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HALIDON RINGS AND THEIR APPLICATIONS

A. TELVEENUS

Kingston University London International Study Centre, Kingston Hill Campus, KT2 7LB,UK
e-mail address: t.fernandezantony@kingston.ac.uk

ABSTRACT. Halidon rings are rings with a unit element, containing a primitive m*"* root of

unity and m is invertible in the ring. The field of complex numbers is a halidon ring with
any index m > 1. This article examines different applications of halidon rings. The main
application is the extension of Maschke’s theorem. In representation theory, Maschke’s
theorem has an important role in studying the irreducible subrepresentations of a given
group representation and this study is related to a finite field of characteristic which does not
divide the order of the given finite group or the field of real or complex numbers. The second
application is the computational aspects of halidon rings and group rings which enable us
to verify Maschke’s theorem. Some computer codes have been developed to establish the
existence of halidon rings which are not fields and the computation of units, involutions
and idempotents in both halidon rings and halidon group rings. The third application
of halidon rings is in solving Rososhek’s problem related to some cryptosystems. The
applications in Bilinear forms and Discrete Fourier Transform (DFT) with two computer
codes developed to calculate DFT and inverse DFT have also been discussed.

1. INTRODUCTION

In 1940, the famous celebrated mathematician Graham Higman published a theorem [3]
in group algebra which is valid only for a field or an integral domain with some specific
conditions. In 1999, the author noticed that this theorem can be extended to a rich class of
rings called halidon rings[9]. In complex analysis, |z| = 1 is the set of all points on a circle
with centre at the origin and radius 1. The solutions of 2z = 1, which are usually called
the n'" roots of unity, which can be computed by DeMoivre’s theorem, will form a regular
polygon with vertices as the solutions. As n — oo this regular polygon will become a unit
circle. This is the ordinary concept of n** of unity in the field of complex numbers. For a
ring, we need to think differently.

A primitive m** root of unity in a ring with unit element is completely different from
that of in a field, because of the presence of nonzero zero divisors. So we need a separate
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2 A. TELVEENUS

definition for a primitive m** root of unity. An element w in a ring R is called a primitive

mt" root if m is the least positive integer such that w™ = 1 and
m—1
Z W= = m, i=j( modm)
r=0

= 0, i#j( modm).

A ring R with unity is called a halidon ring with index m if there is a primitive m'" root of
unity and m is invertible in R. The ring of integers is a halidon ring with index m = 1 and
w = 1. The halidon ring with index 1 is usually called a trivial halidon ring. The field of real
numbers is a halidon ring with index m = 2 and w = —1. The field Q (i) = {a + ibla,b € Q
} is a halidon ring with w =7 and m = 4. Zgs is an example of a halidon ring with index 4
and w = 8 which is not a field. In general Z,,2,; is a halidon ring with index 4 and w = 2r
for each integer r > 0. Z,, is a halidon ring with index p — 1 for every prime p. Interestingly,
7, is also a halidon ring with same index for any integer £ > 0 and it is not a field if k£ > 1.

P
Note that if w is a primitive m" th

th

root of unity, then w™! is also a primitive m‘® root of unity.

2. PRELIMINARY RESULTS

We state the following propositions without proof. The proofs are available in [9] and
[10]. Let U(R) and ZD(R) denote the unit group of R and the set of zero divisors in R
respectively. Clearly, they are disjoint sets for a finite commutative halidon ring R.

Proposition 1. A finite commutative ring R with unity is a halidon ring with index m
if and only if there is a primitive m** root of unity w such that m, w™ — 1 € U(R); the
unit group of R for allr =0,1,..,m — 1. If m is a prime number it is enough to have m,
w—1€eU(R).

Corollary 1. Let R be a finite commutative halidon ring with index m. Then m divides the
number of nonzero zero divisors in R.

Corollary 2. Let R be a commutative halidon ring with index m and let k > 1 be a divisor
of m. Then R is also a halidon ring with index k.

Proposition 2. Let R be a finite commutative halidon ring with index m. Then R =
U(R)U ZD(R) with U(R)NZD(R) = {}; the empty set.

Proof. Since R is finite and m is invertible in R, the proof is evident. []

Proposition 3. Let R be a finite commutative halidon ring with index m. Then |R|=1 (mod

Proposition 4. Let Ry and Rg be two halidon rings with same index m, then Ri @ Rs is
also a halidon Ting with same index m.

Proposition 5. Let h:R— R’ be a homomorphism from a halidon ring with index m to
another ring R’ such that the unit elements correspond. Then h(R)C R’ is also a halidon
ring with same indez.

Corollary 3. Let S be a multiplicatively closed subset of a halidon ring R with index m,
then Rs = {a/sla € R,s € S} is also a halidon ring with same index.
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Corollary 4. Let I be an ideal of a halidon ring with index m. Then R/I is also a halidon
with same index m.

Corollary 5. Let R be a ring and G be a group. The group ring RG is a halidon group ring
with index m if and only if R is a halidon ring with the index m.

Proposition 6. Let M be an R-module over a halidon ring with index m and let End M be
the ring of endomorphisms of M, then End M is also a halidon ring with same index that of
R.

Proposition 7. Let R be a finite commutative halidon ring with index m such that U(R)=<

w >, where < w > is the cyclic group generated by w; a primitive m'™ root of unity. Then

(1) R=TE& L, where T is a subfield of R and L is a subspace of R as a vector space over
T,

(2) R is semisimple.

Theorem 1. A ring R is a finite field if and only if R is a finite commutative halidon ring
with index m such that U(R)=< w >.

Let
m
uw=>_ ag;
i=1

be an element in the group algebra RG and let

m
A = Zam,Hg(w(i_l))(“l)
i=1
where w € R is a primitive m!"

A A2, e A

root of unity. Then w is said to be depending on

Proposition 8. Let S be a subring with unity of a halidon ring R with index m and let
G=<g>={g1=1,92=9, ... gm = g™ 1} be a cyclic group of order m generated by g.
Let

u= Zaigi € U(RG)NSG
i=1
be depending on A1, Ao, ...... Am-Then u=' € SG if and only of X = A\ Xa..... Ay, is invertible
in S.

The next theorem is about the existence of units in integral group rings which is an
important area of study in group rings or group algebras.

Theorem 2. Let w € C be a complex primitive m™* root of unity and let G =< g >= {g; =

1,go=g9,...... gm = g™ '} be a cyclic group of order m generated by g. Let
m
u = Z o;g; € CG
=1
be depending on A1, Ao, ...... s Am. Let
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and

Then

u=> agi € U(ZG)
i=1
if and only if X\ = £1. If A} = f(w); a polynomial function of w, then
u = f(g).
1

Remark 1. When we use the formula u=" = f(g), ensure that the use of

m—1
5w =0
r=0

should be avoided in the calculation of \; or A in order to make the behaviour of w exactly
same as that of g. For an example see [9].

Theorem 3. Let R be a halidon ring with index m and G =< g >= {g1 = 1,92 =

Gy eeeene gm = g™ 1} be a cyclic group of order m generated by g.
Let
m
u=>_ ag;
i=1
be an element in the group algebra RG depending on A1, Ao, ...... , Am such that u™ = 1. Then

there is a homomorphism ¢ : RG — RG and an element

m
Y= yigi € Ker¢
i=1

such that
yi = ()" i if i #£]
= 1+ (-1)™S,, ifi=1
where S;’s are the elementary symmetric polynomials in A1, Ag, ...... s A

Corollary 6. If R = Zj, the ring of integer modulo p where p>2 is a prime integer in the
above theorem and m=p-1, then the trace of u" = 0 (that is the coefficient of identity in G
of u”), for r=1,2,...,p-2.

Corollary 7. If R = Zj, the ring of integer modulo p where p>2 is a prime integer in the
above theorem and m=p-1, then S, = 0(mod p) for r=1,2,..., p-2 [Lagrange’s Theorem]
and 1+ (p — 1)! = 0(mod p) [Wilson’s Theorem)].

Theorem 4. Let R be a commutative halidon ring with index m and let G be a cyclic group
of order m. Then RG = R™ as R-algebras.

Theorem 5 (Higman’s Theorem [3], [5]). Let R be a commutative halidon ring with
index m and let G be an finite abelian group of order n with exponent m and n is a unit in
R. Then RG =2 R™ as R-algebras.
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Let R be a commutative halidon ring with index m and let G be an abelian group of
order n with exponent m and n is a unit in R. By the fundamental theorem on finite abelian
groups, GG is a direct product of cyclic groups say < (4 >,< (2 >, ...., < (; >, where (; is
of order ng and n = ninons...n,. Assume that n; < ng < ng < ... < ng. Then m = ny.
Since ni,n9,ng,...,n; divide n and since n is a unit in R, ny,n9,ns, ..., n; are also units
in R. An arbitrary element of z € G can be uniquely written as z = (" (52.....(;* where
0 < as < ng. Let w be a primitive m!” root of unity over R. Corresponding to each k tuples
r=[r1,r2,...7] where 0 < ry < ng, I'"l be a map of G into U(R) defined by

k

[l(e) = [y (*)
s=1
where
k
d; = H Mg
s=1,s7#1

and c is given by n = cm. We define

1 T
ey = Z Tl ()
xeG

Then {e[, } forms an orthogonal R-basis for RG.

