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INTEGRATING THE WIGNER DISTRIBUTION
ON SUBSETS OF THE PHASE SPACE,
A SURVEY

NICOLAS LERNER

ABSTRACT. We review several properties of integrals of the Wigner distribution
on subsets of the phase space. Along our way, we provide a theoretical proof
of the invalidity of Flandrin’s conjecture, a fact already proven via numerical
arguments in our joint paper [4] with B. Delourme and T. Duyckaerts. We use
also the J.G. Wood & A.J. Bracken paper [48], for which we offer a mathematical
perspective. We review thoroughly the case of subsets of the plane whose boundary
is a conic curve and show that Mehler’s formula can be helpful in the analysis of
these cases, including for the higher dimensional case investigated in the paper
[33] by E. Lieb and Y. Ostrover. Using the Feichtinger algebra, we show that,
generically in the Baire sense, the Wigner distribution of a pulse in L?(R") does
not belong to L'(R?"), providing as a byproduct a large class of examples of
subsets of the phase space R?" on which the integral of the Wigner distribution is
infinite. We study as well the case of convex polygons of the plane, with a rather
weak estimate depending on the number of vertices, but independent of the area
of the polygon.
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FOREWORD

As indicated by the title of this article, this paper is a survey of properties of
integrals of the Wigner distribution on subsets of the phase space. Since it is quite
lengthy, we wish in this foreword to describe the content of this paper, browsing
through the table of contents, expecting that the reader will find some organization
with the way this article is written. In particular, we shall point here what is original
in our survey (to the best of our knowledge) and what was well-known beforehand.
There is no doubt that the forty-eight articles quoted in the references list are a
small part of the literature on the topic and could be probably extended tenfold: we
expect nevertheless that our choice of references will be enough to cover the most
important contributions.

Section 1 is Preliminaries and Definitions and is very classical. We have used
L. Hérmander’s four-volume treatise, The Analysis of Linear Partial Differential
operators and in particular Volume III, as well as K. Grochenig’s [1/] Foundations
of time-frequency analysis, along with G.B. Folland’s [13]|, A. Unterberger’s [14] and
N. Lerner’s |27]. Some details are given, in particular on positive quantizations, but
that section is far from being self-contained, which is probably unavoidable: the link
of properties of the Wigner distribution and of the Weyl quantization of classical



INTEGRALS OF THE WIGNER DISTRIBUTION 3

Hamiltonians is easy to obtain but turns out to be an important piece of information
for our purpose.

Section 2 is stressing the link Quantization of radial functions - Mehler’s
formula and is also very classical: here also the link aforementioned is easy to get
but gives some simplifications in the formulas providing the quantization of radial
Hamiltonians: in one dimension for the configuration space (phase space R?), we
are reduced to check simple integrals related to the Laguerre polynomials, following
P. Flandrin’s method in his 1988 article [11].

Section 3 is dealing with Conics with eccentricity < 1. The result for the disc
in R? is due to P. Flandrin and the result for the Euclidean ball in R?" to E. Lieb &
Y. Ostrover in [33]. Using Mehler’s formula simplifies a little bit the presentation,
but leaves open the case of anisotropic ellipsoids for which we formulate a conjecture.

Section 4 is dealing with Epigraphs of Parabolas. The results obtained in
that section follow easily from Section 3 but nevertheless the precise diagonaliza-
tion proven there seems to be new. We formulate also a conjecture on anisotropic
paraboloids which is closely related to the conjecture in Section 3.

Section 5 is concerned with Conics with eccentricity > 1. Many of the results
in that section are contained in the paper [18| by J.G. Wood and A.J. Bracken;
however since the latter article contains some formal calculations, using for instance
test functions which do not belong to L?(R), we have made a mathematically sound
presentation. As certainly the most important contribution of this work, we provide
a “theoretical” disproof of Flandrin’s conjecture on integrals of the Wigner distribu-
tion on convex subsets of the phase space: we find in particular some a > 0 and
some function u € L*(R) with norm 1 such that

fj W(u,u)(z, &)dxds > 1,
(0,a]2

where W(u, u) is the Wigner distribution of u. This fact was already proven in our
joint paper [1] with B. Delourme and T. Duyckaerts, using a rigorous numerical
argument.

Section 6 is entitled Unboundedness is Baire generic and most of its content
is included in Chapter 12 of K. Grochenig’s book [11], Foundations of time-frequency
analysis. Using the Feichtinger algebra, we show that, generically in the Baire sense,
the Wigner distribution of a pulse in L?(R") does not belong to L'(R*"), providing
as a byproduct a large class of examples of subsets of the phase space R?® on which
the integral of the Wigner distribution is infinite. We raise a couple of questions, in
particular whether we can find a pulse u € L?*(R") such that

E (u) = {(z,&) € R* W(u,u)(x,&) >0} is connected.
Section 7 is Convex polygons in the plane: we study there the sets defined
by the intersection of N half-spaces in the plane R? and the integrals of the Wigner

distribution on these sets. We start with convex cones (N = 2) for which a complete
result is known and we go on with triangles (N = 3) for which we find an upper
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bound: the integral of W(u,u) on a triangle of R? for a normalized pulse in L?(R) is
bounded above by a universal constant. We show also that the integral of W(u,u)
on a convex polygon with N sides of R? for a normalized pulse in L*(R) is bounded
above by a universal constant x+v/N. We raise a couple of questions: in particular it
seems possible that the behaviour of convex subsets of the plane is such that there
exists a constant a > 1 such that

VC' convex subset of the plane R*, Vu € L*(R) with |lul|r2®) = 1,
we have ij(u,u)(w,é)dzdS <a.
c

That would be a weak version of Flandrin’s conjecture: the original Flandrin’s con-
jecture was the above statement with o« = 1, which is untrue, but that does not rule
out the existence of a number a > 1 such that the above estimate holds true.

Section 8 is entitled Open questions and Conjectures: we review in that
section the various conjectures that we meet along the text of the article, estimating
the importance and difficulty of the various questions. Section 9 is an Appendix
containing only classical material, hopefully helping the reader by improving the
self-containedness of this paper.

1. PRELIMINARIES & DEFINITIONS

1.1. The Wigner Distribution. Let u,v be given functions in L?(R"). The func-
tion €2, defined on R™ x R"™ by

(1.1.1) R" x R" 3 (2, )l—>u(:l?+2) (z—g):Q(u,v)(z,z),
belongs to L?(R?") from the identity

(112) [ 100 0) e, 2P dads =l ey
We have also

(1.13) sup [ [0 9)ldz < 2 ull e oo,

We may then give the following definition.

Definition 1.1. Let u,v be given functions in L*(R™). We define the joint Wigner
distribution W (u, v) as the partial Fourier transform' with respect to z of the function

IFor f € .Z(RVN), we deﬁne its Fourier transform by f fR e~ 2mw€ f(r)dr and we obtain
the inversion formula f(z) = [pn €*™¢ f(€)d¢. Both formulas can be extended to tempered
distributions: for T € . (RN ), we define the tempered distribution 7' by

(1.1.4) <T7¢>Y/(RN),Y(]RN) = (T, @ﬁ(RN),y(RN)-

Note also that with this normalization, it is natural to introduce the operators DJ defined for
a € NV by

, so that Dou = £*a(€), with £% = £ £V,

1.1. Dou= DS ...DS"u, Dyu=
(115) Dfu=Dg ... Dy, Dau= oo
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Q defined in (1.1.1). We have for (z,§) € R} x R, using (1.1.3),

(1.1.6) W(u,v)(z,§) = / e 2=y (z + g)f)(m — g)dz
The Wigner distribution of u is defined as W(u,u).

N.B. By inverse Fourier transformation we get, in a weak sense,
(1.1.7) u(zy) ® v(xe) = /W(u,v (

Lemma 1.2. Let u,v be given functions in LQ(R”). The function W(u,v) belongs
to L*(R*") and we have

(1.1.8) ||W(u, U)||L2(R2n) = ||U||L2(Rn)||v||L2(Rn).

a:1+x2

’5) 2im(x1—x2 §d£

We have also
(1.1.9) W(u,v)(x, &) = W(v,u)(z,§),
so that W(u,u) is real-valued.

Proof. Note that the function W(u,v) is in L*(R?*") and satisfies (1.1.8) from (1.1.2)
and the definition of W as the partial Fourier transform of Q. Property (1.1.9) is
immediate and entails that W(u, u) is real-valued. O

Remark 1.3. We note also that the real-valued function W(u, u) can take negative

771'.272

values, choosing for instance u;(x) = ze on the real line, we get

W(uq,up)(x, &) = 21/2672”(:”2“2)(1:2 + &2 — i)
In fact the real-valued function W(u, u) will take negative values unless u is a Gauss-
ian function, thanks to a Theorem due to E. Lieb (see [31] and the books [14] and
[35]). As a matter of fact, this range of W(u,u) intersecting R_ for most “pulses”
u in L?(R") makes rather weird the qualification of W(u, u) as a “quasi-probability”
(anyhow the emphasis must be on quasi, not on probability).

Remark 1.4. We have also by Fourier inversion formula, say for u € . (R"),

(1.1.10) o+ Do - 3) = 0(e.2) = [ Wia,u)(w, e,
so that, with z = 22 = y, we get the Reconstruction Formula,

(11.11) ul)a0) = [ Wiuw) GOt

as well as

(1.1.12) (z)]* = /W w,w)(z,§)dE,  |au(€) /W u,u)(z,§)d

the former formula following from (1.1.10) and the latter from

(1.1.13) /W(u,u)(z,f)dm = jf e 2y (z + 2) u(xr — Q)dzda:

= H e—2m§(x1—:v2)u(m1)a(@)dxldxg = |a(é)|.
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Lemma 1.5. Let u be a function in L*(R™) which is even or odd. Then W(u,u) is
an even function.

Proof. Using the notation
(1.1.14) u(x) = u(—x),

we check

W(u,v)(—z,—§) = /n ey (—x + g)ﬁ(—x — %)dz

- / iz — )i + 5)dz = / e i + 2)i(a — )dz
= W(ﬂ, ?v}) (SL’, g)v
so that if & = fu, we get W(u,u)(—z, —§) = W(u, u)(z,§). O
N.B. This lemma is a very particular case of the symplectic covariance property

displayed below in (1.2.35).

N.B. In Part 1 of Volume IV in the collected works [17] of Eugene P. Wigner, we
find the first occurrence of what will be called later on the Wigner distribution along
with a physicist point of view.

It turns out that most of the properties of the Wigner distribution (in particular
Lemma 1.5) are inherited from its links with the Weyl quantization introduced by

H. Weyl in 1926 in the first edition of [16] and our next remarks are devised to stress
that link.

1.2. Weyl quantization, Composition formulas, Positive quantizations.

1.2.1. Weyl quantization. The main goal of Hermann Weyl in his seminal paper [10]
was to give a simple formula, also providing symplectic covariance, ensuring that
real-valued Hamiltonians a(z,£) get quantized by formally self-adjoint operators.
The standard way of dealing with differential operators does not achieve that goal
since for instance the standard quantization of the Hamiltonian x¢ (indeed real-
valued) is the operator xD,, which is not symmetric (D, is defined in (1.1.5));
H. Weyl’s choice in that case was

1
x& should be quantized by the operator §($Dx + D,x), (indeed symmetric),

and more generally, say for a € . (R?*"),u € ./(R"), the quantization of the Hamil-
tonian a(z, ), denoted by Op,,(a), should be given by the formula

(1.2.1) (Op,,(a ﬂ Zim(e=y)Eq %Ly,f) (y)dydé.
For v € #(R"), we may consider
(Opy(@)u, v) p2(rny ffj a(x, &)e 2™y (z + 2) o(r — —)dzda:df
= ] al@OW(uv)(@.§)dude,

R xR™
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and the latter formula allows us to give the following definition.

Definition 1.6. Let a € ./ (R*"). We define the Weyl quantization Op,(a) of the
Hamiltonian a, by the formula

(12.2) (Op(@)u)(z) = [[ e2mev> ; 2, €)uly)dyds,

to be understood weakly as
(1.2.3) (Opy (a)u, D)1 mn), 2 mn) = (@, W(U, 0)).71R2m) 5 (m2n) -
We note that the sesquilinear mapping
S (R") x L (R") 3 (u,v) = W(u,v) € F(R*™),

is continuous so that the above bracket of duality (a, W(u,v)) s (men),»@n) makes
sense. We note as well that a temperate distribution a € .#/(R?*") gets quantized by a
continuous operator Op,,(a) from .%(R"™) into ./ (R™). This very general framework
is not really useful since we want to compose our operators Op,,(a)Op,(b). A first
step in this direction is to look for sufficient conditions ensuring that the operator
Op,(a) is bounded on L*(R"). Moreover, for a € .#/(R?") and b a polynomial in
Clz, €], we have the composition formula,

(1.2.4)  Op,(a)Op,(b) = Op,(ath),

125 @@= 1 Y om0 e @t w.6)

k T
k>0 (4im) ol H1Bl=k 6!

which involves here a finite sum. This follows from (2.1.26) in [27] where several

generalizations can be found (see in particular in that reference the integral formula
(2.1.18) which can be given a meaning for quite general classes of symbols).

Proposition 1.7. Let a be a tempered distribution on R®*™. Then we have
(1.2.6) 10Dy (@)l 5(z2rn)) < min(2"||al|r(gen), (@] L2 @en).
Proof. In fact we have from (1.2.3), u,v € #(R"),

(0P, (@)u, v) 2y = [[[ ale, ©)u(2z — y)(y)e= =02 dydude,
so that defining for (z,&) € R*" the operator o, ¢ by
(1.2.7) (0pcu)(y) = u(2z — y)e @€,

we see that the operator o, (called phase symmetry) is unitary and self-adjoint?
and

(1.2.9) Op,,(a) =2 ff a(z,§)o, edrde,

2Indeed we have

(1.2.8) (az’gu)(y) = (opeu)(2z — y)e_4”(w_y)‘€
=u(2z — (2z — y))674i7r(m*(2xfy)) §o—dim(z—y)€ = u(y), so that 0—27{ =1Id.

We have <U;’£U7U>L2(Rn) = (U, 02,¢V)2mny = W(v,u)(2,8) = W(u,v)(x,§) = (04,u,0)2(rn),
proving that o . = 04.¢.



8 NICOLAS LERNER

proving the first estimate of the proposition. As a consequence of (1.2.9), we obtain
that

(1.2.10)  (Opy(a))" = Opy(a), so that for a real-valued, (Op,(a))* = Op,(a).

To prove the second estimate, we introduce the so-called ambiguity function A(u, v)
as the inverse Fourier transform of the Wigner function W (u,v), so that for u,v in
the Schwartz class, we have

(A, 0)(n,y) = [[ Wlu,v)(, )T dud,

1.e.

(1.2.11) (A(u, ) (1, y) = / u(z + %)6(.9: - %)e%x'ndx,

which reads as well as

(1.2.12) <A(u,v))(n,y):/u(y+

S0 U(5 —5) eMmEdz o

2 2

~ y n —Nn
= W(u, v)(é, —5)2 :

N.B. The ambiguity function is called the Fourier-Wigner transform in G.B. Fol-
land’s [13].

Remark 1.8. With Q(u,v) defined by (1.1.1), we have
(1.2.13) W(u,v) = Fo(Qu,v)),

where JF; stands for the Fourier transformation with respect to the second variable.
Taking the Fourier transform with respect to the second variable in the previous
formula gives, with F; (resp. F) standing for the Fourier transform with respect to
the j* variable (resp. all variables),

FoW =0CoQ, FW =FC ), A=CFW=FCQ,

where C (resp. C; or Cs) stands for the “check” operator C in R™ x R™ given by
(1.1.14) (resp. with respect to the first or second variable), the latter formula being
(1.2.11).

Applying Plancherel formula on (1.2.3), we get
(1.2.14) (Opy(@)u, v) 2@y = (G, A(u, v)) 5/ (@2n), 7(R2n)-
We note that a consequence of (1.2.5) is that for a linear form L(z,£), we have
L4L = L?, and more generally L = LY.
As a result, considering for (y,n) € R?", the linear form L, , defined by
(1.2.15) Lyy(z,§) =z-n+&-y,

we see that

(1.2.16) A(u, 0)(1,y) = (Op (T )i, 0) 12,
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and thus we get Hermann Weyl’s original formula

(1.2.17) Op,,(a) = ff&(n, y)e P L) dydn,

which implies the second estimate in the proposition. O

Proposition 1.9. Let a € '(R*"). The distribution kernel k,(z,y) of the operator

Opy(a) is

Tty
2

Let k € 7' (R*) be the distribution kernel of a continuous operator A from #(R")

into /' (R™). Then the Weyl symbol a of A is

(1.2.18) ko(z,y) = a°( Y — ).

4 t t
(1.2.19) a(z,§) = /e2m'5k(w + 2%~ §)dt,

where the integral sign means that we take the Fourier transform with respect to t of

the distribution k(x 4+ £, — %) on R*" (see (1.1.4) in footnote 1 for the definition

of the Fourier transformation on tempered distributions).

Proof. With u,v € .#(R™), we have defined Op,(a) via Formula (1.2.3) and using
Remark 1.8, we get

<Opw(a)u, T)>=§ﬂl(Rn)w5ﬂ(Rn) = <a(x, f), Q[Q] (l’, g))y/(RQH)’y(RQn)

. Z._ z
= (@, 2), ult + 2)o(t — 2.y s

o1, L+ Y _
= (@?( 5 ), u(y)v(x)) o (m2n), 7 (R27),
t t

proving (1.2.18). As a consequence, we find that ko(z + %, 2 — L) =@ (z, —t), and

by Fourier inversion, this entails

a(z,§) = Fourier (ko (z + %,x — %))(5) = /6_2”’5'5/{,1(93 + %, T — g)dt,
where the integral sign means that we perform a Fourier transformation with respect
to the variable ¢. O

A particular case of Segal’s formula (see e.g. Theorem 2.1.2 in [27]) is with F
standing for the Fourier transformation on R",
(1.2.20) F*Op,(a)F = Opy(a(&, —x)).
We define the canonical symplectic form ¢ on R™ x R™ by
(1.2.21) (cX,Y) = [X, Y] =¢y—n-z, with X =(z,8),Y = (y,n).

The symplectic group Sp(n,R) is the subgroup of S € SI(2n,R) such that
(1.2.22) VX,Y € R*™  [SX,SY]=[X,Y], ie. S*0S=o,
with

(1.2.23) o= (—Ozn ]5) |
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The symplectic group is generated by

(1.2.24) (1) (2,8 — (Tz,'T7'¢), T e GI(n,R),

(1.2.25) (i) (zx, &) — (&, —xx), other coordinates unchanged,
(1.2.26) (i) (z,8) — (2, +Qx), Q € Sym(n,R).

Now for S € Sp(n,R), the operator

(1.2.27) Opy(aoS) = M*Op,(a)M,

where M belongs to the group G, (n), which is a group of unitary transformations
of L?(R™). Let us describe the generators of the group Gu.(n) corresponding to
the symplectic transformations (i-iii) above in the covariance formula (1.2.27). The
group Gy (n) is generated by

(1.2.28) G) (Mu)(z) = |det T|"V?u(T '),

(1.2.29) (jj) partial Fourier transformation with respect to xy,
(1.2.30) (jij) multiplication by e™™(@®)

(1.2.31) (jijj) multiplication by a complex number with modulus 1.

We note also that for Y = (y,n) € R*", the symmetry Sy is defined by Sy (X) =
2Y — X and is quantized by the phase symmetry oy as defined by (1.2.7) with the
formula

(1.2.32) Opy (a0 Sy) = 03.0p(a)oy = oyOp,(a)oy.

Similarly, the translation Ty is defined on the phase space by Ty (X) = X + Y and
is quantized by the phase translation Ty,

(1.2.33) (Tmu)(x) = u(r — y)e%“(’:’%)'”,
and we have
(1.2.34) Opy(a o Ty) = 73.0p,(a)Ty = 7y Op,,(a)Ty.

Note also that the covariance formula (1.2.27) can be reformulated as the following
property of the Wigner distribution, thanks to (1.2.3),

(1.2.35) W (Mu, Mv) = W(u,v) o S71.

Since the group G..(n) is continuous from .#(R") into itself, Segal’s Formula (1.2.27)
is valid as well for a € ./(R*"). We note also that Sp(1,R) = SI(2,R).

N.B. Property (1.2.35) can be extended to the affine symplectic group and we have
with the phase translations defined in (1.2.33),

(1.2.36) V(X,Y) € R*™ x R*™", W (tyu, yv) (X) = W(u,v)(X = Y).

We shall define the affine group 6% (n) as the group of unitary transformations of
L?*(R™) generated by transformations (1.2.28), (1.2.29), (1.2.30), (1.2.31) and phase
symmetries given by (1.2.7).
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Theorem 1 in E. Lieb’s classical article [31] gives a more precise version of (1.2.38),
(1.2.39) and (1.2.40) below.

N.B. More information on the so-called Metaplectic Group, a subgroup of G(n), is
gwen in H. Reiter’s [37] (see also Chapter 9 in K. Grichenig’s [11]).

Theorem 1.10. Let u,v be in L*(R™). Then W(u,v) is a uniformly continuous
function belonging to L*(R**) N L>=(R?*") and using the definitions (1.2.33), (1.2.7)
for the phase translations and phase symmetry, we have

(1.2.37) W(u,v)(X) = 2" (oxu, v) p2mny = 2" (Tx U, Tx V) r2(rn)

= 2"(00T_2xU, V) L2(R7),

(1238) HW(U, U)”LQ(RQn) = ||UHL2(]R”)||UHL2(]R“)7
(1239) \V/p S [1, +OO], ||W(u, ’U)“Loo(RZn) S 2nl|u||Lp(R”)||U||Lp'(Rn)'
More generally, for ¢ > 2 and r € [¢, q], we have®
n(g-2)
(1.2.40) IW(u, v)l| Lageeny <270 [Jullr @ |0]] L gy

Moreover, we have

(1.2.41) lim [W(u, v)(X)] — 0.

R2"3X,|X|—=+c0

Proof. We have with o(z) = v(—x) = (ogv)(2),
W(u,v)(z,§) =2" / u(x + 2)v(z — 2)e " dz

— on /U(Z . (_I>>62mr(z—_7z)(—§)6(2 . x)€—2i7r(z—%)56—4i7rz§+2i7r(z—_7:”)§+2i7r(z—%)§dz

i / (Ttoet) (2) Ty D) ()l = 277, oyt T D) 22
or for short
(1.2.42) W(u,v)(X) = 2" (Txu, Tx0) 2 (rn)-
As a consequence we find from (1.2.9) that
(Opy(a)u,v) = /a(X)Z"(aOTQ*Xu, v)dX,
and since (0, ¢u)(y) = u(2z — y)e 4@ VE we can verify directly that

(1.2.43) O0T_2x = Ox.

