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AN ALGORITHM TO DETERMINE REGULAR SINGULAR
MAHLER SYSTEMS

COLIN FAVERJON AND MARINA POULET

ABSTRACT. This paper is devoted to the study of the analytic properties of Mahler
systems at 0. We give an effective characterisation of Mahler systems that are
regular singular at 0, that is, systems which are equivalent to constant ones. Similar
characterisations already exist for differential and (¢-)difference systems but they do
not apply in the Mahler case. This work fill in the gap by giving an algorithm which
decides whether or not a Mahler system is regular singular at 0.
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1. INTRODUCTION

Let K be the field of Puiseux series with algebraic coefficients i.e. the field

Ja((="))

deN*

For an integer p > 2 we define the operator

¢ K — K
fz) = f(=P)°

The map ¢, naturally extends to matrices with entries in K. A p-Mahler system or,
for short, a Mahler system is a system of the form

(1) ¢p(Y) =AY, A€GL,(Q(z)).
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The study of Mahler systems began with the work of Mahler in 1929 [Mah29, Mah30a,
Mah30b]. Nowadays, there is an increased interest in their study because they are
related to many areas such as automata theory or divide-and-conquer algorithm (see
for example [Cob68, MF80, Dum93, Nis97, Phil5, AF17, AF20] for a non-exhaustive
bibliography). In this paper, we focus on the singularity at 0 of Mahler systems.
Similarly to the case of differential or (¢-)difference systems, a singularity at 0 of a
Mahler system can be regular. In that case, we say that the Mahler system is regular
singular at 0. Otherwise, the system is irregular at 0. Precisely, we have the following
definition.

Definition 1. A p-Mahler system (1) is regular singular at 0, or for short regular
singular, if there exists ¥ € GL,, (K) such that ¢,(¥)"tA¥ is a constant matrix.

The singularities of differential or (¢-)difference systems have been widely studied
and algorithms have been given. One of the main interests in studying the regular
singular systems is the good analytic properties of their solutions. Linear differential
systems have been some of the first ones to be studied. A linear differential system
is regular singular at z = 0 if and only if all of its solutions have moderate growth
at z = 0, that is, at most a polynomial growth (see for example [vdPS03, theorem
5.4]). Some criteria and algorithms have been given for a linear differential system to
have a regular singularity, see for example [Birl3, Mos59, HW86, Hil87, Bar95]. Then,
algorithms have been given for other systems such as difference systems and ¢-difference
systems (see for instance [Pra83, Bar89, BP96, BBP0§]). In [BBP08], the authors give
a general algorithm for recognizing the regular singularity of linear functional equations
satisfying some general properties. This algorithm applies to many systems such as
differential systems and (¢—)difference systems. However, this general algorithm does
not apply to the study of the regular singularity at 0 of Mahler systems because the
Mahler operator ¢, does not preserve the valuation at 0. The aim of this paper is to
fill in this gap and to present an algorithm which decides whether or not a Mahler
system is regular singular at 0.

In general, a Mahler system does not admit a fundamental matrix of solutions in
GL,, (K). To find such a matrix, one has to consider some extensions of K. Let H
denote the field of Hahn power series. One can extend the operator ¢, to H. In
[Roq20], Roques proved that for every p-Mahler system there exists a matrix U €
GL,,(H) such that ¢,(V)"tAV is a constant matrix. In the mean time, for any
constant Mahler system one can build a fundamental matrix of solutions using the
functions log log(z) and log®(z), a € C (see [Roql8]). Thus, any Mahler system has a
fundamental matrix of solutions of the form VO, where ¥ is matrix with entries in H
and O is a fundamental matrix of solutions of a constant system. Among them, the
regular singular systems are those for which the matrix ¥ belongs to GL,,(K). The
restriction to the subfield K of # is essential to preserve the analytic properties of
the system. In particular, if f € K™ is a column vector, solution of a Mahler system,
it follows from Randé’s Theorem [Ran92, BCR13] that the entries of f are ramified
meromorphic functions inside the unit disk.

Definition 2. Let p > 2 be an integer, and let A, B € GL,, (@(z)) Let k C H be a
field. The p-Mahler systems

¢p(Y) =AY and ¢,(Y)=BY
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are said to be k-equivalent if there exists a matrix ¥ € GL,, (k) such that
op(V)B = AV .
In that case, the matrix V¥ is called the associated gauge transformation.

This choice for the equivalence class ensures that if Y is such that ¢,(Y) = AY then
op (\IJ_IY) =B (\IJ_IY). With this definition, the regular singular systems are the
ones that are K-equivalent to a constant system.

A Mabhler system is said to be Fuchsian at 0 if the entries of A are analytic functions
at 0 and A(0) € GL,, (@) To say it differently, a system is Fuchsian at 0 if 0 is not
a singularity of this system. It follows from [Roql8, Prop. 34| that systems which are
Fuchsian at 0 are regular singular at 0. Since the multiplication by a rational function
of a system does not modify its equivalence class, there exist systems which are regular
singular at 0 but are not Fuchsian at 0. Note that not all Mahler systems are regular
singular at 0. For example, the system

¢2(Y)=;(% 11)Y

z z

associated with the generating series of the Rudin-Shapiro sequence is not regular
singular at 0 (see Section 6). The main result of this paper reads as follow.

Theorem 1. Let A € GL,, (@(z)) and p > 2. There exists an algorithm which
determines whether or not the Mahler system (1) is reqular singular at 0. This is done
by computing the dimension of an explicit Q-vector space. If the system is reqular
singular at 0 the algorithm computes a constant matriz to which the system is equivalent
and a truncation at an arbitrary order of the Puiseux development of the associated
gauge transformation.

In [CDDM18], the authors built an algorithm to decide whether or not a Mahler
system has a fundamental matrix of solutions in GL,,(K). In that case, the system is
regular singular at 0 and K-equivalent to the identity matrix. From this point of view,
Theorem 1 can be seen as a generalisation of the results of [CDDM18].

Remark 1. Tt is also interesting to look at Mahler systems around other fixed points
of ¢, such as 1 and co. Using the change of variable z = e one can test the regular
singularity at 1 using the theory of g-difference linear systems. Furthermore, one
can know if a system is regular singular at oo by applying Theorem 1 to the system
A(1/z). In particular, when a Mahler system is regular singular at 0, 1 and oo, the
second author [Pou20] has proved a density theorem for the Galois group of the system.

The paper is organised as follows. In section 2 we state Theorem 2, which refines the
first part of Theorem 1. We define a vector space whose dimension gives a necessary
and sufficient condition for a Mahler system to be regular singular at 0. Assuming
that the system is regular singular at 0, we determine in section 3 an upper bound
for the degree of ramification of the gauge transformation ¥ and a lower bound for
the valuation of its entries. Our proof relies on the Cyclic Vector Lemma for Mahler
systems for which we provide a simple proof together with an algorithm. Section 4 is
then devoted to the proof of Theorem 2. We build an isomorphism between the Q-
vector space spanned by the columns of ¥ and the vector space described in Theorem
2. The algorithm of Theorem 1 is described in section 5 and a bound for its complexity
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is given. Section 6 is devoted to the study of some examples. Eventually, in Section 7
we discuss some open problems.

Notation. We let Q denote the algebraic closure of Q in C and @* =Q\ {0}. We
let vo : Q[[z]] = Q denote the valuation at z = 0: for f € Q[[z]], vo(f) is the greatest
integer v such that f belongs to the ideal 2°Q[[z]]. It extends uniquely to K. We also
extend it to the set of matrices with entries in K where vg(U) denotes the minimum
of the valuations at 0 of the entries of a matrix U. For a matrix U € M, m, (K) we
write
U= > Unz"? with Up € Mpym, (Q),d €N
n>vo(U)

and we let U,, denote the zero matrix of size mj xmg, when n < vo(U). Let R = P/Q be
a rational function, P, Q € Q]z] relatively prime. We let deg(R) denote the maximum
of the degrees of P and . This notation extends to matrices with entries in Q(z),
taking the maximum of the degrees of the entries.