Theorem 6. Let R be a halidon ring with index m and let G be a finite abelian group of
order n with exponent m such that n is invertible in R. Let

u = E Ug X

zeG

be a unit in RG with inverse
v = Z Ve,

zelG

then 1
Vs = Z ﬁ[;}lr‘[s} (2)

S

where

,3[3} = Z uw].“[s](a:’l).

zeG

Theorem 7. Let R be a halidon ring with index m and let G be a finite abelian group of
order n and exponent m such that n is tnvertible in R. Let

u = E Ugp X

zelG
be an idempotent in RG, then

1 S
up =Y fyl(a)

where B, are idempotents in R.
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Let Doy, =< a,bla™ = b? = 1,abab = 1 > be the dihedral group of order 2m and let R
be a halidon ring with index m. Any element in RDsy,, can be taken as

m m
U= E ;a4 E amﬂaz_lb.
i=1 i=1

An Am] where

Let Ay, =

¢ [ Ag1 Ago
A11 = diag(/\l, )\2, ceeey )\m)

and

= G pya(wD)D

r=1

where w € R is a primitive m!” root of unity, m — r + 2 is being taken reduction modulo m,

zero is treated as m and ¢ = 1,2, ...., m.
A12 = diag(v1,72, s Ym)
and
m .
"}’j = Zam+r(wu_1))(r_1) 7] = 17 27 ey M
r=1
A21 = diag(él, (52, ceeey (Sm)
and

ok = Z A+ (m—r+2) (w(iil))(ril) k=1,2,....,m

r=1
where m — r + 2 is being taken reduction modulo m and zero is treated as m.
Aoy = diag(m1,m2y ey M)
and

N = Zar(w(sfl))(rﬂ) :s=1,2,.....,m.
r=1

Theorem 8. RDs,, =V, as R-algebras, where V.= {Ay|u € RDay,} is a subalgebra of the
algebra of matrices Mato,(R), of order 2m over R.

Theorem 9. U(ZDay,) = {Ay | |Au] = £1, uw € ZDay, }.

Let Ty, =< a,bla™ = 1,b* = a?,b7'ab = a~! > be the dicyclic group of order 2m
where m = 2n and let R be a halidon ring with index m.
Let Qo =< a,bla™ = 1,0 = aP,b~tab = a=!,m = 2"" p = 2" > be the generalised
quaternion group of order 2m and n > 1. Clearly ()2, arises as a particular case of dicyclic
group.

Theorem 10. RT3, = Vi, as R-algebras, where Vi is a subalgebra of the algebra of matrices
Matoy(R), of order 2m over R.

Let So, =< a,bla™ = 1,0* = aP,b~lab = a™',m = 2" p = 2" — 1 > be the
semidihedral group of order 2m and n > 1 and let R be a halidon ring with index m.

Theorem 11. RS5,, = Vs, as R-algebras, where Vy is a subalgebra of the algebra of matrices
Mats,(R), of order 2m over R.
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3. MAIN RESULT- MASCHKE’S THEOREM

In this section, we discuss the characters of a group over halidon rings and Maschke’s
Theorem. Usually, the character of a group is defined over a real field R or a complex field
C. But, here we define character of a group over a halidon ring which need not be a field.
Since the field of complex numbers is a halidon ring with any index greater than 1, all
the properties of characters over halidon rings will automatically satisfied over the field of
complex numbers. Now we are looking into those properties of characters of a group over a
complex field which are also true over halidon rings.

Let R be a commutative halidon ring with index m and let G be a finite group of or-
der n with exponent m such that n is invertible in R. A homomorphism p: G — GL(k, R)
is defined as a representation of G over R of degree k, where GL(k, R) is the general linear
group of invertible matrices of order k£ over R. The character of G is defined as a homomor-
phism x : G — R such that x(g) = tr(p(g)) for V g € G where tr(p(g) is the trace of the
matrix p(g). A representation is faithful if it is injective. When k = 1, we call the character
X as linear character and it is actually a homomorphism x : G — u(R). In the standard
definition, by a linear character y of G, mean a homomorphism y : G — C — {0}. If R = C,
then U(R) = C — {0}. So the linear characters are precisely I'"). Thus we have the following
theorem which is already known to be true for linear characters of a group over C.

Theorem 12. Let R be a commutative halidon ring with index m and let G be a group of
order n and exponent m such that n is invertible in R. Let G* be the set of homomorphisms T'l¢!
of G into U(R), which are given by(*). Then G* is a group under the product Tt = Tls+1]
and G* =2 G.

Proof. Refer to [10] for the proof. O

Suppose that p : G — GL(k, R) is a representation of G over R. Write V = RF, the
module of all row vectors (A1, Ag, ..., \p) with each \; € R. For all v € R and g € G, the
matrix product

vp(9),
of the row vector v with the matrix p(g) is a row vector in V. With the multiplication
vg = vp(g), V becomes an RG-module. Refer to [2].
The next theorem is the Maschke’s Theorem for a cyclic group over a halidon ring.

Theorem 13. Let G be a finite cyclic group of order m and let R be a commutative
halidon ring with index m. Let V. = R™ be an RG-module. Then there are m irreducible
RG-submodules Uy, U,, ....... yUmn such that V=U; 08Uy ® ...... @S Up,.

Proof. Let p be the regular representation of G =< g|¢g™ = 1 >. Then

0 0 0.... 01

p(g) = cirulant(0,0,0, ....,1) = 10 0..00

0 0 0... 1 0
is a square matrix of order m and each row is obtained by moving one position right and
wrapped around of the row above. The eigen values are
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where w is a primitive m** root of unity and with corresponding eigen vectors (1, 1,...., 1),
(1, w, w? ... ;W™ (1, w? (W?)? S(wmH?2)
(1, wm ) (wmhH2 L , (wmmhym=1hy,
Let U, = span{(1, w1, (w"1)% ... J(wr=Hm=11. Then any element u, of U, can be
taken as A(1, w1, (W™ 1)% ... ,(wr=Hm=1) for some A € R. Therefore
ug = up(g)
= M1, o™ (W2 , (W HY™ Y eirulant(0,0,0, ..., 1)
A" L, W (W J(wWhmh e,

This means that U, is an RG-submodule of V' for each r = 1,2, 3, ....m.
We define 7. : V. — V by
7 (v) = u, € Uy
Then 72 = 7, and therefore V=U; @ Uy @ ...... & Up,. L]

Corollary 8. Let G be a finite cyclic group of order k and let R be a
commutative halidon ring with index m. Let V = R* be an RG-module where k| m. Then
there are k irreducible RG-submodules Uy, U,, ....... ,Ug such that V. =U; & Uz & ...... @ Uy.

Proof. Since k | m, we can take m=ck. Then w; = w® is a primitive k** root of unity.
Applying the above theorem, the result follows. L]

Theorem 14 (Mascheke’s Theorem). Let G be a finite group of order n with exponent
m, let R be a commutative halidon ring with index m and n is invertible in R. Let V = R™
be an RG-module. If U is an RG-submodule of V, then there is an RG-submodule W such
that V=U @ W.

Proof. First choose any submodule W of V such that V = U @ Wj. Since V is a free module
with rank m, we can find a basis {v1,...,v,} of U. Next we have to show that this basis can
be extended to a basis {v1, ..., Up, Vpt1, ..., v } of V. Let vpy1 ¢ span{vi, ..., vp}. Suppose
that

a1V + oV + ... + apvp + apr1vp11 = 0.
Then

Op41Up41 = —O1U] — QU2 — ..., — QpUyp
If 41 =0, then vy, ..., vp, vpy1 are linearly independent.
If apt1 € U(R); the unit group of R, then v,11 € span{vy,...,v,}, which is a contradiction.
So apt1 ¢ U(R).
If apt1 # 0 € ZD(R); the set of zero divisors of R, then there exists
a Bpy1 # 0 € ZD(R) such that a,118,+1 = 0.

