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This paper analyzes the economic implications of an environmental policy when we account for the life expectancy of heterogeneous agents. In a framework in which everyone su ers from pollution but health status also depends on individual human capital, we find that the economy may be stuck in a trap in which inequality rises steadily, especially when the initial pollution intensity of production is too high. We emphasize that such inequality is in the long run costly for the economy in terms of health and growth. Therefore, we study whether a tax on pollution associated with an investment in pollution abatement can be used to address this situation. We show that a stricter environmental policy may allow the economy to escape from the inequality trap while enhancing the long-term growth rate when the initial inequality in human capital is not too large.

Introduction
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these channels, the human capital of an individual determines her/his exposure and susceptibility to pollution and hence how she/he is a ected by it. Moreover, education alone is also identified as an important determinant of life expectancy (see, e.g., [START_REF] Elo | Educational di erentials in mortality: United States, 1979-85[END_REF][START_REF] Lleras-Muney | The relationship between education and adult mortality in the United States[END_REF][START_REF] Cutler | Understanding di erences in health behaviors by education[END_REF]Lleras-Muney , 2010 or Miech et al , 2011), that is why it seems crucial to consider both pollution and human capital when dealing with health inequalities.

Thus far, from a theoretical perspective, there has been increasing interest in life expectancy and its interaction with human capital and/or pollution. The positive e ect of human capital on longevity has been considered in papers such as [START_REF] Blackburn | A model of longevity, fertility and growth[END_REF], [START_REF] Castello-Climent | Human capital inequality, life expectancy and economic growth[END_REF] or [START_REF] Mariani | Life expectancy and the environment[END_REF], while the e ect of pollution on mortality has been studied, for example, in [START_REF] Pautrel | Pollution and life expectancy: How environmental policy can promote growth[END_REF], [START_REF] Jouvet | Longevity and environmental quality in an OLG model[END_REF], [START_REF] Mariani | Life expectancy and the environment[END_REF], [START_REF] Varvarigos | Environmental degradation, longevity, and the dynamics of economic development[END_REF], Ra n and Seegmuller (2014) or [START_REF] Palivos | Pollution abatement as a source of stabilization and long-run growth[END_REF]. 5 By means of this health channel, these contributions have identified the existence of a poverty trap with low life expectancy or fluctuations in the development process and the role that environmental policy could play in this context and its consequences (positive or negative) for economic growth.

However, no study has yet been conducted on the economic consequences of the unequal e ects of pollution on longevity, and very little consideration has been devoted to the uneven distribution of health in general. Regarding the latter, [START_REF] Castello-Climent | Human capital inequality, life expectancy and economic growth[END_REF] analyze the relationship between inequality and a longevity index determined by parents' human capital.

Focusing on a form of human capital that depends solely on a time investment, they find that an economy may converge to a long-term equilibrium in which two types of agents are highly unequal. Here, we extend this work by accounting for the role of pollution in health and a more complete relationship between longevity and inequality. We consider additional determinants of human capital accumulation that drive its convergence or divergence in a population, i.e., intergenerational transmission and the quality of the educational system (as in [START_REF] Tamura | Income convergence in an endogenous growth model[END_REF] or de la [START_REF] De La Croix | Inequality and growth: Why di erential fertility matters[END_REF].

It is worth noting that two recent contributions analyze the interactions among health, inequality and pollution, i.e., [START_REF] Aloi | Inequality, growth and environmental quality trade-o s in a model with human capital accumulation[END_REF] and [START_REF] Schaefer | Survival to adulthood and the growth drag of pollution[END_REF]. [START_REF] Aloi | Inequality, growth and environmental quality trade-o s in a model with human capital accumulation[END_REF] formalize a model in which pollution has a direct e ect on human capital accumulation (i.e., learning abilities) and find that a stricter environmental policy always reduces income 5 Other contributions have considered morbidity instead of mortality by studying the negative e ect of pollution on productivity or on human capital accumulation. See, e.g., [START_REF] Van Ewijk | Can abatement overcome the conflict between environment and economic growth[END_REF], [START_REF] Aloi | Growth e ects of environmental policy when pollution a ects health[END_REF] or Ra n (2012).

inequality, as lower-skilled individuals are assumed to be more a ected by pollution, and that this policy can also improve growth if the tax is not too high. [START_REF] Schaefer | Survival to adulthood and the growth drag of pollution[END_REF] focuses on the e ect of pollution on child mortality and finds that higher pollution implies widening inequality (due to di erent exposure) and hence that a higher proportion of the population will favor quantity over quality in their fertility decisions, thus hindering economic development. Here, we depart from these contributions in two major ways. First, we are interested in a di erent health mechanism, i.e., adult mortality, which is more relevant than childhood mortality, in our analysis of a developed economy because 99% of under-five deaths occur in developing countries (UNICEF , 2015). Second, we take into account endogenous and continuous disparities in the health e ects of pollution (rather than having a threshold that defines two exposure levels). In this way, an agent's vulnerability to pollution depends at all times on her/his level of human capital, such that vulnerability can evolve with it, in accordance with empirical evidence that both human capital and pollution a ect health. Such an assumption enables us to consider the dynamic nature of inequality and a broader spectrum of long-term behaviors of the economy, in which convergence and divergence among agents are possible.

To conduct our analysis, we formalize an overlapping-generations model, in which agents can live up to three periods depending on their survival probability when old. Their longevity is endogenously determined by their human capital and by pollution. Pollution is represented as a flow that stems from aggregate production, while human capital is the source of both endogenous growth and heterogeneity among households.

We find that multiple balanced growth paths may exist. While there is always a long-term equilibrium without inequality, one or several long-term equilibria with inequality may also occur.

A numerical illustration of the model reveals two possible scenarios. 6 First, the long-term equilibrium without inequality is the only one but is a saddle point, meaning that it defines a huge inequality trap representing a situation in which inequality is widening at each generation. Second, this long-term state without inequality is stable and coexists with a long-term equilibrium with inequality, which defines another inequality trap but one of a smaller size. Consequently, there always exists a trap in which the economy experiences steadily growing inequality. We highlight that the pollution intensity of production plays a crucial role in determining the long-term state of the economy. When it is too high, the economy will be stuck in the inequality trap even if disparities are initially low. The underlying mechanism operates through the fact that longevity influences the return of individuals' investment in education. As vulnerability to pollution di ers among individuals, disparities in terms of longevity are wide when pollution intensity is high, which implies that their investments in education are also very unequal. Therefore, the gap in terms of health and human capital is rising at each generation.

Our analysis also reveals the cost that inequality entails for the economy in the long run, notably in terms of economic growth and health (average life expectancy). The role of pollution in the threat of being caught in the inequality trap hence raises questions regarding the possible redistributive power of an environmental policy and the latter's e ect on growth. We show that an increase in a tax on pollution, the revenue of which is invested in pollution abatement activities, reduces the size of the inequality trap and can thus enable the economy to escape from it. Such a result comes from the fact that an improvement in environmental quality further increases the return on education investment of poor individuals, who have less human capital and are therefore more vulnerable to the negative health e ects of pollution, than that of rich agents.

However, the policy may be insu cient to escape the trap. When human capital inequality is too wide, the improvement in the environment required to close the health gap would involve a very high tax rate on pollution, thereby preventing individuals from consuming and hence damaging their welfare. Therefore, we conclude that an environmental policy can be a useful tool to address health inequalities but that the government should implement it as soon as possible, before the gap among agents becomes too wide. Finally, we show that a stricter environmental policy enhances the long-term growth rate of the economy, through the positive e ect of the decrease in pollution on life expectancy and the resulting incentive to invest more in education, which fosters human capital accumulation.

This paper is organized as follows. We establish the theoretical model in Section 2. We provide analytical results followed by a numerical illustration in Sections 3 and 4. Section 3 focuses on the long-term equilibria of the economy, while the implications of the environmental policy for the dynamics and growth of the economy are examined in Section 4. Finally, Section 5 concludes, and technical details are relegated to the Appendix.

The model

We consider an overlapping generations economy, with discrete time indexed by t 0, 1, 2, ..., . Households may live for three periods -childhood, adulthood, and old age -depending on a longevity index. At each date t, a new generation of N heterogeneous agents is born. We assume no population growth and, accordingly, normalize the number of births (N ) to unity. Individuals are indexed by i p, r, corresponding to the two groups of individuals in the economy: poor (p)

and rich (r), which are of size › and 1 ›, respectively. The two groups of agents di er in terms of family wealth because they are unequally endowed with human capital. More precisely, agents born in t 1 di er only in the level of human capital of their parents (h p t 1 h r t 1 ).

Consumer's behavior

An individual of type i born in t 1 cares about her/his consumption levels when an adult c i t and when old d i t 1 and about the future human capital of her/his child h i t 1 through paternalistic altruism. The preferences of this representative agent are represented by the following utility function:

ln c i t fi i t -ln d i t 1
" ln h i t 1

(1)

withand " 0.

The weight fi i t represents the agent's longevity or her/his survival probability in old age. 7 A higher life expectancy enhances the welfare that individuals obtain from consuming when old and from the future human capital of their children. Indeed, we follow the "companionship" argument of [START_REF] Ehrlich | Intergenerational trade, longevity, and economic growth[END_REF], who motivate parents' investment in their children by a combination of altruism and self-interest. When parents reach old age, they rely -at least partly -on their children for informal caregiving and material support. Consequently, we consider the parent's "satisfaction from mental security in her old age of having an educated -i.e. wealthier -caregiver and companion" as in [START_REF] Osang | Endogenous mortality, human capital and endogenous growth[END_REF]. 8 While parents who live longer assign greater weight to the future (i.e., investments), parents with shorter life expectancies have a shorter time horizon and hence assign greater weight to the present (i.e., consumption when adult, which 7 Since an individual i born in t 1 lives 2 fi i t , we interchangeably use the terms "life expectancy", "longevity" and "survival probability" in this paper. We also refer to it as health, although it is just one of many health indicators.