Our bounds for the complexity of the algorithms presented here are given in terms
of arithmetical operations in Q. Given f,g : N — Ry we use the classical Landau
notation f(n) = O(g(n)) if there exists a positive real number « such that f(n) < kg(n)
for every integer n large enough. Given an integer n, we let M(n) denote the complexity
of the multiplication of two polynomials of degree at most n, and MM(n) denote the
complexity of the multiplication of two matrices of size n.

For the sake of clarity, we shall denote by roman capital letters A, B, C, ... matrices
whose coefficients are effectively known and by Greek capital letters ¥, 0, A, --- the
other matrices. While matrices are denoted by capital letters ¥, 0, U, ..., the columns
of these matrices should be denoted by bold lowercase letters 1,0, wu, .. ..

2. A CHARACTERISATION OF REGULAR SINGULARITY AT 0
Let d > 1 be an integer. We set B(d) := ¢4(A)~! and we denote by
B(d):= Y Bu(d)"
n>dvg(A—1)
the development of B(d) in Laurent power series. Set
(2) pa == [—dvo (A7") /(p— 1), and vq == [dvo(A)/(p — 1)].
Since AA™! = I,,,, we have vo(A) + vg (A_l) <0so
dvo(A)/(p—1) < —dvo (A7) /(p— 1)
and eventually, vy < pg. We let My and Ny denote the block matrices
My := (Bi—p;j(d))vy<ij<pq
and
Ny = (Bi—Pj(d))dvo(A*1)+pE§i§Vd—l, va<j<pa I Vd < fid
0c Ml,m(udflld+l) (Q) if Vg = Kd

Remark 2. The condition vg < pg ensures that the matrix is well-defined because it is
equivalent to

(3) dvg(A™) +prg <wvg—1.



AN ALGORITHM TO DETERMINE REGULAR SINGULAR MAHLER SYSTEMS 5

Indeed, if vy satisfies (3), then
< —dvo(Afl) B 1
- op—1 p—1

Vg < lq -

Conversely, if vy < 4, then

—d’Uo(Al)-‘ 1< —d?}o(Ail) 1

VdS,Ud—lzlr b1 -

p—1 p—1"
which is equivalent to (3). The last inequality comes from the fact that the number
{_dvo(?il)—‘ - ‘d”;ﬁ‘*l) is of the form b/(p — 1) with b € {0,...,p — 2}.

=
Let ker(Ny) denote the (right) kernel of Ny in @m(”dﬂ/‘ﬁl). When vy = g we have
ker(Ny) = Q™) Ror an integer n € N we set
M;" - ker(Ng) = ker(NgMg) .
We also let
(4) D={deN,1<d<p™—1|ged(d,p)=1}CN

The following result gives a necessary and sufficient condition for a system to be regular
singular at 0.

Theorem 2. The system (1) is reqular singular at 0 if and only if there exists an
integer d € D such that the dimension of the Q-vector space

Xg = ﬂ M} - ker(Ng)
nez

is greater than or equal to m. In that case, it is equal to m and the system (1)
is Q((2"/%))-equivalent to a constant system. Furthermore, there is an algorithm to
compute this integer d.

Remark 3. We show in Lemma 16 that
Xa= (] M7 ker(Ng)

—cqg<n<cq

where ¢ :=m (ug —vqg+1).

3. INDEX OF RAMIFICATION AND VALUATION AT 0 OF A GAUGE TRANSFORMATION

Assume that the system is regular singular at 0. The entries of the associated gauge
transform belong to z*Q[[z'/%]] for some integers v € Z and d > 1. The aim of this
section is to provide an upper bound for the ramification index d and a lower bound
for the valuation v.

3.1. The Cyclic Vector Lemma. For the sake of completeness, we develop here a
proof of a result called the Cyclic Vector Lemma. Any Mahler system is associated
with an homogeneous Mahler equation, that is an equation of the form

QY + 01ép(y) + Ery) + -+ Gmo10) " (y) — o (y) =0,

with qo, ..., @n_1 € Q(z). This result is known as the Cylic Vector Lemma. We provide
a proof of this result here, together with an algorithm to realize it.
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Theorem 3 (Cyclic Vector Lemma). Every Mahler system (1) is @(z)-equivaleﬁt to
a companion matriz system, i.e., there exist P € GLy, (Q(z)) and qo, - - ., gm-1 € Q(2)
such that qi)p(P)AP_1 = Acomp where

0 1 o --- 0
(5) Acomp - 0

0 - --- 0 1

qO PEEEEY PEREEY DY qul

Proof. We adapt the proof of Birkhoff given in [Bir30, §1.] and of Sauloy given in
[Sau00, Annexe B.2]. In order to build such a matrix P, we build its rows 71, ..., 7y,.
These rows must be linearly independent and must satisfy

Op(ri) A=mriy1 for 1<i<m-—1.

Therefore, we are looking for a vector » € Q(z)™ such that the vectors r; = 7,

riv1 = ¢p (r;) A, 1 <i < m — 1 form a basis of Q(2)™. For this purpose, we choose
a 20 € Q" not a root of unity such that A (z),..., A4 (me&) € GL,, (@) (such a z

exists because the matrix A has finitely many singularities). Now, by interpolation,
pm—l

since zp, 20, . . ., 2§ are all different, we may choose » € Q(z)™ such that
’I”‘(Z()) = €1
r(z5) = e2A(20)”!

(6) :
r(zl ) = enA(z) ... A (ng,2>—1
where e, ..., e, is the canonical basis of Q(z)™. Set r; := r and define recursively
rit1 = ¢p (i) A, 1 <1 < m — 1. By construction,
ri(z0) = e;.

The matrix P whose rows are 71, . .., 7, satisfies P(z9) = I,,. Thus, P € GL,, (@(z)) .
Set
(Qos- -y Gm—1) := (;Sp(rm)AP_l )

Then Acomp = ¢p(P)AP™! is a companion matrix of the form (5). O

Recall that, from the Lagrange Theorem, the roots of a polynomial
pi=po+piz+pzt+ -+ ppz with po,...,pn_1 € C,pp € C*

have a module strictly less than 1 plus the max of %, 0 <k <h-—1. We thus set

lpll == l—i—max{w, 0§l{:§h—1}.
A

The following algorithm takes a Mahler system as input and returns a matrix P such
that ¢,(P)AP~! is a companion matrix together with the last row of ¢,(P)AP~1.
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Algorithm 1: Find a cyclic vector associated with the Mahler system (1)

Input: A, p.
Output: The last row of a companion matrix Q(z)-equivalent to A and its
associated gauge transform.
Set m the size of A.
Set f the numerator of det(A) and zy := || f||.
for 1 <i,j7 <mdo
Let g € Q[2] stand for the denominator of the entry (i, j) of A.
if |lg|| > 2o then
| 20 = llgll.
end
end
Let r € Q[z]™ satisfy the interpolation (6).
Set P the matrix with rows 7 := 7, ripq1 = ¢p(ri)A, 1 <i<m — 1.
return P and ¢,(r,,)AP™L.

Proposition 4. Algorithm 1 has complezity
O(MM(m)M(p™ (deg(A) +m))) .

Proof. The computation of det(A) has complexity O(MM(m)M(deg(A4))). Given a
polynomial P, the complexity of computing || P|| is O(deg(P)). Thus, the computation
of zg has complexity

O(m? deg(A) + MM (m)M(deg(A))) .

To obtain r we need to compute the matrices

(A(zo)A(zg)A(zg2)...A(zgk>>_1, 1<k<m-2.

This has complexity O (m?deg(A) + mMM(m)). Then, we must interpolate at m
points, for each of the m entries of , which has complexity O(mM(m)log(m)). Since
r has degree m — 1 the computation of P has complexity O(m2M(p™~!(deg(A)+m))).
Then we need to compute the inverse of P which takes

OMM(m)M(p™ ™ (deg(4) + m))).

Thus, the computation of ¢, () AP~! has complexity O(MM(m)M (p™(deg(A)+m))).
Eventually, Algorithm 1 has complexity

O(MM(m)M(p™ (deg(A) +m))).
O
3.2. On the possible ramification indexes of a gauge transformation. Recall

that, from (4), D is the set of d € {1,...,p"™ — 1} such that p and d are relatively
prime. The aim of this subsection is to prove the following result.

