in the case under study
here. Furthermore, slip effects are mildly influential on the approximation of veff,x by ⟨vx⟩𝛾 . These results
are consistent with those reported in section A2 of Appendix A. Indeed, they show that the approximation
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Figure 4. Longitudinal (a and b) and transverse (c and d) components of the dispersion tensor D∗ versus the particle
Péclet number Pep for 𝜙2

c = 1.0 and four values of the cell Knudsen number 𝜆∗. The porosity values are 𝜀 = 0.4 (a and
c) and 𝜀 = 0.8 (b and d).

veff,x = ⟨vx⟩𝛾 seems valid for any Péclet number value, thus suggesting that the constraint Pe𝓁𝛾∕L ≪ 1 may
be overly severe at least for this effective medium coefficient.

Directing the attention to the total dispersion tensor in the complete upscaled model, the predictions on
the longitudinal and transverse coefficients, D∗

xx∕𝒟 and D∗
𝑦𝑦
∕𝒟 , are first represented versus Pep in Figure 4

for four values of 𝜉𝜆∗, 𝜙2
c = 1, 𝜀 = 0.4, and 𝜀 = 0.8. Second, the same results, but normalized with the

corresponding components of D∗
0 (i.e., D∗ when 𝜙2

c = 0), which is also involved in the simplified model, are
considered. They are reported versus Pep in Figure 5 for the same values of the porosity, 𝜉𝜆∗ and 𝜙2

c .

Results in Figure 4 show that the longitudinal dispersion decreases with 𝜉𝜆∗ while the opposite holds for the
transverse component. This tendency can be inferred from the smoothing properties of the hydrodynamic
slip on the velocity profiles, thus decreasing the values of the velocity spatial deviations in the direction
of the mean flow while the opposite is true in the transverse direction. This has a direct impact on the
components of the total dispersion tensor as can be seen from the expression in equation (19b). In fact, for
the longitudinal dispersion, the values corresponding to Pep = 1, 000 and 𝜉𝜆∗ = 0.1 are approximately half
of those corresponding to 𝜉𝜆∗ = 0, and this trend is likely to increase with the Péclet number.

As in the analysis of veff,x, results in Figure 5 show that the effect of reaction on the components of the
dispersion coefficients is more pronounced for 𝜀 = 0.4. In that case, the relative difference can surpass 10%,
in particular for the transverse dispersion coefficient. Moreover, as slip effects are increased, the influence
of reaction is damped, which is consistent with the observations made in Figure 3 for Pep > 10.

The noticeable disparity on the predictions of the total dispersion tensor components and of veff,x between
the two versions of the upscaled models may suggest that such errors impact the simplified upscaled model
performance. However, it is worth recalling that the simplified upscaled model was obtained by comparing
the orders of magnitude of the different terms in the complete upscaled model but not of the different terms
that compose the coefficients themselves. Therefore, it is not surprising that some discrepancies on the
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Figure 5. Longitudinal (a and b) and transverse (c and d) components of the total dispersion tensor in the complete
upscaled model with respect to the corresponding components in the simplified upscaled model versus the particle
Péclet number Pep for four values of the cell Knudsen number 𝜆∗. The predictions correspond to 𝜙2

c = 1.0 and porosity
values of 0.4 (a and c) and 0.8 (b and d).

predictions of the coefficients arise, albeit such differences may not disqualify the predictive capabilities of
the simplified upscaled model as confirmed by the analysis in section A2 of Appendix A.

Finally, in Figure 6, the predictions of the effective reaction rate coefficient (which is involved in both the
complete and simplified upscaled models) are presented versus Pep for the same conditions as those con-
sidered for Figures 3 and 4. These results indicate that keff decreases as the porosity is increased in the
simple geometry considered here. This is in agreement with the results presented in Figure 4 of the work by
Valdés-Parada et al. (2017). Moreover, increasing the interfacial slip translates into an increment of keff for

Figure 6. Dimensionless effective reaction rate coefficient versus the particle Péclet number Pep for 𝜙2
c = 1 and four

values of the cell Knudsen number 𝜆∗. (a) 𝜀 = 0.4, (b) 𝜀 = 0.8.
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Figure 7. Sketch of the computational domain for the 2D system used to perform the direct numerical simulations.
The length of the porous medium is chosen to be L = 100𝓁.

large enough values of Pep (say Pep > 10). This can be explained by the fact that slip flow tends to improve
convection at the pore scale, in particular close to the solid-fluid interface.

