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Abstract

We study the existence and uniqueness of a mild solution to a nonlinear
Fokker-Planck equation with reflecting boundary conditions, by using a
monotonicity approach. Then we prove that the mild solution is also a
distributional one.

Keywords: Fokker-Planck equation, m-accretive operator, mild solution,
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1 Introduction

In the present work we are interested in the study of a nonlinear Fokker-Planck
equation with Neumann boundary conditions of the following type

& AR —dv () =0, [0.7)x 0,
BB nE©y=0,  [0.7]x00, 1)
¥ (0,8) = w0 (§), £e€0.

Here © c R%, d > 1, is assumed to be an open bounded and convex domain
with smooth boundary 0. We denoted by n the outward normal to O and

0 _
by n the outward normal derivative. The closer of O is denoted by O = K.
n

Assumptions
We shall assume the following hypotheses on the functions 8 : R — R and
b: 0 — R%



i) € C(R), B(0) =0, and S is increasing maximal monotone such that,
for m > 1 we have

1B(r)] < a1 |7“|m + ag, for all r € R,

for some constants «v; > 0 and oy > 0.

ii) j is the potential of 3, i.e. 97 = 3, and we assume that for the same m > 1
we have
j(r) > azr™™! for all 7 € R,

for some positive constant as.

iii) b € C* (@) is a given function such that divb < 0in O, b-n > 0 on 80
and [b| , < 1.

Equation (1), where y is a probability density, is known in the literature as
the nonlinear Fokker-Planck equation with reflection. For reader’s convenience
we shall give some details concerning the connection with a stochastic differential
equation.

If we choose the solution y : [0,7] x O — R in the class of probability density
functions on O, i.e. such that y € L' (O), y > 0 a.e. on O and fo y(&)de =1,
then y can be seen as the probability density of the law Ly, where X is the
weak solution (in the stochastic sense) to the following stochastic differential
equation with reflection

W

in a probability space (2, F,(F;),,P) where (F;), is the normal filtration and
Wy, t > 0, is a Wiener process.

Keeping in mind that K = O, we recall that Ng : K — 28" is the normal
cone to K, i.e.

Nk () = {zeRd; (2,2 — Y)ga >0, VyEK}.

Actually, the reflecting boundary condition from equation (1) gives the sec-
ond drift term Ny (X) from the stochastic equation (2).

Concerning the stochastic differential equation, we recall the definition of
the solution.

Definition 1 We call a strong solution to the stochastic differential equation
(2) a pair of continuous R*—valued and F,—adapted processes (X (t),n(t)), t €
[0,T] such that

1) X(t) e K, P—a.s., for all t € [0,T].



2) 3n e BV ([0,T];R?), P —a.s., such that

X(t)+/0 b(X(s))ds+n(t):X0+/o de

/0 (X(s)=Z(s))-dn(s) >0, VZeC([0,T];K).

As usual, BV ([0, T) ;Rd) is the space of functions with bounded variation
and fOT (X (s) — Z (s)) - dn (s) is the Riemann-Stieltjes integral.

Equations as (2) are usually referred as McKean-Vlasov SDEs. For classical
results concerning this equation see [12], [16], [17], [19], [21]. Recently there was
a large interest concerning this subject in different situations (see e.g. [5], [13],
14], [18)).

One can prove that, if y is a solution to (1), then there is a martingale solution
X to (2) which has y as probability density, by using the superposition principle
by Trevisan [22] (which is a generalization of the work of Figalli [11]) and by a
classical result of Stroock-Varadhan (see [20]). For the general McKean-Vlasov
equation see e.g. [6], [7]. For an immediate extension to a stochastic reflection
problem as in the present case see [3].

In the present work we are interested to treat the well-posedness of the
nonlinear Fokker-Planck equation (1) in L (O). This work follows the direction
opened by Barbu and Réckner in [5], [6], [7], [8] for the Fokker-Planck equation
with Dirichlet boundary conditions under different sets of assumptions. This
approach is based on the Crandall and Liggett existence theorem for a nonlinear
Cauchy problem in a Banach space.