Proposition 5. Assume that the system (1) is reqular singular at 0 with an associated
gauge transformation ¥ € GL,, (K). Then, the matriz U belongs to GLy, (@((zl/d)))
for some d € D. Furthermore, Algorithm 2 below computes such an integer d.
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Let
(7) A = ¢, (V) 1AV € GL,(Q)

denote the constant matrix which is K-equivalent to A. Without loss of generality, we
assume that A has a Jordan normal form that is

JSl ()‘1>

Jso (A
A e 2( 2)

Tsr (Ar)

where Ai,..., A, are algebraic numbers and J,()\;) is the Jordan block of size s; asso-
ciated to the eigenvalue ;. Let

¢1,1’ e 7w1731’¢2717 s 7111)27527' . '71101”,13 s 7llnbr7sr

denote the columns of ¥ indexed according to the Jordan normal form of A. From (7),
for any 4,7 € N such that 1 <i <r, 2 <j <s; one has

(8) Nidp(Pi1) = A1, and Nigp(, ;) + dp(; 1) = A, ;.

Before proving Proposition 5 we need two lemmas about the solutions of homogeneous
and inhomogeneous linear Mahler equations.

Lemma 6. For any system (1), there exists an integer d € D such that for any A € @
and f € K™ satisfying

(9) Aop(f) = Af
we have f € @((zl/d))m.

Proof. By Theorem 3 there exists P € GL,,(Q(z)) such that Acomp = ¢p(P)AP ™! is
a companion matrix, that is,

0 1 0o -- 0

(10) Acomp = T 0 where qo,...,qm-1 € @(Z) :
0 -~ - 0 1
qo e e e qm_l

We let f, A be as in the lemma. We have

)‘¢p(P.f) = Acompp.f'
Substituting Pf to f, we might assume that A = Acomp. Let f1,..., fm € K be the
entries of f. Since A is a companion matrix, for every i € {1,...,m — 1},
fir1 = Agp(fi)-
Thus, in order to prove that f € Q ((zl/d))m, it is enough to prove that f; € @((zl/d)).
It follows from (9) and (10) that f; is a solution of the Mahler equation
(11) Q@Y + Aq10p(y) + -+ N gmo10) T (y) — A (y) = 0.

From [CDDM18, Prop. 2.19], there exists an integer d € D such that any solution
y € K of (11) belongs to Q ((zl/d)). Furthermore, as shown in [CDDM18], this integer
d depends only on the valuation of the rational functions which are the coefficients of
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the Mahler equation (11). In particular, it does not depend on A. Precisely, let H € R?
denote the lower hull of the set

{(®",vo(@)} U{(®™,0)}.

The integer d can be taken to be the least common multiple of the denominators of
the slopes of # which are prime together with p. We fix such an integer d. Therefore,
f1 € Q((2/4)) and d does not depend on . O

Lemma 7. Consider a system (1) and let d be the integer obtained in the Lemma 6
for this system. If g € Q((zY/4))™, X € Q" and f € K™ satisfy

(12) o(FIX+g=Af
then f € Q((z¥/4))m.

Proof. By Theorem 3, there exists P € GL,,(Q(z)) such that Acomp = ¢p(P)AP™L is
a companion matrix of the form (10). We let f,g, A be as in the lemma. We have

(bp(Pf))\ + d)p(P)g = AcompP.f

so up to replace Pf with f and ¢,(P)g with g, we might assume that A = Acomp.
Since A is a companion matrix, for every i € {1,...,m — 1},

fir1 = gi + Abp(fi)-
Thus, it is enough to prove that f; € Q((z*/%)). It follows from (10) and (12) that
(13) Qof1+ A dp(f1) + -+ N o190 T (L) = AR (f1) = go,

where gy € @((zl/d)) is a Q(z)-linear combination of the ¢{;(gi), i€ {1,...,m},
j €10,...,m—1}. Assume that f; does not belong to Q ((zl/d)) and let A be the sum
of all the monomials in the Puiseux series development of f; whose power cannot be
written as k/d, with k € Z. Since ged(d, p) = 1, none of the monomials of the power
series d)fj(h), ¢ € N, belong to Q ((zl/d)). On the other hand, since fi —h € Q ((zl/d)),
¢f)(f1 —h)eQ ((zl/d)) for every ¢ € N. It thus follows from (13) that h is a solution
of (11), the Mahler homogeneous equation associated with (13). From Lemma 6,
heQ ((zl/d)), a contradiction. O

The following algorithm computes an integer d € D satisfying the properties of
Lemma 6.

Algorithm 2: The integer d
Input: A, p.
Output: An integer d satisfying the properties of Lemma 6
Compute the last row (qo, ..., ¢m—1) of the matrix Acomp with Algorithm 1.
Compute the lower hull H of the set {(p’, vo(q;)} N {(p™,0)}.
Compute S the set of denominators of the slopes of H which are prime
together with p.
return lem(S).

We can now prove Proposition 5.
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Proof of Proposition 5. Let d denote the integer given by Lemma 6. Fix an integer
i € {1,...,7}. We prove by induction on j € {1,...,s;} that ¢, ; € Q ((zl/d))m for
every j € {1,...,s;}. From (8), the vector 1, ; satisfies

)\i¢p(¢i,1) = A1/’z’,1-

Thus, from Lemma 6, 9, ; € Q ((zl/d))m. Fix an integer j € {2,...,s;} and assume
that ¢, ; ; € Q ((zl/d))m. From (8), v, ; satisfies

Nidp(; ;) + Pp(th; 1) = A, 5
thus it follows from Lemma 7 that v, ; € Q ((zl/d))m, as desired. O

3.3. A lower bound for the valuation of a gauge transformation. Assume that
the system (1) is regular singular at 0. Let ¥ € GL,,(K) such that ¢,(¥) 1AV is a
constant matrix. We let d € D denote an integer such that the entries of ¥ belong to
Q((2Y)). Write

O(2) = ¢a(V)(z) = Y Onz" and A(z) = »  Ap2",

n>vo(0) n>vo(A)
where O, A, € My, (Q). By definition, vy () = vy (¢4(¥)). We give a lower bound
for vy (©), the valuation at 0 of ©. It follows from the identity ¢, (©) = ¢q(4)OA™?
that

puo (©) = v (0) + duvg(A).
Hence vy (©) > d;’;’f(l‘” thus
vo (©) > vg

where vg = [dvg(A)/(p—1)] is defined in (2). It follows that we have a decomposition
U(z) =30, 0,2/ where ©,, might be a zero matrix. Eventually, we just proved
that the valuation at 0 of the entries of ¢4(V) are greater than vy.

4. PROOF OF THEOREM 2

This section is devoted to the proof of Theorem 2. If the system is regular singular
at 0, we describe how to compute a gauge transformation ¥ such that ¢,(¥) 1AV is
constant with Jordan normal form. Of course, a delicate point in such a construction is
that we have to compute the eigenvalues of this Jordan normal form matrix. Moreover,
the gauge transformation ¥ appears with coefficients in an algebraic extension of the
field spanned by the coefficients of the entries of A, which is not optimal.

4.1. Equations satisfied by the columns of a gauge transformation. We recall
that the Mahler system (1) is regular singular at 0 if and only if there exist matrices

¥ € GL,, (K) and A € GL,,,(Q) such that

op (¥)A = AT .
Assume that the system (1) is regular singular at 0 with gauge transformation ¥ and
a constant matrix A. One has
(14) UAT! = A7, (W)
Then, from Proposition 5, ¥ belongs to GL,,(Q((z/4))) for some d € D. We fix such
an integer d and we apply ¢4 to (14):

(15) OA~! = B¢, (©)
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where O := ¢4 (V) and B := ¢4(A™!). These matrices have Laurent series development
O(z) = Z 0,2" and B(z) = Z B,z",
n>vg n>wo(B)
where O, B, € M, (Q) and vg = [dvo(A)/(p —1)].
Remark 4. We infer from (15) that for all n € Z,
(16) O,A7! = Z B;0y.
(k1) - k+pl=n

If n > —dvg (A7) /(p— 1) then the ©; which are taken into account in the right hand
side of (16) are the one for which ¢ < n. Therefore, the sequence (0,,) is uniquely
determined by the matrices ©, with

nZVd

vg < (< Hd,
where 15 = [—dvg (A71) /(p — 1)] is defined in (2).

