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Abstract

We derive and analyze a dispersion relation for the growth rate of collisionless tearing modes,
driven by electron inertia and accounting for equilibrium electron temperature anisotropy in a
strong guide field regime. For this purpose, a new gyrofluid model is derived and subsequently
simplified to make the derivation of the dispersion relation treatable analytically. The main sim-
plifying assumptions consist in assuming cold ions, neglecting electron finite Larmor radius effects,
decoupling ion gyrocenter fluctuations and considering 5, < 1, with 3, _ indicating the ratio be-
tween the perpendicular electron thermal pressure and the magnetic pressure exerted by the guide
field. This simplified version of the gyrofluid model is shown to possess a noncanonical Hamilto-
nian structure. The dispersion relation is obtained by applying the theory of asymptotic matching
and does not predict an enhancement of the growth rate as the ratio ©., between perpendicular
and parallel equilibrium electron temperatures, increases. This indicates a significant difference
with respect to the case of absent or moderate guide field. For an equilibrium magnetic shear
length of the order of the perpendicular sonic Larmor radius and at a fixed ), we obtain that
the tearing mode in the strong guide field regime gets actually weakly damped, as ©. increases.
In the isotropic limit ©, = 1, the dispersion relation reduces to a previously known formula. The
analytical predictions are tested against numerical simulations showing a very good quantitative
agreement. We also provide a detailed discussion of the range of validity of the derived dispersion

relation and of the compatibility among the different adopted assumptions.



I. INTRODUCTION

Magnetic reconnection is a process believed to play a key role in many phenomena oc-
curring in laboratory and astrophysical plasmas, such as magnetospheric substorms, coronal
mass ejections and sawtooth crashes in tokamaks [2, 33, 44]. In collisionless plasmas as,
for instance, the magnetosphere and the solar wind, mechanisms alternative to collisional
resistivity, are the main responsibles for the violation of the frozen-in condition allowing for
reconnection of magnetic field lines. Electron inertia, becoming particularly relevant at the
scale of the electron skin depth, can provide one of such mechanisms. A further feature
of collisionless plasmas is that they can exhibit particle distribution functions which are
anisotropic with respect to the direction of the magnetic field. This can lead in particular
to anisotropic temperature distributions. A natural question in the theory of collisionless
plasmas concerns then the influence of temperature anisotropy on characteristic features of
reconnection, such as the linear growth rate of the tearing mode. The influence of equilib-
rium temperature anisotropy on the reconnection growth rate has actually been the object
of several studies [9, 10, 12, 18, 24, 28, 34, 37] carried out with kinetic and fluid approaches.
Such studies agree with predicting that temperature (and in particular electron tempera-
ture) anisotropy, enhances the growth rate, meaning that the growth rate increases as the
ratio between the perpendicular and parallel temperature increases, where perpendicular
and parallel are referred to the direction of the equilibrium magnetic field. Such studies, on
the other hand, consider the case of absent or moderate magnetic guide field. The inves-
tigation of Ref. [37] also indicates that, when the amplitude of the guide field is increased
from zero to 2.5 times the amplitude of the equilibrium field in the reconnection plane, the
enhancement of the growth rate gets weakened.

In this paper we carry out an analytical and numerical investigation of the influence of
electron temperature anisotropy on the reconnection growth rate in the opposite regime,
i.e. the regime of strong guide field. In our analysis we also assume the aforementioned

electron inertia as responsible for the violation of the frozen-in condition. An effective tool,



which we adopt here, for modelling inertial reconnection in the strong guide field regime, is
provided by reduced gyrofluid models. Such models are derived from gyrokinetic equations,
which namely assume a strong guide field ordering. This is also related to the choice of
the perpendicular sonic Larmor radius, ps,, as characteristic length, which also implies that
our study focuses on a microscopic current sheet, as opposed to the macroscopic case of
magnetohydrodynamics (MHD) [14]. Such regime can be relevant for a variety of plasmas
in some regions of the solar wind, where the guide field is taken to be the mean magnetic field
[35] and currents sheet are small. We remark that collisionless magnetic reconnection in the
presence of a strong guide field and electron temperature anisotropy, occurring in microscopic
current sheets, was observed in the Earth’s magnetosheath [15, 31]. In particular, Ref. [15]
reports the observation of magnetic structures having a width of the order of the sonic
Larmor radius, in the magnetosheath, in the presence of a strong guide field and anisotropic
changes in ion and electron temperature.

In the context of magnetic reconnection, reduced gyrofluid models have been previously
adopted, for instance in order to study the influence of ion Finite Larmor Radius (FLR)
effects on the linear and nonlinear evolution of collisionless reconnection [11, 13]. However,
such models, did not account for equilibrium temperature anisotropy, one of the essential
features required for our present analysis. Therefore, we present here also the derivation of a
new reduced gyrofluid model, which takes into account equilibrium temperature anisotropy,
and which will be the basis for our derivation and analysis of the dispersion relation for the
linear growth rate. The gyrofluid model we present here, in particular, differs from similar
gyrofluid models recently derived [39, 41], as it assumes an isothermal closure referred to
parallel and perpendicular particle temperatures.

Although we derive a gyrofluid model accounting, in addition to equilibrium temperature
anisotropy, also for FLR as well as finite § effects (with § indicating the ratio between
the plasma equilibrium thermal pressure and the magnetic pressure associated with the
guide field), the actual model adopted for the linear stability analysis will be a simplified

Hamiltonian version of the general gyrofluid model. In particular, we will limit to the cold-



ion limit, neglect the contribution of ion gyrocenter fluctuations as well as of electron FLR
effects, and consider the regime 3, < 1. These simplifying assumptions clearly reduce the
range of applicability of our analysis but, on the other hand, make the problem amenable to
a fully analytical treatment, the results of which we will also validate by means of numerical
simulations. The analytical treatment will also make it possible to compare the resulting
dispersion relation for the growth rate, with a previously derived analytical formula, obtained
assuming similar simplifying assumptions but not accounting for temperature anisotropy
[16, 17, 32, 40]. An analysis based on a more refined version of the gyrofluid model requires
a mostly numerical approach, and is part of our current work in progress.

The paper is organized as follows. In Sec. II we present the model adopted for the linear
analysis, describe the main underlying assumptions and review its Hamiltonian structure.
Section III contains the derivation of the analytical dispersion relation for the growth rate,
which is based on asymptotic matching theory. The predictions based on the analytical
dispersion relation are checked against numerical simulations in Sec. IV. In Sec. V we first
summarize and discuss the conditions of applicability of the analytical dispersion relation
and then we conclude, indicating also possible future developments. In Appendix A we
present the derivation of the new gyrofluid model, starting from a gyrokinetic system, and
the reduction to its simplified form adopted for the linear analysis. In Appendix B we
describe a technical step, required to show that the outer solution for the electrostatic

potential, derived in Sec. IIT A, satisfies the appropriate boundary condition.

II. MODEL EQUATIONS FOR THE TEARING STABILITY ANALYSIS

We consider, in a slab geometry equipped with Cartesian coordinates x, y and z, a
magnetic field B whose approximate expression, in terms of dimensionless variables later

defined in Eq. (2), is given by

B(SL’,y,Z,t) N Z+ BH(?L’,y,Z,t)Z + \I %VA”(JI,:Q,Z,t) X Z, (1)



where ¢ is the time coordinate, Ay is the perturbation of the parallel component of the
magnetic vector potential and B is the perturbation of the magnetic field in the parallel
direction. In Eq. (1), the first term on the right-hand side accounts for a uniform guide
field, directed along the unit vector z and assumed to be strong, which implies B < 1
and |VAj| < 1. The subscripts || and L denote components parallel and perpendicular
to the direction of the guide field. The expression for B in Eq. (1) is approximate as
it is not divergence-free and represents the expression of the magnetic field at the first
order in the fluctuations. The higher-order contributions, which guarantee V - B = 0, are
neglected. Indeed, already in the gyrokinetic model [26] which our model is derived from

(Egs. (A1)-(A4)), such terms only provide higher order contributions which are neglected.