6.2. Comparisons with Pore-Scale Numerical Simulations
The performance of the simplified upscaled model is now compared to its complete version and to numer-
ical simulations carried out at the pore scale. A model structure was used for the porous medium made of
a square pattern of parallel cylinders having a square cross section considering the flow orthogonal to the
cylinder axes and oriented along a principal direction of the pattern. The simulation domain of length L,
including 100 square unit cells (of size 𝓁) in the flow direction (x-direction), is the one sketched in Figure 7,
assuming periodicity in the 𝑦-direction. The pore-scale equations are formulated in terms of the dimen-
sionless velocity and pressure, respectively defined as 𝜇∕(𝓁2||∇⟨p⟩𝛽 ||)v and p∕(𝓁||∇⟨p⟩𝛽 ||). In addition, the
dimensionless concentration and time are defined as c∗ = c∕cref and t∗ = t𝒟∕𝓁2, respectively. Finally,
coordinates are made dimensionless using 𝓁 as the reference length. In this analysis, cref is taken to be the
inlet concentration (i.e., at x∗ = 0), which is assumed to be known and constant. A symmetry condition is
imposed at the exit of the system (i.e., at x∗ = L∕𝓁), and the initial species concentration is assumed to be
zero in the entire domain. In summary, the following set of boundary and initial conditions are imposed:

at x∗ = 0, c∗ = 1, (65a)

Figure 8. Comparison of the dynamics of the intrinsic average concentration taken at particular positions of the
macroscopic domain sketched in Figure 7. Concentration profiles result from DNS and the volume averaging method
(VAM) including its simplified (VAMs) and complete (VAMc) versions for Pep = 100, 𝜀 = 0.8 taking (a) 𝜉𝜆∗ = 0, 𝜙2

c = 0,
(b) 𝜉𝜆∗ = 0, 𝜙2

c = 1, (c) 𝜉𝜆∗ = 0.1, 𝜙2
c = 0, and (d) 𝜉𝜆∗ = 0.1, 𝜙2

c = 1.
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Figure 9. Comparison of the dynamics of the intrinsic average concentration taken at particular positions of the system
sketched in Figure 7 resulting from DNS and the volume averaging method (VAM) including its simplified (VAMs) and
complete (VAMc) versions for Pep = 1, 000, 𝜀 = 0.8 taking (a) 𝜉𝜆∗ = 0, 𝜙2

c = 0, (b) 𝜉𝜆∗ = 0, 𝜙2
c = 1, (c) 𝜉𝜆∗ = 0.1, 𝜙2

c = 0,
and (d) 𝜉𝜆∗ = 0.1, 𝜙2

c = 1.

at x∗ = L
𝓁
,

𝜕c∗
𝜕x∗

= 0, (65b)

c∗(x∗, 0, t∗) = c∗(x∗, 1, t∗), (65c)

when t∗ = 0, c∗ = 0. (65d)

Equivalent conditions are adopted to complete the formulation of the macroscale models. In addition, the
solution of the dimensionless versions of the total mass and momentum transport equations at the pore
scale is carried out in such a way that each unit cell is subject to a unitary pressure gradient as required by
the dimensionless formulation.

The performance of the macroscale models is evaluated by analyzing the dynamics of the average concen-
tration computed at particular points of the porous medium. More specifically, the sampling positions were
chosen near the entrance (x∗ = 4.5), near the middle (x∗ = 49.5), and near the exit (x∗ = 94.5) of the macro-
scopic domain. The resulting predictions are reported in Figures 8 and 9, taking 𝜀 = 0.8, Pep = 100 and 1,000,
respectively, under passive (𝜙2

c = 0) and reactive (𝜙2
c = 1) conditions as well as under the no-slip (𝜉𝜆∗ = 0)