Assume that the matrix A~! has a Jordan normal form

JS1 (71)
Ail L J52 (’YQ)

I ()

where 71,72, -+, are algebraic numbers and Js,(y;) is the Jordan block of size s;
associated with the eigenvalue ;. Let

01,17 e 701,S1>02,17 o 702,827 cee 707“,17 ceey OT,ST S @((2))771

denote the columns of © indexed with respect to the Jordan normal form of A=!. We
infer from (15) that the columns 6; ; satisfy

7i6i1 = Bgp(0i1)
%i0ij+0ij1 = Bop(0ij) j=>2.
4.2. Computing the column’s candidates. In this section we do not assume any-
more that the system is regular singular at 0. We fix the integer d € D given by
Algorithm 2. We recall that if the Mahler system (1) is regular singular at 0 then the
entries of a gauge transformation ¥ belong to Q ((zl/ d)). Therefore, instead of looking

(17)

for a gauge transformation with entries in Q ((zl/ d)), we shall apply ¢4 to the Mahler
system and look for a gauge transformation with entries in Q((2)). Let

Bi=¢q(A7).

We will show how to build a matrix U with entries in Q((2)) and with as many linearly
independent columns as possible, together with a constant square matrix C' such that

UC = B¢p(U).
Our matrix U may not be a square matrix. As we shall see, it will be if and only if
the system (1) is regular singular at 0. In that case, setting ¥ := ¢ /4(U) we will have
¢p (W) 1 AT = C~! € GL,,(Q), as wanted. Tt follows from (17) that to determine
the columns of this matrix U, one has to solve some homogeneous and inhomogeneous

Mabhler systems. In the mean time, we infer from Remark 4 that this can be done
by solving some equations in a finite number of the coefficients of the Puiseux series
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development of the columns of U. This section is devoted to the construction of the
pair (U, C).
Let M := My and N := Ny be defined as in section 2. We define a map
Ty @((Z))m N @m(ud—wﬁ-l)

gyd

g(z) = ZneZ gnzn =

Ia o

If v is an eigenvalue of M, for all positive integer j, we consider the Q-vector space

V,, = ker ((M - 71)j) N (H ker (N(M - 71)’“)> .
k=0
We set V., o := {0}.

4.2.1. Solving the homogeneous equations.

Lemma 8. Let v € Q. If the equation
(18) f = Bop(f)

has a nonzero solution then v # 0. In that case, the map 74 induces a bijection between
the Q wvector-space of solutions f € Q((2))™ of (18) and V,1. Furthermore, given an
element y € V.1, there is a recurrence relation to determine the coefficients of the
Laurent series development of the vector f € Q((2))™ such that w4(f) = y.

Note that there might be no nonzero solution of (18), even when 7 is a nonzero
eigenvalue of M. More precisely, from this lemma, there exists a nonzero solution of
(18) if and only if 7 is a nonzero eigenvalue of M which satisfies dim (V1) > 1.

Proof. Since the matrix B is nonsingular, we must have v # 0. It follows from the
results in Section 3.3 that any solution in Q((z))™ of (18) has a valuation at 0 greater
than v4. Let f € Q((2))™ with valuation greater than v4 and set

F=>Y f.2"  f,eQ" forn>uy.

n>vy

The function f satisfies (18) if and only if
VneZ, vf,= Y, Bufs

(k) : k+pl=n

where we set f,, = 0 if n < v4. This is equivalent to

Nrg(f)=0 (coming from the cases n < vy)
M7 (f) =~vma (f) (coming from the cases vq <n < pg)

Vnzpa+1, f,= % (Z(k,l):k+p€=n kaé)

The first and the second equality imply that 74(f) € V, 1. As explained in Remark
4, from the third equality in this system, we deduce that the sequence ( fn)nzud is
uniquely determined by the vectors f, with vy < € < g, i.e. it is uniquely determined
by mq (f). Therefore, f is a solution of (18) if and only if 74(f) € V1. Furthermore,
if f and g are two solutions of (18) such that m4(f) = 74(g) then f = g. Since any
y € V, 1 is the image of some f € Q((z))™ of valuation greater than vy, the lemma is
proved. O
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4.2.2. Solving the inhomogeneous equations.

Lemma 9. Let v € Q" and j > 1 an integer. Let g € Q((2))™ be a Laurent power
series with valuation greater than vg and such that wq(g) € V5 j. The map mq induces
is a bijection between the affine space of solutions f € Q((2))™ of

(19) vf+9g=DBopf,
and the affine space of solutions y € V, j11 of
(M —~1)y =ma(g) -
Proof. Set
9=>Y 9g.7" g,€Q",

n>vg
From Section 3.3, any solution of (19) has a valuation greater than 4. Let
F=3 fo )™ foeQ™
n>vg

If n < vy, we set f,, ;=0 and g,, := 0. The power serie f is a solution of (19) if and
only if
VneZ, yfutg.= D, Bifs
(k) : k+pl=n

This is equivalent to

Nrg(f)=0 (from the cases n < vy)

Mrg(f) =~vmqa (f) + 7 (g) (from the cases vg < n < ug)

Vn > Ud + 1, fn = % (Z(k,l):k+p€:n kaf - gn)

The second equality implies that (M —~yI)7q(f) € V,j. Hence, (M —~I) my(f) =0
and thus 7y(f) € I’ﬂ;:l ker(N (M — ~I)¥). Eventually, the first equality implies that
ma(f) € ker(N) = ker(N (M —~I)°). Tt follows that m4(f) € V5 j+1. From Remark 4, a
sequence (f,,),,, verifying the third equation is uniquely determined by m4(f). Thus
f is a solution of (19) if and only if my4(f) € V,, j41 satisfies (M —~I)mq(f) = ma(g),
as wanted. Furthermore, m4(f) is uniquely determined by f. g

4.2.3. Computing each column. We will now select some columns for the matrix U.

Lemma 10. Let v € Q". We have a chain of vector spaces

Voo={0}CcVyiCVypC--CVpC-- C @m(#d*l’dJrl)‘

Set
a(y) =min{fn e N* |V, , =V, 11}
Then, Vyj =V, oy for all j > a(y). Moreover, fori € {1,...,a(v)}, if
k‘%j = dim(V%j) - dim(V%j_l).

then 0 < k%a(V) < k 1 <. < k‘%g < k‘%l.

v,a(7)
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Proof. Let j € N and v € V, ;. Then, (M — vI)’v = 0. Thus, v € ker(N(M — ~yI)?)
and (M — ~yI)7*1v = 0. This proves the first point. The second point is obvious. In
order to prove the last point, fix an integer j € {1,...,a(vy)—1} and consider the linear
map

Yt Vi
x —

= V5i/Vayjia
(M —~Ix -
Its kernel is V; ; so the induced map 9; : V, j41/Vyj — Vo /V4.i—1 is injective. There-
fore, taking the dimensions, we have
Vie{l,...,a(y) — 1}, ky i1 < Ky
O

Lemma 11. We use the notations of Lemma 10. For all j € {2,...,a(Y)}, there exists
a subspace W, ; of V ; such that

Vi = V-1 @ Wy
and such that the map

W’m‘
T —>

= Wy

(M —~I)x

is injective, where we set Wy 1 1=V, 1.

Proof. The proof is similar to a proof of Jordan theorem for nilpotent matrices using
Young tableau. We first choose a basis 'vgam), e ,v,(:(z())
Let 0 < /¢ < a(a) — 1. Assume that we have chosen a basis

(a(v)=0) (a(v)—0)
v, bV

of W, 4(y)—¢- We set My := M — ;I and

of the vector space W, 4(,)-

(a(v)—£-1) _ (a(v)—=0) (a(m)—£-1) _ (a(v)—=4)
vy = Myvy R 7 O/ S
and we complete it with vectors v,(fm*e*l)l, e ,(famfefl) to form a basis of the
voa(y)—et y.a(y)—t-1

vector space W, ;(y)—¢—1. In the end, we have the following Young tableau, where the
jth column is a basis of W, ;.

o)

’Uk‘v 2+1

M
v

vgl) — Mﬁ(v)—lvga(v)) vga(v)—l) — Mvvga(v)) vga(v))
O a1 (@) (167 ) IS Y (1)) N B (1<)
(g’%aw T M”( ; 20(7(61()7)1) Ykyat) ('(_) Jvkwm Yk ()
— A ra(y)—2 (aly)— a(vy)—
’vk%a(w)"'l o M7 Uk%a('v)‘*‘l Uk%a('v)"'l
) a2 @=T) @H=T)
vk%a(v)fl T M7 ka%a(v)*l Uk%a(v)*l
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Let {71,...,7} be the set of all algebraic numbers ~ for which (18) has a solution.
From Lemma 8, it is the set of nonzero eigenvalue y of M which satisfy dim (V,1) > 1.
For each i € {1,...,t}, we recall that

Vi ::ker((M il ) (ﬂ ker( M—%I)k)>.