We introduce the following dimensionless variables:

T Yy Bi. 2 2
Tr = ) Yy = ) - ) t = wet,
PsL PsL 2 PsL
Ne ﬂle Ue TLe T e
Ne: D) Ue: . TJ_e: ) He_ “ 9 (2)
Un 2 Cs| TOLe TOHe
engS é” 1 2 /Al”
¢ = T By =5 A= R
Ole 0 PsL 6Le 0

where the dimensional dependent and independent variables are denoted by the hat sym-
bol. We indicate with ps, the sonic Larmor radius based on the perpendicular electron
temperature, which we also take as characteristic length-scale of the perturbations. The
homogeneous equilibrium state is characterized by a magnetic guide field of amplitude By, a
constant and uniform density ny and can admit anisotropic temperatures T _, To,., where
the index s denotes the particle species. We assume that the plasma consists of two species,
electrons and single ionized ions respectively, so that the index s can take only the two values
s = e and s = i. We denote by w.s = eBy/(msc) the cyclotron frequency of the species s,
where m, indicates the mass of the particle, e is the proton charge and c¢ is the speed of
light. The symbol ¢,; = \/m denotes the sound speed based on the perpendicular

temperature and 1, = 8mngTy, / BZ indicates the ratio between the equilibrium perpendic-



ular thermal electron pressure and the magnetic pressure. Note that, following a customary
notation, the sonic Larmor radius p,; and the perpendicular sound speed c,;, which are
related by ps1 = ¢ /we, are indicated with symbols containing the subscript s, although in
these two cases such subscript does not refer to the particle species. Finally, the independent
variables N, U, T' . and Tj. indicate electron gyrocenter fluctuations of density, parallel
velocity, perpendicular and parallel temperature, respectively, whereas we denote with ¢ the
fluctuations of the electrostatic potential. The latter independent variables are all functions
of z, y, z and t. Concerning the normalization of A, U, and z in Eq. (2), we think it may be
worth pointing out that, in comparison for instance with Ref. [40], the factor \/2/3,, was
introduced here in order to make the limit 5,, — 0 more transparent in the derivation of
the model equations from the gyrofluid model presented in Appendix A. This also explains
the presence of the coefficient /f, /2 appearing in Eq. (1).

The model equations adopted for the tearing stability analysis are

0A 0A A
229 4 [6,800] — 141, A4y + T =, @
0 26> 26> 1 0 A
a (A” — EALA”) + [QZS, A” - ﬂ_LeALA” — @—G[ALQS, A||] + & (qﬁ — 5@¢) = 0. (4)

where the operator [, | is the canonical Poisson bracket defined by [f, g]| = 0, f0,9 — 0, 0.4,
for two functions f and g. The model (3) - (4) is given in its three-dimensional (3D)
form. However, for the analysis of the tearing instability, we will consider z as an ignorable
coordinate.

In this fluid model, the non-ideal term allowing magnetic field lines reconnection is associated
with the finite electron mass. This model also allows for an anisotropic equilibrium electron

temperature. The two independent parameters representing the above mentioned effects are

m T
52 = _e’ @6 = = y 5
m; To,, ©)

respectively.
Equation (3) is obtained from the continuity equation for the electron gyrocenters and Eq.

(4) results from the parallel component of the generalized Ohm’s law. These equations
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correspond to a particular limit of a more general gyrofluid model. Although such gyrofluid
parent model is new, we postpone its full derivation in Appendix A in order not to overload
the main text with the related technical details.

The model (3) - (4) assumes the following ordering :
< B, < 1. (6)

Considering a low [, regime allows us to neglect the electron FLR effects in the parent
model, while taking 62 < 3., allows us to retain the terms proportional to electron inertia
in Eq. (4) although as small contributions. This is also related to the choice of p,, as
characteristic length. Indeed, assuming 6> < ;. amounts to saying that the electron
skin depth, i.e. the characteristic scale for inertial reconnection, is much smaller than the
perpendicular sonic Larmor radius p,; . This allows us to treat the non-ideal term, causing
reconnection, as a small perturbation, and consequently to apply a perturbative approach.
It can be relevant to point out that, within the limit (6), the model admits the following

static relations

B,
2

N,=Ayp,  U=ALA, Bj=-—"2A00 (7)

These relations result from the quasi-neutrality condition and the perpendicular and parallel
components of the Ampere’s law respectively.

Electron temperature anisotropy, on the other hand, is supposed to be weak, i.e. O,
is assumed to remain finite as § and 5, tend to zero. lons are assumed to be cold, with
isotropic temperature, and all ion gyrocenter fluctuations are assumed to be negligible with
respect to the electron ones, in the static relations. Consequently, ion gyrocenter fluctuations
get decoupled from the system.

When taking the isotropic limit ©, = 1 for the electron temperature, the system (3) - (4)
corresponds, up to the normalization, to a two-field model derived in Ref. [36]. However,
as will be pointed out in Sec. 3, unlike the present model, the model of Ref. [36] has a
characteristic length scale L > p,, . As a consequence, in the latter model, the analogous of

the last term on the right-hand side of Eq. (4), is typically a small perturbation, proportional



to (psi/L) < 1, whereas, on the presently adopted scale p,,, this term is comparable
to other terms retained in the same equation. Neglecting electron inertia as well as the
terms —(1/0.)[A1¢, Aj] and (1/0.)0.A1¢ in Eq. (4), the system corresponds to low
reduced magnetohydrodynamics [23, 38]. A 2D version of a similar model, neglecting electron
inertia but accounting for parallel magnetic perturbations, was recently adopted in order to
investigate the impact of electron temperature anisotropy on the linear stability of magnetic
vortex chains [20].

Using the relation B = _5;6 A ¢ (coming from Eq. (7)) in the Eqgs. (3) and (4), the

resulting model is similar to electron magnetohydrodynamic (EMHD) [25]. Analogously to
EMHD, ions are assumed to be immobile along the guide field direction. On the other hand
the continuity equation (3) turns to be an evolution equation for the perturbation of the
parallel magnetic field B}, as is the case for EMHD, and not of the field By —(26%/8.,)A | By.
Regarding the terms —(1/0.)[A ¢, A)] — (1/0.)0.A1 ¢, in Eq. (4), where the temperature
anisotropy parameter ©., appears in the denominator, and is usually not present in EMHD,
these are contributions from the projection, along the magnetic field, of the divergence of
the anisotropic pressure tensor. The first of these two terms plays an important role in the
linear stability analysis that we present in this paper. In particular, with respect to the case
of EMHD, it leads to modifications of the linearized system in the inner region, eventually
leading to a dispersion relation different from those derived for EMHD systems in Refs.
4, 6].

In Refs. [7, 27] a fluid description for the electron species was adopted, in order to study col-
lisionless tearing stability taking into account non-gyrotropic terms. In our stability analysis
we do not account for such terms, as they are associated with electron FLR corrections, that
we neglect due to the small 3, limit. Compared to such studies, where a space-dependent
equilibrium pressure is also considered, our equations (3) - (4) are assuming, in terms of
the perpendicular and parallel particle temperature fluctuations, an isothermal closure and
we consider a homogeneous equilibrium pressure resulting from a bi-Maxwellian distribu-

tion function. This closure leads to the cancellation of a number of contributions coming



from the pressure tensor and the terms —(1/0.)[A ¢, Aj] — (1/6.)0.A | ¢ are the remaining
contributions.