Indeed, composing the translation of vector —2X in R?" with the symmetry with
respect to 0, we have

1
Y=Y -2X—2X-Y =Y §(Y+Y’):X,
that is the symmetry with respect to X. Quantifying this equality, we use

2z

(T(20—2eyt) (2) = w(z + 22)® ™22 = 4z 4 23)e M=)

3We use the standard notation: for p € [1,400] we define p’ by the equality ]% + 1% =1.
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so that we obtain

—dim(—z+z)§ _ (0‘:075’&) (Z),

which proves (1.2.43) and thus (1.2.37). Formula (1.2.38) is already proven in (1.1.8)
and (1.2.39) follows from (1.2.37), Holder’s inequality and the fact that 7x is an
endomorphism of LP(R™) with norm 1 (cf. the expression (1.2.33)). To prove (1.2.40)
we note that from the expression (1.2.13), the Hausdorff-Young’s inequality implies

00(T(—20,-26)u)(2) = u(—z + 2x)e

’ 'n1/q An =2
(1.2.44) IW () lzsons < 1w o) e < lul? * [0l 2" T,

and since Young’s inequality” gives

el 5 1ol W s < Ml W g W01 | o

a,b > ¢ with
q q q . 11 q 11
1L o121 % e e+ )=1+L thatis ~+- =1
q ozjL p q(a+b) +q’ 8Llsa+b ’
so that

el 5 [0 Tl parer < MlullZall0l]7,
in such a way that (1.2.44) yields

nd=2 1 1
W, 0)l|ssze <275 fullzellollr, ab>d, — 45 =1,

which is (1.2.40) . We are left with the proof of uniform continuity of W(u,v). We
have for X,Y € R?",

W(u,v)(Y) = W(u,v)(X) = 2"((oy — ox)u,v) L2rn),

and since % = Id (see the footnote 2 on page 7), we find

W(u,v)(Y) = W(u,v)(X) = 2"((oyox — Id)oxu, v) r2@n)

= 2”(0Xu, (Oxﬁy - Id)U>L2(Rn).

According to Formula (2.1.16) in [27], we have
(1246) Ox0Oy = TQX,QYeMTr[Y’X],
and this implies
(1247) |W(u, U)(Y) - W(U, U)(X)| < 2"Hu||L2(Rn) ||T2(X_y)v||L2(Rn).
We have from (1.2.32),

T.co(z) —v(z) = v(r — 2)e™@7¢ ()

= (U(ZE —2) — U($)>€2m(w—g)< + () (62i7r(x—g)< _ 1)’

4For p,q,r € [1,+00] with i + L =1 we have

q/ r’

(1.2.45) 1f = gller < I fllzellglza
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and thus

/2
720 =0 2@ny < (/|v r—z)—v(x)| dx) (/|v )|?|e2m@=3)¢ | d:c) :

We have the classical result, due to the density in L? of continuous compactly sup-
ported functions,
li —2) — *dx =0
Rnérzn_m/ lv(x — z) —v(x)|*dx = 0,
and moreover the Lebesgue Dominated Convergence Theorem implies

hm /|v )| |62””” - 1|2 dxr =0,
—(0,0)
€L(R™) <4
so that limgensz_yo||720 — v|[z2@n) = 0. As a consequence (1.2.47) implies the

uniform continuity of W(u,v). Moreover, we have, for ¢, € #(R"),

W(u,v) = W(u = ¢,v) + W(g,v — ) + W(g, ),
so that

W, o) 6] < [ 1= ) + etz - 3)ld:

+ [[ 10 =)@ = S)llofe + Dldz+ W(6, ¥) (@, )
< 2"Ju = ol 2@ v/l L2@n) + 2”“” - ¢||L2 rn) ([0l L2 @y
+ W, ¥)(z, )]
We choose now sequences (¢y), () of #(R") converging respectively in L*(R"™)
towards u,v. We obtain for all £ € N,
(1.2.48)  W(u,v)(@,8)] < 2"lu — dull 2|Vl L2e) + 2" |0 — Vil L2y | Pl 22 ()
+ W(ow, vx) (2, §)],
so that using that W(¢y, 1) belongs to . (R?"), we get

limsup |[|[W(u, U)(X)’]

R275X,| X | =400
< 2"u — @rllLz@n) vl L2@ny + 2" |0 — Vil L2@n) | Prl 2(n),

and thus, taking the limit when k — 400, we obtain

lim [|W(u,u)(X)| —0,

R275X | X|—+o00

completing the proof of Theorem 1.10. 0

Remark 1.11. Let u be in L?(R") be an even function. We then have
(1.2.49) W(at, 0)(0,0) = 23y = W (0, 0) o

On the other hand if u is odd we have

(1250)  W(t,u)(0,0) = —2"ullZagan) = —W(a, 1) e,
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showing that for odd functions the minimum of the Wigner distribution is negative
(we assume u # 0 in L?(R")) and attained at 0. Let us check for instance the (odd)
function u; of Remark 1.3. We have

o toop el
2||u1||%2(R) :2/m2e 2 dx:4/0 5 € t(2r) 1/2515 V2qy
L r(3/2)  T(1/2) 1
o (27r)3/2 o (27r)3/2 T 93/27
1.2.2. On weak versions of the Wigner distribution. Let u,v be in the space .#/(R")

of tempered distributions. Then we can define as above the tempered distribution
Q(u,v) in R*™: we set

= —W(uq,u1)(0,0).

(1.2.51) (Qu,v)(x, 2), D(x, 2)) 7/ (R2n), 7 (R2M)
= {u) @ i(az), (2

and then we define the Wigner distribution W(u,v) as the Fourier transform with

y L1 — 952)>y/(R2n),y(R2n),

respect to z of (u,v), meaning that
(1.2.52) <W(u, U), \Ij>y/(R2n)7d(ﬂ(R2n) = (Q(u, U), f2qj>§ﬁ/(R2n)7§ﬁ(R2n)’

where

(Fo)(, €) = / BTG (1 2)d

Of course W(u,v) is only a tempered distribution on R?" and we have the inversion
formula, using the notations of Remark 1.8,

(1.2.53) Qu,v) = FoCoW(u,v).

The above remarks show that there is no difficulty to extend the definition of the joint
Wigner distribution W(u, v) to the case where u, v are both tempered distributions
on R™. Some properties are surviving from the L? theory, in particular the inversion
formula, but one should be reasonably cautious at avoiding to write brackets of
duality as integrals. Theorem 2 in [31] gives a more complete version of the following
result.

Theorem 1.12. Let u € L*(R™) such that W(u,u) € LY(R*"). Then u belongs to
LP(R™) for all p € [1,400]| and we have

HuHLl(R") HuHLoo(Rn) S 2n||W(U, u)HLl(RQ")-
N.B. We refer the reader to our Section 6.3 and in particular to our Theorem 6.18

on page 105 showing that the set of u in L*(R™) such that W(u, u) belongs to L'(R*")
1S eager.

Proof. Thanks to Theorem 1.10, we have W(u,u) € LP(R*") for all p € [1, +00] and
we have in a weak sense,

u(z + %)ﬂ(:)j _ %) - / AW () (i, €)dE,
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so that
(1.2.54) u(zy)u(xe) = /€2i7r(:v1mz).£w(u7u)(l’1 ;— m,é)dé,
and thus

% —l—l‘
/ () |[u(@)ldzy < [ W, u)(F52, )| dedar = 27 [W(u, w) |1 gon),

Jull gy ]| oo gy < 27 W (1w, w) || L2 r2n,

proving the lemma. 0

1.2.3. Composition Formulas. The following lemma is classical (see e.g [17], [10]);
however we shall provide a proof for the convenience of the reader.

Lemma 1.13. Let u,v, f, g be in L*(R™). Then
(1.2.55) (u, 9) 2@ny (f, V) L2(m) I W(u,v)(xz,  )W(f, 9)(x, &)dxdE.

In other words, the Weyl symbol of the rank-one operator u > (u,g)r2@nyf is
W(f,q). In particular if f = g is a unit vector in L*(R") we find that W(f, f)
is the Weyl symbol of the orthogonal projection onto Cf.

Proof. Both functions W(u,v), W(f, g) belong to L*(R*"), so that the integral on
the right-hand-side of (1.2.55) actually makes sense. Also W(u,v) is the partial
Fourier transform with respect to the variable z of (x,2) — u(z + 2/2)v(z — 2/2),
thus applying Plancherel formula® we obtain that

[ W o) @, Wt 9) (@, ) dudg
- H w(z + 2/2)5(x — 2/2) f(x — 2/2)§(x + 2/2)dadz

= <U79>L2(Rn)<f7 ?J>L2(Rn)-

The last property follows from (1.2.3). O
Using Section 2.1.5 in [27], we obtain that for a,b € . (R*")
Op.,(a)Op,, () H 2)22" 6y o 4dY dZ.
R27 xR2n
We get
(1.2.57) Op,(a)Op,(b) = Op,,(atb),

"We refer of course to the formula (U, 0) 2(rny = (U, V) L2(rn), When using the compler Hilbert
space L?(R™). Note however that Formula (1.1.4) is using the real duality between .#(R") and
Z'(R™) so that to check, with .#*(RY) standing for the anti-dual of .#(R"™) (i.e. continuous
anti-linear forms on .7 (RY)), we have also

=

(1.2.56) (T, ¢>5ﬂ*(RN),y(]RN) = <T,¢>y'(RN),y(RN) = (T, ¢>y’(RN),5ﬂ(]RN) = (T, $>EV/(RN)’y(RN)
= (T, 9) = ®N), 7 ®RN)-
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with
(1.2.58) (afb)(X) = 2% H e XY.X~2) (Y \(Z)dY dZ
R27 xR2™

—1=
1.2.59 — e 2mE2) q(x + T_ZVp(Z + X)d=dZ,

2

R27 xR27
—1= "N

(1.2.60) = /R 2 62”<X’E>a(X—|—U =)b(E)dz,

where [-, -] is the symplectic form (1.2.21) and o is (1.2.23). Formula (1.2.59) is
interesting since very close to the group J* defined in Formula (4.1.14) of [27].

Lemma 1.14. Let ug, u1, uz, uz be in L*(R™). Then we have for all X € R®",

(1261) |<U1,U2>L2||W(U0,U3)(X)| S 2”(|W<U0,U2)| * |W(?11,U3)|)<X)

Proof. According to Lemma 1.13, we have for v € L*(R"),
OPW(W(UO,W))OPW(W(M, Us))U = OPW(W(anUz))(<U7U3>L2(Rn)U1)

= <U, U3>L2(]R") <U1, u2>L2(R")UO

= (u1, u2) 20y Opy, (W (ug, us))v,
so that with the notation (1.2.57), we get
(1262) W(UO, u2)ﬂW(u1, U3) = <U1, u2>L2(Rn)W(Uo, ’LL3>,

and using (1.2.60), we get

(1.2.63)  (W(ug, u2)W(u1,us))(z, &)

A(Ul,usl)\(*ﬂﬁy)

_ ff 62i7r(x'77+f'y)w(u0’ UQ) (;p — %, 5 —+ g) }(W(Ul, U3)) (na y; dydna

where F stands for the Fourier transformation and A for the ambiguity function (cf.
(1.2.11)). With Formula (1.2.12), we obtain

(1.2.64)  (W(uo, u2)iW(ur,u3)) (. €)

= ([ eHmC = W g, ) = € — )W (i, ) 3. )y,
yielding from (1.2.62) for any X € R?",
(1265) <U1,U2>L2W(U0,U3)<X)

= [ I ) (X — Y)Wt ) (V)Y 2",
RQn

which implies the lemma. O
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1.2.4. L? boundedness.

Theorem 1.15. Let a be a semi-classical symbol on R*™, i.e. a smooth function of
(x,&) depending on h € (0,1] such that

(1266)  VIEN, pla)=  sup  [(@200a)(x,& h)h 5" < +oo,
(,€)€R2" he(0,1]
o] +[B|<
Then the operator Op,,(a(x,&, h)) is bounded on L*(R™) and such that
(1.2.67) 10py (a2, & )|l BL2@m) < cnpe,(a),

where ¢, and ¢, depend only on n.

Proof. Theorem 1.2 in A. Boulkhemair’s article [3]| is providing that result (and
more) with ¢, = [n/2] + 1. Note also that Theorem 1.1.4 in [27] is providing an
elementary proof of the above result for the ordinary quantization of a given by

(1.2.68) (Opy(a)u)(x) = / (0, €, h)i(€)de

= ff 621;77(96*?4)'5@(:% £, h)“(y)dydé
0J

N.B. Formula (1.2.60) appears as

o=
(1.2.69) (at)(X) = (Opy(a(x = Z5)b) (X),
where Op,(+) stands for the ordinary quantization in 2n dimensions.

The following classical result is a consequence of Theorem 1.15.

Theorem 1.16. Let us define C;°(R?") as the set of bounded smooth complez-valued
functions on R*" such that all derivatives are bounded. Let a be in C{°(R*"); then
the operator Opy(a) is bounded on L*(R™) and the B(L*(R")) norm of Opy(a) is
bounded above by a fized semi-norm of a in the Fréchet space C5°(R*™).

1.2.5. On the Heisenberg Uncertainty Relations. Let u € . (R). We have, using the
notations (1.1.5),

. . 1
(1270) 2Re<Dzu,2xu>Lz(R) = <[DI,Z£I?]U,U>L2(R) = %HUH%Q(R),
implying in particular
1
(1.2.71) |1 Datull eyl 2@y = = lullzee),
which is an equality for u(z) = e~™; moreover we infer also from (1.2.70) that
1
(1.2.72) (m(D; + 2" )u,u) = S [[ullzz),
and for
(1.2.73) G, &) = > el +&), 0<m < <y,
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the inequality
1
(1.2.74) (Opy (7qu(@, ) ), w) 2wy 2 |72y 5 >
1<j<n

——
defined as
trace (4,)

which is an equality for u(z) = e ™**. Note that the above (optimal) inequality can
be reformulated as
1
(1.2.75) JJ 7, W w) (@, ©)dade > [lullfagan ; traces (q,).
R2n
Note also that with the symplectic matrix o defined by (1.2.23), the so-called fun-
damental matrix of g, is defined by

(1.2.76) F,, =0 'Q, = (? _0]) (Ag ]\04) - (1\04 _éw) ’

with M = diag(iu1, . . -, itn),

so that
(1.2.77) Spectrum Fy, = {Fip;}1<j<n, tracei(q,) = Z Ai.
A eigenvalue of Fg,
with Tm A>0

With the notations

(1.2.78) Cj=D,, + i.a:j, Cre'fcmt.ion'operators,
C; = D,, —ix;, annihilation operators,
we see that
W[C;, C]] = W[ij — i.fll'j, Dﬁj + ZZC]] = I,
and
L, 1
(1.2.79) Opy(g) =7 D, wiCiC + 5 trace.(g,),

1<j<n

which provides another proof of (1.2.74).

Lemma 1.17 (Quantum Mechanics must deal with unbounded operators®). Let H
be a Hilbert space and let J, K € B(H); then the commutator [J, K| # 1d.

Proof. Let J, K be bounded operators with [J; K] = Id. Then for all N € N*, we
have

(1.2.80) [J, KN] = NKN-1.
Indeed, this is true for N = 1 and if it holds for some N > 1, we find that
[J, KN = JKNK — KNP = [J KNK + KNJK — KNt
=[J,KNK + KN(JK — KJ) = [J,KNK + KY = (N + )K", qed.

6Thus QM must involve infinite dimensional Hilbert spaces and unbounded operators on them.
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Note that (1.2.80) implies that for all N € N*, we have K # 0: of course K # 0
since [J, K] = Id and if we had K~ = 0 for some N > 2, (1.2.80) would imply
KN=! = ( and eventually K = 0. As a consequence, we get from (1.2.80) that for
all N > 2,

NIEY sy < 201l |5 s < 2017l | K e K s,
implying since || K™~ gm) > 0, that
VN =2, N <2|J[J[IK],
which is impossible and proves the lemma. U
Lemma 1.18 (Hardy’s inequality: the study of non-self-adjoint operators may be

useful to determine lowerbounds of self-adjoint operators). Let n € N;n > 3; let u
in L*(R") such that Vu € L*(R"),|z|"'u € L*(R™). Then we have

n—22,
(1.2.81) IVul|72@ny > ( 5 ) Il el 2 -
Proof. We write first
1
D (Dsy —id)ull 72y = (| DI, u) p2gny + (|6 u)LZ(Rn)_%«le(b)u U) L2(R).

1<j<n

so that with ¢(x) = we get the operator inequality

v
2m|x|?

2
.. P -2 L
|D|* + Taf 2 antfae sothat —A>|z|™" v(n—2-v) ,
largest at v=(n—2)/2
proving the lemma. O

N.B. A modern approach to the Heisenberg Uncertainty Principle should certainly
begin with reading C. Fefferman’s article [0] as well as E. Lieb’s book [32].

1.2.6. Non-negative quantizations formulas.

Lemma 1.19. Let x be an even function in & (R**) with L*(R**) norm equal to 1.
We define

(1.2.82) T, = xix.

Then the function Ty belongs to .7 (R*"), is real-valued even and is such that

/ I (X)dX = 1.
R2n

Let u be in L*(R™). Then the convolution W(u,u) * ' is non-negative. As a result,
the operator with Weyl symbol a * I'y is a non-negative operator whenever a is a
non-negative function.
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Proof. According to the book [27], the composition formula (1.2.58) is bilinear con-
tinuous from . (R?")? into .#(R?*") and we have also
afib = bia.

so that Iy is indeed real-valued. Moreover, we have

I, (X)dX = 2% e TIX=YY 2l (Y (2)dY dZd X
R2n *

(RQn)B

= [Ixvypay =1,

I (—X)= 92n Ij e—4i7r[—X—Y,—X—Z]X(y)x(z)deZ
R2n xR2n
= 92n ff e—4i7r[—X+Y,—X+Z]X(Y)X(Z)deZ — I‘X(X)_
RZ"XRQ"
We have also

(W(u,u) xT,)(Y) = W(u,u)(Y — X)T'(X)dX

R2n

= W(u,u)(Y + X)I'(X)dX = W(u,u)(Ty (X)) (X)dX

R2n R2n

= W(r_yu, T_yu) (X)W (X)dX = W(r_yu, T_yu)(X) (xfx) (X)dX
R27 R2n
= (Op,, (XEX) Ty u, T_y ) 2@y = [|Opy, (X) 7oy | 22 (ny > 0,

proving the first statement of non-negativity. Let a be a non-negative function, say
in L'(R*"); we have

Op,(a*T,) =2" jf a(Y)To (X — Y)oxdYdX
= [ov) [0 x - v)2iaoxaxay
= [atv) [0y (0)2oxdxay = [ a(v)nOp,(er-rdy
= [ ) Op, (V0P (0¥

= [ ) [op.(075] [Opu (V7-v] dY 20,

-

Vv
non-negative operator

if a(Y) > 0 for all Y € R?" and this concludes the proof. O
We can write as well

(1.2.83)

Op(a+ 1) = [ al)[0p, (7] [vOpu(0mv]aY = [ aly)s(v)ay

R27n R2n
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with

(1.2.84) X,(Y) = [TyOpW<X)T_Y]*[TyOpW(X)T_y}
= (Opy(x(- = Y))) Opy (x(- = Y)).

Remark 1.20. The Gaussian case in the previous lemma gives rise to the standard

non-negativity properties of Coherent States. In fact choosing y(X) = 2"e 271X I,

we see that y is even, belongs to the Schwartz space and

112 gony = 227 / e = gt

We have also”

FX(X) — 24n ff €f4i7r[X7Y,X7Z]6727r(|Y|2+\Z\2)deZ

(RQn)2

:23n/ e4i7r[Y,X]€—27r(|X+Y|2+Y2)dY:23n/ €4i7r[Y,X]6—2n(|Y+§|2+\Y—§|2)dY
R27 R

2n

_ oBn—alXP / LAY, X] —4nlY 2 gy o3, —m|X[2 g=n —m|X |2 _ X(X).
RQn

In that case we find that Op,(x) is a rank-one orthogonal projection on the funda-
mental state ¥y of the Harmonic Oscillator (| D,|? + |z|*). According to (9.1.31)
the one-dimensional k-th Hermite function is

(1.2.85) i (@) = %21/46m2 < ﬁddg;) (e-2me).

so that Wy(z) = 2%/4e " We calculate

[(x,&) = W(Vo, ¥o)(x,&) = 2”/2/ e~ late/2 Ha—2/2) o= 2imet

_ 271/26—27r|ac|2 / e—7r22/2€—2i7rz§dz _ 2ne—27r\x|26—27r\§|2 _ X(fE, 6)

The anti-Wick quantization of a symbol a is defined as (see e.g. M. Shubin’s book

[411)

(1.2.86) Op,. (a) = / A(Y)SydY,
R2n

where Xy is the rank-one orthogonal projection given by

(1.2.87) Yyt = (U, 7y n Vo) 70 Vo.

Remark 1.21. It is interesting to notice that to produce non-negativity of the
operator with Weyl symbol a * I', when a is a non-negative function, we do not
use the non-negativity of I'y as a function, which by the way does not always hold
(except in the Gaussian cases), but we use the fact that the quantization of I is
non-negative, as it is defined as Op,(xfx) = (Op,(x))* Op, (x)-

"Proposition 4.1.1 in [27] is useful to compute the Fourier transform of Gaussian functions and
is a notable asset of the Fourier normalization given in footnote 1 page 4.
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Remark 1.22. Another important remark is concerned with the Taylor expansion
of axI",: we have

(a*xT)(X) = /a(X —Y)[ (Y)Y = /a(X + YY) (Y)dY
— /(a(X) + ' (X)Y + /1(1 —0)a"(X + 8Y)Y2>FX(Y)dY

= a(X) + / /0 1(1 — 0)a"(X + 0Y)Y2T (Y)dY.

As a result the difference (a*I'y) —a depends only on the second derivative of a. If
for instance a is a semi-classical symbol, i.e. a smooth function of (z, &) depending
on h € (0,1] such that
(1.2.88) V(o 8) € N" x N", sup (020 a) (@, &, h)|hT T < +oo,
(x,£)€R?™ he(0,1]
then the difference Op,, (a) — Op,,(a) is bounded on L*(R") with an O(h) operator-
norm, so that if a happens also to be non-negative, we find
Opw(a) = 9pw(a) - Opw(a‘ * FXZ—i_\Opw(a * FXZ7
o(h) >0

as an operator, as an operator
cf. Theorem 1.15

and we obtain a version of the so-called Sharp Garding Inequality,
(1.2.89) Opy(a) + Ch >0 (as an operator).
Theorem 1.23. Let x be an even function in the Schwartz space #(R*") with

L*(R*) norm equal to 1 and let Ty, be given by (1.2.82). For a € L>®(R*), we
define

(1.2.90) Op(x,a) = Op,(a*T).