We decompose

a(vi)
'Yz»a('Yz @ W'Y'u.]
as in Lemma 11 and for each j we consider the basis <”§Z ?17""1’(7]1:?1%,) of Wy, ;

constructed as in the Young tableau of Lemma 11. Thus,

(o, 1<j<aly), 1 <0<k )

is a basis of V,, 4(,,). For every £ € {1,... ky, 1} we let u,(i?g € @((Z))Z’; denote the
unique solution of

vif = B¢p (f)

such that 7y < - ) ) 'vfyl)g. The existence and unicity of this solution follows from

Lemma 8. Now, we define recursively on j € {2...,a(y;)} vectors u e e Q((2),
with 1 < /¢ < k,, j, solutions of

vif +ulY = B, (f)

and such that 7y (ug%) = v(vi)ﬂ‘ The existence and unicity of such vectors follows

from Lemma 9. In fine, we have constructed vectors

(20) D C R ¢ ©) L@0D) @)

’Y b ’71 k"’Y'J? Vi, 1 ’ 'Yivk'yi,27 > Pyl o ) ’Yi,k?.yia(,”)’

such that 7g(u (7)13) (]) y forevery (7,¢) € {1,...,a(y)} x{1,...,k,,;}. In particular,

the family (20) is hnearly independent over Q.

4.2.4. Building the matriz. Let U; be the matrix whose columns are the elements in
(20) re-ordered using the lexical order on the indices, that is:

1 (2 1 (2 (1)
Uy 'y Uy g5y U oy U oy %kw [

As already noticed, the columns of U; are linearly independent. Let C; be the normal
Jordan form matrix whose Jordan blocks are

J’Yz’ (s’i,l)v R ']’Yi (Si,kl)

where we let s; ¢ denote the number of column vector of the form ug'i) , (that is the
number of columns in the ¢th row of the above table). For example, s;1 = a(y;). Then,

U:C; = B, (Uy).
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Welet U := (Uy | ... | Uy) denote the matrix whose columns are the ones of the U; and
C denote the Jordan normal form matrix whose blocks are C, ..., C; that is
Ch
C:=
C

The matrix U is not necessarily a square matrix but it follows from our construction
that

(21) UC = Bo,(U).

Consider a pair of matrices (U’,C") such that U'C’ = B¢,(U’). It follows from Lem-
mas 8 and 9 that U’ has less columns than U. Furthermore, since the vector spaces
Visatn)s - -+ Vara(y) are in direct sum, the columns of U - which are the elements of
(20) - are linearly independent over Q. It follows from the following lemma that they

are actually linearly independent over Q((z))

Lemma 12. Let T be a matriz with entries in Q((z)) and D be a constant matriz
such that

(22) TD = Béy(T) .

If the columns of T are linearly dependent over Q((2)) then they are linearly dependent
over Q.

Proof. We might assume, without loss of generality, that D is upper triangular. Let
a > 2 be the least integer such that the columns t1,...,t, are linearly dependent over
Q((2)). Then there exists a column vector g =: (g1, -, ga—1,1,0,...,0)L € Q((2))™
such that

(23) Tg=0.
Mutliplying (22) by ¢,(g) one obtains
(24) TD¢y(g) = Bop(T)9p(g) = Béy (Tg) = 0.

Since D is upper triangular, only the a first coordinates of D¢,(g) can be nonzero and

its ath coordinate is a some eigenvalue 1 € Q of D. By minimality of a, we infer from
(23) and (24) that

D¢p(g) = ng -

From [Nis97, Thm. 3.1], g € Q" so (23) gives a Q-linearly dependence of the columns
of T, as wanted. O

4.3. A new characterisation of the regular singularity at 0. The following
proposition states that U is a square matrix if and only if the system (1) is Q ((zd))—
equivalent to a constant system. This give a characterisation of Mahler systems that
are regular singular at 0.

Proposition 13. The system (1) is Q ((zd))—equivalent to a constant system if and
only if the number of columns of U is greater than m. In that case, it is equal to m
and, setting ¥ := ¢y ,4(U) € GLy, (Q ((zl/d))), one has

(25) ¢p(¥) 1AV = C! € GL,, (Q) .
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Proof. Since the columns of U are linearly independent over Q((z)), its number is less
than m. Assume that U is a square matrix. Then, it is nonsingular, and equality (25)
follows from (21) and the system (1) is Q ((z?))-equivalent to a constant system.
Assume now that the system (1) is Q ((zd))—equivalent to a constant system with
gauge transformation ¥ € GL,, (@ ((21/ d))). Since the columns of ¥ are Q-linearly

independent, it follows from Remark 4 that their images under 74 are Q-linearly inde-
pendent. Thus, from (17) they belong to the vector space

V%a(w) -0 V%,a(%) :

Thus, the number of columns of U, which is the dimension of this vector space, is
greater than m, as wanted. O

Therefore, Proposition 13 gives a first algorithm to test whether or not a system is
regular singular at 0: it can be done by computing the solutions of some homogeneous
and inhomogeneous Mahler systems. However, this algorithm in not necessarily very
efficient, since one has to find eigenvalues and eigenvectors for M.

4.4. An equality of vector space. We let il denote the Q-vector space spanned by
the columns of U, that is

= span@{u% L1<i<t1<j<aly),1<€< km} ,
and set
(26) B =Vyatm) @8 Vayan)

From Lemma 8 and Lemma 9, m; induces an isomorphism between these two vector
spaces. Recall that we set

X =Xq:= ] Mjker(Ng).
neL
We have the following equality of vector spaces.

Lemma 14. We have
0 = X.

Proof. We first prove that 2 C X. From (26) is it enough to prove that V,, .y C X
for every ¢ € {1,...,t}. Fix an integer i € {1,...,t}. We recall that for all £ > a(v;),

k—1
Vi, a(on) = Vo = ker ((M - %-I)k> A | ) ker (N (M — 'in)j)
5=0
One can check that
k—1
V., = ker ((M - %I)k> N ﬂ ker (NMj)
5=0

Therefore, for all n € N, M"V, ..,y C ker(N). Then, we prove by induction on
n € N that for any v € V., (,), v € M"ker(N). It is clear for n = 0. Assume that

’ua(FYi
v € M*ker(N) for all £ < n. Since v € Viia(y)s for all k > a(v;),
(M —~I)*v =0.

Thus v is a Q-linear combination of Mw, ..., M*v. Moreover,
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eif j € {1,...,n+ 1} then MIv € M"*ker(N) because by the induction
hypothesis v € M" 177 ker(N) ;

eif j > n+1, Miv € M" ' ker(N) because Miv = M™M=+ Dy and,
previously, we showed that M7~ (Vg & ker(N).

Therefore, v € M™ ! ker(N). It follows that V,, 4,y C X.

We now prove that X C . Let eq,...,e, denote a basis of X and let E be the
m(ug —vg+1) xn matrix whose columns are the e, ..., e,. Since X is M-invariant,
there exists R € M, (Q) such that

(27) ME = ER.

The matrix R is invertible because ker(M)NX = 0. Up to change the basis ey, ..., e,
we might assume that R has a Jordan normal form. Thus, (27) implies that the set
of eigenvalues of R is included in the set of eigenvalue of M. Let J, (s) be the first
Jordan block of R. Then, using the fact that the columns of E belong to ker(NV), one
can prove by induction on j € {1,...,s} that e; € V, ;. Doing this for all the Jordan
blocks of J, we obtain that the columns of F belong to U, as wanted. O

4.5. End of the proof of Theorem 2. There is not much left to do. Assume that
the system (1) is regular singular at 0. Then, it follows from Proposition 5 that there
exists a gauge transformation ¥ with entries in Q ((zd)) such that gi)p(\ll)_lA\I/ is a
constant matrix, where d € D is given by Algorithm 2. Thus, from Proposition 13,
the matrix U has m linearly independent columns, that is, dim 4 = dim ‘¥ = m. But,
from Lemma 14, 0 = X. Thus X has dimension m.