It may be of interest to emphasize that the model (3) - (4) possesses a noncanonical
Hamiltonian structure [29] that can be derived following the procedure given in Ref. [39)].

Its Hamiltonian is given by

2
HV A = § [ (Ne CAALLaA, -~ NeAfNe) | )

2 O,

where A, = A — %ALA” and L4 = (1 - gi AL)_I is a linear operator in terms of which

one has A = L 4A.. The Poisson bracket is

2
(G = [ (Ne (1P G + 5o [ G

(9)

0G 4 0Gy
A (F F F <+ F <
+ e([ Ae> GN&] + [ Ne> GAE]) + Ne az + Ae az ) )

acting on two functionals F' and G. In Eq. (9) the subscript on the functionals indicates
functional derivative, so that, for instance Fy, = §F'/dN,. The system can then be written
in the Hamiltonian form : 0,F = {F, H}, where F' is an observable of the system such as, for
instance, the vorticity A ¢ or the parallel electron canonical momentum A.. The adopted
model (3) - (4) therefore preserves the Hamiltonian character of the gyrokinetic model taken

as starting point for its derivation [39].

III. ANALYTICAL INVESTIGATION OF THE LINEAR TEARING MODE STA-
BILITY

In this Section we consider the model equations linearized about an equilibrium state
and derive a dispersion relation providing the growth rate of the linear tearing mode as
function of various parameters of the system, among which the equilibrium electron tem-
perature anisotropy. For the equilibrium state we made the choice of a Harris sheet with no

background flow given by

A(x) = —Alncosh(z/)), ¢ (z) =0, (10)
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giving the equilibrium magnetic field with components BY = 0 and Bg(,o) () =
v/B1./2tanh(z/\). The positive parameter A can be seen as a stretching factor for
the equilibrium shear length given by Ly = Ap,;, and defined as being the charac-
teristic scale at which the dimensional reconnecting magnetic field is varying, so that
d; B(O) (0) = Bo+/B1./2/L,. This equilibrium has no y-dependency to allow a Fourier anal-

ysis in this direction. We linearize Eqs. (3) and (4) considering perturbations of the form

A (,y,1) = (A 1 A@)er=4), oO(a,y,1) = (@) 4 da)ert ).

(1)
where v is the growth rate of the instability, k, = 2mm/L, is the wave number, with
m € N and the overbar refers to the complex conjugate. This configuration has a resonant
surface at x = 0 and we selected perturbations independent on z which effectively leads
us to consider a 2D reduction of the model (3)-(4). The perturbations are subject to the
boundary conditions ﬁ, a — 0, as © — £o00o. In addition, we are seeking for even solutions
of A(z) and odd solutions for ¢(z). This is a standard parity of the linear tearing mode
solutions, which is respected by our model (3) - (4). As a consequence of such parities, A
and 5 are purely real and imaginary-valued functions, respectively.

Proceeding to the linearization of Egs. (3) and (4) gives

9(¢" — k2¢) —iBO" A +iBO(A" — k2A) =0, (12)
~ 26? ~ ~ 262
A-"— (A" — K2A) +m(% — =B )
Bi. B,
(13)
iBz(/O) 27
/!
@—e( —ky¢) =0
where the prime notation denotes the derivative with respect to the argument of the function
and where
~
g=—. (14)
ky

We consider the time variation of the perturbation being slow, which, together with the

assumption (6), leads to considering the following two small parameters

2

26
g<1, o<1l (15)
Le
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As is customary with linear tearing modes, the stability analysis leads to a boundary layer
problem implying that one has to calculate the solution in two separate regions involving two
different scalings. In the inner region, close to the resonant surface z = 0, terms associated
with electron inertia become significant and gradients of the perturbations are large. On
the other hand, in the outer region, complementary to the inner region, terms proportional
to electron inertia can be neglected. Once the two solutions are found in the two regions,

they must be asymptotically matched.

A. Outer region

In the limit where electron inertia is negligible, Eqs. (12) and (13) become

g(¢out k2¢out) B(O) Aout + ZB o) (A:)/ut kzgout) = 0> (16)

Y

B
O

ngut + ZB Qbout - (Qbout k2¢out> — Y. (17)

We then neglect the terms proportional to ¢ in Eq. (16) and using the equilibrium Béo) =

tanh(x/\) we get the following equations

2
// 2 —
Aout AOUt (k )\2 COSh (l’/)\)2> 07 (18)
19 O,
¢out (k2 + © ) ¢out Z(O) Aout' (19)
Yy

We remark that, although Eq. (18) corresponds to a standard equation in MHD linear
tearing mode theory, yielding the outer solution for the perturbation Apur in the presence
of a Harris sheet equilibrium, this is not the case for Eq. (19). In particular, the first two
terms in Eq. (19) are absent in the outermost region in the tearing mode linear analysis of
reduced MHD and of the two-field model of Refs. [5]. This difference comes from the fact
that the structure of the reconnection region has a characteristic scale length corresponding
to ps1, in contrast with the current sheet of macroscopic length characteristic of MHD. The

new terms in Eq. (19) are due to electron compressibility, which becomes relevant on the
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scale length p,,. They do not affect the outer solution for the magnetic flux function (and
consequently the expression for the parameter A’ defined later in Eq. (24)), but alter the
outer solutions for the flow.

The solution of Eq. (18) is given by: [43]

Ao(z) = e_;yz (tanhkf;/)\) N A) | (20)

whereas the solution of (19) can be found by the method of the variation of parameters and

corresponds to

~ . za B g@e ¢ i ; —(athy)t
Dout(T) =ie (Ol 20\ /a (ky + tanh(t/A)> ‘ “
o (e O [(1 D Y e
+ ie (02 + 204/\/a (ky * tanh(t/)\)> ‘ “)

where we introduced the short-hand notation a? = k; + O.. The lower integral bound a is

(21)

a strictly positive arbitrary value that can be freely chosen. The constant C is chosen to

ensure that the boundary condition lim, (Eout = 0 is respected and is given by

99. [ (1 A —(athy)t
- D) elarhtgy 29
G 2a\ /a (k‘y - tanh(t/)\)) ‘ (22)

Note that the coefficient o — k,, present in the exponential of the second term of &mt, is
positive. The convergence, which might be not obvious at first sight, of this term in the
limit  — oo, is shown in detail in Appendix B.

Although the solution <Zm of the inner region is unknown at this stage, we anticipate in the

following equation, the expression of the constant (5, which has been chosen based on the

matching condition between inner and outer solution for ¢:

[ 2
Cy = gONa — g% BTV@E/?% N (23)

The derivative of the outer solution (20), A!

tut> 1s discontinuous at the resonant surface and

the discontinuity is usually measured with the standard tearing parameter

Al A
A= lim =24 — lim =24, (24)
x—0t Aout z—0~ Aout
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with A’ > 0 implying instability for the standard MHD case with static equilibrium. Com-

puting A’ for the solution (20) gives

2 1
AN=="——-FkN\]|. 2

In the limit |z| — 0 the solution can then be written in the form
~ A/
At = 1+ 7\x| +O(2?). (26)

In this work we consider small values of A’ allowing the use of the so-called constant 1

approximation which consists in approximating A as a constant close to z = 0 [19].