and slip flow condition (𝜉𝜆∗ = 0.1). The predictions from the upscaled models are provided in terms of both
its complete (VAMc) and simplified (VAMs) versions. However, when no reaction takes place, both versions
are identical (denoted simply as VAM). As shown in these figures, the agreement between the upscaled mod-
els and the DNS is excellent. Indeed, the relative error with respect to DNS remains below 5% for situations
in which the temporal (see constraint (12)) and length-scale constraints (see constraint (2)) that support
the theory are met. In fact, it is only near the entrance zone and under highly convective transport (i.e., for
Pep = 1, 000) conditions that the largest differences are found. Furthermore, for this transport situation, the
improvement provided by the complete upscaled model is barely noticeable, confirming the relevance of the
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simplified upscaled model for the reactive transport conditions considered here. At this point, it is worth
noting that for Pep = 1, 000, the ratio 𝓁𝛾 (1 + Pe)∕L = 0.273 and 1.221 for 𝜀 = 0.4 and 0.8, respectively. This
indicates that the constraint 𝓁𝛾Pe∕L ≪ 1 is not met for 𝜀 = 0.8. Nevertheless, the simplified model does not
exhibit considerable differences with respect to the complete model, suggesting again that such constraint
may be overly severe as noted in previous sections. Finally, it is pertinent to recall the temporal constraint
given in (12). According to this constraint, the time scale at which the quasi-steady assumption is applicable
is smaller than the characteristic diffusion time scale for which t∗ = 1 and decreases as the Péclet number
is increased. This explains why there is agreement, in general, between the concentration profiles obtained
from the macroscopic models and the DNS for t∗ > 10−1 (Figure 8 for Pep = 100) or even at earlier times
when Pep = 1, 000 (Figure 9).

7. Conclusions
In this work, the problem of mass transport undergoing hydrodynamic slip (i.e., for a Knudsen number
smaller than 0.1) and heterogeneous reaction in homogeneous porous media is analyzed with an upscal-
ing approach. The pore-scale model was spatially smoothed using the volume averaging method giving rise
to a macroscopic effective model involving three effective coefficients, namely, the total dispersion tensor,
the effective convective velocity, and the effective reaction rate coefficient. This complete upscaled model
is simplified on the basis of order of magnitude estimates and expansions in terms of the Kinetic and
Péclet numbers. No simplification for the macroscopic mass transport equation is found from an expan-
sion in terms of the Knudsen number. The effective convective velocity and total dispersion tensor involved
in the simplified upscaled model correspond to those in the complete upscaled model under nonreactive
conditions. This represents a net advantage in practice since the closure problems yielding these effective
coefficients need to be solved only once regardless the value of the Kinetic number for given values of the
Péclet and Knudsen numbers. The simplified model is found to be subject to the constraint 𝓁𝛾Pe∕L ≪ 1.

Predictions of the effective coefficients present in both the complete and simplified upscaled models are
investigated versus the Péclet, Kinetic, and Knudsen numbers by solving the ancillary closure problems on
a model 2D structure for two porosity values. Results show that, for large enough Péclet numbers (≳ 10),
the effective velocity, the transverse dispersion, and effective reaction rate coefficients increase with the
Kinetic number. The opposite behavior is obtained for the longitudinal dispersion coefficient. These effects
are enhanced as slip effects are more pronounced. These findings are compliant with the fact that slip flow
smooths the pore-scale velocity (and consequently decreases the spatial deviations of the velocity), thus
enhancing pore-scale convection. However, a more thorough analysis about the role of the microstructure
on the prediction of the effective coefficients is certainly desirable. The macroscopic models and the effective
coefficients are in agreement with those reported by Edwards et al. (1993) and Mauri (1991) who consid-
ered no-slip conditions. In addition, this work extents the previous study by Valdés-Parada et al. (2017) to
convective transport within the context of slip flow.

Although noticeable differences are observed between the effective coefficients involved in the simplified
and complete upscaled models, the dynamics of the average concentration fields are accurately described by
the simplified upscaled model as assessed by comparison with pore-scale direct numerical simulations. The
excellent performance of the simplified upscaled model is observed for conditions in which the temporal
and spatial constraints imposed in the closure process are satisfied. In addition, for the simple structure
under consideration, the simplified model is found to perform satisfactorily even for situations in which
the constraint 𝓁𝛾Pe∕L ≪ 1 is not met, thus suggesting that this constraint is overly severe. Nevertheless,
experimental investigations, as well as detailed pore-scale analyses, could certainly serve as a confirmation
of these conclusions.

Appendix A: Order of Magnitude Estimates of Closure Variables and Effective
Coefficients
The purpose of this section is to provide orders of magnitude estimates of the closure variables b and s′,
which are required for the derivation of the simplified upscaled model. To this end, consider a function, 𝜓 ,
defined in the fluid phase. Its order of magnitude on the support Ω𝛾 , of measure |||Ω𝛾

|||, is defined as follows
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(Whitaker, 1983):

𝒪(𝜓) = 1|||Ω𝛾
||| ∫Ω𝛾

||𝜓|| dV . (A1)

An order of magnitude estimate of 𝜓 , denoted by O(𝜓), consists in finding a reasonable approximation of the
above definition. In this regard, the derivations from Whitaker (1983) can be used to propose the following
estimates for the gradient and the Laplacian of 𝜓 :

∇𝜓 = O
(

𝜓

𝓁𝛾

)
; ∇2𝜓 = O

(
𝜓

𝓁2
𝛾

)
. (A2)

If instead of considering a pore-scale variable, the interest lies upon estimating the derivative of a
volume-averaged quantity, then the characteristic length L should be used instead of 𝓁𝛾 (Whitaker, 1999b).

