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ABsTRACT. We study the long time behavior of small solutions of semi-linear dispersive Hamiltonian
partial differential equations on confined domains. Provided that the system enjoys a new non-resonance
condition and a strong enough energy estimate, we prove that its low super-actions are almost preserved
for very long times. Roughly speaking, it means that, only modes with the same linear frequency will
be able to exchange energy in a reasonable time. Contrary to the previous existing results, we do not
require the solutions to be especially smooth. They only have to live in the energy space. We apply our
result to nonlinear Klein-Gordon equations in dimension d = 1 and nonlinear Schrédinger equations in
dimension d < 2.
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The theory of normal forms for Hamiltonian PDEs has been very popular over the last twenty years,
with great success both in non-resonant cases (stability over long periods of small and regular solutions
[Bou96, Bam99, Bou00, Bam03, BG06, BDGS07, GIP09, Dell12, FGL13, YZ14, BD17, FI19, BFG20a,
BMP20, F120, BG20]) and in resonant cases (weak turbulence phenomena [CKSTT10, CF12, GG12,
GK15], beatings phenomena [GV11, GT12, HP17| or chaotic phenomena [GGMP21]). However, this
theory was only applied for the moment in very regular function spaces, essentially the Sobolev spaces

H? for s very large.

An emblematic result of this technique, demonstrated in [BGO06|, states that given a non-resonant
semi-linear Hamiltonian PDE, with a non-linear part with a tame property, given an integer r, there
exists so(r) such that, any solution in H® with s larger than so(r) of sufficiently small initial size e,

E-mail address: joackim.bernier@univ-nantes.fr, benoit.grebert@univ-nantes.fr.
2010 Mathematics Subject Classification. 35Q55, 81Q05 , 37K55.

Key words and phrases. Birkhoff normal forms, dispersive equations, low regularity, Hamiltonian PDE, Sturm—Liouville.

1
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is stable in H?®, for very long times of the order ™", in the following sense: the amplitudes of its

modes (or its super-actions) are almost preserved and thus the solution remains small in H*. The
main flaw of this result lies in the constraint s > sg(r) which is far from being negligible since, in the
best cases, the nonlinear Schrodinger equations (called in the following NLS) on the torus for example,
so(r) ~ r (see [BMP20]). This restriction is all the more problematical that numerical experiments
strongly suggest that it is irrelevant (see for example the numerical experiments in [CHL08a, CHLO8b]
dealing with non smooth solutions of nonlinear Klein—Gordon equations). In the meantime a constant
effort has been developed to lower the degree of regularity at which the equation is well posed (see e.g.
[V1a84, Bou93, Bou99, Caz03, BGT05]) and to compute accurately its non-smooth solutions (see e.g.
[HS17, ORS20)).

In this paper we develop a Birkhoff normal form technique in low regularity. Considering small
solutions in the energy space, it is clear that the energy norm remains small as long as the solution
exists. However a relevant question consists in estimating the exchanges of energy between modes.
The classical Birkhoff normal form result (see [Nek77, Gré07]) shows that, after a symplectic change of
variables, the Hamiltonian depends only on the actions up to a remainder of arbitrary large order, and
thus no significant exchange of energy between different modes is possible before a very long time. Our
result is weaker since it concerns essentially only the low modes of the solution: schematically, given r
and N if the initial data is small enough in the energy space then we prove that the amplitudes of the
first N modes of the solution remain almost unchanged over times of the order ™. Nevertheless, if
the initial datum is a little bit smoother then the high modes are also almost preserved (i.e. N = 400;
see Corollary 1.14 for a concrete example). This result is obtained by separating the dynamics of
the low modes from those of the high modes which, themselves, are controlled only because of energy
conservation. This separation is obtained thanks to a new non-resonance condition which is really the
key to this work. We will come back to this new non-resonance condition later, but we can already
notice that it is strongly linked to the asymptotics of linear frequencies: in the application examples we
present, the high frequencies are close to integer values.

1.1. Main result. In this section we give a heuristic version of our main result which is stated precisely
and rigorously in Theorem 5.1. We consider a Hamiltonian PDE that can be written

Ou = JVH (u)
where J denotes a skew symmetric operator, and H is a smooth Hamiltonian defined on the energy
space £. We assume that & is a Hilbert space, admitting a Hilbertian basis (e, )nen, where Ny C 74,

in such a way the decomposition u = ZnENd upen allows an identification between £ and a discrete
Sobolev space h®*(Ny; C) (defined in (30)) for some s > 0 and the Hamiltonian PDE reads

Opuy, = —i0z, H(u), n € Ng.
We assume that H = Z9 + P with

Jy = 3 Z wn\un\2, with w = (wp)nen, € [led
neNy

and P € C'(&;R) a regular Hamiltonian, i.e. VP maps continuously & into itself (this condition can be
slightly relaxed, for instance in the case of NLS in 2-d). We further assume that P is of order p at the
origin, i.e. there exists C' such that

(1) |P(u)| < Cllullz for ||ule small enough.

Finally we assume that H (or another constant of the motion) controls and is well controlled by the
energy norm: there exists A > 1 such that

(2) A MHullg < H(u) < Allullg, for all u € € small enough.

Concerning the frequency vector w we assume that it is strongly non resonant in the following sense.
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Definition 1.1 (Strong non-resonance). Let d > 1, Ng C Z% and w € RN¢,

The frequencies w are strongly non resonant, if for all r > 0 there exists vy, > 0, o, > 0 such that for
allry <r, allty,... ¢, € Z*, alln € N} with distinct entriest, provided that |01| + -+ |6, | <7 and
(n1) <--- <{(n,,) we have

(3) [Giwn, + -+ 4 by, | > (1)

Note that this definition is not well suited to deal with multiplicities (here the frequencies wy,, n € Ny,
have to be distinct). Therefore it is extended in Definition 2.3 (which is heavier).
Theorem 1.2 (Heuristic). Fiz r > p, p being the order of the nonlinearity (see (1)), there exist B, > 0
and €o(r) > 0 such that if u® € & satisfies |uO||g = & < eo(r) then the Cauchy problem

admits an unique global solution in € and there exits C, such that

(4) H<eT = VneNg, [[un® = lun(0)] < Cplnrer.

It is important to notice that, because of the term (n)% in (4), our result essentially says that we
can control finite number of modes during very long times. Namely instead of (4) we could say: given
r > pand N > 1 there exists C;. y > 0 such that

| <e and (W) <N — (|un(t)|2—|un(0)|2\gor,Nsp.

Nevertheless, the number N of modes we can control depends on the size of the in initial datum e: using

(4) we have N = N, ~ E%. This optimization is especially useful to describe solutions whose initial
datum is little bit smoother (see e.g. Corollary 1.14).

The rigorous statement is given in Theorem 5.1 and we provide a scheme of prove in the subsection
1.4. Concrete examples of applications of this theorem are given in Theorem 1.5, 1.10, 1.18, 1.22.

1.2. Comments. e Low regularity: The main novelty of this theorem is that it applies to solutions of
low regularity, namely solution in the energy space. So we can consider non smooth initial data but,
also, we can consider PDEs with coefficients that are not smooth. Typically in nonlinear Schrédinger
equations we can consider nonlinearities of the type g(z)|u|?u with g only in the C'* class or non-smooth
multiplicative potentials. This allow us to provide (in Theorem 1.18), to the best of our knowledge,
the first Birkhoff normal form Theorem for nonlinear Schrodinger equations both with a multiplicative
potential and periodic boundary conditions (in [BGO06|, multiplicative potentials were considered but
only for the Dirichlet boundary conditions see Remark 1.15). On the other hand, this allows to consider
Dirichlet boundary conditions without parity restriction on the equation. For instance we consider
the Klein Gordon equation with Dirichlet boundary conditions with quadratic, or more generally even,
nonlinearity.

e No fast backward energy cascade: The dynamical consequences of Theorem 1.2 are both, first it proves
that the energy of low modes is almost constant for very long times, but it also proves that there is no
way for fast backward energy cascade. Indeed, let us discuss this second point. Birkhoff normal forms
are typically used to analyse turbulence phenomena for nonlinear dispersive PDEs on confined domains
or, in other words, to understand how the energy could move from large to arbitrarily small spacial
scales. In high regularity, in the classical non resonant setting (i.e. as in [BGO06| for example), one
proves that, starting from very smooth initial data (e.g. Gevrey or analytic), it takes very long times
(i.e. at least more than polynomial) to the energy to migrate from low modes to high modes (|[Gual4]
proves that it effectively happen). Unfortunately, this standard theory says nothing about what could

Lie Vi # 7, ni # nj.
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happen next. From what we know of resonant systems, we could expect some backward energy cascade:
the energy could go back to low modes (as in [GG17] for Szegd). In this paper, we do not exclude such
phenomena but we prove that if it happens then it should also take very long times. Indeed, since the
Hamiltonian of the system is a constant of the motion, the energy norm of the solution remains small
even after very long times and so we can apply again our new Birkhoff normal form result to prove that
it would take very long times for the energy to come back on low modes.

e Unbounded solutions: we stress that in the case of NLS in dimension 2 with periodic boundary
conditions (see (NLS?)) the energy space H' is not included in L. Thus the solutions whose Fourier
modes we control are not necessarily bounded, i.e. not necessarily in L*°, which is quite amazing.

e Free behavior near the boundary: our technique let a lot of freedom to the solutions near the boundary.
For example, to deal with PDEs with homogeneous Dirichlet boundary conditions, we only have to
assume that the solution vanishes on the boundary whereas, with the classical technique, the solution
almost have to be odd (i.e. even derivatives have to vanish on the boundary up to order s > so(r); see
e.g. the compatibility condition (2.4) in [BamO03]).

e Nekhoroshev in finite reqularity: optimizing r with respect to e, we could get? a stability result in the
energy space for super-polynomial times with respect to e~'. On the contrary, in the usual setting, due
to the constraint s > s¢(r), the only way to reach stability for super-polynomial times was to consider
analytic or Gevrey solutions (see [FG13, BMP20]) or, at least, to optimize s with respect to ¢ as in
[BMP20].

e In our new non resonant condition given by (3), we ask for a control of the small divisors with respect
to the smallest index involved. Clearly it is a much stronger condition than the one usually used where
we ask for a control of the same small divisors with respect to the third largest index involved (see
[BGOG6]). Surprisingly, this stronger condition is often verified. Indeed a control of the small divisor
with respect to the largest index involved implies (3) provided that the high frequencies are close to
integer values (see Proposition 2.1). In fact the only cases where we are able to ensure (3) are those
where the standard non resonance condition involving the third largest index was already known and
for which Proposition 2.1 applies.

e Partially resonant case: in Theorem 5.1 we consider a more general setting including the (partially)
resonant case, i.e. when it can happen that w,, = w,, for n # m. In that case we can only control the
super action J, = > _ [t |?. We could also consider clusters of close frequencies in the spirit of
[BDGS07] or [GIP09].

o Admussibility of the PDE: The main restrictions imposed to be able to apply our result are the ellipticity
condition (2), the non-resonance condition (3) and an extra property even more constraining than
ellipticity: we ask for a certain norm, |[|-||g, built from the energy norm to be a norm of algebra: |uv||s <
|lullg|lv|lg. Roughly speaking, |||z takes into account the regularization property of the linear part of the
PDE. For instance for NLS, in 1-d, ||u||¢ = |lu||¢, while for the Klein Gordon equation, ||-||z integrates the
fact that the equation is 1/2 regularizing. In our technical statements, this condition writes® s > d/2—g¢
where s denotes the Sobolev exponent of the energy space and ¢ quantifies the regularizing effect. As said
before, the condition (3) is often satisfied in standard examples of Hamiltonian PDEs and paradoxically
it is the condition (2) and the condition on the energy norm that most restrict the field of application.
e The ellipticity condition (2) is used to control the energy norm and thus to ensure the global well
posedness in the energy space. Indeed, our method allows to control only a finite number of modes and
therefore it is necessary to control, by another argument, the norm of the solution. On the contrary,

2unfor'cuna‘cely7 it would be quite technical and would require to optimize all the estimate with respect r, thus we don’t
do it.

3As illustrated below on the example the NLS in dimension 2, there is a trick to deal with the limit case s = d/2 —¢: to
put it heuristically, in dimension one it is convenient to use the inclusion H' C L° which is no longer true in dimension
two, one can nevertheless get by with H* € L7 for all ¢ < +oco (indeed in Birkhoff normal form procedure the nonlinearities
are always polynomials).
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the standard Birkhoff normal form method provides a control of the norm of the solution, but in high
regularity.

1.3. Applications. In this paper, as representative examples of what our result can achieve, we consider
the Klein—Gordon equation in 1d with Dirichlet boundary conditions and the nonlinear Schrédinger
equations in 1d and 2d with both periodic and Dirichlet boundary conditions. The proofs are given in
Section 6 (excepted the probabilistic results which are all proven in Section 2).

Clearly the result also apply to other equations, for instance the beam equation, and other manifolds,
for instance a sphere or a Zoll manifold (this is the goal of our recent paper with G. Riviére [BGR21]).
Nevertheless, our purpose is not to exhaust all the possible applications but rather to choose a few to
illustrate our method. The diversity of the proposed applications has already largely contributed to the
complexity of the presentation of this work, the paper would have been much shorter if we had focused
only on Klein—Gordon in 1d with Dirichlet boundary conditions.

Note that, even if in all our applications® the eigenvalues of the linearized vector fields are simple, such
a limitation is not necessary at all and our abstract results allow to deal with multiplicities.

1.3.1. Klein-Gordon equations in dimension d = 1. We consider the Cauchy problem for the
nonlinear Klein-Gordon equation on [0, 77| with homogeneous Dirichlet boundary conditions

Ofe(t,z) = 070(t,z) —m(t,x) + g(z, 2(t,x)) (t,2) € Rx (0,7),
®(t,0) = P(t,m) = 0 teR,
(KG) ®0,2) = O (x) x € (0,7,
0®(0,2) = dO(z) x € [0, 7).

where the unknown ®(t,z) € R is real valued, ®© € H}([0,7];R), ®© € L?(0,7;R), the mass m > —1
is a parameter and (y — g(-,y)) € C®°(R; H'([0,7];R)) is a smooth nonlinearity of order p — 1 > 2 at
the origin®.

It is a well know Hamiltonian system. Indeed, it rewrites formally

0, <£’®> _ < N o) VH(®, 0,®)

where, denoting G(z,y) fO x,y)dy, the Hamiltonian H is defined by

A(@.0%) = [* S00@) + 500) +

It is relevant, as stated in the following lemma, to note that this Hamiltonian is strongly convex in a
neighborhood of the origin.

(®(z))? — G(z, ®(x)) dz.

Lemma 1.3. For all m > —1, there exists &, > 0 and A, > 1 such that for all ® € H}([0,7];R) and
all W e L2(0,m;R), if [|®] g1 + | V]l 22 < A then
At (1@l +119122)? < H(®, ) < A (|| @] + [[9]22)*.
As a consequence of Lemma 1.3, using standard methods for semi-linear Hamiltonian systems in their

energy space, the global well-posedness of (KG) for small solutions in Hi x L? can be easily obtained
(see e.g. [Caz03] for the methods to prove it). It is summarized in the following theorem.

Theorem 1.4 (Global well-posedness). Let m > —1 and &, be given by Lemma 1.3. Provided that
12O 1 + (| 2O 12 < &, there exists an unique global solution to (KG)
(®,0;®) € CYR; HY x L*) N CH(R; L* x H™Y).

4excepted in Remark 1.6
Yie g(hy) = O
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Moreover, this solution preserves the energy, i.e.
H(®(t),0,®(t)) = H®, ), vteR.

As a consequence of this global well-posedness result and the abstract corollary of our Birkhoff normal
form result (i.e. Theorem 5.1), we deduce the almost global preservation of the low harmonic energies

2 2
s 1 ™
E, (0, V) := n2+m</ sin(nx)®(x dx) _,_7(/ sin(nx) ¥ (x dx) )
(@) [ sin(na)e(e) de) e ([ sinna)u(@)
Theorem 1.5. For almost all m > —1 and all v > L, there exist B, > 0 (depending only on r) and
Crnr > 0 such that, for all o) ¢ H([0,7];R) and all ®©) ¢ L2(0,7;R), provided that
e =21 + 22 <enm
(where e, is given by Lemma 1.3), the global solution solution of (KG) given by Theorem 1.4 satisfies
<e™ = Vi1 [By(®(),00() - B (20, 00)] < Cppin)er.

Remark 1.6. The proof of this result could be easily adapted to deal with the nonlinear Klein-Gordon
equations with periodic boundary condition on [0,2x]. In this context, we would require the mass m to
be positive and we would define the harmonic energies® by

1

27 2 27
e P (1) da —_— / e () da
| e |

+
Actually we chose to present the equation with homogeneous Dirichlet boundary conditions because, in
this case, there did not exist any normal form result to deal with the even nonlinear terms (because it
requires to work with low reqularity solutions).

2

EP(®, V) :=n?+m , meN.

1.3.2. Nonlinear Schrédinger equations in dimension d = 1. We consider nonlinear Schrédinger
equations of the form

(NLS) ipu(t, z) = —02u(t,z) + V(x)u(t,z) + g(z, |u(t, z)|*) u(t,z), teR
on a domain Q € {QP OV} with
QP = (0,7) and QY =T =R/2nZ,
and equipped with Dirichlet homogeneous boundary conditions (note that 0T = ()
(5) u(t,z) =0, x €.
In any cases, we denote by u(©) the initial datum
u(0,z) = u®(z), zeq.

The unknown u(t,z) € C is complex valued, (y — g(-,y)) € C®(R; H*(Q;R)) is a smooth function of
order (p —2)/2 > 1 at the origin?, V € L>(%;R) is a real valued potential and u(®) € H}(Q;C) (note
that H}(T;C) = H'(T;C)). We choose this framework because it is physically relevant and quite simple
to expose. Actually, we could also consider more general non-linearities (e.g. Hartree, quadratic...).