=  —Bpr10101 — Bprioava — ... — Bp+10pvp =0
= Bpr1oy = 0 for all i« = 1,2,3,...,p. Since the above is true for all ¢ = 1,2,3,...,p,
Bp+1 must be zero. This is a contradiction as 8,41 # 0. Therefore 41 must be zero. So
U1, ..., Up, Upy+1 are linearly independent. Continuing like this we can extend a basis {v1, ..., vp}
of U to a basis {v1, ..., Up, Upt1, ...., U } of V. Then Wy = span{vps1, ..., vm}.
Rest of the proof is in line with [2]. Now for all v € V there exist unique vectors u € U
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and w € Wy such that v = u + w. We define ¢ : V— V by setting ¢(v) = u. Recall from
algebra that if V =U & W, and if we define 7 : V — V by

m(u+w)=u forallu eUweW

then 7 is an endomorphism of V. Moreover, Im(n) = U, Ker(r) = W and 72 = 7. With
this in mind we see that ¢ is a projection of V with kernel Wy and image U. Our aim is to

modify the projection ¢ to create an RG-homomorphism from V' — V with image U.
Define 7: V. — V by

") == g o), veV
geG
Then 7 is an endomorphism of V' and Im(7) C U. Now we will show that 7 is an RG-
homomorphism. For v € V and x € G we have

1 _
(o) = = 37 g olgv)
geG
As g runs through the elements of G, so does h = gz. Thus we have

T(zv) = %Za@hilqﬁ(hv)

heG

1
= —x h_1¢>(hv)>
(3
= z7(v)

Thus 7 is an RG-homomorphism.

It remains to show that 7 is a projection with image U. To show that 7 is a projection
it suffices to demonstrate that 72 = 7. Note that given v € U and g € G, we have gu € U,
so ¢(gu) = gu. Using this we see that:

rw) = 3 g 6w

geG
1 _
= —> 9 'gu
geG
1
= — > u
geG
= u
Now let v € V. Then 7(v) € U, so we have 7(7(v)) = 7(v) . We have shown that 72 = 7.

[

In [2], the authors have stated the Maschke’s theorem for vector spaces over the field
of real numbers R or complex numbers C and provided an example where Maschke’s
theorem can fail(see chapter 7) if the field is not a R or C. In the light of the theorem
14, we can still have a vector space over the field Z,; which is a halidon ring with index
m = p — 1 for prime p. By theorem 1, there is a primitive m** root of unity w such that
U(Zp) =<w >. Let G =Cy, =< a:a™ =1> and let R = Z,. Note that we cannot take G
as Cp =< a:aP =1 > as |G| = p has no multiplicative inverse in Z,. Let V = R? and let
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0 w
for j = 1,2,3,....m.. Clearly o is a representation of G. Also, U = span{v:} is an RG-
submodule of V. Define W = span{v; + v2}, which is also an RG-submodule of V. Any
element v in V can be written as v = (a1 — ag)v; + ao(v) + v2) for some aq, 0 € R. If
x e UNW, thenz € U and z € W. So x = A\jv; = (A1,0) and = = Aa(v1 + v2) = (A2, A2)
for some A1, A2 € R. This implies = (0,0) and hence V. =U @& W as desired.

A J
{v1,v2} be the standard basis for V. We define 0 : G — GL(2, R) by o(a’) = < w0 )

Definition 1. Let R be a commutative halidon ring with index m > 2 and let S, be the
symmetric group on n symbols such that |S,| = m. Let S, = {g1, 92,93, ..., gm} be in some
order and let {eg,,€g,,€qs, ..., €q,, } be the standard basis for V.= R™. Define p(g)(h) = egn
for all g, h € S,. This is called the permutation representation of S,.

Example 1. Let us order the elements of S3 as follows:
S3 = {gl = Zda g2 = (1’2) g3 = (173) g4 = (273) g5 = (13273) g6 = (1a352)}
Then the composition table is given as below.

g1 19219394 |95 | g6
g1 91| 92|93 |94 |95 |96
92192 | 91| 95|96 | 93 | 94
93193 | 96 | 91| 95 | 94 | 92
94 1 94| 95| 96 | 91 | 92 | 93
95 195 | 94| 92|93 |96 |91
96 | 96 | 93 | 94 | 92 | 91 | 95
Let R be a halidon ring with index m=6 and V = RS (for ezample, R = Zy). Let
{€g1:€gs,€gs, . g5} be the standard basis for V. The representation p is given by p(g;)g; =
€g.g;- Using the composition table, for example, we can see that

001000
000001
100000
P@)=10 0001 0
000100
010000

Let Wy = span{eg,,€g,,€gs,€qs, €95+ and U = span{eq, + eg, + €4, + €9, + €g5 + €95 }-
Then clearly V.= Wy @ U. We define a projection ¢(eq,) = 0, for i = 1,2,3,4,5 and
d(egs) = eq1 + egy + €gy + €g, + €gs + €gs. From the proof of Maschke’s Theorem, we have
T(eg) = 2(eg, + €gy + €gs + €g, + €5 + €gg) for all i =1,2,3,4,5,6. Let W = Ker 7 =
span{eg, — €gy,€gy — gz, €gs — €gus€gs — €gss€gs — €gs t- Then wg € W for all w € W and
g € S3. Therefore W is an RS3 submodule and V =U & W as expected from the Maschke’s
Theorem.

Proposition 9. Let R and Doy, be as in theorem 8. The isomorphism p between RDay,
and V = {Ay|u € RDsy,} is defined by p(u) = Ay. Then tr(p(u)) is 2may.
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Proof. The trace function

tr(p(u)) =trA, = Z)\i—l—th'
_ Zzam 7"+2 (z 1 (r—1) ii (r 1)

i=1 r=1

r=1 i=1
= 2mog
as
Zw(i_l)(r_l) = m, r=1
r=1
= 0, r#l

[

Corollary 9. If x = p|Dap, the restriction of p to Day,, then x is a character of Day,, such
that

(1) x(1) =2m
(2) x(9) =0 V g#1€ Dyp.
Proof.
ap = 1 if g=1
= 0 of g#1

[

Remark 2. The results in the proposition 9 and corollary 9 are also valid for R15,, and
RS, .

4. ROSOSHEK’S PROBLEM

In speaking at the Ergolol-2007 conference, Prof. S. K. Rososhek came up with a new
cryptosystem, which is based on the use of group rings [8]. Let R be a commutative ring and
G be a group. We say that an automorphism ¢ : RG — RG is standard if it is defined by
some ring automorphism « : R — R and by a group automorphism o : G — G, so that

Y(x) =) alag)o(g)
geG

for every

T = Zagg € RG
geG

Rososhek’s problem: For which finite commutative rings R and finite groups G does the
group ring RG have standard automorphisms only?
We refer to group rings RG possessing just standard automorphisms as automorphically
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rigid, and the problem then consists in defining finite automorphically rigid group rings. In
[8], the author has proved the following theorem for a finite field:

Theorem 15. Let K be a finite field of characteristic p and G a finite group. A group
algebra K Gis automorphically rigid if and only if one of the following conditions holds:

(1) G is a trivial group, i.e., G = e;

(2) G is a cyclic group of odd prime order q, i.e., G = Cy, ¢ = 2, and K = F), is a prime
field of characteristic p, with p a primitive root modulo q;

(3) G is a direct product of an order 2 cyclic group and a cyclic group Cy of odd prime order
q =2, i.e., G=CyxCy, with 2 a primitive root modulo q, and K = F; is a two-element
field;

(4) G is a permutation group on three symbols, i.e., G = S3, and K = F» is a two-element
field.

Still, the question remains unanswered for a finite commutative ring which is not a field.

Zn| X
Proposition 10. Let R = (X;[]l) Then the number of automorphisms of R, |AutR)| is
given by
|AutR| = 2 if n=p® where s>11is an integer and p is an odd prime number

= 2k ifn= I PSP ..ok with prime numbers 2 < py < p2 < ... < pg.

Proof. This proof is somewhat similar to example 2 in [7]. Let  be the image of X in R. Any
element in R can be uniquely written as az+b with a,b € Z,,. Let 0 € AutR. Then o(a) = a
for every a € Z,,. Therefore o(z) = ax + b for some a, b € Z,,. Since o is an automorphism,
there exists an element pxr+q with p, ¢ € Z,, such that © = o(px+q) = po(x)+q = pax+pb+q.
then we get pa = 1 and so a must be a unit in Z,,. Further, if o(z) = ax + b with a € U(Z,,),
we must also have 0 = o(2? — 1) = o(2?) — 1 = (ax + b)? — 1 = a2 + 2abz + 0> — 1 =
a?(z? — 1) + 2abxr + a® + b? — 1 = 2abxr + a® +b* — 1.