A1. Order of Magnitude Estimates of Closure Variables b and s′

On the basis of the above, one may estimate the orders of magnitude of closure variables from the corre-
sponding closure problems in the bulk of phases or at interfaces by matching volume or surface source terms
with each term involved in the differential equations or boundary conditions, respectively. More particu-
larly, the interest here lies on estimating the order of magnitude of the closure variables b at the solid-fluid
interface and s′ both in the bulk of the fluid phase and at the fluid-solid interface. This is motivated by the
fact that the terms in the effective coefficients veff and keff for which an order of magnitude estimate is ulti-
mately sought involve an area integral of b over 𝒜𝛾𝜅 and both volume and area integrals of s′ over 𝒱 𝛾 and
𝒜𝛾𝜅 , respectively.

The order of magnitude estimate for b at 𝒜𝛾𝜅 is carried out on Problem I, which is given by

ṽ + v · ∇b = 𝒟∇2b + k
V𝛾

∫
𝒜𝛾𝜅

b dA, in the 𝛾-phase, (A3a)

−n · (𝒟∇b) − kb = n𝒟 , at the 𝛾 − 𝜅interface, (A3b)

b(r + li) = b(r), i = 1, 2, 3, (A3c)

⟨b⟩𝛾 = 0. (A3d)

A volume and a surface source (ṽ and n𝒟 in equations (A3a) and (A3b), respectively) on which b is expected
to depend are to be considered. The analysis of the impact of the volume source may be simplified by a simple
algebraic manipulation on the last term on the right-hand side of equation (A3a). The surface integration of
the boundary condition in equation (A3b) over 𝒜𝛾𝜅 , followed by division by V𝛾 , yields

k
V𝛾

∫
𝒜𝛾𝜅

b dA = −𝒟
V𝛾

∫
𝒜𝛾𝜅

n · ∇b dA − 𝒟
V𝛾

∫
𝒜𝛾𝜅

n dA. (A4)

Turning the attention to the right-hand side of this last equation, it is evident that due to the homogeneity
of the medium, the last term is zero. Using the averaging theorem and the fact that ∇b is periodic allows to
show that the first term is equal to −𝒟 ⟨∇2b⟩𝛾 . Using this result in equation (A3a) leads to

ṽ + v · ∇b = 𝒟∇2b −𝒟 ⟨∇2b⟩𝛾 , in the 𝛾-phase, (A5)

in which both terms on the right hand side have the same order of magnitude. From this form of the balance
equation for b, the influence of the volume source, ṽ, on b at 𝒜𝛾𝜅 may now be analyzed by considering
this equation at 𝒜𝛾𝜅 , which remains formally unchanged in the presence of slip. However, it is important
to notice that the source, ṽ, is maximum in the no-slip case, so that b is also the largest in magnitude in
that case. A numerical illustration of this will be provided below. With the purpose of deriving an upper
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Figure A1. Comparison between the estimate and the actual order of magnitude of the x-component of closure
variable b at 𝒜𝛾𝜅 normalized by the size of the unit cell, 𝓁, for (a) 𝜀 = 0.4, 𝜙2

c = 0, (b) 𝜀 = 0.4, 𝜙2
c = 1, (c) 𝜀 = 0.8,

𝜙2
c = 0, and (d) 𝜀 = 0.8, 𝜙2

c = 1. In each case, the influence of the interfacial slip is exhibited with results obtained with
𝜉𝜆∗ = 0 and 𝜉𝜆∗ = 0.1.

bound for O(b), the analysis can hence be safely carried out in the no-slip case. Under these circumstances,
equation (A5) allows to write

−⟨v⟩𝛾 = 𝒟∇2b −𝒟 ⟨∇2b⟩𝛾 , at the 𝛾 − 𝜅interface, (A6)

from which an order of magnitude for b at 𝒜𝛾𝜅 can be obtained as

b = O

(
v𝓁2

𝛾

𝒟

)
= O

(
𝓁𝛾Pe

)
. (A7)