These Schrodinger equations are Hamiltonian. Indeed, (NLS) rewrites formally
1
i0pu = VH(u) where H(u) = 5/ |0pu(z) | 4+ V(z)|u(@)* + Gz, |u(z)|?) dz
Q

and G(-,y) == foy g(+,y)dy. Moreover they are gauge invariant, which implies, by Noether’s Theorem,
the preservation of the mass M(u) := |[ul[3.. As stated in the following lemma, (NLS) have natural
constants of motion which provide an a priori bound on the H! norms of the solutions.

6vvhich7 in this case, are no more the actions of the linear Klein Gordon equation (but super-actions).
Tfor example, for the cubic nonlinearity |u|?u, we have g(-,y) =y and p = 4.
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Lemma 1.7. For all p > 0, there exists €, > 0 and A, > 0 such that provided that |V||re < p and
lul| g1 < Ape,, we have

A ullF < H(w) + (p+ DM(u) < Apllull.

As a consequence of Lemma 1.7, the Schrodinger equations (NLS) are globally well posed for small
solutions in H&. The proof relies on standard methods for semi-linear Hamiltonian systems in their
energy spaces and the Sobolev embedding H' < L.

Theorem 1.8 (Global well-posedness, d = 1, Corollary 3.5.3 of [Caz03]| page 77).
Let Q@ € {QP" Q'Y p > 0 and €, > 0 be given by Lemma 1.7. Provided that ||u(0)||Hé < g, and
Ve < p, there exists an unique global solution to (NLS)

u e CHR; HH)NCYR; HTY).
Moreover, this solution preserves the energy and the mass
vieR, Hu(t)=Hwu®) and Mu(t)) = M@u).

As a consequence of our abstract normal form result (i.e. Theorem 4.1 and Theorem 5.1), we can
specify the dynamics of these global solutions for very long times. Nevertheless, we need to introduce
some notations about the spectra of Sturm-Liouville operators (much more details are provided in
Section 2 to establish small divisors estimates). The spectral theory of these operators is very classical
and the associated literature is huge. We chose as reference the nice book of Poschel and Trubowitz
[PT87] 8. To state our results for (NLS), we only need the objects introduced in the following proposition.

Proposition 1.9 (Thm 7 page 43 of [PT87]).

e (Dirichlet spectrum) For all V € L?(0,7;R), there exist an increasing sequence of real numbers (A)n>1
and a Hilbertian basis (fn)n>1 of L?(0,7;R), composed of functions f, € H? N H}, such that for all
n > 1 we have f,(0) = fn(7) =0 and

(6) = 03 fa(2) + V(2) ful@) = Mafulz), Vo€ (0,7).

e (Neuman spectrum) For all V € L*(0,7;R), there exist a decreasing sequence of real numbers (Ay)n<o
and a Hilbertian basis (fn)n<o of L*(0,m;R), composed of functions f, € H?, such that for allmn < 0 we
have 0y fn(0) = Oy fn(m) =0 and (6).

e (A periodic spectrum®) For all even potential V € L*(T;R), let (Ay)nez (resp. (fn)nez) be the eigen-
values (resp. eigenfunctions) of the Dirichlet and Neuman Sturm—Liouville operators associated with the
restriction of V- on (0,7). When n is positive (resp. nonnegative), we extend f, as an odd (resp. even)
function on T. Therefore, (fn/V2)nez is a Hilbertian basis of L?(T;R) and for all n € 7 we have'®

(7) — P folx) + V(@) fu(x) = M fulz), VzeT.

Note that, in the periodic case, the assumption that V is even is especially useful to ensure that the
eigenvalues of the Strum-Liouville operator depend smoothly on V € L? (see Proposition 2.6)*!.

The following theorem deals with the dynamics of (NLS) in dimension d = 1 with homogeneous
Dirichlet boundary conditions.

8actually this book only deals with the Dirichlet spectrum, but the result can be easily adapted for the Neuman
spectrum.

INote that it is not the usual definition of periodic spectrum for which we usually assume that V' is 7 periodic on
T = R/2nZ (see for example Appendix B of [KP03]).

10¢hjs justifies a posteriori the name of periodic spectrum.

Uy the general case, i.e. V not even, crossing between eigenvalues may occur which leads to the loss of differentiability
of the later.
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Theorem 1.10 (Case Q = QPF). Let V € L>®(0,m;R) be a bounded real valued potential such that
the Dirichlet spectrum of the Sturm-Liowville operator —02 + V is strongly non-resonant according to
Definition 1.1. There exists €g > 0 and for all r > 1, there exist 3, > 0 and C,. > 0 such that, provided
that € := ”U(O)HH(} < €, the global solution of (NLS) given by Theorem 1.8 satisfies

tj<e™ = Vn>1, | |un (8) | — \un(O)m < Cp(n)Pr P
where uy(t) = [ u(t,z)fn(x)dz

Remark 1.11. ¢y depends on V' only through its L* norm and 3 depends on V only through the
sequence « of Definition 1.1.

To check that this result is non-empty, we have to prove that there exist potentials satisfying the
assumptions of this theorem. Fortunately, there are many ways to draw V randomly to ensure that,
almost surely, the Dirichlet spectrum of —d2 4+ V is strongly non-resonant. However, we do not know
if there is a natural way to draw V. Usually, in the literature (see e.g. [Bou00, BG06, YZ14, BFG20a,
B(G20]), its Fourier coefficients are drawn independently and uniformly. We could do the same here'?
but, in order to avoid a too rigid asymptotic behavior for high modes, we draw them independently
with Gaussian laws.

Proposition 1.12. Let s > 3/2, V be a real random function on T of the form
(8) V(z) = Z Vo (n)*sin(nz) + Z Vo (n)~* cos(n z)

n<—1 n>0
where Vi, ~ N(0,1) are some independent real centered Gaussian variables of variance 1. There exists
p > 0, such that, almost surely, provided that ||V | g1ty < p, the Dirichlet spectrum of the Sturm-—
Liowville operator —0? + Vio,x) 18 strongly non-resonant according to Definition 1.1.

Remark 1.13. This result make sense because almost surely V€ H'(T) '3 and PV gy <n) >0
for any n > 0. The sequence a of Definition 1.1 is deterministic but it depends on s.

As mentioned in the comments above, our results not only provide a control of low modes for very
long times but also an orbital stability result describing'# the leading part of the dynamics. Concretely,
we have the following corollary of Theorem 1.10.

Corollary 1.14 (Case Q = QP™). Let V and €y be as in Theorem 1.10 and s > 1 be a real number.
For all r > 1, there exists K > 0 and § > 0 such that, provided that u®) € H*(0,m;C) N H}(0,;C)
satisfies € := ||u0||gs < ey, the global solution of (NLS) given by Theorem 1.8 satisfies

t<e” = fult) =D e Du,(0) ful| f < Ke'°
n>1

where wuy, (0 fo w(0,2) fr(x)dz and 0, : R — R depends only on n and u©),

Somehow, this result is similar to [Bou96, BFG20b]: to control the solution, we require an extra
smoothness to the initial datum. Nevertheless, contrary to these previous results, here the loss of
smoothness is arbitrarily small (i.e. s can be chosen arbitrarily close to 1).

In the periodic setting (i.e. when © = Q). we could prove the same result as in Theorem 1.10.
Unfortunately, we do not success to prove that the set of the admissible potentials is non-empty. There-
fore, we have to introduce the following weaker non-resonance condition (see Definition 1.16 below). But
before, we explain in the following remark where is the difficulty with periodic boundary conditions:

12and actually the proof would be a little bit simpler.
Bactually V € H* 379 for any 6 > 0.
14actually, as in Theorem 1 of [BG20], we could estimate precisely the variations of the angles 0.



BIRKHOFF NORMAL FORMS FOR HAMILTONIAN PDES IN THEIR ENERGY SPACE 9

Remark 1.15. With the periodic spectrum, we have a competition between the reqularity of the potential
V' and the non-resonance of the periodic spectrum: in fact, in view of the Proposition 1.9, A\, and
A_n are asymptotically close, generating an asymptotic resonance. We can prove (cf. [Mar86| ) that
A — Ay ~n~* for Ve bt and thus the more reqular the potential, the more resonant the spectrum.
In the case of a result in high regularity, the potential must have the reqularity of the solution and we see
that this competition renders null and void any attempt at a result that separates'® all periodic modes
in the spirit of [BG06|. That is why in this former article, the authors consider Fourier multipliers
(or convolution potential) in the periodic case ( 'V % w will conserve the regularity of u even if V' is not
reqular). Here we are able to deal with multiplicative potentials, nevertheless we have to weaken the non
resonance condition and thus to slightly weaken the dynamical result.

Definition 1.16 (Limited strong non-resonance). Let d > 1, Ny C 7% and w e RNa > 1, N > 1.

The frequencies w are strongly non resonant up to order r, for small divisors involving at least one
mode smaller than N, if there exists'® 4. > 0 such that for all v, <r, all {1,..., 0., € Z*, alln € N
with distinct entries, provided that [(1] + -+ + |6, | <7, (n1) < --- < (n,,) and (n1) < N we have

‘elwnl + U + er*wnr*’ 2 ’YT”

Remark 1.17. Note that, if Ny is infinite, n,, is unbounded and this uniform lower bound has to hold
for infinitely many small divisors.

Using this weaker non-resonance condition, we have the following theorem which deals with the
dynamics of (NLS) on T.

Theorem 1.18 (Case Q = QV). Let N > 1, r > p be an even number and V. € L>®(T;R) be
a bounded real valued even potential such that the periodic spectrum of the Sturm-Liouville operator
—02 +V is strongly non-resonant, up to order r, for small divisors involving at least one mode smaller
than N, according to Definition 1.16. There exists g > 0, there exists C > 0 such that, provided that
e := [ulD|| g1 < o, the global solution of (NLS) given by Theorem 1.8 satisfies

f<e™ — vne [[—N, N [l ~ Jun(0)2] < O
where ' =1 —p and uy(t) = [pult,z) fr(x

This result is weaker than the one we have for Dirichlet boundary conditions. Being given a potential,
the number of modes we control does not grow as the norm of the solution decreases. Such a result is
not strong enough to deduce a stability result as in Corollary 1.14.

In the following proposition we prove that the non-resonance condition is typically fulfilled.

Proposition 1.19. Let s > 3/2 and V be a real even random function on T of the form

ZV S cos(nx)

n>0

where Vy, ~ N(0,1) are some independent real centered Gaussian variables of variance 1. For all N > 1
and r > 1 there exists p, y > 0, such that provided ||V ||y < pr.n, almost surely, the periodic spectrum
of the Sturm-Liouville operator —02 + V is strongly non-resonant, up to order r, for small divisors
involving at least one mode smaller than N, according to Definition 1.16.

Therefore, in the periodic setting, the larger the number of modes we control is and the longer the
time scale on which we control them is, the smaller the potential has to be. We do not know if such a
limitation is physical or just technical.

15i¢ is even not clear if the blocks {—n,n}, n € N, could be separated in the spirit of [BDGSO0T].
16 priori v, may also depend on N but it turns out that in our case, i.e. in Proposition 1.19, ~, only depends on 7.
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1.3.3. Nonlinear Schrédinger equations in dimension d = 2. In dimension 2, the behavior of the
Sturm-Liouville spectra is much more intricate. Indeed, due to the multiplicities of the eigenvalues,
they do not necessarily depends smoothly on the potential and the eigenfunctions are not especially
well localized (see e.g. [BB13]). Therefore, as usual (see e.g. [BGO06, FI19, BMP20]), we consider a
toy model where the multiplicative potential is replaced by a convolutional potential. Moreover, to
simplify as much as possible, we only consider nonlinear Schrédinger equations on T2 = R?/(2772) with
a homogeneous cubic nonlinearity. More precisely, they are of the form

ipu(t,r) = —Au(t,z) + (V*u)(t,z) + |u(t,z)Pu(t, ),
u(0,2) = u®(x),

where (t,z) € R x T2, u(® € H'(T?;C) and V € H'(T?;C) is a potential with real Fourier coefficients,

the Fourier transform on T? being defined by

(NLS?)

1 .
Yo € L*(T?),Yn € 7%, ¥, := — [ v(x)e "™*du.
2m T2

Of course, these Schrodinger equations are also Hamiltonian. Indeed, (NLS2) rewrites formally
1 1
i0u = VH(u) where H(u)= 5 / 0,u(z)|? + R(a(z)(V xu)(z)) + §]u(x)\4 dz
T

This equation being gauge invariant, the mass M(u) = |lul|?, is a constant of the motion. Therefore,
as in dimension one, the constant of the motions provide an a priori control on the H' norm.

Lemma 1.20. For all p > 0, there exists €, > 0 and A, > 0 such that provided that ||V'|| 2 < p and
llullgr < Ape,, we have
A ull < H(w) + (p+ DM(u) < Apllullf.

Since, in dimension d = 2, H' functions are not bounded, the global well-posedness of small solutions
of (NLS?) in H' is not trivial (especially the uniqueness). Fortunately, it has been proven by Vladimirov
in [V1a84| and is presented by Cazenave in Theorem 3.6.1 page 78 of [Caz03|. It is summarized in the
following theorem.

Theorem 1.21 (Global well-posedness, d = 2, [V1a84|). Let p > 0 and e, > 0 be given by Lemma 1.20.
If |lu g1 < e, and |V]||z2 < p, there exists an unique global solution to (NLS?)
ue LR, HY N WE(R; H).
Moreover, this solution preserves the energy and the mass
vieR, Hu(t)=Hw®) and Mu(t)) = M@u®).
For typical values of the potential, we get the following description of the small solutions of (NLS2).

Theorem 1.22. Let V € HY(T?;C) be a potential whose Fourier coefficients are real and such that the
frequencies (|n|? + Vn)nelz are strongly non-resonant according to Definition 1.1. There exists e¢g > 0,
such that for all v > 1, there exists $, > 0 and for all 6 € (0,1/2), there exists Cy5 > 0 such that,
provided that ¢ == ||[ul® | ;1 < €, the global solution of (NLS?) given by Theorem 1.21 satisfies,

tl<e™ = YneZ’ |[u.0)]—]@.0)? < Cpsn)r '

This result is similar to the one we have in dimension 1 (i.e. Theorem 1.10) excepted that we have an
arbitrarily small loss (the exponent §) in the control of the variation of the actions. Roughly speaking
it is due to the fact that, in dimension 2, H' is not an algebra but almost! The statement of Remark
(1.11) about the dependencies in Theorem 1.10 also holds here. On the probabilistic side, the following
result proves that Theorem 1.22 makes sense (since (NLS?) is a toy model we draw V as simply as
possible).
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Proposition 1.23. Let s > 3/2 and V € H'(T?;C) be a random potential whose Fourier coefficients,
Vy, are real, independent and uniformly distributed in (—(n)=%, (n)=%). Almost surely, the frequencies
(In|> + Vi)nez are strongly non-resonant according to Definition 1.1.

1.4. Scheme of the proof. x Normal form. As usual the proof is based on a normal form process to
eliminate as many terms as possible from the Hamiltonian. Thanks to our non-resonance condition (3),
we can separate the dynamics of the low modes ((n) < N) from those of the high modes ({(n) > N)
by eliminating from the Hamiltonian, H = Zs + P, all the monomials that influence the dynamics of
the low modes. To be more precise, but not too technical, let us assume that P is a homogeneous
polynomial of degree p and write formally

_ o, 01 Ip
P = E E Plup) -+ un,

oe{~1,1}¥ neN%

1
nj
associated small divisor 01wy, + - -+ + 0pwp,. Using our non resonance condition (3) we have

1

. _ — . . . oy
where w, . := un; while u, " := @y,;. To eliminate the monomials w7} - - - un, we have to control the

|01wm 4+ 4 Upwnp‘ > ypki(o, n)_ﬁp
where

(9) Kw(o,n) :=min{ (n;) suchthat j€[l,p] and Z o #0}

k s.t. Wiy, =Wn,j

is the effective lower index. So, paying a factor N®» on the coefficients of the transformed Hamiltonian,
we can eliminate all the monomials of P for which k,(o,n) < N. Then iterating this procedure up to
degree r, we construct a symplectic transformation 7 such that, on a neighborhood of the origin in &,

Hor=2+Q,+ R,

where R, is a remainder term satisfying |[VR,(u)lle < N |juls ! for some a, > 0 and Q, is a

~

polynomials of degree r containing only monomials ug! - - - ug¢ such that k(o,n) > N, and thus satisfying
{lunl?,Q ()} =0 for (n) <N.

This algebraic result is formalized and quantified in Theorem 4.1.
As a dynamical consequence, denoting v = 7 !(u) the new variable, we have for the low modes,
(n) <N,
d
Elvn(t)l2 = {loa(®)*, H o 7} = {|va ()%, R} = Onye (o (D)%)
Then, since 7 is close to the identity, and thank to the a priori estimate provided by the coercivity
estimate (2), we get [[v(t)|e < [Ju(t)|le < ||u(0)|l¢ which finally leads to'”
d
dt
On the other hand the high modes, |v,|?, (n) > N, are controlled by using the a priori bound on the
energy norm (2). Formally, these estimates on the variation of |v,|? leads naturally to Theorem 1.2.
However, due to fact that we work in low regularity, new technical difficulties appear. For instance,
in low regularity, it is not so trivial to prove the time derivability of the solution expressed in the new
variables: from v = 77! (u), we would like to write d;v = d7~!(u)(0;u) but this suppose to justify that
dr~! can be extended'® from h® to h™*(see section 5).

[un|> = On(€7).

L7Notice that we cannot conclude, as usual, by a bootstrap argument since, as we control only the low modes, we don’t
control, a priori, ||v(t)||e for ¢ > 0. But (2) does it for us.

18We note that in a high regularity context this is not really an issue since dyu € h*~2 for u € h* (we are considering
the Schrodinger equation) and it is clear that the Birkhoff normal form procedure constructs symplectic maps 7s from
h® — h® for s > so(r) > 1 large enough with the property that, for s’ > s > sg, 7, is the restriction of 75 to he.
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x The new non-resonance condition Now, we aim at explaining why the new non-resonance condition
(3) is natural and is not really restrictive for applications. Actually, it will be done in details in
Proposition 2.1. However since it is the key point of this paper, let us present now a weaker and simpler
version of this result with much less notations but which contains the main ideas.

