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ABSTRACT. We study the long time behavior of small solutions of semi-linear dispersive Hamiltonian
partial differential equations on confined domains. Provided that the system enjoys a new non-resonance
condition and a strong enough energy estimate, we prove that its low super-actions are almost preserved
for very long times. Roughly speaking, it means that, to exchange energy, modes have to oscillate at the
same frequency. Contrary to the previous existing results, we do not require the solutions to be especially
smooth. They only have to live in the energy space. We apply our result to nonlinear Klein-Gordon
equations in dimension d = 1 and nonlinear Schrodinger equations in dimension d < 2.
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1. INTRODUCTION

The theory of normal forms for Hamiltonian PDEs has been very popular over the last twenty years,
with great success both in non-resonant cases (stability over long periods of small and regular solutions
[Bou96, Bam99, Bou00, Bam03, BG06, BDGS07, GIP09, Del12, FGL13, YZ14, BD17, F119, BFG20a,
BMP20, FI20, BG20|) and in resonant cases (weak turbulence phenomena [CKSTT10, CF12, GG12,
GK15], beatings phenomena [GV11, GT12, HP17| or chaotic phenomena [GGMP21]). However, this
theory was only applied for the moment in very regular function spaces, essentially the Sobolev spaces
H? for s very large.

An emblematic result of this technique, demonstrated in [BGO06|, states that given a non-resonant
semi-linear Hamiltonian PDE, with a non-linear part with a tame property, given an integer r, there
exists so(r) such that, any solution in H® with s larger than so(r) of sufficiently small initial size e,
is stable in H?®, for very long times of the order ™", in the following sense: the amplitudes of its
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modes (or its super-actions) are almost preserved and thus the solution remains small in H*. The
main flaw of this result lies in the constraint s > sg(r) which is far from being negligible since, in the
best cases, the nonlinear Schrodinger equations (called in the following NLS) on the torus for example,
so(r) ~ r (see [BMP20]). This restriction is all the more problematical that numerical experiments
strongly suggest that it is irrelevant (see for example the numerical experiments in [CHL08a, CHLO8b]
dealing with non smooth solutions of nonlinear Klein-Gordon equations). In the meantime a constant
effort has been developed to lower the degree of regularity at which the equation is well posed (see e.g.
[V1a84, Bou93, Bou99, Caz03, BGT05]) and to compute accurately its non-smooth solutions (see e.g.
[HS17, ORS20)).

In this paper we develop a Birkhoff normal form technique in low regularity. Considering small
solutions in the energy space, it is clear that the energy norm remains small as long as the solution
exists. However a relevant question consists in estimating the exchanges of energy between modes.
Actually, our result is a little bit weaker than the classical Birkhoff normal form result since it concerns
essentially only the low modes of the solution: schematically, given r and IV if the initial data is small
enough in the energy space then we prove that the amplitudes of the first NV modes of the solution
remain almost unchanged over times of the order £™". Nevertheless, if the initial datum is a little
bit smoother then the high modes are also almost preserved (i.e. N = +o0; see Corollary 1.14 for a
concrete example). This result is obtained by separating the dynamics of the low modes from those of
the high modes which, themselves, are controlled only because of energy conservation. This separation
is obtained thanks to a new non-resonance condition which is really the key to this work and to which
we will return later.

1.1. Main result. In this section we give a heuristic version of our main result which is stated precisely
and rigorously in Theorem 5.1. We consider a Hamiltonian PDE that can be written

Ou = JVH (u)

where J denotes a reasonable Poisson structure, and H is a smooth Hamiltonian defined on the energy
space £. We assume that & is a Hilbert space, admitting a Hilbertian basis (e, )nen, where Ny C z°,
in such a way the decomposition u = ZnENd upen allows an identification between £ and a discrete
Sobolev space h*(INg; C) (defined in (25)) for some s > 0 and the Hamiltonian PDE reads

Opuy, = —i0z, H(u), n € Ng.
We assume that H = Zy + P with
Zy = = Z wn\un\2, with w = (wp)nen, € [led
neNy

and P € C1(&;R) a regular Hamiltonian, i.e. VP maps continuously £ into itself (this condition can
be slightly relaxed, for instance in the case of NLS in 2-d). We further assume that P is of order p at
the origin, i.e. there exists C' such that |P(u)| < C|jul|? for |lu||¢ small enough. Finally we assume that
H (or another constant of the motion) controls and is well controlled by the energy norm: there exists
A > 1 such that

(1) A Mullg < H(u) < Allullg, for all u € € small enough.
Concerning the frequency vector w we assume that it is strongly non resonant in the following sense.

Definition 1.1 (Strong non-resonance). Let d > 1, Ng C Z¢ and w € RN4,

The frequencies w are strongly non resonant, if for all r > O there exists v, > 0, o, > 0 such that
for all v < v, all by,... 0., € Z%, all n € N injective, provided that (1| + --- 4 [(.,| < 7 and
(n1) <--- < {(n,,) we have

(2) |£1Wm +oeee Enwnr*| > yr(n1) .
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Note that this definition is not well suited to deal with multiplicities (here w has to be injective).
Therefore it is extended in Definition 2.3 (which is heavier).

Theorem 1.2 (Heuristic). Fiz r > p, there exist 5, > 0 and g9 > 0 such that if u®) € &£ satisfies
Ou = JVH (u)

u(0) = u© admats an unique global solution in &

|u@|lg = & < &g then the Cauchy problem {
and there exits C, such that

(3) t|<e™™ =  VneNg |[un(t)]* = |un(0)*| < Crin)PreP.

The rigorous statement is given in Theorem 5.1 and we provide a scheme of prove in the subsection
1.4. Concrete examples of applications of this theorem are given in Theorem 1.5, 1.10, 1.17, 1.21.

1.2. Comments. e Partially resonant case: in Theorem 5.1 we consider a more general setting including
the (partially) resonant case, i.e. when it can happen that w, = w,, for n # m. In that case we can
only control the super action J, =Y |t |?. We could also consider clusters of close frequencies
in the spirit of [BDGSO07] or [GIP09).

e Low regularity: The main novelty of this theorem is that it applies to solutions of low regularity,
namely solution in the energy space. So we can consider non smooth initial data but, also, we can
consider PDEs with coefficients that are not smooth. Typically in nonlinear Schrédinger equations we
can consider nonlinearities of the type g(x)|u|?>u with g only in the C?! class or non-smooth multiplicative
potentials. This allow us to provide (in Theorem 1.17), to the best of our knowledge, the first Birkhoff
normal form Theorem for nonlinear Schrédinger equations both with a multiplicative potential and
periodic boundary conditions. On the other hand, this allows to consider Dirichlet boundary conditions
without parity restriction on the equation. For instance we consider the Klein Gordon equation with
Dirichlet boundary conditions with quadratic, or more generally even, nonlinearity.

e Unbounded solutions: we stress that in the case of NLS in dimension 2 with periodic boundary
conditions (see (NLS?)) the energy space H' is not included in L>. Thus the solutions whose Fourier
modes we control are not bounded, which is quite amazing.

e [ree behavior near the boundary: our technique let a lot of freedom to the solutions near the boundary.
For example, to deal with PDEs with homogeneous Dirichlet boundary conditions, we only have to
assume that the solution vanishes on the boundary whereas, with the classical technique, the solution
almost have to be odd (i.e. even derivatives have to vanish on the boundary up to order s > so(r); see
e.g. the compatibility condition (2.4) in [BamO03]).

e Nekhoroshev in finite reqularity: optimizing r with respect to e, we could get! a stability result in the
energy space for super-polynomial times with respect to e~'. On the contrary, in the usual setting, due
to the constraint s > s¢(r), the only way to reach stability for super-polynomial times was to consider
analytic or Gevrey solutions (see [FG13, BMP20]) or, at least, to optimize s with respect to ¢ as in
[BMP20].

e Finite number of modes: because of the term (n)? in (3), our result essentially says that we can
control finite number of modes during very long times. Namely instead of (3) we could says: given
r > pand N > 1 there exists C; v > 0 such that

Wim=wn,

[t|] <e™ and (n) <N = un (8))? — |un(0)?| < Cr neP.

Nevertheless, we notice that in our result the number N of modes we can control depends on the size

—p+2
of the in initial datum e: using (3) we have N = N, ~ ¢ 5. This optimization is especially useful to
describe solutions whose initial datum is little bit smoother (see e.g. Corollary 1.14).

1unfortunately, it would be quite technical and would require to optimize all the estimate with respect r, thus we have
not do it.
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e In our new non resonant condition given by (2), we ask for a control of the small divisors with respect
to the smallest index involved. Clearly it is a much stronger condition than the one usually used where
we ask for a control of the same small divisors with respect to the third largest index involved (see
[BGOG6]). Surprisingly, this stronger condition is often verified. Indeed a control of the small divisor
with respect to the largest index involved implies (2) provided that the high frequencies are close to
integer values (see Proposition 2.1).

e The ellipticity condition (1) is used to control the energy norm and thus to ensure the global well
posedness in the energy space. Indeed, our method allows to control only a finite number of modes and
therefore it is necessary to control, by another argument, the norm of the solution. On the contrary,
the standard Birkhoff normal form method provides a control of the norm of the solution, but in high
regularity. This is a constraining restriction if we want to consider multidimensional PDEs.

o Admissibility of the PDE: The main restrictions imposed to be able to apply our result are the
ellipticity condition (1), the non-resonance condition (2) and an extra property even more constraining
than ellipticity: we ask for a certain norm, || - ||, built from the energy norm to be a norm of algebra:
|luv]|g S |lullgllv|lz. Roughly speaking, ||- ||z takes into account the regularization property of the linear
part of the PDE. For instance for NLS, in 1-d, ||ul|s = [Jul|¢, while for the Klein Gordon equation, ||- ||z
integrates the fact that the equation is 1/2 regularizing. In our technical statements, this condition
writes s > d/2 — q where s denotes the Sobolev exponent of the energy space and ¢ quantifies the
regularizing effect (as illustrated below on the example the NLS in dimension 2, there is a trick to deal
with the limit case s = d/2—¢q). As said before, the condition (2) is often satisfied in standard examples
of Hamiltonian PDEs and paradoxically it is the condition (1) and the condition on the energy norm
that most restrict the field of application.

1.3. Applications. In this paper, as representative examples of what our result can achieve, we consider
the Klein Gordon equation in 1d with Dirichlet boundary conditions and the nonlinear Schrédinger
equations in 1d and 2d with both periodic and Dirichlet boundary conditions. The proofs are given in
Section 6 (excepted the probabilistic results which are all proven in Section 2).

Clearly the result also apply to other equations, for instance the beam equation, and other manifolds,
for instance a sphere or a Zoll manifold. Nevertheless, our purpose is not to exhaust all the possible
applications but rather to choose a few to illustrate our method. Note that, in particular, even if in
all our applications? the eigenvalues of the linearized vector fields are simple, such a limitation is not
necessary at all and our abstract results allow to deal with multiplicities.

1.3.1. Klein-Gordon equations in dimension d = 1. We consider the Cauchy problem for the
nonlinear Klein-Gordon equation on [0, 7] with homogeneous Dirichlet boundary conditions

Po(t,x) = 02®(t,x) — md(t,z) + gz, ®(t, 7)) (t,z) € R x (0,7),

B(0) = B(tr) = 0 teR,
(KG) 8(0,7) = o0(z) z e [0,7],
0®(0,2) = ®O(z) x € [0, 7).

where the unknown ®(t, z) € R is real valued, ®© ¢ H}([0,7];R), ®© € L?(0,7;R), the mass m > —1
is a parameter and (y — g(-,y)) € C°°(R; H*([0,7];R)) is a smooth nonlinearity of order p — 1 > 2 at
the origin®.

It is a well know Hamiltonian system. Indeed, it rewrites formally

9, <a?<1>> _ <_01 é) VH(®,0,5)

2excepted in Remark 1.6

Yie. g(hy) = O
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where, denoting G(z,y) fo x,y)dy, the Hamiltonian H is defined by

H(®,0,9) = /Oﬂ %(a@(x))z + %(890@(:17))2 + —(®(z))? — G(z, ®(x)) dx.

It is relevant, as stated in the following lemma, to note that this Hamiltonian is strongly convex in a
neighborhood of the origin.

Lemma 1.3. For all m > —1, there exists £, > 0 and A, > 1 such that for all ® € H}([0,7];R) and
all W e L2(0,m;R), if [|®]| g1 + | Y]l 22 < A then

AL IR + 19 22)? < H(®,9) < (|91 + | 2] 22)*.

As a consequence of Lemma 1.3, using standard methods for semi-linear Hamiltonian systems in their
energy space, the global well-posedness of (KG) for small solutions in Hi x L? can be easily obtained
(see e.g. [Caz03] for the methods to prove it). It is summarized in the following theorem.

Theorem 1.4 (Global well-posedness). Let m > —1 and &, be given by Lemma 1.3. Provided that
2O g1 4 (| 2O 2 < &, there exists an unique global solution to (KG)

(®,0,®) € CYHR; HE x LYY N CHR; L? x HY).
Moreover, this solution preserves the energy, i.e.
H(®(t),0,®(t)) = H®Y, ), vteR.

As a consequence of this global well-posedness result and the abstract corollary of our Birkhoff normal
form result (i.e. Theorem 5.1), we deduce the almost global preservation of the low harmonic energies

B (®,) 1= /n? +m </07T sin(nz)® (x) dx>2 + n%m (/OW sin(nz) ¥ () dx>2.

Theorem 1.5. For almost all m > —1 and all r > L, there exist B, > 0 (depending only on r) and
Crnr > 0 such that, for all o) ¢ H([0,7];R) and all ®©) ¢ L2(0,m;R), provided that

e = |80 + |80 2 < e
(where ey, is given by Lemma 1.3), the global solution solution of (KG) given by Theorem 1.4 satisfies
tl<e™ = Yn>1 [Ey(®(t),0,2(t)) — En (2, 00) < Oy (m)reP

Remark 1.6. The proof of this result could be easily adapted to deal with the nonlinear Klein-Gordon
equations with periodic boundary condition on [0,2x]. In this context, we would require the mass m to
be positive and we would define the harmonic energies® by
2m
/ e (x) dz
0

2
/ MO (x) da
0

Actually we chose to present the equation with homogeneous Dirichlet boundary conditions because, in
this case, there did not ezist any normal form result to deal with the even nonlinear terms (because it
requires to work with low regularity solutions).

2
+

2
, neEN.

1

EP" (P, W) := v/n?2+m
w (20 n? +m

4vvhich7 in this case, are no more the actions of the linear Klein Gordon equation (but super-actions).
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1.3.2. Nonlinear Schrédinger equations in dimension d = 1. We consider nonlinear Schrédinger
equations of the form
(NLS) ipu(t, z) = —02u(t,z) + V(x)u(t,z) + g(z, |u(t, z)|*) u(t,z), teR
on a domain Q € {QP OP} with

OPr = (0,7) and Q¥ =T =R/27Z,
and equipped with Dirichlet homogeneous boundary conditions (note that 0T = ()
(4) u(t,z) =0, x € 0N.
In any cases, we denote by u(©) the initial datum

w(0,z) = u(zx), zel

The unknown u(t,z) € C is complex valued, (y — g(-,y)) € C®(R; H*(Q;R)) is a smooth function of
order (p —2)/2 > 1 at the origin®, V € L>®(;R) is a real valued potential and «(*) € H}(Q;R) (note
that H}(T;R) = H'(T;R)). We choose this framework because it is physically relevant and quite simple
to expose. Actually, we could also consider more general non-linearities (e.g. Hartree, quadratic...).

These Schrodinger equations are Hamiltonian. Indeed, (NLS) rewrites formally

i0u = VH(u) where H(u) L /Q |0pu(z) | + V() |u(z)|* + Gz, |u(x)]?) dz

T2
and G(-,y) == foy g(+,y)dy. Moreover they are gauge invariant, which implies, by Noether’s Theorem,
the preservation of the mass M(u) := |[ul|3,. As stated in the following lemma, (NLS) have natural
constants of motion which provide an a priori bound on the H! norms of the solutions.

Lemma 1.7. For all p > 0, there exists €, > 0 and A, > 0 such that provided that ||V|| e~ < p and
llullgr < Ape,, we have
A ullF < Hw) + (p+ DM(u) < Apllullz.

As a consequence of Lemma 1.7, the Schrodinger equations (NLS) are globally well posed for small
solutions in H{. The proof relies on standard methods for semi-linear Hamiltonian systems in their
energy spaces and the Sobolev embedding H' < L.

Theorem 1.8 (Global well-posedness, d = 1, Corollary 3.5.3 of [Caz03| page 77).
Let Q € {QPF QY p > 0 and ¢, > 0 be given by Lemma 1.7. Provided that Hu(O)HHé < ¢, and
Ve < p, there exists an unique global solution to (NLS)

ue CHR;HH) NCYR; HTY).
Moreover, this solution preserves the energy and the mass
vieR, Hu(t)=Hwu®) and Mu(t)) = M@u).