B. Inner region

In the inner region, centered about the resonant surface, where x < 1, we introduce the
change of variable

r=e€r, with e <1, (27)

and consider the unknown functions Ay, (%) and Gin() defined by Z(az) = A (Z) and ¢(z) =
Assuming that e is a small parameter implies that x-derivatives are large in this region
(i.e. k, < 0,) since they will scale as 1/e. Moreover, Bé,o)(x) = Béo)(ef) can be substituted

by its Taylor expansion ¢ — 0. Inspection of the ordering of the various terms of Eqs. (12)

- (13) in the inner region, after rescaling, indicates that

¢ = g5, /5%’ (28)

is the distinguished limit allowing to keep the maximum number of terms in the system as
e — 0 [1]. Thus (28) provides the appropriate choice for the scaling parameter e.
The leading contributions of Eqs. (12) and (13) in the inner region are

YA G

~ 2621 ~ iz 1~
A, — AT ) — o =0. 30
g ( /BJ_Q € ZTL> (_)6)\ € m ( )
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Inserting (29) into (30) we get

L~ _Zin
Sl = (31)
€ /\(1 + m)

We introduce a re-scaled displacement function Em related to &n by
G = ——3 (32)
m ge m:-

The rescaling in Eq. (32) allows to eliminate the inner parameter € from Eq. (31) and gives

the following layer equation for &,

g = — 2t (33)

M1+ g)

Under the change of variables (27), the expansion (26) becomes Ay = 1+ A7/€|:E| +0(z%). As
stated before, we consider small values of A’ so we can apply the constant-t) approximation.
Thus, we can set A;, = 1+ A;(Z), where A;(Z) < 1. Combining Eqs. (29) and (33)
one eventually finds that the solution for &, is not required for determining the dispersion
relation (which will be obtained by calculating the integral in Eq. (37)). Nevertheless, the

solution of Eq. (33) has to be determined to make sure the matching does exist in the

overlap region. Such solution is given by

_ 2O,

Tlog (V0. + 7°) — A\?03/2 arctan < > +Z(AO. + D) + Dy.  (34)

A\OL/2

We set D; = 0 in order to respect the condition limsz_,¢ &, = 0, following from 5 being an
odd function.

In terms of electrostatic potential $m and of the outer variable, gm(f) reads

7 B,
(bln(EI) - 92522

—ig?5, | —\?©>/? arctan \/ P T __ ,
g \ B 2 goael?

where D5 has been chosen as

« a®, /ﬁJ_ a
Dy = — _ e 1 i I
2 (C’l 02) + ky)\ ak:y)\@e + A0, log ( 5 5) (36)
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The choice we made for Cy and D, ensures that qgout and gm have the same expansion in
the overlap region.
As customary in linear tearing mode theory, we add the following matching condition con-
cerning the derivatives of the solutions

A=l / h A dz. (37)

€ 00

The condition (37) will provide the dispersion relation giving the growth rate of the tearing
mode as function of A’ and of other parameters of the system. Combining Eqgs. (29), (32)
and (33) with the relation (37), and making use of the constant-¢) approximation, leads to
A2 /%O o (38)
)
Using the expression (28) for €, we obtain the following dispersion relation

Ak, [ 2
= = 39
T we, \ B (39)

where for A’ one has to use the expression (25).

The dispersion relation (39) accounts for well known features of inertial reconnection in
the small A’ regime, such as the linear dependence on A’ and on the square root of the
mass ratio 6 [16, 17, 32]. The growth rate (39), for ©, = 1, reduces to the one found in Ref.
[40], the difference being the factor \/m emerging from the fact that we used a different
normalization of the perturbed magnetic potential, which amounts to taking a different
dimensional magnetic equilibrium. The main element of novelty is given by the dependence
on the electron temperature anisotropy parameter ©.. The formula (39) predicts a decrease
of the reconnection growth rate as ©, increases. This differs from what occurs in the case
of weak or absent guide field [9, 18, 24, 34, 37| where, as already mentioned in Sec. I,
an enhancement of the growth rate is observed as the temperature anisotropy parameter
increases.

In order to make the dependence of the growth rate (39) on various physical quantities,

more transparent, and to facilitate the comparison with the formula derived in Ref. [32] for
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the isotropic case, we rewrite the relation (39) in the following dimensional form:

. 2 1 A ]%yvthu dg
")/ —= = - ky)\psj_ - 9 (40)
)‘IOSJ_ (ky)\psj_ 77)\dz
where we used the dimensional expression for the tearing parameter A =
Afﬂ ( " Alpﬂ — /%y)\ps L), which allows to see its dependence in p,;, and consequently, its

dependence in T}, (we recall that ps; \/E ). In the dimensional expression, the depen-
dence in Ty, . coming from the parameters 5, and O, of the normalized expression (39), is
canceled. This implies that the equilibrium perpendicular temperature appears in the final
expression (40) from the fact that it affects the current sheet width, and consequently the
tearing parameter as well. In Eq. (40), we used the expression for the electron thermal
speed based on the parallel electron temperature vy, = /T, /me. The parameters d; and
d. are the ion and electron skin depths respectively, defined as d, = +/c?m,./e*nodr, for
r=e,i.

We point out that, according to our normalization (2) and to our choice (10) for the equi-
librium magnetic flux function, we are considering a dimensional equilibrium magnetic field
B (#) = Boy/BL./2tanh(i/(Aps1)) whose amplitude contains the factor \/fy,/2 and is
given by By \/m Considering this equilibrium, in the isotropic case, ©, = 1, and with

A =1, the dimensional growth rate is given by [32]

A/]%y/l}th d2 ﬂe
Aiso - - -, 41
g 7\ (41)

where L is the shear length, vy, = \/W is the isotropic electron thermal speed and
e is the isotropic electron beta parameter. Our growth rate (39) reduces to the one given
in Eq. (41) in the absence of temperature anisotropy and for L = Ap,,. Therefore, the
comparison shows that the extension of the formula for 7, to account for equilibrium
electron temperature anisotropy is obtained by replacing the electron thermal speed with
the parallel electron thermal speed and by considering the appropriate equilibrium scale
length. Note, on the other hand, that the dispersion relation (40) differs from those derived
in Refs. [4, 6] for EMHD models. In particular, for such models, the growth rate depends

uadratically on A’, whereas, in our case, the dependence is linear.
) ) b
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IV. NUMERICAL RESULTS

A. Validation of the dispersion relation

Simulations have been carried out in order to test the analytical dispersion relation (39)
with the code used in Refs. [21, 40], which has been adapted to the new set of equations. The
advancement in time is achieved through a third order Adams-Bashforth scheme. Periodic
boundary conditions are imposed along the x and the y-directions. A resolution of n, =
160 has been adopted and n, as been adapted according to the small parameter 252/3, ..
Although the code is available in 3D, we made the use, for this study, of a 2D domain given
by {-L, <x < L,,—L, <y < L,}, where L, = 47 and L, = 10m. We made the choice of
A = 3 which, according to the relation (25), gives the fixed values A’ = 0.38 with k, = 0.24
for the mode m = 1. The mass ratio has been taken equal to 62 = 0.01 while different values

of 31, have been considered. We point out that, considering that 3,, = 2p?, /d?, where p,|

can be explicitly written as p,; = \/TolemiCQ/GQB(%, a variation of 3, can be interpreted in
two different ways. On one hand, it can mean a variation of d; performed by modifying the
background density ny and keeping a current sheet of a fixed thickness. Alternatively, it can
also be interpreted as a variation of the perpendicular equilibrium temperature 75, which
implies a variation of the thickness of the current sheet ps,, for a fixed density ng. Both
ways leave By and m; (and in turn w,;) constant, thus guaranteeing that one is comparing
different values of the growth rate, normalized with respect to the same unit of time.