Proposition 1.24. Let (wy,)nen: € RN be a sequence of frequencies indewed by N*. If they satisfy the
weak non-resonance condition

(10) Vr>1,3a, >0, |k+lwny + -+ bewn, | Zen,

whenever £ € (Z*)", k € Z and 1 < ny < --- < n, € N* are some indices, and if they accumulate
polynomially fast on the integers, that is

(11) AC,v > 0,vyn> 1,3k € Z, |w, — k| < Cn™",

then the frequencies satisfy the following strong non-resonance condition
(12) Vr>1,36, >0, |k+Llwe + - 4 b, | Zen]™”
whenever £ € (Z*)', k€ Z and 1 <mnj < --- <n, € N* are some indices.

Before proving this proposition, let us do some comments. The weak non-resonance condition (10)
is not obvious to prove in practice but as we will see in Section 2, it is known to be true for lots of
interesting Hamiltonian systems (Klein—Gordon, beam, Schrodinger...). The second assumption (11),
which is usually easy to check, is actually the most restrictive (e.g. it does not hold for Klein-Gordon on
T2...). It seems however that, most of the time, in practice, when the standard non-resonance condition
(i.e. with respect to the third largest index as in [Bam03|) holds then the assumptions of this proposition
also hold and so we have actually a much better non-resonance condition.

Proof of Proposition 1.24. This is nothing but a simple induction on r. Indeed, if » = 1 then the two
non-resonance conditions ((10) and (12)) are the same, so there is nothing to prove. Now, assume that
(12) holds for a fixed » > 1. Let £ € (Z*)"*, k € Zand 1 < ny < -+ < ny11 € N* be some indices.
Since the frequencies accumulate polynomially fast on the integers, let k.41 € Z be an integer such that

lwn, oy — krg1] < CnYy.
Therefore, applying the triangular inequality, we have

|k + lywn, + -+ + €T+1wnr+1‘ > |k + beprkrgr + liwn, + -+ €T+1wnr+1‘ - Mr-i-luwnrﬂ — krga]
> |k +Llrp1ke iy + lwn, + -+ L p1wn, | — Cllrya|n, .

Then, since k + ¢, 1k, 41 € Z, applying the induction hypothesis (12), it comes
(13) Ik 4+ Gy + -+ Lo, | > Con ™ — Cllyia|ny
where Cy > 0 is a constant depending only on #1,--- , /.. As a consequence, to conclude we just have
to distinguish two cases:

e cither C|l,1|n, ) < %le—ﬁr and we are directly done by (13),

o or Cllyyq|n, ) > %le—ﬁr, which means that the largest index m,41 is actually controlled by

the smallest nj, that is n,41 < (2C'|€T+1|/C'g)1/”nfr/y. As a consequence, in that case, the weak
non-resonance condition (10) provides directly a control of the small divisor with respect to the
smallest index nq.

0
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1.5. Outline of the work. Section 2 is devoted to the small divisor estimates. In particular, we
provide tools to prove that many systems (like (NLS) or (KG)) enjoy the non-resonance condition (3).
In Section 3, we introduce the Hamiltonian formalism we need to state and to prove our main results.
Then, in Section 4, we prove our Birkhoff normal form theorem and, in Section 5, we prove its main
dynamical corollary. Finally, Section 6 is devoted to the proofs of the theorems associated with the
applications. We stress that Section 2 is almost independent of the other sections.

1.6. Notations and conventions.

e If F is a real normed vector space then .Z(FE) denotes the space of the bounded operators from F
into E.

e As usual, the Japanese bracket is defined by (z) := /1 + |z]2.

o If 2 € R? for some d > 1 then |z|y := |21| + - - + |24].

e Smooth always means C'*.

e When it is not specified, functions or sequences are always implicitly complex valued.

o If P is a property then 1p =1 if P is true while 1p = 0 if P is false.

o If p is a parameter or a list of parameters and =,y € R then we denote = <, y if there exists a constant
¢(p), depending continuously on p, such that < ¢(p)y. Similarly, we denote x 2, y if y <, = and
rrpyife S,y S, .

o If (z;)jes € (R%)" is a family of positive numbers indexed by a finite set S then its harmonic mean
is defined by

1 1.1

14 h )= (== —) .
JES
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thank Charbella Abou Khalil and Henry Dumant for careful readings and comments. During the
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2. A NEW NON-RESONANCE CONDITION

In this section, first we establish useful results to prove strong non-resonance. Then we apply them

to (KG), (NLS) and (NLS?).

2.1. Abstract results. The following proposition proves that if some frequencies are non-resonant in a
classical (weak) sense and are well localized then they are strongly non-resonant (according to Definition
1.1 or Definition 1.16). The case = 0 and Npyax = 400 is the the easiest to understand (as we have
done in Proposition 1.24 in the scheme of the proof).

Proposition 2.1. Let d > 1, Ny C 7%, Npax € [1,+00], r > 1, p € R and w € RNa,
If there exists o,y > 0, such that for all v, < v, all ¢ € (Z*)™, all n € N with distinct entries
satisfying (n1) < -+ < (n,), |€)1 <r and (n1) < Nmax, we have

(15) Vk € Z,Yh € [—r,r], |k‘ +hp 4 lwp, + -+l wn,, | 2> y(ne,) ",
and if there exist C' > 0 and v > 0 such that
(16) Vn e Ng, Ik e€Z, \w, —k—p| <C(n)™",

then there exist > 0 (depending only on (co,v,1)) and n > 0 (depending only on (o, v,C,7,r)) such
that for all v <, all £ € (Z*)™, alln € N with distinct entries satisfying [£|; <7, (n1) < -+ < (n,)

and (n1) < Npax, we have

(17) |£1Wn1 + st + ET*WnT* 2 ’I’}<7’L1>_B
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Remark 2.2. Most of the non-resonant systems enjoy the non resonant estimate (15). The second
assumption (16) (which means that the frequencies accumulate polynomially fast on Z) is much more
restrictive.

Proof of Proposition 2.1. We fix r,r, such that 7, < r and ¢ € (Z*)™, n € N} with distinct entries
such that (n1) <--- < (n,,), [¢/1 <r and (n1) < Nyax.

We are going to prove by induction on 7, < r, that there exists 3, > 0 (depending only on (o, v,))
and 7, > 0 (depending only on (o, v,C,~,r)) such that

(18) VkeZ, |k+ Z Cip + Z Ciwn, | > 1, (1)~
T, <J<Ts 1<j<n,

Note that, when 7, = r,, this property is stronger than (17). Furthermore, the initialization of the
induction is obvious because, when 7, = 1, applying (15) with r, < 1 and recalling that |¢|; < r, we
get (18) with 7y = v and §,, = a.
We assume that 7, < 7, and that (18) holds and we fix k¥ € Z. Since the frequencies accumulate
polynomially fast on Z + p (see (16)), there exists k, € Z such that
|wnr'b+1 —k, — :u| < O<nTb+1>_V-

Therefore, applying the triangle inequality and the induction hypothesis (18), we have
Bt > Gut Y Gwn| 2kt bkt D Gpt Y Gwn | = llon, o~k = pl
rp+1<j<ry 1<5<r,+1 Ty <J<Tx 1<j<m,
> Ty, <n1>_ﬁrb - C?"(?’Lrb+1>_y.

Hence we have to distinguish two cases.
o If 2C7(ny,41) ™" < 0y, (n1) ™7 we have

1 _
N SIS0 DTN S
Ty +1<j<rs 1<j<r,+1

e Else, we have (n,, +1) < (207‘777;1)1/”(711)6%/" and so, by (15) (applied with r, <= r, + 1 and h «+
bryyo + -+ 1{,,) we get

o _ aﬂr'b
v

ket Dt Y G| 25 Fm)

1< < 1<j<ry+1
U

In practice, the eigenvalues of the linearized vector field may have some multiplicities. Therefore, the
sequence of frequencies w may be non distinct and thus strongly non-resonant according to Definition
1.1 or Definition 1.16. So we extend these definitions in order to deal with these multiplicities (moreover,
we choose a formalism well suited to the Birkhoff normal form process).

Definition 2.3 (Generalized strong non-resonance). A family of frequencies w € R%4, where Zq C 7¢,

is strongly non-resonant, up to order rmax, for small divisors involving at least one mode of index

smaller than Nyax € [1,+00], if for all v € [1,7max], there exists v. > 0 and [, > 0 such that for

alln € Zl,0 € {—1,1}", provided that ky(o,n) < Npax (kw(o,n) is defined by (9)) we have either
r

|Zaj wnj| >y /{w(a,n)_ﬁ" or r is even and there exists p € &, such that
Jj=1

Vj € [[1,7"/2]], Opgj—1 = “Opyy and wnP2j71 - w”pzj‘

ax

We denote by Dﬁ’;};&" (Zg) the set of these strongly non-resonant frequencies.
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In the following lemma, we specify how this definition is an extension of Definition 1.1 and Definition
1.16.

Lemma 2.4. Let d > 1, Ny C 7% and w € RN4 an injective sequence.

e [f w is strongly non resonant according to Definition 1.1 then it is strongly non resonant according to
Definition 2.3 up to any order and for all modes (i.e. Nyax = +00).

e Provided that Nyax = N < 00, Definition 1.16 and Definition 2.3 are equivalent.

Proof. 1t is enough to rearrange the small divisors to have
O1Wpy + -+ 0r Wn, :élwml + - +£r*wmr*
where 7, <7, Ky (o,n) = (m1) <--- < (m,,) and {; = ank=wm» o, # 0. O
J
2.2. Strong non-resonance of (KG). As a first direct application we deduce that for generic values
of the mass, the frequencies of the Klein—-Gordon equation are strongly non-resonant.

Lemma 2.5. For almost all m > —1, the frequencies w, = Vn?+m, with n > 1, are strongly non-
resonant according to Definition 1.1.

Proof. These frequencies have been widely studied in the literature. In particular, it is well known (see
e.g. [Bam03, Del09]) that they are non-resonant in the following sense: for almost all m > —1, there
exists 7, (depending only on m and r) and o, > 0 (depending only on r) such that, if r, <r, ¢ € (Z*)",
n € (N*)™ satisfy ny < --- <n,, and |[¢|; <7 then

Vk € Z, |k+ liwny + -+ + Loy, | > Y {ne, )"0

Moreover, a Taylor expansion proves that the frequencies accumulate on Z :

m
lwp, —n|=vVn2+m—n< —.
2n

Therefore, applying Proposition 2.1, we deduce that these frequencies are strongly non-resonant. ]

2.3. Strong non-resonance of (NLS2). As a second direct corollary of Proposition 2.1, we prove that
for generic convolutional potentials, the frequencies of (NLSQ) are strongly non-resonant (i.e. we prove
Proposition 1.23).

Proof of Proposition 1.23. Let w, = |n|? + ‘7”, n € 72. Tt is well known (see e.g. Thm 3.22 of
[BGO6]) that, almost surely, for all » > 1, there exists v, and a, > 0 such that, if r, < r, n € (Z2)™
with distinct entries, £ € (Z*)™ satisfy (n1) <--- < (n,,) and |[¢|; <r then

Vk € Z, |k7 —|—flwn1 4+ .. +£r*wnr*| > 7T<nr*>_ar'

Furthermore, by definition, it is clear that |w, — [n|?| < (n)~%/2. Therefore, applying Proposition 2.1,
we deduce that, almost surely, these frequencies are strongly non-resonant according to Definition 1.1.

0

2.4. Strong non-resonance of (NLS). In this subsection we aim at proving Propositions 1.12 and 1.19.
The frequencies of (NLS) being eigenvalues of Sturm-Liouville operators, all the results of this subsection
deal with the objects introduced in Proposition 1.9. In this subsection, we consider the eigenfunctions
fn and eigenvalues ), of the Sturm-Liouville operator —92 +V as functions of V' € L?(0, 7;R). However,
when there is no possible ambiguity, we do not specify this dependency.

First, we collect some useful results about the Sturm-Liouville spectra (all of them are proven in
[PT87| for the Dirichlet spectrum but can be easily extended to the Neuman spectrum).
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Proposition 2.6 (Thm 3 page 31 of [PT87]). For all n € Z both A\, and f, € H?*(0,7;R) depend
analytically on V in L*(0,7;R). Moreover, for all V,W € L?(0,7;R), we have

(19) (V)W) = /0 "W (@) f2(x) da

Proposition 2.7 (Thm 4 page 35 of [PT87]). There exists p > 0 such that uniformly with respect to V
in H'(0,m;R) with ||V g1 < p we have for alln > 1, A, > 3 and

_ 2 l/w 1
An=n + ; V(m)daz+(’)(n)

In Proposition 2.7, comparing with Theorem 4 page 35 of [PT87] we add the assumption that V is
small in H! norm to ensure that ), is close! to n and thus \,, > 3 5 forall n > 1.

Proposition 2.8 (Variation of Thm 4 page 16 of [PT87|). For all p > 0, there exists C > 0 such that
if IV < p,n>0andz e (0,7), we have

2/ . V(z) C
|fn(x)—\/;<smnx— 5, cosnx)| < EHVHHM
2 V(z) . C
|fon(z) — \/;<cosnx + Wsmn:n)| < EHVHHI ,

where V(z fo — 1 fo z)dz dy.

Proof. The proof is a variant of the proof of Theorem 4 page 16 of [PT87], for the sake of completeness
we include it here. Let = — y(x, A) be the solution of (—0zz + V)y = Ay with the initial conditions
y(0,A) = 0 and 3/(0,A) = 1. Using the Duhamel rule we easily get (see Theorem 1 page 7 in [PT87])

y(z, \) = sx(z +ZS (z, )

n>1

where sy(z) = % =0 %xznﬂ)\" is an entire function of A and

Sn(il?a /\) = / 8)\(151) H (S)\(ti+1 — ti)V(ti))dtl oo dty,
0<t1 < <tn+1_113 i=1

Then we note that |S,(z, )| < IV

f orn>1and X\ € [1/2,400) and we compute
n!\)\|_2_

‘Slw”m% oVl < LT,

Therefore we have uniformly for A € R and x € (0, 7)
sin(v/Az) N fox V(y)dy cos \/Xa:\ - ”qu16||\/||sz
VA 22 A2
In the other hand the Dirichlet spectrum {);, j > 1} can be characterized as the roots of the equation

y(1,X) = 0 and thus the corresponding eigenfunctions are given by f;(z) = ﬁ, 7 >1up to an

‘y(‘rv)‘)_

inessential sign. Then a simple computation, using Ap =n? 4L f07r V(x)de + O(n), leads to

et [V (y)d y)d 1
sin nT o Vldy = Jy Viy)dy cosnz + O(—)
n 2n2 n3

y(z, An) =

191n fact we have by a standard argument that |\, —n?| < C||V||z= for all n > 1.
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and then

17
w1 1
Iy M)z = 4/ 5 +O()
which in turn leads to the first formula of the proposition. The second one is proved similarly. O
Now we deduce some useful corollaries of these results.

Lemma 2.9. For all p > 0, there exists C > 0 such that if ||V g1 < p and k,n > 0 we have

'd)\n(V)(cos(%:')) + Ln=t < % <% + ﬁ) IV &,

2
Ly—i C /1 1
n 2k ) — < —|—-4+— :
DA (1) cos(2k ) < (14 ) Wl
Proof. We focus on the Dirichlet spectrum. The Neuman case is similar.
Proposition 2.6, we have

First, we recall that by
dA, (V) (cos(2k-)) = / cos(2kz) f2(z) da.
0
Now, applying Proposition 2.8, we have

fA(x) - - + - cos(2nz) + ﬂ_—an(:E) sin(2nz)

f2(x) — = sin?(nz) + 77_211V($) sin(nx) cos(nx)

e WVl

SIVIEET T2
and if £# 0

Therefore, to conclude, it is enough to note that sin(2nz) cos(2kz) = & (sin(2(k +n)z) —sin(2(k —n)x))

/ sin(20x)V(x)dz = % cos(20z)V (z)dz < IV | i
0 0

7

U
Lemma 2.10. There exists pg > 0 such that provided |V|| g1 < po, for allr >0, all0 <ny < --- < n,
and all € € (Z*)", there exists j € [1,r] and

|d (€1 An, + -+ L4 Ap,) (V) (cos(2n,x))| >

Proof. Let j € [1,7] be such that |¢;| = |¢|s. Applying Lemma 2.9 with p = 1, if ||V|[z1 < p, by the
second triangular inequality we have

=

w]‘ - |€k| 1 1
)| > 21— — =t
[ by b (V) s = S50 = OVl 58 (0 oy

1 "1 1
th<§—WWmszg+—————J

= k(g —ny)
Noting that by Cauchy-Schwarz, since the entries of n are distinct, both >, _, n% and Y ;_, -

1
z np—ngj)
are bounded uniformly with respect to n and j, provided ||V||z: is small enough, we deduce that

o 1
|d (€1 dn, + -+ 4 Ap,) (V) (cos(2n;x))| > % > 1

As a first corollary, we are in position to prove Proposition 1.12.
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Proof of Proposition 1.12. Observing that [|Vjox)llgr < [[V|gi(r), we set p := po (which is given
by Lemma 2.10). We are going to prove that, almost surely, provided that [[V||g1y) < p, for all 7 > 0,
there exists v, > 0 such that for all r, < r, ¢ € (Z*)™, all n € (N*)™ satisfying 0 < n; < --- < n,,,
|¢]; < r, we have

(20) Vk € Z7Vh € [[—7", 7"]], |Qk,h,€,n(v)| > ,ynr—*a‘

where Qp 4o n(V) ==k + ﬁ/ V(x)dz 4+ b, (V) + -« + LAy, (V). Indeed, then, the result follows
T Jo

directly of Proposition 2.7 (to justify the accumulation on Z + 1 Jo V(x)dz of the eigenvalues) and
Proposition 2.1 (to replace n,, by ni).

All the parameters of (20) being fixed, we aim at estimating P(|Qp pen(V)] < € and ||V g1y <
p) where ¢ > 0. Let j € [1,r.] be the index given by Lemma 2.10. Setting V) = v —
Van; (2n;) =% cos(2n;z), V{=27) and Van,; are independent. Therefore, we have

P(1%hen(V)| <& and [V g1y < p)

2
Yon ;

_ J
e 2 d’l)gnj}

1
(21) :\/E[E[ /vz g T e (V25 (2m,) = cos(2ny )<
g

§[E[/ 1 (=2n;) s d’l)gn}
vznjEZ [ h,en(V J +v2nj (2n;) =3 cos(2n;x))|<e J

where
T = {van; € R | V) 4 w9y, (205) 7 cos(2n) |31 () = 703, (20) "> 4 V29|13, 4y < pP).