Then Op(x,a) is a bounded operator in L*(R™) and we have

(1.2.91) 10p(x; a)ll ey < llall e e

Moreover, if a is valued in some interval J of the real line, we have the operator
mequalities

(1.2.92) inf J < Op(x,a) < supJ.

In particular if a(x,£) > 0 for all (z,€) € R*", we have the operator-inequality
Op(x,a) = 0.

N.B. The non-negativity of the anti-Wick quantization (1.2.86) and its avatars
Usimi, Coherent States, Gabor wavelets (see e.g. [9]), are particular cases of the
above theorem. More information on this topic is available in Section 2.4 of the
book [27]. Another remark is that this result can easily be extended to matrix-
valued symbols as in Remark 2 page 79 of L. Hérmander’s [22] and even to symbols
valued in B(H), where H is a Hilbert space.
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Proof. We start with Formulas (1.2.83), (1.2.84), entailing

Op(v.a) = | a(Y)E(Y)aY.

with £, (Y) = [Opy, (x(- — Y))] "Op,(x(- = Y)) = 7v-Op,, (Xfx)7_y. We note that

Op(x, 1) = / v Opo (W) Ty Y,
RQn

so has Weyl symbol X — [,, (X —Y)dY = 1 from Lemma 1.19 and thus
Op(x, 1) = Id. We infer that for u,v € . (R"),

(OD(x, @)t 1) g2y = / a(Y){Opy (x(- — Y))u, Opy (x(- — Y))0)dY.

R2n
so that with any v > 0,

|<Op<X; CL)U, U>L2(R")

1 -
< llall o gan) /R 5 (IOPy (x( = Y))ullZan) + 17 0Py (X(- = Y))0llZ2n) )Y

1 _
= Ha||L°°(R2”)§(V<Op(X7 1)“7 U>L2(R”) +v 1<Op(Xa 1)U7 U)Lz(R"))
1 _
= llallzeen 5 (Ullullzagn + v ol z2gn)
and taking the infimum of the right-hand-side with respect to v, we obtain

[(OP(x, a)u, v) r2@m)| < [lall Lo em)[|ul| 2 @)l 0]| L2 (n),
proving (1.2.91). To prove (1.2.92), it is enough to prove the last statement in the

theorem which follows immediately from (1.2.83), (1.2.84) since each operator Xy is
non-negative. The proof of the theorem is complete. O

It is nice to have examples of non-negative quantizations, but somehow more im-
portantly, it is crucial to relate these quantizations to the mainstream quantization,
that is to the Weyl quantization. This is what we do in the next theorem, dealing
with semi-classical symbols.

Theorem 1.24 (Sharp Garding Inequality). Let a be a function defined on R™ X
R™ x (0,1] such that a(x,&, h) is smooth for all h € (0,1] and such that

(1.2.93)  VY(a,B) € N* x N, sup (0207 a) (@, &, h)|h 7P < +o0.

(z,£,h)ER™ xR % (0,1]

Let us assume that the function a is valued in Ry. Then, there exists a constant C
such that

(1.2.94) Opy(a) +Ch > 0.

Proof. We have given a proof of this result in Remark 1.22 but with a different
definition for a semi-classical symbol (see (1.2.88)). Starting with our definition
above in (1.2.93), we define

(1.2.95) b(z, & ) = a(h?x, k=12, b)),
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and we see that b satisfies the estimates (1.2.88) and is a non-negative function so
that, applying Remark 1.22, we can find a constant C' such that

Op,,(b) + Ch > 0.
We note now that Segal’s formula (1.2.27) applied to the symplectic mapping
(2,€) = (B2, h712¢),
shows that Op, (b) is unitarily equivalent to Op,,(a), providing the sought result. [

N.B. Several versions of the above theorem can be found in the literature, in par-
ticular Theorem 18.1.14 in [22]. The first proof of this result was given in 1966 by
L. Hérmander in [19] for scalar-valued symbols and a proof for systems was given
by P. Lax & L. Nirenberg in [25] on the same year. Far-reaching refinements of
that inequality were given by C. Fefferman & D.H. Phong, who proved in 1978 in
[7] that, under the same assumption as in Theorem 1.24 for scalar-valued symbols,
they obtain the much stronger

(1.2.96) Op,,(a) + Ch? > 0.

A thorough discussion of these questions is given in Section 18.6 of [22] and in Section
2.5 of |27] (see also [1]).

1.3. Examples.

1.3.1. Hermite functions. We can easily calculate the Wigner distribution of Her-
mite functions and since the Wigner distributions respect tensor products as partial
Fourier transforms, it is enough to do so in one dimension. With 1, given in (1.2.85),
the Wigner distribution W(#y, 1) appears as the Weyl symbol of Py, = Py as de-
fined in (9.1.32). We find that the Weyl symbol of Py, following (9.2.3), is

on o= 2m (|22 +€]?)

More generally, the paper [24] provides in one dimension
(1.3.1) W( W, ) (, €) = (—1)k2e 2@+ 1, (4 (a2 + €2)),

where Lj, is the standard Laguerre polynomial with degree k (see (9.3.1)). As a
result, the Weyl symbol of Py, is equal to 7y ,(x, &) with

(1.3.2) %@,5):(_1)k2n672w(|z\2+|£|2) Z H Laj(47r(g;§+gj2)),
aeN" |a|=k 1<j<n

Note that the leading term in the polynomial (—1)*Ly(t) is t*/k! and this implies
that the set

{(1'7 é) € R27 W(¢ka 1/}/6)<x) 6) < 0}
where W (v, 1y) is given by (1.3.1) is a relatively compact open subset of R2.



INTEGRALS OF THE WIGNER DISTRIBUTION 25

1.3.2. One-sided exponentials. Let us define for a > 0,

(1.3.3) falt) = H(t)a'/?e=/2,
We have

W(fm fa)(w, f) = (IH(;C)/ 672”25 77(z+z/2) (:chz/Z)dZ

|z|<2x

=aH(z)e ™ / e~ 2K ],
|2|<2x

2z
= 2aH(x)em/ cos (22m&) dz
0
in (4
(1.3.4) _ B (z)e-ee S ETEE)
S
We can check

[ W £zt =2 [

=0

too 6_w/sin (4mxg)

: dédx =1 = ||fa||%2(]R)

and since

t
(1.3.5) /Sm dt =,
R 12

we verify (see Lemma 1.13 and (1.1.6)),

400 12
[ WFar 1), €)% dude = =5 / e / Smé#“”‘@dﬁdx—l— I fall ey

On the other hand, the ambiguity function A(f,, f,) is the inverse Fourier transform

of W and we have

—ZE(I 1T Sl 5 1T
Alfur fa) ) = - [ H(x)emem2m =22 2mtat dudg

+o0o fl\y|(a72i7rn)
a0 ae” 2
= a/ e~ @=2imn) g0 — _
|

yl/2 a — 2271'77
which corresponds to Formula (9) in [15] noting that with our notations, we have
where .,Z( f, f) is the normalization chosen in [15]. Going back to the Wigner distri-

bution, that simple example is interesting since we have

., k1 ko1
{(xaé)a)/v(faa fa)<x>§) < O} = UkEN{(x>5) € (07+OO) xR ; §+Z < .’Elf‘ < §+§}7
and we see that the Lebesgue measure of

T TS

2 A4
is infinite since

+ood
|Ek|:2/ & i
0o 4z
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Moreover the function W(f,, f.)(z, &) does not belong to L'(R?) since

IJH j—sa Sln(4§l‘€ ‘d i > jj

(0,+00)2
As a consequence, we have, using the notation for o € R,

dxdn = +00.

(1.3.6) ay = max(+a,0),

137 [ Vs f) (@) dwdg = {[ (W (fa, fa)(w.8)) _dwdg = +os,
since the real-valued function W(f,, f,) does not belong to L'(R?) and is such that

[[ W o) @ €)dde = | full ey = 1

We shall see in Section 6.4 several important consequences of that phenomenon for
the quantization of the indicatrix of some subsets of R?, such as

(1.3.8) By = {(2.£), 2W(fu, fa)(@,£) > 0}.

1.3.3. Box functions. We start with

(1.3.9) Bo(t) =1
for which a straightforward calculation gives

sm@ﬂ1—mﬂﬁ)

(1.3.10) W(Bo, Bo)(@,€) = 1_1 1)(x) €

More generally for real parameters a < b, defining
B=(b—a) 1,y (x)e*™",  we find
WIS, 5)(2,€) = [(b = a)(€ = )] (1 e30)(&) sinfdm (€ — ) (& — a)]
F Loz y (x)sin[dm(§ —w)(b — m)])
Checking now
(1.3.11) Bi(t) = 1[7%7%](15) signt,

we find after a simple (but this time a bit tedious) calculation

(1312) W(B1, 1) (w,€) = 1(Ja] < ) 2sin(dm|z|¢) —iz(%(l—mxl) 9
1sm@ﬂ1—ﬂ@ﬁ»

+1(

1 =
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1.4. Integrals of the Wigner distribution on subsets of the phase space.

Lemma 1.25. Let E be a measurable subset with finite Lebesgue measure of the
phase space R™ x R™ and let 15 be the indicatrixz function of the set E. Then
the operator with Weyl symbol 1g is bounded self-adjoint on L*(R™) and for any
u € L*(R™), we have

(1.4.1) (O, (1p), u) 2y = [ Wlu,u)(x, €)dad.

Proof. Tt follows immediately from (1.2.3) and (1.2.6). O

We shall see below several examples where the operator Op,,(1g) is bounded on
L?*(R™) with an F having infinite Lebesgue measure. We may note in particular that

Opw(lRQn) - Id7
and for a given non-zero linear form L(z, ) on R*® and
(1.4.2) E={(r,&) e R*" L(x,&) € J}, where J is a subset of R,

we may find affine symplectic coordinates (y, ) on R*"* such that L(z, &) = y;, imply-
ing with (1.2.27) that Op,(1g) is unitarily equivalent to the orthogonal projection

w = u(y)1s(y1).

Although in that case, the quantization of the indicatrix of E given by (1.4.2) is
trivial, we shall see below that in many cases, including some rather explicit ones, the
Weyl quantization of the rough Hamiltonian 1g(z, £) could be far from a projection
and may have a rather complicated spectrum with a supremum which could be
strictly larger than 1 and an infimum which could be negative.

In some sense, although we have the trivial identity 15(z,&)? = 1g(z, £), we shall
see that the quantization process by the Weyl formula is destroying that property;
to understand integrals of the Wigner distribution on subsets of the phase space,
Formula (1.4.1) forces us to consider the Weyl quantization of the function 1g(z, €)
and the Heisenberg Uncertainty Principle shows that non-commutation properties
are governing operators and these properties are of course distorting the classical
identities satisfied by classical Hamiltonians.

We must point out as well that we do not have here at our disposal a semi-
classical version of our quantization which could ensure some bridge between classical
properties and operator-theoretic results as it is the case for the quantization of
nice smooth semi-classical symbols depending on a small parameter h such as a
C function a(z,§, h) satisfying (1.2.93). In particular for a symbol a satisfying
(1.2.93), we have the following result: if for all (z,£,h) € R™ x R™ x (0, 1] we have
a(x,&, h) <1, then there exists a semi-norm C' of the symbol a such that

(1.4.3) Id —Opy(a) +Ch* >0  ie. Opy(a) <Id+Ch?

an inequality following from the Fefferman-Phong Inequality (cf.(1.2.96)) which im-
plies as well the following lemma.
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Lemma 1.26. Let a be a semi-classical symbol of order 0, i.e. a smooth function
satisfying (1.2.93) such that for all (z,£,h) € R" x R™ x (0, 1] we have

0<a(z,&h) <1
Then there exists a semi-norm C of the symbol a such that

—Ch* < Op,(a) < Id+Ch>.

2. QUANTIZATION OF RADIAL FUNCTIONS AND MEHLER'S FORMULA

This section and the following are essentially based upon the author’s paper [30)].

2.1. Basic formulas in one dimension. In this section, we work in one dimension
and consider a function F' in the Schwartz class of R. We want to calculate somewhat
explicitly the Weyl quantization of F(x? 4 £?) and also extend that computation to
the case where F' is merely L>®(R). We have, say for I’ in the Wiener algebra
# (R) = Fourier(L'(R)),

Opy (F(? + €7)) = / F(7)Opy (2746 dr,
R

as an absolutely converging integral of a function defined on R (equipped with the
Lebesgue measure) valued in B(L?(R)) (bounded endomorphisms of L?(R)). In fact
applying Mehler’s Formula (9.2.2), we find

; 2 ¢2 ; 2 ¢2
OpW(GQMT(:p +¢& )) — cos(arctan 7_) eQMr(arctan 7)Op,, (z+&2) ’
’, A\ -~ >4
operator Wit}TWeyl symbol exponential e'M,
eQMT(I2+52) with M self-adjoint operator

=27 (arctan 7)Op,, (22 +£2)

so that, using the spectral decomposition (9.1.32) of the Harmonic Oscillator

Opy, (7 (2 + £7)),

we get

dr
0 N l’ + 2 / 21 arctan 7) (k-+ 3 )]P)

_ Z/ 21 k+ ) arctan T dr Pk
Vier2 "V

k>0
where the use of Fubini theorem is justified by
/|F ——— <400, Py>0,) Py=1Id.
k>0
We have
- , dr
EF(r 622(k+%)arctan7——
fFe Vo

- d
= / F(7)(cos(arctan 7) +iSin(arctan7))2’““ T
R

Vit
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and, using Section 9.7.1, we get

A ) dr A
F(r e?z(k—l—%)arctanT :/F (1 +
/R ") 1+72  Jr ")

We have proven the following lemma.

. )21<:+1 dr
(1 + 72)k+t

Lemma 2.1. Let F' be a tempered distribution on R such that Fis locally integrable
and such that

(2.1.1) /RW(T”\/% <+

Then the operator Op,, (F (2% + £%)) has the spectml decomposition

)(1 + i) 21
(2.1.2) Op,(F(z* + &%) Z/ 1+72 4 P
k>0
V(1 +iT)k
(2.1.3) Z/ 1_” e B
k>0

where the orthogonal projections Py, are defined in (9.1.32).

2.2. Higher dimensional questions. We work now in n dimensions and consider a
function F' in the Schwartz class of R. We want to calculate somewhat explicitly the
Weyl quantization of F' (Zl <j<n My (:L‘? + 5]2)), where the j1; are positive parameters,
denoted by

Op (F( D mi(@3+8)), aulw.§) = Y pila} +&),
1<j<n 1<j<n

and also extend that computation to the case where F' is merely L>(R). We have,
say for F' in the Wiener algebra # (R) = Fourier(L'(R)),

Opy, (F(gu(,€))) = /R F(7)Opy, (€27 Srzszn @) a7,

as an absolutely converging integral of a function defined on R (equipped with the
Lebesgue measure) valued in B(L*(R™)) (bounded endomorphisms of L?(R")). In
fact applying Mehler’s Formula (9.2.2), we find by tensorisation,
(2.2.1)

Opw (621'71'7— Pi<i<n My (r?—i—ﬁ?)) — H COS(aI'CtaH(T[Lj>) §2i7r(arctan(7,u,j))Opw(mi—ﬁ-ﬁfz’

~~

operator with Weyl symbol r=rsn  exponential &5,
e2imTau (,8) with M self-adjoint operator

=2m(arctan(71;))Opy (23 +€7)
so that, using the spectral decomposition (9.1.36) of the Harmonic Oscillator we get

1
o 2i(arctan(Tp;) )(aﬁ- )]P? ——d
pe(Pla@9) = [ FOY ] ¢ T

aeN? 1<j<n (TMJ)

Z/ H 62i(ozj+%)arctan(7-uj) 1 2dTPa,

aENn 1<j<n 1+ (Tpy)
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where the use of Fubini theorem is justified by

/| <+oo IP’>OZ]P’ =1d.

We have
X . d 1
F(T) 62@(aj+5)arctan(‘r,uj)—d7-
o 1T G
: o 1
- / F(7) H (cos(arctan(u;7)) + isin(arctan(,uﬂ)))2 ]H—QdT
R 1<j<n ! i (Tﬂj)

and, using Section 9.7.1, we get

/ H e 2i aj—&— Jarctan(rp;) _ ~ 1 dr
1+

1<5<n (TMJ)

R 1 . ) 2a+1 1
_ / Fry T LEimm) dr.
R

15jen (L4 (7)) 702 /14 (T415)?

We have proven the following lemma.

Lemma 2.2. Let F' be a tempered distribution on R such that Fis locally integrable

and such that
. dr

2.2.2 F(r)|—/—/—m— < +

2:22) [P

Then the operator Op,, (F(Z1§j§n [Lj(l‘? + 5]2))) has the spectral decomposition

1 + ZTMJ)Qaj+1
(223) Opy(F( Y (22 +&) Z/ _i_TM‘)adeT]P’a
1<5<n aeNn 1<g< J
(1 + irp;)®
o Z / +/L7—ILL](1+1dT ]P)C”
weN® 1<j< - 7/7_,[,Lj> J

where P, is the rank-one orthogonal projection onto V,, given by (9.1.33).

Lemma 2.3. Let I be as in Lemma 2.3 and let us assume that all the p; are equal
to p (positive). Then

T k
(2.2.4) Op, (F(n Y (23 +&) Z/ Chs ‘;) dTPy,

_ k+n
1<j<n k>0 1 iTi
with
(2.2.5) Piw= Y _ P,
aeN"?
|a|=k

where P, is the rank-one orthogonal projection onto V,, given by (9.1.33).

Proof. With all the p; equal to p > 0, we find

(I +dtp;)™ (L4irp) (1 +irp)l
1 ( 1 (

1 — g7, )0+t o 1 —2'7',u a;+1 1 —iTM la|4+n?
Hj

1<j<n 1<j<n
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which depends only on |a], so that applying the previous lemma gives

(Foe S wtre) =3 [0 e,

1<j<n

giving the sought result. U

3. CONICS WITH ECCENTRICITY SMALLER THAN 1

3.1. Indicatrix of a disc. Let us assume now that, with some a > 0,

F=1_e o) sothat F(2®+&%) = 1{2n(2* + &%) < a}.

According to Section 9.7.3, we have F/(7) = ST 5o that (2.1.1) holds true. We find
in this case,

. . k
(311)  Opy(F(z®+€)) =Y F(a)P, Fila)= /Sm‘” L+,
R

= 7 (1 —ir)k+l

so that (note that Fi(a) is real-valued since F' is real-valued and thus the opera-
tor Op,, (F(z* + £?)) is self-adjoint), and for a > 0, using the result (9.7.4) of the
Appendix page 155, we obtain

1 (1 +i7)*
FIQ(CL) = ;/RCOSGTWCZT

1 wr | (1 iT)k (1 —i7)*
=— [e
27 Jr (1—i7‘)k+1 1—|—Z7’ kt1

1 Réw{(_x%T—wk L M+ }dT

o NEHL(1 £ g)RFT R (7 — )kt

o

We shall now calculate explicitly both integrals above: let 1 < R be given and let
us consider the closed path

(312> YR = [_R, R] U {Reig}ogggﬂ- .
%/_/
Y2;R
We have
1 ' (r—d  (r+d" (r+4)F
- iat ) d —R tar _\" T Y/,
2 ) { (rraen g | TR )
1 d 7,a7'
L= GRS (i

and we note that, for a > 0,

. (1 — i)k (14 1)k
1 iat ) dr =
R - c { (T +3)k+1 - (1 —i)kt1 =0
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T

FIGURE 1. v = [-R, R] U{Re®}o<p<r

since for R > 2,

/ | iaRe™?

Rew iF (Re? 4 i)

Rett + 'l) +1 (Reze )k-i—l
< /7r e—aRsinQ . (6 — ZR? ) (eiG + Z‘Ril)k
- 0 (eie + iR_l)k+1 (ew _ iR‘l)k+1

s k k
S / efaRsinQde sup { (1 + p) + (1 + p) } )
0

0<p<1/2 (]_ _ p)k—H (1 _ p)k—H

For a > 0, we obtain limg_, o foﬂ e~eftsn0dg — (0 by dominated convergence. As a

i Re™|df

do

result, we get

Fila) = (=0 (o e (r 4 )4, = (-1

kf —a—er: | <€ | Nk
) {e (z—l—za—i-z) }|€:0,

that is

Fila) = S M a0

We note that F}, belongs to L'(R. ) as the product of e~ by a polynomial. We have
also that

(3.1.3) lim Fi(a) =1 (see the Appendix page 156),

a—+00

and this yields

Fk(a)zl—i—/a Flg,(b)dbzl—/+oo <_k1)k e @+ 0t b,

+oo a

so that

(3.1.4) Fr(a) =1— e *Pg(a),
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(3.1.5) Py(a) = (_1‘)]6 /m {e (a+t+e)*} dt

le=0

_1k +o0 d e
_ ( k') /0 et(a)k{e 2 2t(a+t+€)k}|€:0dt

:%/0 Ooet(%)k{e%(a—l—t)k}dt.

2k gk
k!

We see that P is a polynomial with leading monomial =3~ (by a direct computa-
tion) and Pg(0) = 1 (since 0 = Fy(0) = 1 — P,(0)) and moreover, using Laguerre
polynomials (see e.g. (9.3.1) in our Section 9.3), we obtain

_1\k +o0
(3.1.6) Py(a) = %/0 e_tezt““(zicit)k{e_zt_m(?a +2t)* }dt
(3.1.7) = (=1 /W e " Li(2t 4 2a)dt,

and this gives in particular
+00
(3.1.8) Pj(a) = (—l)k/ e 2L} (2t + 2a)dt
0

+oo
= (—1)k{[e’th(2t + 2a)|i=5>° + / e "Ly (2t + 2a)dt}
0
= (=D Li(2a) + Pr(a).
Moreover we have from (3.1.5), for k > 1,

_1\k +oo
Pl(a) = ( kl') /0 et(%)k{e_%k(a—f—t)k_l}dt

_1k +o0 d d
R / (G e ka1
: 0

_1\k 400
_ {[e et {2 4 1)1} +°°_/0 (D e h(a+ 1) Yt}

k! dt !
_ ((kl)k 1 P et ) E;l_)kl_;, /0+°°e(i P (R L ¥/
[
= (—=1)*'Ly_1(2a) + Pe_s1(a),
so that

(3.1.9) VE>1, Pl(a)=(=1)""Ly_1(2a) + Py_1(a) = (=1)*"'L.(2a) + Py(a).
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This implies for N > 1,

1<k<N 1<k<N 0<k<N-1 0<k<N-1
yielding
Py(a) = Ro(a) = (=1)"Li(2a) + (=1)"Li(2a),
—1=7 1<k<SN 0<k<N-1
=1=Lo(a)
and
(3.1.10) Py(a)= Y (-DfLi2a)+ > (=1)FLi(20).
0<K<N 0<k<N-1

Note that the previous formula holds as well for N = 0, since Py = 1 = L.