Concerning the Fokker-Planck equation with Neumann boundary condition
we refer to [3] for a controllability problem treating an equation with a particular
form of the function 8 which is Lipschitz.

In the present work we study a general Fokker-Planck equation with Neu-
mann boundary conditions, under general growth conditions on 3. The main
objective of this paper is to prove existence and uniqueness of the mild solution
to equation (1) and then to show that it is also a variational solution.

For reader’s convenience we shall first recall the following definitions.

Definition 2 Let yo € L?(0). The function y is called a mild solution to
equation (1) if y € C ([0,T]; L' (0)) and

y(t) = lim ys (t) in L* (O), uniformly on [0,T],

d—o00

where ys : [0,T] = R is a step function such that

ys (1) =y, VteE[id,(i+1)0), i=0,1,...,N5 -1,



for Ns = [%] which satisfies
5 L@@ v©ds [ (3865 +0©ut) o d=o,
(@] (@]

for Vi € H' (O) such that y§ = yo and 3 (yf{"l) € H'(0).

Definition 3 Let yo € L? (O). We say that y is a distributional solution to (1)
if
y e ([0,1):L(0)). B(y) € L* (0,T; H; (0))

such that . 5
[ L (% - 5980090 - 0 Vory) dea g
0 o

0,6)dé =0
+/Oyo(§)<P( &) de
for all p € C* ([0, T] x O), ¢(T,-) =0.

Notations

For an open subset O C R? we denote by L? (O), 1 < p < oo, the space of
standard Lebesgue p—integrable functions on O, and by W? (O) the Sobolev

space {u € L (O), D;u € L? (O) for i =1,2,...,d} where D; =

is taken

in the sense of Schwartz distributions. In particular, we denote by H! (O) =
W2 (0).

2 The main results

We can formulate now the main result of this work.

Theorem 4 Assuming the hypotheses above, for each y € L' (O), there is a
unique mild solution y to equation (1).

Moreover, if yo > 0 a.e. on O and [, yo (§) d€ = 1, then y (t) is a probability
density function on O for Vt € [0, T].

Furthermore, y is also a distributional solution to (1).

The main idea is to rewrite equation (1) as a Cauchy problem of the form

{ dy—"A(y):O’ (O’T)z
y (0) = yo,



in the space L' (0), where A : D(A) C L'(0) — L'(0) is an appropriate
m—accretive operator and to apply the Crandall-Liggett theorem. To this pur-
pose we shall first study this operator in the L? (O) space framework.

The L?(0) approach
We define the operator

Ay : D(Ay) CL?(0) = L*(0)

D(Ay) = {ueL?(0); AB(u)+div(bu) € L* (0),
0
a—nﬁ(u) +(b-n)u=0a.e. on 8(9}

Ao (w) = —AB(u)—div(bu).

For some f € L?(0O) arbitrarily fixed and v € H! (0), if we consider the
equation
Aou = f

i.e.
10
20n

we can write its variational formulation as follows

—3AB (u) — div (bu) = f, in O
B(u)+ (- -n)u=0, on 00

L (5780 +0©u©) vo©d= [ 1©v©d e ©).
o @]

Proposition 5 Assuming the hypotheses above, there is Ao > 0 such that, for
all f € L?(O) and X € (0, ) arbitrarily fized, the equation

u+ Aou = f (4)

has a unique variational solution wu.
Furthermore, if we denote by (I + XAg) ™" (f) the solution to equation (4)
for each X\ and f, we have the following propertie

(I+240) 7 (f) = I+ M) ()| | o S i = foliioys Vhif2 € L2(0).
(5)

In addition, we have that (I + )\Ao)f1 (f) is a probability density function
on O for all f € L* (O) which is also a probability density function.