By definition of Z and p, it follows from Lemma 2.10 that, almost surely, we have

—om, - . 1,
Yoz, € L, [Ous, Qitan (V2 w2, (205)7° cos(242))| = 7(2n;) .

Since 7 is a (random) interval, va,, Qe non(VE29) 4 Vo, (2nj) " cos(2n;7)) is a diffeomorphism
onto its image (denoted J). Therefore, by the change of variables formula, we have (almost surely)

1 o, dvg,. < 4(2n:)° 1 dvg, . < 8(2n;)5¢.
/U%jez 1% o (V2 J>+v2nj (2n;)=5 cos(2njz))|<e 2N = (2n;) van, €T lvan; |[<e ©V2n; = 8(2n;)°e
As a consequence of (21), we have

F(\Qk7h,g7n(V)\ < ¢ and ”VHHI(‘u') < p) < 8(2ny,, )’e.

Hence, requiring implicitly that (r,ry, k, h, £,n) satisfy the constraints described previously, we deduce
that

[P(H(r, T*,k,h,g,n), |Qk,h,é,n(v)| < <1€>_27‘_2T(nn>_(8+27’)6 and ||VHH1('[I') § p)
< D P(%pen(V) < (B2 (n,,) T and [V < p)

(r,r*,k,h,f,n)
S S e
(r,r*,k,h,f,n)

We omit the details for the convergence of this series but the proof is quite straightforward (actually
the factor r~2" is far to be sharp). Since this probability vanishes as ¢ goes to 0, we deduce that, almost
surely, there exists € > 0 such that

(22) V(r, e, by by o), [Qpen(V)] > (k) =272 (n,, ) 20,
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Therefore, to get (20), we would like this estimate to be uniform with respect to k. Fortunately, by the
triangle inequality and Proposition 2.7 we have

QU hen(V)] = k] — rCin,, ).

where C' > 1 depends only on p. Thus, if |k| > 2rC(n,,)?, we know that |Q ¢, (V)| > 1. Therefore,
we can replace k by 2rC/(n,,)? in the right hand side term of (22) which provides (20) and concludes
this proof. O

Now we focus on the periodic spectrum. First, we focus on the mode n = 0.

Lemma 2.11. For all p > 0, there exists C > 0 such that if ||[V||p20x) < p, k > 0 and x € (0,7) we
have

| fo(z) — \%\ <CVg2 and |dAo(V)(cos(2k-))| < ClIV[ 2.

Proof. The first estimate follows of the smoothness of V' + f (see Proposition 2.6) while the second
estimate is a direct consequence of the first estimate and the expression of d\g given by the formula
(19) of Proposition 2.6. O

Then we adapt Lemma 2.10 to the periodic case (it is easier to change the formalism to present it).

Lemma 2.12. For all v > 0, there exists p, > 0 such that for all € € Z7%, if |[l][pn <7 and |V 10,5 <
pr, either £ is even® or there exists j € Z such that l; #1_; and

(23) A tada) (V) (cos(2) )| =
ne”z

Proof. Assume that ||V]| g1 < 1 and let C' be the constant of Lemma 2.11 and Lemma 2.9 associated
with p = 1. Let £°99 (resp. £¢¥°") be the odd (resp. even) part of £.
On the one hand, by Lemma 2.11 and Lemma 2.9, for all j € Z, we have

A 67" M) (V) (cos(2j 2))| = %!d(z 6 (n 4+ An)) (V) (cos(2) 2))| < Cr|[V |-

nez nez

|

On the other hand, if j > 0 is such that Eqdd # 0 then M‘;dd\ > 1/2 and by Lemma 2.9, we have

Ay 60N (V) (cos(2j @) = A 6 (A = An)) (V) (cos(2] )| = 1659 = Cr||[V | a1
ne”z n>0
1
> 2 OV,
As a consequence, provided that r||V| g1 is small enough, we have (23). O

As a consequence, we deduce that most of the monomials are weakly non resonant.

Lemma 2.13. Let V be the even random potential defined in Proposition 1.19. For all v > 0, there
exists p, B > 0, such that, almost surely, there exists v > 0 such that for all r, <1, n € Z"™ with distinct
entries and £ € (Z*)™* satisfying [}y < r and (n1) < --- < (n,,), provided that |V g < p, either
k— Zg*:l lily=p, is even or

h [T =~
Vk € Z,Yh € [-r,7], |k + —/ V(z)dz + Y G| = ying,) "
™ Jo X
7=1
Proof. 1t is very similar to the proof of Proposition 1.12 excepted that we use Lemma 2.12 instead of
Lemma 2.10 (it explains why p depends on r and we have to exclude some special multi-indices). ]

20ie. ¢; =4, forall j € Z.



20 BIRKHOFF NORMAL FORMS FOR HAMILTONIAN PDES IN THEIR ENERGY SPACE

To deal with the multi-indices we have excluded in Lemma 2.13, we have to estimate the second
derivative of \,,.

Lemma 2.14. For all V,W € L?(0,; [R) we have

2ZA _Ak </ W () ful )fk()dx>2, it n>1,

k>1
k#n

(24) d2)\n(v)(W7 W) =

1 T 2
(25) X (VYW W) =2 / W) fo(2) fe(z)dz ), if n<o0.
)\n - )‘k 0
k<0
k#n
Proof. We focus on the calculus of the second derivative of the Dirichlet spectrum. The calculus for the
Neuman spectrum is similar. We follow the strategy of [BGO06] section 5.3. We recall that by Proposition
2.6 ,\, and f, depend smoothly on V € L2. For compactness, we denote f/, X/ (resp. f7, \’) the first
(resp. second) derivative in the direction W.
First, we note that, since ||f,||3. = 1, f, and f, are orthogonal in L? : (fn,f;)r2z = 0. Then

differentiating the relation (=92 + V) f,, = A\ fn, we get

(26) (=02 + V) + W o = Ay + N fo
Since f], and f,, are orthogonal, we deduce that
(27) fo= (=02 +V = A) 7 (g2 — I)(W £)

where II is the orthogonal projector on Span(f,). Differentiating once again (26), we get

(=0 + V) +2W f = Xifu 42X f + Anfy
The scalar product of this relation against f, provides

2(f7l7 Wf;L)LZ = A;’/L

Therefore, using the formula (27) and decomposing W f,, in the Hilbertian basis (fx)r>1, we get the
relation (24) we wanted to prove. O
Lemma 2.15. For all p > 0, there exists C > 0 such that for alln € Z, j € N*\ {|n|,2|n|} and
”VHHl(OﬂT) < p, we have

52 1

———— | < CIV||g-
cos(j - ) 4n2_32 = ” ”H1

Proof. We focus on the calculus of the second derivative of the Dirichlet spectrum (i.e. n,k > 0). The
calculus for the Neuman spectrum is similar. First, by Proposition 2.7, we note that :

1 1 IV || 1
/\n_)\k — 2 SV g |n2 k2|

Then by Proposition 2.8, we have

/W cos(jz) fu(x) fr.(z) dz + O(||V || 1) = % /W cos(jz) sin(nx) sin(kz) do
0 0

Lg=ntj +58(n — J)Lk—t(n—yj)
2

where O(||V||g1) is uniform with respect to (n,k,j) and sg is the sign function. Therefore, since
n # 0 # j, we have

™

_! / " sin(hke) sin(n + §)z) +sin((n — j)a)) de =
0

- M=ngg + Lp—t(n—j

" cos(ja) (@) fu(a) da ol =D 4 (V| p).
U ) =
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As a consequence of Lemma 2.14, applying the Cauchy Schwarz inequality, we have

1 Lp= n+9+ﬂ-k +(n—j) HHI 2
8005(] )An = 52 2 ‘ SV Z n? — k2| SIVI ?HVHHl-

k>1
k#n k;én
Finally, since j # 2n, we have
Z Tp—pnyj + 1k::t(n—j) _ 1 n 1 _ 1 n 1 _ 2
— Y Wt )2 n ()2 j@ntj)  j@n—j)  An? -2
k#n

0

The following lemma deals with the leading part of the second derivative of the small divisors. Its
proof is similar to the proof of Proposition 2.1.

Lemma 2.16. For allr > 0 and r, <1, there exists v,,, > 0 and (., > 0 such that for all £ € (Z*)",
for all n € N™ satisfying 0 < ny < --- <n,, and |{|; <r, there exists j € [1,5r.] \ U {nw, 2ni} such
that

BT*.

(28) = ’YT’ Tx <n1>

T Ek
Z 4nk — 52

Proof. Let fix r > 0 and let us prove this result by induction on r,. Indeed, if r, = 1 then for all n; € N
there exists j € [1,3] \ {n1,2n1} such that [4n? — 52| < 4n? +9 < 9(n;)2. Consequently (28) holds with
p1=2and v,.; =1/9.

Now assume that r, <7, £ € (Z*)™T1 n € N1 satisfy 0 < ny < -+ < n,,, [{|1 <7 and are such
that there exists j € [1,5r] \ Up1{nk, 2nk } such that (28) holds.

If n, 41 > 5ry then by the triangle inequality, we have

oy r

k s
Z A2 — 2 > Yrir, (1) 7P — an2 2
k=1 ng —1J Ny 41—

Therefore, if n, 11 > \/ 2512 + 21y, (n1)Pr | we have

ret+1 Ek

Z4’I’Lk—j

As a consequence, now we assume that n, 41 < \/ 2512 4 2rvy; o (ny )P+, We note that there exists
P € 7Z[X] such that

’YT, Tx _BT*

ii b P(X)
= dnf - X2 (4n] - X?)-(4n] 4y — X?)

where P # 0 (by the uniqueness of the partial fraction decomposition) and deg P < 2(r,+1). Therefore
P has at most 2(r, + 1) roots. Consequently there exists j, € [1,5r.] \ UT*H{nk,an} such that
P(ji) # 0 and so |P(jx)| > 1. As a consequence, we have

re+1

Ly, )
Z 4n2 — 52 2 ((471% _]3) (4717«*_1_1 ]2)) ! > (4nr 41+ 2572 )" (re+1)
k=1 'k *

> (8ry;L ()P 4+ 125r2) 04D () (e D
U
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As a corollary of Lemmata 2.15 and 2.16, we get the following lower bound on the second derivative
of the small divisor.

Corollary 2.17. For allr > 0 and N > 1, there exists p,n > 0 such that for all ro < r, £ € (Z*)™,
n €N, all V€ HY0,m;R) satisfying ”VHHl(O,ﬂ' <p, 0<ng <<y, [l <7 and <n1> N there
exists j € [1,5r,] such that

COS Zek )‘"k + )‘—nk)
k=1

> .

Proof. Let j € [1,5r.] \ Uy {nk, 2n;} be the index given by Lemma 2.16. Assume that [|[V| g <1
and let C be the constant given by Lemma 2.15 associated with p = 1. Therefore, as a consequence of
Lemmata 2.15 and 2.16, we have

T
* Ek B
COS ng )\nk + )\—nk) > 2 Z m - ZTCHVHHl 2 2’77-77-*N Bre 27‘OHVHH1
k=1 =1 "k
Therefore, we just have to set n = ’ym,*N_ﬁT* and p = minj<,, <, min(l,’ym*N_BT* /2rC). O

As a consequence of this corollary, we are in position to prove that the multi-indices we have excluded
in Lemma 2.13 are actually also weakly non resonant.

Lemma 2.18. Let V' be the even random potential defined in Proposition 1.19. For all r > 0 and
N > 1, there exists p > 0 and, almost surely, v > 0 such that for all v < v, n € Z™ with distinct
entries and £ € (£*)™ satisfying |1 < 7, (n1) < -+ < () and (n1) < N, if |[V|giox) < p and
k— Z;*:l Ujlg=n, is even then we have

vk € Z,Vh € [-r,1], [k+ ﬁ/ V(@) do+ 3 £y > y{ng,) 0.
™ 0 X
Jj=1

Proof. Let p and n be given by Corollary 2.17 (for r + 2r). We denote

Qkhgn(V)—k-i- / V da;—i—Zﬁ)\nJ )
7=1
Implicitly, we always assume that (74, k&, h,¢,n) are such that [¢|; <7, (n1) <--- < (n,,), (1) <N
and k +— 307 £y, is even. In order to estimate P(|Qpen(V)| < e and' Vg < p) for e >0,
we consider j € [1,5r,] the index given by Corollary 2.17 and we denote V(=) = V — V;(j) =% cos(j -).
Since by assumption V(=7 and V; are independent, we have

(29)

2
Y3

1 _%
F(‘kah,&n(v)’ < e and ”VHHl(OJF) < p) = \/%[E[/ EIIL'Qkth(V( N tu;(§) = cos(jz))|<e © ? d’l)]}
vy

< [E[/ 1|Qkhln(v( J)—I—UJ() éCos(]:ﬂ))|<€dvj]
vjEZ
whete T = {5 € R | IVED + 0y~ cos(Ga) s oy = 5926022 + IV oy < 2} By

definition of Z and Corollary 2.17, almost surely, for all v; € Z, we have

102 Qe (VT +05(5) 7% cos(ja))| > () >n > (5r) 7%
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Therefore, since Z is (random) interval and p,n depends only on (r, N), applying Lemma B.1. of [Eli(01],
we deduce that, almost surely,

/ eIﬂmk,h,z,n(v(’j)'*‘vj(j>’sCOS(jx))\<Edvj SrN,s Ve
vj

As a consequence of (29), we deduce that
[P(EI(T*,k;, hol,n), | Qe pen(V)] < E(nr*>_4r* and HVHHl(Qﬂ < p)

< D POk L), [Qpen(V)] < elne) ™ and |V g0, < p)
(r4,k,h,lm)

Sr,N,s \/E Z <nr*>_2r* ~r N,s \/g z—:—>—>0 0.
(T*vkvhvévn)
]

Proof of Proposition 1.19. We recall that since the potential is even, the periodic spectrum is given
by the Dirichlet spectrum and the Neuman spectrum (see Proposition 1.9). Therefore, we just have to
apply Proposition 2.1. Indeed Lemmata 2.13 and 2.18 ensure the weak non-resonant assumption while
Proposition 2.7 ensure the accumulation property. ]

3. FUNCTIONAL SETTING AND THE CLASS OF HAMILTONIAN FUNCTIONS

First, to avoid any possible confusion, we specify our functional setting and the associated differential
calculus formalism. Indeed, since we are dealing with non-smooth solutions, it is especially important
to have very precise definitions. Then, in a second subsection, we introduce our Hamiltonian formalism
and, after some technical lemmata, we prove the keys properties we need to develop, in the next section,
for the Birkhoff normal form procedure: in Proposition 3.10 we establish that a Hamiltonian in our class
has a gradient which is a smooth function from h* to h® for s in a convenient interval; in Proposition
3.12 we establish that the Hamiltonian flow of a Hamiltonian in our class defines a symplectic transform
between neighborhoods of hA® for s in the same convenient interval; in Proposition 3.13 we establish the
stability of our class by Poisson bracket.

3.1. Functional setting and its differential calculus formalism. We equip C of its natural real
scalar product
%(2’_122) =Rz Rz + T2 F20.
If fis a C! function on C, we define as usual
Op-f(2) =df(2)(1) and Oy.f(z) =df(2)().
As a consequence, if f is real valued, its gradient writes
We extend this formula to non-real valued functions by
20:f(2) := Op.f(2) +i03.f(2) and 20,f(z) = Onp.f(2) — 03, f(2)

Being given a set Zg C Z% where d > 1, s € R and p > 1, we define the discrete Sobolev and Lebesgue
spaces

(30) h(Zg) = {w e C% | |[ullfs := Y (k) |ug]* < oo}
k€Zy

0(Zq) = {u € €2 | Jlullf = Y |ul’ < oo}.
k€eZy
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We equip ¢?(Zg) := h%(Zy) of its natural real scalar product
(u,v)p2 = Z R(urvr) € R.
keZ,

As usual we extend this scalar product when v € h® and v € h™°. Being given a smooth function
H :h*(Zg) — R and u € h®(Zg), its gradient VH (u) is the unique element of h™%(Z,) satisfying

Yo € h¥(Zq), (VH(u),v)pe = dH (u)(v).
Note that it can be checked that
VH(u) = (204, H(u))rez,-

If H K : h*(Zg) — R are two functions such that VH is h®(Z4) valued then the Poisson bracket of H
and K is defined by

{H,K}(u) := (iVH(u), VK(u))
Note that, as expected, we have

(31) {H K} =4 R[i0HwsKw)] =4 [Rids, H(u)dy, K (u)]

kE€Zy kE€Zy4

=20 Y 05 H(u)0y, K (u) — Oy, H ()05, K (u).
keZy

Finally, the symplectic transformations are defined as follow.

Definition 3.1 (symplectic map). Let s > 0, Q an open set of h*(Zg) and a C* map 7 : Q — h*(Zy).
The map T is symplectic if it preserves the canonical symplectic form :

Vu € Q, Vv, w € h*(Zy), (tv,w)pe = (idr(u)(v),dr(u)(w))e.

3.2. The class of Hamiltonian functions. In this section, we aim at establishing the main properties
of the following class of Hamiltonians.

Definition 3.2. For Z, C 7%, q,a > 0, r > 2 let %;;a(zd) be the real Banach space of the «-
inhomogeneous, q-smoothing formal Hamiltonians of degree r supported on Zg. More precisely, they are
the formal Hamiltonians of the form

H(u)= > > Hjull .. .uf
oe{—1,1}" n€Zy
with H? € C, satisfying the reality condition
(32) H,° =H]
the symmetry condition
(33) Vé € &, Hyl»or = Huot e

nd’l’ ’n¢'r
and the bound

34 H|go = sup hmean l/gOTLg ny)?...(n)H| < o0
(34) o= sup L({ can, (Z | ) 1]
neZ;

where v on = (v;n;)j=1,. 4 and hmean denotes the harmonic mean (defined by (14)).
The vector space of polynomials they generate is denoted by g o(Zq):

Zq) =P

r>3
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We choose the harmonic mean for convenience in (34). Indeed we could choose any other mean on
({=1,1}%)", like the supremum norm for instance, without changing the substance of the results of this
section but we would get additional constants depending on r in some estimates. In particular, this
choice is motivated by the simplicity of (45) in Proposition 3.13. The parameter « will be useful to deal
with boundary conditions or inhomogeneities with finite regularity (see Example 3.5 below).