8 Without this assumption, we would have a counterfactual negative relationship between investments in education and longevity in the economy (see, e.g., [START_REF] Jayachandran | Life expectancy and human capital investments: Evidence from maternal mortality declines[END_REF]Lleras-Muney , 2009 or Hansen , 2013).

includes their own consumption and, implicitly, that of their children).

Longevity is an index of health status that is assumed to depend on an individual's human capital h i t and pollution P t , in accordance with the empirical evidence mentioned in the introduction. For the sake of simplicity, we assume the following functional form for survival probability in old age, which is in line with [START_REF] Blackburn | A model of longevity, fertility and growth[END_REF], Chakraborty (2004), Castello-Climent and[START_REF] Castello-Climent | Human capital inequality, life expectancy and economic growth[END_REF] During childhood, agents devote all of their time to the acquisition of human capital. After reaching adulthood, they are endowed with h i t units of human capital, which they allocate between labor force participation, remunerated at wage w t per unit of human capital, and the education of their children. To ensure that a child achieves the level of education e i t that her/his parent selects, the latter has to invest e i t ht units of human capital, where ht represents the average human capital in the economy. For a given level of education e i t , the required investment in terms of human capital e i t ht is the same for all types of agents, as it represents the given amount of knowledge to acquire in a standardized educational system. However, as parents do not use this e cient labor in production, educating children represents an opportunity cost equal to e i t ht w t that is relatively larger for poor parents. This is because poor agents are endowed with less human capital and are thus less e cient in teaching and in providing a given level of education. Note that our modeling of education is perfectly equivalent to that of de la [START_REF] De La Croix | Inequality and growth: Why di erential fertility matters[END_REF] in which education is provided by teachers with a level of human capital equal to the average in the economy. In their second period of life, adults finally allocate their income between consumption c i t and savings s i t . When old, agents only consume. In line with [START_REF] Yaari | Uncertain lifetime, life insurance, and the theory of the consumer[END_REF], [START_REF] Blanchard | Debt, deficits and finite horizons[END_REF] or [START_REF] Chakraborty | Endogenous lifetime and economic growth[END_REF], we assume a perfect annuity market to abstract from the risk associated with uncertain lifetimes. Therefore, households deposit their savings in a mutual fund, which invests these amounts in physical capital. In return, the mutual fund provides them with an 9 We do not assume conditions on cross derivatives of fi. While the vulnerability to pollution is decreasing with h i in most of the cases, it is increasing when h i is very low. The underlying intuition is that when h i is very low, this agent's health is also very poor. In this particular case, when her/his h i increases, she/he has now something to lose, which makes her/him more vulnerable to pollution.

actuarially fair annuity during retirement, corresponding to their savings increased by the gross return adjusted with respect to their life expectancy R t 1 fi i t . Consequently, the two budget constraints for an adult of type i born in t 1 are

c i t s i t w t h i t e i t ht w t ( 3 
)
d i t 1 s i t R t 1 fi i t (4)
Besides formal education, knowledge accumulation is also determined by the transmission of cognitive and social abilities within the family. Following the endogenous growth models with education and inequality developed by [START_REF] Tamura | Income convergence in an endogenous growth model[END_REF], [START_REF] Glomm | Public versus private investment in human capital: Endogenous growth and income inequality[END_REF] and de la Croix and Doepke ( 2003), the level of human capital of a child born in t h i t 1 thus depends on education e i t , the parent's level of human capital h i t and the average human capital ht , which represents the quality of the educational system.

h i t 1 ' e i t µ h i t ÷ ht 1 ÷ (5)
where ' 0 is the e ciency of human capital accumulation. The parameters µ, ÷ and their sum µ ÷ are all 0, 1 . 10 They are compatible with endogenous growth and capture the e ciency of education and the intergenerational transmission of human capital within the family relative to the transmission within the society, respectively.

The consumer program is summarized as follows:

max e i t ,s i t , U c i t , d i t 1 , h i t 1 ln c i t fi i t -ln d i t 1 " ln h i t 1 (6) s.t c i t s i t w t h i t e i t w t ht d i t 1 s i t R t 1 fi i t h i t 1 ' e i t µ h i t ÷ ht 1 ÷
The maximization of this program leads to the optimal choices regarding education and sav-10 We assume that µ ÷ 1 to ensure that human capital convergence is possible. Education choice depends positively on h i t and negatively on ht (representing the cost of education). Therefore, if µ ÷ 1, the return on h i t is always increasing and the return on ht is negative, such that human capital convergence is impossible.

ings:

e i t fi i t "µ 1 fi i t -"µ h i t ht (7) s i t fi i t - 1 fi i t -"µ w t h i t ( 8 
)
Rich households invest more in savings and in children's education than do poor households.

The reasons for this are the following. First, longevity plays an important role in the optimal choices for education and savings. Rich individuals live longer and hence have higher returns on savings and on children's education, leading them to invest more. Second, there is a traditional income e ect on savings. The total wage of a worker depends on the wage rate w t , which is equal for all agents, and on her/his level of human capital h i t . Given that rich agents have a higher level of human capital, they have higher pay and can save more than poor agents. Third, regarding education, rich parents also benefit from a lower opportunity cost due to their higher level of human capital, which facilitates educating their children.

Note that the optimal choice in terms of education is determined by the relative human capital of parents (with respect to the average human capital in the economy) rather than by the parents' absolute human capital level. The rationale for this is that education implies an opportunity cost associated with the investment in human capital that agents have to make to educate their children. For a given e i , this investment is the same for all agents and depends on the average human capital in the economy, to represent a standardized educational system (in which a unit of schooling time is equivalent for all types of agents). Consequently, the schooling time that parents choose for their children depends on their relative human capital and will be relatively more expensive for lower-skilled parents.

Production

The production of the consumption good is performed by a single representative firm. Output of this good is produced according to a constant returns to scale technology:

Y t AK - t L 1 - t (9)
where K t is the aggregate stock of physical capital, L t is the aggregate e cient labor supply to production, i.e., the level of human capital used to produce the good, A 0 measures the technology level, and -0, 1 is the share of physical capital in production. Defining y t Yt Lt as the output per unit of labor and k t Kt Lt as the capital-labor ratio, the production function per unit of labor is as follows:

y t Ak - t
The government collects revenues through a tax of rate 0 • 1 on production, which is the source of pollution. As a result, the firm chooses inputs by maximizing its profit 1

• Y t R t K t w t L t , such that w t A 1 -1 • k - t (10) R t A-1 • k -1 t (11)

Pollution

The index of pollution that we consider in this paper principally embodies air pollution, which represents the world's largest single environmental health risk according to the WHO ( 2014).

An interesting feature of such pollution is that its direct harmful e ect on human health is due to its level before absorption, deposition or dispersion in the atmosphere. Moreover, the most significant health threats among air pollutants, i.e., particulate matter and ground-level ozone, remain only for short periods of time (from hours to weeks) in the atmosphere. Consequently, we choose to formalize pollution as the flow currently emitted in the economy rather than as a stock.11 

Environmental degradation is a by-product of the current production process (Y t y t L t ). The government can use the revenue from the pollution tax (• ) to reduce pollution by investing in public environmental maintenance M t 0. This maintenance, also called pollution abatement activities, represents a public investment in favor of the environment. 12 Finally, we multiply the pollution flow by the ratio of the total labor force ht to the labor used solely in the production of the consumption good L t (with ht Lt 1). The reason is that this weighting enables us to take into account the impact of all economic activity on pollution. More precisely, education is formalized in our model as a separate sector that is not included in aggregate output Y . However, education has positive and negative e ects on the environment that are important to consider. On the one hand, like any other good or service, its production implicitly implies energy consumption and transportation, which are the largest contributors to early deaths related to particulate matter and ozone (see [START_REF] Caiazzo | Air pollution and early deaths in the United States. Part I: Quantifying the impact of major sectors in 2005[END_REF]. On the other hand, education also allows the economy to improve the e ciency of its pollution abatement activities by promoting technological advances and eco-friendly behaviors (see, e.g., [START_REF] Nelson | Investment in humans, technological di usion, and economic growth[END_REF][START_REF] Nelson | Investment in humans, technological di usion, and economic growth[END_REF][START_REF] Franzen | Environmental attitutes in cross-national perspective: A multilevel analysis of the ISSP 1993 and 2000[END_REF][START_REF] Franzen | Environmental attitutes in cross-national perspective: A multilevel analysis of the ISSP 1993 and 2000[END_REF].

Therefore, this weighting allows us to consider both e ects and hence to extend the scale e ect of pollution to all economic activity. 13 We define the pollution flow as

P t ay t L t bM t ht L t ( 12 
)
where the parameters a 0 and b 0 correspond to the emission rate of production and the e ciency of environmental maintenance, respectively. The government budget being balanced in each period, the level of public environmental maintenance is equal to

M t • y t L t .
Thus, the pollution flow in a period t can be rewritten as

P t a b• y t ht (13)
Pollution is composed of two elements. While production per unit of e cient labor y t (which depends on capital intensity k t ) represents an index of the pollution intensity of production, aggregate human capital ht corresponds to the scale e ect.