The numerical growth rate is determined by the formula
d (1) ™

evaluated during the linear phase. In the definition (42), the perturbed magnetic flux is
evaluated at (r = m/2,y = 0) corresponding to the magnetic island X-point. Figure 1
shows a very good agreement between the analytical formula (39) and the numerical results.
In particular, a stabilizing, although weak, role of electron temperature anisotropy at a fixed

B, is clearly visible, as O, increases. The stabilizing role, for the adopted normalization,
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of the 3, parameter is also confirmed.

Theoretical ~
— fB1,=0.05
=== fp1, =01
-- p1,=04
-

Numerical ~

e [,,=0.05
o ﬁLe =0.1
¢ [,,=04

FIG. 1: Growth rate as a function of the electron temperature anisotropy for different
values of 3, and taking the parameters 6 = 0.1 and A" = 0.38 fixed. For the full circle, the
run has been made taking n, = 300, for the empty circles n, = 600 and for the diamonds

n; = 1200. We recall that v is normalized with respect to w,;, the ion gyrofrequency.

B. Limits of validity of the dispersion relation

The dispersion relation (39) was derived on the basis of a number of assumptions im-
posing some parameters to be small. We find it useful to summarize and discuss here such
assumptions. The adopted model (3) - (4) neglects electron FLR effects. It is thus valid
for scales much larger than the electron Larmor radius. This allowed in particular for a
simplification, based on the relation §?A; < 1, in the form of the electron gyroaverage
operators (A46). In particular, in the inner region, electron FLR corrections would lead to
the presence of operators of the form (§2/€%)(9%/0x?). Therefore, in order for our linear
analysis to be consistent with the assumptions of the model, the order of the inner scale, ¢,
has to satisfy the condition

) K e (43)
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TABLE I: Table summarizing the various assumptions identifying small parameters adopted to

derive the relation (39).

No. Adopted assumptions

1 Time variation of the perturbation is slow gkl

2 Smallness of the inner scale ekl

3 Keeping electron inertia terms while neglecting electron FLR 62 < 3, < 1
4 Use of the constant-1) approximation eA' < 1

5  Neglecting electron FLR effects in the inner region <K e

The relation (43) and the other assumptions adopted for the tearing analysis are listed in
Table 1. Given the expressions for € (28) and for v (39), it is possible to see that the
assumptions 1, 2 and 3 are compatible. Combining the assumptions 4 and 5 gives the

following additional constraint on A’

A0, BL. A/ VTAWO, [BL.
Ty g SAEST 5

(44)

The assumption 5, for neglecting the electron FLR effects in the inner region, provides the
lower bound of (44). It compels us, in order to be perfectly consistent with the derivation of
the model, not to take too small values for A’. Fulfilling such condition forces the admissible
values for A’ to lie in a rather narrow interval, given in Eq. (44). Although the derivation
of the dispersion relation (39), starting from the system (3) - (4), was obtained using only
assumptions 1 - 4, violating the assumption 5 leaves the doubt about whether electron
FLR effects might have played an important role in the inner region. In assumption 3, the
condition £, < 1 allows to neglect the FLR effects in the general model while retaining

electron inertia. Recalling that 8, = 8mngTp,, /B3, the low-3,, regime is consistent with
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the strong guide field configuration. Although negligible at the leading order, if we keep
first order corrections in 3, in the evolution equations, as they are written in Eqs. (Ab4)

and (A55), we find the modified growth rate

SNk, [ 2 1\ /1 8. \" /5
_ ) (= - P PLe 1
T (me * @e) (@6 3. +2) 3 (4)

which is non-negative if

B, S@e§2+BLE-
2+ 61, B,

By comparing Eq. (45) with Eq. (39), it emerges that the inclusion of first order corrections

(46)

in 3, introduces, in the dispersion relation, new modifications due to the temperature
anisotropy, which are not due to the specific choice of the equilibrium scale length. We
remark that the condition on the lower bound for ©, in Eq. (46), corresponds to the
condition for firehose stability [22]. However, under the adopted assumptions 3;, < 1 and
©. = O(1), violating this condition leads outside the range of validity of the model. We find
it also useful to analyze how the theoretical predictions based on Eq. (39) compare with the
numerical results, for different values of k,. Figure 2 shows the numerical and theoretical
growth rates for different k, values in the cases 6 = 0.1 and 6 = 0.03. We recall that the
relation between A’ and k, is given by Eq. (25). In order to obtain higher values of A’ for
low modes, the length L, has been increased to L, = 20w, while we kept L, = 10m. As
shown in Fig. 2, in the two cases, the agreement between the theoretical and the numerical
values is very satisfactory for k, > 0.15 (corresponding to A’ < 1.15). For § = 0.1, the
lowest mode (associated to k, = 0.05, A" = 4.3) gives a relative error between vz and vy of
33%. In this case we have eA’ = 0.4 and ~/k, = 0.2, which appear to be too large for the
formula (39) to be valid. However, in the case of § = 0.03, which leads to a smaller v/k,
ratio, the error for the lowest mode is reduced to 9%. In the latter case we have eA’ = 0.03
and v/k, = 0.06. To conclude, the error between vy and 7 is well decreasing with the
ratio v/k, and the product eA’, in consistency with the assumptions No. 1 and 4 of Table
1 (note that e depends linearly on v/k,). Small values of v/k, increase the upper bound of

(44) and allow for larger values of A'.
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FIG. 2: Comparison between the theoretical growth rate predicted by Eq. (39) (vr) and
the numerical growth rate (yy) as a function of the wave number k,, for the cases § = 0.1
and 0 = 0.03. The values of the parameters are ©, =1, 5, = 0.1, A = 3 and the numerical

simulations were carried out using the modes 1 < m < 6.
V. CONCLUSIONS

In conclusion, we showed that, in the strong guide field regime, the effect of equilibrium
electron temperature anisotropy is different from what occurs in the case of absent or weak
guide field. The enhancement of the growth rate observed in the latter case is indeed absent
in the strong guide field case. In this respect we remark that, in Ref. [37], the tendency of a
finite guide field to weaken such enhancement was observed (although with a guide field of
amplitude at maximum only 2.5 greater than that of the equilibrium field). For a magnetic
equilibrium shear length of the order of ps,, as used in the present paper, we showed that

the growth rate actually exhibits a weak decrease as O, increases. The various assumptions
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adopted in order to simplify the original gyrofluid model (A33)-(A39) made the problem of
tearing stability treatable analytically but, on the other hand, impose severe restrictions on
the range of applicability of the results. In the following, we list what we consider could
be priorities for future work, allowing for more realistic applications. In terms of modelling
space plasmas, the cold ion assumption, for instance, is questionable and, in general, a
more refined treatment of ion dynamics would be desirable. Accounting for electron FLR
effects provides a further direction for improvement, whose investigation is currently in
progress. In particular, relaxing the assumption 6> < ;. < 1 would allow to study also
the interaction of tearing modes with instabilities induced by temperature anisotropy. The
inclusion of anisotropic temperature fluctuations in our general gyrofluid model (although
this might cause some concerns with regard to the Hamiltonian structure, as pointed out in
Ref. [42]) could in principle make it possible to study numerically, in a gyrofluid context,
fast reconnection induced by electron temperature anisotropy [8]. Finally, we also think
that an investigation (to be carried out with a kinetic model) of the reconnection rate in the
transition between the weak and strong guide field regimes, in the presence of temperature
anisotropy, would help reconciling our present result with previous results not assuming a
strong guide field. In the case of an equilibrium with isotropic temperature, this problem

was treated in Ref. [12].