Assume now that X := X, has dimension m for some d € D. Then, from Lemma 14,
dim 4 = dimY¥ = m. Thus, the matrix U has m columns and it follows from Proposi-
tion 13 that the system is regular singular and that ¥ = <Z>1/d(U) e GL,, (@ ((zl/d)))
is such that ¢,(¥)"L AV is a constant matrix.

5. THE ALGORITHM OF THEOREM 1

Theorem 2 gives the description of a vector space whose dimension characterises the
regular singularity at 0 of a Mahler system. However, if the system is regular singular at
0, this theorem does not tell how to build a matrix ¥ such that ¢,(¥) ' A¥ € GL, (Q).
Such a construction has been done with the help of the matrix U in section 4. However,
the interest of this construction is more heuristic than effective for it necessitates the
extraction of roots of polynomials. In this section we describe an algorithm to compute
the matrix ¥ which does not require the determination of eigenvalues. In fine, the
coefficients of the Puiseux series defining the matrix ¥ belong to the same number
field as the coefficients of the rational functions defining the matrix A.

5.1. A direct construction of a gauge transformation. Assume that the Mahler
system (1) is regular singular at 0. From Theorem 2, there exists an integer d € D
such that the dimension of X is equal to m. Let eq, ..., e, be a basis of X; and let E
be the m(ug — vqg + 1) X m matrix whose columns are ey, ..., e,,. As in (27), we have

ME = ER
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for some matrix R € GL, (@) We make a block decomposition of the columns of
into pg — vq4 + 1 matrices E,,,..., E,, € My, (@)

E,,
E= :

Ey,

We then define by induction on n > ug a matrix E, € M, (@) setting

(28) E, = > Bi(d)E, | R

(k1) : k-+pl=n
where B(d) = Y, 7 Bn(d)z" = ¢a(A)~!. As seen in Remark 4, when n > pg, the
matrices Ey contributing to right-hand side of the equality are those for which ¢ < n.
Hence the matrices E,, are well-defined. If n < vy, we set E,, = 0. We stress that (28)
holds for any n € Z :

e by construction, it holds when n > g ;
e when vy < n < pug, it follows from the fact that FR = MyF ;
e when n < g, it follows from the fact that NgE = 0, for X C ker(Ny).

We eventually set U := 3" -, Enz". It follows from (28) that
(29) UR = B(d)é,(U).

Since ey, ..., ey is a basis of X4, the columns of U are linearly independent over Q.
It follows from Lemma 12 that they are linearly independent over Q((z)). Thus, the
matrix U is nonsingular. Now, set ¥ = ¢ /4(U). It follows from (29) that

(30) ¢p(¥) AV = B! € GL,, (Q) .
Thus, ¥ is the gauge transformation we are looking for.

5.2. On the base field of a gauge transformation. The above construction gives
information about the field to which the coefficients of the Puiseux series development
of the entries of ¥ belong.

Proposition 15. Consider a Mahler system (1) and let K denote a number field
containing the coefficients of the rational functions defining the matriz A. Assume
that (1) is Q ((zd))—equivalent to a constant system, for some integer d € N. Then the

system is K ((zl/d))-equivalent to a constant system.

Therefore, any Mahler system defined over some number field K which is regular
singular at 0 is equivalent to a constant matrix with entries in K. The entries of the
gauge transformation are Puiseux series with coefficients in K.

Proof. From Theorem 2, the dimension of the Q-vector space X4 equals m. Since M
and Ny have entries in K, X, is defined over K. Hence, the basis e, ..., e, of X4 can
be chosen in K™#a—vat1) Tt follows that the matrix R and the matrices E,, n>uy
have their entries in K. As a consequence the matrix

U(z) = Y Bz

n>vg

belongs to GL, (K ((zl/d))). U
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Remark 5. The proof of Theorem 2 and the construction of the gauge transformation
in 5.1 do not rely on the base field on which the entries of A are defined. It does not
have to be a subfield of Q. Actually, this field could even have positive characteristic.

5.3. Description of the algorithm. We now describe precisely the algorithm of
Theorem 1. We first present an algorithm to determine whether or not a Mahler
system (1) is Q ((zl/ d))—equivalent to a constant system for some fixed integer d € N.

Algorithm 3: Test to determine if a Mahler system (1) is Q ((21/ d))—equivalent
to a constant system.

Input: A, p, and d.

Output: Whether or not the system (1) is Q ((zl/ d))—equivalent to a constant
system. In that case the constant matrix A and enough coefficients of
the Puiseux development of the associated gauge transformation so
that one can compute recursively the whole development.

Set m the size of A.

Compute vy, g, Mg, Ng.

Set X :=ker Ny and Y = Ny.

for i from 0 to m(puq —vq+ 1) do

L X:=XnNMX.

for i from 0 to m(uqg —vq+1) do

Y =YM,;,;

| X :=XnNker(Y).

if dimX = m then

From a basis of X, compute R and E,,, ..., E,, as in section 4.

Set A := R~

return “ True ”, A and E,,,..., E,,.

The following lemma implies that, at the end of Algorithm 3, the vector space X is
the same as in Theorem 2.

Lemma 16. Set cq:=m (g —vqg+1). We have
ﬂ M} ker(Ng) = ﬂ M} ker(Ny) .

—cqa<n<cq nez
Proof. We denote M := My and N := N,. Set J, = Ni_oM Fker (N). It is immediate
that if J,, = Jn+1 then J, = J,, for all £ > n. Therefore, ﬂzo:OM’k ker (N) = Je,-

Let J,, = ﬂzzfchk ker (N) =NI___ MP¥ker (N). Since ¢4 is the size of the matrix
M we have ker (M¢?) = ker (M*) for every ¢ > c4. Furthermore dim (ker (N)) < cg.
We shall prove that 3, = Jy41 for all £ > ¢4. The only nontrivial inclusion is J C Jgy1.
Fix a integer k > ¢4. We highlight two facts.
e The Q-vector space J}, is stable by M.
e JiNker (M*) = {0}. Indeed, if € Jj,Nker (M*) then there exists y € ker (V)
such that € = My and M*tly = M¥*z = 0. Thus, y € ker (Mk“) = ker (Mk)
and x = M*y = 0.
Let € Jj be nonzero. The vectors &, Mx, ..., M*x € J; are linearly dependant.
Thus, there exist a1, ..., a; € Q not all zero such that

aocc+a1M:B+~-+akMkaz:O.
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Set ¢ := min(i € {0,...,k} |a; #0) and y = _Z§=i+1 %Mj_i_lw € Tk so that

Mix = M**'y. We have © — My € J;, Nker (Mk’) and it follows that
x=Mye M3, NT, C Ty,

as wanted. O

Proposition 17. Algorithm 3 tests whether or not system (1) is Q ((zl/d)) -equivalent
to a constant system.

Proof. From Lemma 16, Algorithm 3 computes the vector space
Xq =[] Mj ker(Ng).
nez

From Lemma 14, dim X4 = dim ¥ = dim 4. Thus, it follows from Proposition 13 that
the system (1) is Q((z'/%))-equivalent to a constant system if and only if dim X4 = m.
This is precisely what Algorithm 3 tests. U

We can then describe an Algorithm for Theorem 1.

Algorithm 4: Test for the regularity singularity at 0 of a Mahler system

Input: A, p, and n > 0, the order of truncation.

Output: If the system (1) is regular singular at 0 and in that case the
constant matrix A to which it is equivalent and a truncation of the
associated gauge transformation ¥ at order n.

Compute d with Algorithm 2.

Run Algorithm 3 with that d.

if Algorithm 3 returns “ True ” then

for ¢ from pg+ 1 to max{ug + 1;dn} do
| Compute Ey from (28).
end

return “ The system is regular-singular at 0 7, A and Zzlgyd E 2t

end
return “ The system is not regular singular at 0 ”.