Since n is odd, 2ab =0 =>b =0 as a € U(Z,,). This implies a® = 1. Therefore |AutR|=no.
of involutions in Z,. But, the number of involutions in Z,, clearly follows the statement in
the proposition. Programme-3 mentioned below is useful to compute involutions in Z,. []

Zn| X
If Z,, is halidon ring with index m, then so is Z,[X]. By corollary 4, (Xg[]l) is also a
halidon ring with index m.
- Zn|X] . : o
Proposition 11. Let R = m be a halidon ring with index m and let G = C,, be

a cyclic group of order m. If m! = 28 x ¢(m) for some positive integer k, then RG is
automorphically rigid.

Proof. Clearly R is not a field. By theorem 5, RG = R™. So |AutRG| = |AutR™|. But,
AutR™ is just the collection of automorphisms which permute the positions of the elements
of R™. Thus we have |AutR™| = m!. By proposition 10, we have |AutR| = 2* for some
positive integer k. So m! = 2% x ¢(m) implies |Aut RG| = |AugR| x |AugG| and therefore
RG is automorphically rigid. O]
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The only solution to the above proposition is m = 2. So one of the solutions (there may

Zps [ X
have other solutions) to the Rososhek’s problem is given by R = (XPQ[l) where p is an
odd prime, s > 1 is an integer and w = p® — 1 = —1modp® € Zys is a primitive mt root of

unity and G = Cs.

5. THE COMPUTATIONAL ASPECTS OF HALIDON RINGS AND HALIDON GROUP RINGS

The main purpose this section is to verify Maschke’s Theorem using some computer codes.
The computer programme-5, is very useful to verify the Maschke’s theorem for cyclic group.
Throughout this section, let R = Z, be a halidon ring with index m and primitive m”* root
of unity w. Let G =<g>={g1=1,92 =g, ...... ,9m = g™ '} be a cyclic group of order m
generated by g. We study the computational aspects of finding halidon rings for any integer
n > 2 and computing the units and idempotents in the halidon group ring RG based on the
related theorems.

Theorem 16. A finite commutative ring R with unity is a halidon ring with index m if and
only if there is a primitive m* root of unity w such that m, w® —1 € U(R); the unit group
of R for all divisors d of m and d < m.

Proof. If R is a finite commutative halidon ring with index m, then it is evident that there
is a primitive m'" root of unity w such that m, w? — 1 € U(R); the unit group of R for all
divisor d of m.

Conversely, assume that there is a primitive m*” root of unity w such that m, w?—1¢€ U (R);
the unit group of R for all divisor d of m. We would like to show that w" — 1 € U(R), for
r=1,23,....m—1. Let g be the greatest common divisor of r and m. Then there are
integers u and v such that ur + vm = g. Using the well known geometric series, we have

(p=DA+p+p*+ .+ =p" — 1.
Put p = w" and k = u. Then we get (w" —1).a = w™ — 1 for some a € R. This means that

(W' —1) divides w™ — 1 = W™ W™ — 1 = W™ — 1 = w9 — 1. Now we can choose a divisor

d
d of m such that g divides d. Let p = w9 and k = —. Thus we have
g

(W —1)b=w?—1
for some b € R. If (w9 — 1).c = 0, multiplying by b, we get (w? — 1).c = 0. Since
(w? —1) € U(R), ¢ = 0. Therefore (w9 — 1) is not a zero divisor. Since R is finite and using
proposition 2, we get (w9 — 1) € U(R).
Also, (w" — 1) divides w9 — 1. Therefore (w” — 1) is a unit in R. Thus we have (w" — 1) is a
unit in R for r =1,2,,3...,m — 1. By theorem 1, R is a halidon ring with index m. []

Definition 2. Let p1,p2, ps, ...., b be odd primes and let ¢(x) be the Euler’s totient function.
We define the halidon function

w(n) — ng{(ﬁ(p‘il), ¢(p§2)7 ¢<p§3), ceeny ¢(sz>}7 n = p?p?pgs ..... ka
1, n 1§ even
Proposition 12. Let n be as in 2. Then the halidon function
¢(n) = ng{pl - 17]92 - 1,]93 - 17 vy Pl — 1}a

which is independent of the exponents e1,eq, €3, ...., €.
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Proof. The proof follows immediately from the fact that py, ps, ps, ...., p are distinct primes.

[

It is well-known that the carmichael function A(n) is the exponent of U(Z,,). The proof
of the following proposition is evident.

Proposition 13. If A(n) is the carmichael function, then

(1) ¥(n) divides \(n),

(2) (n*) =(n) if n is odd,

(3) Y(p1p2ps....ps) = w(p‘lilngpg3 ..... p%s) if each integer d; > 0 fori=1,2,3, ..., s.

I have developed 5 computer programme codes in c++ (Microsoft Visual Studio 2019)
based on the theorems 16, 18 and 2 programmes for Discrete Fourier Transforms. The
programme codes are included in the appendix.

The computer programme-1 can be used to find a halidon ring Z,, of given order n > 1.

The author would like to provide its algorithm as follows:
SRR KRR kK Rk koK

ALGORITHM for Programme-1
SRR KRR KRR K kK K koK

Input: n.
Output:Z, is a trivial halidon ring or not.
1. If n is even, then Z,, is a trivial halidon ring.
2. Else
for i=1,2,...., n-1
for j=1,2,3,,,,,,n-1 do compute 7 * jmodn
if i*j mod n=1, w +— i
3. for i=1,2,3,,,,,, n-1 do compute w’
4. if w* modn =1, m +— i
5. compute divisors d of m and d < m
6. compute w? — 1 and if w? — 1 = lmodn for all d, then Z, is a nontrivial halidon ring
with index m.
As there are two for loops, the complexity of the above algorithm is in polynomial time
O(n?).
There are infinitely many halidon rings which are not fields. For example, using the
programme-1, we can see that:

Z10001 is halidon ring with index m = 8 and w = 10 or 9220,
Z100001 is halidon ring with index m = 10 and w = 26364 or 73728 (running time 35
minutes).

(

(2)

(3)

(4) Zspo1 is halidon ring with index m = 12 and w = 1350 or 2528,
(5)

(6)

By running the same programme several times for different values of n, the author has come
to the conclusion of the following conjecture.

Conjecture 1. If R = Zy,, and n = p{'p5*ps’.....pe" with primes p1 < pa < p3 < .... < pg
including 2, then R is a halidon ring with mazimal index Myqe = Y(n).
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Theorem 17. Let

u= Zaigi € U(RG)
i=1
be depending on A1, Mg, ...... s Am. Let

m
v = Z Bigi
=1

be the multiplicative inverse of u in RG. Then
1 s 1, oty
B; = mzjl/\rl(wz l)r 1
r=

The computer programme-2 can be used to test whether a given element u in RG is a
unit or not. If it is a unit, then the programme will give the multiplicative inverse v in RG.
Input: n = 121,m = 10,m~! = 109,w = 94, a[1] = 62, a[2] = 21,a[3] = 22,a[4] = 85,a[5] =
81, a[6] = 95, a[7] = 24, a[8] = 30, a[9] = 1, a[10] = 65
Output: The multiplicative inverse of a = 62 4+ 21g + 22¢> + 85¢> + 81g* + 95¢° + 244° +
3097 + g8 +65¢° is b = 102+ 68g + 3492 + 619> + 73g* + 54¢° + 10295 + 109g7 + 1898 4 455¢°.
Input: n = 121,m = 10,m~! = 109,w = 94, a[1] = 72, a[2] = 71,a[3] = 89,a[4] = 48, a[5] =
54, al6] = 0, a[7] = 2, a[8] = 105, a[9] = 25, a[10] = 19
Output: The multiplicative inverse of a = 72 + 71g + 89¢2 + 48¢> + 54¢* + 0¢° + 2¢° +
10597 +25¢8 +19¢% is b = 72 + 7T1g + 89g% + 48¢> + 54¢* + 0g° 4+ 2¢5 + 10597 + 25¢% + 1947,
which is an involution.

Input: n = 121,m = 10,m~! = 109,w = 94,a[l] = 5,a[2] = 7,a[3] = 2, a[4] = 40,a[5] =
22, a[6] = 90, a[7] = 20, a[8] = 25, a[9] = 10, a[10] = 55

Output: The element a = 5+ 7g + 2¢° + 40¢> + 22¢* + 90¢° + 20¢°® + 25¢7 + 10¢® + 564°
has no multiplicative inverse.

A direct calculation shows that all outputs are correct.

Theorem 18. Let

U = Z a;9; € RG
i=1
be depending on Ay, Ag, ...... ; Am- Then
(1) w € U(RG) if and only if each \; € U(R),
(2) uw € E(RG) if and only if each \; € E(R), where E(RG) is the set of idempotents in
RG.
More over, [U(RG)| = |U(R)|I® and |E(RG)| = |E(R)||“!.