Acknowledgments

The authors wish to thank William Daughton for the helpful comments. CG acknowledges

the financial support provided by the Universit Franco-Italienne through the Vinci program.

Appendix A: Model derivation

In this Appendix we first derive a new gyrofluid model (corresponding to Eqs. (A33)-
(A39)) accounting in particular for equilibrium temperature anisotropies, finite 3 effects and

isothermal closures for the particle temperature fluctuations. Subsequently we show how,
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from such model, the model (3)-(4), adopted in the tearing stability analysis, can be derived.
We consider, as departure point, the gyrokinetic equations of Ref. [26], although not in
their most general form, as we specialize to the case of bi-Maxwellian equilibrium distribution
functions and assume no equilibrium drift velocities. The reason for the choice of this parent
gyrokinetic model is due to the fact that such model combines the relative simplicity of the
reduced ¢ f approach with the inclusion of finite [ effects and of equilibrium temperature
anisotropy, the latter in particular being crucial for our tearing stability analysis.

The parent gyrokinetic model equations we consider are given by

ags | ,USBO B|| N
A+_ Js __JSA +2 ‘]S_as
o Bo 0 ¢ 0s 4| 0 1 Bo g
~ 0 qs H n /:LSBO BH
g o Joed = DAy + 2220 ZU ) — o, Al
+U82< +T0“g]:qs<o<l5 0sA| + 4B, (A1)

ZQS/dW Josgs = Z To /dW ‘Feq - ‘]gs)g;5

B
- qu/dw 2—— FeqSJOSJIS 3 (AQ)
s OJ— BO

R . qs V| 2 ;
s d s J s s —Je J SA
; q / W, 'U” 0 (g T(]Hs C qu 0 ||>

c A q> A 1 @ﬁ 9 121|
LN s 1— — 1— g2y 2l A
e e fove s (1o g Jas Rl a9

Z N / psBo . Z

. Un WS TOLS Jlsgs R
5J_5 / /J’SBO 2 B”

(2 + §s [ aw. Fou. 2t ) ) 5 (A4)

Consistently with the notation already adopted in Sec. I, we indicated with a hat the

1. By
Pr, 4 / AW, 2“’ 0 Fop Jos J1sd
No TOLS L

dimensional dependent and independent variables. We also recall that the index s denotes
the particle species. Equation (A1) describes the evolution of the generalized perturbed

distribution function g.(Z,9, 2,0y, fis, t), which is connected to the perturbed gyrocenter
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distribution function fs by the relation

~
~

A A o~ . . A A
gS(ajay?Z?’UH?ﬂ&t) = fS(x7y7Z7’UH>MS?t) + —”./T"eqS(UH,/Ls)JOSAH(Qﬁ,y,Z,t), (A5)

TOHS C

where 0, is the velocity parallel to the equilibrium magnetic field and is used as a first velocity
coordinate in phase space. Indicating with 0, the perpendicular velocity, we express with
fls = msﬁi /2By, the magnetic moment, used as a second velocity coordinate in phase space.
These two coordinates, together with the gyroangle 6, allow us to define the integration over

the velocity volume element,

+o0 +o0 2B
/ AW, = / do / "0 4, (A6)
—00 0 ms

Equations (A2), (A3), (A4) represent the quasineutrality constraint and the parallel and

perpendicular components of the Ampere’s law, respectively. We define by Ui, the parallel
thermal speed, related to TOHS by Vthy, = 1/ T0||S /ms and ¢s the charge. The equilibrium

distribution function is a bi-Maxwellian whose expression is given by

52
™sP _psBo

2 O . (1 ms 3/2 L 2T T
Jreqs (UHv ;us) = (g) We O)s 01s , (A?)
Ojjs 0

giving the uniform equilibrium density ng = [ AW, F.q,. The equations (A1) - (A4) are valid
for small perturbation of the equilibrium distribution function (A7).

The gyroaverage operators Jy; and Jys are defined, in the Fourier space, as multiplications
by Jo(as) and Jy(as), the latter being the zero and first order Bessel functions of the first

kind, respectively. Therefore one has

Josf (2,3, 2) = Y Jolas) fre™, (A8)
k

Jl (CLS)

Qs

Tisf (8,35,2) =Y fre™*, (A9)

k
where the vector k = (kg ky, k.) € {(271/(2Lps1),2mm/(2Lyps1 ), 270/ (2L.ps1 )
(l7m7n) S ZS} and T € {(i‘agaé) S R? _IOSLLJ: < T < psLLx7_psLLy < g <

Psi Ly, —/2/B1.psiLl. <2< +/2/B1 psiL.}. The quantity a, is defined by a, = /Aﬁvl/wcs
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with &k, = \/]25920 + /2:12, the perpendicular wave number.

Two coefficients are included:

TL()TOLS

BJ—S =3r B2 (AlO)
0

corresponding to the ratio between the perpendicular equilibrium kinetic pressure and the
magnetic pressure, and to the temperature anisotropy for each species s, respectively.

Gyrofluid moments, such as the perturbation of the gyrocenter density, parallel velocity and
of parallel and perpendicular temperature, are computed as moments of the perturbation
of the gyrocenter distribution function fs. We consider here a model retaining the first four

moments, given by

. A U, 1 o .
Ns = /dsts, - dWs ! f37 (A11>
vth”S no vth”S

A /\2 A
s 1 / Y ; T s 1 (ﬂsBo > 2
- dWs -1 R - — dWS -1 s

In particular, we will derive evolution equations for the gyrocenter density and parallel
velocity fluctuations, but we will need to take into account also gyrocenter temperature
fluctuations in order to impose an isothermal closure on the particle temperature fluctua-
tions. All the fluctuations of the remaining higher order gyrocenter moments are assumed
to be zero.

The perturbed gyrocenter distribution function can be developed as a series of its gyro-
center moments using Hermite polynomials H,, and Laguerre polynomials L,,, where H,, are

polynomials of @H / Vth, and L, are polynomials of [i;By/Tp,,. The expansion reads

F A A N f) ,ELSB - ~ ~
fs(r7 H7 Z \/—gmns t)Hm ( ! ) Ln (#) feqs (UH7/L8)' (A12>

m,n=0 vthHs 1s

Using the orthogonality relations of Hermite and Laguerre polynomials, and retaining the

first four moments, the gyrokinetic function f, is written as
, A 9 . .
. . N, v, U, 1( v Tis (1, B T
fS:fe(Is _+_H_+_ 2H -1 ” +<M 0_1)i : (A13)
nO UthHs Uth”S 2 UthHs TOHS TOLS TOLS
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Inserting this expression for fs into Eq. (A1) and integrating over dW, yields the evolution

equation for N,:

aN c T, B N ~ T B Ts
——4+— |G, ¢+ 0“29205 H — | — = |G1.¢0+ 0“2%15 I —L
otng By s Bo qs By Ty, (A14)
1 - aU
. A,QJ sy,
By [gws 1Ys] Tz

Multiplying (A1) by 9, /(novis,,) and integrating over dW;, gives the evolution equation for

Us:
a% (UZSS N q;z:flsg103A||> +— G0+ ;: 2020, - By’ %
- UZ;S Gio, Alla _ * ;;“; gol G, AII? at " ;;t%o Z [gl’“gb gmA”]
+ @%l;h”s:z% [2g2ns B‘ glnsAH + Uthusé? <T0| o ¢ i 25?3|ng sio " ]73 i 77:(;'5 ) v