As a consequence of our abstract normal form result (i.e. Theorem 4.1 and Theorem 5.1), we can
specify the dynamics of these global solutions for very long times. Nevertheless, we need to introduce
some notations about the spectra of Sturm-Liouville operators (much more details are provided in
Section 2 to establish small divisors estimates). The spectral theory of these operators is very classical
and the associated literature is huge. We chose as reference the nice book of Pdschel and Trubowitz
[PT87] 6. To state our results for (NLS), we only need the objects introduced in the following proposition.

Sfor example, for the cubic nonlinearity |u|*u, we have g(-,y) =y and p = 4.
6actually this book only deals with the Dirichlet spectrum, but the result can be easily adapted for the Neuman
spectrum.
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Proposition 1.9 (Thm 7 page 43 of [PT87]).

e (Dirichlet spectrum) For all V € L?(0,;R), there exist an increasing sequence of real numbers (A )n>1
and a Hilbertian basis (fn)n>1 of L*(0,m;R), composed of functions f, € H? N H}, such that for all
n > 1 we have f,(0) = fn(7) =0 and

() = 02 ful@) + V(@) fu(@) = Mafalz), Yz € (0,7).

o (Neuman spectrum) For all V € L?(0,7;R), there exist a decreasing sequence of real numbers (An)n<o
and a Hilbertian basis (fn)n<o of L*(0,7;R), composed of functions f, € H?, such that for alln <0 we
have O f,(0) = Oy fr(m) = 0 and (5).

e (A periodic spectrum”) For all even potential V- € L*(T;R), let (Ay)nez (resp. (fn)nez) be the eigen-
values (resp. eigenfunctions) of the Dirichlet and Neuman Sturm—Liouville operators associated with the
restriction of V- on (0,7). When n is positive (resp. nonnegative), we extend f, as an odd (resp. even)
function on T. Therefore, (fn/V2)nez is a Hilbertian basis of L*>(T;R) and for all n € Z we have®

(6) — P folx) + V(@) fr(x) = M fulz), VzeT.

Note that, in the periodic case, the assumption that V is even is especially useful to ensure that the
eigenvalues of the Strum-Liouville operator depend smoothly on V' € L? (see Proposition 2.6)9.

The following theorem deals with the dynamics of (NLS) in dimension d = 1 with homogeneous
Dirichlet boundary conditions.

Theorem 1.10 (Case Q = QPI¥). Let V € L*>(0,7;R) be a bounded real valued potential such that
the Dirichlet spectrum of the Sturm-Liouville operator —92 + V is strongly non-resonant according to
Definition 1.1. There exists g > 0 and for all r > 1, there exist 5. > 0 and C, > 0 such that, provided
that € := ||u(0)HH3 < €, the global solution of (NLS) given by Theorem 1.8 satisfies

tl<e = Yn>1, |lu@®)f - |u.(0)]*] < Cr(n)’ e
where u,(t) = [ u(t,z)fn(z)dz.

Remark 1.11. ¢y depends on V only through its L* norm and 3 depends on V only through the
sequence « of Definition 1.1.

To check that this result is non-empty, we have to prove that there exist potentials satisfying the
assumptions of this theorem. Fortunately, there are many ways to draw V randomly to ensure that,
almost surely, the Dirichlet spectrum of —9? 4 V is strongly non-resonant. However, we do not know
if there is a natural way to draw V. Usually, in the literature (see e.g. [Bou00, BG06, YZ14, BFG20a,
BG20]), its Fourier coefficients are drawn independently and uniformly. We could do the same here!®
but, in order to avoid a too rigid asymptotic behavior for high modes, we draw them independently
with Gaussian laws.

Proposition 1.12. Let s > 3/2, V be a real random function on T of the form

(7) V(z) = Z Vo (n) ®sin(nz) + Z Vo (n) =% cos(n z)

n<-—1 n>0

"Note that it is not the usual definition of periodic spectrum for which we usually assume that V' is 7 periodic on
T =R/27Z (see for example Appendix B of [KP03]).
8this justifies a posteriori the name of periodic spectrum.

9n the general case, i.e. V not even, crossing between eigenvalues may occur which leads to the loss of differentiability
of the later.

10a4nd actually the proof would be a little bit simpler.
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where Vi, ~ N(0,1) are some independent real centered Gaussian variables of variance 1. There exists
p > 0, such that, almost surely, provided that ||V | g1ty < p, the Dirichlet spectrum of the Sturm-—

Liowville operator —0?% + Vio,x) 18 strongly non-resonant according to Definition 1.1.

Remark 1.13. This result make sense because almost surely V€ HY(T) ! and PV <n) >0
for any n > 0. The sequence a of Definition 1.1 is deterministic but it depends on s.

As mentioned in the comments above, our results not only provide a control of low modes for very
long times but also an orbital stability result describing!'? the leading part of the dynamics. Concretely,
we have the following corollary of Theorem 1.10.

Corollary 1.14 (Case Q = QP™). Let V and €y be as in Theorem 1.10 and s > 1 be a real number.
For all v > 1, there exists K > 0 and § > 0 such that, provided that u(®) H*(0,m;R) N H}0,m;R)
satisfies € := ||u0||gs < e, the global solution of (NLS) given by Theorem 1.8 satisfies

t<e = fult) =D e Du,(0) ful| j < K"
n>1

where wuy, (0 fo uw(0,2) fr(x)dz and 0, : R — R depends only on n and u(©),

Somehow, this result is similar to [Bou96, BFG20b]: to control the solution, we require an extra
smoothness to the initial datum. Nevertheless, contrary to these previous results, here the loss of
smoothness is arbitrarily small (i.e. s can be chosen arbitrarily close to 1).

In the periodic setting (i.e. when = Q") we could prove the same result as in Theorem 1.10. Un-
fortunately, we do not success to prove that the set of the admissible potentials is non-empty. Therefore,
we have to introduce the following weaker non-resonance condition.

Definition 1.15 (Limited strong non-resonance). Let d > 1, Ny C 7% and w e RNa > 1, N > 1.

The frequencies w are strongly non resonant up to order r, for small divisors involving at least one
mode smaller than N, if there exists v > 0 such that for all v, < r, all {y,...,¢,, € Z*, alln € N
injective, provided that [1] 4+ -+ |6 | <7, (n1) <--- < (n,,) and (n;) < N we have

|£1Wm +oeee Enwnr*| > 7.

Remark 1.16. Note that, if Ny is infinite, n,, is unbounded and this uniform lower bound has to hold
for infinitely many small divisors.

Using this weaker non-resonance condition, we have the following theorem which deals with the
dynamics of (NLS) on T.

Theorem 1.17 (Case Q = QY). Let N > 1, r > p be an even number and V € L>*(T;R) be
a bounded real valued even potential such that the periodic spectrum of the Sturm-Liouville operator
—0% +V is strongly non-resonant, up to order r, for small divisors involving at least one mode smaller
than N, according to Definition 1.15. There exists g > 0, there exists C' > 0 such that, provided that
e := [ulD|| g1 < o, the global solution of (NLS) given by Theorem 1.8 satisfies

t|<e™ = Vne [[—N, NI, [ lun(®)F = Jun(0)]?| < CeP
where ' =1 —p and u,(t) = [pu(t,z) fr(x

This result is weaker than the one we have for Dirichlet boundary conditions. Being given a potential,
the number of modes we control does not grow as the norm of the solution decreases. Such a result is
not strong enough to deduce a stability result as in Corollary 1.14. However, we prove, in the following
proposition, that the non-resonance condition is typically fulfilled.

11
12

actually V' € H* 379 for any 6 > 0.
actually, as in Theorem 1 of [BG20], we could estimate precisely the variations of the angles 6,,.
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Proposition 1.18. Let s > 3/2 and V be a real even random function on T of the form

Vix) = Z Vi (n)~" cos(nx)

n>0

where V,, ~ N(0,1) are some independent real centered Gaussian variables of variance 1. For all N > 1
and r > 1 there exists p, ny > 0, such that provided ||V || < pr,n, almost surely, the periodic spectrum
of the Sturm-Liouville operator —9? + V is strongly non-resonant, up to order r, for small divisors
involving at least one mode smaller than N, according to Definition 1.15.

Therefore, in the periodic setting, the larger the number of modes we control is and the longer the
time scale on which we control them is, the smaller the potential has to be. We do not know if such a
limitation is physical or just technical.

1.3.3. Nonlinear Schrédinger equations in dimension d = 2. In dimension 2, the behavior of the
Sturm-Liouville spectra is much more intricate. Indeed, due to the multiplicities of the eigenvalues,
they do not necessarily depends smoothly on the potential and the eigenfunctions are not especially
well localized (see e.g. [BB13|). Therefore, as usual (see e.g. [BGO06, FI19, BMP20|), we consider a
toy model where the multiplicative potential is replaced by a convolutional potential. Moreover, to
simplify as much as possible, we only consider nonlinear Schrédinger equations on T? = R?/(2772) with
a homogeneous cubic nonlinearity. More precisely, they are of the form

{ ipu(t,r) = —Au(t,x) + (V*u)(t,z) + |u(t,z)[Pu(t, z),
u(0,z) = u© (x),

where (t,z) € R x T2, u(® € HY(T%C) and V € H'(T?;C) is a potential with real Fourier coefficients,
the Fourier transform on T? being defined by

(NLS?)

1

Vo € L3(T?),VYn € 72, 0, = —
27T T2

v(x)e " dz.
Of course, these Schrodinger equations are also Hamiltonian. Indeed, (NLS2) rewrites formally
i0u = VH(u) where H(u)= % /T 0pu(x)]* + R(a(z)(V *u)(z)) + %]u(z)\‘l dz
This equation being gauge invariant, the mass M(u) = |lul|?, is a constant of the motion. Therefore,

as in dimension one, the constant of the motions provide an a priori control on the H' norm.

Lemma 1.19. For all p > 0, there exists €, > 0 and A, > 0 such that provided that |V ||;2 < p and
lul| g1 < Ape,, we have

A ull < Hw) + (p+ DM(u) < Apllullf.

Since, in dimension d = 2, H' functions are not bounded, the global well-posedness of small solutions
of (NLS?) in H' is not trivial (especially the uniqueness). Fortunately, it has been proven by Vladimirov
in [V1a84| and is presented by Cazenave in Theorem 3.6.1 page 78 of [Caz03]. It is summarized in the
following theorem.

Theorem 1.20 (Global well-posedness, d = 2, [V1a84|). Let p > 0 and e, > 0 be given by Lemma 1.19.
If |u g1 < e, and |V||12 < p, there exists an unique global solution to (NLS?)

u€ LR HY nWhe(R; H™Y).
Moreover, this solution preserves the energy and the mass
VieR, Hu(t)=Hwu®) and Mu(t)) = M@u).
For typical values of the potential, we get the following description of the small solutions of (NLS?).
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Theorem 1.21. Let V € H'(0,7;C) be a potential whose Fourier coefficients are real and such that the
frequencies (|n|? + Vn)nelz are strongly non-resonant according to Definition 1.1. There exists e¢g > 0,
such that for all v > 1, there exists $, > 0 and for all 6 € (0,1/2), there exists Cy5 > 0 such that,
provided that ¢ == ||[ul® | ;1 < €, the global solution of (NLS?) given by Theorem 1.20 satisfies,

t<e™ = Vnez? | —|@.(0)] < Crsln)r 4.

This result is similar to the one we have in dimension 1 (i.e. Theorem 1.10) excepted that we have an
arbitrarily small loss (the exponent §) in the control of the variation of the actions. Roughly speaking
it is due to the fact that, in dimension 2, H' is not an algebra but almost! The statement of Remark
(1.11) about the dependencies in Theorem 1.10 also holds here. On the probabilistic side, the following
result proves that Theorem 1.21 makes sense (since (NLS?) is a toy model we draw V as simply as
possible).

Proposition 1.22. Let s > 3/2 and V € H(0,7;C) be a random potential whose Fourier coefficients,
Vy, are real, independent and uniformly distributed in (—(n)=%, (n)=%). Almost surely, the frequencies
(In|? + Vi)nez are strongly non-resonant according to Definition 1.1.

1.4. Scheme of the proof. As usual the proof is based on a normal form process to eliminate as many
terms as possible from the Hamiltonian. Thanks to our non-resonance condition (2), we can separate
the dynamics of the low modes ({(n) < N) from those of the high modes ((n) > N) by eliminating from
the Hamiltonian, H = Z5 + P, all the monomials that influence the dynamics of the low modes. To be
more precise, but not too technical, let us assume that P is a homogeneous polynomial of degree p and

write formally
P= > > Plup-ug

oe{—1,1}? neN?

. — _ . . . (o
%j = up; while unjl i= Up,. To eliminate the monomials u]} ---uy, we have to control the

associated small divisor oywp, + -+ + opwp,. Using our non resonance condition (2) we have

where u

|01wj1 4+ apwjp‘ > ypki(o, n)_ﬁp

where
(8) kw(o,n) :=min{ (n;) suchthat j€[l,p] and Z o #0}
k s.t. Wny, =Wn ;

J

So, paying a factor N® on the coefficients of the transformed Hamiltonian, we can eliminate all the
monomials of P for which k,(0,n) < N. Then iterating this procedure up to degree r, we construct a
symplectic transformation 7 such that, on a neighborhood of the origin in &,

Hor=2+Q,+ R,

where R, is a remainder term satisfying [|VR,(u)|le < N‘”"HUHE_1 for some a, > 0 and Q, is a

~

polynomials of degree r containing only monomials ug! - - - ug? such that (o, n) > N, and thus satisfying
{lunl?,Q ()} =0 for (n) <N.

This algebraic result is formalized and quantified in Theorem 4.1.
As a dynamical consequence, denoting v = 7~ !(u) the new variable, thank to the a priori estimate
provided by the coercivity estimate (1), we have for the low modes, (n) < N,

d T ‘s
S lonl = {loal*, Hor} = {lon*, Br} = On(l0]lg) = Onr(7).

On the other hand the high modes, |v,|?, (n) > N, are controlled by using the a priori bound on the
energy norm. Formally, these estimates on the variation of |v,|? leads naturally to Theorem 1.2.
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However, due to fact that we work in low regularity, new technical difficulties appear. For instance,
in low regularity, it is not so trivial to prove the time derivability of the solution expressed in the new
variables (see section 5).

1.5. Outline of the work. Section 2 is devoted to the small divisor estimates. In particular, we
provide tools to prove that many systems (like (NLS) or (KG)) enjoy the non-resonance condition (2).
In Section 3, we introduce the Hamiltonian formalism we need to state and to prove our main results.
Then, in Section 4, we prove our Birkhoff normal form theorem and, in Section 5, we prove its main
dynamical corollary. Finally, Section 6 is devoted to the proofs of the theorems associated with the
applications. We stress that Section 2 is almost independent of the other sections.

1.6. Notations and conventions.

o If F is a real normed vector space then .Z(FE) denotes the space of the bounded operators from F
into E.

e As usual, the Japanese bracket is defined by (z) := /1 + |z]2.

o If 2 € R for some d > 1 then |z|y := |21| + - + |24].

e Smooth always means C'*.

e When it is not specified, functions or sequences are always implicitly complex valued.

o If P is a property then 1p = 1 if P is true while 1p = 0 if P is false.

o If p is a parameter or a list of parameters and =,y € R then we denote = <, y if there exists a constant
¢(p), depending continuously on p, such that < ¢(p)y. Similarly, we denote x 2, y if y <, = and
rryyife S,y S,

o If (z;)jes € (R%)" is a family of positive numbers indexed by a finite set S then its harmonic mean
is defined by

1 1.1
(9) hrjneesgm(:pj) = (% Z x_]) .
jeS
1.7. Acknowledgments. During the preparation of this work the authors benefited from the support
of the Centre Henri Lebesgue ANR-11-LABX-0020-0 and by ANR-15-CE40-0001-02 "BEKAM".

2. A NEW NON-RESONANCE CONDITION

In this section, first we establish useful results to prove strong non-resonance. Then we apply them

to (KG), (NLS) and (NLS?).

2.1. Abstract results. The following proposition proves that if some frequencies are non-resonant in a
classical (weak) sense and are well localized then they are strongly non-resonant (according to Definition
1.1 or Definition 1.15). The case p = 0 and Nyax = 400 is the the easiest to understand.

Proposition 2.1. Let d > 1, Ny C Z%, Npyay € [1, +00], r > 1, p € R and w € RNa,
If there exists a,y > 0, such that for all v, < v, all £ € (Z*)™, all n € N injective satisfying
(n1) < -+ < (ng), )1 <r and (n1) < Npax, we have

(10) Vk‘ € Z,Vh S [[—7‘, 7‘]], |k + h/.l + ElCUnl + te + Er*wnr* 2 7<nr*>_a,
and if there exist C' > 0 and v > 0 such that
(11) Vn €Ny, Ik € Z, |w, —k—p| <C(n)™",

then there exist 8 > 0 (depending only on (co,v,7)) and n > 0 (depending only on (o, v,C,~,r)) such
that for all v, < r, all ¢ € (Z*)™, all n € N* injective satisfying ()1 < r, (n1) < -+ < (n,,) and
(n1) < Npax, we have

(12) [Gwn, + -+ brywy,, | > ()7
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Remark 2.2. Most of the non-resonant systems enjoy the non resonant estimate (10). The second
assumption (11) (which means that the frequencies accumulate polynomially fast on Z) is much more
restrictive.