Proof. The proof follows from the isomorphism p(u) = (A1, A2, ...... , Am) from RG onto R™.
This is the isomorphism used to prove theorem 4. L]

In order to find a unit element or an involution or an idempotent in R, we can use the
programme-3.
Input: n=25
Output: Involutions are 1 and 24.
Idempotents are 0 and 1.
The units and their inverses are (1,1), (2,13), (3,17), (4,19), (6,21), (7,18),
(8,22), (9,14), (11,16), (12,23), (13,2), (14,10), (16,11), (17,3), (18,7),
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(9,4), (21,5), (22,20), (23,12) and (24, 24).

After finding the units and involutions in R, using the programme-4, we can compute
the units and involutions in RG.
Input: n = 25;m = 4,m™! = 19,w = 7,l[1] = 7,1[2] = 3,1[3] = 13,1[4] = 21,I1[1] =
18,11]2] = 17,11[3] = 2,11[4] = 5
Output: The multiplicative inverse of @ = 11 4 17g + 24¢> + 5¢> is b = 23 + 129> + 8¢°.
Input: n = 25;m = 4,m™! = 19,w = 7,l[1] = 1,1[2] = 24,1[3] = 24,1[4] = 1,11[1] =
1,11[2] = 24,11[3] = 24,11[4] = 1
Output: The multiplicative inverse of a = 22g 4 4g° is b = 22¢g + 4¢3, which is an involution.
All outputs can be verified through direct calculations.
After finding the idempotents in R, using the programme-5, we can compute the idempotents
in RG.

Input: n = 49,m = 6,m™! = 41,w = 19,/[1] = 1,1[2] = 0,1[3] = 0,1[4] = 0,1[5] =
0,1[6] =0
Output: e; =41 +41g + 419> + 41¢3 + 41¢* + 414°
Input: n =49, m =6,m™ ! =41,w =19,1[1] = 0,1[2] = 1,[3] = 0,1[4] = 0,1[5] = 0,1[6] = 0
Output: ey = 41 + 44g + 3g% + 8¢> + 5g* + 464°
Input: n =49, m =6,m™ ! =41, w =19,1[1] = 0,1[2] = 0,[3] = 1,1[4] = 0,1[5] = 0,1[6] = 0
Output: e3 = 41 + 3g + 5¢% + 41¢3 + 3¢* + 5¢°
Input: n =49, m =6,m ! =41,w = 19,1[1] = 0,1[2] = 0,[3] = 0,1[4] = 1,1[5] = 0,1[6] = 0
Output: ey = 41 + 8¢g + 41g% + 8¢% + 41g* + 8¢°
Input: n =49, m =6,m™ ! =41, w =19,1[1] = 0,1[2] = 0,[3] = 0,1[4] = 0,1[5] = 1,1[6] = 0
Output: e; = 41 + 5g + 3¢9 + 41g% + 59* + 3¢°
Input: n =49, m =6,m™! =41, w = 19,I[1] = 0,1[2] = 0,[3] = 0,1[4] = 0,1[5] = 0,1[6] = 1
Output: eg = 41 + 469 + 5g% + 8¢ + 3g* + 444°
Clearly eq, e, €3, e4, e5 and eg are orthogonal idempotents such that e; +es+es+eqs+es+eg =
1. Therefore Z49G = Uy @ Uy @ U3 ® Uy @ Us @ Ug where Uy = span{4l +41g+41¢g> + 419> +
41g* + 41¢°} = span{l + g + ¢* + ¢*> + ¢* + ¢°},
Uy = span{41 +44g + 3g% +8¢> +59* + 46¢°} = span{l +wg + w?g? + w3g® +wig? + wig°},
Us = span{41 + 3g + 5¢% 4+ 41¢> 4+ 3¢* + 5¢°} = span{l + (w)’g + (w?)?¢* + (W?)*¢* +
(w?)g* + (w?)°g},
Uy = span{4l + 8g + 41 + 8¢3 + 41g* + 8¢°} = span{l + (w)3g + (w?)%g? + (W3)3¢® +
(w?)g* + (w?)°g},
Us = span{41 + 5g + 3¢> 4+ 41¢> 4 5¢* + 3¢°} = span{l + (w)*g + (w*)?¢* + (W*)?¢* +
(wh*g* + (w)°g},
Us = span{41 + 46g + 5g° + 8¢> + 3¢* + 44¢°} = span{l + (w)°g + (w°)*¢* + (W°)’¢" +
(w?)*g* + (w®)?¢%}, after multiplying by 6, the inverse of 41. This confirms the theorem 13.
Input: n = 65m =4,m™~! =49, w =8,I[1] = 1,1[2] = 26,1[3] = 40, 1[4] = 26
Output: The idempotent in ZgsG is e = 7 + 39g + 469> + 39¢5.
A direct calculation verifies that all outputs are correct.

6. BILINEAR FORMS AND CIRCULANT MATRICES

Let ring R be a commutative halidon ring with index m and primitive m*"

' root of unity w.
Let G be a cyclic group of order m, generated by g. We define g; = ¢*~ 1. . gigj = gi+j—1;

1 =1,2,3,.....,m. By the extension theorem of Higman, we have RG = R™ as R-algebras
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and the isomorphism p is given by

p (Z aiQi) = (A1, A2, A3 Am)
=1
where .
Ai = Z p—pp1 (W HL
r=1

Since {g;} is an R-basis for RG, {p(g;)} is a basis for R™ and
s1=plg1) =(1,1,1,...,1),
S9 = p(92) — (me—l, (wm—l)Q m—1\ym—1

oo (W),
83 = 0(93) = (me—Q, (w PRER) (wm—2)m—1)

)

m—2)2
$m = p(gm) = (1,w,w?, ...,w™ 1),

Let {e;} be the standard basis in R™. Then

S1 =e1+exyt+e3—+ ...+ ey,

sy =e1 +wm leg + (W™ ) 2e3 + .+ (W)™ ey,
s3=e1 +w™ 2eg + (W™ 2)2e3 + ... + (W) ey,

Sm = €1 +wea +w?e3 + ... + W™ Hepy,.
This gives
s1 1 1 1 1
S9 1 CL)mfl (wmfl 2 (wmfl)mfl
S3 — 1 wm72 (wmf2)2 (wmf2)m71
Sm 1 w (w)? (w™ 1)
ST — <I>>i<eT
1
el = — st
m
where
1 1 1 1
1 w w? wm—1
1 w? w?)? ... (w?)m—1
b = A,
1 owm=l (m1)2 L (melyme

and ®* is the ® conjugate transposed[1l]. Thus we have the following theorem.

Theorem 19. Let ring R be commutative halidon ring with index m and primitive m
root of unity w. Let G be a cyclic group of order m, generated by g. We define g; = ¢

€1
€2
€3

€m

17

th

-1 .

)

i=1,2,3,.....,m and let {s;} be the image of {g;} under the isomorphism RG = R™ and let
{ei} be the standard basis for R™. Then sT = ®@*eT or el = LosT.

For each u = (uy, ug, us, ..., up,) € R™, we define C,, = circu(uy,ug, us..., un,). Also, we

define f,, : R™ x R™ — R by
fulz,y) =< 2,y >u=2Cuy"
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for every x = (x1,22,23...,Zm),y = (Y1,Y2,Y3---,ym) € R™. We adopt some standard
definitions of bilinear form for < x,y >,. < x,y >, is said to symmetric if < x,y >, =<
Y, X >, for every x,y € R™. It is said to be skewsymmetric if < x,y >,= — <y, x >, for
every x,y € R™. < x,y >, is said to alternating if < z,z >,= 0 for every z € R™ [6].

Theorem 20. f, is a bilinear form and
< 85,85 > = m(ug + upw' ™+ uz (w2 4w (WTH™T),
if i+ j =2 (mod m)
= 0 otherwise.
Proof. 1t is clear that f, is a bilinear form.
< €4, €5 >y= eZCue;‘-F = Uj—it1 if 1<y

= Umij—it1 i 1>
< 84,85 >u=< e + W T leg + (W) 265 4 L+ (wmTIH)ym e
e + wm*ﬁle‘g + (wm*ﬁl)?eg + (wmﬂ“)"”*l)em >
— (Ul _i_'wmfj%»luQ 4 (WmfjJrl)QuS + + (wmfjJrl)mfl)um)
4 (w??lfl'+1)(um + wm7']+1u1 + (wm*j+l)?u2 R (wmfj+1)1.nfl)um_l)
+ (wm72+1)2'(um_1 + wmfj+1um + (wmfy+1)2'u1 NI (wmfj+1>m72)um_l)
T (i L (VPR S L A TP S (A L A L VW R B (AL A LU TV

— u1(1 +w2mfifj+2) 4 (w2m—ifj+2))2 4. +( 2mfifj+2))mfl)

+u2wmf’i+l(1+w2m7ifj+2)+(w2m7ifj+2)) ( 2m—i— ]+2))m 1)
ug(wm—i+1)2(1 +w2mfi7j+2)+(w2mfi7]+2)) + _|_( 2m—i— ]+2) m—1
—|—...—I—um(wmfwl)m*l(l+w2m*i*j+2)—I—(me i— ]+2)) (w2m i— ]+2))m—1)
— (1 +w2m—i—j+2 + (w2m—i—j+2))2 NI (w2m—i—j+2))m—1)
(Ul _|_u2wm—j+1 —|—U3(0Jm_j+1)2 N +um(wm—j+1)m—1)
WM — 1 if 45 =2 (mod m)
# 1 otherwise
c< 88 >y = mlur +usw Tt uz(WTH 4 b)) ifi =2 (mod m)
=0 otherwise.
Hence the proof. L]

Corollary 10. < s;,5; >,=0 for all i,j € {1,2,3,,,,m} if and only if u = 0.