(A15)

where the operators Gy,,, and G, are defined in Fourier space so that [3]

PPN By e fis Bo k¢ e/2 (b \" ik-f
glnsf(xa Y, Z) = Z TO d,U/s € 01, Ln ( T() JO(as)ff(e ) = Z n 5 ff(e k )
lA{ 1s 1s °

k

(A16)

JNA By e fisBo\ fusBo Ji(as) ki

" — d s To SLn L oiKer
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Goo, f(2,9,2) = 3 —5— fee™”, (A18)

with b, = l%ipfm and py,, . = (1/wes)\/To,,/ms the perpendicular thermal Larmor radius.
With regard to the static equations (A2)-(A4), again, by inserting the expansion (A13), we

obtain

A

T,
qu (gms— — gusToi TOL (Tos — 1) + (Tos — Tug) 2t

By
By

) 0, (A19)

~ALA) =

4 1 A
™o qu (glosU + — (1 — @_) (FOS — 1)?”) s (A20>

s
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T, s B
st (2%05— 27 ) ZmST (Cou-T1)b—2 ] ZS:% (Toy—T1s)
(A21)

where
Losf (2,9, 2) ZIO eV et T f(E Zh et fe® (A22)

and I, are the modified Bessel functions of order n.
The system given by Eqgs. (A14), (A15) and (A19), (A20), (A21) requires a closure on the
temperature fluctuations. We impose the following standard closure relations consisting in

setting the perturbations of the parallel and perpendicular particle temperatures to zero :

tA 1 27 .
L:_/ ‘w/ 1)t =0 (A23)
TOHS o thH

27
b _ a0 / dW, (“sBO )Fs:o, (A24)
no 0

where fs is the perturbation of the particle distribution function for a particle of species s.

Although the isothermal closure relations (A23)-(A24) are easily expressed in terms of the
particle temperature fluctuations, in order to include them in our gyrofluid model, we need
to express them in terms of the gyrocenter temperature fluctuations. Therefore we introduce
the gyrocenter position R = ¢ + (V/wes) X 2 =T + p_, expressed in terms of the particle
position r and the particle velocity v =,z + 0, (cos0x + sinfly), with 6 = arctan(v,/v)
indicating the gyroangle.

To express the closure in terms of the gyrocenter moments, we use the following relation,

which can be obtained from Ref. [26]:
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TOLS qs Qg BO

We make use of the relation (A25), expressing the perturbation of the particle distribution

function f, in terms of that of the gyrocenter f,, into Eqs. (A23) - (A24). By means of the
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identity
1 2w

Jolas) fs, = o ], df, P, (A26)

we obtain that Eqgs. (A23) - (A24), lead to the following closure relations in terms of

gyrocenter variables:

tAHS = g105T||5 =0, (A27)
tAJ_ Ns TJ_S B
s — s -9 A28
To.. U1, - + (Go, Gi1, + Gia.) Ty, TOLS Gro, Cb Ori,— Bo =0, ( )
with the operators
Gro. f(2,9,2) = Y _ bee™ (Io(bs) — 11 (bs)) fre™*, (A29)
k

Gr. f (& Zze—bs ((b — %) Io(bs) — by (b )) fre™*. (A30)

We remark that the relations included in Eqgs. (A27)-(A28), permitting to express particle
temperature fluctuations in terms of gyrocenter temperature fluctuations, agree with those
of Ref. [3] (up to a misprint in the sign of I; in Ref. [3]). In particular, we note that such
relations do not depend explicitly on ©..

The resulting gyrofluid system can be conveniently expressed in terms of an appropriate

normalization. The adopted dimensionless variables are

T (] Bi. 2 2
T = , Y = , z = t = wet,
Psl PsL 2 PsL
NS BJ_ Us TJ_S ﬂls
Ns:_> Us_ 6_7 Ts: ) Ts: s
o N S =7, (A31)
6(& B” 1 2 AH
*=1,0 U7 AT L\BL B
Ole 0 PsL BJ_E 0

(A32)

corresponding to the ratio between the equilibrium perpendicular temperatures.
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The dimensionless evolution equations are given by

ON,
o + [Gr0,0, Ns| + sgn(qs) 71, [2Go0, By, Ns| — [G11,0. T'is) — [Gro. Ay, Us] (A33)
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+ 71, nZ:; [2Gon. By, Gin, A)] + % <sgn(qs)glos¢ + 271 . Go, @ (N +T)s )) 0,
and the static equations correspond to
Z Sgn(QS) (gmst - gllsTJ_s + ng_lqu> (FOS - 1)¢ + (FOS - Fls)B”) = O? (A35)
1 i B,
Z <6§S N ——sgn(gs)G10,Us + <1 - @—> (Tos — 1)%6§ AII) =—AL4, (A36)
Z B, Sgnl(qs) (Fos = T'is)p + 2B + 2 ZBJ_S (Fos = T'io) B = =2 Z B, (G0, Ns — Go1,T15),
(A37)
(Gro. — 2611, + Gi2,) T'Ls — Gu1, Ns — Gro, sgn( )Cb — 071, B =0, (A38)
gl()sirHs = 0. (A39)

The system (A33)-(A39) is a new gyrofluid model accounting for parallel magnetic pertur-
bations, FLR effects, equilibrium temperature anisotropies, and closed by imposing that the
particle temperature fluctuations be zero.

Because of the complexity of the model, for the purpose of an analytical investigation of
the tearing instability, we simplify it by applying a number of assumptions.

In particular, we aim at reducing the model (A33)-(A39) to a two-field model consisting
of the evolution equations for the fluctuations of the electron density and electron parallel
velocity.

First, we assume all the involved fluctuations of the ion gyrocenter moments, i.e. N;, U;,

T, and Tj,, to be negligiblein the static relations, which effectively decouples the electron
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dynamics from the ion gyrocenter dynamics. This is of course a very strong assumption,
which ignores the evolution of ion gyrocenter density and parallel velocity based on Egs.
(A33) and (A34) for s = i. On the other hand, at least in the case of initial conditions N; =
U; = 0, ion gyrocenter density and parallel velocity fluctuations appear not to substantially
modify the reconnection process [11]. We also assume an isotropic ion temperature, i.e.
0, =1.

We further reduce the system by considering the following ordering, where 3,_, 6 and 7,

are used as expansion parameters,

8y ~ 0, ~ 0, =0(1), (A40)
O ~0.~ Ny~ A~ U= 0(e) < 1, (A41)
By ~T .= 0(pBL.), (A42)
0 < B, <1, (A43)
T, < L (A44)

The ordering (A40) fixes equal to ps; the characteristic scale length for the variations of the
fluctuations in the perpendicular plane, and assumes the electron temperature anisotropy
to remain finite as the expansion parameters tend to zero. The ordering (A41), on the other
hand, refers to small amplitude, low-frequency and strongly anisotropic fluctuations, which
are typical assumptions of the ¢ f gyrokinetic approach (note, on the other hand, that due to
our subsidiary ordering in the parameter (3, _, the ordering (A41) is not equivalent to the one
assumed in Ref. [26] for deriving the parent gyorkinetic model (A1)-(A4)). All the lowest
order terms in the gyrofluid equations (A33)-(A34) are of order € and no further expansion
will be performed in the parameter ¢ (not to be confused with the parameter € introduced in
Sec. III B to rescale the inner variable). According to Eq. (A43), we consider a small value
of the 3., parameter, although much larger than the mass ratio §2. The reason for the latter
ordering is that it will allow to neglect electron FLR effects, while retaining electron inertia
term in Ohm’s law, which is required for reconnection. As a consequence, the fluctuations B

and T’ ., will turn out to be subdominant with respect to the other fluctuations, as indicated
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by Eq. (A42). We consider in (A44) a cold ion regime, assuming that the value of the ion
to electron perpendicular equilibrium temperature ratio be small. In particular, assuming
T, € 0% as § — 0, effectively removes all finite ion temperature effects, except for the
one associated with the ion polarization in the quasi-neutrality relation (A35), where 7|,
appears at the denominator.