Remark 3.3. Ifr >3, 0< a3 < as and 0 < q1 < g2 we have the continuous embedding
Ay 05(La) = Ky oy (La) = Ho0(Za)-
Example 3.4. If H € J(Zq) satisfies the zero momentum condition
omny+---+om=0 or H7 =0
then H € A ,(Zg) for all &' > 0.
Hint. It is enough to note that, if S is a finite set and = € (R*)¥ then #S(hmean;cgz;)~! > z; ! for
all7 € S.

Example 3.5. Letm € N, k > 2 and g € C"™(T% R). Identify each function of L?(T%) with the sequence
of its Fourier coefficients, there exists P € %?,’;(zd) such that
s > d/2,Yu € (T4 C),  Plu) = / o(@)lu(z) [ dz.
Td
Hint. It is enough to write this integral as a convolution of Fourier coefficient and to note that, since
g € C™(T% R), the sequence ((n)™Gy,),cz¢ is bounded.

Lemma 3.6. The g-smoothing polynomials of 7 0(Zg) define naturally smooth real valued functions
on h*(Zg) for s > d/2 — q. More quantitatively, if H € 7 y(Z4) and uM .. u) € h3(Zy), we have

> HZU T )| Spsga HHquH [0
oe{—1,1}" n€Zy j=1

In other words, the multi-linear map defining H is well defined and continuous on h*(Zg).

Proof. Applying the Cauchy—Schwarz estimate, we get

S S HGue e < H e S ZH ) )

oe{—1,1}" n€Zj] oe{—1,1}" neZj
s
= 21|H g0 [T D B 1| < 271 Hllg0( 3 (k) 76+9) H e
Jj=1keZ, kezd
Using the reality condition (32), it is straightforward to check that H is real valued. O

Corollary 3.7. We can permute derivatives with the sum defining H .
Proof. 1t is a classical corollary of the continuity of the multi-linear maps associated with H. O

Corollary 3.8. If there exists s > d/2 — q such that H € 7 0(Zq) vanishes everywhere on h®(Zg) then
H =0 (i.e. all its coefficients vanish)

Proof. We denote H = H® +...4+ HW) the decomposition of H in homogeneous polynomial. It follows
from the symmetry condition (33) and Corollary 3.7 that we have

H()e R O X ++ Dyar H(0) = 0.
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The following lemma provides a multi-linear estimate which is the main technical result of this section.
Lemma 3.9. Ifd >1,r >3, a > max(d — q,d/2), ¢ >0, s >0 and s € (d/2 — q,a — d/2 + q) then
for all u® ... w1 € h*(Z2%) and all u') € h=5(Z%), we have

T

r—1
(35) Do () [ ] Sraags 10T s TT 109 lne

ne(z4)r j=1 j=1

Proof. Without loss of generality we assume that u(] ) > 0 for all j € [1,7] and k € Z%. We denote vy, :=

(k)= u,(C ) k€74 and ng == —(ny + -+~ +n,). Note that, as a consequence, we have |[v[|;2 = ||u(™ ||},
and the sum we aim at estimating writes as a convolution product.
In order to remove the factor (n,)°~7, we apply Jensen’s and Minkowski’s inequalities to get

r—1
(ny)* 7= (no+ - +n—1)" < ((no) +-+ + (nr_l>)(s—q)+ < pls—a=1)+ Z<n£>(s—q)+
(=0

where z := max(0, z) denotes the positive part. Therefore, denoting by * the usual convolution product
on Z%, we have

T

S b [T = [ % (e ) 0) w ()00,

ne(z4)r j=1 j=1
r—1 r—1 '
Srsa 0% (707 (o ()] + Zv* O O) x ()7 (K () )]
Jj= j=
J#

Consequently, the estimate (35) is just a consequence of the Young’s convolution inequality £2 % 2% ¢! %
% ' < £> and the following estimates
e since s > d/2 — ¢, applying the Cauchy-Schwarz inequality we have

1)l < 1) uD e Ssag 6 e,

e since s < a —d/2+ q and o > d/2, we have a — (s — ¢)+ > d/2 and we have

1)+ Sasga Ly

e since ¢ > 0 and « > max(d/2,d — q) we have

(¢ YEmD+ 71Dy % ()72 Sasid I[u® lns.

Let us prove this last estimate which is much less obvious than the previous ones. We have to distinguish
three cases.

e If ¢ =0 then o > d and it is enough to apply the Young’s convolution inequality £% x ¢! < 2.

e If ¢ > d/2 then we control (-)(=0+=9(®) in ¢ and so since o > d/2 and it is enough to apply the
Young’s convolution inequality ¢! x ¢? < (2.

e Else we have 0 < ¢ < d/2 and « > d—q. We set p =
close enough to ¢ to have

2d

2pd and b = d—p where p € (0, ¢) is a number

a a d—q
d—p d—qd—p
We note that by construction b, p € (1,2) and

1 1 _2+4d d-—p 1
A A )

> d.

bao = d
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Therefore, recalling that ba > d, s > 0 and ¢ > 0, we apply the Young’s convolution inequality
0P % (% — % to get

I+ 10O 5 ()7 Sag 1)~ 1Ol o Saguane 1005 o

Finally applying the Holder inequality we get
5—q)+ — —a 5— - 1
1D+ =9O) s ()72 Sagiap 10 Ul Ragaap ()P Y ulO)P[fP

g2 P
Sagianp 1O a1 () 772577

which conclude the proof since
2p 2504 q
+
U5 :q2 p2d =d= >d.
p " 2p+d

0

First we deduce that the vector field generated by a-inhomogeneous, g-smoothing Hamiltonians maps
h?® into itself.

Proposition 3.10. Ifs € (d/2—q,a—d/2+q), s > 0 and o > max(d—q,d/2) then the gradients of c-
inhomogeneous, q-smoothing Hamiltonians of #; o(Zq) are smooth functions from h®(Zg) into h*(Zy).
More quantitatively, if H € ] ,(Zq), r > 3, we have

(36) Vu € h¥(Za), [IVH(W)|lns Ssrdga |Hlgallulh:"
and
(37) Vu € h¥(Zq), [[AVH ()| 2ms) Ssrdaa 1H galullh?

Proof. We recall that as a consequence of Lemma 3.6, H defines a smooth function on A®. As a
consequence, its gradient is well defined and belongs to h™%. Let us check that actually it is a smooth
function taking values into h®.

As a consequence of Corollary 3.7 (which ensures that sums and derivatives can be permuted) and
the symmetry condition (33), for k € Zy and u € h*(Z4) we have

(38) (VH(u)s =200 () =2r 35 > HI i oup).
oce{-1,1}7— 1n6ZT 1

Then, we recall that by definition we have
r—1

Hy < 27| Hllga k)™ ) ™ (nem) ™ Y0 (D weongtwviok)

ve({-1,1}4)  €=1
Therefore, since both u +— wuy,.. and u — u are isometries on the Sobolev spaces, as a corollary of
Lemma 3.9, being given u(M), ..., u("=Y € h*(Zy), the multi-linear forms

h=%(Zq) — R
qS(u(l), . ,u(’"_l)) : v — 2r Z Z Z [ :Lr’/;lum) o1 ...ugl’;j)’gf'*lﬁ] .

k€Zgoc{—1,1}7— 1n€ZT 1
are well defined, smooth and we have the bound
(39) o™, . w0y Ssrgand H gl flns - Jul |

where (h(=%))’ denotes the dual of h(=%). We denote Z, : (h(~%))" — h* the usual isometry associated
with the ¢2 scalar product. Therefore, it follows of (38) that for all v € h*°(Zg), we have

(VH(u),v)p2 = ¢(u,...,u)(v) = (Zsp(u, ..., u),v)pe.
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Consequently, we have VH (u) = Zs¢p(u, ..., u) which ensures that VH (u) € h®. Finally, the continuity
estimate (39) proves that u — VH(u) € h® is smooth and satisfies the bounds (36) and (37).
]

As a corollary, we extend the differential of VH into some negative spaces. This technical corollary
is crucial to prove that the change of variable associated with the normal form preserves the time
differentiability. Its proof relies on the symmetry of dV H (u) and duality arguments.

Corollary 3.11. If s € (d/2 —q,a—d/2+q), s > 0, a > max(d — q,d/2) and H € K,/ ,(Zq) forr >3
then for all w € h®(Zg), AV H (u) admits an unique continuous extension from h™*(Zg) into h™°(Zg).
Furthermore, the map h*(Zq) > u— dVH (u) € L (h™%(Zy)) is smooth and we have the bound

Vu € h*(Za), IAVH W) 2ph-s) Ssrdaa H lgallullhs?.

~

Proof. Since the embedding of ~A* into h™* is continuous and h® is dense in h™%, applying the continuous
extension Theorem, we just have to prove that

(40) Vu € h*(Za), Sup 1AV H (u)(0) -5 Ssirdgia |1 H lgallullh=?.
veh®
llvll,-s <1

First, by duality between h® and h™%, we note that
sup  [AVH@W)(@) [ = sup  sup (w,dVH(u)(w))e.

veh?® veh’ weh?®
llvll,—s <1 llvll,—s <1 flwllrs <1

Then by applying the Schwarz Theorem we have

(w, AVH (u)(v))2 = d[(w, VH (u))2](v) = d[dH (u)(w))(v) = d*H (u)(w) (v)
= d*H (u)(v)(w) = d[(v, VH(u))](w) = (v, dVH (u)(w))z.
Therefore, applying once again the duality between h® and h™°%, we deduce that

sup  [|[AVH(u)(v)|p-s = sup  sup (v,dVH(u)(w))z = sup |[[dVH (u)(w)|ps
veEh?® weh® veh® weh?®
llvll,—s <1 lwllns <1l -s<1 lwllns <1

= |[dVH (u)[| 2 ns)-

As a consequence, (40) is just a corollary of the estimate (37) of Proposition 3.10. Finally, we note that,
the smoothness of u € h*(Z;) — dVH (u) € L(h™°(Zg)) is just a natural corollary of the homogeneity
of H (i.e. dVH (u) could be replaced by a multi-linear map as we did in the previous proof). O

Proposition 3.12. [f s € (d/2 — q.a — d/2+ ), s > 0, a > max(d - ¢.d/2) and X € H7(Za) for
r > 3, then there exist €0 Zs.d.a.qr HXH;}D/(T—?)
o, .4 LU X Bz, (0,20) = h°(Zg)

. (t,u) - @ (u)

and a smooth map

solving the equation
—10;®y = (Vx) 0 Dy,
and such that for all t € [—1,1], <I>1§< is symplectic, close to the identity
(41) Vu € Bis(z,)(0,20), | @3u — ullns Ss.dagr IXlgalulis,
invertible

(42) |](I>§((U)Hhs <e = @;t o @i(u) =u
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and its differential admits an unique continuous extension from h™*(Zg) into h™*(Zq). Moreover, the
map u € Bys(z,)(0,£0) = d® (u) € L (h™*(Zq)) is continuous and we have the estimates

(43) Yu € Bps(z,)(0,€0), Yo € {~1,1}, [[d®} ()| zpnes) < 2.

Proof. Since the vector field iV is smooth on h*(Z;) (see Proposition 3.10), the Cauchy-Lipschitz

Theorem proves that the flow it generates, denoted @&(u), is locally well defined and is smooth. Let

denote I,, the maximal interval on which <I>§((u) is well defined. Let us prove that if u is small enough

then [~1,1] C I,,. More precisely, we are going to prove that if t € [~1,1]N 1, then || @3 (u)[|ps < 2]|ul|ps.
By definition of ®,, if t € I, we have

t
<I>§<(u):u—|-i/ (Vx)o @) oudr.
0

As a consequence, applying the estimate (36) of Proposition 3.10, if |¢| < 1, it satisfies

1% (u) — ullps < sup [|(Vx) 0 DL oullas < CsgagrllXllga sup |97 o ulf:?
7€(0,t) T€(0,t)

where Cj gq.qr > 0 denotes the maximum of the implicit constants in the estimates (36) and (37)
of Proposition 3.10. Let J, C I, be the maximal interval (with 0 € J,) such that for all ¢t € J,,
@ (u)[|ns < 3l|ul|ps. Tt follows that if ¢ € J, N [~1,1] then

195 () — ullne < 3" Coaagrlixloalulis’ < llulla

provided that 3" 1Cy 4 0.4 /X|lg.allullfs? < 1. Therefore, by a standard bootstrap argument, we deduce
that provided that |lullp, < €0 := (3" 'CsdgaqrlXllga) /"2, P! (u) is well defined for t € [-1,1],
@3, (u)[|ns < 2[Jul[ps and is close to the identity (i.c. (41) holds). The invertibility property (42) is a
classical corollary of the uniqueness provided by the Cauchy-Lipschitz Theorem.

Since ®, is smooth, d<I>§< is a solution of the linear equation

(44) 8td<1>§<(u) = z'dVX(@;(u)) o dfbi(u) and dfbg(u) = idps.

Therefore it is classical to check that ®! is symplectic (it is a consequence of the Schwarz Theorem). If
t € [—1,1], applying the estimate (37) of Proposition 3.10, we have

t
404 0) 00y < 1+] [ 1ATX@L0)) L) |49 0) s

<1+ Csaagr2 2 lIxNgallull?

t
/0 14D ()] ey |-

Consequently, by definition of g, we have
Lt
404 )Ly < 1+ 15 [ 1970z

Applying the Grénwall’s inequality, we deduce that ||d®! (u)|| sy < es < 2. For clarity, we denote
by E(u) : h~* — h™* the extension of dVx(u) provided by Corollary 3.11. Recalling that u — E(u)
is continuous and bounded on bounded set of h®(Z,), applying the Cauchy—Lipschitz Theorem the
following non-autonomous linear equation

A (t) = zE(q);(u)) oAyu(t) and Ay(0) =idy,-s

admits a unique solution for ¢t € [—1,1]. Moreover, the map u € h® — A,(t) € £ (h™*%) is smooth.
Finally, we just have to check that A,(t) is an extension of dq);(u). Indeed, recalling that E is an



30 BIRKHOFF NORMAL FORMS FOR HAMILTONIAN PDES IN THEIR ENERGY SPACE

extension of Vx;, if v € h*(Zg) both Ay (t)(v) and d®! (u)(v) are solutions of the linear non-autonomous
equation

Jw(t) = zE(@i(u))(w(t)) and w(0) =wv.

Therefore, as a consequence of the uniqueness in the the Cauchy-Lipschitz Theorem, A, (t)(v)
d®! (u)(v). The estimate (43) when o = —1 can be obtained as we did when ¢ = 1.

o

Now, we prove that the class of Hamiltonians is stable by Poisson bracket.

Proposition 3.13. If @ > max(d—¢,d/2) and q > 0 then for all Hamiltonians H, K € 7€ (Zq) there
exists a Hamiltonian N € ¢ (Zg) such that for all s € (d/2 — q,oc — d/2 + q) with s > 0, we have

Vu € h*(Zq), N(u) ={H, K}(u)
. /_2 . .
Moreover, if r,r’ > 2, for H € H o and K € ,%’jfa, N € %Zﬁj”‘ is of order r +1' — 2 and satisfies
the continuity estimate
(45) INllg.0 Seva 7711 H g0l K lg,0-

Proof. First we note that since « > max(d — ¢,d/2) and ¢ > 0, we have d/2 — ¢ < o — d/2 + q and
a —d/2+ q > 0. Consequently, there exists some s satisfying the assumptions of this proposition.

The uniqueness follows from Corollary 3.8. For the existence and the estimate, by linearity, it is
enough to consider homogeneous Hamiltonians, H € 7, (Z4) and K € ,%';;;(zd). Let u € h*(Zg) for
some s € (d/2 —q,a —d/2 + q) with s > 0. We recall that we have (see (31))

(46) {H,K}u) =2i Y 05, H(w)dy, K (u) — 0y, H(u)0g, K (u).
k€Zy
Since the coefficients of H and K are symmetric (i.e. satisfy (33)), we have
0, 1 uC Op_ o'l o] o
(47) Ou, HOW K =7’ Y > HY g RS AT ST
oe{-1,1}""1 nezy!

’
el 11y -1 ’,1
o'e{-1,1} n'€Z),

As a consequence, naturally, we study the convergence of the series ), H::’,;lK Z'I ’;. By definition of
the || - ||4,o norm, denoting n” = (n,n’) and r”" = r 41’ — 2, we have

7,,//

o,— o’,1 r4r! -
S HS KD < 2O H | K g0 [T ()

k€Zy j=1
r—1 r'—1
X < Z(k>—2f1 Z <yr<>k+zw<>ng>_a<y7’,,<>k:+ Zyéon@_a)
kE€Zy4 ve({—1,1}4)r =1 /=1

ve({—1,134)""
and so

TH

STHS R < 27T D H ol K lg.e [T )7
keZgy j=1
r—1 r’'—1
X < Z Z k—zygon5>_a<k+Zl/éon2>_a).
ve({-1,1}¢)r—1 kezd =1 =1
Ve({-1,134)" 1
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Therefore, since o 4 2¢ > d (because o > max(d — ¢, d/2)), applying Lemma 7.1 of the appendix®!, we
deduce that

,r.//

,r//
1 r—1 g _ —
(48) Z ‘H;kKZ/,k | Sad 2 a [H|lg,all Kllg,a H(n% q( Z <Zyé/<>nle/> a)'

k€Zg j=1 Vve({—1,1}d)r+r' =2 (=1

Since this series converges, we define

o o) o,—1 -0’1 o,1 -0’ —1 o 1 o' op
My, = 2irr E H Ky — H)p Ky and Ny = o E M,
k€Zy ’ pEG,r.H

Let us check that N € ,%’j]’:g(zd). By definition, the coefficients of N are obviously symmetric. Further-
more, the estimates (48) proves that

Nllg.a Saa 7 H lg.oll Kllg.a-

and the reality condition follows of the following calculation

M 1 1 1 1 1-0/1 10 -1 ’
n _ N —0, —0,— —0,— —o,L - g,— g, a, g ,— _ n
= 2 : Hn,k Kn’,k o Hn,k Kn’,k =1 2 : Hn,k Kn’,k - Hn,kKn’,k - 7
2rr keZ keZ 2rr
d d

Finally, we just have to check that N(u) = {H, K }(u). Note that the following formal computation are
justified rigorously by the Fubini Theorem, the estimate (48) and the multi-linear estimate of Lemma

3.6. Indeed, by (46) and (47) we have

7,,//
o o,—11-0',1 0,1 -0/, —1 (0,0");
{H7K}(u) = 2irr E : E : § : (Hn,k Kn’,k - Hn,kKn’,k ) H u(n,n’)j
k€Za oe{-1,1}""1 nezy ! Jj=1
o Lap ez

,r//

o 03.’