To ensure that human activities lead to a positive pollution flow regardless of the tax rate, we assume that Assumption 2 a b 13 Without the weighting, an increase in education would automatically decrease current pollution, thus neglecting its externalities and making the model much more complex. Note that an alternative way of considering the impact of the education sector on the scale e ect of pollution is to model a polluting output that includes education, with a cost of education in goods (see, e.g., Mariani et al. , 2010 or Aloi and[START_REF] Aloi | Inequality, growth and environmental quality trade-o s in a model with human capital accumulation[END_REF].

Equilibrium

The market clearing conditions for capital and labor are given by

K t 1 ›s p t 1 › s r t (14) and L t › h p t e p t ht 1 › h r t e r t ht (15) 
The presence of e i t ht illustrates the human capital of parents that does not enter the production of the consumption good. The values of e i t and s i t are given by the optimal choices of consumers ( 7) and ( 8) while the wage w t corresponds to (10). Thus, the market clearing conditions can be rewritten as follows:

K t 1 A 1 -1 • k - t ›h p t fi p t - 1 fi p t -"µ 1 › h r t fi r t - 1 fi r t -"µ (16)
and

L t ht ›x p t 1 fi p t - 1 fi p t -"µ 1 › x r t 1 fi r t - 1 fi r t -"µ (17)
Following de la Croix and Doepke ( 2003), we introduce the variable x i t h i t ht corresponding to the relative human capital of an individual i in period t. Using (5), the relative human capital of her/his child is described by

x i t 1 ' fi i t "µx i t 1 fi i t -"µ µ 1 g t x i t ÷ (18) with g t ht 1 ht
being the growth factor of average human capital. From the definition of ht

( ›h p t 1 › h r t )
, we can deduce the expression for the growth of human capital:

g t ' "µ µ › fi p t 1 fi p t -"µ µ x p t µ ÷ 1 › fi r t 1 fi r t -"µ µ x r t µ ÷ (19)
As the pollution flow corresponds to

P t a b• Ak - t ht (20)
we can rewrite the longevity given in (2) in terms of individual relative human capital and the capital-labor ratio:

fi i t fi x i t P t ht ‡x i t a b• Ak - t x i t (21)
From equations ( 16) to ( 21), we can define the dynamics of the economy as follows:

Definition 1. Given the initial conditions K 0 0, h p 0 0 and h r 0 0, the intertemporal equilibrium is the sequence k t , x p t , x r t t N such that the following dynamical system is satisfied for all t 0.

k t 1 A 1 • 1 -k - t gt ›x p t fi p t - 1 fi p t -"µ 1 › x r t fi r t - 1 fi r t -"µ ›x p t 1 1 fi p t 1 - 1 fi p t 1 -"µ 1 › x r t 1 1 fi r t 1 - 1 fi r t 1 -"µ 1 x p t 1 ' fi p t "µ 1 fi p t -"µ µ 1 gt x p t µ ÷ x r t 1 ' fi r t "µ 1 fi r t -"µ µ 1 gt x r t µ ÷ ( 22 
)
where g t and fi i t are given by ( 19) and ( 21), respectively.

The evolution of the economy is summarized by the laws of motion of the physical capitallabor ratio k and of the relative human capital of poor and rich individuals x p and x r , respectively.

We can rewrite the dynamical system ( 22) by substituting the growth of average human capital by its expression given in ( 19). Moreover, from the definition of average human capital, we can express the relative human capital of rich agents x r t as a function of the relative human capital of poor individuals: x r t 1 ›x p t 1 › . After some computations, it follows that the dynamical system given in Definition 1 can be simplified into a two-dimensional system in terms of the capital-labor ratio in consumption good production k and the relative human capital of poor agents x p .

k t 1 A 1 • 1 -k - t ' "µ µ ›x p t fi p t - 1 fi p t -"µ 1 ›x p t fi r t - 1 fi r t -"µ ›x p t 1 1 fi p t 1 - 1 fi p t 1 -"µ 1 ›x p t 1 1 fi r t 1 - 1 fi r t 1 -"µ 1 › fi p t 1 fi p t -"µ µ x p t µ ÷ 1 › fi r t 1 fi r t -"µ µ 1 ›x p t 1 › µ ÷ 1 x p t 1 x p t µ ÷ 1 ›x p t 1 › µ ÷ 1 ›x p t 1 1 › fi p t 1 fi p t -"µ µ fi r t 1 fi r t -"µ µ (23)
with fi i t given by ( 21). Relative human capital is a useful variable because it connects the two groups. A decrease in the relative human capital of poor individuals x p corresponds to a proportional increase in the relative human capital of rich agents x r . The lower x p is, the lower the level of human capital of poor individuals is relative to rich agents, and hence, the wider the disparities are. Consequently, we can use the relative human capital of poor individuals x p to approximate the level of human capital inequality in the economy. When there is no inequality, all individuals have the same human capital, which means that all relative human capital levels are equal (x p

x r 1), while conversely, when inequality is at its maximum, x p and x r tend to 0 and 1 1 › , respectively. 14

0 x p 1 x r 1 1 › Figure 1: Representation of relative human capital.
In the remainder of this section, our aim is to analyze the long-term behavior of the economy.

Definition 2. A balanced growth path (BGP) is an equilibrium satisfying Definition 1 and in which the stocks of physical and human capital grow at a single, constant rate (g 1).

On a balanced growth path, the capital-labor ratio k t , the growth in average human capital g t , relative human capital x i t and the flow of pollution P t are constant.

Balanced growth paths with and without inequality

From Definitions 1 and 2, we explore the properties of the dynamical system (23) and deduce the existence and the stability of balanced growth paths with and without inequality.

14 From the definition of average human capital and the fact that we assume h p h r (as it is the only di erence between the two types of individuals), it follows that 0 x p 1, while 1 x r 1 1 › .

Proposition 1 Under Assumptions 1 and 2 and the condition that -1 2 we have the following:

•

[Without inequality]

There exists a balanced growth path without inequality k E , 1 , with a positive growth rate (g E 1 0) for ' '. 15 This BGP is locally stable when ÷ ÷ • and corresponds to a saddle point otherwise. The thresholds ' and ÷ • correspond to

' a b• Ak - E 1 ‡ -"µ ‡"µ µ and ÷ • 1 µ 2 a b• Ak - E 1 ‡ -"µ a b• Ak - E 1 ‡ -"µ

• [With inequality]

There exists at least one BGP with inequality when 2µ ÷ 1 and

÷ ÷ • , where the threshold ÷ • is the value of ÷ such that 16 A 1 -1 • 1 -- ‡ 1 µ a b• 1 - - '" µ 1 ‡ -"µ 1 -1 µ - 1 µ ÷ 1 - - µ 1 - ‡ ‡" 1 µ ÷ 2µ ÷ 1 1 µ - Proof. See Appendix 6.1.
While there always exists a balanced growth path without inequality, one or several balanced growth path(s) characterized by inequality among households may also occur. Therefore, the economy may converge in the long run to an equilibrium without inequality among households17 , but this is not always the case. The economy may also be trapped in situations in which human capital inequality is persistant or increasing over time. For example, when the long-term equilibrium without inequality E is a saddle point (÷ ÷ • ), individuals' human capital and longevity will most likely diverge within the population. 18From Proposition 1, it emerges that the conditions determining the extent of inequality in the economy depend on ÷ and µ, i.e., the weights in human capital accumulation. The reason is that human capital convergence or, conversely, the persistence of human capital inequality stems from the balance among several forces. Our model combines channels usually found in the literature on human capital and inequality (e.g., Tamura , 1991, Glomm and[START_REF] Glomm | Public versus private investment in human capital: Endogenous growth and income inequality[END_REF] discourages their investment in education, whereas rich parents are more able and willing to finance education. Conversely, the presence of average human capital in the production of human capital represents a convergent force, which is crucial to ensuring that human capital convergence is possible, as [START_REF] Tamura | Income convergence in an endogenous growth model[END_REF] shows.

According to these e ects, it emerges that the weights of the divergent forces -i.e., education and intergenerational transmission -in human capital accumulation must not be too high to ensure that it is possible for an economy to avoid inequality in the long run. More precisely, we find that if the sum of these weights is at its maximum (µ ÷ 1), there is only the longterm equilibrium without inequality and it is a saddle point, which means that inequality would grow steadily under most of the initial conditions of the economy. Conversely, when it is at its minimum (µ ÷ 0), the equilibrium without inequality is the only equilibrium, but it is stable, meaning that inequality vanishes in the long run. 20

Between these two extreme cases, the economy may or not exhibit long-term inequality. In this paper, the diminishing return of the divergent forces in human capital accumulation (i.e., µ ÷ 1) is not su cient to ensure convergence, contrary to what is usually obtained in the literature on human capital and inequality (see, e.g., Tamura , 1991 or Glomm and[START_REF] Glomm | Public versus private investment in human capital: Endogenous growth and income inequality[END_REF]. This is due to endogenous longevity. If longevity were exogenous in our model, the growth of individual human capital would always be higher for poor households, and thus, the economy would always converge to the long-term equilibrium without inequality, since µ ÷ 1 holds. Here, on the contrary, both human capital convergence and divergence are possible under this condition and the determinants of individuals' health play a crucial role in determining the long-term behavior of the economy. Pollution a ects the returns on agents' investment in education through its impact on their life expectancy, and this e ect is not the same for all agents. Indeed, some agents have less human capital than others and hence less knowledge, information or financial means to protect themselves from the harmful e ect of pollution, making them more susceptible to it. 21 Therefore, when pollution and/or inequality are too high, the growth of individual human capital can be lower or equal for those who are poor. 22 In this case, the economy is stuck in an inequality trap, in which disparities among households are persistent and/or rising over time.