Proof of Proposition 2.1. We fix r,r, such that r, < r and ¢ € (Z*)™, n € N injective such that
(n1) <+ < (ny,), [l <7 and (n1) < Npax.

We are going to prove by induction on 7, < r, that there exists 3, > 0 (depending only on (o, v,))
and 7, > 0 (depending only on (o, v,C,~,r)) such that

(13) VkeZ, |k+ Z Cip + Z Ciwn,| = 1, (1)~
T, <J<Ts 1<j<n

Note that, when 7, = r,, this property is stronger than (12). Furthermore, the initialization of the
induction is obvious because, when 7, = 1, applying (10) with r, <— 1 and recalling that |¢|; < r, we
get (13) with 7y = v and §,, = a.
We assume that 7, < 7, and that (13) holds and we fix k¥ € Z. Since the frequencies accumulate
polynomially fast on Z + p (see (11)), there exists k, € Z such that
|wnr'b+1 —k, — :u| < O<nTb+1>_V-

Therefore, applying the triangle inequality and the induction hypothesis (13), we have
Bt > Gut Y Gwn| 2kt bkt D Gpt Y Gwn | = llon, o~k = pl
rp+1<j<ry 1<5<r,+1 Ty <J<Tx 1<j<m,
> Ty, <n1>_ﬁrb - C?"(?’Lrb+1>_y.

Hence we have to distinguish two cases.
o If 2C7(ny,41) ™" < 0y, (n1) ™7 we have

1 _
N SIS0 DTN S
Ty +1<j<rs 1<j<r,+1

e Else, we have (n, 1) < (ZC'rnTTbl)l/”<n1>BTb/” and so, by (10) (applied with r, < r, and h <«
bryyo + -+, ) we get

o _ aﬂr'b
v

ket Dt Y G| 25 Fm)

Ty H1< < 1<j<r+1
U

In practice, the eigenvalues of the linearized vector field may have some multiplicities. Therefore, the
sequence of frequencies w may be non injective and thus non strongly resonant according to Definition
1.1 or Definition 1.15. So we extend these definitions in order to deal with these multiplicities (moreover,
we choose a formalism well suited to the Birkhoff normal form process).

Definition 2.3 (Generalized strong non-resonance). A family of frequencies w € R%4, where Zq C 7¢,

is strongly non-resonant, up to order rmax, for small divisors involving at least one mode of index

smaller than Nyax € [1,+00], if for all v € [1,7max], there exists v. > 0 and [, > 0 such that for

alln € Zl,0 € {—1,1}", provided that ky(o,n) < Npax (kw(o,n) is defined by (8)) we have either
r

|Zaj wnj| >y /{w(a,n)_ﬁ" or r is even and there exists p € &, such that
Jj=1

Viellr], opy s = —0py, and wn,  =wn, .

ax

We denote by Dﬁ’;};&" (Zg) the set of these strongly non-resonant frequencies.
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In the following lemma, we specify how this definition is an extension of Definition 1.1 and Definition
1.15.

Lemma 2.4. Let d > 1, Ny C 7% and w € RN4 an injective sequence.

e [f w is strongly non resonant according to Definition 1.1 then it is strongly non resonant according to
Definition 2.3 up to any order and for all modes (i.e. Nyax = +00).

e Provided that Nyax = N < o0, Definition 1.15 and Definition 2.3 are equivalent.

Proof. 1t is enough to rearrange the small divisors to have
O1Wpy + -+ 0r Wn, :élwml + - +£r*wmr*
where 7, <7, Ky (o,n) = (m1) <--- < (m,,) and {; = ank=wm» o, # 0. O
J
2.2. Strong non-resonance of (KG). As a first direct application we deduce that for generic values
of the mass, the frequencies of the Klein—-Gordon equation are strongly non-resonant.

Lemma 2.5. For almost all m > —1, the frequencies w, = Vn?+m, with n > 1, are strongly non-
resonant according to Definition 1.1.

Proof. These frequencies have been widely studied in the literature. In particular, it is well known (see
e.g. [Bam03, Del09]) that they are non-resonant in the following sense: for almost all m > —1, there
exists 7, (depending only on m and r) and o, > 0 (depending only on r) such that, if r, <r, ¢ € (Z*)",
n € (N*)™ satisfy ny < --- <n,, and |[¢|; <7 then

Vk € Z, |k+ liwny + -+ + Loy, | > Y {ne, )"0

Moreover, a Taylor expansion proves that the frequencies accumulate on Z :

m
lwp, —n|=vVn2+m—n< —.
2n

Therefore, applying Proposition 2.1, we deduce that these frequencies are strongly non-resonant. ]

2.3. Strong non-resonance of (NLS2). As a second direct corollary of Proposition 2.1, we prove that
for generic convolutional potentials, the frequencies of (NLSQ) are strongly non-resonant (i.e. we prove
Proposition 1.22).

Proof of Proposition 1.22. Let w, = |n|? + ‘7”, n € 72. Tt is well known (see e.g. Thm 3.22 of
[BGO6]) that, almost surely, for all » > 1, there exists v, and a, > 0 such that, if r, < r, n € (Z2)™
injective, ¢ € (Z*)™ satisty (n1) <--- < (n,,) and [¢|; <r then

Vk € Z, |k7 —|—flwn1 4+ .. +£r*wnr*| > 7T<nr*>_ar'

Furthermore, by definition, it is clear that |w, — |n|?| < (n)~%/2. Therefore, applying Proposition 2.1,
we deduce that, almost surely, these frequencies are strongly non-resonant according to Definition 1.1.

0

2.4. Strong non-resonance of (NLS). In this subsection we aim at proving Propositions 1.12 and 1.18.
The frequencies of (NLS) being eigenvalues of Sturm-Liouville operators, all the results of this subsection
deal with the objects introduced in Proposition 1.9. In this subsection, we consider the eigenfunctions
fn and eigenvalues ), of the Sturm-Liouville operator —92 +V as functions of V' € L?(0, 7;R). However,
when there is no possible ambiguity, we do not specify this dependency.

First, we collect some useful results about the Sturm-Liouville spectra (all of them are proven in
[PT87| for the Dirichlet spectrum but can be easily extended to the Neuman spectrum).
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Proposition 2.6 (Thm 3 page 31 of [PT87]). For all n € Z both A\, and f, € H?*(0,7;R) depend
analytically on V in L*(0,7;R). Moreover, for all V,W € L?(0,7;R), we have

(14) ) = [ "W () f2() da

Proposition 2.7 (Thm 4 page 35 of [PT87]). Locally uniformly with respect to V in H(0,7;R), we
have

An:n2+1/ V(z)dz + O(L).
™ Jo n

Proposition 2.8 (Variation of Thm 4 page 16 of [PT87]). For all p > 0, there exists C' > 0 such that
if \Vlgr < p,n>0andz e (0,7), we have

2/ . V(z) C
|fn(x)—\/;<smnx— o cosnx)| < EHVHHM
2 V(z) . C
|fon(x) — \/;(cosnx + Wsmnx)\ < E”VHHI ,

where V(z fo — 1 fo z)dz dy.

Proof. The proof is a variant of the proof of Theorem 4 page 16 of [PT87], for the sake of completeness
we include it here. Let z — y(x, A) be the solution of (=0, + V)y = Ay with the initial conditions
y(0,\) = 0 and 3/(0,\) = 1. Using the Duhamel rule we easily get (see Theorem 1 page 7 in [PT87])

y(x,\) = sy(x —i—ZS x,\)

n>1

where s)(x) = % and Sy (z,\) = fogtlg---gth:x sx(t) Ty (sa(tiqn — t)V (:))dty - - - dt,,. Then
we note that |S,(x,\)| < ||V—||n+1_ for n > 1 and we compute

nl|A[72

e

Therefore we have

V(x) HVHHw”V”L2
ly(x, \) + cos Vx| < —H—
2) |/\|

In the other hand the Dirichlet spectrum {\;, j > 1} can be characterized as the roots of the equation

y(1,X) = 0 and thus the corresponding eigenfunctions are given by f;(x) = H, 7 > 1 up to an

inessential sign. Then a computation leads to the first formula of the proposition. The second one is
proved similarly. O

Now we deduce some useful corollaries of these results.

Lemma 2.9. For all p > 0, there exists C > 0 such that if ||V < p and k,n > 0 we have

C /1 1
<« 24—

(34525 ) IVl

ﬂn:k

‘d)\n(V)(cos(%: )+

IN

‘d/\_n(V)(cos(Qk ) - 1”;’“
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Proof. We focus on the Dirichlet spectrum. The Neuman case is similar. First, we recall that by
Proposition 2.6, we have

Ay (V) (cos(2k - )) = /0 " cos(2ka) f2(x) do

Now, applying Proposition 2.8, we have

f2(x) - 1.1 cos(2nz) + LV(:z:) sin(2nz)

g — = f%(x) - %sin%n:ﬂ) + 77_211V($) sin(nz) cos(nx)

[V [ 2
n?

<
SV

Therefore, to conclude, it is enough to note that sin(2nz) cos(2kz) = & (sin(2(k +n)z) —sin(2(k —n)x))

and if £ #£0
/ sin(20x)V = —/ cos(20z)V (z)dx < ”VL’HI
0

O

Lemma 2.10. There exists po > 0 such that provided ||V ||y < po, for allr >0, all0 <n; <--- <n,
and all £ € (Z*)", there exists j € [1,r] and

[d(Grdn, + -+ Lrdn,) (V) (cos(2n;z))| =

-~

Proof. Let j € [1,7] be such that |¢;| = |¢|s. Applying Lemma 2.9 with p = 1, if ||V||z:1 < p, by the
second triangular inequality we have

@A+ ) (V)(eos(n2)] = 19— v, Z’i_fj <nik+ %)

k=1 = 1)

1 ~ 1 1
> |0 —— ||Vl C —+—F
|@@ VlnC3 2 mW—W)
Noting that by Cauchy-Schwarz, since n is injective, both >, ;15 and >, _, m are bounded
k J

uniformly with respect to n and j, provided ||V| g1 is small enough, we deduce that
!5 o <

|d (€1 dn, + -+ 4 Ap,) (V) (cos(2n;x))| > 4

As a first corollary, we are in position to prove Proposition 1.12.

Proof of Proposition 1.12. Observing that [|[Vjox)llgr < [[V|gi(r), we set p := po (which is given
by Lemma 2.10). We are going to prove that, almost surely, prov1ded that [|V[| g1y < p, for all r > 0,
there exists v, > 0 such that for all r, < r, ¢ € (Z*)™, all n € (N*)™ satlsfylng O <ng <o < Ny,
|2l < r, we have

(15) Vk € Z7Vh € [[—7", 7"]], |Qk,h,€,n(v)| > /Vnr_*a'

where Qp 4o n(V) ==k + ﬁ/ V(x)dz 4+ b, (V) + -+ + LAy, (V). Indeed, then, the result follows
0

directly of Proposition 2.7 (to justify the accumulation on Z + — fo x)dz of the eigenvalues) and

Proposition 2.1 (to replace n,, by ni).
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All the parameters of (15) being fixed, we aim at estimating P (|Qp pen(V)] < € and |V g1y <
p) where ¢ > 0. Let j € [1,r.] be the index given by Lemma 2.10. Setting V) = v —
Van; (2n;) =% cos(2n;z), V{=27) and Van,; are independent. Therefore, we have

P(1% hen(V)| < & and [|V |1 (1) < p)

2
Yon

_ J
e 2 d’l)gnj:|

1
(16) :mE[ /vz g T (V25 (2n,) = cos(2ny)) <
nj

§[E[/ 1 (—2n,) s dU2n}
vznjEZ [ h,en(V 7 Fvan, (2n;) =3 cos(2n;x))|<e J

where
T :={van; € R | [V 4 090, (205) 7% cos(2n2) |31 () = 703y, (20) 722 4 V29|13 4y < pP).

By definition of Z and p, it follows from Lemma 2.10 that, almost surely, we have
_on, _ . 1 _
Yoan; € T, [Duge, b tn(VE2) 4 v (205) 7% cos(2j))| > 7 (2n5) 7"

Since 7 is a (random) interval, va,, Qe non(VE29) 4 Vo, (2nj) " cos(2n;w)) is a diffeomorphism
onto its image (denoted J). Therefore, by the change of variables formula, we have (almost surely)

—on.- < \S < A\S .
/Uznj L (VD) 0 (20, cos(zmgap<e T2y S 4H205) /% _y Livansl<e dvn; < 8(2m;)%e
As a consequence of (16), we have

P(1Q%n,en(V)] < € and [V || g1y < p) < 8(2ny,,)%.

Hence, requiring implicitly that (r,rs, k, h, ¢, n) satisfy the constraints described previously, we deduce
that

[P(El(T? T*akahagan)a ’Qk,h,ﬁ,n(v)’ < <l€>_27‘_2r<nr*
= Z P(1%pen(V)] < (k)27 (n,,) " and |V ||gier) < p)

Ve and Vg < p)

(r,r*,k,h,f,n)
R D R PRE)
(T’,T’*,]ﬁh,eﬂl)

We omit the details for the convergence of this series but the proof is quite straightforward (actually
the factor r~2" is far to be sharp). Since this probability vanishes as e goes to 0, we deduce that, almost
surely, there exists € > 0 such that

(17) V(T’ Tss ks hs £ n)? ’Qk,h,é,n(v)’ > €<k>_27’_2T <nr*>—(s+2r).

Therefore, to get (15), we would like this estimate to be uniform with respect to k. Fortunately, by the
triangle inequality and Proposition 2.7 we have

QU hen(V)] = k] — rCin,, ).

where C' > 1 depends only on p. Thus, if |k| > 2rC(n,,)?, we know that |Q ¢, (V)| > 1. Therefore,
we can replace k by 2rC/(n,,)? in the right hand side term of (17) which provides (15) and concludes
this proof. O

Now we focus on the periodic spectrum. First, we focus on the mode n = 0.
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Lemma 2.11. For all p > 0, there exists C > 0 such that if ||[V||2(0,x) < p, k > 0 and x € (0,7) we
have

| folz) — \%\ <OV and |dAo(V)(cos(2k-))| < ClIV[ 2.

Proof. The first estimate follows of the smoothness of V' +— f (see Proposition 2.6) while the second
estimate is a direct consequence of the first estimate and the expression of d\g given by the formula
(14) of Proposition 2.6. O

Then we adapt Lemma 2.10 to the periodic case (it is easier to change the formalism to present it).

Lemma 2.12. For all v > 0, there exists p, > 0 such that for all € € Z7%, if |[l][pn <7 and |V 10,5 <
pr, either £ is even'® or there exists j € Z such that l; #_; and

(18) A ada) (V) (cos(2j 2))| =

nez

Proof. Assume that ||[V| 1 < 1 and let C' be the constant of Lemma 2.11 and Lemma 2.9 associated
with p = 1. Let £°94 (resp. £¢¥°") be the odd (resp. even) part of £.
On the one hand, by Lemma 2.11 and Lemma 2.9, for all j € Z, we have

A 67 M) (V) (cos (2 )| = %Id(z G A+ An)) (V) (cos(25 )| < Cr|[V |-

ne”z ne”zZ
On the other hand, if j > 0 is such that Eqdd # 0 then M‘;dd\ > 1/2 and by Lemma 2.9, we have

|

A3 0, ) (V) (cos(2 2 )] = (S 29940 — A_n))(V)(cos(2i2))] > |9 = CrlV
ne”z n>0
1
> 5 Cr\Vl g
As a consequence, provided that ||V g1 is small enough, we have (18). O

As a consequence, we deduce that most of the monomials are weakly non resonant.

Lemma 2.13. Let V be the even random potential defined in Proposition 1.18. For all v > 0, there
exists p, B > 0, such that, almost surely, there exists v > 0 such that for all ry < r, n € Z™ injective and
é € (Z*)™ satisfying [t)y <71 and (n1) < --- < (n,), provided that ||V|| g1 < p, either k — 30" £ilg—n,
is even or

Vk € Z,Yh € [-r,7], |k + %/ V(x)de + Zﬁj)\nj| > ~(n,, )P
0 =

Proof. 1t is very similar to the proof of Proposition 1.12 excepted that we use Lemma 2.12 instead of
Lemma 2.10 (it explains why p depends on r and we have to exclude some special multi-indices). ]

To deal with the multi-indices we have excluded in Lemma 2.13, we have to estimate the second
derivative of \,,.

Lemma 2.14. For all V,W € L?(0,7;R), we have

2
, _)\k</ W () fn( )fk()d»T), if n>1,

(19) A (V)W W) =2
k>1
k#n

Bie ¢, =10 foraljez.
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™ 2
(20) AV =23 iAk </0 W(x)fn(x)fk(a;)dx> i n<o.