— E E Mn” H un;, = N(U)
o"e{-1,1}" nez?’ j=1

0

The last lemma of this section concerns the computation of the Poisson bracket between a quadratic
integrable Hamiltonian and a a-inhomogeneous, g-smoothing Hamiltonian.

Lemma 3.14. Ifs € (d/2—q,a—d/2+q), s > 0, a > max(d—q,d/2) and H € ] (Zy) where r > 3,
and Zy : h%(Zy) — R is a quadratic Hamiltonian of the form

Zo(u) = Z wn’unP
nely
where wy, € R is such that ((n) 2wy )nez, is bounded, then for all u € h*(Zq) we have
(49) {H,Zy}(u) = —2i Z Z (o1Wny + -+ opwn, ) Hyupt - ugr.
oe{—1,1}" n€Z],

Proof. First, note that since, by Proposition 3.10, VH(u) € h®(Z;) and by assumption VZy(u) €
h=%(Z4), it makes sense to consider {H, Z5}. Moreover, the convergence of the series in the right hand
side of (49) is ensured by Lemma 3.9. We recall that, as usual, we have (see (31))

{H, Z2}(u) = 20 Y Oy H (u)0uy, Z2(u) — Ouy, H (1), Zo(u1).
keZy

2lhere we benefit of the choice of the harmonic mean in Definition 3.2.
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Therefore, computing aﬁkH (u) thanks to Corollary 3.7, we have

{H,Z5}(u) = —2ir Z Z Z Hp puph . oup— opwpug”

k€Zgoe{-1,1}7 TLEZ; 1

Since by Lemma 3.9, this series is absolutely convergent, applying Fubini’s Theorem, we deduce

H, ZsYu) = —2ir HYugy - ugm = opwn, upy”
{ ? }() Z Z n TL1 T Ny

oe{—1,1}" n€Z]

Therefore, since the coefficients of H are symmetric, we get (49). U

4. A BIRKHOFF NORMAL FORM THEOREM

The following theorem is the main technical result of this paper. It is a new generalization of the
classical Birkhoff normal form theorem for Hamiltonian PDEs. In its statement some parameters may
seem surprising. They aim at handling some critical situations (Nyax is useful for (NLS) on T and 7 to
deal with (NLS?)). Furthermore, the statement and the proof are quite heavy because we pay attention
to track most of the dependencies. This is especially useful to deal with intricate situations like (NLS?)
where we have to optimize some parameters (7 and Zg) with respect to & = [|[u(®||s. In the favorable
cases (e.g. the nonlinear Klein-Gordon or Schréodinger equations with Dirichlet boundary conditions in
dimension 1), we will choose 7 &~ 1, Nypax = 400, Zg = Z or Zg = N\ {0}.

Theorem 4.1. Letd>1,5>0,r>p>3, Zy C Z% Npax € [1,+00] and n > 0.
Let Zy : h*(Zg) — R be a quadratic Hamiltonian of the form

1

Zy(u) = B} Z Wn|un|2
nely

where ((n) ~**wy )nez, is bounded and the family of frequencies w € D,f’}‘vm(zd) is strongly non-resonant,

up to order r, for small divisors involving at least one mode of index smaller than Nypax and for some
positive constants (B;)s<j<r, (Vj)3<j<r (according to Definition 2.3).
Let P : h®*(Zg4) — R be a a-inhomogeneous, q-smoothing polynomial Hamiltonian of the form

Puy= Y PYu)

p<j<r—1

where PY) € 7 ,(Zq) satisfies |PD) ||, < ¢;n~U2) and (¢;)p<j<r_1 is a sequence of positive constants
and (o, q) satisfy the estimates o > max(d — q,d/2), d/2 —q¢<s<a—d/2+qand ¢>0 .

There exists some positive constants C' depending on (r,s,7,a,d,q,c) and b depending only on (B,71)
such that for all N € [1, Npax|, there ezists eg > n/(CN®) and there exist two smooth symplectic maps
7 and 7V making the following diagram to commute

7(0) (1) s
(50) Bhs(zd)(o,&‘o) —_— BhS(Zd)(07250) h (Zd)

idhs

and close to the identity

p—2
ag ag u hS
Vo e 0.1} fulhe <20 = 17w —ulhe < (L)

such that, on Bys(z,)(0,2¢0), (Z2 + P) o W) admits the decomposition

(51) (Zo+P)or™M =Z, + Q=N + R
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where QY € 5, 0(Zg) commutes with the low super-actions

(52) VneZg n) <N = {J,,QsN}=0, where J,= Z |y |2

WE=Wn
and the remainder term R is a smooth function on Bhs(zd)(O, 2e0) satisfying
IVR(w)|[ps < Cp~ O NP a7
Moreover, for o € {0,1} and u € Bys(z,)(0,2%€0), A7) (u) admits an unique continuous extension
from h=5(Zy) into h=*(Zg) which depends continuously on u and we have the bounds
147 (W) || ey <2777 and AT (w)]| g sy < 277P
Proof. We are going to prove by induction on 7, € [p,r] that there exist?? some non-negative constants
o b, (bgg))pgjgr depending only on (8,7,) and b(® depending also on r,
o C), (C](-z))pgjgr depending only on (7, s,v,a,d,q,c) and C® depending also on r,

such that for all N € [1, Nyax], there exists eg = n/(CON b(l)) and there exist two smooth symplectic
maps 79 and 7(Y) making the diagram (50) to commute and close to the identity

p—2
o o Ullps
(53) Yo e (0.1}, fulhe <20 = 19w - ulle < (L) e,

such that’ on Bhs(zd)(()’ 260)7 (Z2 + P) o T(l) admits the decomposition
(Zy+P)orM =2Z,+ QW 4+ ... 4+ QD 4 R

. ; . . @)
where QU) € 7 (Zq) satisfies || QU] 4.0 < C'J(.z)n_(J_Q)ij and the firsts polynomials commute with
the low super-actions '
gl <r and () <N = {,,QU} =0
and the remainder term R is a smooth function on Bys(z,,)(0, 2¢0) satisfying
IVR@)he < OO 0N a0

Moreover, for o € {0,1} and u € Bys(z,)(0,2%¢0), d7(@) (u) admits an unique continuous extension from
h=%(Zg) into h~*(Z4) which depends continuously on « and we have the bounds [|d7(?) (u) | 2hsy < 277P
and ”dT(o)(u)”g(h—s) < 2M7P,

Note that when r, = r this result is slightly stronger than the one of Theorem 4.1.
e Initialization . = p. We set 70 = 7(1) = id}s, g9 = 400, QU) = PU), C'J(-z) = ¢j, ch =B =,
b = §-2) =) =0 and R = 0. Note that, since by assumption ||[PY)]|, o < ¢;n~0* 2 the estimate
on ||QU)]|,.« holds. Here the decomposition of (Z5 + P) o 7(1) and its properties are obvious.
e Induction step (r.) = (r, +1). In order to distinguish the constants and objects associated with the
index 7, + 1 from those corresponding to the index r, , they are denoted with a symbol sharp f.

We aim at the removing the terms of Q) which do not commute with the low super actions. As a
consequence, we decompose Q") as

QU =L+U

where L,U € 7 (Zg) are defined by

{ (r)o g Kw(oyn) < N and U — { 0 if  ky(oyn) <N

L = -
0 else S‘*” else

n

22)10te that in this proof almost everything depends on r.. Nevertheless we do not specify it explicitly.
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Note that, since these Hamiltonians are extracted from QU*), they satisfy the same estimate.

> U commutes with the low super actions. Indeed, applying Lemma 3.14, if (m) < N, for u € h®, we
have

{Jm, U (u) = 2i Z Z (Ulﬂwnl:wm +oFor ey, —wn )Upug) - u%::

oe{-1,1}7 neZ’*
— y ag U] a
=21 E E E Un Upy - Up'* .

O'E{ 1 1}7* ’rLEZT* Wnyp =Wm

However, since (m) < N, by definition of U and & (see (9)), either
Consequently U and J,,, commute : {Jp,, U}(u) =

Wy =wm Tk vanishes or U] vanishes.
> The homological equation. We set x € s (Z4) the Hamiltonian defined by
Ly

i(o1wn, + -+ 0p,wp,,)

Xp = if ky(o,n) <N and x7 =0 -else.

Since the frequencies are strongly non-resonant (see Definition 2.3), if k,(0,n) < N then

|len1 +e O-T*w'n'r*| 2 IVT*N_BT* # 0

Therefore, we have

r —(re— » £3)
(54) wa_2%ﬁWM@U”%__%Jﬂ)( 2) N B+

Tx
Note that, as a consequence of Lemma 3.14, y solves the homological equation

{x,Z2}+ L =0.

> The new variables. As usual, to define the new variables, we want to compose 7(%) and <I>§<. Conse-
quently, we pay attention to match their domains of definition (this is a little bit fastidious but it is
simple).
Applying Proposition 3.12, we get a constant K > 0 depending only on (s, d, «, g, r,) such that setting
= (K||Xllga) "2 x generates a smooth map

) { [—1,1] XBhS(Zd)(anl) —  h%(Zy)
X (t, u) @ (u)

solving the equation —id;®, = (Vx) o @y, and such that for all t € [-1,1], ® is symplectic, close to
the identity

Te—2
U||ps
(55) Yu € Bhs(zd)(O,El), H(I);u — uHhs < <|| €H1 > HuHhS,
invertible
(56) H@;t(u)HhS <e = <I>§< o @;t(u) =u

and its differential admits an unique continuous extension from h™*(Zg4) into h™*(Z4). Moreover, the
map u € Bys(z,)(0,61) = d®! (u) € L (h™*(Zy)) is continuous and we have the estimates

(57) Vu € Bhs(zd)(o,El),VU S {_17 1}7 qu);(u)”f/(h‘”) <2.
Recalling the bound (54) on x, we have
1

e1> (=

- —\Tx— s s * b( )
2KM%MWDW#MVW2>%K DUN%T) =: 36l
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where we have set

O = 3max(CO, (KA OV, 1) and b = max(b, (5. +b2)/(r, — 2).

Tx
Note that with this choice, we have
35% < min(gg, 7).

As a consequence, since 7(0), ®! are close to the identity (see (53),(55)) and p > 3, we have

8 Ul "
U||ps
fulle < S = HT<°><u>—uuhs§§< ﬁ ) e
g

0

Te—2
L[ Jlullns
lullns < 25 = (19 (u) —ullns < 5 [ = e
3 e
Therefore, it makes sense to define

Tﬁ(l) ::7'(1)o<I>§< on BS(O,Q&%) and Tﬁ(o) = ®) 7@ on BS(O,&?%).

Since <I>)1( o <I>;1 = idps (see (56)), these new transformations still make the diagram (50) to commute.
Since 2/3 < 1 and r, > p, they are still close to the identity (i.e. they satisfy (55)). Since <I>§< is sym-
) _(1)

plectic, Ty, Ty are symplectic. Finally the existence of the continuous extensions of dtID’;(, dr©@, dr®
© dTﬁ(l) satisfying the expected bounds.

> The new Hamiltonian. Now we aim at studying the expansion of (Z2 + P) o Tﬁ(l).

ensures the existence of such an extension for dT

Let u € BS(O,ng). Since t — ®!(u) is smooth and is the solution of the equation 9;®,(u) =
i(Vx) o @y (u), if A is a smooth Hamiltonian on h®, we have

O Ao <I>§< ={x,A}o <I>§< =: (adyA) o <I>§<.

As a consequence, realizing a Taylor expansion in ¢t = 0 (and omitting the evaluation in u) we have

r—1
(Zo+P)or) = (Za+PyorModl = Zyodl + 5 QW o dl + Rodl
Jj=p
r—1 m; My
_ZQ+ZQ —i—{x,Zg}—i-ZZ—adk Z adkHZ +Rodl
J=p k=1
1 1—¢ my, +1 " — 1 — )™ J—1 )
‘) ﬁwdw%w@;i%w Q) oo

Jj=p
where m; denotes the largest integer such that j 4+ m;(r, —2) < r. Recalling that by construction
{X, Z2} = —L € A1 (Zyq) is of order 7y, that x € % (Zg) is of order r, and that by Proposition 3.13
the Poisson bracket of Hamiltonians of order r; and r9 is of order r1 + ro — 2, it is natural to set

Q) =QY it j<r, Q) =Q" +{xZ}=Q" -L=U,
U) _ L koG _ Lk s
Qu = Z kz'ad QU Z '(k+1)!adXL if j>r,
Jetk(re—2)=3 re+k(re—2)=j

1 my, +1 r—1 ms
o 1 (1 _t) " my, +1 t (1 _t) 7 mj+1 j t
R;=Ro®} _/0 S DT AT L) o B §_ Tj!(adxﬂ QW) o d! dt.
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where k and j, are the indices on which the sums hold in the definition of Qéj ),
If j <r,, it is clear that Qéj) € %{Q(Zd) and we have

108 laa < 1QPllga < O G=INY = G U=IN"
Note that by construction it is clear that these Hamiltonians commute with the low super-actions.
Applying Proposition 3.13,if p < j < r, Qéj) € A7 o(Zy). Moreover, if j > ry and j, + k(r, —2) = j

. _— (2) 2 - (2
1ad? QU |0 < K o fIXIE LNQU) g < K,y (CPy~ DN E (0= U= b

< Kj, . ;(CP2) 0]4*2)77—(]'—2) RO b

.7*7T*7.7
where K, ,, ;is the constant provided by the continuity estimate (45) of Proposition 3.13 and depending
only on (j,7+,Jj,,d). Since adiL enjoys the same estimate as adfCQ(’"*), we deduce that HQéJ)Hq,a <

. (2)
Céi)n_(9_2)]\fbw, where we have set?3

2) _ 1o @k~ @ _ @) | 12
Cﬁv] 2 (Z: ) k!K]*,T*J (C'f‘* ) Cj* and bﬁ,j - J*+kI(13?§2):] ka* + b]* :
]*+k ry—2 :j

> Control of the remainder term. Finally we just have to control the terms of the new remainder term

Ry. We fix u € By (0, 25%). First we focus on R o @i(u) By composition, we have
V(Ro®))(u) = (AP (u))*(VR) o @) (u).

where (d®}(u))* € £ (h™*) denotes the adjoint of d®}(u). Note that since R o ®) is a smooth real
valued function on a ball of h®, a priori its gradient belongs to h™%. Nevertheless since d@;(u) ad-
mits a continuous extension in .2 (h™*), (d®}(u))* maps h* into h* and we have [|(d®} (u))*|| #(n) =
[d® (u)|| #(n-+) < 2 . Therefore, V(R o ®})(u) belongs to h* and we have

||v<Ro<I>;><u>||hss2||<VR>o¢;<u>||hss2c<3>n< INY 0L (u) 57t < 2@y~ =D NP |yt

Now, we focus on (ad;leQ(j)) o <I>§<(u) where p < 7 <r—1and t € [0,1]. Reasoning as previously,
using Proposition 3.13 to estimate the norm of the Poisson brackets and Proposition 3.10 to estimate
the norm of the gradient, we have

mi+1 ; mi+1 1
IV((ady? ' QW) 0 @) (w)|[s < 2[[(V(ady? T QD)) 0 &t (u)|ns
—(ry— (2)\m,+1 —(j— ) rj—1
<2Kj 1, (COn~ =D NOY T (O = G2 NETY M, (198 ()2
. 2) (. (2)
§[2”Kj,mrerj (C,(f))mj+1C](2)] T,—(Tj—2)Hu”hJS 1Nbr2*( ]+1)+bj2

where r; = j + (m; + 1)(r« — 2) € [r,2r — 4] and M, denotes the implicit constant in the vector field
estimate (36) of Proposition 3.10 (it depends only on (s,d,rj,q,«)). Recalling that |julps < 26% =
277/( Nb ) and Cﬁ(l) < 1 we deduce that ||ul[sn~! < 2 so that

V(@ QW) 0 @) ()l < Ay (7=l N (DT
where Aj — 22Tj_rKj,r*,rj Mrj (07(3))771]4-10](2)

23in these sums we include the case k = 0.
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We also recall that by construction V((ad?"*“L) o ®! )(u) and V((ad?”HQ(T*)) o ®! )(u) enjoys the

same estimate. As a consequence, we have?*

r—1
1 2, 2)
IV Ry () [e < 2" COy=C=INY it 23— Ay =D 7 b (D F
N mj.
J=p

3)
< Oy AN ulizt
where we have set
r—1
3) (3) 2(2)(0 . 2 B) _ 9r(3) Y
by = _max (OO0 (m;+1) +b7) and Y =2°C +2ij!A]'
J=p
]

5. DYNAMICAL COROLLARY

The following theorem is the main abstract result of this paper. It is a corollary of the normal form
Theorem 4.1. We recall, to facilitate the lecture of the statement, that in the most favorable case n ~ 1
and Nyax = +00.

Theorem 5.1. With the same assumptions and notations as in Theorem 4.1 and two additional arbitrary
constants K > 0,e1 > 0, if u € CP(R; h*(Zq)) N CHR; h=2(Zyg)) is a global solution of

(58) i0pu(t) = VZy(u(t)) + VP(u(t)) + F(t)
where F € CP(R;h™%(Zq)) and u satisfy

VteR, |[F)|p-s <Ky el and  [u(t)|ps < e
and the frequencies are coercive®® (i.e. |wy| — 00 as |n| — 00), then

—(r—p)
(59) \t\<<%) and () < N = o (u(t)) — Ju(u(0))] < My~ @) (n)ect

where M depends only on (K,r,s,v,a,d,q,c) and b depends only on (3,r).