We focus, in the coming steps, on the reduction of the gyroaverage operators using the
assumptions (A43) and (A44). The orderings (A43)-(A44) indicate that the normalized
parameter b, for each species, corresponding to b, = §°k3 and b; = 7, k%, can be expanded,
allowing us to simplify the gyroaverage operators Gy, and Gs,,,, whose general form is given
by Egs. (A16) and (A17). We show below the expression of the operators acting on the
electron moments that will be considered for the reduction (analogous expressions apply in
the ion case):

- ik-r be - ik-r
gl()ef(x7y7 t) = Ze b8/2fk6 k ) gllef(x7y7t) = Z 56 b6/2fke k )
k

k

o (A45)

gQOef(xayat) = Z ‘ 2

k k

f ikr g f( t)_ e_be/Q 1 % f ik-r
k€ 21.J\ T, Y, ——Z B D k€ .

Upon the ordering (A43), these operators are written using their Taylor expansion as

2

Guo.f2.9) = (14508, ) Fan) + O, G (o) = =3 () + O),

G fl.0) = 5 (14 5000) o) +O@). G Sley) = =5 (14 30%00) Jloa) +O)

(A46)
while the operators Gi,,, and G,,, with n > 2 are of order O(4?) and thus turn out to be
negligible. Regarding the ion and electron I',,; operators, present in Eqs. (A35) - (A39) and

whose general expression is given in Eq. (A22), they can be simplified as well using Eq.

(A43) and can be written as

Loef(z,y) = (1 4+ 3AL) f(x,y) + O(6%), Tief(z,y) = O(5?),

Coif(z,y) = (1 +7,A0) f(x,y) + O(Ti,), Lif(z,y) = O(6?).

(A47)

Using the ordering (A40) in the closure equations (A39) and (A38) and neglecting terms
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proportional to 62 compared to terms of order one, we obtain the reduced closure equations,
T = 0, T.=-DB. (A48)

When applying the ordering (A40) - (A44) to the evolution equations (A33) and (A34), the
assumption 6% < 3;, < 1 allows us to neglect terms proportional to §2, arising from the
operators Gi,,, and Gy, , when compared to terms proportional to 62/3,, and, therefore, to
neglect electron FLR effects. However, retaining first order corrections in 3, allows us to
keep some terms involving the perturbation Bj.

Therefore, we can write the evolution equations, retaining the above mentioned corrections
as well as the subdominant term (2/3,,)[By, 0*U.] of order §*, allowing the system to keep
a Hamiltonian formulation (a similar inconsistency in the ordering, possessing, on the other
hand, the merit of preserving the Hamiltonian character of the parent gyrokinetic model, is

discussed in Ref. [30]):

ON. oU,

ot + [¢ - B||7 Ne] - [AH7 Ue] + Oz = 07 (A49)
0 242 242 1 0 N,
& (A” — ﬁ_J_eUe) + |:¢ — BH,A” — 6_J_6U8:| —l-@—e[AH,Ne] —{—% (qb - BH — @—e) = 0. (A50)

Applying now the ordering to the static equations (A35), (A36), (A37) and neglecting terms

proportional to §%, while retaining first order corrections in 3, _, yields the relations

1
Ne:AL¢> Ue: <1+@(1__)>AJ-A”7 B”:_2_’B_JEL

2 O.
By means of the first relation in Eq. (A51), indicating that the electron gyrocenter density

Arg. (AB1)

equals the E x B vorticity A ¢, Eq. (A35) becomes an evolution equation for the vorticity.
The system (A49)-(A50) was shown to be Hamiltonian in Ref. [39]. Its Hamiltonian struc-

ture consists of the Hamiltonian functional
L[ (N2 . . .
H(N., A,) = 3 d’x 5 AN LaA; — NLyN, + N LN, |, (A52)
and of the Poisson bracket

(F.G)= [ <Ne (1P G + e 6.

0G4 0G n
c+ F ° .
0z + 0z )

(A53)
+ Ac([Fa., Gn.] + [Fn.,Ga.]) + F.
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In Eqs. (A52) and (Ab3) A, = A —262U./B.,, whereas L4, L, and Lp are linear operators
that permit to express A, ¢ and By in terms of N, and A, by means of Egs. (A51). Using
the relations (A48) and (A51), the evolution equations (A49) and (A50) become

N (1 + 5 (1 - L)) Al

ot ; 2 5 O, 1 (AB4)
+§(1+ 5 (1—@—6>)ALA|=O,
0 252 1
§<A” - 5_1_6 (1—|— 6;_(: <1_ @_e>> AJ_A>
252 3, 1
o4 ——(1+—€<1——>>A A}
{ Bl 2 ) O, l” (A55)
B, 26 By, 1
_BJ_6—|—2 |:AJ_Q5,A—B—J_€(1+T(1—®—S))AJ_A”:|
1 0 B, Agy
+6—6[AL¢,A”]+& <¢+2+6leAJ_¢— o, ) =0.

As a further simplification, by virtue of Eq. (A43), one can neglect terms of order /3, when

compared to terms of order unity, which leads to the system

0A | ¢

OALA) _
ot =0

0z ’

+ [0, ArLg] — [A, ALA)] +

(A56)

0 262 262 1 0 A
— (4 —=—A.A Aj— —ALA | — =—[ALd, Ayl + == | o — =0.
g (415 oum) + o - Foaum] - s+ 7 (0- 550)

(A57)
Egs. (A56) and (A57) are indeed those considered for our tearing stability analysis and
correspond to Eqgs. (3)-(4). The analysis can easily be extended to account also for the

small modifications of the coeflicients due to the presence of a finite 3,,. This leads to the

generalized dispersion relation (45).

Appendix B: Convergence of a limit relevant for the outer solution 5out

In this Appendix we show that

71 A
li —az — 40 ) elemkt g — B1
m e /a (ky+tanh(t/)\))e ) ( )

r—r-+00

34



which is necessary in order to verify that the solution (21), satisfies the boundary condition

limaz—>+oo ¢out = 0.
First, we recall that the coefficient o — &, = /kf/ + O, — k, is positive.

Then we use the fact that [1/tanht| < |1/t + 1| on the domain ¢ €]0,4+00). This yields

AN 1 1A
0 < e - (a_ky)tdt< —oaa:/ - - 1 (oz—k:y)tdt
= /G(kﬁtanha/»)e L \R e

(a—ky)z u
— 6—0&3} ()\/ e_du + M <e(a_ky)a — e(a_ky)$>)
( u k, — o

a—ky)a

=e (AEi((Oé —ky)z) = AEi((a — ky)a) + Lk, 41 (e("‘_ky)“ - e(o‘_ky)”>>

ky —«
A 1 1k, +1
~ —kyx _ —ax s _ Y —ax+(a—ky)a _ —kyx
e ((a e +0 (1‘2)) Ae " Ei((a — ky)a) + T (e e )
- 0
T—+00

(B2)
where 7 is the exponential integral function and where in the last step we made use of

the asymptotic expansion Ei(z) ~ e (2 + X + O(Z;)). This shows the convergence of the
integral (B1).
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