Proof. We focus on the calculus of the second derivative of the Dirichlet spectrum. The calculus for the
Neuman spectrum is similar. We follow the strategy of [BGO06] section 5.3. We recall that by Proposition
2.6 ,\, and f, depend smoothly on V € L2. For compactness, we denote f/, X/ (resp. f”, \’) the first
(resp. second) derivative in the direction W.

First, we note that, since ||f,|3. = 1, f, and f, are orthogonal in L? : (fn,f;)r2 = 0. Then
differentiating the relation (=92 + V) f,, = A\ fn, we get

(21) (=2 + V) + W o= Maf + Ao
Since f; and f, are orthogonal, we deduce that
(22) fro=—(R+V =) (1d e — ) (W f)

where II is the orthogonal projector on Span(f,). Differentiating once again (21), we get
(=2 4+ V) f) +2W = X o + 2N fr + Mo
The scalar product of this relation against f, provides
2(fn, Win)r2 = Ay

Therefore, using the formula (22) and decomposing W f,, in the Hilbertian basis (fx)r>1, we get the
relation (19) we wanted to prove. O

Lemma 2.15. For all p > 0, there exists C > 0 such that for all n € Z, 5 € N*\ {|n],2|n|} and
IVl 0,0 < p, we have

52 1

———— | < CIV||g-
cos(j - ) 4n2_32 = ” ”H1

Proof. We focus on the calculus of the second derivative of the Dirichlet spectrum (i.e. n,k > 0). The
calculus for the Neuman spectrum is similar. First, by Proposition 2.7, we note that :

1 IV || 1
M— M\ n2— k2 SV |n2 k2|

Then by Proposition 2.8, we have

/W cos(jz) fu(x) fr.(z) dz + O(||V || ;1) = % /W cos(jz) sin(nx) sin(kz) do
0 0

-~ /7r sin(kz)(sin((n + j)x) + sin((n — j)z)) dz = Lp=ntj + Sg(n2— ) L=t (ni)
0

™

where O(||V||g1) is uniform with respect to (n,k,j) and sg is the sign function. Therefore, since
n # 0 # j, we have

™ LA PR, T
([ costinsu@sita) s ) = H=HEEHED 4 o),

As a consequence of Lemma 2.14, applying the Cauchy Schwarz inequality, we have

1 Ly= =n+j + :u-k +(n—j
8,305(] )Ty Z _ k2 ‘ SV g Z |n2 ]{:2| ~||V||H1 ”V”Hl
k>1 k>1
k#n k#n
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Finally, since j # 2n, we have

Z Tp—nyj + ]lk:j:(n—j) B 1 n 1 L 1 n 1 B 2
2T IR w4 w-m—jP @+  j@n—j) -
k#n

0

The following lemma deals with the leading part of the second derivative of the small divisors. Its
proof is similar to the proof of Proposition 2.1.

Lemma 2.16. For allr > 0 and r, <, there exists v,,, > 0 and (., > 0 such that for all £ € (Z*)",
for all n € N™ satisfying 0 < ny < --- <n,, and |l|; <r, there exists j € [1,5r.] \ Upy{nw, 2ni} such
that

_BT*.

(23) 2 ’Yr,r* <n1>

o
2 .
— dng — 52

Proof. Let fix r > 0 and let us prove this result by induction on r,. Indeed, if r, = 1 then for all n; € N
there exists j € [1,3] \ {n1,2n1} such that [4n? — j%| < 4n? +9 < 9(n;)2. Consequently (23) holds with
p1=2and .1 =1/9.

Now assume that r, <7, £ € (Z*)™T1 n € N1 satisfy 0 < ny < -+ < mn,,, [{|1 <7 and are such
that there exists j € [1,5r] \ Up1{nk, 2nk} such that (23) holds.

If n, 41 > 5ry then by the triangle inequality, we have

re+1
* gk

D | 2 ) = 4 —
1 Tk T N1 —J
Therefore, if n,,+1 > \/ 2512 + 2ry, 1, (n1)Pr | we have
ret+1 f 5
k T -3
Z > (’I’L1> ™,
2 _ 2| =
prt dng —j 2

As a consequence, now we assume that n, ;3 < \/ 2512 + 21, L (n1)Br«. We note that there exists
P € 7[X] such that

ii b P(X)
= 4n? — X? (4n%—X2)~'(4n3*+1—X2)

where P # 0 (by the uniqueness of the partial fraction decomposition) and deg P < 2(r,+1). Therefore
P has at most 2(r, + 1) roots. Consequently there exists 7, € [1,5m] \ Up {nx, 2ny,} such that
P(j.) # 0 and so |P(j.)| > 1. As a consequence, we have

ret1

A , o _
Z 4n2 — 52 2 ((471% _]3) T (4713*.1.1 —]3)) ! > (4n$*+1 + 2573) (r++1)
k=1~ k J*

> (8P ()P 4+ 125r2) (o) i, () (e A D
O

As a corollary of Lemmata 2.15 and 2.16, we get the following lower bound on the second derivative
of the small divisor.
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Corollary 2.17. For all v > 0 and N > 1, there exists p,n > 0 such that for all v, < r, { € (Z*)™,
n €N, all V€ HY(0,m;R) satisfying IVl om <p, 0<ng <o <my, [f]1 <7 and <n1> N there
exists j € [1,5r.] such that

COS Zek )‘"k + )‘—nk)
k=1

Proof. Let j € [1,5r] \ Up=i{nk,2ni} be the index given by Lemma 2.16. Assume that ||[V||z <1
and let C be the constant given by Lemma 2.15 associated with p = 1. Therefore, as a consequence of
Lemmata 2.15 and 2.16, we have

> .

T
* ek B
Zek Ang + An, )| > 2 Zm —2rC||V ||t = 29, NP — 2rC||V || 1.
k=1 =1 ke
Therefore, we just have to set n = ’ym,*N_ﬁT* and p = minj<,, <, min(l,’ym*N_BT* /2rC). O

As a consequence of this corollary, we are in position to prove that the multi-indices we have excluded
in Lemma 2.13 are actually also weakly non resonant.

Lemma 2.18. Let V be the even random potential defined in Proposition 1.18. For allr > 0 and N > 1,
there exists p > 0 and, almost surely, v > 0 such that for all r. <1, n € Z™ injective and ¢ € (Z*)"™
satisfying [tly <7, (n1) < -+ < (ny,) and (n1) < N, if [|V]g1oq) < p and k= 3770 Lilg—y, is even
then we have

Vk € Z,Yh e [-r,r], |k+ — /V dx+ZHnJ!>’v<nr> e
7=1

Proof. Let p and n be given by Corollary 2.17 (for r < 2r). We denote

Qkhgn(V)—k-i- / V da;—i—Zﬁ)\nJ )
7=1

Implicitly, we always assume that (ry, k&, h,¢,n) are such that [f|; < r, (ng) < --- < (n,,), (n1) <N
and k> >0 £y, is even. In order to estimate P(|Qpen(V)| <e and |[V]g < p) for e >0,
we consider j € [1,5r,] the index given by Corollary 2.17 and we denote V(=7 =V — V;(j) =% cos(j -).
Since by assumption V(=) and V; are independent, we have

(24)

2
Yj

1 4
P (12 n,60(V) <& and [Vl om) < p) = EE[/ O VD40, Gy costial<e € v |
Uj

: [E[/v ezﬂ'ﬂkhm("( Do, (5) 5cos(am)>|<edvj]

j
where T = {v; € R | [V 4 0;0)~ cos(i)l[3 o) = 50200272 + [V, < 0%} By
definition of Z and Corollary 2.17, almost surely, for all v; € Z, we have
105, Qpen(VED 40, ()% cos(jz)| = () %n = (5r) %1

Therefore, since Z is (random) interval and p,n depends only on (r, N), applying Lemma B.1. of [Eli01],
we deduce that, almost surely,

/ ﬂ\Qk bt (VD v, (5)— éCos(jgv))\<edv] ~r,N,s \/E
v; €L
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As a consequence of (24), we deduce that
P(3(re, ks by £,0), Qe (V)] < e(np, )™ and |V || g1(0,0) < p)

< Y Pk ), [Qnen(V)] < e(ng,) ™" and V]| 10,0 < p)
(r4,k,h,lm)

SensVE Y ()P ReNs VE —2 0.
e—0
(T*vkvhvévn)
O
Proof of Proposition 1.18. We recall that since the potential is even, the periodic spectrum is given
by the Dirichlet spectrum and the Neuman spectrum (see Proposition 1.9). Therefore, we just have to

apply Proposition 2.1. Indeed Lemmata 2.13 and 2.18 ensure the weak non-resonant assumption while
Proposition 2.7 ensure the accumulation property. ]

3. FUNCTIONAL SETTING AND THE CLASS OF HAMILTONIAN FUNCTIONS

First, to avoid any possible confusion, we specify our functional setting and the associated differential
calculus formalism. Indeed, since we are dealing with non-smooth solutions, it is especially important
to have very precise definitions. Then, in a second subsection, we introduce our Hamiltonian formalism.

3.1. Functional setting and its differential calculus formalism. We equip C of its natural real
scalar product

R(Z122) = Rz1 Rz + T21F20.
If fis a C' function on C, we define as usual

Op:f(z) =df(2)(1) and 05 f(2) = df(2)(i).

As a consequence, if f is real valued, its gradient writes

Vf(z) =0n.f(2) +i0s. f(2).
We extend this formula to non-real valued functions by

285f(2) = 8§sz(2) + Zang(Z) and 282f(2) = 8§sz(2) - Za%zf(z)

Being given a set Zg C Z% where d > 1, s € R and p > 1, we define the discrete Sobolev and Lebesgue
spaces

(25) W (Zq) = {u € C% | |Jullfe == > (k)*|ug|* < o0}
k€Zy
P(Zg) = {u € C | ||ullf, == > [uxl” < oo}
k€Zy

We equip ¢?(Zg) := h%(Zy) of its natural real scalar product
(u,v)p2 = Z R(ugvr) € R.
keZ,

As usual we extend this scalar product when v € h® and v € h™°. Being given a smooth function
H :h*(Zg) — R and u € h*(Zg), its gradient VH (u) is the unique element of h™%(Z,) satisfying

Yv € h¥(Zg), (VH(u),v)p = dH (u)(v).

Note that it can be checked that
VH(u) = (204, H(u))rez,-
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If H K : h*(Zg) — R are two functions such that VH is h®(Z,) valued then the Poisson bracket of H
and K is defined by
{H,K}(u) := (iVH(u), VK (u)),

Note that, as expected, we have

(26) {H K} =4 R[i0sHw)dsKw)] =4 [Rids, H(u)dy, K (u)]
k€Z, k€Zy
=20 Y 05 H(u)0y, K (u) — Oy, H ()05, K (u).
keZ,
Finally, the symplectic transformations are defined as follow.

Definition 3.1 (symplectic map). Let s > 0, Q an open set of h*(Zgy) and a C* map 7 : Q — h*(Zy).
The map T is symplectic if it preserves the canonical symplectic form :

Vu € Q,Yv,w € h*(Zyq), (iv,w)pe = (idr(u)(v),dr(u)(w))e.

3.2. The class of Hamiltonian functions. In this section, we aim at establishing the main properties
of the following class of Hamiltonians.

Definition 3.2. For Zy C Z% q,a > 0, © > 2 let H ' W(Zg) be the real Banach space of the a-
inhomogeneous, q-smoothing formal Hamiltonians of degree r supported on Zg. More precisely, they are
the formal Hamiltonians of the form

H(u)= > > Hjull .. .uf
oe{—1,1}" neZ]
with HY € C, satisfying the reality condition

(27) H,7 = HE

the symmetry condition

(28) Vo€ &, Hilmr = Huol

and the bound

(29) |Hl||g0 = sup [ hmean ( Zl/g ong) )] (n)?... (n,YI|H?| < oo

ce{-1,1}" |ve({-1,1}4)"
neZ;

where v on = (v;n;)j=1,..a and hmean denotes the harmonic mean (defined by (9)).
The vector space of polynomials they generate is denoted by g o(Zq):

1) = P Ao (Za)
r>3
We choose the harmonic mean for convenience in (29) (especially for Proposition 3.13).

Remark 3.3. If r >3, 0 < a1 < as and 0 < ¢1 < g2 we have the continuous embedding

iy 05(La) = K o, (Za) = Hio(Za)-
Example 3.4. If H € 7], (Z4) satisfies the zero momentum condition

oni+---+om, =0 or H =0

then H € ' ,(Zg) for all o’ > 0.

Hint. Tt is enough to note that, if S is a finite set and = € (R*)¥ then #S(hmean cgx;)~" > a; ! for
all7 € S.
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Example 3.5. Letm € N, k > 2 and g € C"™(T% R). Identify each function of L?(T%) with the sequence
of its Fourier coefficients, there exists P € ﬁf% (Zd) such that

s > d/2,Yu € HY(T%C),  Plu) = / o(@)lu(z) 2 dz.
Td
Hint. It is enough to write this integral as a convolution of Fourier coefficient and to note that, since
g € C™(T% R), the sequence ({(n)™g,),eczd is bounded.

Lemma 3.6. The g-smoothing polynomials of 7 0(Zg) define naturally smooth real valued functions
on h®(Zg) for s > d/2 —q. More quantitatively, if H € 7 y(Zq) and uD, . u) e h¥(Zg), we have

T
S D H ) S [H o [T e
oe{—1,1}7 neZ; =t

In other words, the multi-linear map defining H is well defined and continuous on h*(Zg).

Proof. Applying the Cauchy—Schwarz estimate, we get

Z Z |ngglll),01 B ‘ugr)70r| < HHH%O Z Z H q|u

oe{—1,1}" n€Z} oe{—1,1}" neZ], j=1
T
=2 Hllgo [T 3 0’| < 2" Hllgo( D (k) 76+) H a9 e
J=1k€Zy kezd
Using the reality condition (27), it is straightforward to check that H is real valued. O

Corollary 3.7. We can permute derivatives with the sum defining H .
Proof. 1t is a classical corollary of the continuity of the multi-linear maps associated with H. O

Corollary 3.8. If there exists s > d/2— q such that H € 5, o(Zg) vanishes everywhere on h®(Z;) then
H =0 (i.e. all its coefficients vanish)

Proof. We denote H = H® +...4+ H®™) the decomposition of H in homogeneous polynomial. It follows
from the symmetry condition (28) and Corollary 3.7 that we have

H 200 0, 71 Oygr H(0) =0,
O
The following lemma provides a multi-linear estimate which is the main technical result of this section.
Lemma 3.9. Ifd >1,r >3, a > max(d — ¢q,d/2), ¢ >0, s >0 and s € (d/2 — q,a — d/2 + q) then
for all u® ... w1 € h*(Z2%) and all ') € h=5(Z%), we have

T

(30) Yo ()T L) el Srdiags 1u® - H s
ne(zd)r J=1
Proof. Without loss of generality we assume that u(] ) > 0 for all j € [1,7] and k € Z%. We denote vy, :=

(k)= ,(g), k€ 7% and ng := —(ny + --- +n,). Note that, as a consequence, we have |[v[|;2 = ||u(™ ||},
and the sum we aim at estimating writes as a convolution product.
In order to remove the factor (n,)*~?, we apply Jensen’s and Minkowski’s inequalities to get

(ne)* 9= (ng+-- +np_1)*"9< ((no) + -+ + (nr—1>)(s )+ < ploma=D+ Z ng) 5=+
=0
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where z := max(0, z) denotes the positive part. Therefore, denoting by * the usual convolution product
on Z%, we have

St~ )l = ()% (’fi{<->-Qu<j>> « ()],
ne(zd)r Jj=1 J=
Srosig [v*<.>(s—q)+—a*(}£<. Mo+ [ Zv* (5= 4+ =03, () 5 ()= & (Zﬁ(.>—qu(a‘))]0

J#e
Consequently, the estimate (30) is just a consequence of the Young’s convolution inequality £2 % 2% ¢! %
% £ < £°° and the following estimates
e since s > d/2 — q, applying the Cauchy-Schwarz inequality we have
1) uller < NCH) ™S [0 lns Ssag [1ulne,
e since s < o — d/2 + q and o > d/2, we have a — (s — q)+ > d/2 and we have

”< >(s D+ QH@ Na,S,qdl

e since ¢ > 0 and o > max(d/2,d — ¢q) we have

I 790) 5 ()7l Sapsidg 149 Ine-

Let us prove this last estimate which is much less obvious than the previous ones. We have to distinguish
three cases.

e If ¢ =0 then o > d and it is enough to apply the Young’s convolution inequality £% x ¢1 < 2.

e If ¢ > d/2 then we control (-)(=9+=9(®) in ¢ and so since o > d/2 and it is enough to apply the
Young’s convolution inequality ¢! x £2 < (2.

e Else we have 0 < ¢ < d/2 and a > d—q. We set p = 5 2
close enough to ¢ to have

dd and b = d— where p € (0, ¢q) is a number

« a d—q
ba = d =d d.
“ d—p d—qd—p>

We note that by construction b, p € (1,2) and

1 1 2p+d d—p 1
-+ - = —— =1+
p b T2a TTa T3
Therefore, recalling that ba > d s > 0 and ¢ > 0, we apply the Young’s convolution inequality

b (2 to get
D= 9uO) % ()7 Sag 1090 oo ()™ p Sagrap ()9O v

Finally applying the Holder inequality we get
5—q)t — —a 5— - 1
1D+ =9O) s (972 Sagiap 10 Ul Ragaap ()P Y ulO)P [P
2-p

¢ _ .. 2D
Sagap WOl (Y7927 || 7

which conclude the proof since
2p 29543 q
J’_
U5 :q2 p2d =d= >d.
p " 2p+d

O

First we deduce that the vector field generated by a-inhomogeneous, g-smoothing Hamiltonians maps
h? into itself.