Proof. We shall first rewrite (4) as

AAB (u) — Adiv (bu) = f, in O,
Bu)+(b-n)u=0, on 00,



with the variational formulation
A
[ e+ 5 [ V8@©)Vode A [ (€ Vo@)u©d (0
O (@) O
- /Of@w(s)df, b e HY(0).

We approximate the operator 3 by . (r) = B (r)+er where j3 is the Yosida
approximation of 3, i.e.,

for
J.(r)=(Id+eB)" " (r), VreR.

Since (. is Lipschitz and increasing, we can easily see that BE is also Lipschitz
and strongly monotone, that is

(B-)-B-) =P zelr =7, vrreR,
SO | -1
Note that this property implies that (,BE> is also Lipschitz, where (,88>

is the inverse of EE.
We approximate equation (6) by

u® — %)\AEE (u®) — Adiv (bu®) = f, in O,
125 )+ (b m)us =0, on 90,
with the variational formulation
€ A Py € £
[ w5 [ VB ©)Vvde 4 [ ((€)- V6 (€) € d (0
o o o
- [ reved vemro).

-1 ~
If we denote by ([35) the inverse of (¢, we can rewrite (8) as follows

(EE)_I (v°) — %)\Ave ~ Adiv <b (55)_1 (vf)) —f, o,

-1 (10)
+(b-n) (5&) (v¥) =0, on 0.

1
T
20n

~ ~\—1
Note that since (. is strictly monotone, we can easily see that (/3}) is
Lipschitz on R.



Let us define the operator
B H'(0) = (H")" (0)
such that, for each v € H! (O) we have
E -1
oy (B @b = [ (B) (w)ede
o
A
+— | VoVed
2 Jo
-1 L
+A/ b(©) Ve (B)  (W)d, for Vo e H' (0).
o
We can now rewrite equation (10) as
B (v°) = f. (11)
We shall first show that the operator B¢ is strictly monotone. We have

(1) (B° (U) B* (v), U—U>H

- [(B) 0-E) @) e-na
+g/OV(v—§)d§
2 [v@-ve-o((E) w- (7))

Since by assumption i) we have that

() "@-()"@)e-n2

we obtain

2

(3 w-(E) @

() (B (v) — B (V) ,v = U) pa

> /\V (v —1)|* d¢
~ —1 2
(o= bl /‘5 ©-(5)" @
>
0, for A < 2|b|oo = Ao

Keeping in mind that £ (0) = 0 we have also that

2

(3)" @

1y (B (v),0) g1 > %/O|V(v)|2d§+(5— |b|OO/\)/O

)

7



E ~
for A < ——— = )g. Since ;. is Lipschitz we have that

-1

T (3:) @

some positive constant C () and for each ¢ fixed, and therefore B® is coercive
from H! to (Hl)*

Keeping in mind that B¢ is also continuous and monotone, we can now use
the Minty-Browder theorem and get that B¢ is surjective. Therefore equation
(11) has a unique solution v* € H! (O) for each ¢ fixed.

We obtain that u® = 3. (v¥) € L? (O) is a solution to (6).

We shall now prove that

u® (A f1) = 0w O\ )l pagoy S L = felpioy, YA, fo € L2(0),

> C v, for

by using a similar approach with the one suggested in [4] [5] and [6]. To this
purpose we define the function

r > a,
Irl < a,

Xa(T): )
1, r<aq,

L,
r
«

for a > 0.
On the other hand, from the variational form of the solution, we have for
u$ = u® (A, f;) where f; € L? (0), i = 1,2, that

A ~ ~
[ s = yvde + 5 [ (V. () - V. (09)) Vo
3 [ b(€) V0 (uf - ) de

o

= [-pvae ver ()
If we take ¢ = x4 (EE (us) — Be (ug)) , in the previous relation, we get
[ (= ) (B (05) e (a)) e
o

A ~ ~ 2
+5 VB () = VA )] e

A [ b€ 9 (B () = B (u5)) X uf — u) e
< [ Ih- e

where we denoted by x., = X/, (EE (us) — Be (ug)) .