Although the function R, 3 a — Fj(a) has no monotonicity properties, we prove
below that R, 3 a — Py(a) is indeed increasing. For that purpose, let us use (3.1.9),
which implies

Pl(a) = (=1)*'Ly_1(2a) + Pr_1(a), k>1,

Pi_1(a) = Py_s(a) + (—1)" 2Ly_9(2a) + (—1)* 'Ly_1(2a), k> 2,
Pl(a) = 2(=1)* 'L, _1(2a) + (=1)*?L;_5(2a) + Py_s(a), k> 2.

We claim that that for £ > 1,

(3.1.11) Pi(a)=2 Y (-1)'L(2a).

0<I<k—1
That property holds for & = 1 since Pi(a) = 1 + 2a: we check Pj(a) = 2. Moreover
we have
Pli+1 (a) = (—1)kLk(2a) + Py(a) (from the first equation in (3.1.9))

(D Le(20) + ) (-)'Li(2a) + Y (=1)'Li(2a)

(using (3.1.10))

0<I<k 0<I<k—1
=2 (—=1)'L;(2a), qed
0<i<k
As a byproduct we find from (9.3.3)
(3.1.12) Ya>0, Pla)>0,

which implies that for a > 0, Py(a) > P;(0) = 1. We have proven the following
Lemma 3.1. The polynomial Py(a) = (1 — Fi(a)) is increasing on Ry, P,(0) = 1.

Let us take a look at the first P: we have
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Po(a)zl,
Pi(a) =1+ 2a,
Py(a) = 1+ 2d?,
4 3
Pg(a):1+2a—2a2+%,
8a®  2a*
Pi(a) = 1+4a” — ==+ =,
16a® 4a®
Ps(a) =1+ 2a —4a®> + — —2a* + —
5 (a) +2a —4a” + 3 a” + 5
. 14a* 16a®  4ab
Ps(a) = 1+ 6a” — 8a® - T
(@) + 6a” — 8a” + 3 B + 5

26a* N 44a® 448 N 8a”
3 15 9 315’
44a*  32¢®  64a® 1647 248

Pr(a) =1+ 2a — 6a® + 12a® —

_ 2 3 _ _ -
Ps(a) =14 8a 16a° + 3 5 + 15 105 + 35
64a° 68at 184a°® 32a5 17647 2a8 4a?
_ o 2 o o e e
Po(a) =1+ 2a—8a"+ — 5 15 o T35 45 2835
Pro(a)= 1+ 1002 80a® N 100a*  64a® N 344a% 49647 N 58¢%  32a° N 4al®
a)= a® — - - - ,
10 3 3 3 45 315 315 2835 14175

100a®  140a* N 104a®  664a° N 11844  26a®
3 3 3 45 315 45
148a°  4a'Y 8all

2835 1575 + 155925’
190a*  160a® N 1184a® 251247 478a¢%  512a°

3 3 45 315 + 315 2835
184a1%  16alt 4q12

Pii(a)= 1+ 2a — 10a® +

Pio(a)= 1+ 12a® — 40a® +

14175 31185 467775

We note as well that

(3.1.13) Py(z)= Y T > 2l(—1)’“‘l(];),

since from (3.1.5),

0<m<k 0
oo (=2)km k! k—m
— (-1 k —t ltkflfm dt
(=1) Z /0 ‘ (k —m)! (k —m)!m! Z ¢ [
0<m<k 0<I<k—m
—2)k=m k! k—m
= (—1)* ( "k—1—m)
(=1) 0<;<k (k—m!(k—m)!m!a( m) l
0<I<k—m

R TS R—— —
2 k—m)l ml" 1~ 2. n > (D2 VS ER LR

0<l4+m<k 0<I<k '~ I<m/<k

35
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Lemma 3.2. With the polynomial Py, defined by (3.1.7), we have
Py(a) =2 Zo<l<k71(_1)lLl(2a) + (—=1)* L (20),
(3.1.14) , sis l
Pi(a) =2 Zoglgkq(—l) Li(2a).

Proof. We may use the already proven (3.1.10), (3.1.11), but we may also prove this
directly by induction on k. 0
Proposition 3.3. Let F} be given by (3.1.4) with Py defined by (3.1.5). We have
(3.1.15) Fila)=1—ePgla) <1—e = Fy(a) fora>0,

(3.1.16) Fy(a) = e *(Pyla) — Pi(a)) = e “(—1)"Li(2a),

(3.1.17)  F(0) = (=1, Jim Fl(a) =0, Fp(0)= 0, lim F(a) =1_.

Proof. We use (3.1.4), (3.1.11) and (3.1.10) for the three first equalities, Lemma 3.1
for the first inequality. The fourth equality follows from L;(0) = 1, while the fifth is
due to the fact that the leading monomial of (—1)¥Ly(2a) is 2*a*/k!. The two last
equalities are a consequence of the first line. Il

Remark 3.4. The zeroes of F}, on the positive half-line are the positive zeroes of the
Laguerre polynomial Ly divided by 2. When £ is even (resp. odd) the function Fj, is
positive increasing (resp. negative decreasing) near 0, then oscillates with changes of
monotonicity at each a such that Li(2a) = 0 and when 2q is larger than the largest
zero of Ly, the function Fj, is increasing, smaller than 1, with limit 1 at infinity.

Typically we have Fy(0) = 0, F3,(0) = +1,
(3.1.18) 0<apo<ag<---<ag_12 <aysy the zeroes of Ly(2a),

Fy vanishes simply at by = 0 and at b; € (aj,a;41) for 1 < 57 < 20 — 1, also at
by > ag: 2l + 1 zeroes with a positive (resp. negative) derivative at by, bo, . .., by
(resp. at by, bz, ..., by 1).

Moreover, we have Fy11(0) =0, Fy,,,(0) = —1,

(3119) 0< 12011 < 22141 < - < Q912141 < G2041,2141, the zeroes of L2l+1(2a),

Fy+1 vanishes simply at by = 0 and at b; € (a;,a;4+1) for 1 < j < 2[, also at by4q >
ag11: 20 + 2 zeroes with a positive (resp. negative) derivative at by, bs, ..., b1
(resp. at b, by, ..., by).

We note as well that a consequence of the previous remark is that

(3.1.20) min Fy(a) = llg;gl{Fgl(agﬂl)},
(3.1.21) Iilzl(r)l Fori(a) = org}Iglz{FmH(anH’mH)}’

where (a,x)1<p<i are defined in (3.1.18), (3.1.19).

Theorem 3.5. Let a > 0 be given and let
(3.1.22) Do={(2,6) e R, 22+ €2 < 21}.
T
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Then we have
(3.1.23) Op,(1p,) =Y Fi(a)Pp <1—e™"

k>0
Proof. An immediate consequence of (3.1.1) and (3.1.15). Note that the inequality
in the above theorem is due to P. Flandrin in [11] (see also the related references
[15], [12])- O

Curves. Let us display some curves of Ry 3 a — Fy(a) =1 — e *Py(a).

T
|

15

N%

VAKX

-0.2

10
0.8}
06}
0.4}
02}

FIGURE 2. Functions Fy, Fg.
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FIGURE 3. Functions F},

3.2. Indicatrix of an Euclidean ball. The following result displays an explicit
spectral decomposition on the Hermite basis for the Weyl quantization of the char-
acteristic function of Euclidean balls.
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Theorem 3.6. Let a > 0 be given and let
(3.2.1) Qun = Op, (1{27(|z* + [¢[*) < a}),

be the Weyl quantization of the characteristic function of the Euclidean ball of R*"
with center 0 and radius \/a/(2m). Then we have

(3.2.2) Qun =Y Frn(a)Ppin,
k>0
with Py, = ZaeNn’M:k P, where P, is the orthogonal projection onto ¥, (defined

in (9.1.33)), with |a| =3, o<, a; =k and

sinar (1 +i7)"
2. Fy. = dr.
(3:23) kin() /R 71 (1 —ir)ktn T

The spectral decomposition of the previous theorem allows a simple recovery of
the result of the article [33] by E. Lieb and Y. Ostrover.

Theorem 3.7. Let a > 0, Q, ,,, Fi., be defined above. Then we have

1 [t ['(n,a)
3.24 Fin(a) <1 — —— el =1 — ’
(324 @ <1-gs [ o
and thus we have
I'(n, a)
2. <1-
(323) Qun < 1= s

where the incomplete Gamma function I'(-,-) is defined in (9.7.8).

Proof of Theorems 3.6 and 3.7. We use the results of (the previous) Section 3.1: Let
us assume now that, with some a > 0,

F'=1_2a aj, so that F(|lz)* + [£]?) = 1{2n(|z* + |£]?) < a}.

According to Section 9.7.3, we have F/(1) = ST 5o that (2.1.1) holds true. We find
in this case, following the results of Lemma 2.3,

(326) (F(|I|2 + |£’2)>w = Z Fk;n(a>Pk;n7 Pk;n = Z Paa

k>0 aeN" la|=k

. 1 . k
(3.2.7) Fion(a) = / sinar_(1+i7)"
R

a7 (1 —ir)ktn ™’

where P, is the orthogonal projection onto V¥, (defined in (9.1.33)), with |a| =
Z1gjgn a; = k. This completes the proof of Theorem 3.6.

We postpone the proof of Theorem 3.7 until after settling a couple of lemmas.
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Lemma 3.8. Let (k,n) € N x N*. With Fy.,(a) given by (3.2.7), we have
(3.2.8) Fynla) =1—e"Pyn(a), where Py, is the polynomial

_1)k+n—1 400 e d N N
629 Futo) =gy [, e G,
_ 1\k+tn—1 +o0
(3:2.10) Pyn(a) ==(k:j_731_])!2n1 jf (t~+—a)"_1et(é%)”+k_l{(t-+-a)ke_2t}dt.

Proof of the lemma. The lemma holds true for n = 1 from Proposition 3.3. We have
fora >0, n> 2,

1 (1+ iT)k
F,gm(a) = %/RCOS(ITW
_ i aT (1 + ZT)k i eiaT (1 - ZT)k
Com fg o (1 —ir)kin 21 Jg (L4 ir)ktn
— L iat Zk<7_ — Z)k L iat <_Z)k(7_ + Z)k dr
2w Jg (—i)ktn(T 4 g)ktn 2im Jp  iktn(r —q)ktn
so that
1—n waT (T + Z)k .
F,;m(a) = 4! (—1)’“Res(e m; )
ilin(_l)k d k4+n—1{f iat Nk
T U
and thus
il_n _1)k d n— —a—e/(: . € .
F,;m(a) = (k—|—7(1_1)!(1d6)k+ 1{@ (Z+ZE+Z)I¢}|E:0
ilin(_l)ka’nil d k+n—1f —a—c¢ k
e G
a (_1)k+n—1an—1 d k4+n—1 —2a—2¢ k
(k+n—1)! () e (20 +26)"} .
that is
/ o (_1)k+n—1 tyn—1 i k+n—1f _—s_k
Tl = gt @) T
(—1)f+n-t ton—1, D\ kin—1g —2tk
= t — trr.
T =R U G

We have also that lim,_, o Fj.n(a) = 1 (following the arguments of Section 3.1) and
this yields

(=1)knt R AN WY

(—1)knt oo Uty D kino1y ot k
=1 —e—“(k+n_ 1)!2n_1/0 (t+a)" e <E) e (t 4 a)* b,

concluding the proof of the Lemma. 0
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Let us go back to Formula (3.2.9), written as

(_1)k+n—1 /+oo » (2t+2a)n—1 d ket i _
1 fy € {(k+n—1)!<de D" (e + 2t 20) }}eodt_

(_1)k+n—1 +o00
(3211) Pkm(a) = T/ 64[’111271(% + 2&)dt,
0

where the generalized Laguerre polynomial L,"" | is defined by (9.3.6) (note that
1 —n+ k+n— 1=k which not negative).

Lemma 3.9. Let n € N*, k € N and let Py, be the polynomial defined in Lemma
3.8 (and thus in (3.2.11)). Then we have

-1 k+n—1
(3212)  Po(x) - B0 = S xR0 =1,
(3.2.13) forn>2, Pl = P
Proof. From (3.2.11), we find
/ (_1)k+n71 e t 1 /
(3.2.14) Plo(a) = — /0 (L) (2t + 2a)dt
(_1)k+n71 —t(71l-n t=+00 e —trl-n
- ?{ e (L) (2t +20)] 50 + et 2a)dt}

(_1)k+n 1-n
= o1 Lyin1(2a) + Pyn(a),
and since 0 = Fj.,,(0) = 1 — Py, (0), this proves (3.2.12). Using now (3.2.11) and
(9.3.8), we find that
(-1

+oo d
Pnl) = i [ Ge L e+ 20
0

(_1)k+n —trl-n t=+o0 e —t 1-n \/
:—{[e L (2t +2a)]' =0 - e2ALE" ) (2t+2a)dt}
0

2n—1

<_1)k+n 1-n oo —t 2-m
= T on-1 {_Lk+n71(2a)+ ; e Q(Lk+n,2)(2t+2a)dt}

(_1)k+n—1 . (_1)k+n—2 +oo o
= TL,C+”_1(2O,) + W /0 (& Lk+n—2(2t —+ 2a)dt,
Pk;n(a;:Pé;n(a) Pk;?’?—rl (a)
from (3.2.12) from (3.2.11)

so that for n > 2, k € N, we obtain (3.2.13), completing the proof of the lemma. [

Lemma 3.10. Let k,n, Py, be as in Lemma 3.9. Then we have

(3.2.15) vj e [0.n— 1], (i

J
P, = Piop—i.
dX) kin kin—j

Moreover, for all a > 0 and all k € N,

# i e*t a n—1 _ ear(na CL)
(n—l)!/o (4 o)™ dt = I'(n)

(3.2.16) Pan(a) > Pon(a) =
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Proof. Formula (3.2.15) follows immediately by induction from (3.2.13) since the
latter is proving (3.2.15) for j = 1,n > 2,k € N. Assuming that (3.2.15) holds true
for some 1 < j < n, all £k € N, we have P,g) = P n—j and if j + 1 < n, we obtain
from (3.2.13) that
Pk,n—j—l = Pli,nfj = Pk(;?:l),

proving (3.2.15). The property (3.2.16) holds true for n = 1. From (3.2.13) and
Piin+1(0) = 1, we find that Pyyi1(a) = 14 [ Pin(s)ds and assuming that (3.2.16)
holds true for n, we obtain for a > 0,

1

a “+o00
. > - —t n—1
Prinyi(a) > 1 +/0 (= 1)1 /0 e (t+ )" dtds

s [Ty

n! Js=o
L[ | i
:ﬂ+ao e(wM)—Mﬁ:ao e 't + a)"dt,
completing the proof of the lemma. O
We can now prove Theorem 3.7: since Fj.,(a) = 1 — e *Pj.,(a) the estimate
(3.2.15) implies indeed Fj.,(a) < FIE?;S), concluding the proof. O

Remark 3.11. Our methods of proof in one and more dimensions are quite similar:

e Using Mehler’s Formula, we diagonalize in the Hermite basis the quantization
of the indicatrix of the Euclidean ball

Dy = {(,€) € R*", 21 (Jaf” + [¢]*) < a}.
e Once we get the diagonalization
Opw(]'Da:,n) = Z Fk;n(a)Pk;nv

keN
we study explicitly the functions F}., and prove that

Fipn(a) =1 — e Pyy(a),

where Py, is a polynomial given in terms of the generalized Laguerre poly-
nomials
(=DM
Pin(a) = ?/0 e "Ly (2t + 2a)dt.

e Following the Flandrin paper |1 1], we use Feldheim inequality in [10] to tackle
the case n = 1, and next we use an induction on n, made possible by the
relationship between the standard and the generalized Laguerre polynomials.
It is interesting to note that the functions £}, have no monotonicity proper-
ties: with value 0 at 0, they have an oscillatory behavior for a < ay,, and for
a large enough, increase monotonically to 1 (see for instance Figures 2 and
3 in the 1D case); the inequality Fy.,(a) < 1 —e~“ holds true for all a > 0 in
all dimensions. On the other hand the polynomials P, are increasing and
larger than 1 on the positive half-line.
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The key ingredients are thus Mehler’s formula and Feldheim inequality, but it should
be pointed out that the arguments proving Feldheim inequality (Formula (6.8) and
Theorem 12) in the R. Askey & G. Gasper’s article 2] are also based upon a version
of Mehler’s Formula which appears thus as the basic result for our investigation.
The paper [33] by E. Lieb and Y. Ostrover has a slightly different line of arguments
and takes advantage of symmetry properties of the sphere. We shall go back to this
in a situation where the symmetry is absent, such as for some general ellipsoids.

3.3. Ellipsoids in the phase space.

3.3.1. Preliminaries. We provide below a couple of remarks on Ellipsoids in higher
dimensions. Let us first recall a particular case of Theorem 21.5.3 in [22].

Theorem 3.12 (Symplectic reduction of quadratic forms). Let ¢ be a positive-
definite quadratic form on R™ x R"™ equipped with the canonical symplectic form
(1.2.21). Then there exists S in the symplectic group Sp(n,R) of R*™ and py, . . ., i
positive such that for all X = (z,£) € R" x R",

(33.1) g(SX) = Y el +&).
1<j<n
Note that an interesting consequence of this theorem is that, considering a general
ellipsoid in R?" (with center of gravity at 0),

E={X € R™ ¢(X) <1}

where ¢ is a positive definite quadratic form, we are able to find symplectic coordi-
nates such that ¢ is given by (3.3.1). Note however that no further simplification is
possible and that the p1; are symplectic invariants of E. In particular the volume of
E is given by

n

7
Bl = ———.
nlp . iy
3.3.2. Spectral decomposition for the quantization of the characteristic function of the
ellipsoid. Let ay,...,a, be positive numbers. We consider the ellipsoid E(ay, ..., a,)
given by
(3.3.2) E(a) = E(ay, ...,a,) = {(z,€) € R" x R", 27 Z < 1}.
1<j<n aj
We define on R” the function
2m 2w
F(Xl, . ,Xn) = 1[_171}(01—)(1 + -+ a—Xn>
1 n

Theorem 3.13. Let a = (a;)1<j<n be positive numbers and let E(a) be defined by
(3.3.2). Then we have

(3.3.3) Op,(
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where P, is defined in (9.1.36) and

(3.3.4) Fi(a) = 1 — K. (a),
with
. t +-ttn) Oz]
(3.3.5) Kola) = /z € T (—1)% Lo, (2t))dt,
;>0 1<j<n

Remark 3.14. For all o € N”, the functions F,, K, are holomorphic on

(3.3.6) U={aeC"Vje[l..n],Rea; > 0}.

Indeed let K be a compact subset of U; there exists p > 0 such that
Y(a,...,a,) € K, 1r§nji£nReaj > p,

and as a result for a € K, we have for s € R}

st TT(—1)% L, (2a5s;)] < e o) e (14 [s])l],

1<j<n
so that
/ZS]>122£|6 (a181++ansn) H ( 1)aJL <2a]8])|d5
5,20 1<j<n
< [y O (1) s < O / e=Ponlsl(1 4 [s])olds < oo,
S5 =2 n
5520

Since we have

Ky(a) = /Z - e~ (@s1FFansn) H (—=1)% Lq, (2a;s;)dsay . . . ay,

%20 1<j<n

this proves the sought holomorphy.

Proof of the theorem. We have

Opy(lp@) = (F(zi + &, ..., 20 + 52))“’ — / F(T)Opw(emzj Tj(x§+§§))dT

1 2a+1
Z / +Z7‘) dTPa
(14 77)tt

aeN™ 1<]<n
o
(1+ir;)~
APy,
(1 —irj)t
acN” 1<j<n

where P, is defined in (9.1.36). On the other hand we have

- , 2 27
F(r)= /6_2’”':01[1,1]((1—£E1 +-+ a—xn)dxl ...dx,
1

n

=a... an(QW)"/eizf Tjajyjl[—l,l}(z y;)dy,
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so that, with M}, defined in (9.3.4), using (9.3.5), we get

Opy(1E@)
—2 > L Tiay; (1 + ZQWT')OCj
aENN R X R™ 1<j<n J
=a...a, Z / / e 122 Tjajyjl[_l,l}(z y;j)dy H Gaj (75)dTP,
aENn n n 1<j<n
—aan 3 [ (S w) T G am)dves
acNn YR 1<j<n
=3 [ (T ) TT 0@ H)eLe 21)drE.,
aeNn /R? 1<j<n
with
(3.3.7)  Fala) = / (1= 14O _ti/ay)) [ (D9 H(t;)e ™ Lo, (2t;)dt
Rm 1<j<n
— 1—/IR 1[17+m](2tj/aj) H (=1)% H(t;)e™" La, (2t;)dt,
" 1<j<n

where we have used that Py.1(0) = 1 (see page 33) , so that setting

Ko(a) = /E oy € T (1) Lo, 28
>0

1<j<n

we have F,(a) =1 — K,(a), concluding the proof of the theorem. O
Remark 3.15. We have from (3.3.7)

(3.3.8) Fular,... an) = / Lou( S 5) T (—1)% H(sy)e 5 Lo, (2a;5;)asds.
8 1<j<n 1<j<n

and since the set {s € R}, 3 ), 8 < 1} is compact, we obtain that F, is an entire

function, as well as K, which is indeed given by (3.3.5) on the open subset U defined

Lemma 3.16. With the notations of Theorem 3.13, we have with p; = 1/a;,
sin T (a; +iT)%
39 0~ (T] o) [20(T] L2802

1<j<n 1<j<n
. L i)
:/SIHT< H ( +.@7',u])' >d7’.
R 7T (1 —irp,)ott

1<j<n

Proof. Mehler’s formula implies in one dimension that
(3.3.10) Opw(eQ”iT(x2+52)) = (1+7%)Y2exp [2mi(arctan 7)(2* + D2)],
and a simple tensorisation gives

Op,, (€27 251 (#5+6))) = H(l + (rp1;)2) 2 exp [2mi Z(arctan(T,uj))(m? + Dij)},

J J
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so that we have

O, (F( pila? +€2)

= / F(T)Opw (QQMT 25 (IJQ‘”LEJZ))dT
R

= / F(r )H(l + (tu;)*) " exp [2mi Z(arctan(T,uj))(x? + Dij)}dT

J

_ Z/ ( [T+ (7p)*) ™7 exp [2i(arctan(rp;)) (e ;ﬂ)dﬂp’

aeN”?
; 2a5+1
-y [#e ( [T+ (g2 ) +> 0",
aEenn (14 (7p5)2) 72
B 1 + iT,uj)O"
-y [ro(I1 o
acN” 1< i<n
and for F(t) = 1;_1y(2nt), we find F/(7) = %27 and the sought result. O

Remark 3.17. It is also possible to provide a direct checking for the above lemma,
since with the notations (9.3.4), (9.3.5), we have

(1 +iTp;) =
(1 — iT/ijjaj+1 — Ga]- (T/J“j/(27r))7

and thus

Fala) = [ PO ]G, (/2
:/F(T)/ H(—l)ajLa].(2tj)H(tj)e_tj62””“ftj/(2”)dtd7'
/H NH(t;)e 5 F( Zﬂjt/zw

Now since we have F (). ujt;/2m) = 1i_1,1(32; p5t;), this fits with the expression
of F,, in Theorem 3.13.