BIRKHOFF NORMAL FORMS FOR HAMILTONIAN PDES IN THEIR ENERGY SPACE 25

Proposition 3.10. Ifs € (d/2—q,a—d/2+4q), s > 0 and o > max(d—q,d/2) then the gradients of a-
inhomogeneous, q-smoothing Hamiltonians of 7, o(Zgq) are smooth functions from h*(Zg) into h*(Zg).
More quantitatively, if H € ] ,(Zq), r > 3, we have

(31) Vu € h¥(Zq), (IVHW)|ns Ssirdgo |Hlgallulh:"
and
(32) Yu € h*(Za), |[AVH W)l 2y Ssrdaa 1H lgallull):?

Proof. We recall that as a consequence of Lemma 3.6, H defines a smooth function on A®. As a
consequence, its gradient is well defined and belongs to h™%. Let us check that actually it is a smooth
function taking values into h®.

As a consequence of Corollary 3.7 (which ensures that sums and derivatives can be permuted) and
the symmetry condition (28), for k € Zy and u € h*(Z4) we have

(33) (VH(u))p = 20, H(u) =27 Y SooHT UG ugt
UE{_171}T71 nEZ£71

Then, we recall that by definition we have

r—1

H7 2 H o t) ™) )™ 30 (Y vonet v k)
ve({-11}9)r =1

Therefore, since both w — w6 and w — u are isometries on the Sobolev spaces, as a corollary of

Lemma 3.9, being given u(M), ..., u("=Y € h*(Zy), the multi-linear forms
h=%(Zg) — R
p(uM, . w7V v = 27 Z Z R {HZ”;lugl)"” ...u,(ltj)’o“lv_k .

oce{-L1} "1 nez !
are well defined, smooth and we have the bound
(34) o™, ") oy Sorgad [H llgallu® e - aD|as

where (h(=*))’ denotes the dual of h(~*). We denote Z, : (h(*))’ — h* the usual isometry associated
with the £? scalar product. Therefore, it follows of (33) that for all v € h°°(Zg), we have

(VH(u),v)p = ¢(u,...,u)(v) = (Zsp(u, ..., u),v)pm.

Consequently, we have VH (u) = Zs¢(u, ..., u) which ensures that VH (u) € h®. Finally, the continuity
estimate (34) proves that u — VH(u) € h® is smooth and satisfies the bounds (31) and (32).
]

As a corollary, we extend the differential of VH into some negative spaces. This technical corollary
is crucial to prove that the change of variable associated with the normal form preserves the time
differentiability. Its proof relies on the symmetry of dV H (u) and duality arguments.

Corollary 3.11. If s € (d/2 —q,a—d/2+q), s > 0, a > max(d — q,d/2) and H € K,/ ,(Zq) forr >3
then for all w € h*(Zy), dVH(u) admits an unique continuous extension from h™*(Zg) into h™*(Zg).
Furthermore, the map h®(Zg) > u— dVH(u) € L(h™*(Zy4)) is smooth and we have the bound

Yu € h*(Zq), |AVH )|l 2n-—s) Ssrdga “H“q7a|’u“zz2‘

~
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Proof. Since the embedding of h® into h™* is continuous and h® is dense in h™?%, applying the continuous
extension Theorem, we just have to prove that
(35) Vu € h¥(Za),  sup  [[AVH(u)(0)|lh Ssrdaa |Hllgallullis>.

vehS
llvll,—s <1

First, by duality between h® and h™*, we note that
sup [|AVH (u)(v)|p-s = sup sup (w,dVH (u)(v))2.

vEh® veh® s
loll,—s <1 lvll,—s <1 [lwllps <1

Then by applying the Schwarz Theorem we have
(w, dVH (u)(v))2 = d[(w, VH(u))2)(v) = d[dH (u)(w)](v) = d*H (u)(w)(v)
= A*H(u)(v)(w) = d[(v, VH (u))](w) = (v,dVH (u)(w))2.
Therefore, applying once again the duality between h® and h™°% we deduce that

sup  [AVH(u)(w)[ps = sup  sup (0, dVH(u)(w))e = sup [|AVH (w)(w)]n
veEh’ weh?® veh® weh?®
lloll;—s <1 lwllps <1 [lv]|,—s <1 llwllps <1

= AV H (u)|| #ns)-

As a consequence, (35) is just a corollary of the estimate (32) of Proposition 3.10. Finally, we note that,
the smoothness of u € h*(Zy) — dVH (u) € ZL(h™*(Zg)) is just a natural corollary of the homogeneity
of H (i.e. dVH (u) could be replaced by a multi-linear map as we did in the previous proof). O

Proposition 3.12. If s € (d/2 —q,a —d/2+q), s > 0, @ > max(d — q,d/2) and x € K] (Zg) for

—é/(r—2)

r > 3, then there exist €0 Zs.d.a.qr ||IX|lq and a smooth map

)

P { [—1,1] XBhs(Zd)(O,EQ) — hs(Zd)
X (t,u) = @ (u)

solving the equation
—i0; Py = (Vx) 0 Dy,
and such that for all t € [—1,1], <I>1§< is symplectic, close to the identity

(36) Vi € Bpoz,)(0,0), 1@ u = ullns Ssdogr [xllgallelh
invertible
(37) |](I>§((U)Hhs <e = @;t o @i(u) =u

and its differential admits an unique continuous extension from h™*(Zg) into h™*(Zq). Moreover, the
map u € Bys(z,)(0,£0) = d® (u) € L(h™*(Zg)) is continuous and we have the estimates

(38) Vi € Bys(z,)(0,20), Vo € {=1,1}, [[d®} (u) 2(pnes) < 2-

Proof. Since the vector field iV is smooth on h*(Z;) (see Proposition 3.10), the Cauchy-Lipschitz

Theorem proves that the flow it generates, denoted @&(u), is locally well defined and is smooth. Let

denote I,, the maximal interval on which <I>§((u) is well defined. Let us prove that if u is small enough

then [~1,1] C I,,. More precisely, we are going to prove that if ¢ € [~1,1]N 1, then || @3 (u)[|ns < 2]Jul|ps.
By definition of ®,, if t € I, we have

t
@;(u):u—l—i/o (Vx)o @) oudr.
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As a consequence, applying the estimate (31) of Proposition 3.10, if |¢t| < 1, it satisfies

195 (1) = ullne < sup [[(Vx) 0 T o ullps < CoaagalXllga sup [] o ulli
TE(O,t) TG(O,t)

where C g.q,qr > 0 denotes the maximum of the implicit constants in the estimates (31) and (32)
of Proposition 3.10. Let J, C I, be the maximal interval (with 0 € J,) such that for all ¢ € J,,
@3, (u)||ns < Bllul|ps. It follows that if ¢ € J, N [~1, 1] then

195 (w) — ullne < 3" CoaagrliXllgalulliz" < llulln

provided that 3" Cy g 0. /X|lg.allulfs 2 < 1. Therefore, by a standard bootstrap argument, we deduce
that provided that |lulln, < o := (3" 'CsagaqrlXllga) /"2, ®! (u) is well defined for ¢ € [-1,1],
@ (u)||ns < 2[Jul[ns and is close to the identity (i.e. (36) holds). The invertibility property (37) is a
classical corollary of the uniqueness provided by the Cauchy—Lipschitz Theorem.

Since ®, is smooth, d<I>§< is a solution of the linear equation

(39) 8td<1>§<(u) = idVX(Cbi(u)) o dfbi(u) and dfbg(u) = idps.

Therefore it is classical to check that @& is symplectic (it is a consequence of the Schwarz Theorem). If
t € [-1,1], applying the estimate (32) of Proposition 3.10, we have

t
1404 0) 00y < 1+] [ 1ATX@L0)) 1) |49 0) 1

<1+ Cs a2 XN gallullf?

t
/0 14D ()] ey |-

Consequently, by definition of g¢, we have
Tt
44 )Ly < 1+ 15 [ 1970z

Applying the Gronwall’s inequality, we deduce that ||d<I>§<(u)|| 2hs) < e3 < 2. For clarity, we denote
by E(u) : h™% — h™* the extension of dVx(u) provided by Corollary 3.11. Recalling that u — E(u)
is continuous and bounded on bounded set of h*(Z4), applying the Cauchy—Lipschitz Theorem the
following non-autonomous linear equation

A (t) = zE(q);(u)) o Ayu(t) and Ay(0) =idy-s

admits a unique solution for t € [—1,1]. Moreover, the map u € h® — A,(t) € £ (h™*) is smooth.
Finally, we just have to check that A,(t) is an extension of dq);(u). Indeed, recalling that E is an
extension of Vi, if v € h*(Zg) both Ay (t)(v) and d®! (u)(v) are solutions of the linear non-autonomous
equation

Jw(t) = zE(@i(u))(w(t)) and w(0) =wv.
Therefore, as a consequence of the uniqueness in the the Cauchy—Lipschitz Theorem, A, (t)(v)
d®! (u)(v). The estimate (38) when ¢ = —1 can be obtained as we did when ¢ = 1.

Ol

Now, we prove that the class of Hamiltonians is stable by Poisson bracket.

Proposition 3.13. If « > max(d —q¢,d/2) and q > 0 then for all Hamiltonians H, K € 7€ (Zq) there
exists a Hamiltonian N € ¢ (Zg) such that for all s € (d/2 — q,oc — d/2 + q) with s > 0, we have

Vu € h¥(Zg), N(u) ={H, K}(u)

Moreover, if r,r’ > 2, for H € H o and K € e%’;’:;, N € %’;’:;Tlﬂ is of order r + 1’ — 2 and satisfies
the continuity estimate

(40) [V 1lg,a Sa.d TT/HHHmaHKHq,w
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Proof. First we note that since o > max(d — ¢,d/2) and ¢ > 0, we have d/2 — ¢ < o — d/2 + q and
a —d/2+ q > 0. Consequently, there exists some s satisfying the assumptions of this proposition.

The uniqueness follows from Corollary 3.8. For the existence and the estimate, by linearity, it is
enough to consider homogeneous Hamiltonians, H € J,(Z4) and K € %f;(zd). Let u € h®(Zq) for
some s € (d/2 — q,a —d/2 + q) with s > 0. We recall that we have (see (26))

(41) {H,K}u) =2i > 0, H(t)Dy, K (1) — Oy H (u)0g, K (u).
keZy

Since the coefficients of H and K are symmetric (i.e. satisfy (28)), we have

_ o / 0',—1 o1 Or—1 0'/71 Ui r—1
(42) Og, HOy, K =17 g E H o ug) ...un’;ilKn“kun,l...un, :
oe{-1,1}""1 nez; !

o -1} ez

As a consequence, naturally, we study the convergence of the series Hg’,;le,l ’;. By definition of
the || - ||4,o norm, denoting n” = (n,n’) and v’ = r + 1’ — 2, we have

TH

o,—11-0',1 —d / —
o H K < 27T H gl K llge [T ()7

keZ, j=1
r—1 r'—1
X ( Z(k>—2q Z <Vr<>k+ZVg<>ng>_a<VT/,/<>k+ Zuéon’£>_a>
k€Zgy yg({_Ll}d)f' /=1 /=1

ve({—-1,134)"

and so

TH

7_1 /71 —d I —
Z IHZ,k K2f7k| < 27t 2)HHHq,aHK”q7a H(né’) I
keZ, j=1

r'—1

r—1

X ( Z Z<k>—2‘l<k—ZVg<>ng>_a<k+Zyéon2>_a).
ve({-1,1}¢)r—1 kezd =1 =1
Ve({—1,1}4)" -1

Therefore, since o 4 2q > d (because o > max(d — ¢, d/2)), applying Lemma 7.1 of the appendix'4, we
deduce that

,r.//

,r.//
71 /7_1 Y _ —
(43) YK S 2 H el Kl TTe (>0 (vt ont)™).

k€Zy j=1 V//E({_171}d)r'+r"72 /=1
Since this series converges, we define
o . os ) o1 p-0',—1 o,—17-0',1 o’ 1 o'’ op
My, = 2irr E H) WKy —Hy Ky and Npy = I E Mg,
keZy ’ pEG, 1/

Let us check that N € ,%’j]’:g(zd). By definition, the coefficients of N are obviously symmetric. Further-
more, the estimates (43) proves that

INllg.o Saa 7 H lg.oll Kllg.a-

Mpere we benefit of the choice of the harmonic mean in Definition 3.2.



BIRKHOFF NORMAL FORMS FOR HAMILTONIAN PDES IN THEIR ENERGY SPACE 29

and the reality condition follows of the following calculation

—o
n//

2rr!

1"
M,
2rr!

. —o,1 1-—o’,—1 —o,—17-—0’,1 o,—11-0',1 0,1 -0/, —1
=1 E : Hn,k Kn/,k _Hn,k Kn',k =t E : an K n k Hn kK
keZ, k€Zy

Finally, we just have to check that N(u) = {H, K }(u). Note that the following formal computation are
justified rigorously by the Fubini Theorem, the estimate (43) and the multi-linear estimate of Lemma
3.6. Indeed, by (41) and (42) we have

TH
. —1,-0/,1 1 -0/, —1 0,0');
(HK}uw) =2ir" Y Y S KD - B [T win)
k€Z4 oe{-1 1}7" 1 nEZT 1 Jj=1
oe{-11}"~ czr’ !

,r.//

" o’

= E E 12-// Hu J// = N u

g
o"e{-1,1}"" neZE” J=1

O

The last lemma of this section concerns the computation of the Poisson bracket between a quadratic
integrable Hamiltonian and a a-inhomogeneous, g-smoothing Hamiltonian.

Lemma 3.14. Ifs € (d/2—q,a—d/2+q), s > 0, a > max(d—q,d/2) and H € ], (Zy) where r > 3,
and Zy : h*(Zy) — R is a quadratic Hamiltonian of the form

Zs(u) = Z W |t |2

nely

where wy, € R is such that ((n) 2wy )nez, is bounded, then for all u € h*(Zq) we have

(44) {H, Zo}(u) = =21 Y > (01wn, + - + 0wy, )JHIuG! .. ulr.
oe{—1,1}" n€Z],

Proof. First, note that since, by Proposition 3.10, VH(u) € h*(Z;) and by assumption VZy(u) €
h=%(Z4), it makes sense to consider {H, Z3}. Moreover, the convergence of the series in the right hand
side of (44) is ensured by Lemma 3.9. We recall that, as usual, we have (see (26))

{H, Zo}(u) = 2i Y g, H(u)0u, Zo(u) — Oy, H (u)0g, Zo(u).
keZy

Therefore, computing 0y, H(u) thanks to Corollary 3.7, we have

{H,Zy}(u) = =2ir Z Z Z Hy pupt o oug opwpug”

k€Zgoe{-1,1}" n€zZ’” 1

Since by Lemma 3.9, this series is absolutely convergent, applying Fubini’s Theorem, we deduce

H, 7o\ (u) = —2ir Hups .. ug =t opwn, uy”
{ ’ }( ) Z Z nUny Un, L L

oe{—1,1}" neZj

Therefore, since the coefficients of H are symmetric, we get (44). O
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4. A BIRKHOFF NORMAL FORM THEOREM

The following theorem is the main technical result of this paper. It is a new generalization of the
classical Birkhoff normal form theorem for Hamiltonian PDEs. In its statement some parameters may
seem surprising. They aim at handling some critical situations (Npyax is useful for (NLS) on T and 7 to
deal with (NLSQ)). Furthermore, the statement and the proof are quite heavy because we pay attention
to track most of the dependencies. This is especially useful to deal with intricate situations like (NLS?)
where we have to optimize some parameters (7 and Zg) with respect to & = [|[u®||,s. In the favorable
cases (e.g. the nonlinear Klein-Gordon or Schréodinger equations with Dirichlet boundary conditions in
dimension 1), we will choose n = 1, Nyax = +00, Zg = Z or Zg = N\ {0}.