Proof. If uw = 0, there is nothing to prove.

By theorem 20, < s;,s; >,= 0 for all ¢, j other than i + j = 2 (mod m). So it is enough to
consider < s;,s; >,= 0 for i + j = 2 (mod m). Since m is invertible in R, < s;,5; >,= 0
for i + 7 = 2 (mod m) implies
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ur+us+uz+...+u, = 0
w1 + ugw + uz(w)? 4 ...+ Uy (W)™ =

w1 + ugw? +uz(W?? + o Fup (W)™ =

This can be put into the matrix form ®u’ = 0. Since ®~! exists, v’ = 0 and therefore

u = 0. []

We write z L y if <z, >,= 0. We define (R™)*+ = {z € R™| < 2,y >,= 0 for all y €
R™}. We say that < z,y >, is nondegenerate if (R™)+ = {0}.

Corollary 11. < z,y >, is a nondegenerate bilinear form if < s;,s; >, € U(R) for all i
and j such that i+ j =2 (mod m).

Proof. <,y >u,=)_, ;iy; < 8i,8j >u= Zi+j:2mod(m) z;y; < Siy8j >u by 20.
Therefore < x,y >,= T1y1 < S1, 81 >4 +X2Ym < 82, Sm >u +
T3Ym—1 < 83, Sm—1 >y FTeooo T Tm¥Y2 < S, S2 >y
<z, Yy >u=0= 21y1 < 81,81 >y +T2Ym < 52,8m >y +
T3Ym—1 < 83, Sm—1 >y +eoee + Tz < S, S2 >4=10
- ( 1 < 81,81 >0 T2 <82,8m >u T3 <83, Sm—1 >y - Tm < Sm,S2 >y )
Y1
Ym
Ym1 | = 0. Since this is true for all y = (y1,y2, Y3, ---Ym),

Y2
( 1 < 81,81 >u T2 <82,8m >u T3 < 83,Sm—1 Zu e Tm < Sm, S2 >y )
=(0,0,..,0)
— 11 < 81,81 >u= 0,22 < 59,5, >u= 0,23 < S3,5m-1 >,=0..
Ty < S, S2 >4=10
T] =Ty = T3 = ... = Ty, = 0 only when < s;,s; >, € U(R) for i+ j = 2 (mod m).
Thus (R™)* = {0} and therefore < z,y >, is a nondegenerate bilinear form.

[

Corollary 12. Let < z,y >, be a nondegenerate bilinear form. Then M = (< s;,5; >) is
an invertible matrix of order m.

Proof. By theorem 20, the matrix M can be written as

< 81,81 >y 0 0 .. 0 0

0 0 0 .. 0 < 82, 8m >y
M = 0 0 0 ... <83,8m-1>u 0
0 < Sm,S2 >, 0 .. 0 0

Clearly D = det M = £ < 81,81 >u< 82, 8m >u< 82, Sm_1 Sy +eeer < Sm, S2 >, and the sign
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is depending on m. By corollary 11, D € U(R). So M~ exists and M~ is given by

< 81,81 >0 0 0 .. 0 0
0 0 0 .. 0 < Sm, 82 >yt
M1 = 0 0 0 ... <Sm_1,83 >, 0 ) ]
0 < S9,8m >0 0 .. 0 0

Corollary 13. Let R = Z, be the ring integers modulo n. It is a halidon ring with mazimum
index Mpqr = Y(n); where ¥(n) is the halidon function. Then the number of nondegerate
bilinear forms < x,y >, is ¢(n)¥).

Proof. By 11, < z,y >, is nondegenrate if and only if < s;,5; >, € U(R) for all 4
and j such that ¢ +j = 2 (mod m). Here |U(R)| = ¢(n) and m = (n). Therefore
| <2,y >u [=0(n)V0). O
Theorem 21. Let C' = {Cy|u = (u1,ug, us, ..., up,) € R™} and let G be as in theorem 19.
Then C is an R-algebra.

Proof. Let u = (u1,u2,us, ..., Up),v = (v1,02,03,...,0y) € R™ be any two elements in
R. Since RG = R™, we can identify the elements v and v as > ", a;g; and Y ;- Bigs
respectively, where

m
Ui = Zam—wz(wifl)’bl-
r=1
and
m
Uy = Z BmfrJrZ(Wl_l)T_l-
r=1

th

Since R is a halidon ring with index m and w is a primitive m*® root of unity, the circulant

matrix C}, can be written as
1
Cy = —®A, D",
m
where
Au = diag()\l, )\2, )\3...., )\m)
such that
m
)\i = Zuz(w(z_l))(r_l)
r=1
and ®* is the conjugate transposed of ® [1]and %Q)(I)* == %@*@. Clearly AyAy, = Ay
1
S G = 7CI)AuU(I)*
m

= l<I>AUA7,<I>>"
m

1 1
= —PA,— DDA, D"
m m

1 1
= (—PADP")(—DPA, D"
(@A) (BN, )

= C,C,
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We define h : R™ — C by h(u) = Cy; which is clearly an algebra isomorphism.
. R™ = C. And hence the theorem. O

Theorem 22. Let B = {< x,y >, | < 2,y >y= 2Cuy", for eachu € R™,x,y € R™}. Then
B is an R-module.

Proof. Let oo € R be any element in R. Then < x,y >y ,=< 2,y >, +
< x,y >y and < x,y >ou= a < X,y >,. Therefore B is an R-module. L]

7. DISCRETE FOURIER TRANSFORMS

In this section, we deal with the ring of polynomials over a halidon ring which has an
application in Discrete Fourier Transforms [4]. Throughout this section, let R be a finite
commutative halidon ring with index m and R[z] denotes the ring of polynomials degree
less than m over R.

m—1 .
Definition 3. [4] Let w € R be a primitive m'™ root of unity in R and let f(z) = Y. fja’ €
=0

R[z] with its coefficients vector (fo, f1, f2, -y fm—1) € R™. The Discrete Fourier Trans-
form (DFT) is a map
DFT, : R[x] - R™
defined by
DFT,(f(x)) = (fo(1), i(w), f2(w?), oo frno1 (@™ 1))

Remark 3. Clearly DFT, is a R-linear map as DFT,(af(x) + bg(x)) = aDFT,(f(x)) +
bDFT,(g(x)) for all a,b € R. Also, if R = C, the field of complex numbers, then w =

cos( T) 4 zsm(%) =e'm and the Fourier series will become the ordinary series of sin and
cos functzons

m—1 m—1

Definition 4. [4] The convolution of f(z) = Y. fja/ and g(z) = Y gpa® in R[x] is
j=0 k=0

m—1 m—1
defined by h(z) = f(x) xg(x) = > hix! e R[z] where h; = > fige = > figi—j
=0 j+k=l mod m 7=0
for0 <l <m.

The notion of convolution is equivalent to polynomial multiples in the ring R[z]/ <

™ — 1 >. The I*" coefficient of the product f(z)g(x) is > fjgr and hence
j+k=l mod m

f(x) x g(z) = f(z)g(x) mod(z™ —1).
Proposition 14. [4] For polynomials f(x), g(x) € R[z|, DFT,(f(x)xg(x)) = DFT,(f(z)).DFT,(g9(z)),

where . denotes the pointwise multiplication of vectors.