Proposition 18. Algorithm 4 returns whether or not a system (1) is reqular singular
at 0, and in that case, a constant matrixz to which the system is K-equivalent and a
truncation of an associated gauge transformation at an arbitrary order.

Proof. Tt follows from Proposition 5 that the system is regular singular at 0 if and only
if it is Q((2/%))-equivalent to a constant system where d is defined by Algorithm 2.
Assume that the system (1) is regular singular at 0. Then it follows from Proposition
17 that Algorithm 3 shall return "True”. In that case, ¥(z) = >/, Ey2t4 satisfies

(30).

Now, assume that the Algorithm 4 returns that the system is regular singular at
0. Then Algorithm 3 must have returned ”True”. It thus follows from Proposition 17
that the system is indeed regular singular at 0. Thus, from the first part of the proof,
U(z) =2 >0, Ep2'? satisfies (30).

O
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When the system (1) is regular singular at 0, Algorithm 4 computes a K-equivalent
constant matrix. Furthermore, Roques [Roql18, §5.2] described fundamental matrices
of solution for constant systems. Precisely, for ¢ € Q" we let e, denote a function such
that ¢, (e.) = ce., and let ¢ denote a function such that ¢,(¢) = ¢+ 1. For example,
we can take suitable determinations of log(z)°8(¢)/18(P) and log (log(z)). Any constant

system has a basis of solution in Q [(ec)ce@*,ﬁ . Then, we have the following.

Corollary 19. Consider a system (1) which is regular singular at 0. From Algo-
rithm 4, one can compute a fundamental matriz of solution of (1) with entries in

K [(c0) 1]

5.4. On the complexity of Algorithm 4. We now propose to discuss the complexity
of this algorithm. We start with an observation about the shape of the matrices My
and Ng.

Definition 3. Let D = (D;;),,, 1<j<s be a block matrix with D; ; € M,, (@) We
say that D is a d-gridded matriz if for all (ig,jo) € {1,...,7} x {1,...,s} such that
D;, ;, is nonzero, the matrices D;, j, D; j, with i # ig mod d and j # jo mod d are zero

matrices. Let o be a permutation of the set {1,...,d}. We say that o is associated
with the d-gridded matrix D if D; ; = 0 for every i,j € {1,...,d} with j # o(i).

Lemma 20. The multiplication on d-gridded matrices and the computation of a kernel
can be done with complexity

O(dMM(s/d))

where s is an upper bound for the number of rows and the number of columns of the
considered matrices. Furthermore, the multiplication of two d-gridded matrices with
associated permutation o1 and oo is a d-gridded matriz with associated permutation
020071.

Proof. We describe the computation for the matrix multiplication. A similar compu-
tation can be made for the determination of a kernel. Consider two d-gridded matrices
D = (D;;)i; and E = (E; j); ; and denote by op and o their associated permutations.
For i € {1,...,d} we let D; (resp. E;) denote the block-matrices (D rd o p(i)+0d)k.¢
(resp. (Ei+kd,oE(i)+€d)k,€)~ Let F; = DiEUD(z') and set F; =: (E,k,ﬁ)k,( its block decom-
position. For any integer ¢, write ¢ = ig + kd with iy € {1,...,d} and

G { Fioke ifj=ogpooplio)+4d,
i =

0 else.
Then
The matrix (G} ;);,; is itself a d-gridded matrix. Its associated permutation is cgoop.
The computation of the product of two permutations of {1,...,d} has complexity

O(d). Once og o op is known, the computation of each matrix F; has complexity
O(MM(s/d)). Thus, the computation of DE has complexity

O(d + dMM(s/d)) = O(dMM(s/d)) .

Lemma 21. The matrices My and Ny are d-gridded matrices.
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Proof. Recall that My := (B;i—p;(d))v,<i j<p, and

(Bi—pj(d))vo(B(d))erudgigzxdfl if vg < pq

Nq := va<j<Ha _ .

0 € Mim(ug-vetn) (Q)  if va=pa
where ¢q(A™1) := Y, B,z". In particular if d does not divide i — pj then B;_,; = 0.
Thus if Bj,—pj, # 0 then B;_p;, = 0 for all ¢ such that ¢ # iy (mod d). Moreover,
since p and d are relatively prime, if B;;_,;, # 0 then B;,_,; = 0 for all j such that
Jj # jo (mod d). Associated permutations to these matrices are o and oy such that,
for every k € {1,...,d},
poai(k) = (p = 1)(1 — va) + k (mod d)

pon(k) =vo (B(d)) +p—1+k(mod d).

We can now find an upper bound for the complexity of Algorithm 4.

Proposition 22. Apart from the computation of the Puiseux development of W, the
complexity of Algorithm 4 is

O (MM(m)M(p™(deg(A) +m)) + p*™ 'mvMM(mv/p)) ,
where v := —(vo(A) + vo(A~L) > 0.

Proof. We follow the script of Algorithm 4. From Proposition 4, the complexity of
Algorithm 1 is
O (MM(m)M(p"™ (deg(A) +m))).
Thus d can be computed from Algorithm 2 with the same complexity. To compute
M, and Ny one needs to compute the inverse of A and the Laurent series expansion
of A~ between vy (A7) and (uq — pra)/d. The computation of the inverse of A may
be done in O(MM(m)M(deg(A))). Computing n terms of the Laurent expansion of a
rational function can be done in O(M(n)). Set v := —(vo(A) + vo(A~!) > 0. One has
Hd — P¥d dpl/d — (A_l) =0 ).
Once d is fixed, the computation of My and Ny can be done with complexity

O(MM(m)M(deg(A)) + M(v)).

Computing the intersection of two vector spaces given a basis of each is the same as
computing a kernel. Since the number of rows and the number of columns of M, and
Ny is at most O(mdv), it follows from Lemmas 20 and 21 that the computation of

X4 = ﬂ M"ker(N),
—cqg<n<cq

necessitates 2cq + 1 steps with complexity O(dMM(mwv)), where cq := m(puq — va+1).
Thus, the computation of X; can be done with

O(md*v/pMM (mw))

operations. Putting all this together, since d < p™, Algorithm 4 returns if a system is
regular singular or not in

O (MM(m)M(p™(deg(A) +m)) + p*™ ' mvMM(mv)) .
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If one considers the naive bounds M(n) = O(n?) and MM(n) = O(n?), the com-
plexity of Algorithm 4 is

(31) O(m5p2m + m3p2m deg(A)2 + m4v4p2mfl) )

Remark 6. In Algorithm 4, we choose to compute first the integer d thanks to the
Cyclic Vector Lemma, Algorithm 1 and Algorithm 2. Then we run Algorithm 3 with
this precised d. This is not always the fastest way to proceed, since the computation
of d necessitates to work with possibly great numbers (see Algorithm 1). However,
the cost of manipulating great numbers is hidden by the fact that we describe the
complexity as the number of arithmetic operations in Q. Another way to proceed
would be to run Algorithm 3 for every d € D. In that case the complexity is

O(MM(m)M(deg(A)) + p*™ 'muMM(mw)) .
Using the naive bounds for M(n) and MM(n) leads to a complexity in
O(m? deg(A)? + p*™ tmiv?)

which can be less than (31), especially for great deg(A).

6. EXAMPLES

In this section, we explore the regular singular property of some particular systems.
6.1. Equations of order 1.

6.1.1. Homogeneous equation of order 1. An homogeneous equation of order 1 is an
equation of the form

(32) Pp(y) = ay
where a € Q(z), a # 0.
Proposition 23. Any homogeneous equation of order 1 (32) is reqular singular at 0.

Proof. Let v denote the valuation at 0 of a and set ¢ = z*/(P=1_ Then, the system
op(y) = by with b := ¢, (1/))_1 ap is Fuchsian at 0. Thus, the homogeneous equation
(32) is Q ((z”/ (p_l)))—equivalent to a Fuchsian equation at 0, which implies that (32)
is regular singular at 0 (see [Roql8, Prop. 34]). O

6.1.2. Inhomogeneous Mahler equations of order 1. Consider a inhomogeneous Mahler
equation of order 1

(33) g-1+ qoy + q1op(y) =0,

with ¢_1,q0, 1 € Q[2], qoq1 # 0. The corresponding system has for associated matrix,
the matrix
_ 4 _49-1
A = Qa q1
=(g )

Proposition 24. A sufficient condition for the system to be reqular singular at 0 is
for (33) to have a solution in K.
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Proof. Assume that (33) has a solution f € K. Let g € K and v € Q" such that

¢p(9)y = —2g. Then
g\ (1 0\ _ ,(f ¢
(1 8) 6 5)-2(14):

and the system is regular singular at 0. O
Note that it is not a necessary condition. For example, take ¢_1 = gqo = —1 and
q = 1.