Theorem 4.1. Letd>1,5>0,r>p>3, Zy C Z% Npax € [1,+00] and n > 0.
Let Zy : h*(Zg) — R be a quadratic Hamiltonian of the form

1
Zo(u) = B} Z Wn|un|2

n€Zy

where ((n) 2wy )nez, is bounded and the family of frequencies w € Dg’;,max(zd) is strongly non-resonant,

up to order r, for small divisors involving at least one mode of index smaller than Nymax and for some
positive constants (Bj)s<j<r, (Vj)3<j<r (according to Definition 2.3).
Let P : h*(Zgy) — R be a a-inhomogeneous, q-smoothing polynomial Hamiltonian of the form

Pw)= Y PY()
p<j<r—1

where PY) € A7 ,(Zq) satisfies [P0 < ¢;n~72) and (c;)p<j<r—1 is a sequence of positive constants
and (o, q) satisfy the estimates o > max(d — q,d/2), d/2 —qg<s<a—d/2+q and qg>0 .

There exists some positive constants C depending on (r,s,v,a,d,q,c) and b depending only on (3,r)
such that for all N € [1, Npay], there exists eg > n/(CN®) and there exist two smooth symplectic maps
7 and 7 making the following diagram to commute

(0)

e
(45) Bs(z,4)(0,60) —————— Bys(z,)(0,2¢0) h*(Zq)
idgys

and close to the identity
o (o) ”uHh5 e
Vo € {0,1}, [lullps <2720 = (|77 (u) = ullps < o [[ua]| s

such that, on Bysz,)(0,2¢0), (Z2 + P) o 7 admits the decomposition

(46) (Zs+P)orW =2y + QY + R

where QY € H o(Zg) commutes with the low super-actions

(47) VneZg, n) <N = {J,,QsN}=0, where J,= Z |y, |2
WE=Wn

and the remainder term R is a smooth function on Bhs(zd)(O, 2e0) satisfying
IVR(w)||ps < Cp~ O NP Ju7

Moreover, for o € {0,1} and u € Bysz,)(0,2%€0), A7) (u) admits an unique continuous extension
from h=5(Zy) into h=*(Zg) which depends continuously on u and we have the bounds

A7 (W) || ey <2777 and AT (w)]| g sy < 277P
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Proof. We are going to prove by induction on 7, € [p, 7] that there exist!® some non-negative constants
o b, (bgg))pgjgr depending only on (8,7,) and b(® depending also on r,
o C) (C](-z))pgjg depending only on (7, s,v,a,d,q,c) and C® depending also on r,

such that for all N € [1, Npax], there exists eg = n/(C(l)Nb(l)) and there exist two smooth symplectic
maps 79 and 7(Y) making the diagram (45) to commute and close to the identity

p—2
Ul ps
(18) Yo e (0.1}, fulhe <20 = 1w - ulle < (L) pue,

such that’ on Bhs(zd)(()’ 260)7 (Z2 + P) o T(l) admits the decomposition
(Zy+ P oM =Z,+ QW 4+ ... £ Q=D L R

_ . _ . @
where QU) € 7 (Zq) satisfies || QU] 4.0 < Cj(-z)n_(J_Q)Nbiz and the firsts polynomials commute with
the low super-actions

7l <7« and (n) <N = {Jn,Q(j)}:O

and the remainder term R is a smooth function on Bjs(z,)(0, 2¢0) satisfying
—(r— (3) _
IVR(w)|[ne < CO= 2N "

Moreover, for o € {0,1} and u € Bys(z,)(0,2%¢0), d7(?) (u) admits an unique continuous extension from
h=%(Zyg) into h=%(Z4) which depends continuously on u and we have the bounds [|d7() (u) | 2(nsy < 277P
and ||dT(U)(U)||$(h—s) < 2M7P,

Note that when r, = r this result is slightly stronger than the one of Theorem 4.1.

e Initialization 7, = p. We set 70 = 7(1) = idps, g9 = 400, QU) = PU), C'J(-z) = ¢j, c) =B =y,
b = §-2) =) =0 and R = 0. Note that, since by assumption ||[PY)]|, o < ¢;n~0* 2 the estimate
on ||QY)]|,.« holds. Here the decomposition of (Z5 + P) o 7(1) and its properties are obvious.
o Induction step (r,) = (r« 4+ 1). In order to distinguish the constants and objects associated with the
index ry + 1 from those corresponding to the index ry , they are denoted with a symbol sharp f.

We aim at the removing the terms of Q) which do not commute with the low super actions. As a
consequence, we decompose Q") as

Q) =L+U
where L,U € 7] (Zg) are defined by

(re)o 0 if (o,n) <N
o n if ko(lo,n) < N o 1 kw0, n) <
Ln = { 0 else ) and Uy = { e else

Note that, since these Hamiltonians are extracted from QU*), they satisfy the same estimate.

> U commutes with the low super actions. Indeed, applying Lemma 3.14, if (m) < N, for u € h®, we
have

(T, Uw) =20 Y (018w, +++ + 0Ly =, JUSUGE w7

oe{—1,1}" n€Zy
=21 Z Z ( Z or)UJudt ..l

UE{—l,l}T nEZQ Wnyp =Wm

5yote that in this proof almost everything depends on r.. Nevertheless we do not specify it explicitly.
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However, since (m) < N, by definition of U and & (see (8)), either )
Consequently U and J,,, commute : {Jp,, U}(u) =

. oo
wny =wm Tk vanishes or U vanishes.

> The homological equation. We set x € ;z(Z4) the Hamiltonian defined by
Ly

i(o1wn, + -+ 0op,wp,,)

X2 = if kKy(oyn) <N and x;, =0 else.

Since the frequencies are strongly non-resonant (see Definition 2.3), if k,(0,n) < N then

|len1 +e O-T*w'n'r*| 2 IVT*N_BT* # 0

Therefore, we have

Tx

1 _ C®
(49) IXlg,a < 27T*1N/3m\|Q(m oo < 2%* 1OB) = (re=2) N+
Note that, as a consequence of Lemma 3.14, x solves the homological equation

> The new variables. As usual, to define the new variables, we want to compose 7(?) and <I>§<. Conse-
quently, we pay attention to match their domains of definition (this is a little bit fastidious but it is
simple).
Applying Proposition 3.12, we get a constant K > 0 depending only on (s, d, «, g, r,) such that setting
= (K||x|lg.a) "2 x generates a smooth map

o { [—1,1] X Bps(z,)(0,61) —  h*(Zaq)
X (t,u) = @ (u)

solving the equation —id;®, = (Vx) o @y, and such that for all t € [-1,1], ® is symplectic, close to
the identity

Te—2
U||ps
(50 e Brp0.en), [0 ulne < (F2) 7 pule
invertible
(51) [0 (w)]lps <e1 = @ od  (u)=u

and its differential admits an unique continuous extension from h™*(Zg4) into h=*(Z4). Moreover, the
map u € Bys(z,)(0,61) — d® (u) € L (h™*(Zy)) is continuous and we have the estimates

(52) Yu € Bhs(zd)(o,&“l),va' S {—1, 1}, qu);(u)”g(has) < 2.
Recalling the bound (49) on y, we have

1 (2) (1)
€1 2 (_K,yr—*lcfr(f)rr}_(’f‘*—2)Nﬁr*+b7«* ) 1/(7‘*—2 > 377/( Nb ) _ 3€ﬂ

2
where we have set

O = 3max(C), (EACE 1) and ) = max(6D, (5, + 62 /(. ~ 2))
Note that with this choice, we have
36% < max(egp,€1).-

As a consequence, since 7(0), ®! are close to the identity (see (48),(50)) and p > 3, we have

p—2
8 L (ol
lullne < 3 = HT<°><u>—uuhs§§< ; e,
g

0
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Tx—2
L[ Jlullns
lullns < 2¢f = @4 () —ullps < 2 (5] Nullne
3 e
Therefore, it makes sense to define

Tti(l) ::T(l)oéi on BS(O,Z&:%) and Tﬁ(O) —<I>_ 7@ on Bs(O,eg).

Since <I>;1 o <I>;1 = idps (see (51)), these new transformations still make the diagram (45) to commute.
Since 2/3 < 1 and r, > p, they are still close to the identity (i.e. they satisfy (50)). Since <I>§< is sym-
) _(1)

plectic, Ty Ty are symplectic. Finally the existence of the continuous extensions of d@’;(, dr @, dr®
ensures the existence of such an extension for dT(O) dTﬁ(l) satisfying the expected bounds.
(1

> The new Hamiltonian. Now we aim at studying the expansion of (Zs + P) o Ty

Let v € BS(O,QEg). Since t — ®!(u) is smooth and is the solution of the equation 9;®,(u) =
i(Vx) o @y (u), if A is a smooth Hamiltonian on h®, we have

QAo d = {x,A}o <I> =: (adyA) o <I>§<.

As a consequence, realizing a Taylor expansion in ¢t = 1 (and omitting the evaluation in u) we have

r—1
(Zo+ Pyor) = (Zy+ P)orModl = Zyo @l + 5 QW o dl + RodL
Jj=p
r—1 my; My
k k+1 1
—Z2+ZQ +{x,Z2}+ZZEad +Z k:+1) ad“*1 7, + Ro @)

Jj=p k=1

My, mj (7) t
+ /0 SN (adf Zs) o @) + jE:p 7771/)'! (ady” " QY)) o @] dt

where m; denotes the smallest integer such that m;(r, —2) < 7. Recalling that by construction
{X; Zo} = —L € ]t (Zy) is of order 1y, that x € % (Zg) is of order r, and that by Proposition 3.13
the Poisson bracket of Hamiltonians of order r; and r9 is of order r1 + ro — 2, it is natural to set

Q) =QY i j<r, Q) =Q" +{xZ}=Q" -L=U,

G kG 1 k . .
QY = Z Had QU — Z madXL if j>r,
Jetk(re—2)=j Tetk(re—2)=j

1 my, +1 r—1 ms
o 1 (1 _t) " me, +1 t (1 _t) 7 mj+1 j t
R;=Ro®} _/0 S DT AT L) o B § Tj!(adxﬂ QW) o d! dt.

where k and j, are the indices on which the sums hold in the definition of Qéj ),

If j <r,, it is clear that Qéj) € %{a(zd) and we have

. . 2 (i (2) 2) _ (2)
105 e < 10D o < O G-2INY" = €202

’,

Note that by construction it is clear that these Hamiltonians commute with the low super-actions.
Applying Proposition 3.13,if p < j < r, Qéj) € H7o(Zg). Moreover, if j > r, and jy + k(ry —2) = j

. _— £.2) k L (2)
1ad® QU |0 < K o fIXIE LNQU) g < K, sy (CP~ DNV E (0P~ U =2 b

<K, (0@))’“0](3)77—(1—2) kDD 402

.7*7T*7.7
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where Kj, ,, ; is the constant provided by the continuity estimate (40) of Proposition 3.13 and depending
only on (j, 7+, Jj,,d). Since adiL enjoys the same estimate as ad];Q(’"*), we deduce that HQéj)Hq,a <

. (2)
Cﬁ)n_(J_z)NbM, where we have set!

Oﬁ(zj) =9 Z iij*,r*,j (C£f>)k0§f’ and b( ) — max k‘bg) + b§2)‘
’ Jxtk(re—2)=j k! ki J*+k(r*—2):j *

> Control of the remainder term. Finally we just have to control the terms of the new remainder term

Ry. We fix u € By (0, 25%). First we focus on R o @i(u) By composition, we have
V(Ro®))(u) = (AP (u))*(VR) o ®, (u).

where (d®} (u))* € £ (h™*) denotes the adjoint of d®(u). Note that since R o ®) is a smooth real
valued function on a ball of h®, a priori its gradient belongs to h™°. Nevertheless since dq)i(u) ad-
mits a continuous extension in .2 (h~*%), (d®} (u))* maps h* into h* and we have [[(d®}(u))*|| ¢ ps) =
||d<I> (u)|| #(n—sy <2 . Therefore, V(R o @1)(u) belongs to h® and we have

IV(Ro <I>X><u>||hs < 2|(VR) 0 ®L () s < 205~ C=ANY 8L ()5t < 270y =D N 10,

Now, we focus on (adeHQ( ) o ® y(u) where p < j <7 —1andt € [0,1]. Reasoning as previously,
using Proposition 3.13 to estimate the norm of the Poisson brackets and Proposition 3.10 to estimate
the norm of the gradient, we have

V(2™ Q) 0 BL)(w) e < 20(V(ady” QL)) 0 @ (1)
m _ (2) ri—
Sszﬂ"*,T’j (Cr(f)n—(n—Z)Nb( )) J+1(C( ) —(i— 2) \b; )Mrj”q)t( )H j—1
T m; 2 —(r; Tj br m pt2)
<[2"Kj,, ., M, (Cr(f)) J‘*‘l(jj(, >] i) HUH i1 2 (mj+1)+b
where r; = j + (m; + 1)(r« — 2) € [r,2r — 4] and M, denotes the implicit constant in the vector field
estimate (31) of Proposition 3.10 (it depends only on (s,d,rj,q,«)). Recalling that |julps < 2&?% =
2 /( Nb ) and Cﬁ(l) < 1 we deduce that ||ul[sn~! < 2 so that

m o _ (),
IV ((ad QW) 0 B ) (1) e < Ay 7= [T N m D87

where A; := 22"J’_"Kj,r*7rerj (Cr(f))ijC](-z).
We also recall that by construction V((ad;n”HL) o®!)(u) and V((ad?”HQ(T*)) o ®! )(u) enjoys the

same estimate. As a consequence, we have!”
(3) = (2)
VR (u)|ps < 2" 0By~ =2 N 1y (1= +2Z—AJ p (=2 ||qusle’* (mj+1)+b;
m;:
j=p

3) _(p_ b(3) _
< Oy DNt

where we have set

r—1
3) 3) 12/ 2) (B) _ or(3) Ry
by = _max (OO0 (m;+1) +b7) and Y =2'C +2jz_;)mj!‘4]'

16in these sums we include the case k = 0.
IThote that the rigorous justification of the permutation between the integral and the gradient could be done easily
using the smoothness of (ad;LjHQ(j)) o df.
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5. DYNAMICAL COROLLARY

The following theorem is the main abstract result of this paper. It is a corollary of the normal form
Theorem 4.1. We recall, to facilitate the lecture of the statement, that in the most favorable case n ~ 1
and Nyax = +00.

Theorem 5.1. With the same assumptions and notations as in Theorem 4.1 and two additional arbitrary
constants K > 0,e1 > 0, if u € CY(R; h*(Zq)) N CH(R; h™*(Zyq)) is a global solution of

(53) i0yu(t) = VZa(u(t)) + VP(u(t)) + F(t)
where F € CP(R; h™%(Zq)) and u satisfy

VieR, |[|F@)|p-s < Kn "Dt and  fu(t)||ps < e
and the frequencies are coercivel® (i.e. |wy| — 0o as |n| — o0), then

—(r—p)
(54) |t|<<%> and () < N = [Ju(u(t)) — Ju(u(0))] < My~ P~ (n)ec?

where M depends only on (K,r,s,v,a,d,q,c) and b depends only on (f3,r).

Proof. Let n € Zg be such that (n) < Nyax. If €1 > 1/(C(n)?), where C is defined in Theorem 4.1,
then

[ o (u(t)) = Ju(u(0))] < Ju(®)l7 + [[u(0)lI7 < 2¢F < 2(Cnp~{(n)")P~2€,.
Consequently, we only have focus on the case £1 < n/(C(n)?). Therefore, we set
N = (n),
and we apply Theorem 4.1. Note that we have
Ve R, |lu(t)|ps <e1 <n/(CN®) < .

As a consequence it makes sense to consider

> Time differentiability of v. First we have to check that v is time differentiable and to compute its

derivative. Since 7(¥) is not defined on h=*, a priori this fact is not obvious. Nevertheless, d7(?) can be
extended to Z(h™*) and it is sufficient.

Let us clarify this point. We fix t € R and we consider a small parameter h € (—1,1) \ {0}. Since 7(%)
is smooth on h*, we have

vt +h) —o(t) = 7Ot + h) — 7O (u(t)) = / 1 ArO (uy, ) (u(t + h) — u(t)) dv
0

where u,,; , = vu(t+h)+ (1 —v)u(t). For clarity, we denote by L) (resp L()) the continuous extension

of d7(® (resp. dr() to .Z(h~*) and thus we have
v(t+h) =) [T u(t + h) — u(t)
o)y, 0 (M)

180t that, if Z, is bounded, the frequencies are coercive by convention.
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and so, since || L) (wpe.0) | 2(n—s) < 2"7P, we have

D =00 10 (e @rutr)
h—s
1 w —u 1
< ‘ /0 LO () dv (W _ 8tu(t)> Lt ‘ /0 LO (uyp ) — LO(u(t)) dv (9pu(t)) .
u —Uu 1
<o =0 ae)], + 10Ol [ 120 () - L)z guony

Since u € C*(R; %), the first term goes to 0 as h goes to 0. To prove the same for the second term,
we apply the Lebesgue’s dominated convergence theorem. Indeed, on the one hand, we have the bound
12O (uy g ) — LO) (u(t)|l gn-s) < 2P and on the other hand, v being fixed, since u € CO(R;h*),
.1, converges to u(t) as h goes to 0 and so, since L) is continuous, ||L()(u,,;p) — L) ()2
goes to 0 as h goes to 0.

As a consequence, v is time derivable and we have

Opo(t) = L' (u(t)) (Dpu(t)).