Analytically, we are not able to conclude on the dynamics of the long-term equilibrium(equilibria) with inequality. Therefore, we numerically analyze the model in the following section to obtain a more comprehensive overview of the di erent scenarios in which the economy may end up.

20 See Appendix 6.1.

21 As in [START_REF] Blackburn | A model of longevity, fertility and growth[END_REF], we do not formalize health expenditures in this paper (neither private nor public), but we assume that individual human capital includes the capacity of agents to spend in healthcare.

For models with explicit healthcare spending, see, e.g., [START_REF] Varvarigos | Environmental degradation, longevity, and the dynamics of economic development[END_REF] or Ra n and Seegmuller (2014). 22 The individual growth of human capital g i is increasing and then decreasing in x i . The maximum value of g i is achieved in x i 1, while g i 0 0 and g i Max x r 0. Thus, there exists a level of x p under (resp. above) which the individual growth of human capital is lower (resp. higher) for poor than for rich agents g p g r (resp. g p g r .

Numerical illustration

In this section, we provide a numerical analysis of the model to provide further insights into the long-term behavior of the economy. To do so, we calibrate the model on the United States, which is particularly a ected by health inequalities and o cially intends to address this issue (U.S. Department of Health and Human Services , 2000). After motivating the choice of the parameter values summarized in Table 1, we study in detail the features of the di erent balanced growth paths. To solve the model numerically, we assign values to the parameters of technology and preferences such that they fit empirical observations and projections for the U.S. economy. Assuming that a period represents thirty years, the parameter in the longevity function ‡ is set to 0.9 to obtain realistic values of individual life expectancy. 23 Consequently, an individual starts working at 30, retires at 60 and may live for up to 87 years, according to her/his longevity. 24 In the real business cycle literature, the quarterly psychological discount factor is estimated at 0.99 (see Cooley , 1995 or de la Croix and[START_REF] De La Croix | A theory of economic growth: Dynamics and policy in overlapping generations[END_REF]. Thus, -is set to 0.99 4 30 0.3. Assuming that the two groups of workers have the same size (› 0.5) 25 , we set the scale parameter ' to 6 and The parameter µ represents the weight of education in human capital accumulation and also corresponds, in our model, to the elasticity of human capital with respect to education. In the literature, the return to schooling in developed countries is estimated to be between 8 and 16%

Calibrations

(see [START_REF] Ashenfelter | Estimates of the economic return to schooling from a new sample of twins[END_REF]Psacharopoulos , 1994 or Krueger and[START_REF] Krueger | Education for growth: Why and for whom?[END_REF]. These figures correspond to Mincerian returns, which means that they include only an opportunity cost (forgone earnings) and do not consider education expenditure. Following de la Croix and Doepke ( 2003), we assume that an additional year of schooling raises education expenditure by 20%.

The resulting elasticity of schooling ranges from 0.4 to 0.8. Thus, we set µ to be 0.6.

The weight of intergenerational transmission of human capital ÷ is a key parameter in our analysis, we will consider all values satisfying our assumption that human capital convergence is not impossible, i.e., ÷ 0, 1 µ . But, these values are also consistent with the empirical literature which finds intergenerational education elasticities between 0.2 and 0.45 (see, e.g., [START_REF] Dearden | Intergenerational mobility in Britain[END_REF][START_REF] Black | Why the apple doesn't fall far: Understanding intergenerational transmission of human capital[END_REF]. In the same way, we let the tax on pollution vary by considering all tax rates • 0, 1 . 27

Long-term behavior of the economy

To inequality k E , 1 . It is a saddle point with a stable branch SS E .

ii When ÷ ÷ • , there exist multiple balanced growth paths: the BGP without inequality k E , 1 and an additional BGP with inequality k I , x p I . The first is stable, while the latter is a saddle point with a stable branch SS I . Consequently, as represented in Figure 3, if the initial conditions of the economy k 0 , x p 0 are

• to the left of SS j (with j E, I), the economy is caught in an inequality trap

• to the right of SS j (with j E, I), the economy will converge to the BGP without inequality.

First, it is worth noting that in the numerical analysis, the threshold ÷ • identified in Proposition 1 corresponds not only to the value under which the equilibrium without inequality E is stable but also to the value under which an equilibrium with inequality I appears, for all tax rates. This means that, for realistic calibrations of the model on the U.S. economy, there always exists an inequality trap in which disparities widen over time. Only the size of the trap, i.e., the size of the set of initial conditions for which an economy is caught in the trap, varies. The higher the weight of intergenerational transmission in human capital accumulation ÷ is, the heavier the weight of the divergent forces, and therefore, the larger the size of the inequality trap. 29 In particular, when ÷ ÷ • (represented in the left panel of Figure 3), the economy is stuck in the trap under most of its initial conditions. 

0 SS E 1 0 x p I 1 x p x p k E E k E E I k I k I0 k I0 SS I k k
The underlying mechanism for the coexistence of an inequality trap and a long-term equilibrium without inequality stems from the fact that the return on investment in education varies 29 See the sensitivity analysis in Appendix 6.4 for further details on the e ect of ÷ on the results.

according to the levels of inequality and pollution intensity in the economy, as explained in Section 3.1. When the initial conditions of an economy k 0 , x p 0 are to the right of curve SS j (with j E, I), inequality is su ciently low and environmental quality is su ciently high (i.e., high x p 0 and low k 0 ) that poor households have a higher return on education investment than rich households, which allows them to narrow existing disparities over the generations and to converge to an equal equilibrium in the long run.30 However, when the initial conditions of an economy k 0 , x p 0 are to the left of curve SS j , inequality and/or pollution intensity are too high (i.e., low x p 0 and/or high k 0 ), and thus, health disparities are too wide for poor agents to be able to close the gap (the return on the investment in education is higher for rich households). Consequently, the economy is stuck in a trap in which inequality will steadily increase.

When the economy is in the inequality trap, it converges asymptotically to a state in which inequality is at its maximum, i.e., the lower bound of the trap k I0 , x p I0 . Such an extreme case is not achieved, but it illustrates the constant deterioration of living conditions of disadvantaged households in the trap. Indeed, in this state, the human capital of poor agents tends to zero (x p I0 0), as do their income and longevity fi p . Therefore, poor agents would die at the end of the second period of life (before retirement) and would no longer be able to consume, save or educate their children, meaning that the poor category would collapse. Conversely, rich households tend to a state in which they are richer, more educated and live longer than in the other long-term equilibria.

The numerical illustration provides a clearer picture of how endogenous longevity favors the intergenerational transmission of inequality. As in [START_REF] Castello-Climent | Human capital inequality, life expectancy and economic growth[END_REF], it plays a crucial role. However, we consider additional forces in human capital accumulation and additional determinants of longevity that contrast our results from theirs. While they find that the economy always converges to a long-term equilibrium with high but "sustainable" inequality, we find that there are two possible scenarios for an economy: human capital convergence or an inequality trap in which disparities among households widen until a part of the population collapses. Moreover, we expand the mechanism for the transmission of inequality through longevity to the environmental dimension and emphasize that pollution is a critical determinant of the long-term behavior of the economy.

Studying the features of the two long-term equilibria E and I and of the lower bound of the trap I0, we obtain the following result.

Numerical result 2 Wider human capital inequality in the long run (1 x p I

x p I0 ) is associated with the following:

• a higher physical capital-labor ratio and hence a higher pollution intensity (k

I0 k I k E ),
• wider disparities in life expectancy (fi

E fi p I fi p I0
) and a lower average life expectancy in the economy (fi

E fI fI0 ),
• a lower long-term growth rate (g

E g I g I0 ).
The numerical analysis of the model indicates that the long-term physical capital-labor ratio is higher in long-term states with inequality. Given that the marginal propensity to save is higher for rich individuals, inequality consists in concentrating wealth in the hands of those who save more. It follows that aggregate savings is higher in such a state, which favors physical capital accumulation. Given that the capital-labor ratio drives the pollution intensity of production, the latter is also larger in equilibria with inequality.

A wider dispersion of human capital and a higher pollution intensity lead to wider inequality in health. While poor agents have lower relative human capital and su er from the higher pollution intensity, rich agents benefit from an increase in their relative human capital, which more than o sets the increase in pollution intensity. The net outcome is that in the presence of inequality, rich individuals live longer whereas poor individuals die sooner. Moreover, the loss of longevity for poor individuals is greater than the benefit for rich individuals, and therefore, the average life expectancy in the economy declines with inequality in the long run (even if the population is equally distributed between the two categories).

In addition to this cost in terms of health, inequality also implies a cost in terms of growth. As This latter result contributes to the substantial literature on the implications of inequality for growth, surveyed for example by [START_REF] Galor | Inequality, human capital formation and the process of development[END_REF]. From these numerous analyses, it appears that inequality may have both positive and negative e ects on economic performance and that the 31 The exact figures are 83.2 and 72.4 years for average life expectancy at E and I0, respectively, and 1.68% and 1.31% for the compound annual economic growth rate at E and I0, respectively.

debate is still ongoing. Here, we conclude in favor of a net detrimental e ect of disparities on economic growth through human capital accumulation. The explanation stems from the fact that human capital is embodied in individuals whose physiological constraints imply diminishing marginal returns in individual human capital accumulation. Therefore, greater inequality leads to a higher concentration of education spending in the economy, which reduces the aggregate stock of human capital. 32 In accordance with this result, the OECD (2015) finds "consistent evidence that the long-term rise in inequality of disposable incomes observed in most OECD countries has indeed put a significant brake on long-term growth" and that it is "in large part because it reduces the capacity of the poorer segments to invest in their skills and education".