Proof. Let n € Zg be such that (n) < Nyax. If €1 > 1/(C(n)?), where C is defined in Theorem 4.1,
then
[ (u(t)) = Ju(u(0))] < [u(@)l[72 + u(0)[7 < 26 < 2(Cy~ (n)")P 7%

Consequently, we only have focus on the case £1 < n/(C(n)?). Therefore, we set
N = (n),
and we apply Theorem 4.1. Note that we have
Vt € R, |lu(t)|ps < e1 <n/(CN®) < eq.

As a consequence it makes sense to consider

> Time differentiability of v. First we have to check that v is time differentiable and to compute its

derivative. Since 7(°) is not defined on h=*, a priori this fact is not obvious. Nevertheless, d7(?) can be
extended to Z(h™*) and it is sufficient.

2410te that the rigorous justification of the permutation between the integral and the gradient could be done easily

using the smoothness of (ad?jHQ(j)) o L.

25n0te that, if Z, is bounded, the frequencies are coercive by convention.
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Let us clarify this point. We fix ¢ € R and we consider a small parameter h € (—1,1) \ {0}. Since 7(%)
is smooth on h*, we have

v(t+h) —o(t) = 7Ot + h)) — 7O (u(t)) = / 1 ArO (w4 p) (u(t + h) — u(t)) dv

0

where u,,; , = vu(t+h)+ (1 —v)u(t). For clarity, we denote by L) (resp L()) the continuous extension
of d7(® (resp. d7(V) to .£(h~*) and thus we have

v(t+ hfz v(t) /0 LO(uy ) dv (u(t + h})l — u(t))

and so, since || L) (ut.0) .2 (h—s) < 2"7P, we have

v(t+h) —o(t)

A CON O
1 1
O () dv (LT =W g, O () — LO(u(t)) dv (O
<| [ 20t @ (R o) | 4| [ 20w - 20w av @uin)|
u —Uu !
<o =0 o), + 10Ol [ 120 () — L)y

Since u € C*(R; h~*), the first term goes to 0 as h goes to 0. To prove the same for the second term,
we apply the Lebesgue’s dominated convergence theorem. Indeed, on the one hand, we have the bound
12O (uy g ) — LO) (u(t))|l z(n-s) < 2P and on the other hand, v being fixed, since u € C°(R; h®),
w5, converges to u(t) as h goes to 0 and so, since L) is continuous, || L) (u, ) — L) (w2 n-—s
goes to 0 as h goes to 0.

As a consequence, v is time derivable and we have

dv(t) = LO(u(t)) (dyul(t)).
> Computation of dyv. Since, by assumption, u solves the equation (58), denoting H = Z, + P, we have
v(t) = =L (u(t)) (iV H (u(t)) +iF(t)) = =L (u(t)) iV H (u(t))) — iF*(t)

where we have set F%(t) := —iL©) (u(t))(iF(t)). First we assume the following relation (which is proven
at the end of this paragraph) on Bjs(0,eq)

(60) LOq=i(@arM)or®)
where ((d7M) o 70)* € £(h~*) denotes the adjoint of (d7'(1 ) o 70, Therefore, we have
Opo(t) = =i (drD (1)) (VH (u(t))) — iF*(t).
However, since the diagram (50) commutes, we have u(t) = 7™ (v(t)) and so
O(t) = —i (drW (v()*(VH) o 7MW (v(t))) — iF*(t) = —iV(H o 7W) (v(t)) — iF* ().
As a consequence, recalling the decomposition (51) of (Zy + P) o 7™ we have
(61) i0po(t) = VZ3(0(1)) + VQid (v(t)) + VR(u(t)) + F¥(1).
Now we focus on (60). Since 7(1) is symplectic (see Definition 3.1), we have
((d7M) o 7Oy 4 (dr M) 0 7O =,
However, since the diagram (50) commutes, we have 7 o 7(0) = id,s and so

((dT(l)) o T(O)) dT(O) = ldhs

*
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As a consequence we deduce that
((ArWYy o 7Oy j = § 47O,
Extending this relation by density from £ (h%;h™*%) to £ (h™%;h™%), we get (60).

> Estimation of 0y J,(v(t)). Since the frequencies are coercive, the sum defining J,, (see (52)) is finite.

Consequently it is a smooth function on h~%. Therefore, t + J,(v(t)) € C'(R;R) and recalling that 0;v
satisfies (61) we have

s Jn(v(t)) = {Jn, Z2}(0(1)) + { s Qred }(0(1)) + { s R}(0(8)) + (VI (v(t)), =i F* (1)) 2
= 0. Similarly, we have {J,,, Zo} = 0. Indeed, we have

First, we recall that by construction {.J,,, Q=N

res

{Jn, Z2}(v(t)) = (iVIn(v(1), VZ2(v(1)))e2 = 2 Z wiR(ior (8)[) = 0

Therefore, we have |0;.J,, (v(t))| < [i(VJn(v(t)), VR(v(t)g2| 4+ [(V I (v(t)), —iF%(t))s2| and so
(62) 04T (V)] < NV Tn (D) 2 |V R0E)) e + 1V T (W) |l | ()]

As a consequence, using that

p—2
[(®)llns < [ful)llns + 7O (t) = u@)lne < ut) s + <@> [u@®)[lns < 2[[u®)]lps < 261,
we deduce

IV a(o@)lfe =4 D () ox(®) < 4lo(®)ll5s < 16¢f,

wr=wn
IVR((t))ne < Cn~ "IN o)l < 27O~ 2 (n)"e)
IE*@) - < IO @)z |1 F@) - < 27 PEp~ 2!
Plugging these estimates in (62), we get
10T (v(1)| < My~ (n)be]
where we have set M* = 2"72(C' + K). Therefore, by the mean value inequality, we have

—(r—p)
M<(%) (o) — Ja(0(0))] < MEn @D (et

> Conclusion. To prove the same result for u(t), we use that u(t) is close to v(t) (i.e. that 7(%) is close
to the identity) :

p—2
) — w0l < (P8 e < o222
and that J, is quadratic
[n(0(t) = Ja(u@)] < (lo@)llez + Tu@)lle)u(t) = v(@)] e
< 3CP2(n)P P Dp2eh,

As a consequence setting b = b(p — 2) and M = 3CP~2 + M*, we get the estimate we wanted to prove
(i.e. (59)). O
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6. PROOFS OF THE APPLICATIONS

6.1. Application to nonlinear Klein-Gordon equations. In this section, we aim at proving the
results about the Klein-Gordon equations (KG) stated in the subsection 1.3.1.
First, we start with the proof of Lemma 1.3 about the ellipticity of the Klein—-Gordon’s Hamiltonian.

Proof of Lemma 1.3. We are going to establish two estimates of which this lemma is a direct corol-
lary. On the one hand, the Poincaré inequality proves that the term associated with the mass can be

"absorbed" - i
/ (®(x))*dx < / (0,®(x))*dz.
0 0

On the other hand, in the estimate (63) below, we prove that the nonlinearity can be neglected. Indeed,
there exists an universal constant C' > 0 such that

[@flzee < CllP| g1

As a consequence, since G is of order p (with respect to its second variable), there exists an universal
constant K > 0 such that we have

yl < C = |Gyl < CIGCY)llm < Kyl
Therefore, provided that ||®|| mp <1, we have

(63) /Oﬂ G, ®(a))| do < K/OW B(2)? dz < 7K CP|D|7,,.

Now, we focus on the proof of the main result about Klein-Gordon equation: Theorem 1.5.

Proof of Theorem 1.5. We fix m > —1 in the set of full measure given by Lemma 2.5 which ensures
that the frequencies w := (v/n? + m),>1 are strongly non-resonant (up to any order and for all modes,
i.e. Npax = +00). We consider the Hilbert basis of L?(0,7;R) diagonalizing ? with homogeneous

Dirichlet boundary conditions :
2
en(z) = \/isin(nw), n > 1.
T

As usual, for all s € R, we identify sequences in h*(N*) with distributions of D’(0, 7) through the formula

(Un)n>1 — Zunen.

n>1
Note that this identification induces the following isometries
(64) H3([0,7];R) = h'(N*;R), H~1(0,m;R) = h~'(N*;R) and L*(0,m; R) = £*(N*;R).
For all s € R, we define the diagonal operator € : h*(N*) — h*~1/2(N*) by the relation
Yu € h®, QU:ZMUH en-
n>1
As usual, in order to diagonalize the linear part of (KG), we define the complex variables
u(t) := Q®(t) +i Q7 10,(t).

Note that, thanks to the isometries (64), if (®,9,®) € CP(R; H} x L2)NCY(R; L2x H~Y), u € CY(R; hY/?)N
CY(R; h='/?) and if ® solves (KG), then u solves the equation
(65) idpu(t) = Q*u(t) — Q tg(-, Q1 Ru(t)).
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Furthermore, we have an upper bound on the norm of w. Indeed, as a consequence of the strong
convexity of H (see Lemma 1.3) and its preservation (Theorem 1.4), for all ¢t € R, we have the bound

(1Ol + 0:@(E)][12)* < A H(D(2), 0, B(1)) = A H(@, 6O) < A2 ([0 g1 + |0 2)?
:3A282
and so there exists C), > 0 such that

vteR, ||u(t)||21/2 = Z(k>|uk(t)|2 = Z(k;> (m(p%(t) + W)

k>1 E>1 VE?+m
<Cn Z + (0 Pk(1)? < Cn A2 (12 || 111 + 0:@(2)]| 12)? = CriAZ e =: €1
>1

In order to use the class of Hamiltonian we introduced in section 3, we rewrite the equation (65) using
the Taylor expansion of y — g(-,y) in y = 0 (we recall that by assumption g is of order p — 1 in 0):

r+p—2

(66) ipu(t) = Q%u(t) — Q 7t Z wg] + F(t).
j=p—1 '

where g; :== dg(-,0) € H'([0,7];R) and

1 1— /\)r-i-p 1

F(t)=-Q! [(q>(t))r+p—1/0 (

(r+p—1)!

> Identification of the Hamiltonian structure. First, recalling that wy := vk? + m, we note that obvi-
ously, we have

ArPg(-, AD(L)) dA] .

1
Q%u = VZy(u) where Zy(u)= 3 ;wkluklz.

So we only focus on the structure of the nonlinear part of (66). Using Sobolev embeddings it is clear

that
. 1 /7 .
PO v - / 51 (2)(Q R0 () da
- JO

is a smooth function on h'/2 and that

. 1 B .
VPO () = 207 (@7 Rupg).
Therefore, as a consequence of the Taylor expansion (66), u solves the equation

r+p—1

(67) idyu(t) = V(Zy + Z PWYy F(t).
Hence, we just have to identity PY) with a formal Hamiltonian in %”f 1( *). Indeed, we have

PO =2 [ 0(E et da

!
J: k>1

_ _(_) (87) j/2/0 gj—l(x)(z U + Uk (eikx _e—ikx))j dz

2 1/4
J i (k2 m)Y

= > > RN

oe{—1,1} ke(N*)i
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where we recall that vk_l := 7, and we have denoted

. o ( ) '] /’[/Z elﬂlklfb
BT = R (8m) >, 9”1 (k2 4+ m)t/4 dz
pe{—1,1} Z:l
It remains to estimate the coefficients Plij ) Indeed, we have
oo ™ ; ) 1
PO S B | [ @) G )

NE{—lyl}j

and if p - k # 0, integrating by part, we have

/ gi1(2)e D%z = —i(u- k)~ <em(“'k)9j—1( = gj-1( / Ozgj—1( “k)mda)
0

Therefore, since by assumption gj_l € H', using the Sobolev inequalities, we deduce that
_ -1
B S D A TG ke
pe{—1,1}J
which proves that PU) ¢ ,%”ljl([]\l*) and |]P(j)|]% L Simyj 1 (here we choose? n = /Cp Ay, = €1/~ 1
27 b

to apply Theorem 5.1).
> Estimate of the remainder term. Recalling that we have the a priori bound || ®(¢)|| g1 < Ame < Apem

and using the Sobolev embedding H' — C°, we get a constant B, (depending only on m) such that
Vit € R,Vx € [0,7], |®(t,z)| < Bp,.

Moreover, since y — 8§+p g(+,y) is continuous, using the Sobolev embedding H' < C°, we get a constant
A,, (depending only on m) such that
sup  sup |0, Pg(z,y)| < Am
ly| <Bm z€[0,7]
Therefore, we have
sup sup sup |8T+p (2, \0(t,z))| < A
teR 0<z<m 0<A<1

As a consequence, using once again the constant associated with the Sobolev embedding H! < C°, we
deduce that for all ¢t € R,

1 o r+p—1
IE®) 12 < IFD e S | [@””‘1“)/0 %

+p—2 +p—1 +p—1
S @O 12Ol S @O S €1 7

~

arPg(, AB(1) dA| | .

> Conclusion. Finally, observing that 0 = d/2 —¢ < s =1/2 < a—-d/2+g=1and 1 = a >
max(d — ¢,d/2) = max(1 — 1/2,1/2) = 1/2, recalling that u solves the equation (67) and applying
Theorem 5.1 (of which we have checked all the assumptions) with Np.x = +oo and the change of
notation r <— r + p, we get the almost global preservation of the low harmonic energies which are the
super actions of the nonlinear Klein Gordon equation (KG). u

6.2. Application to nonlinear Schrédinger equations in dimension one. In this section, we aim
at proving the results about the nonlinear Schrodinger equations (NLS) in dimension d = 1 stated in
the subsection 1.3.2. We recall that the probabilistic results have been proven in Section 2.

264t is just a convenient way to remove a constant in the statement of the Theorem.
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6.2.1. Some properties of the Sturm-—Liouville eigenfunctions. First, we need to collect some useful
properties on the Sturm-Liouville eigenfunctions f,, (defined in Proposition 1.9). As in section 2, most
of the time, we do not specify the dependency of f,, and A, with respect to V.

Lemma 6.1. For all V € L?(0,7;R) we have

(68) Wk, € N, \/ Fulw) sin(kz)dz] Sy o Tk + (0 — Ky + )~

(69) Vk,n €N, | /07r f=n(z) cos(kz)dz| Sivi,e In=k + ((n = k){n+ k)~

Proof. We only focus on(68). The proof of (69) is similar. Since —92 4V is self adjoint on L?, we have
(70)
Ma(fa(@),sin(ke)) 2 = (=05 + V) fu(@),sin(kz)) 2 = (fu(2), (=07 + V) sin(kz)) 12
= k2 (ful@), sin(kx)) 12 + (fol@), V sin(kz)) 2

Moreover, by Theorem 4 page 35 of [PT87], we know there exists b € £°°(N*) such that A\, = n? + b,.
Therefore, there exists C' > 0 (depending on [|[V||z2), such that if n + & > C and n # k then

An — K| 2 [n* = K?[/2 2 (n — k)(n + k).
Since it is clear that |(f,(x),sin(kx))r2| < /7/2 and since there are only finitely many indices such

that n 4+ k < C, by (70) we get (68). O
Proposition 6.2. For all V € L?(0,7;R), the following maps are isomorphisms of Banach spaces
g Dir . H}(0,mR) — hl(D\l* [R) gNeu . HY(0,mR) — hl(h\l [R)
' u (Jo u z)dz), ' u (Jo u x)dz),

Proof. As usual we only focus on \I/D‘r. Note that assuming it is well defined, since ( fn)n is an Hilbertian
basis of L? (see Proposition 1.9), its injectivity is obvious. Furthermore, by the Banach isomorphism
Theorem, it is enough to prove that it is continuous and surjective (i.e. actually the continuity of the
inverse follows from the proof of the surjectivity).

> Continuity. First, we check that ¥P™ is well defined and is continuous. We define

(71)
\/7/ fn(x)sin(kx)dz, v = \/7/ )sin(kx)dz, w, :/ w(x) fr(z)dz, 25 = Cppvn.
0

We aim at proving that ||w|[1 < ||ul/g1. We recall that it is well known that [[v]|;1 < ||u||gi. By the
triangular inequality we have

[wllpr < |2l + llw = 2lla S Hollar + llw = 2l[p S lullgr + llw = 2]k

Therefore, we only have to focus on |[w — z||,1. Since (2/m)"/?(sin(kx)); is an Hilbertian basis of
L2(O, m; R), we have w,, — 2z, = Z,@én viCp, k- Consequently, applying Lemma 6.1, we deduce that?”

o =2l = > (2D vkenr)* 3 Z% ISP Z%)z'

n>1 k#n n>1 n>1

However, by a straightforward generalization of Lemma 7.1 of the appendix, we have

|Uk|<k> < H'Uth ) ) )
~ and so ||lw — z < v < 2.
,#Zn (n—k)yk) ~ (n) | 5 S vl S iz

2Twe do not pay attention to the dependency with respect to ||V 2.
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> Surjectivity. Let w € h' and let us set u = > n>1 Wnfn (a priori in L?). We just have to prove that

u € H}. Naturally it is enough to prove that |[v||;1 < ||w|[p: (where v is defined by (71)). Denoting
Yn = WnCnp, it is clear that |Jy|[,1 < [|wl[p1. Therefore, by the triangle inequality, it is enough to prove
that ||v — y||p1 < ||wl||p:. Observing that, by definition, we have

jwal(k) 2
v —ylp =D (k) ancnk <D Zm)
k>1 k#£n k>1  k#n
arguing as we did for the continuity estimate, we deduce that || — y|7, < [Jwl[3,. O
As a straightforward corollary we get the following result on T.

Corollary 6.3. For all V € L*(T;R) even, the following map is an isomorphism of Banach spaces
e HYT;R) — hl(Z [R)
: u fT x)dz),

Finally, the following lemma deals with the restriction of ¥Pr to H* N H& for s € [1,3/2). We only
use it to prove Corollary 1.14.