Proof. f(x)* g(x) = f(x)g(x) + g(x)(z™ — 1) for some q(z) € R[z].
Replace = by w’, we get

f&?) x g(o’) = ( )( 7) +0.
DFT,(f(x) x g(x)) = DFT,(f(2))-DFT,(g(x))-
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Theorem 23. For a polynomial f(z) € R[z], DFT;'(f(z)) = 2DFT,-1(f(2)).
Proof. The matrix of the transformation DFT,(f(x)) is

1 1 1 . 1

1 w wrooo wml

1 Ww? w?)? ... (w?)m—1
[DFT,(f(x))] = ¢ = S .

i w”&_l (wm._l)2 (wm_i)m_l

The matrix ¢ is the well known Vandermonde matrix and its inverse is %qﬁ*, where ¢* is
the matrix transpose conjugated [1]. Since ¢ is a square matrix and the conjugate of w is

w™!, we have DFT ' (f(z)) = LDFT,,-1(f(z)). O

Example 2. We know that R = Z4g is a halidon ring with index m = 6 and w = 19. Also,
wl =w®=31. Let f(x) =2+ + 222 + 323 + 52* + 102° € R[z]. Then DFT,(f(z)) can
be expressed as

Fy
F
Fy
F3
Fy
F5

6—1

€ & &€ &
o o o

._.
€

HEMEA;HHHHHD—‘D—‘
€66 €&

g€ €
o

If o=

as expected.

The programme-6 and programme-7 will enable us to calculate Discrete Fourier Trans-
form and its inverse. We can cross-check the programmes against example 2.

w

,_.Ew,_.E,_;

&
o

U G VT A S

o B W NN
NG NGIO

27

—_ E_’;EMH E,,;EMP—‘

& &
= o

= EQEM}_.

1 1 1
w3 wt WP
1 w? ot
w1l Wl
1wt w?
wd w? w
1 Fy
w F1
w2 Fg
w3 F3
w4 F4
w5 F5
1 1 1 1
30 48 18 19
18 1 30 18
1 48 1 48
30 1 18 30
18 48 30 31

, then a direct calculation gives

fo
N1
f2
f3
Ja
fs

T W N~ N

—
]
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If R = Zip0001, m = 10, w = 26364 and f(x) = 1 + 2z + 322 + 423 + 52* 4 62° + 725 +

Fo 46
Ey 19019
i) 3314
3 10082
827 + 928 4 2° € R[z], then ?;1 = 48217
Fy 80347
Fy 18172
Fy 68413
Fy 52627

Also, we can verify the inverse DFT using the above data.

8. CONCLUSIONS

The halidon rings are useful to extend the two famous theorems of Graham Higman(1940)
and Maschke(1898). Since Higman’s theorem and Maschke’s theorem have a wide range of
applications in group rings, group algebras and representation theory, there is a big scope of
wider applications of halidon rings. The field of complex numbers is an infinite halidon ring
with any index m > 0. The field of real numbers is an infinite halidon ring with index 2
and the ring integers is a trivial halidon ring with index m=1. Using the field of complex
numbers, we can create infinite halidon rings of square matrices with any index m > 0.
This will open new vistas of applications in algebra and number theory. Another area of
application is the coding theory on which the author is currently working with.
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APPENDIX A.

Programme-1 : To check whether Z(n) is a trivial or nontrivial halidon ring
#include <iostream>

#include <cmath>

using namespace std;

int main() {

cout << "To check whether Z(n) is a trivial or nontrivial halidon ring." << endl;
unsigned long long int t = 0, n =1, w =1, hcf, hcfl,

d=1, k=1, q=1, p=1, b=0, c=0, temp = 1;

cout << "Enter an integer n >0: ";

cin >> n;

if (% 2==0) {

cout << "Z(" << n << ") is a trivial halidon ring." << endl;

b

for (w=1; w < n; ++w) {

for (int i = 1; i <= n; ++i) {

if (w% i==04&&n % i==0){
hcf = i;

}

} if (hef == 1) {

++t; // cout << " M <KLy << "o,
}

}

for (w=1; w < n; ++w) {

for (int 1 = 1; i <= n; ++i) {
if W% i==08&& n% i==0){
hef = i;

}

}

if (hcf == 1) {

for (int k = 1; k <= t; ++k) {

q=4q*w; q=q7%n;

if (q == 1) { if (temp <= k) { temp = k; } break; }
}

}

}

for (w = 2; w < n; ++w) {

for (dnt i = 1; i <= n; ++i) {
if W% i==0&& n % i==0) {
hef = i;

}

}
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if (hef == 1) {

for (int k = 1; k <= temp; ++k) {
q=q*w; gq=q%n; if (q == 1) {
for (dnt i = 1; i <= n; ++i) {

if (k%i==0&& n % i==20){
hcfl = i;

}

}

if (hefl == 1) {

for (int j = 1; j < k; ++j)

{

if (k%j == 0) {

d = j;

for (dint 1 = 1; 1 <= d; ++1)
{

p=(p*w); p=p%n;

}

for (int 1 = 1; i <= n; ++i) {
if ((p-1)%i==0&kn%i==0) {
hcf = i;

if (hef == 1) {

ol
I
[ae
o
Il

b+ 1;

if (c == b) { cout << " Z(" << n <K "M"
" is a halidon ring with index m= " << k <<
"and w= " << w << "."<< endl; } {p=1; c=0; b=0; }

break;

return O;

L LS o AL S R SV

Programme-2: To check whether an element in ZnG; G is a cyclic group of

order m has a multiplicative inverse or not
#include<iostream>

25
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#include<cmath>

using namespace std;

int main() {

cout << "To check whether an element in Z(n)G;" <<
"G is a cyclic group of order m" <<

\has a multiplicative inverse or not" << endl;

int a[100], b[100], c[100], d[100], e[100], w1[100], m

t=0,x=1, =0, s8s1=0,1=0, ml =1, hcf =1,
n=1,1=1,k=0,q=1,p=1, r=1, w =1;

cout << "Enter n =" << endl;

cin >> n;

cout << "Enter index m =" << endl;

cin >> m;

cout << "Enter m~(-1) =" << endl;

cin >> mi;

cout << "Enter primitive m th root w =" << endl;
cin >> w;

for (i = 0; 1 < m; ++1i)

{ wili] =(C (long long int)pow(w, i)) % n;
cout << "wi[" << i << "]" << wi[i] << endl; }
for (int i = 1; i <m + 1; ++1i) {
cout << "Enter a["<<i<<"]=" << endl;
cin >> ali]l;

}

al0] = al[m];

for (Aint r = 1; r <m + 1; ++r) {

for (int j = 1; j < m + 1; ++j)

{

1=(m=-3j+2) %m;

x=({G-1 x(r-1)) % m;

k =k + (a[l] * wilx]) % n; k = k % n;
// cout << "k=" << k << endl;

} clr] = k; cout << "c[" << r << "]=" << c[r] << endl;
k = 0;

}

for (r = 1; r < m+1; ++r) {

for (int i = 1; i <= n; ++i) {

if (clr] % i==0%& n%i==0) {
hef = i;

}

}

if (hef == 1) {

cout << "c[" << r << "] is a unit" << endl;
}

else { cout << "c[" << r <<

-

"] is a not unit. So there is no multiplicative inverse.

endl; t = 1; }

=1’

n <<
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}

for (r =1; r<m+ 1; ++r) {

for (dnt i = 1; i <= n; ++i) {
elr] = (clr] * 1) % n;

if (elr] == 1) {

blr] = i;

cout << " The inverse of c[" << r << "] is " << b[r] << endl;
}

}

}

b[0] = b[m];

for (int r = 1; r <m + 1; ++r) {
for (int j = 1; j <m + 1; ++j)

{
l1=(-j+2) % m;
x = (mxm-(j - 1) * (r - 1)) % m; cout << "x= " << x << endl;
k =k + (mi*b[1] * wi[x]) % n; k¥ = k % n;
cout << "k=" << k << endl;
}

dlr] = k; cout << "d[" << r << "]=" << d[r] << endl;
k = 0;
}
if (¢ == 1) {
s = m;
mylabel2:
cout << afm - s + 1] << "g™ (" <<m - s <K< ") + "
S
if (s > 0) goto mylabel2; cout <<
"has no multiplicative inverse." << endl;
}
else {cout << "The inverse of ";
S = m;
mylabel:
cout << afm - s + 1] << "g"(" << m - s <K<K ") + "
5=
if (s > 0) goto mylabel; cout << "is" << endl;
sl = m;
mylabell:
cout << d[m - s1 + 1] << "g"(" << m - 81 <K< ") + "
sl--;
if (s1 > 0) goto mylabell; cout << "." << endl; }
return O;

¥

Programme-3: To find idempotents, involutions and units in Zn
#include<iostream>
#include<cmath>

27
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using namespace std;

int main() {

cout << "To find idempotents, involutions and units in Z(n)." << endl;
long long int i, j=0,n, k=0, x, y;
cout << "Enter n=" << endl;

cin >> n;

cout << "The involutions are ";
for (i =1; i <n + 1; ++i) {

x = (1 *1i) % n;

if (x == 1) { cout << i << " "; }
} cout << "." << endl;

cout << "The idempotents are ";
for (i =0; 1 <n + 1; ++i) {

x = (1 *1i) % n;

if (x == i) { cout << i << " "; j++; }
} cout << "." << endl; cout <<
"Number of idempotents = " << j << endl;

cout << "The units and its inverse are "<<endl;
for (y = 1; y <n + 1; ++y) {

for (i =1; i <n+ 1; ++i) {
x = (y x 1) % n;
if (x == 1) { cout << y << " , " << i << endl; k++; }
}
} cout << "Number of units = " << k;
return O;
}