Since xo < 1, x4, > 0 and keeping in mind the explicit form of x, we have

[ 5 = ) va (B ) - B 1)) (12)

V (B (uf) = B (us)) | s — s ¢

IN

A
Sl [
a [Be (w1)—Be (u2)<a]
+/ |f1 = f2| d€.
o

We calculate the first term from the right hand side of the previous relation.

Since 55 is strongly increasing and therefore (BE) is Lipschitz, we have

that B N
Be (u) — Be (u3)

)

1

€ €
— < —
|u] — us 5

and therefore

V (B (ws) = B (u5) )| fus — us dg

1m3mm/_ i
o=0a [Be (u1)—B< (uz)<a]

V (B (u5) — B (ug) )| de = 0.

glmiwmfv _
a=0¢ [B= (u1)—Be (uz)<al

Going back to (12) and considering that limo Xa = sgn and
a—
sgn (B (u5) = B (u5)) = sgn (uf — u5)

we obtain that

tim, [ (5~ ) xa (B (05) = B (u5)) dE = o 5l 10

This leads to
[uf = U5l o) S 11 = folpioys Vi, fo € L2(0). (13)

We shall now pass to the limit for ¢ — 0 in the approximating equation
(8) with the variational formulation (9). To this purpose we need the following

estimates.
First we take ¢ = u® and we get

/ \u€|2dg+1A/ V5. (uE)VuEdﬁ—k)\/ (b-vuf)ufdg:/ fusde.
o 2 Jo o o
Since, by assumption i) we have that

1 1 1
§/Ob.V(uE)2d§:—5/(Ddivb(u€)2d§+5/80(b~n)(u5)2d§20



we get {uf} is bounded in L? (O).
Then we take ¢ = 8. (u®) and we get

/u%( e+ 3 [ |VA )

/ 1B (u

We calculate

/o W (u) de = /O e (u) de + /O e ? d

2d§+A/@(b-vB; (u5)> wide (14)

> [ W =T B s+ [ ) B ) de
> oy [ 17 )" e
" )\/ <b~V§E(u€)> ufdggh/ ‘VEE(U £|% de.
o 4 o
By going back to (14) we get
ag/ . (uf)"™H de + )\/ V5. () i (15)

~ m+1 - ~6 5 m;gld.
< O+2/O\f| d£+2p/of3(u) ¢

Since

Be (uf) = Be (u®) + eu®

we have

~ R mtl 1 eyy ) Tt 1 mp1,  mil
/ Be (u?)]  dg <27 B (Je (u))| by +2me [u] L
O m

On the other hand, since |8 (r)| < oy [r|™ 4 a2, Vr € R, we have that

B (. e <o | o) e+ 1
eya (] )

By replacing in (15) we get that, for a constant p sufficiently large, that

/|J )" de + A/ ‘vge )

From the previous estimates, it follows that

EACE

“de<C

{u:} bounded in L? (O)

10



{J. (%)} bounded in L™ (O)

{B- (u*)} bounded in L™ (O)
m41

{V3B. (u)} bounded in L*(0) C L (0).

Since the Sobolev space W™= (O) is compactly embedded in L% (0)
we have that .
Be (UE) — 7 strongly in L™ m ((9)

and therefore 5 (u) = 7.

We can get (5) by passing to the limit in (13).

In order to conclude the proof of the proposition, it only remain to show
that u is a probability density function on O for each f € L?(O) which is a
probability density function.

We assume that f is a probability density, i.e. f > 0 a.e. in O and
Jo £ (€)dg = 1.

Let us first take ¢y = v~ in (7). We obtain

—/ |u|2dg—5 vg(@vmgm/ b-Vu udé  (16)
[u<0] 2 Ju<ol o

= —/[u<0} fud€.