From the model's illustration, it emerges that an economy is most likely to fall into a trap with rising inequality since the pollution intensity of its activities is high, even if inequality is initially weak. Examining the data, it appears that "inequality is today at its highest since data collection" in many OECD countries (including the U.S.) and follows an upward trend. 33 Given the adverse e ects of such disparities on growth and health in the long run and the key role of pollution in this trap phenomenon as highlighted by our contribution, we wonder whether an environmental policy could be useful to break such a vicious circle. This is the purpose of the following section.

Environmental policy implications

In this section, we assess the e ect of a higher pollution tax associated with increased public investment in pollution abatement activities on the dynamics and growth of the economy. In particular, we want to know whether such an environmental policy can have redistributive power, given the role of the pollution intensity of production in the persistence of inequality, and whether it can allow for enhanced long-term economic growth, which is driven by human capital. For each point, we first provide an analytical analysis of the policy implications and then illustrate them numerically.

32 Theoretically, several channels have been illustrated to explain this relationship such as credit market imperfections [START_REF] Galor | Income distribution and macroeconomics[END_REF], fertility di erentials (de la [START_REF] De La Croix | Inequality and growth: Why di erential fertility matters[END_REF] or longevity di erentials [START_REF] Castello-Climent | Human capital inequality, life expectancy and economic growth[END_REF], as in this paper. 33 See OECD (2015) pages 5 and 25.

Environmental policy implications on the balanced growth paths

From Proposition 1, we know that the conditions under a stable long-term equilibrium without inequality and under long-term equilibria with inequality both depend on the environmental tax

• . Examining how an increase in the tax on pollution a ects these thresholds, we make the following proposition.

Proposition 2 Under Assumptions 1 and 2 and for -1 2 and 2µ ÷ 1, the thresholds • there exists at least one BGP with inequality (i.e., ÷ ÷ • ).

Proof. See Appendix 6.2.

A rise in the tax on pollution allows the associated investment in abatement to increase, which reduces the pollution flow. Consequently, the longevity of all agents increases, which in turn positively a ects their returns from education. They accordingly choose a higher level of human capital. However, although the individual growth of human capital increases for all actors, the decrease in pollution has a relatively larger e ect on poor households, which are more susceptible to pollution. 34 With all agents being proportionally taxed, it follows that an increase in the tax on pollution increases the likelihood of convergence toward the long-term equilibrium without inequality.

An increase in the tax rate also increases the likelihood of the existence of one or several balanced growth path(s) with inequality. This could mean that the tax on pollution favors the persistence of inequality in long run or that the tax restricts such inequality by stabilizing it (rather than allowing it to worsen) or even by reducing the size of the inequality trap. To be able to obtain more precise the implications of the environmental tax for the long-term behavior of the economy, we use the numerical illustration begun in Section 3.2.

For the parameters considered, we found that the threshold ÷ • represents the value under which both the long-term equilibrium without inequality E becomes stable and the long-term equilibrium with inequality I appears. The result below thus follows:

34 More precisely,

g i • 0, but 2 g i
• x i is 0 when x i is small and 0 when x i is high, with a threshold equal to

a b• Ak -2µ ÷ 1 1 ‡ -"µ 2 µ ÷ .
Thus, the increase in the tax reduces this threshold, meaning that there are more levels of x i such that poor agents are more a ected by the decrease in pollution than rich agents.

Numerical result 3 i When ÷ ÷ 0 , there only exists the BGP without inequality E, which is a saddle point and defines the inequality trap for a low pollution tax • . However, when the tax rate becomes su ciently high, ÷ becomes lower than ÷ • , which implies that the BGP without inequality E becomes stable while that with inequality I appears and is a saddle point, defining the new trap. 35ii When ÷ ÷ 0 , the condition such that the BGP without inequality E is stable and the BGP with inequality I exists as a saddle point is satisfied for all rates of the pollution tax.

From this numerical result, we deduce that, when ÷ ÷ 0 , a su cient tax on pollution may reduce the size of the inequality trap by allowing the long-term equilibrium I to exist and thus to be the upper bound of the trap instead of E, as SS I defines a smaller set of initial conditions for which the economy is caught in the trap than SS E . Furthermore, we obtain a more general result:

Numerical result 4 An increase in the environmental tax always decreases the size of the inequality trap. Thus, a su cient increase in the tax on pollution can allow an economy to escape from the trap and to converge toward the BGP without inequality.

The net e ect of the environmental policy on the level of inequality is hence negative. As described above, an increase in the tax rate enables a reduction in environmental damage, which improves the life expectancy of agents and hence increases their return on investment in education. This e ect is even stronger for disadvantaged households, which are relatively more sensitive to pollution. As a result, a su cient increase in the tax on pollution can allow unequal economies to escape from the trap and to reduce disparities along the convergence to a long-term equilibrium without inequality.

To illustrate the Numerical Results 3 and 4, we use Figure 4, corresponding to the case in which the trap is the largest, i.e., ÷ ÷ 0 , to represent all possible scenarios. As above, the inequality trap is bounded by the dotted curve SS j . An economy with initial conditions to the left of this curve is in the trap in which inequality worsens at each generation, whereas an economy starting at the right of this curve will converge to the long-term equilibrium without inequality. For all tax rates, we observe that as • increases, the inequality trap moves to the left, meaning that the size of the trap decreases. In other words, the set of initial conditions for which the economy achieves the equilibrium without inequality becomes larger. It is important to note that there are some limitations to the redistributive power of an environmental policy. First, even if the environmental policy always makes the trap smaller, it does not directly reduce inequality. Therefore, an economy may still be in the inequality trap after an increase in pollution taxation and hence still su er from growing disparities. Our result that an environmental policy does not always succeed in reducing inequality contrasts, for example, with [START_REF] Aloi | Inequality, growth and environmental quality trade-o s in a model with human capital accumulation[END_REF]. This is because we consider di erences in susceptibility to pollution that are endogenously and continuously determined by an individual's human capital. When human capital inequality and/or pollution intensity are initially too high, a given improvement in environmental quality may be insu cient to overcome the existing gap in the returns on investment in education.

Second, even if, technically, there always exists a tax rate such that the economy can escape the trap, the more unequal a society is and the higher the pollution intensity is, the higher the tax rate necessary to escape the inequality trap. In extreme cases, the required tax can even be close to 100%. The problem is that when the tax rate is too high, it prevents households from consuming and therefore harms their welfare. An environmental policy composed of a reasonable tax rate on pollution may thus be insu cient to reduce inequality in the economy.

We conclude that an environmental policy, consisting of a public investment in environmental protection financed by a tax on pollution, can be a useful tool to reduce inequality through its positive e ect on health but may also be insu cient for given social and environmental conditions.

Moreover, as the longer a government waits, the higher the tax rate necessary to escape from the inequality trap, we emphasize that policy makers should implement an environmental policy as soon as possible to address inequalities.

When the environmental policy alone is not su cient to remove the economy from the trap, other types of policies should be combined with it. In this respect, education and/or health policies targeting disadvantaged households would be much more e cient than an income transfer, as the lack of education is due -at least partly -to a low return on investment. However, these policies alone would be subject to the same kind of limitations than those mentioned above. In particular, for most of initial levels of inequality, the economy would not be able to escape from the inequality trap without an environmental policy if its pollution intensity is too high. An improvement in the environment therefore represents a key tool for addressing this issue.

Environmental policy implications for growth

The growth factor of human and physical capital on the balanced growth path without inequality is given by

g E ' ‡"µ a b• Ak - E 1 ‡ -"µ µ (24)
Analyzing the e ect of the environmental policy on this long-term growth rate reveals the following:

Proposition 3 Under Assumptions 1 and 2, an increase in the tax on pollution improves the growth rate on the BGP without inequality (g E 1).

Proof. See Appendix 6.3

Several e ects occur. On the one hand, a rise in the tax on pollution implies a negative income e ect, as firms pass it through to the wage rates (w t ) and returns on savings (R t ) of households. On the other hand, a higher tax rate leads to more maintenance activities, which improve environmental quality and hence health. Through this channel, individuals' longevity increases, which leads to greater returns on savings and children's education. For savings, the negative income e ect outweighs the longevity e ect, such that savings decrease as the tax rate increases. However, for education, a third e ect operates. It is important to bear in mind that education is an investment in human capital that is made by parents and corresponds to an opportunity cost associated with the fact that they do not use this e cient labor to produce. Therefore, the negative income e ect of the tax is neutralized by its positive e ect through reduced opportunity costs. The net e ect of the environmental policy on education is thus positive, meaning that the stock of human capital improves with the tax. Human capital being the engine of growth in the economy, the long-term growth rate is also enhanced under a stricter environmental policy.

Analyzing numerically the results in the other long-term states of the economy, i.e., the balanced growth path I and the lower bound of the trap k I0 , x p I0 in which inequality is at its maximum, we observe the following: Numerical result 5 An increase in the tax on pollution • 0, 1 decreases the long-term capital-labor ratios (k I and k I0 ) and improves the long-term growth rates (g I and g I0 ).

Thus, a stricter environmental policy enables improving the long-term growth of an economy even when it does not enable the economy to escape from the inequality trap. In the same way that the policy favors economic growth on the balanced growth path without inequality E, it improves the life expectancy of all agents, which stimulates their investments in education and favors the growth rate of average human capital. However, in this case, the policy is not su cient to make the return to education of poor parents larger than that of rich parents, and thus, inequalities in human capital and life expectancy continue to worsen.