From the boundary condition in equation (A3b), an alternative order of magnitude estimate can be derived
by matching the two terms on the left hand side to the source to give

b = O
(

𝒟
𝒟∕𝓁𝛾 + k

)
= O

(
𝓁𝛾

1
1 + 𝜙2

)
= O

(
𝓁𝛾

)
. (A8)

The latter relationship is the leading order of magnitude estimate for b when Pe ≤ 1 and 𝜙2 < 1, whereas
equation (A7) can be considered as the appropriate one when Pe > 1. This leads to propose the following
order of magnitude estimate for b at 𝒜𝛾𝜅 as

b = O
(
𝓁𝛾 (1 + Pe)

)
, (A9)

which may be used for any value of Pe.

In order to verify the relevance of this estimate, a numerical evaluation of the order of magnitude of the
x-component of b at 𝒜𝛾𝜅 was carried out. This was performed on the unit cell represented in Figure 2 for
𝜀 = 0.4 and 𝜀 = 0.8, for two values of 𝜉Kn corresponding to 𝜉𝜆∗ = 0 and 𝜉𝜆∗ = 0.1 (𝜆∗ = Kn𝓁𝛾∕𝓁), two
values of 𝜙2 corresponding to 𝜙2

c = 0 and 𝜙2
c = 1 (𝜙2

c = 𝜙2𝓁∕𝓁𝛾 ), and Pep ranging between 0.1 and 103
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Figure A2. Comparisons between the estimate given in equation (A13) and the order of magnitude of closure variable
s′ computed at 𝒜𝛾𝜅 and in V𝛾 . (a) 𝜀 = 0.4; (b) 𝜀 = 0.8. In both cases, 𝜙2

c = 1; in addition, the solid lines correspond to
𝜉𝜆∗ = 0 and the dashed lines to 𝜉𝜆∗ = 0.1.

(Pep = Pe𝓁𝜅𝜀∕(𝓁𝛾 (1 − 𝜀))). Results of b∗
x = bx∕𝓁 (𝓁 is the size of the unit cell) are represented in Figure A1

together with the order of magnitude provided in equation (A9).

This figure shows that this order of magnitude estimate, although being an overestimate, reproduces the
actual tendency of the numerical results. Moreover, it also confirms that the order of magnitude of b
increases when slip effects decrease as already mentioned, justifying the use of the no-slip condition for the
derivation of its estimate.

At this point, attention can be focused on the closure variable s′, solution of closure Problem II given by

v · ∇s′ = 𝒟∇2s′ + k
V𝛾

∫
𝒜𝛾𝜅

s′ dA +
kA𝛾𝜅

V𝛾

, in the 𝛾-phase, (A10a)

−n · (𝒟∇s′) − ks′ = k, at the 𝛾 − 𝜅 interface, (A10b)

s′(r + li) = s′(r), i = 1, 2, 3, (A10c)

⟨s′⟩𝛾 = 0. (A10d)

Performing the area integral of equation (A10b) over𝒜𝛾𝜅 , dividing the result by V𝛾 , employing the averaging
theorem, and taking into account that ∇s′ is a periodic field yield

k
V𝛾

∫
𝒜𝛾𝜅

s′ dA = −
kav

𝜀
−𝒟 ⟨∇2s′⟩𝛾 . (A11)

When this result is substituted back into equation (A10a), it gives

v · ∇s′ = 𝒟∇2s′ −𝒟 ⟨∇2s′⟩𝛾 , (A12)

showing that there is no volume source for this problem. As a consequence, the order of magnitude estimate
can be extracted from the boundary condition in equation (A10b). When both the diffusive and reactive flux
terms in this equation are matched to the source, k, this gives

s′ = O
(

𝜙2

1 + 𝜙2

)
. (A13)

A comparison of this estimate with the actual order of magnitude obtained from the solution of Problem II
and computed at the interface 𝒜𝛾𝜅 and in V𝛾 is presented in Figure A2 versus Pep for 𝜀 = 0.4 and 𝜀 = 0.8,
taking 𝜙2

c = 1, 𝜉𝜆∗ = 0, and 𝜉𝜆∗ = 0.1, considering the unit cell of Figure 2.