> Computation of Opv. Since, by assumption, u solves the equation (53), denoting H = Zs + P, we have

Ov(t) = L (u(t)) iV H (u(t)) +iF (t)) = —LO (u(t) ((VH (u(t))) — iF* (1)
where we have set F¥(t) := —iL©) (u(t))(iF(t)). First we assume the following relation (which is proven
at the end of this paragraph) on Bjs(0,eq)
(55) LOq=i((@arM)or®)
where ((d7M) o 70)* € £(h~*) denotes the adjoint of (d7'(1 ) o 7). Therefore, we have
Opo(t) = —i (drD (1)) (VH (u(t))) — iF*(2).
However, since the diagram (45) commutes, we have u(t) = 7™ (v(t)) and so

Opo(t) = —i (AT () (VH) o 7MW (u(t))) — iF*(t) = —iV(H o 7W)(v(t)) — iF(t).
As a consequence, recalling the decomposition (46) of (Z3 + P) o 7(1), we have
(56) i0p(t) = VZ3(0(t) + VORI (0(t)) + VR(u(t)) + F¥(1).
Now we focus on (55). Since 71 is symplectic (see Definition 3.1), we have
((drMy o 7Oy* (A7) 0 7O = 4.

However, since the diagram (45) commutes, we have 7 0 7(0) = id,s and so

((dT(l)) o T(O)) dr® = idys.
As a consequence we deduce that

((ArWy o 7Oy 4 = § 47 @),
Extending this relation by density from Z(h%;h=*%) to £ (h™%;h™%), we get (55).

> Estimation of Oy J,(v(t)). Since the frequencies are coercive, the sum defining J,, (see (47)) is finite.

Consequently it is a smooth function on h~*. Therefore, t + J,(v(t)) € C'(R;R) and recalling that 0;v
satisfies (56) we have

0T (0(t)) = {Jn, Zo}(0(8)) + {Jn, Qi N0 (1)) + {Jn, RY(0(D)) + (VI (0(1)), —iFF (1)) 2
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First, we recall that by construction {.J,, Q<N = 0. Similarly, we have {.J,,, Zo} = 0. Indeed, we have
{Jn, Zo} (0(1)) = (VI (0(t)), VZ2(v(t))r =2 D wrR(ilvr(t)[*) = 0.

Therefore, we have |9;.J,, (v(t))] < |i(VJn(v(t)), VR(v(t)))g2| + [(V I (v(t)), —iF4(t))s2| and so
(57) 84T (V)] < NV In () 2 |V R0()) | + IV T ()l | (2]

As a consequence, using that

p—2
IOl < Ju®lhe + 17O = u®lhe < Ju@lhe + (P2 o)l < 2lu@llee < 200

we deduce
IV T(o@®)llhe =4 D (k)*lop(t)]” < 4ljo(®)]7: < 1667,

wp=wn
IVR@w(@)lne < Cn~ NP Jlo(b)||5: < 277 O~ 2 m) e,
IF* @) ln—s < ILO@E) |z IF@)In-s <27 PEyp~ " Def
Plugging these estimates in (57), we get
[0sTn (v(8))] < MPy~ =2 (n) e
where we have set M* = 2"72(C' + K). Therefore, by the mean value inequality, we have

—(r—p)
1< (2) o al0lt) = Ju(o(0))] < Moy~ #=D )P

> Conclusion. To prove the same result for u(t), we use that u(t) is close to v(t) (i.e. that 7(%) is close
to the identity) :

p—2
Jue) = o(@ihe < (P8 e < o222
0

and that J, is quadratic
[Tn(v(t)) = Jn(u®))] < (@)l + lu®)lle)[u®) —v@)]e
< 3CP ()PP Rpp=2eh,
As a consequence setting b = b(p — 2) and M = 3CP~2 + M*, we get the estimate we wanted to prove
(i.e. (54)). O
6. PROOFS OF THE APPLICATIONS

6.1. Application to nonlinear Klein-Gordon equations. In this section, we aim at proving the
results about the Klein-Gordon equations (KG) stated in the subsection 1.3.1.
First, we start with the proof of Lemma 1.3 about the ellipticity of the Klein-Gordon’s Hamiltonian.

Proof of Lemma 1.3. We are going to establish two estimates of which this lemma is a direct corol-
lary. On the one hand, the Poincaré inequality proves that the term associated with the mass can be
"absorbed"

" xzx " xzx.
A<¢(”d sl<m¢<»d

On the other hand, in the estimate (58) below, we prove that the nonlinearity can be neglected. Indeed,
there exists an universal constant C' > 0 such that

[z < O[]
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As a consequence, since G is of order p (with respect to its second variable), there exists an universal
constant K > 0 such that we have

| <C = G(y)lle < ClIGEy)llm < KlylP.

Therefore, provided that ||®|| my <1, we have

(58) /Oﬂ G, ®(x))] dz < K/OW B(2)? da < TKCP|@|",.

Now, we focus on the proof of the main result about Klein-Gordon equation: Theorem 1.5.

Proof of Theorem 1.5. We fix m > —1 in the set of full measure given by Lemma 2.5 which ensures
that the frequencies w := (v/n? + m),>1 are strongly non-resonant (up to any order and for all modes,
i.e. Npax = +00). We consider the Hilbert basis of L?(0,7;R) diagonalizing 9 with homogeneous

Dirichlet boundary conditions :
2
en(z) = \/isin(nw), n>1.
7T

As usual, for all s € R, we identify sequences in h*(N*) with distributions of D’(0, 7) through the formula

(Up)n>1 — Zunen.

n>1
Note that this identification induces the following isometries
(59) H3([0,7];R) = h'(N*;R), H~1(0,m;R) = h~'(N*;R) and L*(0,m;R) = £*(N*;R).
For all s € R, we define the diagonal operator € : h*(N*) — h¥~1/2(N*) by the relation

Yu € h, Quzz VN2 +m uy, en.

n>1
As usual, in order to diagonalize the linear part of (KG), we define the complex variables
u(t) == Q®(t) +i Q19D(2).

Note that, thanks to the isometries (59), if (®,0,®) € CP(R; Hi x L2)NCY(R; L2x H~Y), u € CY(R; h/?)N
CY(R; h=1/2) and if ® solves (KG), then u solves the equation

(60) idpu(t) = Q2u(t) — Q 1g(-, Q71 Ru(t)).

Furthermore, we have an upper bound on the norm of w. Indeed, as a consequence of the strong
convexity of H (see Lemma 1.3) and its preservation (Theorem 1.4), for all ¢t € R, we have the bound

(L)l + 10:2()]]22)* < A H(R(1), 02 (1)) = A H (D, @) < A7 (| [ 11 + [0 12)?
=A% e?

and so there exists C), > 0 such that

0, P (1))?
vt € R, [[u(®)|2,. = k§<k>luk(t>lz = ;w (x/k2 +m®(t) + %)

< Oy (k)* 9}(1) + (0:24(1))? < Cnh 3 (1R(0) | + 10:8(1) ] 12)* = CraA,e® =2 1.
k>1



BIRKHOFF NORMAL FORMS FOR HAMILTONIAN PDES IN THEIR ENERGY SPACE 39

In order to use the class of Hamiltonian we introduced in section 3, we rewrite the equation (60) using
the Taylor expansion of y +— ¢(-,y) in y = 0 (we recall that by assumption g is of order p — 1 in 0):

r+p—2
(61) idu(t) = Qu(t) — Q' (1%9] + F(t).
j=p—1 '
where g; :== dg(-,0) € H'([0,7];R) and
_ -1 r+p—1 1(1_)‘)T+p17“17 .
F(t) = -Q [((I)(t)) * /0 CETE] o (,A(I)(t))d)\].

> Identification of the Hamiltonian structure. First, recalling that wy := v k% + m, we note that obvi-
ously, we have

1
O%u = VZy(u) where Zy(u)= 5 Zwk|uk|2.
E>1
So we only focus on the structure of the nonlinear part of (61). Using Sobolev embeddings it is clear

that Lo
POy —F/ gi—1(2) (' Rv)! (2) da
“Jo

is a smooth function on h'/2 and that

1

VP(j+1)(U) = —ﬁQ_l [(Q_l%u)jgj] .
Therefore, as a consequence of the Taylor expansion (61), u solves the equation
r+p—1
(62) idu(t) = V(Z + Z PDYu(t) + F(t).

Hence, we just have to identity PY) with a formal Hamiltonian in %”J 1( *). Indeed, we have

PO () = —l /O’r gj_l(x)(z (k;f%ek(m))j dx

4!

k>1
(—3) 2 [T Vg + Uk ik —ikay)J
= —~——(8m)™’ gj—1(x) ——— (" — ")) dx
j! 0o’ (];(k2+m)1/4 )
- TS A
1
oe{—1,1}J ke(N¥)
where we recall that fuk_ := 7 and we have denoted
J ik
(o, ( ) 2 p et
Pk : (871') il Z / g]+1 H /<:2—|—m 1/4
pe{—1,1} Z:l

o

It remains to estimate the coefficients P,g]

PO g D

pe{-1,1}J

. Indeed, we have
/ gj_l(:z:)ei(“'k)mdx
0

and if p - k # 0, integrating by part, we have

/ g-1(2)e D%z = —i(u- k)~ <em(u'k)9j—1( = gj-1( / Ozgj—1( ”k)“"’d:n>
0

(ot (e)
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Therefore, since by assumption g;_1 € H 1 using the Sobolev inequalities, we deduce that
; _ -1
B S Y i BT (R
,U,G{—l,l}j

which proves that PU) ¢ ,%”fl([]\l*) and |]P(j)|]% L Simyj 1 (here we choose! n = /O Ay, = €1/ 0y, 1
27 b

to apply Theorem 5.1).
> Estimate of the remainder term. Recalling that we have the a priori bound || ®(¢)|| g1 < Ame < Apem

and using the Sobolev embedding H' — C°, we get a constant B, (depending only on m) such that
Vt € R,Vx € [0,7], |®(t,z)| < By

Moreover, since y — 8§+p g(+,y) is continuous, using the Sobolev embedding H' < C?, we get a constant
A,, (depending only on m) such that

sup sup |0, Pg(z,y)| < Ap,.
|y‘SB’m "EG[OJT}

Therefore, we have

sup sup sup |9]Pg(x, A\(t,z))| < Ap.

teR 0<z<m 0<A<1
As a consequence, using once again the constant associated with the Sobolev embedding H! < C°, we
deduce that for all t € R,

1 _ \\r+p—1
IF @l < 1FOle S | [o70700) [ 20 mat av@)ar] |,

+p—2 +p—1 +p—1
S 1RO L2 1ROTE ™ Sor 1RO Smrer -

~

> Conclusion. Finally, observing that 0 = d/2 —¢ < s =1/2 < a—-d/2+g=1and 1 = a >
max(d — ¢,d/2) = max(1 — 1/2,1/2) = 1/2, recalling that u solves the equation (62) and applying
Theorem 5.1 (of which we have checked all the assumptions) with Np.x = +oo and the change of
notation r <— r + p, we get the almost global preservation of the low harmonic energies which are the
super actions of the nonlinear Klein Gordon equation (KG). u

6.2. Application to nonlinear Schrédinger equations in dimension one. In this section, we aim
at proving the results about the nonlinear Schrodinger equations (NLS) in dimension d = 1 stated in
the subsection 1.3.2. We recall that the probabilistic results have been proven in Section 2.

6.2.1. Some properties of the Sturm-—Liouville eigenfunctions. First, we need to collect some useful
properties on the Sturm-Liouville eigenfunctions f,, (defined in Proposition 1.9). As in section 2, most
of the time, we do not specify the dependency of f,, and A, with respect to V.

Lemma 6.1. For all V € L?(0,7;R) we have

(63) Vk,n € N*, | /Oﬂ fn(z) sin(kz)dz| Sivil,e In=k + ({(n = k){n+ k)=t
(64) Vk,n €N, | /07r f=n(z) cos(kz)dz| Sivi,e Ln=k + ((n = k){n+ k)7L
19,

it is just a convenient way to remove a constant in the statement of the Theorem.
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Proof. We only focus on(63). The proof of (64) is similar. Since —92 4V is self adjoint on L?, we have
(65)
Aa(fa(2),sin(kz)) 2 = ((=0F + V) fa(2),sin(kx)) 2 = (fu(@), (~0; + V) sin(kz)) 2
= k*(fa(2),sin(kz)) 12 + (fu(@), V sin(kz)) 12

Moreover, by Theorem 4 page 35 of [PT87], we know there exists b € £°°(N*) such that A\, = n? + b,.
Therefore, there exists C' > 0 (depending on ||V||2), such that if n + k& > C and n # k then

An — k2| > [n? — k2|/2 > (n — k) (n + k).
Since it is clear that |(f,(x),sin(kx))r2| < /7/2 and since there are only finitely many indices such

that n + k < C, by (65) we get (63). O
Proposition 6.2. For all V € L?(0,7;R), the following maps are isomorphisms of Banach spaces
por, { HOTE) 5o g, {HOTR) 5 RO0GE
' u (Jo u z)dz), ' u (Jo u x)dz),

Proof. As usual we only focus on \I/D‘r. Note that assuming it is well defined, since ( fn)n is an Hilbertian
basis of L? (see Proposition 1.9), its injectivity is obvious. Furthermore, by the Banach isomorphism
Theorem, it is enough to prove that it is continuous and surjective (i.e. actually the continuity of the
inverse follows from the proof of the surjectivity).

> Contz'nuity First, we check that WP is well defined and is continuous. We define

(66

Cn ke = \/7/ fn(x)sin(kx)dz, v = \/7/ )sin(kx)dz, w, = / w(x) fr(z)dz, 25 = Cppvn.
0

We aim at proving that ||w|[;1 < ||ul/g1. We recall that it is well known that [[v]|;1 < ||u||gi. By the
triangular inequality we have

[wllpr < llzllnr + [lw = 2l[pe S ollpe + lw = 2llpr S llullar + o = 2]l

Therefore, we only have to focus on |w — z|,1. Since (2/m)'/?(sin(kx)); is an Hilbertian basis of
L?(0,7;R), we have w, — 2, = Zk;ﬁn UkCp k- Consequently, applying Lemma 6.1, we deduce that?"

o= 2I3 = 32D onenr)” S 3 ( Z% S22 Z%V'

n>1 k#n n>1 n>1

However, by a straightforward generalization of Lemma 7.1 of the appendix, we have

vk |(k) < [[0]lp2 2 2 2
S and so [lw =zl S (vl S [l
;; n—k)(k) ~ ) s I

> Surjectivity. Let w € h' and let us set u = Y, wy fn (a priori in L?). We just have to prove that

u € H}. Naturally it is enough to prove that [[v[[,: < ||w|/p: (where v is defined by (66)). Denoting
Yn = WnCnp, it is clear that |Jy|[,1 < [Jwl|,1. Therefore, by the triangle inequality, it is enough to prove
that ||v — y||p1 < ||wl||p1. Observing that, by definition, we have

|wn|(k) |2
o=yl = D209 (3 weens)* S 3 ( Zm>
k>1 k#n k>1 k#n
arguing as we did for the continuity estimate, we deduce that ||v — thl N HwH 0
As a straightforward corollary we get the following result on T.

20we do not pay attention to the dependency with respect to ||V 2.
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Corollary 6.3. For all V € L*(T;R) even, the following map is an isomorphism of Banach spaces
HYT;R) — hY(Z;R)
T s L u(@) fa(e)da)
2T n n

Finally, the following lemma deals with the restriction of WP to H* N H} for s € [1,3/2). We only
use it to prove Corollary 1.14.