Programme-4: To find the inverse of an element in Z(n)G;G is a cyclic group of
order m through lambda units

#include<iostream>
#include<cmath>
using namespace std;
int main() {
cout << "To find the inverse of an element in Z(n)G;" <<
"G is a cyclic group of order m through lambda units." << endl;
int a[100], b[100], 1[100], 11[100], wi[100],
m=1, t=0,x=1, y=1,s =0, s1 =0, ml1 =1, hcf =1, n=1,
i=1,k=0,q=1,p=1, r =1, w=1;

cout << "Enter n =" << endl;

cin >> n;

cout << "Enter index m =" << endl;

cin >> m;

cout << "Enter m~(-1) =" << endl;

cin >> mi;

cout << "Enter primitive m th root w =" << endl;

cin >> w;
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for (i = 0; i < m; ++i) { wi[i]l] = ((long long int)pow(w, 1)) % n;
cout << "wil[" << i << "]=" << wi[i] << endl; }

cout << "Enter lambda values which have inverse" << endl;
for (dnt i =1; i <m + 1; ++i) {

cout<< "1[" << i << "]=" << endl;

cin >> 1[i];

}

cout << "Enter lambda inverse values " << endl;

for (int i = 1; i <m + 1; ++i) {

cout << "11[" << i << "]=" << endl;

cin >> 11[i];

}

for (int r = 1; r <m+ 1; ++r) {

for (int j = 1; j < m + 1; ++j)
{
x=((G-1) %« (r - 1)) % m;

k =k + (m1*1[j] * wilx]) % n; k¥ = k % n;

// cout << "k=" << k << endl;

} alr] = k; cout << "a[" << r << "]=" << a[r] << endl;
k = 0;

for (int r =1; r <m + 1; ++r) {

for (dnt j =1; j <m + 1; ++j)

{

x=(G-1) *x (r - 1)) %m; cout << "x= " << x << endl;
k=%k+ (ml * 11[j] * wilx]) % n; k = k % n;

cout << "k=" << k << endl;
} blr] = k; cout << "b[" << r << "]=" << b[r] << endl;

cout << "The inverse of a= ";

s = 1;

mylabel:

cout << afs ] << "g™(" << -1 << ") + "
s++;

if (s <m+1) goto mylabel; cout << endl; cout << "is b=";
sl = m;

mylabell:

cout << bm - s1 + 1] << "g"(" << m - sl << ") + "
sl--;

if (s1 > 0) goto mylabell; cout << "." << endl;

cout << "Note: Please neglect the last + as" <<
"it is unavoidable for a for loop.";
return O;

¥
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Programme-5: To find the idempotent elements in ZnG;G is a cyclic
lambda takes idempotent values in Zn

\begin{verbatim}

#include<iostream>

#include<cmath>

using namespace std;

int main() {

cout << "To find the idempotent elements in Z(n)G;"<<

"G is a cyclic group of order m through" <<

"lamda takes idempotent values in Z(n)." << endl;

int al100], 1[100], wi[100], m =1, t =0, x =1, y =1, s =0,
sl=0,ml=1, n=1, i=1, k=0, r=1, w = 1;

cout << "Enter n =" << endl;

cin >> n;

cout << "Enter index m =" << endl;

cin >> m;

cout << "Enter m~(-1) =" << endl;

cin >> mi;

cout << "Enter primitive m th root w =" << endl;

cin >> w;

for (i = 0; i < m; ++i) { wi[i]l] = ((long long int)pow(w, 1)) % n;
cout << "wi[" << i << "]=" << wi[i] << endl; }

cout << "Enter lambda values which are idempotents" << endl;
for (int i = 1; i < m + 1; ++i) {

cout << "1[" << i << "]=" << endl;

cin >> 1[i];

}

for (int r = 1; r <m + 1; ++r) {

for (int j = 1; j < m + 1; ++j)
{
X=((j_1)*(r—1))%m;
k =k + (ml * 1[§] * wilx]) % n; k = k % n;
}
alr] = k; cout << "a[" << r << "]=" << a[r] << endl;
k = 0;
}
cout << "The idempotent element in RG is e= ";
s =1;
mylabel:
cout << afs] << "g"(" << s -1 << ") + "
s++;

;
if (s < m + 1) goto mylabel; cout << endl;

cout << endl;

cout << "Note: Please neglect the last + as it is" <<
"unavoidable for a for loop.";

return O;

group of order m through
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Programme-6: Discrete Fourier Transform

#include <iostream>
#include<cmath>
using namespace std;
int main()
{
cout << "Discrete Fourier Transform" << endl;
unsigned long long int a[200] [200], b[200] [200],
mult[200] [200],9=1,m=1, n=1, w2=1,w=1, rl, cl, r2,
c2, i, j, k, t=1;
cout << "Enter n,m,w: ";
cin >> n >> m >> w;
rl = m; cl=m;
r2 = m; c2=1;
for (i = 0; 1 < ri1; ++i)
for (j = 0; j < cl; ++j)
{
t = (i*j)%m;
if (¢t == 0) alil[j] = 1;
else
for (q = 1; q <
alil [j1 = w2;
}
for (i = 0; i < r1; ++i)
for (j = 0; j < cl; ++j)
{
cout<<" a"<<i+1<<" "<<j+1<<"="<<ali] []
if (j == c1 - 1)
cout << endl;
}
cout << endl << "Enter coefficient vector of
the polynomial:" << endl;
for (i = 0; 1 < r2; ++i)
for (j = 0; j < c2; ++j)
{

+

t ++q) { w2 = (w2 * w) % n; }
w2 =

1;
1;

3

cout << "Enter element f" << i << " =",
cin > b[i][j];

for (i = 0; 1 < rl; ++i)
for (j = 0; j < c2; ++j)

mult[i] [j] = O;

for (i = 0; i < rl; ++i)

31
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for (j = 0; j < c2; ++j)
for (k = 0; k < c1; ++k)
{

mult[i] [j] += (alil[k]) * (b[k][j1);
}
cout << endl << "DFT Output: " << endl;
for (i = 0; 1 < ri1; ++i)
for (j = 0; j < c2; ++j)
{
cout << "F"<< i << "="<< mult[i] [j]1%n;
if (j ==c2 - 1)
cout << endl;
}
return O;

¥

Programme-7: Inverse Discrete Fourier Transform

#include <iostream>

#include<cmath>

using namespace std;

int main()

{

cout << "Inverse Discrete Fourier Transform" << endl;

unsigned long long int a[100] [100], b[100] [100],
mult[100] [100], p=1, g=1, 1=1, m =1, ml = 1, wl = 1,
w2=1, n=1, w=1, rl1, c1, r2, c2, i, j, k,
c=1,t = 1;

cout << "Enter n,m, w: ";

cin >> n >> m > w;

for (1 =1; 1 < n; ++1)

{
c= (1 *m) % n;
if (c == 1)
{
ml = 1;
}
}
for (p = 1; p < m; ++p)
{
wl = (wl * w) % n;
}

for (i = 0; 1 < ril; ++i)
for (j = 0; j < cl; ++j)
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t = (ix*j) % m;

if (¢ == 0) alil[j] = 1;

else

for (q=1; gq<t+1; ++@) { w2 = (w2 * w1) % n;
ali] [j] = w2; w2 = 1;

}

for (i = 0; 1 < ri1; ++i)

for (j = 0; j < cl; ++j)

{

cout << " a" << i+ 1 << j+ 1< "=" << ali][j];

if (j ==cl - 1)

cout << endl;

}

cout << endl << "Enter DFT vector :" << endl;
for (i = 0; 1 < r2; ++i)

for (j = 0; j < ¢2; ++j)

{

cout << "Enter element F" << i << " =",

cin >> b[il[j];

}

for (i = 0; 1 < ril; ++i)

for (j = 0; j < c2; ++j)

{

mult[i] [j] = 0;

}

for (i = 0; i < rl; ++i)

for (j = 0; j < c2; ++j)

for (k = 0; k < cl; ++k)

{

mult[i] [j] += (alil[k]) * (m1 * blk][j1);
}

cout << endl << "Polynomial vector: " << endl;

for (i = 0; 1 < ri1; ++i)

for (j = 0; j < c2; ++j)

{

cout << "f" << i << "=" << mult[i][j] % n;
if (j == c2 - 1)

cout << endl;

}

return O;

¥
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