Note that the positive e ect of an environmental policy on economic growth is bounded, just as its redistributive power is. Indeed, if the tax rate is too high, the policy becomes welfaredamaging through its negative e ect on the ability of households to consume. All tax rates are therefore not economically desirable, despite their positive e ect on human capital accumulation.

Finally, even if an increase in a tax on pollution combined with an investment in pollution abatement has a positive e ect on the aggregate economy, it does not a ect the two types of agents in the same way. The reason is that an increase in the tax rate improves environmental quality and thus everyone's health, but it may also modify the long-term state of the economy.

When the policy is su cient to rescue the economy from the trap, the economy will converge to a long-term state that is much better for poor agents but less favorable for rich agents. The tax rates that households desire may therefore di er, with a rate desired by rich lower than that desired by poor households.

Conclusion

In this paper, we are interested in how pollution can exacerbate inequality through health. In accordance with empirical evidence, we consider the role of pollution and individual human capital in determining life expectancy. By means of an analytical study and a numerical illustration of our model, we show that multiple long-term scenarios are possible. The economy may converge to a long-term equilibrium without inequality or be stuck in a trap with steadily increasing inequality.

We show that pollution plays a crucial role in determining the long-term behavior of the economy.

Even if inequality is initially low, the economy will be in the trap since the pollution intensity of production is su ciently high. The underlying mechanism stems from the negative e ect of pollution on longevity, which discourages investments such as education. Moreover, we show that inequality is costly for the economy in the long-run in terms of economic growth and average life expectancy in the economy.

Therefore, we assess the implications of an environmental policy, consisting of a tax on pollution and a public investment in pollution abatement activities. We find that such a policy can promote long-term economic growth and enable the economy to escape the inequality trap. This is not only because a decrease in pollution enhances individuals' longevity, thereby encouraging them to invest in education but also because it is more favorable to individuals who are more susceptible to pollution as long as disparities among agents are not too great. We conclude that an environmental policy can be a useful tool to enhance growth and address inequality in addition to improving the environment, but to do so, the government should implement the policy before disparities among agents become too great. Thus, our analysis provides new insights into the relationship between pollution and inequality and the role that an environmental policy can play in determining economic conditions through the channel of life expectancy.

Appendix

Proof of Proposition 1

For technical reasons, the study of the existence of balanced growth path equilibria is done in two parts: when there is no inequality among households (i.e. x p 1) and when inequality exists among them (i.e. x p 1) at such long-term states.36 

BGP without inequality x p 1

Existence and uniqueness of a BGP without inequality The dynamics of the economy described in (23) when there is no inequality (x p 1) reduces to:

k t 1 1 -fi t 1 1 fi t 1 -"µ A 1 • 1 --k - t ' "µ µ fi t 1 fi t -"µ 1 µ (25) with fi t ‡ 1 a b• Ak - t .
At this BGP, we have k

t 1 k t k.
We rewrite equation ( 25) as 1 2 with:

1 k a b• Ak -1 - ‡ a b• Ak -1 ‡ -"µ and 2 A 1 • 1 --k - ' "µ µ ‡ a b• Ak -1 ‡ -"µ 1 µ
When -1 2 and under Assumptions 1 and 2, 1 is increasing and convex in k and characterized by 1 0 0 and lim k 1 k , while 2 is increasing and concave in k with 2 0 0 and lim k 2 k .

Moreover, 1 0 2 0 . Thus, the two curves cross only once and there exists a unique positive BGP without inequality k E , 1 . The growth factor on BGP E corresponds to:

g E ' ‡"µ a b• Ak - E 1 ‡ -"µ µ (26)
Thus, the growth rate is positive if g E 1, i.e.:

'

a b• Ak - E 1 ‡ -"µ ‡"µ µ ' ( 27 
)

Dynamics of the BGP without inequality

To analyze the stability of the BGP without inequality k E , 1 , we compute the Jacobian matrix associated to the system ( 23) in E:

J k E , 1 F1 kt k E , 1 F1 p k E , 1 F2 kt k E , 1 F2 x p t k E , 1 (28) 
where F 1 and F 2 are two implicit functions given by the dynamical system (23), such that:

k t 1 F 1 k t , x p t and x p t 1
F 2 k t , x p t . Therefore, we use the implicit function theorem to obtain the elements of the Jacobian matrix. The partial derivatives of F 2 at a BGP k, x p are given by:

F2 kt k, x p µ 1 ›x p 1 › 2 1 › x p 1 ›x p 2µ ÷ a b• Ak -1 ›x p 1 › 1 ‡ -"µ a b• Ak - x p 1 ‡ -"µ µ 1 a b• A-k -1 1 ‡ -"µ x p 1 a b• Ak - x p 1 ‡ -"µ 2 (29) F2 x p t k, x p 1 › x p 1 ›x p 2µ ÷ 1 a b• Ak -1 ›x p 1 › 1 ‡ -"µ a b• Ak - x p 1 ‡ -"µ µ 1 1 ›x p 2 1 › 2µ ÷ 1 › 1 ›x p 2 a b• Ak -1 ›x p 1 › 1 ‡ -"µ a b• Ak - x p 1 ‡ -"µ µ x p 1 ›x p 1 ‡ -"µ a b• Ak -1 ‡ -"µ a b• Ak - x p 1 ‡ -"µ 2 (30)
The partial derivatives of F 1 at a BGP k, x p are given by:

F 1 k t k, x p A 1 • 1 -- ' "µ µ V 1 V 2 2 -k -1 V 3 V 1 V 2 k - V 3 V 1 V 2 V 3 V 1 V 2 V 2 F2 kt k, x p W 1 V 4 (31) with V 1 ›x p a b• Ak - x p 1 ‡- a b• Ak - x p 1 ‡ -"µ 1 ›x p a b• Ak -1 ›x p 1 › 1 ‡- a b• Ak -1 ›x p 1 › 1 ‡ -"µ V 2 › ‡ µ x p 2µ ÷ a b• Ak - x p 1 ‡ -"µ µ 1 › ‡ µ 1 ›x p 1 › 2µ ÷ a b• Ak -1 ›x p 1 › 1 ‡ -"µ µ V 3 › ‡ x p 2 a b• Ak - x p 1 ‡ -"µ ‡ 1 ›x p 2 1 › a b• Ak -1 ›x p 1 › 1 ‡ -"µ V 4 A 1 • 1 --k - ' "µ µ V3 V2 V1 2 ›x p a b• A-k -1 ‡"µx p a b• Ak - x p 1 ‡ -"µ 2 1 ›x p a b• A-k -1 ‡"µ 1 ›x p 1 › a b• Ak -1 ›x p 1 › 1 ‡ -"µ 2 1 W 1 › a b• Ak - x p 1 a Ak - x p 1 ‡ -"µ a b• Ak - ‡"µx p a b• Ak - x p 1 ‡ -"µ 2 a b• Ak -1 ›x p 1 › 1 ‡- a b• Ak -1 ›x p 1 › 1 ‡ -"µ a b• Ak - ‡"µ 1 ›x p 1 › a b• Ak 1 ›x p › 1 ‡ -"µ 2 V 2 µ ‡ a b• A-k -1 › x p 2µ ÷ a b• Ak - x p 1 ‡ -"µ 1 µ 1 › 1 ›x p 1 › 2µ ÷ a b• Ak -1 ›x p 1 › 1 ‡ -"µ 1 µ V 3 ‡ a b• A-k -1 › x p 2 a b• Ak - x p 1 ‡ -"µ 2 1 ›x p 2 1 › a b• Ak -1 ›x p 1 › 1 ‡ -"µ 2 and F 1 x p t k, x p A 1 • 1 -k - - ' "µ µ V1V2 2 W 3 V 1 V 2 V 3 V 1 W 2 V 2 F2 x p t k, x p W 1 V 4 (32) with W 2 › ‡ µ 2µ ÷ x p 2µ ÷ 1 a b• Ak - x p 1 ‡ -"µ µ x p 2µ ÷ µ 1 ‡ -"µ a b• Ak - x p 1 ‡ -"µ 1 µ 2µ ÷ 1 ›x p 1 › 2µ ÷ 1 a b• Ak -1 ›x p 1 › 1 ‡ -"µ µ 1 ›x p 1 › 2µ ÷ µ 1 ‡ -"µ a b• Ak -1 ›x p 1 › 1 ‡ -"µ 1 µ W 3 › ‡ 2x p a b• Ak - x p 2 1 ‡ -"µ a b• Ak - x p 1 ‡ -"µ 2 2 1 ›x p 1 › a b• Ak - 1 ›x p 1 › 2 1 ‡ -"µ a b• Ak -1 ›x p 1 › 1 ‡ -"µ 2 On the BGP without inequality, F2 kt k E , 1 F1 x p t k E , 1 0, while F1 kt k E , 1 and F2
x p t k E , 1 are greater than 0. Thus, the two eigenvalues are given by: F1 kt k E , 1 and F2

x p t k E , 1 . Under Assumptions 1 and 2, under the condition -1 2, and substituting the expression of k E given in (25) in the BGP k E , 1 , we have 0

F1 kt k E , 1 1. Thus, BGP E is stable iif F2 x p t k E , 1 1, which is equivalent to: 1 2µ ÷ µ 1 ‡ -"µ a b• Ak - E 1 ‡ -"µ 0 ( 33 
)
When the condition (33) is satisfied, the BGP without inequality is locally stable (a sink), otherwise it is a saddle point. This condition can be rewritten in terms of ÷ as ÷ ÷ • with

÷ • 1 µ 2 a b• Ak - E 1 ‡ -"µ a b• Ak - E 1 ‡ -"µ (34)
The BGP without inequality E is stable when ÷ ÷ • and corresponds to a saddle point when ÷ ÷ • .