Remark 3.18. Another interesting remark is that the expression (3.3.9) depends
obviously only on |a| and a = a; = - -+ = a, in the case where all the a; are equal:
indeed in that case, we have with y = 1/a,

H (1 + iTMj)aj o (1 + 7',7‘#)|a‘
1<j<n (1 —idrp;)ott (1 —drp)lel+n’
and this gives another (a posteriori) justification of our calculations in the isotropic

case of Section 3.2. On the other hand, we get also the identity

(3.3.11) Fogo(a, ... a,) = / T Re( H (1— iT/Lj)_1>dTJ
R

T k
1<j<n
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where the explicit expression (3.3.13) is given for the left-hand-side.

Lemma 3.19. With the notations of Theorem 3.13, the function Ko, .. o, (a1, .., ay)

1s symmetric in the variables (a1, a1;...;an,ay), i.e. for a permutation m of {1,...,n},
we have
(3.3.12) Kam),,_,,aw(n)(aﬂ(l), s Orm)) = Koy an(ar, . ay).

Proof. Formula (3.3.5) yields

K,(a) = /ZSJ'>1 H (e_aijaj(_l)ajLaj(2aj5j)> ds,

SjZO 1§]§TL

and the domain of integration is invariant by permutation of the variables, entailing
the sought result. 0

Lemma 3.20. With the notations of Theorem 5.13, we have
Kal,l..,an (CLl, cee 7an) - e_anpan (an)

+ / (—=1)*" Lo, (2t)e " Koy o (a1(1 —tn/an), . an_1(1— tn/an))dtn
0
=e P, (a)

1
+ / (—1)“"Lan(2%9)6’9“”Kalwaw1 (a1(1 —0),...,a,1(1 — 9))d9an.
0

Proof. The domain of integration is the disjoint union

t b t t t
{1+---+ L 21—”,tj20,0§"g1}u{”>1,tjzo,1§jgn—1},
a1 Ap—1 U, Gnp, an

so that
Kal,...,ozn (ala SR 7an) = eianpozn (an)

n / (1) Lo, (2ta)e " K. s (@11 — tufan), s anos (1 — tfan))dt
0
=e P, (a,)

1
+ / (—1)*" L, (2a,0)e " Ko, an i (a1(1 = 0), ... ap,_1(1 — 0))dbay,,
0
which is the sought result. 0

Lemma 3.21. With the notations of Theorem 3.13, we have, assuming that the
(a;)1<j<n are positive distinct numbers,

Hk;é j (K
(3.3.13) Ko, olar,...,a,) = e ] .
1<;Z<n [Liz;(ax — aj)
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Proof. The latter formula is true for n = 1 since we have Ky(a;) = e~*. We have
also

1
KOEN”(CL17 NP 7an) =e + an/ 679anKO€Nn—1 (CL1<1 — 9), RN ,an,1(1 - 9))d9
0

1
:e_“"+an/ e~ fan Z e~ % (1-0) Hk#ak do
0

1<j<n—1 Hk:;éj(ak — a;)

1
— e g Z Hk#j Ak / e—eane—aj(l—e)dg
1<jen—1 Hk;éj(ak —a;) Jo

1
—e Yy VL / eflar=an) gg
1<j<n—1 Hk:;éj(ak — a;) 0

Qp Hk?éj Qe e—aj eajfan _ 1
1<j<n—1 [Tis;(ar — a;) aj — an

ap, sz;ﬁj ap e 9 — e
oy Mgy (an = a5) (a; = an)

a’nHk]ak 1
- (”Z : )(aj—cm)

1<j<n— 1Hk¢1 Ak —

= e_an —|—

= eia" +

G, Hk;éj ay e~ %

+ .
1<j<n—1 Hk?éj (ak - aj) (an - aj)

J/

OK
We need to prove that

Ay, . ne1@ 1 n1@
<1+ Z Hk;ﬁj,lgkﬁg 1%k )_ H1§l§ 1%

1<j<n—1 Hk;éj,lgkgn—l(ak’ —a;) (a; — a,) N ngzgn—1(al —ap)

that is

II @= ]I (w=an <1+ > @n [ Lijachen—1 Ok 1 >

1§j§n—1 Hk;éj,lgkgn—l(ak - a]) (aj - a”)

1<l<n—1 1<i<n—1
which is
H a = H (a1—an) + Z (n, Hk;éj,lgkgnfl Ak H1gzgn—1(al - an)7
1<l<n—1 1<l<n—1 1<j<n—1 Hk;éj,lgkgn—l(ak‘ — aj;) (a; — an)
ie.
(3.3.14) H a = H (@ — an) + Z o Hk#’lgkgn_l G an).

1<i<n—1 1<i<n—1 1<j<n—1 Hk;«éj,lgkgn—l(ak — ay)
Let us reformulate (3.3.14) as an equality between polynomials (to be proven) with

3315 [ @-x)+ Y A Lisjpn-n aulai = - I a=o.

4 ap — a;
1<i<n—1 1<j<n—1 Hk#JylékSnfl( k J 1<l<n—1
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and let us assume that the (a;)1<j<n,—1 are distinct and different from 0. The poly-

nomial Q on the left-hand-side has degree less than n — 1 and we have

Q(0) =0, and Vje€[l.n—1],

a; . ap(ap — a;
Q(aj): JHk;é],lgkgnfl k( k ])_ H p—

Hk;éj,lgkgn—l<ak — aj;) 1<l<n—1

so that O has degree less than n—1 with n distinct roots and this proves the identity
(3.3.15) when the (a;)1<j<n—1 are distinct and all different from 0, proving (3.3.13)
in that case; of course we may assume that all a; are positive and noting from (3.3.5)

that K, is continuous on (R* )", we get Formula (3.3.13) in all cases where all the

a; are positive, concluding the proof of the lemma.

Lemma 3.22. With the notations of Theorem 5.153, we have, assuming
0<a; <---<ay,
the inequality

- Ay .
e—aj H1§l<] > —MINI<5<n @ max e—

(3.3.16)  Koenn(ar,...,a,) > EE: (j—1! = 1<j<n

1<j<n

aj'

OJ

Remark 3.23. The above estimate is sharp in the sense that when all the a; are

equal to the same a > 0, we have proven in (3.2.4) that

l

Ky(a) = L)'/o N e *(s+a)" 'ds=e" Z a—F(n —1)

— 1D
(n—1)! o<ty (n—1-=DN!
l j—1 H a
_ _—a a_ _ _-—a a _ —a; Ll1<i<i @
=D yEe oy T e 0 e
0<i<n-—1 1<5<n 1<5<n ai an=a

Proof. The property is true for n = 1 since Ky(a;) = e~*. We check the case n = 2

with a; < as, and we find

ai
Kwﬂﬁﬂﬂ=€””+/ e teme2imh/an) gy,
0

e _ ] e

=e M+e P——m— = "+ agg— > e M+ e “ay.

az _ =
a 1 a9 aq
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Let us consider for some n > 3,0 < a; < -+ < a, and inductively,
KOGN”<a1a Ce ,an)

al
= e_‘“Po(al) + / €_t1K06Nn—1 (a2(1 — tl/al), Ce ,an(l — tl/(ll))dtl
0
1
= _‘“Po(al) +a / _QIHKOENn 1 (a2(1 — 9)7 S ,an(l — Q))d&

ai +a1/ —ai6 Z —a;(1-0 —H2<l<J l(1—9)3;2d(9

2<j<n (7 —2)!
1 )
_ —a —aj (aj—a1)d . -2
- + Z e (al H al>/ —(j—2)!<1 0)’~=d
2<j<n 2<I<y
—_——
[Ti<k<janr
1 '
e 3 (I a) [ gt -0
2<j<n 1<k<j o (=2
1
=e "4 e ( ak) —_
QSJZSH 1sHk<j Y
concluding the proof of the lemma. O

Remark 3.24. The reader may have noticed that it is not obvious on Formula

a
s Hk;éj k
Ko . olar,...,a,) = Z e % 7
that Ky is an entire function. Let us start with taking a look at
e “ay e 2q ase” % — aje”*2
Kool(ar,az) = + =
a9 — a1 a] — ao G2 — a
a1+a2 7724"»0471
_(ag+ay) @ge” 2 T2 —q@je 2 2
= e 2
az — 4y
_Gortay) ag(cosh 5% + sinh ©259) — g, (cosh “5%2 + sinh #1592)
=e
g — aj
_(ag+ag) [ Ao — A <a2 + a/1> Slnh(u)
=e 2z [cosh( )
L 2 ag — a1
_(a1+a2) B CLQ — al %(CLQ + CL1> Slnh(u)
=e 2z [cosh( )
2 az—aj
- 2
_(ag4ag) [ as — aq 1 Ao — aq
(3.3.17) =e  z |[cosh( ) + = (a2 + ay) she( )} :
I 2 2 2
where shc stands for the even entire function defined by

inh ¢
(3.3.18) shet = 2020



INTEGRALS OF THE WIGNER DISTRIBUTION 51

We have also from Lemma 3.16

(3.3.19) Fu(a) = /R Sif:( I1 (il_tiz ;ijil)dr,

1<j<n

and defining the function F,(a, \) as the absolutely converging integral,

(3.320)  Fula,\) = /R M( I1 ((1 - iTHg)® )dT, Fu(a) = Fu(a, 1),

T 1 —arp;)ott
1<j<n i)

we get

OF, (0.3 = %/RCOS(MK I ((1 +.iT/ij)f“j )dT

\Zien 1 — Z7-Iuj)ozj+1
_ L eiAr< H (1 + i7p;)* >d7‘
21 Jg e (1 —drpy)tt

(1—
/ H iT )" )dT
1+ g7 gy )t

1<j<n

1 A ( (1+ ZTMJ) (1 —dTpy)™
_L LT Y,

27 Jr 1ggl_£n (1 —irp,)otl 1S11_'£n (14 irp,)tl
= Z Res [ 7 H (1 = i)™ T =1/ = ia,

1<j<n 1<j<n (L4 impy)t ] J

. : <—w )O"(m +T)°"
= Res | 7 J J T =1ia;

A o, @5(1a; + 1)
(o T e o).
1<j<n 1<j<n

so that assuming that the a; are positive and distinct, we get

1<k<n,k#j

y 1 [d “ (1) (i 4 ) ey liag + 1)
_Z — (d) ( (-1 (o, +1)% [ (-1 —<7_mk>%+l)

|T=ia;
1 1
= | KO D
1<k<n  1<j<n 7
d \% o - C e ag (iak—l—ig)ak
X (%) (e (=1)% (ia; +io)™ H .(—1) (io — iag)o+t
1<k<n,k#j lo=a
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1<k<n 1<j<n 7
d )%‘ ( . | (ay + )™
X (— e (a;+ o) H s
do 1<knky (7 T )T o=a;
—_ (_1)aj d\“ —Ao a; (ak + O->ak
- ( H a’k‘) Z CY]‘ % € (aj + U) ’ H . (a/k’ _ O—)Otk+l
1<k<n 1<j<n 1<k<n.k#j lo=a;
Since F,(a,+00) = 1, thanks to Lemma 9.7, we find eventually that
' OF,
F,(a) = F,(a,1) = (a, N)dA+1=1—- K,(a),
4oo OA
. (1)
=Ty &
1<k<n 1<j<n 7
+o00 d aj (a +O-)ak
—Ao o k
— e (a; + o) —_— dA
/1 (da) ( ’ 1§k£z[,k¢j (@ = o)™ jo=a;
-y S
1S
+o0 d @ (a + 0)**a
—\ai Ny k k
e = A} (a; + 0)va, \dk T 9) Gk d.
/1 (da ) ( ’ 1;5,#]‘ (@ = o)t jo=a;
_ (=1 e —Xaj d " o (ag + o)
_ Z Rl == (a;+0) ] Tar gyt d\
1<j<n 1<k<n,k#j jr=a;
aj +00
-y e e
1G<n Y7 Ja
d )aj ' ar(ax + a;5)*
- = (a; + a;s)® - dt;
<dajs 4 < T 1§k£n[,k¢j (ax = a;s)n+ ls=1 ]

(=D /+oo (4 aj A ay(ax + a;s)"
— ——t 1 “ dt
[s=1

1<j<n g 1<k<n.k#j
e () (e I et
_ (L) (s dt
1<]Z<n ajl Ja, ds 1s1~c£n[,k¢j (a — ajs /)™ 5=t
_ Z (=1)% /+Oo€—t
G2 W ey

d  \¥ Sy tag(t(ay — a;) +a;(s +1))™
<d(s +1) 1) <(t +3) H (t(ar + aj) — a;(s+t))ox+tl ) it v

1<k<n,k#j
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1<j<n
" /+°° ot (i _ 1) Vs I1 tay(t(ar — a;) + a;s)™ 0t
a; ds ;! et (t(ar + aj) — ajs)ox+l o
—+oco
— Z (_1)aje—aj/ e—t
1<j<n 0

d Qg s%i (t+aj)ak((t+aj)(ak — Clj) ‘f‘CLjS)ak
X (E — 1) <—' H ap+1 dt.
|s=2t+2a;

A <k<n kit ((t + aj)(a + aj) — ajs)
We have also to deal with
H (t+ a;)a((t + a;)(ax — a;) + a;s) ™

ap+1
L <k<mkdi ((t+aj)(ax + a;) — a;s)"™"

and
((t+ a;)(ax + a;) — a;(2t + 2a;)) = a;(ax + a;) — 243 + t(ap — a;) = (t+ a;)(ar — a;)

(t +aj)(ar + a;) — ajs = (t + aj)(ar — a;) + a;(2t + 2a; — )

so that
+o00
(3.3.21) Ka(a) — Z (_1)aje—a]- / ot
1<5<n 0
- “ichsni ((t + a;)(ar — aj) — a;(s — 2t — 2a;)) |s=2¢+2a,

3.4. A conjecture on integrals of products of Laguerre polynomials. We
formulate in this section a conjecture on the behaviour of the functions K,(a); as
displayed in the previous sections, we know several useful elements for the analysis
of these functions, including some quite explicit expression. However, in the non-
isotropic case, we were not able to prove the estimate F,(a) < 1, equivalent to
K,(a) > 0, except for the case @ = 0. We are thus reduced to conjectural statements.

Conjecture 3.25. Let n > 1 be an integer and let « = (aq,...,a,) € N*. For
a=(ay,...,a,) € (0,400)" we define

_ =1t +tn) _1)% .
(341)  Ku(a) = ﬁ<tl,...¢n>em ’ T (—1) Lo, 2t)dt,

Z1§j§ntj/“j21 1<j<n
where Ly, stands for the classical Laguerre polynomial
d k XF

Y

(3.4.2) Li(X) = (ﬁ -1) o
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Then we conjecture that, assuming 0 < a; < --- < a,, we have

a
(3.4.3) Ko(a) > ) e%H?Lq'l.

Remark 3.26. A slightly stronger and more symmetrical version of the above con-
jecture is that for n, a, a, K, as above, we have

(3.4.4) Ko(a) > Kola).

It is indeed stronger since we have proven in Lemma 3.22 that Ky(a) is greater than
the right-hand-side of (3.4.3).

Theorem 3.27. The previous conjecture is a proven theorem in the following cases.
(1) Whenn =1.
(2) For allmn > 1, when all the a; are equal.
(3) For alln > 1, when o = Oyn.
(4)

When n = 2 and min(aq, ag) = 0.

Proof. (1) When n = 1, we have proven above (in Proposition 3.3) that for a € N,
a> 0,

(3.4.5) Ky(a) =e¢*P,(a) > e,

which is indeed (3.4.4) in that case. With the notations of Theorem 3.5 (and in
particular where D, is defined in (3.1.22)) this implies

(3.4.6) Opy(1p,) <1—e7,

an inequality due to P. Flandrin in the 1988 paper |1 1].
(2) Assuming that all the a; are equal to a > 0, we have proven in Theorem 3.7 that
fora € N", |af =3, o,

['(n,a) 7 a’~!

3.4.7 Ky(a,...,a) > =e —— = Ky(a,...,a
(3.47) ()2 TP =0 3 gy = Kolar o
since from (3.3.5), we have

— —(t1+-+tn)
Ko(a,...,a) = 150 & ! dt
t; >0
— % y e*(t1+---+tn)dt + /a etn/ 6*(t1+---+tn71)dt
t?E(C)L 0 S ti>a—ty

a _ tn 7j—1
(inductively) =e ¢ +/ e tne(amtn) Z udtn

proving (3.4.4) in that case. With

(3.4.8) Dy = {(z,&) e R*, 27 <1},

2| + |€]?
a
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this implies that

(3.4.9) Opy(1p,) <1 - ) G_1)
1<j<n '

al~1

an inequality proven in the 2010 article [33] by E. Lieb and Y. Ostrover.
(3) When a = Oyn, we have proven (3.4.3) in Lemma 3.22.

(4) When n = 2, from the case n = 1 we have K,,(az) = e P,
Lemma 3.20, we obtain

,(az), so that from

1
Koy on(ar,a9) = e P, (a1) + al/ 6_9"“1_(1_9)“2(—1)0‘1La1(29@1)Pa2(a2(1 —6))do,
0

and if a;=0, it means that
1
Koas (a1, a2) = e + Cll/ e /=702 P, (ay(1 — 0))df
0

1
>e "+ al/ e 0= (=004 = Ko o(a1, az),
0
and the reasoning is identical for ay = 0, concluding the proof of the theorem. [J

We are interested in the Weyl quantization of the indicatrix of

(3.4.10) Da,.oan = {(x,€) €R™, 27 > Lty <1}, a; >0,

a
1<j<n J

and we have a weaker conjecture.

Conjecture 3.28 (A weak form of Conjecture 3.25). With n,«,a, K, as in Con-
jecture 3.25, we conjecture that

(3.4.11) K,(a) > 0.
Note that Inequality (3.4.11) is equivalent to
(3.4.12) Opy(1p,,

.....

Remark 3.29. In the first place, although the second conjecture is much weaker
than the first, there is no reason to believe that the weak conjecture should be easier
to prove than the first: in particular, in the known cases, it is indeed the proof of
the precise statement (3.4.3) which leads to (3.4.11) and we are not aware of a direct
proof of (3.4.11), even in one dimension.

A summary of our knowledge on the functions K. As proven in Remarks 3.14
and 3.15, the functions K, are entire functions given on the open subset (3.3.6) by
Formula (3.3.5) (see also Formula (3.3.17)). Moreover the function F,(a) = 1—K,(a)
can be expressed as a simple integral for a; > 0,

. e ,
(3.4.13) Fa(al,...,an):/smT< I1 (L+ir) )dT, P
R

— 7 Do+l .
T\ S, (1 —iTp,) a;
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and we have an explicit expression of the function K, as a sum of simple integrals
in (3.3.21). However, having an explicit expression does not mean much and for
instance, we do have several explicit expressions for the Laguerre polynomials but
Inequality (9.3.3) remains very hard work, requiring a deep understanding of these
polynomials. We have also an induction formula in Lemma 3.20. As a further
remark, we have the following

Lemma 3.30. Let n,a,a, K, as in Conjecture 3.25. Then we have

(3414> a lig-loo Ka1,...,o¢n_1,an (ala <oy An—1, an) = Kal,.,.,an_l(ala SRR anfl)a
(3.4.15) alh—r>%+ Koy omom (@1, a0, ... a,) = 1.

Proof. Formula (3.3.5) and Lebesgue Dominated Convergence Theorem imply the
first equality (3.4.14). Lemma 3.20, in which we may swap the variables a; and a,
gives for a; > 0

Kal,ag,,..,an (ah ag, ... 7an) = eial Pal (al)
1
+a; / e " (=1)* Ly, (2010) Ko, .., (a2(1 = 0), ..., a,(1 — 0))d0,
0

and since P,, is a polynomial such that P,,(0) = 1, we get (3.4.15). O

Reasons to believe in the conjecture. This is true in one dimension, also in n
dimensions for spheres and it is a quadratic problem in the sense that ellipsoids are
convex subsets of R?" characterized by an inequality

{X € R*" p(X) <0},

where p is a polynomial of degree 2 with a positive-definite quadratic part. We
shall see below in this paper that convexity of a set A does not guarantee that
the quantization Op,(14) is smaller than 1 as an operator and that Flandrin’s
conjecture is not true, but it is hard to believe that such a phenomenon could occur
for ellipsoids. We must point out a specific feature of anisotropy related to Mehler’s
formula (2.2.1): if all the p; are equal to the same g > 0 (this is the isotropic case),
then, with ¢, (z, &) = u(|z|* + |¢|*), we have

Opw(e%ﬂ'rqu (:L‘,{)) _ ¢(7_lu)€2i arctan(Tu) Y1 <j<p TF(I?+D]2~) :

where ¢(7p1) is a scalar quantity. As a consequence, if we quantize F(q,(z,§)), we
get

A~ 2,arctan(‘r,u,)

Opw(F(gu(2.€))) = [ Flojolmn)e™5=r0no0ir,

R
and thus

. _arctan(Tp) A

Op,, (F(gu(+,6))) = F(Opy(gu), ﬁMZAFWMmW”fum
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and Op,, (F(qu(x,é))) appears as a function of the self-adjoint operator Opy,(q,).
Following the same route in the anisotropic case, we get, with

(3'4'16> %L(l'?g) = Z ,Uj(l'?"—sz),
1<j<n
R i ‘ arctan(q—,uj 22 2
(34.17)  Opy (F(qu(z,)) = / F(r)o(ru)e ™ Sroen T mEE DD )
R

and since Hiarctan(T,u]) does depend on p; (and not only on 7), the operator

Opw( (qu(x 5))) is not a function of the self-adjoint operator Op,,(q,).