Lemma 6.4. Let s € [1,3/2) and V € L*(0,m;R). There exists C > 0, such that for allu € H*(0,7;R)N

H}(0,m;R), we have
S ( [ uta)u(e)de)” < Culye

n>1 0

Proof. We use the notations (71) that we have introduced to prove Proposition 6.2. We aim at proving
that, being given u € H* N H}, we have ||wl|/ps < |Jul/gs. It is proven, in Lemma 7.3 of the appendix
(since we did not find a proof in the literature), that |[v||ps < |lul|gs. Therefore, by the triangular
inequality we have

[wllps < Nlzllns + llw = 2llns S llvllns + llw = 2llas S llullzs + llw — 2]k

Finally, proceeding as in the proof of Proposition 6.2, since 2(s —1) —2 < —1 (i.e. s < 3/2), we deduce

that
lw = zl5e S 2D wlh ()7 < ol < ullfn S Ilulle-

n>1
O
6.2.2. Proofs of the results of the subsection 1.3.2.
Proof of Lemma 1.7. The proof is similar to the proof of Lemma (1.3), so we omit it. O

Proof of Theorem 1.10. The proof is almost the same as the proof of Theorem 1.18 below (excepted
that, thanks to the stronger non-resonance condition, most of the estimates are uniform with respect to

(r,N)). 0

Proof of Theorem 1.18. We fix r > 2 (an even number), N > 1 and V € L*°(T;R) an even potential
such that (A, (V](o,r)))nez is strongly non-resonant, up to order r, for small divisors involving at least
one mode smaller than N, according to Definition 1.16. We set p = ||[V||r~ and ¢ = €, (which is
defined by Lemma 1.7). Assuming that «(®) € H'(T) satisfies € = ||u(? |51 < ¢, the solution of (NLS)
given by Theorem 1.8 satisfies

(12) Ve R A )l < Hu(t) + (o + DM(u(t) = H(u(0)) + (o + DM(u(0)) < A,

ie. |lu(®)|zm < Aye. Thanks to Corollary 6.3, we identify functions of H*(T)/L*(T)/H*(T) with
sequences of h'(Z)/¢%(Z)/h=1(Z) through their decompositions in the Hilbertian basis (f,/v/2)nez. For
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example, we denote uy,(t) = % Jyu(t,z) fn(x)de and we have [|u(t)|p ~ [Ju(t)||gr. Defining w, = Ay,
(NLS) rewrites
iOpun(t) = wptin (1) + (9(, u(t, ) *)u(t,))n-
We introduce the Taylor expansion of y — g(+,y) in y = 0 at the order r/2 — 1
r/2—2

y r/2—1 /1 (1—a)/?2 r/2—1
9g(»y) = g9i(-)= +y —FF 0 g(-,ay)da
( ) jzgg_l ]()j' 0 (T/2—2)' Yy ( )
where g; := &g(-,0) € HX(T;R). Therefore, (NLS) rewrites
r/2—2 1
10pun (t) = wyun(t) + Z ﬁ(gj(’)’u(ta ')‘2ju(t7 N+ Fu(t),
j=p/2-1"

the remainder term being defined by

r—2 ! (1- a)r/2 r/2—1 2
F(th) = ‘u(th)‘ U(t,.’,l') 78@/ (‘Taa‘u(t7x)‘ )dCL
o (r/2-2)
Reasoning as in the proof of Theorem 1.5, it can be easily proven that ||[F||,-1 < ||Fll2 = || F|p2 <™ !
> Identification of the Hamiltonian structure. First,concerning the linear part, we note that for all v €

hl

1
wntn = (VZ2(v)), where Zs(v) = 5 Zwk|vk|2.
kezZ
For the nonlinear part, we define

) 1 .
P(2])(v):/—2 .'gj_l(a;)]v(a:)]%dx.
T <]

It is clearly a smooth function on k' and we have

: 1 .
VPO0) = gy @)o(a) [ u(e).
Therefore, (NLS) rewrites
r/2—1
(73) idwu(t) =V(Zy+ > P)(u(t)) + F(t).
i=p/2

Hence, we just have to identity P(*)) with a formal Hamiltonian in ,%’62%(2) Indeed, noting that the

formal permutation below are justified by convergence in H' (thanks to Corollary 6.3), for v € h!, we
have

P = [ st o
nez

Z Unl”’vnjvnj+1"'vn2j/rg] 1( )fm( ) ”fnzj(x)dx

nez?2i ( )
_ o1 02j 27)\o
- Z E Upy " Ungj (P( ))n
nez% oe{—-1,1}2

where (P))7 := 0 if oy + -+ + 09; # 0 and,

(2))! (2?) (PO = [ a) (o) o) Ao i o1+ =0,
J T

To estimate these coefficients, we introduce the Fourier basis of L?(T;R) defined by

Vn >0, e,(x) = (ﬂ')_% sin(nz) and e_,(x)= (71')_% cos(nx) and ep(x) = (27?)_%.
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We note that as a consequence®® of Lemma 6.1, we have
Y,k € Z, |(faser)r2l S (n—k) 2+ (n+ k)~
Therefore, since gj_1 € H 2 applying Lemma 7.2 of the appendix, we have

’(P@j))ﬂ Sj Z ‘(gj—lveksz)Lz (fmve/ﬂ)L? T (fmwekzj)LZ’ /I]’ekl (x) © Chgji (x) dz

kez?i+1

9
Hg] 1HH2 1 1

<.

~J Z Z (W _ /@2 + (W n /<;5>2

ve{—1,1}25+1 pez2i+1 (haj1)*

v-k=0
NV Z Z (kojr1) X vemg — ko) ™% 55 Z (imy + - + vajngg) 7
ve{—1,1}23 ki+-+k2j+1=0 ve{-11}

As a consequence, P(%) ¢ ,%’623(2) and we have ||[P(27)||q5 <; 1.
> Conclusion. Since w is solution of (73), the frequencies are strongly non resonant, the remainder term

is of order r — 1 and the leading polynomial part are controlled in ,%’ffg(Z), to conclude, we just have to
apply Theorem 5.1 with s =1, a =2,¢=0,e1 =A,e,n=A,, d=1,2Z3= 7, Nppax = N. Indeed, we
have 1/2 =d/2—q<s=1<a—-d/2+q=3/2and 2 = a > max(d—q¢,d/2) =max(1—-0,1/2) =1. O

Proof of Corollary 1.14. Without loss of generality, we assume that s € (1,3/2). We fix r and we
apply Theorem 1.10. Therefore assuming that & = ||u(?|| s < €9, we know that
V=1, | lun () = ua(0)] < Cp(n)* &

where ¢ € R satisfy t < |¢|™" is fixed in all this proof. We choose 6,,(t) in order to have eV, (0) €
Riu,(t). As a consequence, we have

[un(t) = €7 Dun (0)] = [Jun ()] = "D un (0)]].
Therefore, as a consequence of Proposition 6.2, we have

) ) = D7 e Oun(0) ful [ = D) () = €O () & D) (fun (8)] — [a(0)])?

n>1 n>1 n>1

S D2 llun®P — [un ()] S Co NP 3 7 ()2 un ()7 + D (n)?|un(0)?

n>1 (n)=N (m)=N

where N > 1 is a parameter we will optimize with respect to € (you can think N = % ). Before, we
have to estimate the two last sums of (74) with respect to N and e. Since u(0) € H* N H} satisfies

e = ||u(0)|| gs, as a consequence of Lemma 6.4, we have
(75) Y (?lun(0)) < N7V
(n)>2N

Now we focus on estimating Z<n>2N(n>2|un(t)|2. By Theorem 4 page 35 of [PT87|, we know that there
exists ng > 0 such that

Vn > ng, A\, > n2/2.
Therefore, assuming that N > (ng), we have

Yo @ un®P <2 Y Malua ()

(n)=N (n)=N

28if kn < 0, by parity, we have (fn,ex)r2 =0
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Since the Hamiltonian of NLS is a constant of the motion (see Theorem 1.8), we know that

D Anlun(®)? +/ Gz, |u(t,2)]?) dz =Y Aa|ul|? +/ Gz, [u (z)?) da
n=1 0 n=1 0
Therefore, recalling that A, < (n)?, we have

(76) 3 2 un ) S S (2 un(0)2 + S () un(0)]® — Jun(8)?] + | /O " e, ult, 2)?) de]

(n)>N (n)>N (n)y<N
) / Gz, [u(0, 2)?) da]
0

Reasoning as in the proof of Lemma 1.3, we prove that

| /0 G, Jult, 2)[?) dz| < u(t)|E-

Moreover, using the convexity estimate of Lemma 1.7, we prove, as in (72) in the proof of Theorem
1.18, that |lu(t)|| g < e (we do not track the dependency with respect to ||V||ze). As a consequence,
estimating the two first terms of the right hand side of (76) as before, we deduce that

Z <”>2|un(t)|2 <, N—26=1)g2 4 NBr+3.p,
(n)=N

Consequently, plugging this estimate (and (75)) in (74), yield to

[|u(t) — Zeien(t)un(o)anZI <, N-25-D2 | NP3,
n>1

p—2
Finally, to conclude, we just have to optimize this estimate setting N = (ng)(ep/e)2:+2+#r. Note that,

(s=1)(p—2)

as a consequence, we have § = prG Ew
T

0

6.3. Application to nonlinear Schrédinger equations in dimension two. In this section, we aim
at proving the deterministic results of the subsection 1.3.3 about (NLS?).

Proof of Lemma 1.20. It is a direct corollary of the Sobolev embedding H! < L*. U

To prove our main result about (NLS?) (i.e. Theorem 1.22) we have to overcome a new issue: H'(T?)
is not an algebra. Fortunately it is almost an algebra in the sense that for all s > 1, H*(T?) is an algebra.
Since we are only interested in the long time behavior of the low modes, we trade some extra smoothness
against arbitrarily small negative powers of & (which correspond to the factor £7% in Theorem 1.22).
To achieve this, we optimize the constant 7 and the set Zy of Theorem 5.1 with respect to €. Such
an optimization is possible because we have paid a lot of attention in Theorem 5.1 to have estimates
uniform with respect to these constants.

Proof of Theorem 1.22. We fix a potential V € H'(T2) such that the frequencies w, = |n|? + V,, are
strongly non-resonant. We set p = [|V|| 2 and ¢g = min(1,¢,) (¢, is defined by Lemma 1.20). Assuming
that u(©) € HY(T?) satisfies € = ||u? |51 < €, the solution of (NLS?) given by Theorem 1.21 satisfies,
by conservation of the Hamiltonian and of the mass, ||u(t)| g1 < Aye for all t € R (see (72) for the
proof). As usual, thanks to the isometries provided by the Fourier transform, we identify h*(Z?) with
H*(T?) for all s € R (we omit the symbol ~ to denote the Fourier transform). We fix r > 0 and, without
loss of generality, we can assume that it is larger than a given constant. Then we set

uSN = (up)nez, where Zy := {n € 72, (n) <N} and N :=e ",
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Then we fix § € (0,1/2) and we are going to deduce from Theorem 5.1 that
(77) t|<e™ = Vne€Za [Jun(®) = |un(0)*] < Cps(n) 170

It turns out that it is enough to conclude the proof of Theorem 1.22 since, as |[u(t)||g:1 < Aye and
assuming that 3, > 1, (77) trivially holds true for (n) > N. So we only focus on u=".

> Time reqularity of u=. We recall that u is only a weak solution of (NLS?) in the sense that it belongs
to L®(R; H') N W1°°(R; H~!). Therefore, since Zs is bounded, it is clear that u=" € CP(R; h!(Zy)) =
CY(R; h=1(Z3)). Moreover, we note that since ||u(t)|/z1 < Aye, we have [|[u=N(¢)|1 < Aye. We aim at
proving that u=Y € CY(R; h=1(Z2)).

A priori, we only know that =" is a Lipschitz function such that for almost all t € R, we have

(78) 1SN (1) = VZo(uSN (1) + TSN (Ju(t)Pu(t))

where ISV : (2(7%) — (%(Z3) is the natural restriction and Zy(u=") := %ZTLGZQ wr|usN|?. We have
to prove that i9;u=" is continuous (we do not care about which topology since h~!(Zs) is finite dimen-
sional). Actually by (78), it is enough to prove that both t + VZy(u="(t)) and t + TSN (Ju(t)|?u(t))
are continuous.

On the one hand, we note that since V7, is linear, it is continuous. Therefore, since u=N €
WLe(R;h~l) € COR; A1), t = VZo(u=N(t)) is continuous.

On the other hand, we have the two following homogeneous estimates (namely Holder and Gagliardo-
Nirenberg)

2/3 1/3
e S VI Tan - T and - llzs S - 300 112

which imply, since u € L®(R; H') N WL°(R; H~1), that u € CY(R; L%) (because it is 1/6-Holderian).
Therefore, we have |u|?>u € C(R; L?) and thus t + TSV (Ju(t)|?u(t)) is continuous.

> Structure of the nonlinear part. The evolution equation of u=" is actually non-autonomous (because
it depends on u,,, (n) > N). Therefore, we split it between its autonomous part and its non-autonomous
part. More precisely, if (n) < N, we set

(JuPu)e = @m)72 Y Teugur, = VPY () + Fy(t)

ki+ko=l1+n
where
Fy(t) = (2m) > Uy (g, (Hur, (1) and P (u) = (47) > > Ty gy Uy Uk -
k1+ko=l14n k1+ko=l1+L2
max((k1),{k2),(€))>N max ({k1),(k2),(€1),(l2)) <N

Up to a straightforward symmetrization, P can be easily identified with a formal Hamiltonian in
Naso Hoa(Z) C Hgho(Z) (we choose a = 10 in order to fix it) whose norm satisfy [P® o0 S 1. We

note that, since Zs is bounded, for all ¢ > 0, we also have ||[P®| 210 S N1, Therefore, defining
n= 65/2/Ap and ¢ =4d/12r,

we have ||[PW |, 10 < (e737)%/3 ~ 72,

> Estimate of the remainder term. We aim at estimating || F},(t)||,=1 by n~* =22 —1

€ . Applying the

Young’s convolution inequality £3/2 x £12/11 4 ¢12/11 < 02 we obtain
IF®llez S 11 @imy>nvten ()l a2 @) 1o
Then by Hélder, (since 1/6 +1/2 =2/3 and 5/12 + 1/2 = 11/12), we have

lu@)llgzm < lullpl((n) ™ allpes S €
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1(@Lys nten ()l < Nl 1 Linysn ()™ lles = lulln (Y (n)~6)s

(n)y>N

<l N5 (S ()2 1)5 S

nez?

Therefore, since N = £ we have ||[F(t)||,2 <, 372712 <, 2771 <, p? =22 =1 In other words,
F(t) is a remainder term of order 2r — 1 (in the sense of Theorem 5.1).

> Conclusion. Since we have 1 —g<s=1<a—d/24+q=9+¢and 10 = o > max(2 — ¢, 1), applying
Theorem 5.1 (with r < 2r), we get C,. 5 and (3, such that

t] < e PR = i€ Zy, [un(8)]? — [un(0)*] < Crs(n)® £t

Therefore it is enough to assume that r is large enough to ensure? that (2r —p)(1 — §/2) > r to have
(77) and so to conclude this proof. O

7. APPENDIX

We collect some useful estimates on convolution products.

Lemma 7.1. For alld > 1, a,b > 0 such that a +b > d there exists C > 0 such that for all x,y € R?
we have

Y k) k=) k) < Cla+y)
kezd

Proof. Applying the triangle inequality in the Euclidean space R4, we get
(r+y) <k—x)+ (k+y)

Therefore, for all k € Z%, we have either (k — ) > 2(z +y) or (k+y) > 1(z +y). In any case, we
deduce that

STk =) k)< 2@y Y Rk Z “+y)™

kezd kezd czd

Finally, since a+b > d, we control these sums (independently of x and y) applying the Holder inequality
with p = %t (and so p/ = 212). O

Lemma 7.2. For all a > 1, there exists C > 0 such that for all n € Z" with r > 2, we have
T
Yo Ik <ot )
k1+-+kr=0j=1
Proof. We proceed by induction on r.
e [nitialization : r = 2. It is a consequence of Lemma 7.1 with z =ny, y =no, a =0, b = «.

e Induction step. We assume that the estimate hold for an index r > 2. Applying the induction
hypothesis and the change of variable k. + k. — m we deduce that

,m e Z, fo(m):= Z H(nj — k)< C o+ e —m) T
k1+-4kr=m j=1

29which is possible since § € (0,1/2).
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As a consequence, since the convolution product is associative, we deduce that

r+1
S Tlm-ko= 3 Jalm)ne — k)™
ki4-~4krp1=0j=1 m+kr4+1=0
<crt Z g+ +n,—m)" My — kpy1)™
m+ky4+1=0
Finally applying the estimate we proved for r = 2, we conclude this induction. O

Finally, we provide a lemma about the representation of low order fractional Sobolev spaces (it is
probably well known but we did not find it in the literature).

Lemma 7.3. There exists C' > 0 such that for all s € [1,2] and all u € H*(0,7;C) N H}(0,m;C) we
have _
[OP* (W)][,,. < Cllullas

where WP+ L2(0,m;C) — (2(N*; C) is defined by W™ (u) = [ sin(na)u(z)dz.

Proof. We proceed by complex interpolation (whose definition and main properties are recalled, for
example, in [Tri78, Agral5]).
> If u € H}(0,;C), by integration by part, since u(0) = u(r) = 0, we have

WP(u) = [ — cos(nau(z)] ] +n! /0 cos(n)du(x)de = n~* /0 cos(n)dyu(x)d.

The functions cos(nz) being orthogonal in L? and of norm +/7/2, we deduce that || W27 (u)||5 < [Jul| g
> If u € H?(0,7;C) N HY(0,7; C), realizing a second by integration by part, we have

Dir = [n"tsin(nz)dpu(z)| — n=? ﬂsinnm 2u(z)de = —n 2 ﬂsinnm 2u(z)dx.
V2 (w) = [~ sin(na), (@]~ [ sinna)o2u(a)a | sinmaozuaya

Therefore, as previously, we deduce that || WP (w)|,2 < |lull 2.

> If s € (1,2), we have h® = [h!, h?]5_1 (Theorem page 130 of [Tri78]) and H*NH¢ = [H}, H2NHE]s—1
(Theorem 13.2.2 page 198 of [Agral5|). Therefore, the natural property of the interpolation (see e.g.
Thm 13.2.1 page 197 of [Agral5]) provides the continuity estimate we wanted to prove. O
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