Note that when µ ÷ 0, the condition (33) is always satisfied, i.e. BGP E is always stable, while when µ ÷ 1, (33) is never satisfied, i.e. BGP E is always a saddle point.

BGP with inequality x p 1

Now, we study the existence and uniqueness of a BGP with inequality (x p 1 x r ). After computations, the dynamical system (23) at a BGP with inequality, when x p t 1

x p t

x p 1 and k

t 1 k t k, corresponds to: k 1 -' ‡"µ µ A 1 • 1 -- a b• Ak -1 ›x p 1 › 1 ‡- a b• Ak - x p 1 ‡ -"µ ›x p a b• Ak - ‡"µ 1 ›x p 1 › x p a b• Ak - ‡
J x p is an increasing function of x p (J x p 0) which is always negative in x p 0 but may become positive for high x p when › 1 2 (J 1 0 when › 1 2).

u is negative as long as J x p I x p . Thus, we can define a threshold xp 0, 1 under which u is negative and above which u is positive for high level of ›.

• The condition u 0 is su cient to ensure that 2 0. Thus, we show that there exists a threshold xp 0, 1 under which 2 is an increasing function of x p and above which 2 may become decreasing (for high level of ›).

• Moreover, 2 0 x p , 2 0 0 and

lim x p 1 2 x p 1 ‡ -"µ A a b• 1 µ ÷ 1 - 0 (37) 

Properties of the function 1

The first equation of ( 35), A k, x p 0, allows to define k 1 x p , with 1 x p an implicit function.

Under Assumptions 1 and 2 and ÷ 1 -1 2, obtain that 1 0 and 1 1 are equal to two positive constants. More precisely, in x p 0 we have:

A k, 0 0 k 1 -' ‡"µ µ 1 › 2 2µ ÷ A 1 • 1 -- ‡ a b• Ak - 1 1 › 1 ‡- a b• Ak - 1 1 › 1 ‡ -"µ µ 1 k 1 - a b• Ak -1 ‡- 1 › A 1 • 1 -- ‡ 1 µ ' "µ µ 1 › 2 2µ ÷ a b• Ak -1 ‡ -"µ 1 › µ (38)
We analyze the properties of 1 0 by studying the last equation. For that, we name the function on the left side f 0 k and the function on the right side g 0 k . Their properties are:

• f 0 is increasing and concave in k, f 0 0 0 and lim k f 0 k .

• g 0 is increasing and concave in k, g 0 0 is equal to a positive constant and lim k g 0 k .

• In k 0, g 0 f 0 . The two curves have not cross yet, thus 1 0 0.

• When k , we have lim k f 0 lim k g 0 . Thus, the two curves cross only once and for a positive and finite value of k.

Therefore, 1 0 is always a finite and positive constant.

In the same way, in x p 1 we have:

A k, 1 0 k 1 - ' ‡"µ µ A 1 • 1 -- ‡ a b• Ak -1 ‡- a b• Ak -1 ‡ -"µ µ 1 k 1 - a b• Ak -1 ‡- A 1 • 1 -- ‡ 1 µ ' "µ µ a b• Ak -1 ‡ -"µ µ (39)
As previously, we study the properties of 1 1 , by looking at the last equation. We name the function on the left side f 1 k and the function on the right side g 1 k , whose properties are:

• f 1 is increasing and concave in k, f 1 0 0 and lim k f 1 k .

• g 1 is increasing and concave in k, g 1 0 is equal to a positive constant and lim k g 1 k .

• In k 0, g 1 f 1 , the two curves have not cross yet thus 1 1 0.

• When k , we have lim k f 1 lim k g 1 . Thus, the two curves cross only once and for a positive and finite value of k.

Therefore, 1 1 is equal to a finite and positive constant.

Comparison of 1 and 2

From the study of the properties of 1 and 2 , we know that 1 0 0 and 2 0 0, it entails that 1 0 2 . that if 1 1 lim

x p 1 2 x p , there exists at least one BGP with inequality. From the study of 1 , the condition 1 1 lim

x p 1 2 x p is equivalent to f 1 k g 1 k in k lim x p 1 2 x p
given in (37). We obtain that 1 1 lim

x p 1 2 x p if A 1 -1 • 1 -- ‡ 1 µ a b• 1 - - '" µ 1 ‡ -"µ 1 -1 µ - 1 µ ÷ 1 - - µ 1 - ‡ ‡" 1 µ ÷ 2µ ÷ 1 1 µ - (40)
where the right side of the equation corresponds to a function R ÷ which is decreasing in ÷. It follows that this condition can be rewritten as ÷ ÷ • where ÷ • is implicitly given by ( 40). Note that this condition is never satisfied when ÷ 1 µ, but can be otherwise.

Thus, under Assumptions 1 and 2 and the conditions 2µ ÷ 1 and -1 2, the condition ÷ ÷ • is su cient so that there exists at least one BGP with inequality. Note that when µ ÷ 0 or µ ÷ 1, 2 corresponds to strictly negative values of k x p , so that there is no BGP with inequality in these cases. 

Proof of Proposition 2

E ect of • on ÷ • : The threshold under which BGP E is stable, i.e. ÷ • , is given by (34) in Appendix 6.1.1. To analyze the e ect of • on the dynamics of E, we compute ÷ • • :

÷ • • µ 1 ‡ -"µ Ak -1 E a b• Ak - E 1 ‡ -"µ 2 bk E a b• - k E • (41)
The e ect of the pollution tax on the dynamics in BGP E depends on k E • . To compute this derivative, we use the dynamical equation ( 25) on the BGP:

k, • k a b• Ak -1 - ‡ a b• Ak -1 ‡ -"µ A 1 • 1 --k ' "µ µ ‡ a b• Ak -1 ‡ -"µ 0
The e ect of • on k in E is given by the implicit function theorem:

k • k E , 1 • k E
After computations, we obtain the two partial derivatives:

• bAk 1 - ‡"µ A 1 --k - ‡ 1 µ ' "µ µ Ak - a b 1 µ 1 • 1 ‡ -"µ a b• Ak -1 ‡ -"µ µ a b• Ak -1 ‡ -"µ 2 (42) k a b• Ak -2 a b• Ak -2 1 - ‡ ‡"µ 1 - 1 ‡ -"µ 1 ‡- A 1 -1 • --k -1 ‡ 1 µ ' "µ µ a b• Ak -1 ‡ -"µ µ Ak - µ a b• 1 ‡ -"µ a b• Ak -1 ‡ -"µ 2 (43) 
And, we have:

Sign ÷ • • Sign bk E a b• - k E • Thus, ÷ • • 0 iif: bk E a b• Ak - E 2 a b• Ak - E 2 1 - ‡ ‡"µ 1 - 1 ‡ -"µ 1 ‡- A 1 -1 • --k - E ‡ 1 µ b ' "µ µ a b• Ak - E 1 ‡ -"µ µ Ak - E µ a b• 1 ‡ -"µ a b• - bAk 1 - E ‡"µ A 1 --k - E ‡ 1 µ ' "µ µ Ak - E a b 1 µ 1 • 1 ‡ -"µ a b• Ak - E 1 ‡ -"µ µ 0 (44) 
It can be rewritten as: 40) is always satisfied when • tends to 1. Thus, a higher tax rate increases the range of parameters for which there exists at least one BGP with inequality.

bk E a b• Ak - E 2 a b• Ak - E 2 1 - ‡ ‡"µ 1 ‡ -"µ 1 ‡- a b• - A 1 --k - E ‡ 1 µ ' "µ µ Ak - E a b a b• Ak - E 1 ‡ -"µ µ 1 ‡ -"µ A 1 ---k - E ‡ 1 µ ' "µ µ a b• Ak - E 1 ‡ -"µ

Proof of Proposition 3

We analyze the e ect of the tax rate on the growth factor in the BGP without inequality g E , given by (24). Its derivative with respect to • is:

g E • ' ‡"µ µ µ a b• Ak - E 1 ‡ -"µ µ 1 k -1 E bAk E a b• A- k E •
The e ect of the pollution tax on the growth rate in BGP E depends on k . The growth rate on the BGP without inequality g E increases following an increase in the pollution tax.

Sensitivity Analysis

In this section, we analyze the robustness of our results with respect to two key parameters: the share of poor individuals in each cohort › and the weight of intergenerational transmission in human capital accumulation ÷. Note that we have performed these analyses for a large number of tax rates, but as the results are similar, we only report here the results for • 0 to save space.

Distribution of the two types of individuals in the population: ›

The e ect of › is illustrated in Figure 6 and Table 2. The share of poor people in each cohort does not a ect the value of the BGP without inequality but modifies the BGP with inequality. On the latter BGP, the higher the share of poor individuals › is, the higher the capital-labor ratio k I and the lower the relative human capital of poor agents x p I . This entails that, at I, human capital inequality will be wider and the growth rate will be lower. However, the dynamics of both BGPs remain the same. Thus, the threshold in terms of initial inequality under which the economy is in the inequality trap is lower. Other things being equal, a higher › implies that the relative disadvantage of poor agents with respect to the rest of the population is lower, which facilitates human capital convergence. Weight of intergenerational transmission in human capital accumulation: ÷ Figure 7 and Table 3 illustrate the evolution of the two BGPs with respect to ÷. As for ›, an increase in ÷ has no e ect on the variables on the BGP without inequality E. On the contrary, on the BGP with inequality, it reduces the capital labor ratio k I and increases the relative human capital of poor agents x p I . Thus, the growth rate on BGP I is higher while the level of inequality is lower. However, regarding the dynamics, I is a saddle point and defines the trap (when ÷ ÷ • ). Therefore, up to the threshold ÷ • 37 , an increase in ÷ entails that the trap moves to the right and hence that its size increases. At this threshold, I disappears and E becomes a saddle point and defines the new trap of an even larger size. After ÷ • , a higher ÷ continues to enlarge the trap, i.e., moves the blue curve (representing the second dynamical equation of ( 23)) to the right. Therefore, other things being equal, a higher ÷ favors the transmission of inequality and hence makes it more likely that an economy is in a trap with rising inequality. 