The results in Figure A2 show that the order of magnitude estimate in equation (A13) is a reasonable one.
Since 𝜙2 < 1, the above estimate can be simplified to

s′ = O
(
𝜙2) , (A14)

which is an overestimate, whereas an obvious underestimate is s′ = 0.
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Figure A3. Absolute values of the ratios between the reactive contributions to veff with respect to keff𝜀
−1 for (a), (c),

and (e) 𝜀 = 0.4; (b), (d), and (f) 𝜀 = 0.8. 𝜙2
c = 1. T1 = ⟨vxs′⟩𝛾 , T2 = 𝒟

V𝛾
∫
𝒜𝛾𝜅

nxs′ dA, T3 = k
V𝛾

∫
𝒜𝛾𝜅

bx dA, and

Tk = k
𝜀A𝛾𝜅

∫
𝒜𝛾𝜅

(1 + s′) dA.

A2. Comparison of the Convective-Like and Reactive Terms in the Macroscopic Model
From the above estimates on b and s′, a comparative analysis of the orders of magnitude of the

convective-like terms ⟨vs′⟩𝛾 ·∇⟨c⟩𝛾 ,

(
𝒟
V𝛾

∫
𝒜𝛾𝜅

ns′ dA

)
·∇⟨c⟩𝛾 , and

(
k

V𝛾

∫
𝒜𝛾𝜅

b dA

)
·∇⟨c⟩𝛾 with respect to the

reactive term kav
𝜀

1
A𝛾𝜅

∫
𝒜𝛾𝜅

(s′ + 1) dA ⟨c⟩𝛾 is proposed in section 5.1. The objective here is to verify that the

simplifications of the macroscopic model resulting from these comparisons are justified. This is performed
for the unit cell represented in Figure 2. Since the macroscopic length-scale, L, at which ⟨c⟩𝛾 is expected to
experience significant variations is not specified at this point, the verification is carried out by computing
the ratios ||| Ti

Tk

|||, where Ti is given by T1 = ⟨vxs′⟩𝛾 , T2 = 𝒟
V𝛾

∫
𝒜𝛾𝜅

nxs′ dA, and T3 = k
V𝛾

∫
𝒜𝛾𝜅

bx dA, whereas
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Tk = k
𝜀A𝛾𝜅

∫
𝒜𝛾𝜅

(1 + s′) dA. Since av = O
(
𝓁−1
𝛾

)
, these ratios must be further multiplied by 𝓁𝛾∕L to quantify

the magnitude of the corresponding convective-like terms relative to the reactive term in the macroscopic
model. The ratios ||| Ti

Tk

||| are represented versus Pep in Figure A3 for 𝜀 = 0.4 and 𝜀 = 0.8, 𝜙2
c = 1 and, in each

case, for 𝜉𝜆∗ = 0 and 𝜉𝜆∗ = 0.1.

Although the order of magnitude analysis reported in section 5.1 indicates that the constraint 𝜀 𝓁𝛾
L

Pe ≪ 1 is
necessary for ⟨vs′⟩𝛾 · ∇⟨c⟩𝛾 ≪ kav

𝜀

1
A𝛾𝜅

∫
𝒜𝛾𝜅

(s′ + 1) dA ⟨c⟩𝛾 to hold, results in Figures A3a and A3b indicate

that this remains valid whatever the Péclet number. Numerical results obtained on the unit cell of many
other model 2D structures lead to the same conclusion, suggesting that this constraint is indeed much too
restrictive. This can be explained by the fact that the order of magnitude estimate ⟨vs′⟩𝛾 = O

(
v𝜙2) is a

strong overestimate. In the absence of more precise bounds, this constraint may however be kept to carry
out the associated simplification of veff.

From Figures A3c and A3d, it clearly appears that the simplification resulting from

(
𝒟
V𝛾

∫
𝒜𝛾𝜅

ns′ dA

)
·

∇⟨c⟩𝛾 ≪ kav
𝜀

1
A𝛾𝜅

∫
𝒜𝛾𝜅

(s′ + 1) dA ⟨c⟩𝛾 whatever the Péclet number is a reasonable one, as obtained from the

order of magnitude analysis. In addition, Figures A3e and A3f show that the ratio ||| T3
Tk

||| increases with Pep,

justifying the constraint 𝓁𝛾
L
(1+Pe) ≪ 1 obtained from the order of magnitude analysis for

(
k

V𝛾

∫
𝒜𝛾𝜅

b dA

)
·

∇⟨c⟩𝛾 ≪ kav
𝜀

1
A𝛾𝜅

∫
𝒜𝛾𝜅

(s′ + 1) dA ⟨c⟩𝛾 to be valid.

From these results, it can be concluded that the simplifications carried out on the macroscopic model on
the basis of the order of magnitude analysis are reasonable.
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