6.2. An equation of order 2. Consider the 3- Mahler equation:

23(1 o 23 + 26)(1 . 27 _ zlo)ég(y) _ (1 _ 228 _ 231 _ $37 _ Z4O)¢3(y)
+ 2514+ 2)(1 - 22 = 230y =0.

The matrix of the 3-Mahler system associated to this equation is

0 1
A(Z) = ( 23(142)(1—221 —230) 1—228_,31_,37_,40 ) .

T (123428 (1—2T—219)  23(1—23426)(1—27—210)

We propose to check whether or not the 3-Mahler system associated to this matrix is
regular singular at 0. Since we already know an homogeneous linear equation associated
with this system, it is not necessary to run Algorithm 1. Algorithm 2 applied to this
system returns d := 2. We now run Algorithm 3 with d = 2. We have vy(A) = —3,
vo(A~!) = —6 and thus vy = —3 and up = 6. We can compute N and M:

1 0 0 0 00 00 00
0 0 0 0 00 00 00
0 0 0 0 00 00 00
0 0 0 0 00 00 00
-1 0 0 0 00 00 00
0 0 0 0 00 00 00
10 0 0 00 00 00
0 0 0 0 00 00 00
10 0 0 00 00 00
0 0 0 0 00 00 00
-1 0 0 0 00 00 00
0 0 0 0 00 00 00
I -1 I 0 00 00 00
0 0 0 0 00 00 00
10 0 0 00 00 00
0 0 0 0 00 00 00
T 1 -1 0 00 00 00
N — 0 0 0 0 00 00 00
- -1 -1 1 0 00 00 00 )
0 0 0 0 00 00 00
I -1 I 0 00 00 00
0 0 0 0 00 00 00
1 1 -1 0 00 00 00
0 0 0 0 00 00 00
T 2 —-I -1 10 00 00
1 0 0 0 00 00 00
-1 -1 1 0 00 00 00
0 0 0 0 00 00 00
-1 -2 T 1 —-I0 00 00
0 0 0 0 0 00 00
1 2 -1 -1 10 00 00
1 0 0 00 00 00
T 2 -1 -1 10 00 00
0 0 0 0 00 00 00
-1 =2 I 1 =10 00 00
0 0 0 0 0 00 00
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-1 -3 1 2 -1 -1 1 0 0 0
0 10 0 0 0 0 00
T 2 -1 -1 I 0 0 0 00
0 0 0 0 0 0 O 00
1 4 1 -2 I 1 -1 0 00
0 0 00 0 0 0 0 0 0
-1 -3 T 2 -1 -1 I 0 00
0 0 1 0 0 0 0 O 00
-1 -4 1 2 -1 -1 1 0 00
M = 0 0 00 0 0 0 0 00
- T 4 -1 -2 T 1 -1 0 00
0 O 0 0 0 0 O 00
1 4 1 -3 I 2 -1 -1 10
0 0 00 1 0 0 00
-1 -4 T 2 -1 -1 10 00
0 0 0 0 0 0 O 00
-1 -4 1 4 -1 =2 1 1 -10
0 0 00 0 O 0 0 0
T 4 -1 -3 T 2 -1 -1 10
0 O 0 0 1 0 0 O 00

where we left empty blocks for the ones corresponding to zero-matrices in the 2-gridded
block decomposition of M and N. In that case, the vector space X is spanned by the
transpose of the two linearly independent vectors

(0,1,0,0,1,0,0,0,-1,0,0,0,1,—1,0,0,—1,0,0,0)
(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,—1,0)
In particular, X has dimension 2 and, from Theorem 2, the system is regular singular at
0. One can check that these vectors are eigenvectors of the matrix M for the eigenvalue

1. Thus the matrix R is the identity matrix of size 2. In particular, the associated
gauge transformation V¥ is a fundamental matrix of solution because it satisfies

d3 (0) LAY = L.

From these two vectors, we can compute the first terms of the Puiseux development

of ¥
— fl f2 17/2
with
Fi(z) = 2TVR V24 302 )52 T2 972 4 /2 132 4 L15/2
fo(z) = =22 +42" = 2% 4220 — 227 + 228,
fa(z) = 23/2 _ 3/2 4 9/2 _ L15/2

Remark 7. Note that this example is the same as the one that illustrates the paper
[CDDM18].

6.3. Systems coming from finite deterministic automata. As mentioned in the
introduction, Mahler systems are related with the automata theory. Indeed, the gener-
ating function of an automatic sequence (see [AS03]) is solution of a Mahler equation.
Numerous famous automatic sequences are related to homogeneous or inhomogeneous
Mabhler equations of order 1. This is the case of the Thue-Morse sequence, the reqular
paper-folding sequence, the sequences of power of a given integer, the characteristic
sequence of triadic Cantor integers - those whose base-3 representation contains no 1.
Thus, their associated systems are regular singular at 0.

Among the sequences satisfying equations with a greater order, an important one is
the Baum-Sweet sequence, which is the characteristic sequence of integers whose binary
development have no blocks of consecutive 0 of odd length. The system associated to
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this sequence is Fuchsian at 0 and thus regular singular at 0. An other important one
is the Rudin-Shapiro sequence whose general term is

a, = 1 if the number of occurence of two consecutive 1
in the binary expansion of n is even
a, = —1 else.

Its generating power series f := ) _yan2z" satisfies the equation

()= (1 2)(A4%)

This system is not regular singular. Indeed, running Algorithm 3 with d = 3 shows
that the dimension of X is only 1.

The regular singular property can be seen as “ normal ” for Mahler systems because
a sufficient condition is to be Fuchsian at 0. However, the generating series of an
automatic sequence satisfy Mahler systems with a very precise shape : A~!(0) has
at most one nonzero entry in each column. Among these systems, the Fuchsian ones
appear to be the exceptions. Consider for example the following variation of the Baum-
Sweet sequence : (an)nen € {0, 1}, where a,, = 0 if and only if the binary development
of n contains a block of consecutive 1 with odd length. A Mahler system associated
to this sequence is
0 \ !
0 Y,
+

1
(f)Q(Y) = z
0 z

= O W

1
which is not regular singular at 0.

7. OPEN PROBLEMS

We discuss here some open problems about the regular singularity at 0 of a Mahler
system.

7.1. The inverse matrix system. Let A € GL,,(z) and p > 2 an integer. If the p-
Mabhler system with matrix A is Fuchsian at 0, then the p-Mahler system with matrix
A~1 is also Fuchsian at 0 (and hence, regular singular at 0). This property does
not extend to regular singular systems. For example, if A denotes the matrix of the
regular singular system in subsection 6.2, the 3-Mahler system associated with A~! is
not regular singular at 0. We ask the following question.

Is there a characterisation of matrices A such that the p-Mahler systems associated
with both A and A~' are reqular singular at 0 ?

7.2. Changing the Mahler operator. Assume that a system is Fuchsian at 0. If
we change the integer p then the system remains Fuchsian at 0 (hence regular singular
at 0). This property does not extend to regular singular systems. Indeed, the 3-
Mabhler system of subsection 6.2 is regular singular at 0, while the 2-Mahler system
with the same matrix is not. Similarly, the p-Mahler system associated to this matrix
is not regular singular when p € {4,...,30} (and probably beyond). Similarly, the
companion system associated with the p-Mahler equation

M+ 2 y) + (12— 2 — 20+ 210 (y) + (1 - 2)y =0,

is regular singular at 0 for p = 2 and p = 4 but not for p € {3,5,6,...,100} (and
probably beyond). It seems that for a matrix A € GL,, (@(z)) the p-Mahler system
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associated with A is either regular singular at 0 for every integers or for finitely many
(possibly none) integers p > 2.

Is that true that only these two situations may occur ¢
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