Figure 2 :

 2 Figure 2: Structure of the model.

23

  While having only one parameter in the longevity function may appear restrictive, our results are robust to the introduction of another parameter, e.g. ‹ in fi it ‡h i t P t ‹ h i t P t .Note that this parameter, driving the vulnerability of individuals to pollution, would only reinforce our mechanism by increasing the size of the trap when becoming higher. Proof available upon request.24 While the lower bound is equivalent to the U.S. life expectancy at birth in the 1930s (60), the upper bound is close to the value expected by the U.S. Census Bureau for 2060 (84 years).25 We provide a sensitivity analysis with respect to the distribution of the population › in Appendix 6.4.the preference for children's human capital " to 0.35 to match U.S. data on the annual long-term growth rate (i.e., approximately 1.7%) and the U.S. share of education expenditure in GDP on the balanced growth path (i.e., between 5 and 8%). 26 For the production technology, the share of physical capital in the production functionis set to 1 3 in accordance with empirical data, and total factor productivity A is a scale parameter set to 1. Regarding pollution, the weights of production and of environmental maintenance in the pollution flow are chosen to satisfy the condition that a b, thus ensuring that there are pollution emissions in the presence of economic activity, i.e., a 0.6 and b 0.4.

  obtain a clearer picture of the di erent scenarios, we analyze the existence and dynamics of the balanced growth paths in the calibrated economy. For the set of parameters considered, we obtain the following result and represent the dynamics of the economy in Figure 3. 28 Numerical result 1 i When ÷ ÷ • , there exists a unique BGP, which is that without 26 See the long-term projections for the U.S. economy of the OECD (2014a) on growth and the Digest of Education Statistics 2012 of the U.S. Department of Education for data on the education share.27 All the following numerical results are obtained by considering all ÷ and • with a pitch value of 0.000001 units.28 The second dynamical equation in (23), represented by the blue curve in Figure3, is discontinuous at x p 1.

Figure 3 :

 3 Figure 3: Phase diagrams when ÷ ÷ • (left panel) and when ÷ ÷ • (right panel).

  an illustration, for an intermediate weight of intergenerational transmission (÷ 0.2) and without an environmental policy (• 0), the estimated losses generated by inequality equal approximately 10 years of average life expectancy in the long run and approximately 0.4 percentage points of long-term economic growth per year, which represents substantial damage to cumulative growth.31 
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Figure 4 :

 4 Figure 4: Phase diagrams when ÷ 0.35, i.e., ÷ ÷ 0 , for di erent tax rates • , with x p on the X-axis and k on the Y-axis.

  Figure 5: A representation of the dynamics when x p 1 (with 1 decreasing in x p ).

  for -1 2, the threshold ÷ • depends positively on the tax rate • . When • 1is always since we assume that µ ÷ 1. Thus, when • tends to 1, the BGP without inequality is always stable.E ect of• on ÷ • : Under Assumptions 1 and 2, for 2µ ÷ 1 and -1 2, we have obtained the condition (40) such that at least one BGP with inequality exists. This condition can be rewritten as L • R, where • only intervenes in L and L • • 0. Thus, an increase in the tax makes the condition (40) more easily satisfied. This condition corresponding also to ÷ ÷ • , we deduced that the threshold ÷ • depends positively on • . Moreover, (

Figure 6 :

 6 Figure6: Sensitivity analysis with respect to › (when • 0 and ÷ 0.25), in which the solid lines capture the case › 0.5 and the dashed lines capture the case › 0.9.

Figure 7 :

 7 Figure 7: Sensitivity analysis with respect to ÷ (when • 0 and › 0.5), in which the dashed lines capture the case ÷ 0.2 and the solid lines refer to the case ÷ 0.3.

  or Ra n and Seegmuller (2014):

	Assumption 1			
	t fi i	fi	h i t	‡h i t P
			P	t

t 1 h i t P t (2) with ‡ 0, 1 being the upper bound of longevity. Thus, fi t 0, 1 , fi h i t P t 0 and fi h i t P t 0. 9

Table 1 :

 1 Description of the model parameters.

	Parameter	Description

Table 2 :

 2 Sensitivity Analysis with respect to › when • 0 and ÷ 0.25. CAGRj represents the compound annual growth rate on the balanced growth path j E, I, while LE i j corresponds to the life expectancy in years of individual i on BGP j.

	›	k	I	x p I	gI	CAGRI	fi p I	fi r I	LE p I	LE r I	AverageLEI
	0.50	0.0241	0.0955	1.5412	1.452%	0.3197	0.8250	69.5919	84.7485	77.1702
	0.70	0.0271	0.0738	1.4473	1.240%	0.2615	0.8515	67.8435	85.5435	73.1535
	0.90	0.0355	0.0480	1.2439	0.730%	0.1762	0.8818	65.2848	86.4547	67.4018
	›	k	E	gE	CAGRE	fiE	LEE		EigenvaluesE	EigenvaluesI
	0.50	0.0209	1.6506	1.684%	0.7724	83.1706	0.911051; 0.318788	1.17236; 0.321711
	0.70	0.0209	1.6506	1.684%	0.7724	83.1706	0.911051; 0.318788	1.20855; 0.324857
	0.90	0.0209	1.6506	1.684%	0.7724	83.1706	0.911051; 0.318788	1.27981; 0.328051
	Notes:										

Table 3 :

 3 Sensitivity Analysis with respect to ÷ when • 0 and › 0.5. CAGRj represents the compound annual growth rate on the balanced growth path j E, I, while LE i j corresponds to the life expectancy in years of individual i on BGP j.

	÷	k	I	x p I	gI	CAGRI	fi p I	fi r I	LE p I	LE r I	AverageLEI
	0.20	0.0259	0.0444	1.4847	1.326%	0.1801	0.8251	65.4019	84.7530	75.0775
	0.25	0.0241	0.0955	1.5412	1.452%	0.3197	0.8250	69.5919	84.7485	77.1702
	0.30	0.0223	0.2365	1.6010	1.581%	0.5251	0.8213	75.7518	84.6403	80.1960
	0.35 0.39		? ?	? ?						
	÷	k	E	gE	CAGRE	fiE	LEE		EigenvaluesE	EigenvaluesI
	0.20	0.0209	1.6506	1.684%	0.7724	83.1706	0.861051; 0.318788		1.2362; 0.32274
	0.25	0.0209	1.6506	1.684%	0.7724	83.1706	0.911051; 0.318788	1.17236; 0.321711
	0.30	0.0209	1.6506	1.684%	0.7724	83.1706	0.961051; 0.318788	1.08036; 0.320204
	0.35	0.0209	1.6506	1.684%	0.7724	83.1706	1.01105; 0.318788	
	0.39	0.0209	1.6506	1.684%	0.7724	83.1706	1.05105; 0.318788	
	Notes:										

In this illustration, we calibrate the model to match the features of the U.S. economy, which is characterized by substantial health inequalities and seeks to address this issue.

The same choice is made by, e.g.,[START_REF] Pautrel | Pollution and life expectancy: How environmental policy can promote growth[END_REF] and[START_REF] Aloi | Inequality, growth and environmental quality trade-o s in a model with human capital accumulation[END_REF].

It may correspond, e.g., to clean air strategies implemented to reduce the use of fossil fuels through investments in renewable energy or green transportation subsidies.

The condition that ' ' means that human capital accumulation has to be su ciently e cient to have a positive growth rate in the long-term state without inequality. If it is not satisfied, the growth rate of human capital is always negative, causing the economy to collapse.

The condition that ÷ ÷ • is su cient but not necessary. The expression ÷ • is implicit but deduced from Appendix 6.1.2. The e ects of • on ÷ • and ÷ • are detailed in Section 4.1.

Such equilibrium is possible because agents di er only in the initial level of human capital. We do not assume in this model that poor individuals are less able to acquire skills.

By definition, 0 x p 1. Thus, the economy can still achieve the BGP without inequality (x p 1) under few initial conditions where x p 0 is very high and k0 is very low. We analyze the extent of inequality when kE, 1 is unstable in the numerical illustration in Section 3.2.

[START_REF] Castello-Climent | Human capital inequality, life expectancy and economic growth[END_REF] isolate the life expectancy channel by assuming that human capital formation depends only on an investment in time. Thus, they do not consider the other aforementioned e ects.

This result holds even if the trap is bounded by E (i.e., when ÷ ÷ • ): As x p 0, 1 , the economy will converge to E if its initial conditions are on the stable branch SSE or to its right (shaded area in Figure3).

Note that when • tends to 1, ÷ • is always greater than ÷.

When x p 1, rewrite the system (23) as two functions of k depending on x p requires to divide by zero in the second dynamical equation.

Properties of the function 2

The second equation of ( 35) defines k 2 x p . Under Assumptions 1 and 2 and the conditions 2µ ÷ 1 and -1 2, the properties of this function are:

• Sign 2 u v uv with:

We rewrite this last equation as u I x p J x p , where I x p corresponds to the first part (first line) of the equation and J x p corresponds to the second one.