Lemma 6.4. Let s € [1,3/2) and V € L?(0,m;R). There exists C > 0, such that for allu € H*(0,7;R)N
HE(0,7;R), we have

Proof. We use the notations (66) that we have introduced to prove Proposition 6.2. We aim at proving
that, being given u € H® N H}, we have ||w|ps < |lul|gs. It is proven, in Lemma 7.3 of the appendix
(since we did not find a proof in the literature), that |[v||ps < |lul|gs. Therefore, by the triangular
inequality we have

[wllps < Nlzllns + llw = 2llns S llvllns + llw = 2llas S llullzs + llw — 2]k

Finally, proceeding as in the proof of Proposition 6.2, since 2(s — 1) — 2 < —1 (i.e. s < 3/2), we deduce
that

lw = 2[7s £ D>V llf ()7 S Hollfn S lullfp < lullfs.

n>1
O
6.2.2. Proofs of the results of the subsection 1.3.2.
Proof of Lemma 1.7. The proof is similar to the proof of Lemma (1.3), so we omit it. O

Proof of Theorem 1.10. The proof is almost the same as the proof of Theorem 1.17 below (excepted
that, thanks to the stronger non-resonance condition, most of the estimates are uniform with respect to

(r,N)). 0

Proof of Theorem 1.17. We fix r > 2 (an even number), N > 1 and V' € L*°(T;R) an even potential
such that (A, (V|(o,r)))nez is strongly non-resonant, up to order r, for small divisors involving at least
one mode smaller than N, according to Definition 1.15. We set p = ||V||~ and €y = £, (which is
defined by Lemma 1.7). Assuming that «(®) € H(T) satisfies € = ||u(?| g1 < €, the solution of (NLS)
given by Theorem 1.8 satisfies

(67)  VteR, A u(®)Fn < H(u(®) + (p+ HM(u(t)) = H(u(0)) + (p + 1)M(u(0)) < Aye?,

ie. |lu(®)|zm < Aye. Thanks to Corollary 6.3, we identify functions of H*(T)/L*(T)/H*(T) with
sequences of h'(Z)/¢%(Z)/h=1(Z) through their decompositions in the Hilbertian basis (f,/v/2)nez. For
example, we denote u,,(t) = % Jyu(t,z)fn(z)dz and we have ||u(t)|,n ~ [Ju(t)||gr. Defining w, = Ay,
(NLS) rewrites
(O (t) = wptn(t) + (9(, ult, ) *)u(t, ))n-
We introduce the Taylor expansion of y +— ¢(-,y) in y = 0 at the order r/2 — 1
r/2—2

) — Y r/z—l/lw P21
g(vy)_ - 2/; 19)()], +y 0 (7,/2_2)1 8@/ g(,ay)d(l
J=p/s—
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where g; := dg(-,0) € H*(T;R). Therefore, (NLS) rewrites

r/2—2

Ortn(t) = wuen(®)+ 3 (o Ot )Pt )+ Fult),

i=p/2-1""
the remainder term being defined by
r— ! (1 — a)?‘/2—2 r/2—
Flta) = futt o) ut.a) [ Gl g, alu(t. o)) do

Reasoning as in the proof of Theorem 1.5, it can be easily proven that || F|[,-1 < ||F|lp2 = || F||2 e L.
> Identification of the Hamiltonian structure. First,concerning the linear part, we note that for all v €

hl

1
wnvn = (VZ2(v)), where Zs(v) = B E wi|vg]?.
kez

For the nonlinear part, we define
. 1 .
P& (v) = / 191 (@) (@)Y de.
T 4]

It is clearly a smooth function on h' and we have

, 1 .
VPO0) = gy @)o(a) [ u(e).
Therefore, (NLS) rewrites
r/2—1
(68) iou(t) = V(Z2+ > PP)(u(t)) + F(t).
i=p/2

Hence, we just have to identity P(*) with a formal Hamiltonian in ,%’62%(2) Indeed, noting that the

formal permutation below are justified by convergence in H' (thanks to Corollary 6.3), for v € h!, we
have

(25) _ g'_1(x)_ 9 i, | i 1(2) ..
P () = /T ](Qj)! ‘ %Uﬂfu(w)‘ = nez:z% fr O et ey /WT J( 2j)! fm (@) Iy (z)dz
= > D e (PO

ne€zZ? oce{—-1,1}21

where (P27 := 0 if oy +--- + 09; # 0 and,

(2))! (2?) (PO = [ a) o) o) Ao i o1+ =0,
J T

To estimate these coefficients, we introduce the Fourier basis of L?(T;R) defined by

-

Vn >0, e,(x) = (ﬂ')_% sin(nz) and e_,(x)= (71')_% cos(nx) and ep(x) = (2m) 2.
We note that as a consequence®! of Lemma 6.1, we have

¥,k € Z, [(foren)r2] S (n— k)72 + (n+ k)77

2Lif kn < 0, by parity, we have (fn,ex)r2 =0
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Therefore, since g;_1 € H 2 applying Lemma 7.2 of the appendix, we have

’(P@j))ﬂ Sj Z ‘(gj—lveksz)Lz (fmve/ﬂ)L? T (fmwekzj)LZ’ /I]’ekl (x) T Chgjia (x) dz

kez?i+1

ng 1HH2 - 1
<.
~J Z Z Pl (ng — k)2 + (ng + ky)?

ve{—1,1}2i+1 pez2i+1 (k2jt1)?
v-k=0
=D S (b)) Plome—ke) TS Y (vin e+ vgyna;)
vE{—L1} Rathaj =0 ve{-1,1}

As a consequence, P29 ¢ ,%’625(2) and we have ||[P(37)||g5 <; 1.
> Conclusion. Since w is solution of (68), the frequencies are strongly non resonant, the remainder term

is of order  — 1 and the leading polynomial part are controlled in ,%’ffg(Z), to conclude, we just have to
apply Theorem 5.1 with s =1, a =2,¢=0,e1 =A,e,n=A,, d=1,Z3= 7, Npax = N. Indeed, we
have 1/2=d/2—q¢<s=1<a—-d/2+q=3/2and 2 = o > max(d—q,d/2) = max(1-0,1/2) =1. O

Proof of Corollary 1.14. Without loss of generality, we assume that s € (1,3/2). We fix r and we
apply Theorem 1.10. Therefore assuming that € = ||[u(?||gs < €o, we know that

Vn > 1, ‘ Jun (8)[* — ‘un(o)m < Cr<n>ﬁr e

where ¢ € R satisfy t < |e|™" is fixed in all this proof. We choose 6,,(t) in order to have e, (0) €
Riup(t). As a consequence, we have

[n (8) = €7 O (0)] = [Jun (t)] — [y, (0)]]-
Therefore, as a consequence of Proposition 6.2, we have

) () = 3 O O 0 a3~ S () (8) — P O ) = 3 (0 (8)] — [ (O)])2

n>1 n>1 n>1

S D2 llun®F — [un ()] S Co N3P 3 7 () un () + D (n)?|un ()

n>1 (n)>N (n)=N

where N > 1 is a parameter we will optimize with respect to € (you can think N = % ). Before, we
have to estimate the two last sums of (69) with respect to N and e. Since u(0) € H* N H} satisfies

e = ||u(0)|| gs, as a consequence of Lemma 6.4, we have
(70) > ()P un(0)? < N2,
(n)>N

Now we focus on estimating z<n>2N(n>2\un(t)]2. By Theorem 4 page 35 of [PT87|, we know that there
exists ng > 0 such that
Vn > ng, A\, > n2/2.

Therefore, assuming that N > (ng), we have
5 0P <2 3 s
n)>N (n)>N

Since the Hamiltonian of NLS is a constant of the motion (see Theorem 1.8), we know that

S Afun()]? + / G, u(t,2)2) do = 3 Aaul® P2 + / Gz, [u® (2)]?) da
n=1 0 n=1 0
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Therefore, recalling that A, < (n)?, we have

)Y 2P S S ) un0) + ST () un(0)]® — un(8)?] + | /O " e, ult, 2)?) de|

(n)=N (n)=N (n)<N

T /0 " G, [u0.2)?) de]

Reasoning as in the proof of Lemma 1.3, we prove that

| /0 G, Jult, 2)[?) dz| < u(t)|Ey-

Moreover, using the convexity estimate of Lemma 1.7, we prove, as in (67) in the proof of Theorem
1.17, that ||u(t)|| g < e (we do not track the dependency with respect to ||V||ze). As a consequence,
estimating the two first terms of the right hand side of (71) as before, we deduce that

Z <7’L>2|un(t)|2 S?‘ N_2(8_1)€2 +NBT+3€p‘
(n)>N

Consequently, plugging this estimate (and (70)) in (69), yield to

[|u(t) — Zew"(t)un(o)fnuzl <, N-2-D2 | NB3p,
n>1

p—2
Finally, to conclude, we just have to optimize this estimate setting N = (ng)(ep/e)z+2+5. Note that,
(s=1)(p—2)

as a consequence, we have § = 5 el
T

O

6.3. Application to nonlinear Schrédinger equations in dimension two. In this section, we aim
at proving the deterministic results of the subsection 1.3.3 about (NLS?).

Proof of Lemma 1.19. It is a direct corollary of the Sobolev embedding H' < L*. O

To prove our main result about (NLS?) (i.e. Theorem 1.21) we have to overcome a new issue: H'(T?)
is not an algebra. Fortunately it is almost an algebra in the sense that for all s > 1, H*(T?) is an algebra.
Since we are only interested in the long time behavior of the low modes, we trade some extra smoothness
against arbitrarily small negative powers of € (which correspond to the factor e=° in Theorem 1.21).
To achieve this, we optimize the constant 1 and the set Zo of Theorem 5.1 with respect to €. Such
an optimization is possible because we have paid a lot of attention in Theorem 5.1 to have estimates
uniform with respect to these constants.

Proof of Theorem 1.21. We fix a potential V € H'(T2) such that the frequencies wy, = |n|? + V,, are
strongly non-resonant. We set p = ||V'|| 2 and g = min(1,¢,) (¢, is defined by Lemma 1.19). Assuming
that u(®) € H'(T?) satisfies € = ||u(?)|| ;1 < €, the solution of (NLS?) given by Theorem 1.20 satisfies,
by conservation of the Hamiltonian and of the mass, ||u(t)||g1 < Aye for all t € R (see (67) for the
proof). As usual, thanks to the isometries provided by the Fourier transform, we identify h*(Z?) with
H*(T?) for all s € R (we omit the symbol ~ to denote the Fourier transform). We fix r > 0 and, without
loss of generality, we can assume that it is larger than a given constant. Then we set

uSN = (up)nez, where Zy := {n € 72, (n) < N} and N :=¢e .
Then we fix 0 € (0,1/2) and we are going to deduce from Theorem 5.1 that
(72) t|<e™ = Vne€Za, [lun®) — |un(0)*] < Cps(n)Pr 170,

It turns out that it is enough to conclude the proof of Theorem 1.21 since, as ||u(t)|| g1 < Aye and
assuming that 3, > 1, (72) trivially holds true for (n) > N. So we only focus on u=".
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> Time reqularity of u=. We recall that u is only a weak solution of (NLS?) in the sense that it belongs
to L®(R; H') N W1°°(R; H~!). Therefore, since Zy is bounded, it is clear that u=" € CP(R; h!(Zy)) =
CY(R; h=1(Z2)). Moreover, we note that since ||u(t)|/z1 < Aye, we have [|[u=N(¢)| < Aye. We aim at
proving that u=Y € CY(R; h=1(Zs)).

A priori, we only know that =" is a Lipschitz function such that for almost all t € R, we have

(73) 10, u=N (t) = VZo(u=SN (1)) 4+ TSV (|u(t) Pu(t))
where ISV : (2(7%) — (%(Z3) is the natural restriction and Zy(u=") := %ZTLGZQ wn|usN|2. We have
to prove that i9;u=" is continuous (we do not care about which topology since h~!(Zz) is finite dimen-
sional). Actually by (73), it is enough to prove that both t + VZo(u=N(t)) and ¢ — TN (Ju(t)[2u(t))
are continuous.

On the one hand, we note that since V7, is linear, it is continuous. Therefore, since u=N &
WL(R;h~1) € COR; A1), t = VZo(u=N(t)) is continuous.

On the other hand, we have the two following homogeneous estimates (namely Holder and Gagliardo-
Nirenberg)

2/3 1/3
-2 S VIl - and |- llgs S 12500 - 1

which imply, since u € L®(R; H') N WH°(R; H~1), that u € CY(R; L%) (because it is 1/6-Holderian).
Therefore, we have |u|?u € C(R; L?) and thus # +— =N (|u(t)|?u(t)) is continuous.
> Structure of the nonlinear part. The evolution equation of u=" is actually non-autonomous (because

it depends on u,, (n) > N). Therefore, we split it between its autonomous part and its non-autonomous
part. More precisely, if (n) < N, we set

(ufu)n = 2m)2 > Tgug,up, = VPD(u) + Fy(t)

ki+ko=l1+n
where
Fo(t) = (2m)~? S Tt)ug, (ug,(t) and  PW(u) = (47)7? > g, Ugy Uk, Wy -
ki+ko=0l1+n k1+ko=01+0>
max((k1),({k2),(€))>N max ({k1),(k2),(€1),(l2)) <N

Up to a straightforward symmetrization, P can be easily identified with a formal Hamiltonian in
Nazo Hoa(Z) C Hgho(Z) (we choose a = 10 in order to fix it) whose norm satisfy [P® o0 S 1. We

note that, since Zs is bounded, for all ¢ > 0, we also have ||[P®| 210 S N1, Therefore, defining
n= 66/2/1&,) and ¢q=4d/12r,

we have |[PW | 10 < (e737)%/3 ~ 72,

> Estimate of the remainder term. We aim at estimating || F},(t)||,=1 by n~* =22 —1

€ . Applying the

Young’s convolution inequality £3/2 x £12/11 4 ¢12/11 < 02 e obtain

IE @2 S 1 gnys vun(®))nllgsrz () iz -
Then by Hélder, (since 1/6 +1/2 =2/3 and 5/12 + 1/2 = 11/12), we have

lu@)llgzm < lullpll((n) ™ allpes S e

1 gy v (O)nllerz < Nl 1L gy ()™ les = llulln (Y- (2)7°)
(n)>N
< Jull N7 (30 )72 S eN T
nez?
Therefore, since N = =%, we have ||[F(t)|jp2 <, e312771/2 < 21 < p?7=2227=1 In other words,
F(t) is a remainder term of order 2r — 1 (in the sense of Theorem 5.1).

o=
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> Conclusion. Since we have 1 —¢<s=1<a—d/2+q¢=9+q and 10 = a > max(2 — ¢, 1), applying
Theorem 5.1 (with r <— 2r), we get C,. 5 and 3, such that

jt] < emCrPU=0 = i€ Zy, [Jun () — [un(0)P] < Crg(m)® '
Therefore it is enough to assume that r is large enough to ensure?” that (2r —p)(1 — §/2) > 7 to have

(72) and so to conclude this proof. O

7. APPENDIX
We collect some useful estimates on convolution products.

Lemma 7.1. For alld > 1, a,b > 0 such that a +b > d there exists C > 0 such that for all z,y € R?

we have
YRk —a) k) < Clat+y)
kezd
Proof. Applying the triangle inequality in the Euclidean space R4, we get
(@ +y) <{k—x)+ (k+y)

Therefore, for all k € Z%, we have either (k —z) > 2(z +y) or (k+y) > L(z +y). In any case, we
deduce that

Dok k=) ket y) <@y YR DR OB

kezd kezd kezd

Finally, since a+b > d, we control these sums (independently of 2 and y) applying the Holder inequality

with p = %t (and so p/ = 217). O

Lemma 7.2. For all o > 1, there exists C' > 0 such that for alln € Z" with r > 2, we have

Z H —a <Cr 1<n1+ _’_nr>—o¢

kl‘l’ +k'r—0.] 1
Proof. We proceed by induction on r.
e [nitialization : r = 2. It is a consequence of Lemma 7.1 with x =n1, y =n9, a =0, b = a.

e Induction step. We assume that the estimate hold for an index r > 2. Applying the induction
hypothesis and the change of variable k. + k. —m we deduce that

M EZ, fo(m) = Y H )< O g+ 4y — m)
ki+-+kr=m j=1
As a consequence, since the convolution product is associative, we deduce that
r+1

> M-k = > ) — ko)™
E14-+kp41=0 j=1 mtkr41=0
é Or_l Z <7”L1 + -t ny — m>_a<nr+1 - kr+1>_a
m+k7.+1=0
Finally applying the estimate we proved for » = 2, we conclude this induction. ]

Finally, we provide a lemma about the representation of low order fractional Sobolev spaces (it is
probably well known but we did not find it in the literature).

22\which is possible since § € (0,1/2).
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Lemma 7.3. There exists C > 0 such that for all s € [1,2] and all w € H*(0,7;C) N HE(0,7;C) we
have _
[OP (W)][,,. < Cllullas

where WP+ L2(0,m;C) — (2(N*; C) is defined by W™ (u) = [ sin(na)u(z)dz.

Proof. We proceed by complex interpolation (whose definition and main properties are recalled, for
example, in [Tri78, Agral5]).
> If u € HE(0,7; C), by integration by part, since u(0) = u(r) = 0, we have

Dir = [ — cos(nz)u(z)]" +n~ ﬂcosnx u(x)de =n" 7rcosn:z: u(x)dz.
W2 () = [ costna)u(o)] + " [ cos(na)outeide = n7! [ cos(na)su(ed

The functions cos(nx) being orthogonal in L? and of norm /7 /2, we deduce that || WP (u)||,1 < ||l g
> If u € H?(0,7;C) N HY(0,7; C), realizing a second by integration by part, we have

Dir = [n"'sin(nz)0pu(z)]" — n=2 7TSinnx 2u(z)de = —n~? 7TSinnx 2u(z)dz.
V() = [~ sin(n)deu(e)]; —n7? [ sinna)ofua)a | sintna)ozu(ey

Therefore, as previously, we deduce that || WP (w)|,2 < |lull g2

> If s € (1,2), we have h® = [h!, h?]5_1 (Theorem page 130 of [Tri78]) and H*NH{ = [H}, H2NHE]s—1
(Theorem 13.2.2 page 198 of [Agral5|). Therefore, the natural property of the interpolation (see e.g.
Thm 13.2.1 page 197 of [Agral5]|) provides the continuity estimate we wanted to prove. O
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