As a final comment on the strongest form of the Conjecture (3.4.4), we would say
that it could be seen as a property of the Laguerre polynomials, known in the case
n = 1, where it stands as follows: we define for k£ € N, the polynomial P, by

and we have P;(0) = 1 from (9.3.5). Moreover, we have the inequality (equivalent
0 (3.4.4) forn =1)

We note that e * Py (z) = f;oo e~*(—=1)%Ly(2s)ds, so that the unique solution P, of
the Initial Value Problem for the ODE

(3.4.20) Pylw) - Pl(x) = (~1)Ly(20),  Py(0) = 1,

does satisfy (3.4.19). We note that from Lemma 3.2, we have

_22 1) L (2X),

0<i<k

so that (3.4.19) is a consequence of Feldheim Inequality (9.3.3). Let us reformulate
(3.4.4), using the polynomials Py: for a; > 0,

o
(3.4.21) Ka(a):ﬂ:(tl """" )R 11 %{_6 tJPaj(tj)}dt

Sicjentifaj>11<j<n

0 .
> Ko(a) :ﬂ:(tl ,,,,, tn)ER? H %{—e t]}dt’

S icjen tifaj=11<i<n Y

which is equivalent to
(3.4.22) /H (1- sJ H H( sJ { ajsjpaj(ajsj)}ds
1<j<n 1<5<n
S/H(l— Z s;) H a;H(s;)e”“%ds,

1<j<n 1<j<n
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where H = 1g, (Heaviside function). This is equivalent to

(3.4.23) /H(l =3 ) [T Hsy)e (aj - a%) {Paj(ajsj)}ds

1<j<n 1<j<n
S/H(l— Z s;) H a;H(s;)e "% ds,
1<j<n 1<j<n
Le. to
(3.4.24) /H(l— > si) [ Hispe s
1<j<n 1<j<n
X < H a; — H (aj — %) {Paj(ajsj)}> ds >0
1<j<n 1<j<n J

Note that for n = 1, it means for a > 0,

1 1
/ e " (a — aPy(as) + aP(as))ds =1—e " + / di{e_ast(as)}
0 0o @s
=1—e"+¢e “Pyla) — P(0) = e *(Py(a) — 1) >0,
which holds true from (3.4.19).

Remark 3.31. There are several classical results on products of Laguerre polyno-
mials, in particular the article [5|, On some expansions in Laguerre polynomials by
A. Erdélyi and also the paper [31]|, Linearization of the products of the generalized
Lauricella polynomials and the multivariate Laguerre polynomials via their integral
representations by Shuoh-Jung Liu, Shy-Der Lin, Han-Chun Lu and H. M. Srivas-
tava. However it seems that the non-negativity of the polynomials P, P,.; do not
suffice to tackle the conjecture in two dimensions and more.

4. PARABOLAS

4.1. Preliminary remarks. We start with a picture, demonstrating that the epi-
graph of a parabola is an increasing union of ellipses. It is easy to see that the
epigraph of a parabola, i.e. the set {(x,£) € R* ¢ > x?} is a countable increasing
union of ellipses in the sense that

(4.1.1) P ={(z,6) € R’ &> 2”} = Upor {(w,) € R, € > a” + k7€) .
&,

Note that for k > 1 we have & C &1 C P since 22+ k722 > 22+ (k+1)72¢2 > 22,
from the fact that £ > 0 on &. Moreover, if £ > 2% and k > £/1/€ — 22, we get
((L’,f) € gk



INTEGRALS OF THE WIGNER DISTRIBUTION 59

FI1GURE 4. The epigraph of a parabola is an increasing union of ellipses.

Remark 4.1. The ellipse & is symplectically equivalent to a circle with area ”Tk?’
since
2 2 2 2
S (T
2 4 2 4
k* o k2
— /\—2 2 /\2k—2 v v
Yy’ + =) — 7

so that choosing X such that A\=2 = \2k~2, e.g. A\ = vk, we get
2 242 —1(,2 kL K’
TAHRTE =+ - )

and & = {(y,¢) e R, > + (* < %3}, where (y, () are the affine symplectic coordi-
nates

]{23/2

2

Lemma 4.2. Letu € #(R). Then W(u,u) belongs to .7 (R?) and with &, &, defined
by (4.1.1), we have

I W w @, Odede = tim [ Wiu,u)(e,§)deds < [lulfage).
Ex

&>a2

y=ak'? =gk
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Proof. Since W(u, u) belongs to .(R?*") C L'(R*"), we may apply the Lebesgue
Dominated Convergence Theorem and (4.1.1) to obtain the equality in the lemma.
On the other hand Theorem 3.5 and Remark 4.1 imply

[[ Wi, w) (. ©)drde = (Op, (e u.u) < (1=~ ullZagey < lullFage

and the sought result. O

Remark 4.3. Moreover, Theorem 3.5 and the expression of Fy(a) =1 — e~ imply
that with vy defined in (9.1.31), we have

f W(to, o) (. €)dzdg = (Opy,(1e,) b0, vo) = [[vollZae) (1~ €™,

so that from Lemma 4.2, we have [[,, W(vo, v0)(,§)dzd€ = ||1ho| |72 (g), entailing

(4.1.2) sup ff W(o, ¢)(x,&)dxdé = 1.

6€7 ®).]|6l 12y =1 5

Remark 4.4. We want to study the operator with Weyl symbol H(§ —a?) (H = 1g,
is the Heaviside function) and since ¢ — 22 is a polynomial with degree less than 2,
see from (1.2.5) that Op,, (H(€ — 2?)) commutes with D, — 22 = 2™#*/3D, ¢=2miz’/3,
and the latter has (continuous) spectrum R: we expect thus that Op,, (H (€ — x2))
should have continuous spectrum and be conjugated to a Fourier multiplier.

4.2. Calculation of the kernel. The Weyl symbol of the operator Op,,(1p) is
H(g - IQ)?

(P is defined in (4.1.1), H is the Heaviside function H = 1g_ ), corresponding to the
distribution kernel kp(z,y) obtained from Proposition 1.9 by (we use freely integrals
meaning only Fourier transform in the distribution sense),

bnlayy) = [ e - (* ; Yy = [ e (g)ag

1
_ prim(z—y) (" 5 -
e (0( R e
_doly—=) N p2im(@—y)(*54)?
2 2im(y — x)
We have
r+y
o=y (=) = (@ =)oty =" =y’ + 2%y -y’
4 1
=Sy + 5o,
so that

— i55(y—2)? o
(42.1) kp(a,y) = 5" <5O(y2 2 )) e 5,
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and the operator Op,,(1p) is unitarily equivalent to the operator with kernel

- do(y —x) e’
4.2.2 = .

We have proven the following result.

Lemma 4.5. The operator with Weyl symbol R* > (z,&) — 1g, (§ — %) has the
distribution kernel

o _ ig(y—x)® o
kp(z,y) =57 <5°(y z) + )> e iFY

2 2im(y — x

and 1s thus unitarily equivalent to

Id je~im/6 ]
4.2.3 — luti ith -.
( ) 5 + convolution wi 5 PV;
s —1T 3 .
Lemma 4.6. The distribution * 27: A pv% has the Fourier transform

1 [ sin(2rast + %)

2 5

(4.2.4) ds, a=(2/m)"3.

The operator (4.2.3) is the Fourier multiplier w(Dy) with

1 1 [ sin(sn + 2) s o)
(4.2.5) w(t) == (1 + —/ " 3ds |, n=2"3x3r,

2 T J oo s

Proof. We calculate in the distribution sense (t = as,a = (2/7)'/?),

/eintTi eiiﬂt3/6 _ L 6727;7”157. 67“11353/6 ds _ L (_Z) Sin(§ + 27TCLST) dS
2mt 2T S 2m s
1 [ sin(2mast + %)
= — ds,
2m s
so that with n = 2war, we get
(r) 1 1+1/+Oosin(s77—l—§)d 1(1 F) = Gn)
wlT) = — —_ —_—aS _ — — —
2 T oo s 2 TI 77 9
proving the lemma. 0

Lemma 4.7. We have, with n = 2*/372/31,

(426)  w(r) =+ (1 + 1/ N Mds) —Glp), w(0) = g — G(0),

2 T ) o s
1 83 3

(4.2.7)  G'(n)=— / cos(sn + —)ds = Re 1 / expi(sn + 8—)ds = Ai(n),
R 3 2w R 3

428 Gl =3+ [ mEds

where A is the Airy function defined as the inverse Fourier transform of t +—
i(2mt)3/3
e .
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Proof. We have

+00 Gin (S +oo o3
(4.2.9) l/ sin(s )ds = l/ sin(o) 31/310_2/3da
_ T

) S . 3BgIB° 3
1 [T sino 1
= — o= —
3 ). © ’
proving (4.2.6). We have also
1 : 1
G(n) = 5t Im{Inverse Fourier Transform{y e'2my)°/ 3pv(%)}},

and thus

G'(n) = Im{Inverse Fourier Transform{y e'2m)’/ 32}}

— Im (/ e2mynez(27ry)3/3idy> — Im <§/eztnezt5/3idt) — Al(n),

which is (4.2.7), implying (4.2.8). O

Lemma 4.8. With G defined in Lemma 4.7, we get that G is an entire function,
real-valued on the real line such that

(4.2.10) lim G(n)=1, lim G(n) =0,
n——00

n——+00

and moreover with ny the largest zero of the Airy function (ng ~ —2.33811), the
function G has an absolute minimum at ny with G(ng) ~ —0.274352,

(4.2.11) vneR, G(n) <G(n) <1

Proof. The first statements follow from Lemma 4.7 and (4.2.10) is implied by (4.2.8)
and (9.6.34), (9.6.38). The strict inequality in (4.2.11) follows for n > 0 from (4.2.7)
since Ai is positive on [0, +00) so that G is strictly increasing there from G(0) = 2/3
to G(+00) = 1. The other statements are proven in Section 9.6 of the Appendix. [

4.3. The main result. Collecting the results of Lemmas 4.5, 4.6, 4.7, 4.8 and of
Section 9.6 in the Appendix, we have proven the following theorem.

Theorem 4.9. Let H(¢ — 2%) = 1{(2,&) € R* & > 22} be the indicatriz of the
epigraph of the parabola with equation & = x%. Then the operator with Weyl symbol
H (& — 2?) is unitary equivalent to the Fourier multiplier G(2Y/37%/31) where

9 " 7
(43.1)  G(n) = 3 +/ A (§)dE = / Ai(&)dE, (AL is the Airy function).
0 —00
The function G is entire on C, real valued on the real line and such that
G(R) = [G(m), 1),
where 1o 1s the largest zero of the Airy function

(4.3.2) we have ng ~ —2.338107410,  G(1) ~ —0.2743520591.
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The operator with Weyl symbol H (& —x?) is self-adjoint bounded on L*(R) with norm
1, with spectrum equal to [G(no), 1] (continuous spectrum) and

(433)  Vue ’®),  G)lulfam < [f W u)(e,&)deds < ullfa

£>a?

0.2

y/\/\/\/\A/\A/\/\/\/\A/’\A\/’\/‘\/h |
R AR |

G(m)

FIGURE 5. The function G. More details on G are given in our Ap-
pendix 9.6.

4.4. Paraboloids, a conjecture. We are interested now in multi-dimensional ver-
sions of the previous results, namely, we would like to find a bound for integrals of
the Wigner distribution on paraboloids of R?" for n > 2. Let us start with recalling
Theorem 21.5.3 in [22], a version of which was given in our Theorem 3.12 in the
positive-definite case.

4.4.1. On non-negative quadratic forms.

Theorem 4.10 (Symplectic reduction of quadratic forms, Theorem 21.5.3 in [22]).
Let q be a non-negative quadratic form on R™ x R™ equipped with the canonical
symplectic form (1.2.21). Then there exists S in the symplectic group Sp(n,R) of
RZTL)

re€{0,...,n}, ui,...,p positive, and s € N such that r + s < n,



64 NICOLAS LERNER

so that for all X = (z,£) € R" x R,
(4.4.1) (SX)= Y i +&)+ )

1<j<r rH1<j<r+s
Definition 4.11. Let n € N* and let R*" be equipped with the canonical symplectic
form (1.2.21). Let q be a non-negative quadratic form on R*™ with rank 2n — 1 and
T be a non-zero vector in R*" such that q(cT) = 0. A paraboloid P of R*" with
vertez 0 and shape (q,T) is defined by

(4.4.2) P={XecR*" ¢(X)<I[X,T]}.
A paraboloid Q with vertex m € R®*" and shape (q,T) is defined as
(4.4.3) Q=P+m,

where P is a paraboloid with vertex 0 and shape (q,T).

Remark 4.12. We can find some symplectic coordinates such that
¢(X) = (X, T = ) @ +E)+ D i+ > (o —&ty),
1<j<r r41<j<rts 1<j<n

with 2r +s = 2n — 1. We can get rid of the linear terms z;7; — §;t; when 1 < j <r

by writing
2 2 Tj \2 i \2 Ly 2
pi(xs + &) +am — ity = pyley + =) + (& — =) — —({; +77),
VAN J J' 3% J( J 2#7) J( J 2Mj) 4#@’ J J
and also of z;7; for r +1 < j <r + s, since
2 Tio T5
J J
ri +xymy = (15 + 5) -
We are left with using affine symplectic coordinates (y,7n) so that
(X)X T = > wyi+n)+ D, vy
1<j<r r+1<j<r+s
- > wti+ Y (ym -t —a
r+1<j<r+s r+s+1<j<n

Since we have 2r+s = 2n—1, we get r+s+1 = 2n—r: we cannot have r+s+1 <n
since it would imply that 2n —r < n and thus » > n, which is incompatible with
2r4+s =2n—1,r,s > 0. We get then that s = 2/ + 1,7 = n — 1 — [ and since
r+s<n,1<s,wehavel=0,s=1,r=n—1, and
o(X) = [X,T]= > iy +n) + i — mata —a,
1<j<n—1
and t, € R*. With vy, = t"/34,,,n, = t~'/37,, we get
(X)X, T = Y iy +n) + 302 — i — at /),
1<j<n—1
and the inequality ¢(X) — [X,T] < 0 is equivalent to

S By 4 n)) + 5 < i+ a7,
1<j<n—1
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We can thus assume ab initio that our paraboloid is given by the inequality

(4.4.4) Y i+ ) +al <&

1<j<n—1

4.4.2. On the kernel for the paraboloid. We shall consider the paraboloid
(4.4.5) Po={(8 R a2+ Y (2?+&) <&}

1<j<n—1

We have, with X’ = (2/;&) = (21, ..., Tn_1:&1, - -, €n1)s

P = Opy (H (& — o = |X'P) = / H(7)Opy (277 & =00)Op, (=277 X7 g7
R

_ Z/ H<7_)]P)k;n—l ® Opw(621'7”'({”—36%))e—i(arctanf)(Qk—i-n—l)(1 + 7_2)_(7151) dr
R

k>0
1
S
2
1 . 2y, 1 1 —ar \2ktn-1 (n—1)
- P . O 2inT(E€n—13) _(_) 1 2\ -5 d
+ 227’(’% k; 1(8)/]R pW<€ )7_ (1+7_2)1/2 ( + 7 ) T
1., 1 e (1 —ir)k
= _Id4= ) Pr, Op,, (e%7T(En—2n) .
2 +2 ; bt ®/]R Pu(€ )2'7T7'(1 + di7)ktn—1 T

Let k(x,,yn) be the kernel of the operator in the integral: we have

k(l’nayn) (& (& - .
T(Tn = Yn) (1 = i(2n — yp))Fmt

As a result, we find that P is unitarily equivalent to P, with

3
~ " 6 n 1 Ty, g
(4.4.6) 2P — Z Pin—1 ® ([n + convolution with Zeﬁ;n i (_ ;;ijln—l )

k>0

We define

1 iem 5t (14 it)k ‘
4.4.7 not(T) = = T g
(447) wpa(r) = 5+ [ S e
im 13 .
— 1 + / € ét <]' _ Zt)k 62’i7rt7dt’
2 2imt (1 4 it)k+n-1

and we get that

(4.4.8) P=> Pryi1 @wini(Ds,)

k>0

We note that for n = 1, the sum is reduced to £ = 0 with Py,y = I, so that we
recover Formula (4.2.6) with wyo = w. We find also that

(4.4.9) Wl (1) = / e’gﬁ( (1 —it)

2imtT
Tt o
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in the sense that the inverse Fourier transform of ¢ — e%tsm%% is the distribu-

tion derivative of wy ,,—1. Going back to the normalization of Lemma 4.7, we have,
with n = 24/372/37,

(4.4.10)  Grn-1(n) = wrn_1(7),
- - i3 (1—it)k B
fn—1(1) = 2 437 2/3/e6t WQQ Simdin gy

1 [ w3 (1—an '32B8s)k
pr— _— 7/877 =
(4.4.11) ~ 27T/e ’ <1+Z‘ﬂ.71/321/38)k+n*1€ ds := App-1(n)-
1 1

t=m 323s

We have Apy = Al and Ay, is an entire function, real-valued on the real line; we
have

n
Grn-1(n) Z/ Apno1(6)dE,  Grp-1(+00) = 1.

—0o0
Remark 4.13. We claim that the asymptotic properties of the functions Ay, are

analogous to the properties of the standard Airy function and we have indeed from
(4.4.9),

(4412) w;c,n—l(T) — (1 _ ZD)k<1 + Z‘D)*k*n+1f*1(e%t3).
We claim as well that

1
——< inf G(n) <0, sup G(n) =1,
2 k>0meR (77> kzo,g)eﬂ{ (77)

so that P is bounded on L?(R™) and

(4.4.13) Wiu, ) (x, €)dads, < Jul2a g

/ﬁnZI%‘FZlg]‘gn—l(m?"‘ﬁ?)
5. CONICS WITH ECCENTRICITY GREATER THAN 1

We want to consider now integrals of the Wigner distribution on “hyperbolic”
convex subsets of the plane such as

(5.0.1) Co = {(2,6) € R? 2 > 0,2 > 0},

where o is a non-negative parameter. It is convenient to start with the limit-case
where o = 0 and Cy = {(z,£) € R*,x > 0,£ > 0} (we will label Cy as the quarter-
plane). The indicatrix function of Cy is H(z)H (§) where H = 1g, is the Heaviside
function.

Acknowledgements. The author is grateful to Thomas Duyckaerts for sharp com-
ments on a first version of this section.

N.B. The reader will see a great similarity between our calculations below in this
section and the J.G. Wood & A.J. Bracken paper [15]|. This article is very important
for the problem at stake — Integrating the Wigner distribution on subsets of the phase
space — and was a wealthy source of information for us, although as a mathematician,
the author has a quite rigid relationship with calculations, and feels the need to
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justify formal manipulations; for instance, we may point out that the test functions
used in [18] are homogeneous distributions of type

l .
—2+zw

Ty , weR,

which are not in L?(R) (not even in L3

o), a situation which raises some difficulties,

first when you try to normalize in L? these test functions and also when trying
to give a non-formal meaning to their images under the operator with Weyl sym-
bol H(x)H(§), images which are not clearly defined. In our joint paper [!| with
B. Delourme and T. Duyckaerts, proving that Flandrin’s conjecture is not true, we
followed numerical arguments which were quite apart from the arguments of [18].
However, in this article, we do follow many of the arguments of [13], along with
avoiding formal calculations.

5.1. The quarter-plane, a counterexample to Flandrin’s conjecture.

5.1.1. Preltminaries. We study in this section the operator
(5.1.1) Ay = Op,,(H(z)H(E))

where H = 1, that is the Weyl quantization of the characteristic function of the
first quarter of the plane.

Lemma 5.1. The operator Ay given by (5.1.1) is bounded self-adjoint on L*(R).

Proof. Since the Weyl symbol of A is real-valued, Aq is formally self-adjoint and
it is enough to prove that Ay is bounded on L%*(R). Let us start with recalling the
classical formulas

(5.1.2) i) = 2+ oo (3) - v (7).

2 2w t T t

useful below. The kernel® of A4, is

(5.1.3)  ko(z,y)=H(x+y)H(y —2) = H(z + y)%@o(y — )+ %P"y i I)

For A > 0, we define Ay, = (H(z)1lp(€))", whose distribution-kernel is the
L>(R?") function

(m(z —y)A)

~ sin
kox(z,y) = H(z +y e (@=y)A

8There is no difficulty at defining the product S ((z+y)/2)T(z—y) for S, T tempered distributions
on the real line since we may use the tensor product with
T+y T2
(S(7)T(x —y), (2, y))w2),rm2) = (S(21) @ T(22), Bl21 + o, 21 = o)) (r2), 7 (72):

However, we shall not use directly Formula (5.1.3), since want to avoid formal manipulation involv-
ing for instance meaningless products such as H(x)H (y)ko(z,y). We refer the reader to footnote
9 on page 68 and to Remark 5.2 for more details on this matter.

€2
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We can thus notice that

k(b)»\ (:B)y)

(5.1.4) /{:0’/\(1‘, y) — H(:L»)H(y)eiﬂ(x—y))\ Sin(ﬂ'(l‘ — y))\)

m(z —y)
+ H(z+y)(H(—2)H(y) + H(z)H(—y)) SlnS:T(xx_—yg;))\) eimE—yA
| ZINCEN) |

and the operator with distribution-kernel k:g ) 18
HOpw(l[()’)\](g))H, that is Hl[gv)\](D)H,

where H stands for the operator of multiplication by the Heaviside function H. On
the other hand, the operator with distribution kernel k:g ) 1s such that

H(—x)H(y) + H(z)H(-y)

| —yl

(ko a(2,)| < H(z +y)

H(—x)H(y) H(x)H(-y)
m(y — ) m(x—y)
According to Proposition 9.13 in our Appendix, the Hardy operator and the modified
Hardy operators are bounded on L?(R) and we obtain that, for ¢, € . (R"), with

H=H(x),H = H(—x),

(5.15) | [[ H@)10q(EW (6, ) (@, E)dwds

§ 1 .
< |Hpll 2w |1 HY || 2wy + §||H¢||L2(R)||H¢||L2(R) + §||H¢||L2(R)||H¢||L2(R),
so that

(5.1.6) |(A09, V) 9+ m®),7®)|
c.7(R?)