We calculate

)\/ b-Vu~udg
o
= —/\/ b-Vu u d€
o
A
= —f/b~V(u_)2d§
2 Jo
- 3/ divb(u’)zdg—é/ bon(u)”de
2 Jo 2 Joo
A . 2 A \2
= = divb (u)” dé — = (b-n)(u)"d¢ <0,
2 Jlu<o] 2 Joo
Keeping in mind the assumptions on b, we obtain that =~ = 0 a.e. on O

since the left hand side of (16) is negative and — f[u<0] fud¢ > 0. It is then

immediate that
[t~ [ 1o
o 1)

and we can conclude that u is a probability density function. The proof of the
proposition is now complete. m

11



The L' (O) approach -
Let us first consider the operator A : D (A) C L' (O) — L' (O) defined by

A(u) = —AB (u) + div (bu)
where

D(4) = {uelL'(0); AB(u)+div(bu) € L' (0),

%5(u)+(b-n)u:0 a.e. on 8(’)},
where A is taken in the sense of distributions on O.

We can prove now the following result.
Proposition 6 For all f € L' (O) and VA € (0, \), the equation
u+NAu=f

has a solution u = (I + )\Z)_l f.
Moreover

1+ X2 = (4 x7) fQ]Ll(O) < |fi — falpa oy » (17)

Vf1, fa € L' (O).

Proof. For f € L'(O) arbitrarily fixed we have a sequence {f,} C L?(0O)
such that f, — f strongly in L' (O) for n — co. Since we have existence of a
solution for the following equation

Up + )\ZUn = fun,

we can rewrite it as

tn = (T+XA) " fo.

Using Proposition 5 we have that

I+ 2A0)"" fi — (T 4+ 240) 7" fo

L1(0) < |f1 - f2|L1((9) ’
for all f1, fo € L? (O) which implies directly that
|un_um|L1(O) < |fn_fm|L1(O)7 V’I’L,mGN,

and then (uy,,),, converges strongly in L' (O) to some u € L' (0). Since (I + o) (f) =
(I+ )xZ)f1 (f), for f € L?(O) we get that Au,, — Au in L' (O) and

u+ Ny = f.

12



Hence the operator A is closed in L' x L'. The estimate follows by the
previous result. m

We can finally define the operator
A:D(A) c L' (0) — L' (0)

Ay=TAy, VyeD(A) =T+ A" (L'(0))

for same A > 0 (equivalently, for each A > 0).
Concerning the operator above we have the following result.

Proposition 7 The operator A is m—accretive in L' (O), that is, R (I + \A) =
LY (0), for YA >0 and

(T2 f = (T2 | o < 1= Py

X
forVfi, fa € L' (O), XA >0.

The proof of this result follows directly from the previous one by the defini-
tion of the operator A.
Proof of the Theorem 4. In order to use the Crandall-Liggett theorem for
the Cauchy problem

dt

{ WAy =0, te(T),
¥ (0) = yo,

where yo € L' (O), we need to have D (A) = L' (0), but this follows by a
similar argument as the one used in Theorem 2 from [4].

For reader’s convenience we shall sketch it here. We first consider for each
€ > 0 the approximating operator

A.:D(A) C L?(0) = L*(0)

defined by B
A (u) = —AB. (u) —div (b-u), for Vu € D (A,)
where
D(A) = {ueH (0); . (u) € H* (0),
0

%EE (u) + (b-n)u=0, a.e. on 8(’)}.

By Proposition 5 we have that

|u; _u§|L1(o) < |f1 _f2|L1(o)a for Vfi, fo € L? (O),

13



where u! is the solution of ul + AA (ul) = f;, i = 1,2 and also that
limue = u=Jx(f) in LY (0), Vf € L*(0), XA € (0,)).
e—

Since C5° (R?) C D (A,) it follows that D (A.) is dense in L' (O) and there-
fore so is D (A).