= | [ @ H @ W (6,0) (0. 6) dude| = 1 | [[ H ()10 (€W (6,0) (. €)dudg

< | Hol 2w | HY || 2wy + §||H¢||L2(R)||H?/JHL2(R) + QHFIQbHL?(R)HHinLZ(R)a

yielding the L?-boundedness of the operator Ay, and this concludes the proof of the

= H(z +y) + H(z +y)

lemma. O

Remark 5.2. That cumbersome detour with the operator Ay ) is useful to ensure
that the operator A is indeed bounded on L?(IR). The kernel kg of Ay is a distribution
of order 1 and the product H(x)H (y)ko(z,y) is not a priori meaningful, even when k
is a Radon measure’. However with the proven L?-boundedness of Ay, the products

9Even a wave-front-set approach, which would allow the product H(z)pv(1/(y — z)), does not
offer a meaning for the product H(x)H (y)pv(1l/(y — z)) since the wave-front-set of pv(1/(y — x)) is
located on the conormal of the first diagonal (i.e. {(z,x;&, —&)}zer,ccr-), whereas the wave-front
set at (0,0) of H(x)H(y) contains all directions and in particular is antipodal to the conormal of
the diagonal at (0,0).
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of operators HA H, HA\H, HAyH, HAyH make sense and for instance we may
approximate in the strong-operator-topology the operator HAygH by the operator
x(-/e)Ax(-/e), where x is a smooth function supported in [1,+00) and equal to 1
on [2,+00). We have indeed

HAH = (H — x(-/e)) AH +x(-/e)A(H — x(-/¢)) + x(-/e) Ax(/e),
so that for u € L*(R), HAHu = lim. o, x(-/¢)Ax(-/¢)u. The operator with kernel

1
=1 x(@/e)x(y/ E)pv—m(y —y

converges strongly towards the operator H(sign D)H.

H(x +y)x(x/e)x(y/e)pv

Proposition 5.3. Let Ay = Op,(H(z)H(&)) be the operator with Weyl symbol
H(z)H(E), a priori sending 7 (R) into ' (R). Then Ay can be uniquely extended
to a self-adjoint bounded operator on L*(R) with

1++v2

~ 1.207
2

(5.1.7) [ Aol 5(z2r)) <

N.B. The bound above can be significantly improved (see Proposition 5.50 for optimal
bounds) and moreover we will show below that the spectrum of Ay actually intersects
(1,400). In fact it is easier to start with the information that Ay is indeed bounded
on L*(R).

Proof. The L?(R)-boundedness of Ay is given by Lemma 5.1. We are left with
proving the bound (5.1.7): we note that (5.1.6) implies

(Ao, w) 2wy < || HullZamy + | Hull 2w || Hull r2g),
proving the proposition, since the eigenvalues of the quadratic form R? > (zy, x9) —

22 + x129 are (1 £+/2)/2. O

We can do much better and actually diagonalize the operator Ay, using as in
Proposition 9.13 logarithmic coordinates on each half-line. We state a lemma on
“diagonal” terms whose proof is already given above.

Lemma 5.4 (Diagonal terms). Let Ay be the operator with Weyl symbol H(x)H ().

With H standing as well for the operator of multiplication by H(x), we have

(Id +sign D)
2

Lemma 5.5 (Off-diagonal terms). Let By = 2Re HA(H = HAH + HAyH. Then
we have for all u € L*(R),

(5.1.8) HAyH = HH(D)H = H H.

1 .
(519) <BOU, U>L2(R)| < §||HUHL2(]R) HHUHLQ(R)

Proof of the Lemma. For u € .#(R) such that 0 ¢ supp u, we define for ¢ € R,
(5.1.10) P1(t) = u(eh)el’?,  o(t) = u(—et)et/?,
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so that
(5.1.11) IHull2m) = lo1ll72@),  1HullZzm = 620720
We have
H H(z)H H(z)H
(B ) s = [ DT HDEO), ) 30011y
—e’ +€ e =n e —e gt _
e T + oy 1(3a(s)dsdt — [ m o PO (s)dsdt
H(t—s) (s —1) -
= jj Tin cosh ey ¢1(t) o (s)dsdt — ff W¢2(t)¢1(5)d5dt
so that
(5.1.12) (Bou, u>L2(R) = <‘§0 * qbl, ¢2>L2(R) + <So * gf)g, ¢1>L2(R)
= . H(@ _ iH(t)
(5.1.13) Solt) = 4im cosh(t/2)’ Solt) = 47 cosh(t/2)

We calculate

o dt 1 1 0 dt
— — _Jarctan(sinh(t/2))]f* =-= [ ——
/0 4 cosh(t/2) 2w [arctan(sinh(t/2))]g 4 /_Oo 47 cosh(t/2)’

so that
1 1 .
(5.1.14) [(Bow, w) @) < Slldillezelidellzzm) = SlIHHull 2| Hul 22

proving the estimate of the lemma for u € .#(R) such that 0 ¢ suppu. We use now
that we already know that By is a bounded self-adjoint operator on L*(R): let u
be a function in L*(R) and let (¢%)r>1 be a sequence'” in .%(R) such that each ¢
vanishes in a neighborhood of 0 so that limy ¢, = u in L*(R). We find that

|(Bow, w) r2ry| < [{(Bo(u — ¢r), w) r2w)| + [(Bodw, u — k) r2w)| + [{Bodk, k) L2(m)]
< | Bollsz2@y) (1w = drll 2@y lull 2wy + llw — drll 2wyl ol 2wy

1 .
+ 5HH%HH(R)HH%HL?(R),

providing readily the result of the lemma since the multiplication by H and H are
bounded operators on L?(R). O

Remark 5.6. The estimate (5.1.9) and Lemma 5.4 are already improving (5.1.7),
since the eigenvalues of the quadratic form R? 3 (z1,z9) + 22 + %xlxg are (2 +
v/5)/4, so that the right-hand-side of (5.1.7) can be replaced by (2++/5)/4 ~ 1.059.
Anyhow, we shall provide below a diagonalization of Ay and optimal bounds.

10gych a sequence is easy to find: a first step is to find a sequence (ék) x>1 in the Schwartz space
converging in L?(R) towards u, then consider with a given w € C*°(R;[0,1]) such that w(t) = 0
for |[t| <1 and w(t) =1 for [t| > 2, ¢(x) = w(ka)dr(x).
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N.B. We shall be a little faster in the sequel on the “cumbersome” detours to avoid
formal multiplication of kernels by Heaviside functions but the reader should keep in
mind that it is an important point to secure L?(R)-boundedness before any further
manipulation of the kernels.

5.1.2. An isometric isomorphism.

Remark 5.7. The mapping ¥ defined by
U: LA(R) — L*(R; C?)
(5.1.15) u o (), (Hu)(~e)e”)

is an isometric isomorphism of Hilbert spaces: indeed we have

]uHLg /\u )2 tdt+/\u H2eldt.

Moreover if (¢1,¢s) € L*(R; C?), we may define for x € R*
u(z) = H(x)pr(Ina)a™? + H(z)gs(In [a])]z] "V,
and we have W(u)(t) = (¢1(t), ¢a(t)).

Remark 5.8. Using Lemma 5.4 and Notations (5.1.10) we see that
s+t

(H AoHw, w)12s) = 361 agey + [[ 5pv 5

_ —||¢1||L2 + H PV tT)gb ()61 (s)dsdt

cbl( )01 (s)dsdt

(5.1.16) /|¢1 +To( ))dr,

with
(5.1.17) To(#) ! !
. . = ——vox-x=—— V—
O = Ysinn(t/2)Y
We have
T : : t —2imtT
(5118) TO = 81g1 * g, with po(T) = /me Zimt dt,

and we note that the function py belongs to .#(R), as the Fourier transform of a
function in .#(R). Also we have

. 1
[ miryir = () = 5.
and this yields with - {% + TO} = 2po (which follows from (5.1.18)) and

1 . oo
(5.1.19) 3 +To(r)=1- / 2,00(7—’)(17'/’

since

d (1 . [+ L
et [ e =0 i ) = 5.
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Theorem 5.9. Let Ay be the operator with Weyl symbol H(z)H (§). The operator Ag
is bounded self-adjoint on L*(R) so that we may define, with ¥ defined in (5.1.15),

(5.1.20) Ay = WAU",

The operator AVO is the Fourier multiplier on L*(R; C?) given by the matriz

(5,1'21) Mo(T) _ 2 ‘{: TO(T) S()(T) |
So(T) 0

where Ty, Sy are defined respectively in (5.1.17), (5.1.13). In particular we have with
¢ = <¢17 ¢2) € L2(R7 C2)7

(5.1.22) (Ag®, ®) 12 (mc2) = /[R 2T (Mo (T)D (1), B(7))c2dr.

Remark 5.10. As a consequence of Theorem 5.9, we find that the spectrum of
the self-adjoint bounded operator Ag is the closure of the set of eigenvalues of the
matrices Mo(T) when T runs on the real line.

Proof. The proof follows readily from Remarks 5.7, 5.8 and Lemmas 5.4, 5.5. O

Lemma 5.11. Let N be a 2 x 2 Hermitian matrix

N = (an a12> ‘
a; 0
Then the eigenvalues A_ < A of N are such that
(5.1.23) A <0<1< Ay,
iof and only iof
(5.1.24) ar #0  and |apl® >1—ay.

Proof. The characteristic polynomial of A/ is p(A\) = A\? — aj; A — |az|* and since
ap; is real-valued, has two real roots A\_ < A,. If (5.1.24) holds true, the roots are
distinct and

p(0) = —law|* <0, p(1) =1—an —|anl* <0,
implying (5.1.23). Conversely, if (5.1.23) is satisfied, then p(0), p(1) are both nega-
tive, implying (5.1.24), completing the proof of the lemma. O

Lemma 5.12. Let us define for w € R,

1 [+ sin(tw)
1.2 1 = — —————dt.
(5.1.25) () 47 /0 cosh(t/2)
Then we have
1
(5.1.26) I(w)=—+0wW™), |w| = +oo.
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Proof. Indeed we have for w € R*,

1 T L cos(tw) 1 T cos(tw) 1
Tw) = dnw /0 cosh(t/2) dt = 4w (1 - /0 (cosh(t/2))22 smh(t/2)dt>

= (1 gw)),

with

g(w) = —/0 h i{sm(tw)}sech(t/2) tanh(t/2)dt

1 [T
=55 sin(tw) {sech t/2) tanh(t/2) }dt
0
I
=—53 —{cos(tw)}—{sech(t/Q) tanh(t/2) }dt
w= Jo
1

2w?

+o0 1
= {/ cos(tw —{sech (t/2) tanh(t/2) }dt + 2} O(w™?),
0
proving the lemma. 0

Proposition 5.13. The matriz Moy(T) defined in (5.1.21) is equal to

a1(7) ag(7)

a12(7) 0

(5.1.27) Mo(r) =

with

e / / i e 1 —2imTt
(5.1.28) 1—ay(r) = /T 2p0(T")dT",  ara(T) = E/o me dt.
We have

(5.1.29) 1 —ayn(r)=0(N) for any N when 7 — 400,
1
8m2r
Proof. Formulas (5.1.27), (5.1.28) follow from Theorem 5.9, (5.1.19) and (5.1.13).
The estimates (5.1.29) follow from the fact that py belongs to the Schwartz class

(5.1.30) Re(a2(1)) = +O0(77*)  when T — +oo0.

and (5.1.30) is a reformulation of Lemma 5.12. O

Theorem 5.14. Let Ay be the operator with Weyl symbol H(x)H (§), where H is
the Heaviside function. Then Aq is a bounded self-adjoint operator on L*(R) such
that

(5.1.31) inf (spectrum(A4y)) < 0 < 1 < sup(spectrum(4y)).

Proof. Using Remark 5.10 and Proposition 5.13 we find that for 7 large enough,
Conditions (5.1.24) are satisfied, proving readily (5.1.31). O
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Corollary 5.15 (A counterexample to Flandrin’s conjecture). There exists a func-
tion ¢g € < (R), with L*(R) norm equal to 1 such that

(5.1.32) {] Wi(g0, ¢0)(x, €)dwde > 1.

20,620

L0V

Remark 5.16. On page 2178 of [11], we find the sentence “it is conjectured that
(5.1.33) Vue LAR), [ Wiu,u)(z, )drde < [ul2:m),
c

18 true for any conver domain C”, a quite mild commitment for the validity of
(5.1.33), although that statement was referred to later on as Flandrin’s conjecture in
the literature. The second part of the above corollary is providing a disproof of that
conjecture based upon an “abstract” argument used in the proof of Theorem 5.14;
the result of that corollary was already known via a numerical analysis argument
after our joint work [1] with B. Delourme and T. Duyckaerts.

Proof. From Theorem 5.14, we find ug € L*(R) such that

HUOH%Q(R) < (Aouo, o).

Let ¢ € (R): we have

[(Aouo, uo) — (Ao, ¥)| = [(Ao(uo — ), uo) + (Ao, uo — )|
< | Ao|lB(L2(my) lluo — wHL2(R)(”u0HL2(R) + \WHB(R)),

and thus if (1;)g>1 is a sequence of .¥(R) converging towards ug in L*(R), we get

HUOH%Q(R) < (Aouo, uo)

< (Ao, Vi) + | Aol Berzy lwo — Yl r2@) (Juoll 2y + |90kl r2m)) -

~
=0}, goes to 0 when £ — +o0.

There exists ky > 1 such that for k& > kj, we have

1 €
0< o < 5((AOU0,U0> — HUOH%Q(R)) = 50, Eg > 0.
We obtain that for £ > ko,
€
o2y < (Aotio, uo) < (Avths, i) + =,

and thus

el Zo@y = N¥lZo@) — luollZa) +HluollZz)

~
=0}, goes to 0 when k — +o0

e
= ek + <A0u07u0> —&p S ek + <A0wk7 ¢k’> -+ EO — €0

= (Ao¥r, V) + O — 82—0-
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Choosing now k > ko and k large enough to have 0, < ¢/4, we get

[rll72) < (Aotor, Pr) — %O < (Ao, ¥r),

and since for ¢ = ¢, the Wigner distribution W(&, qg) belongs to . (R?), we have
16]13m) < (Ao, @) = [{ H(@)H(EW(,)(x, §)dade,

and noting that this strict inequality above implies that gz~5 # 0, we may set ¢y =
®/||¢|| and get the first statement in the corollary.

N.B. The proof above is complicated by the fact that the identity

(a"u, u) r2(mny z, W (u, u)(x, &)dxdé,

“ll
is valid a priori for u € .(R") (and in that case W(u, u) belongs to ./(R*")), but
could be meaningless as a Lebesgue integral even for Op(a) bounded on L*(R")
and u € L*(R"), since we shall have W(u,u) € L?(R?") but not in L'(R?") (we shall

see in Section 6 that generically the Wigner distribution of a pulse u in L?(R") does
not belong to L'(R?*")).

Since W(¢, ¢) belongs to the Schwartz space of R? the Lebesgue Dominated
Convergence Theorem provides the last statement in the Corollary. 0J

N.B. The reader will notice that the results of the incoming Section 5.2 in the
special case ¢ = 0 imply the results of Section 5.1, which could be then erased,
say at the second reading. However, as far as the first — and maybe only — reading
is concerned, we checked that most of the computational arguments in the next
section are much more involved and it seemed worth while to the author to avoid
unnecessary complications for the disproof of Flandrin’s conjecture via the quarter-
plane example and set apart the more involved examples of the hyperbolic regions
tackled in Section 5.2.

5.2. Hyperbolic regions. We consider in this section the (5.0.1) set C, with a
non-negative o.

5.2.1. A preliminary observation. We want to consider the operator A, with Weyl
symbol H(x)H (xz{ — o) and as in Section 5.1.1, we would like to secure the fact that
A, is bounded on L*(R).

Claim 5.17. For all ¢ > 0 the operator A, is bounded self-adjoint on L*(R).

Proof of the Claim. Let us choose

(t) =0, for t <1,

. Xo
52.1 € C*(R;[0,1]) with
(5.2.1) Xo (R; [0, 1]) wi {Xo(t) — 1, fort>2.
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For ¢,¢ € .Z(R), we have

(522) (Ao — A0)6, ) r(myrm = || H@)H()H (o — 2€) W(0,v)(x,€) dwdg

€7 (R2)

= lim [ xola/ VH () H (o = 2€)W(6, ), €)dwde.

e—04

The kernel &, of the operator with Weyl symbol xo(x/€)H(&)H (o — x€) is

¢ T4 Y aimgzmy SR
2 o€ s == O oy z+y _—,
(5.2.3) () = xo 5 Je =)
and we have
. 2mo(x—y)
3: + Y 2171'0'— Sln( z+y ) n
ff loe(,y)0 x)dydr = jf Xo ) w@b( y)y(x)dzdy
2ro(z—y)
x + T sm( ) _
— j]“xO ) e2imo i T ey )i (ex) dady
me(r —y)
e sin(Zrele=y) ~
(5.2.4) = JI Xo(—— oty — Y~ ()2 ) (ex)e? dyda.
ikt Wy ratar ou
—~~ 4 e\Y we(ﬂi)

me (x7y)

We note that, assuming as we may that ¢ > 0,

sin(Z2E=Y 1 o 17y
(525) male ) H()H) = no( 32 T | 2O
20H (x)H (y)
- T4y
and
5 T+ Sin(%z(j_y))
(5:20) molo. ) HH) = xo("52) | o= | A@H )
H(z)H(y)
= m(y — )
as well as
. 4y, |sin(ZEey)
52) molo. DHWHE)] = xo(*52) | o= | ) H(2)
_ HWHE
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As a consequence, since we have also m, (2, y)H (z)H (y) = 0, the inequalities (5.2.5),
(5.2.6), (5.2.7), the identities (5.2.4), (5.2.2) and Proposition 9.13 imply that

(Ao — Ag), ) s+ (m), @) < 270 [|Hoe| 12wy | HYe || 2m) + || H el 12®) | HYe || 22R)
—— —_—
HH¢”L2(R) HH¢||L2(R)

+ HH¢6HL2(R)HH¢EHL2(R),

proving that Ay — A, is bounded on L?*(R); with Proposition 5.3, this implies that
A, is also bounded on L?(R), proving the claim. O

N.B. With that important piece of information in Claim 5.17, we shall be less strict
in our manipulations of the kernels and accept below some abuse of language in
these matters.

The Weyl quantization of 1¢, has the kernel

o (E=Y 1 1
(5.2.8) ko (2, y) = H(w + y)e ™G 2 (50(y — @)+ —pv )

It Yy —x

a formula to be compared to (5.1.3). Using the Schwartz function ¢y of Corollary
5.15, we get from the Lebesgue Dominated Convergence Theorem that for o small
enough,

(5.2.9) (0P, (1c,)60, b2y = [ Wb, do)(w, §)dwdg > 1.
z€>0,x>0

However, this argument does not work for large positive ¢ and we must go back to
a direct calculation.

5.2.2. Diagonal terms. Denoting by A, the operator with kernel (5.2.8) (and Weyl
symbol H(z§ — o)H(x)), we find that for u € .#(R), uy = Hu, we have

1 1
(AsHu, Hu) r2g) = jf dimo(33y) Z T

simo(£=cty 1 1 .
= §||U+||%2(R+) + ffe () —pv ug (et (e®) e dsdt
2

(50— )+ oy Yo (y) )y

2im” et — es

1 e(5+t)/2

dimo tanh (%5 ty + Y
e, + ﬂ v 01 (s)dsd,
with
(5.2.10) d1(t) = uy(e)el’?, so that ||¢1 | 2y = ||ut]lr2m®,)-
We get

7) _
(ApHlu, Hu) sy = 3l + 7o ﬂ mm )o(s)dsdt,
2
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and noting that sinhz = xC’(x), with C even such that 1/0 € .Z(R), we find

2

(AyHu, Hu) 12 g ||¢1||L -5 jj e ng(t)gE(s)dsdt

1
§||¢1H%2(]R) + (T * ¢1, 01) L2(w)

(5.2.11) :/R|q31(7)|2(%+:f0(7))d¢,

with

1 telito tanh(%) i
5.2.12 T, =~ ot
( ) ®) 4 sinh(t/2) PV

We note that

(5.2.13) T,(7) = sign *p,, with

1 t64z7ratanh(§) ]
5.2.14 (7)== | ————e2™7dt,  p, € L (R),
(5214 o) =1 [ e T pee S ®
since the function R > t — %t/;(j) belongs to the Schwartz space''. Note also
that the function p, is real-valued on the real line. This entails that

d (1

5.2.15 { T, } — 2,
( ) 13t p
and since

tedino tanh(t/2)
)= L T e [y =
po(T) = 7Pt Snh(i/2) implying /R po(T)dr = 3

we get that

(5.2.16) Jim T,(7) = i%.

This yields that

(5.2.17) % +1,(r)—1= [r; 2p,(T)dr" = =1+ /; 2p, (") dr’,

where the last equality follows from (5.2.16): indeed we have for 7 > 0, from (5.2.15),
(5.2.18) % L) — 1= /+ OO 2po()dr = —1 + /_ OO 2o ()7,

and for 7 < 0,

+T,(7) :/ 20, (Thdr" = 1+/ 20, (T dT'.

— 00 +oo

We note that

(5.2.19) VN €N, sup|r|V

TER

1 N
§+TJ(T)—H(7') < +00.

Hindeed, the iterated derivatives of tanh are polynomials of tanh (check this by induction on
the order of derivatives) and thus bounded on the real line; since the function ¢ — t/sinh(¢/2)
belongs to the Schwartz space, this proves that the above product is in . (R).
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Indeed for 7 > 0, we have, using p, € .7 (R),

T +o0o +oo
™ / po(T)dr'| < / oo (7)) |7V dr' < / oo ()| 7" d7 < +o0.
T 0

+00
Also, for 7 < 0, we have

N / po(T)dT’

This means that the Fourier multiplier % + TO—(T) is somehow “exponentially close”

T 0
S/ |pg(7'/)||T/|NdT,§/ |po (T 17|V dT < +00.

to H(r) for large values of |7| and in particular close to 1 for large positive values
of 7. We have also
59 T B i Cirrt 4i7r0tanh(%)d
(50) U(T)—E/Re Wt
1 [T®sin(2ntT — 470 tanh(t/2))
" 2m sinh(¢/2)

The next lemma provides more precise estimates than (5.2.19).

dt.

Lemma 5.18. Let 7 > 0,0 > 0. Defining ay1(7,0) = %—i—Ta(T) as giwen by (5.2.12),
we have

(5.2.21) 11— ayi(7,0)| < 2e ™7t
Proof. Using (5.2.18) and Lemma 9.16, we find that for 7 > 0,

+o0 +o0
1= ay(r,0)] §2/ |pa(7")|d7"§2/ o (7| d7

O g 12
< 1264#0/ e T dr = 647ra_6—7r T
T

)
7-‘-2

entailing the sought result. O

5.2.3. Off-diagonal terms. We want now to check the off-diagonal terms: we have
with u € . (R),

(5.2.22) uy = Hu, u_ = Hu,
(5.2.23) D1(t) = ug(e)e’?,  pot) = u_(—et)e!’?