We get that, for each yo € L' (O) = D (A), the problem above has a unique
mild solution y € C ([0, T]; L* (O)). Moreover,

n—o0

y(#) = lim <I+tA> vo, in L' (0),
n

uniformly in ¢ on compact intervals (see e.g. [1]).
Keeping in mind the definition of a mild solution, this means that

y (t) = limys (), in L'(O)

50
uniformly on [0, T], where
ys () =y, Vtelis, (i+1)0),
where i =0,1,...Ns — 1 for Ny = [%] , and

{ yy A () =y i=01,., N5~ 1

18
Ys = Yo- 18)

Moreover y = y (t,0) generates a semigroup of contraction in L' (O), i.e.
ly (t90) =9 (t:90) | o) < 196 = %0l 110y Voor 96 € L1(O).
If we take yo € L? (O) and keep in mind that by Proposition 6 we have
(T+XA) " f=(T+X)7 f, VfeL?(0),

it follows that y5™' € D (A) and

% (yit' —y5) = —Ayi', v=0,1,..,Ns— 1.

This means that y is the mild solution to equation (1) in the sense of Defi-
nition 2. By the accretivity of the operator A in L! (O) it is easily seen that we
have also uniqueness of the solution.

In order to conclude the proof of the theorem we only need to show that y
is also a distributional solution to equation (1).

From the definition of the mild solution we have that

1 , . . 1 .
5 =) 8 i+ 5 [V [ ae

14



+/ (&) - VB (yith) yittd¢ = 0,
(@]

and keeping in mind that dj = 8 we can compute

i+l S é i+1y |2
Latiyae= [ i)as+3 [ 95 ) ae
+5/ b(€) VB (ysth) yittde = 0.
(@]

If we take the sum for s = 1, k we get

Liwyae= [ jh)ac+ 3 Z\w el
k . .
+5;/Ob(£) VB (ys) w5t =0,

which leads to

/ ( k+1 df-f— Z‘vﬂ 2+1)|
o

< [R5 i 9 )

=0

for Vk =0,1,..., Ns — 1.
We obtain that

I ds+4z|ws e < [ h) de ol S i

=0

Since ys (t) =y for t € [id, (i + 1) §) we get by the previous estimate that

Lt @+ 19 )3
< [imdseibl [ s @)Bds vee .11,

From the assumptions we have on j we get that

sup {35 () + 1/ V8 (s (s))|2 ds

tel0,T

< /j<yo>ds+|b| T sup |ys ()2 ds,
(@) t€[0,T)

15



and therefore

2 1 2 .
(1-10) s s O+ L[ s ez < [ g ae

We know that
ys =y in C([0,T]; L' (0))

ys — y weakly in L™ (O, T;L? (O))
B (ys) — n weakly in L? (O,T; H! ((’)))
 maximal monotone in L? (O) x L? (0).

Since § is continuous and
ys (t,€) =y (t,€) ae. on (0,7)x O
it follows that
1(1,€) = lim (ys (1,€)) ae. on (0,7) x O.
We can now conclude the proof that y is also a distributional solution. We

shall use the previous estimate to pass to the limit in the mild solution in order
to obtain that it is also a distributional solution. More precisely, if we take

5 o= vac [ (596 400 ) - Tud =0
and keep in mind that

ys (t) =5, t€[id, (i +1)0)
we obtain, for all ¢ € C* ([0,T] x O) such that ¢ (T,.) = 0, that

T-6
%/O/O (ys (t+6) — s (£) ¥ (£, €) de

T—6 1
+/O/o <2V/6(yé(t—|—5))—|—b(§)y5(f+§)> 'V¢(t,§)d§:0,

After some elementary calculus we get for the first term that

L[ wsasuon [ o
_ //” (€)= v (t — 6,€)) de

—3/0/0 s (8) (¢, €) d

+§/O/TT_5y5<t)w<t,s)ds.

16



By going back to the previous relation and replacing this expression we get that

T-6
_%/O/O ys (1) (¢ (£,6) — 9 (t = 6,€)) dg
1 4 1 T
5 | [ woveoas [ [ woveoa

T—6 1
+/o/o <zv5(y5<t+5>>+b<€>y5<t+6>)'vw@,s)dso

and finally, by letting 6 — 0, it follows that y is a variational solution in the
sense of Definition 3. m
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