<Agﬁu, HU>L2(R)
_ J\I €4i7ra(i—;g)H(x —f—y)H(y)H(l’) 1
i y—x

. e’ et H S t ]. - t+s
e e e N

24 —et — 8

_ imocot Sgt ZH(S - t) 1 _
N _[[ ¢* R AT COSh(t__s)¢2(t)¢1(5)dtds

(5224) = <SU * ¢2, ¢1>L2(R)7
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with

(5.2.25) S, (t) = L'H(t)ezuLotl;(;)7
dm cosh(3)

and

. i €4i7rocoth(%) )
(5.2.26) S, (1) / H(t)————e 2™ dt

T dn cosh(%)
_ i +° cos(4mo coth(t/2) — 2mtT) gt — 1 /“LOO sin(4mo coth(t/2) — 2ntT) it
4z J, cosh(%) 47 J, cosh(%)
_ i 0 cos(2mtT — 4o COth(t/Q))dt N 1 o0 sin(2mtT — 4o coth(t/2)) i@
47 J, cosh(%) 47 Jo cosh(t/2)

Note that from (5.2.12), (5.2.14), we have

T (r) = L’/e‘“”wnh(é)ezmhdt _ 1 /+°° sin(2rtT — 4wo tanh(t/Q))dt'
7 4 | sinh(t/2) 21 Jo sinh(t/2)

5.2.4. An isometric isomorphism.

Theorem 5.19. Let ¢ > 0 be given, let C, be the set defined by (5.0.1) and let
A, be the operator with Weyl symbol 1¢,, (whose kernel is given by (5.2.8)). The
operator A, is bounded self-adjoint on L*(R) so that we may define, with ¥ defined
in (5.1.15),

(5.2.27) Ay =TA, T

The operator 1211, is the Fourier multiplier on L*(R; C?) given by the matriz

(5.2.28) M, (1) = 2T 5() :

S,(7) 0

where Ty, S, are defined respectively in (5.2.12), (5.2.20), (5.2.25). In particular we
have with ® = (¢1, ¢2) € L*(R; C?),

)
—~
9
~—
0
—~
\]
<
o
—~
\]
~—
~
(@]
)
QU
\]

(5.2.29) (A, ®, ®) 12 (mic2) = / > ™M ( M

R

Proof. We have

kernel(HA, H) = ¢*™ 5% H(x)H (y) H (y — x),
kernel( HA,H + HA,H) = €4iWU%H($ +9) (H(x)H(y) + H(x)ﬁ(y)) Zm(yl_ z)’
HA,H = 0.

Proposition 9.13 in our Appendix is readily giving the L?-boundedness (and self-
adjointness) of HA,H + HA,H. We find also that HA, H — % has kernel
—y 1

47:7TO';TyH H
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and thus it is enough to study the operator with kernel
s+t

e4z7ra e§+ z € 2 _ €4i7ratanh(37_t) 1
2im (et — e?) 4im sinh(52)’
which is a convolution operator by
. t 0
T (t) = 6417r<7tanh(%) v—,
o(t) 4sinh(%)p mt

given by (5.2.12). Formula (5.2.14) implies in particular that T, is bounded (and
real-valued) on the real line, entailing eventually the boundedness and self-adjoint-
ness of A,. Formulas (5.2.11), (5.2.24) and (5.2.25) are providing (5.2.29), complet-
ing the proof of the theorem. O

5.2.5. The main result on hyperbolic regions.

Theorem 5.20. Let 0 > 0 be given and let A, be the operator defined in Theorem
5.19. Then A, is a bounded self-adjoint operator on L*(R) such that

(5.2.30) inf (spectrum(A,)) < 0 < 1 < sup(spectrum(A4,)).

The spectrum of A, is the closure of the set of eigenvalues of M, (T) for T running
on the real line.

Remark 5.21. [t is enough to prove that, with a given o > 0, there exists T € R
such that M, () satisfies (5.1.24).

Proof. We have from (5.2.28), (5.2.20), (5.2.26),

(5.2.31)
~+00 sin(2ntT—4mo tanh(t/2)) i [too 672”“ T tanh(t/2)
2 + 27 f sinh(¢/2) dt - ar Jo cosh(t/2) dt
My(7) = 2
1 +oo e2iﬁ(t77m)
4im Jo cosh(t/2) dt ) 0
_ a11(7', O') CL12<T, O')
a1 (1,0) ax(r,0)) "
On the other hand we have
1 400 eQiﬂ'(tTftanﬁ%) i
5.2.32 Q12 = = — t
( ) 2 == /0 cosh(t/2) ’
so that
1 +oo Sin[Qﬂ'(tT — tan2}f(%))]
5.2.33 R = — dt.
( ) ¢ a12(r, 0) A / cosh(%)
2im(tr— enfiray) . . L
We note that the function ¢ — ¢ Cosht( ; /2(;/2) is holomorphic on C\inZ, with simple

poles at (2Z + 1)im (zeroes of cosh(t/2)) and essential singularities at 2Zim (zeroes
of sinh(¢/2)). We shall need a more explicit quantitative expression for as; to obtain
a precise asymptotic result which could be compared to the estimate (5.2.21). The
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next lemma is proven in [18|; we provide a proof here for the convenience of the
reader.

Lemma 5.22. Let 7 > 0,0 > 0 be given and let as(1,0) be given by (5.2.32). We

have
(5.2.34)
e—27r27 ™ 627r(t7'—2crtan(t/2)) -1 smh(t/2) _ sm(t/2)
Reax(r o) = — { /0 ( Sn(6/2) snh(t/2)sm(t/2) )t
N /’r 1 — cos 27?(1?7 — 20 tanh(t/Z))dt
0 sinh(t/2)
B /+°° cos 27 (tT — 20 tanh(t/Q))dt
. sinh(¢/2) '

Proof of Lemma 5.22. Let 0 < € < /2 < m < R be given. We consider the closed
path 7. r of C\inZ with index,_, (i7Z) =0,

(5.2.35) Yer = |6, RJU[R, R+ im|U[R +im, e+ in]

U {Z7T + 661'6}0292,”/2 U Z[7T — €, 6] U {Eeie}ﬂ-/gzgzo,

and we have

— e2iﬂ(z77ﬁ(”z/2>) p
(5.2.36) ]{R cosh(z/2) T

We note as well that

(5.2.37) I ]{ A ) dz = i / w ST ) dt
L 2 = 2=1 -
(RRtin)  COSh(z/2) 0 cosh(££4)
& . o—R—it
_ ie?iﬂRr/ 6_2ﬂt76_4m01te*R*it — 2dt —
0 ez (14 e fit)
so that
<2 [ o)
- 0 [1—e "
and since
o (L e N - (L+e ™)1 —e ™) —2eFsint <0
1 — ¢~ R—it ’1 _ 67R7it|2 |1 _ e,R,it‘Q =Y
we get
2
(5.2.38) L] < e B2 here I, is defined in (5.2.37).

1—e B’
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Let us now check'?

, ) 0
0 627:Tr((7;7T+6610)T72UCOth(% )

iee'do

62%)h:—/

1 6
)2 cosh %

. i0
0 ein(eeZGT—Qotanh(%))
9272 .4
= —e 27 T/ iee?dd,

.. ceif
—/2 i sinh <5

and since

. 10
247 (667'97'720'138.1’1}1( 5621 )
€ .9
— iee”| < 2 max |-
7 sinh - |z|<w/2 ' sinh z

7r2-re47rasup|z‘§,r/4‘

sin
cosh z ,

e

the Lebesgue Dominated Convergence Theorem gives

: . —2m?r
(5.2.41) E1_1)1&L Iy = —me :
Defining now

10

/71'/2 62i7r(ee"97—72crcoth(662 )
0

(5.2.42) Is = ice®df),

6675«9
cosh 5

and noting that

0 1 —eet? 1 —eet? 1— —ee™
47rcrImcoth(Ee ):47raIme:47mIm( e ) we )
2 1 — e—¢e |1 — e—¢e 2
—eet? —ee~ 0 —ecosO( ,—iesin® iesin 6
e —e e (e —e )
=4rol . =4rol .
mo Im = 6*6616\2 7o Im = eieew|2
o) i 0 94 0
= 4roe < Im ( ’11)_81:(;;1‘2 ) = —471'0'6“059% <0,
we get that
/2 —2meT sin 0 2
|16\§/ _© dfe < e—— ,
o minj.j<n/4 | cosh 2| min|.|<x/4 | cosh 2|
entailing
(5.2.43) lim I = 0.
6—)0+
With
eQiﬂ(ZTftanS%) ;
5.2.44 I, = :
( ) ! ?[{,R] cosh(z/2) :
we have from (5.2.32)
(5245) 51—1>I(I)l Il = 47:7TCL21.
R—>+Jcr>o

121 ot us note for future reference the standard formulas
(5.2.39) cosh(% + z) = isinhz, sinh(% + z) =icoshz, tanh(% + z) = coth z.

83
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We define now

€2i7r(z’r—tan}?%) T—e €2i7r(it’r—tan}?(%)
Iy = — dz = — dt
; ﬁ;e,i(ﬂ—e)] COSh<Z/2> : /; COSh(Zt/2> !

—4imo —4no

T—¢€ itan(t/2) T—€ tan(t/2)
= —/ e 2T g idt = —z'/ 6_2””—6 dt
. cos(t/2) . cos(t/2)

T—€ 7@ e 74770'5211;3242)
_ _2/ e—27r(7'r—s)q- € ds — _ie—27r27-/ 62ﬁ876.—d8,
. cos((m —s)/2) . sin(s/2)
so that
= 946 ! S T—€ orer e—4ro tan(s/2) p
( L. ) 5 = — 1€ /E € W S.
We have also
047 , eQiﬂ(ZTfmn}?%) R e2i7r((t+i7r)’rfmh((§+)/2)) u
24 b= e marmm
so that using Formulas (5.2.39), we get
R _2im(tr—20tanh(t/2))
Iy = —e727 / ‘ dt
3¢ " ismh(t/2)
and
R 217r tT—20tanh(t/2)) m—€ ot 6—47ratan(t/2)
5.2.48) I3+ I5 = dt — ot
( ) B+l = (/ sinh(t/2) /e ‘ sin(t/2) )
T—€ 2z7r tT—20tanh(¢/2)) 627r(t7——2crtan(t/2))
= je 2T / ( - - )dt
. sinh(¢/2) sin(t/2)

R 2in(tT—20tanh(t/2))
it
From (5.2.36), (5.2.35), (5.2.37), (5.2.40), (5.2.42), (5.2.44), (5.2.46), (5.2.47), we
find that
L=~ — (Iz3+1I5) — I, — I,

so that taking the limit of both sides'® when € — 0., R — 400 we get, thanks to
(5.2.45), (5.2.38), (5.2.48), (5.2.41), (5.2.43),

(5249) 4@7TCL21 =

w , 2im(tr—20tanh(t/2)) 2m(tT—20 tan(t/2)) 400 2im(tT—20tanh(t/2))
o2 e e e
—e / ( - — - ) dt + / - dt
0 sinh(¢/2) sin(t/2) . sinh(¢/2)

—272r
+ me ,

1., I, I, Is, Is + I do have limits when € — 0, R — +00.
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implying that

a1 =
6727r2‘r T 621'7r(1€7'720’tanh(t/2)) 627r(1€7'720'tan(t/2)) J +o00 621'71'(t7'720'tanh(t/2))d
— t — t
ir { /0 ( Son(i/2) sin(/2) ) /ﬂ Simh(t/2) }
o 7’ —272T
4
that is
—2n2r m , 2w(tT—20 tan(t/2)) 2m(tr — 2otanh(t/2
(5.2.50) ag = 64_/ (6 . ~ cos27( 7 — 2otan (t/ )>>dt
T Jo sin(t/2) sinh(¢/2)
em2mT /*Oo cos 2 (tT — 20tanh(t/2))dt
dr ). sinh(¢/2)
e /” sin 27 (tT — 20tanh(t/2))d (A
A Jo sinh(t/2) 4
72T (4% gin O (tT — 2otanh(t/2))
—1 : dt,
A ), sinh(t/2)
yielding
—272r  pm , 2m(tT—20 tan(t/2)) (it — 20tanh(t/2
(5251) Reay — e 4 / (e j ~cos2m( 7 — 20tan (t/ )))dt
T Jo sin(t/2) sinh(¢/2)
B e /+°° cos 2m (t1 — 20tanh(t/2))dt
dr ). sinh(t/2) ’
completing the proof of Lemma 5.22. 0
Remark 5.23. Formula (5.2.50) also yields
—2m? T o
e T sin 27 (tT — 20tanh(t/2))
Imay, = — Imag = { dt
tiz = A = /0 sinh(t/2) o
N /+°° sin 27 (t1 — 20tanh(t/2))d }
. sinh(¢/2) ’

and since from (5.2.31), we have

1 1 [*sin(27rtr — 470 tanh(t/2))

5.2.52 =4+ — dt
(5.2.52) R A sinh(t/2) !
this gives

—2n2r 1 6727r2‘r

To complete the proof of Theorem 5.20, it will be enough, according to Lemma
5.11, to prove that, for 7 — +o00, |a2|> > 1 — ay;. To achieve that, we note from
(5.2.53) that the imaginary part of a;5 is useless and we shall prove simply that

(Re a12)2 >1—aq.
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To get this we are going to use (5.2.21) and a precise asymptotic behavior for
(Reayy)? displayed in the next lemma and issued from the explicit formula (5.2.34).

Lemma 5.24. Let 7 > 1,0 > 0 be given and let as(T,0) be given by (5.2.32). We
have then

—2m2r

e 8TVTVe

8Tt 27
Proof of the lemma. Since for t > 0 we have sinh(¢/2) — sin(¢/2) > 0, we get from
(5.2.34),

“ o R 6—27r27— ™ eQw(t7—20tan(t/2)) _ 1d +o0 1 p
2. > t— —at
(6255) Rean(r,0) =2 — { /0 sin(t/2) /,r sinh(t/2) }

(5254) Re&gl(T, O') 2

—2n2r m 27(tt—20 tan(t/2)) __ 1 —2n2r
e e e T
= dt — In(coth —).
A /0 sin(t/2) 3 In(coth )
Let us define
(5.2.56) w=2r1, k=2m0, v=r"%w?2  $,(s)=s—1 tans.

We have
t t
27 (t7 — 20 tan(t/2)) = 277 (t — 20° tan(t/2)) = 47r7'(§ — % tan 5) = 2w, (t/2).
We have thus

—mw  LT/2 2weu(s) _ 1 —TTw
e e e s
5.2.57 R > ds — | th—) .
( ) ean(r,0) 2 2 /0 sin s s 2 n(co 4)
~0.421908
Defining
—TTw /2 2wy (s) _ 1
e e
5.2.58 v = —Fds,
( ) Yulw) 2m /0 sin s °
we can use (5.2.56), (5.2.57) and (9.5.22) to get whenever 7 > 0,
STVTVE ] )
27 Reagl(T, O') Z eT(ﬁ - E) — 6_27T T,
so that for 7 > 1 we find
6_87rﬁ\/5 2
(5259) 2w Re &21(7’, O') Z W - 6727T T,
yielding the lemma. 0

We eventually go back to the proof of Theorem 5.20: let 0 > 0 be given. From
Lemma 5.24 and (5.2.21), we have for 7 > 1,

11— a7, 0)| < 2e ™7t

—8m\/T\/o
€ o 1 —272r

8m3T o - 8wl
This entails that for 7 > 79(o), we have

R (r.0) > 6_8”\”\/5< 47r2768”ﬁ‘/5>
eay (1,0) > - (1 - —).

e2m3r
e—SWﬁ\/E

(5.2.60) Reag (r,0) > T
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and thus as; # 0 and

o 167V7VG

(5.2.61) |lagy (o, 7)[* > sz 11— ay(7,0)],

where the last inequality above holds true (thanks to (5.2.21)) whenever
o 167VVG

—m27 _dmo
2e e’ < 8672

which is indeed true for 7 > 7y(0). As a result for 7 > max(40,4, (o), 71(0)), we
obtain that (5.2.61) is satisfied so that Remark 5.21 implies the result of Theorem
5.20, completing our proof. O

Remark 5.25. The functions 7(c), 71 (o) can be determined rather easily, the first

one by the condition
AT elTVTVE

T > 19(0) = 2

1
< a0
-2
whereas the second one should satisfy

T>T1(0) = 499 162 16mVTVT o omiT
5.3. Comments and further results.

5.3.1. Qualitative explanations on the various computations. We would like to go
back to our proofs that

(5.3.1) layo(T, U)|2 > |1 —an(r,0)], 7— +o0,

which is our key argument via Lemma 5.11 and give a couple of qualitative expla-
nations which may enlighten the calculations. It is of course much simpler to begin
with the case o = 0: in that case, according to Proposition 5.13 and (5.1.18), we
have
(5.32)  1—an(r0) /+o°2 (#)dr,  2p0(7) / 2\ e

3. —ay(7,0) = T)dt T) = —— ] e S

i e = sinh(t/2) ’
=fo(t), fo € S (R)

holomorphic
on |Imt| < 2m.

so that 2py(7) = fO(T). We get thus readily that py belongs to the Schwartz space,
as the Fourier transform of a function in the Schwartz space and this implies in
particular that 1 — a;;(7,0) has fast decay towards 0 when 7 — 400, as proven in
Proposition 5.13. We note also that (5.2.53) gives Im ay5(7,0)2 = e~ 7y, (1,0)2/4,
and since the limit of a;; is 1, we do not expect any help from the imaginary part
of a1y to proving (5.3.1). Turning our attention to Reajs in (5.1.30), we have,
0 sin (27t

(5.3.3) 4 Reag (1,0) = /0 —COSE1<t/2))
which is the sine-Fourier transform of the function ¢t — H(t)sech(t/2) = go(1),
which has a singularity at ¢ = 0: as a consequence, thanks to Lemma 9.1, the

dt,

Fourier transform g, cannot be rapidly decreasing, cannot even belong to L'(R)
(that would imply that go is continuous). Moreover the sine-Fourier transform above
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is the Fourier transform of the odd part of go, goaa(t) = sech(t/2) sign ¢, which is also
singular at 0, thus goqq cannot be rapidly decreasing and is an odd function, which is
enough to prove, without more calculations, that (5.3.1) holds true. In Section 5.1,
we used a more explicit argument, with providing an equivalent of (5.3.3) equal to
1/(277) near +o00. Summing-up, (5.3.1) in the case 0 = 0 follows from the existence
of a singularity of the function gy above, which is discontinuous at 0.

Let us now take a look at the case ¢ > 0, which turns out to be more computa-
tionally involved. We have from (5.2.32)

(5.3.4) Amiag (T,0) = / H (t) sech(t/2)emo cotht/2) o2imtr gy — oo (7).
R

(5.3.5) o (t) = H(t) sech(t/2)e"4mo coth(t/2)

The single discontinuity at ¢t = 0 of g, when o > 0 is much wilder than for ¢ = 0: in
the latter case, we had only a jump discontinuity with different limits on both sides,
whereas when o > 0, we have an essential discontinuity with an oscillatory behaviour
in (—1,+1) when ¢t — 0 for the real and imaginary parts of a;5. However, g, belongs
toall LP(R), p € [1, +0o0], so that its Fourier transform belongs to LP(R), p € [2, +00]:
we expect then that both sides of (5.3.1) have limit 0 for 7 — 400 and we must
prove that 1 — ay; decays much faster than a;5. Looking at a slightly simplified
model and using the notations (5.2.56), we define for w,v positive, a function «

presumably close to 4mias;, given by

V2 2

+o0o
(5.3.6) a(w,v)= / 20 () sech(s)ds, g (s) =5 — —, pl(s)=1+ —-
0 s s

Trying our hand with the stationary phase method, we look at
a(w,v) = _/ il {euwy(s)} sec <8)d8
2w J, ds 0 (s)
1 d 2 s? sech(s)
[ 2w (s)) 2 ) g
ds e J T2
" st 4 f P sech(s)
2w Jo ds | s2+2 [

since the boundary term vanishes. Iterating that computation shows that a(w,v) =

2w Jo

Oy(w™) for all N when w — 400, meaning that the information of fast decay for
1 — ay; will not suffice to get (5.3.1). Also, it is worth noticing that no fast decay of
the function o occurs when w — —o0, otherwise Lemma 9.1 would give smoothness
for the function s + e=2%/s H(s)sech s: in fact we see also that for o > 0, 7 = —\,
A > 0, we have

+oo
27”.G21(_)\7 O') _ / SQCh(S)GiMWU coth(s)ef4i7rs)\d8,
0

and the phase function is fi(s) = —4im(sA + o coth(s)) and we have

i{s)\%—acoth(s)} —\— o(1 — tanh”’ s) _ A+ 0) tanh’s — o
dS )

tanh? s tanh? s
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which does vanish at tanhs = o/(A + ). As a result we could say that, for o > 0,
the C*° wave-front-set (see e.g. Section 8.1 in [21]) of the function g, is reduced to
{0} x (—00,0). It turns out that we can show that the Gevrey-2 wave-front-set of g,
is {0} x R*, and it is expressed via the lowerbound estimate (5.2.54); the route that
we took for proving this was an explicit calculation of Reas, following the paper
[1%]. Finally the upper bound (5.2.21) can be improved as

(5.3.7) 11— a11(7,0)| < Chee™ 92T ¢ >0,
e4'L"rra' tanh( %)
sinh(¢/2)
with a radius of convergence on the real line bounded below by 7 (cf. Proposition

9.2).

and is expressing the fact the the function ¢ — is analytic on the real line,

5.3.2. More results and examples: (P balls, corners. For a, ¢y like in Corollary 5.15,
defining

a a a
0, = {(r,0) €R” Jo— 2P + 16— 3 < (5)7),
since W(¢o, ¢o) € 7 (R?), we get
lim ﬂ W(do, d0)(z, E)dads = [ Wigo, 0)(x, )dwde > 60|32z
[0,a]?
proving that the spectrum of Op,,(1q,) intersects (1,4o00) for p large enough, show-

ing that a counterexample to Flandrin’s conjecture can be a convex analytic open
bounded set. Moreover, defining

Qo = {(2,€) € R, |z| + [¢] < a/V2},

we note that @), is obtained by rotation and translation of [0, a]? so that we can find
¢1 in the Schwartz space such that

jj W(o1, ¢1)(z, §)dzds > ||d “%Q(R)
Qa

Since we have

lim [ W(or,01) (@, O)drds = jjw¢1,¢1 (2, &)dzde > [61][7ny

Iw\”+\$|”<(a/f)
we get that for p — 1 small enough we have
(5.3.8) [ w60 &)dade > |63,
|z [P+ &P <(a/v/2)P

proving that 7 balls are counterexamples to Flandrin’s conjecture for p — 1 or 1/p
small enough.

Convex affine cones with aperture strictly less than 7 of R? are translations and
rotations of

(5.3.9) Xy, = {(z,€) € R*\(R_x{0}), arg(z+i€) € (0,6)}, for some 6y € (0, ).

The vertex of ¥y, and its rotations is defined as 0 and the vertex of the translation of
vector Tj of Xy, is defined as 7. We note that all convex affine cones with aperture
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strictly less than 7 are symplectically equivalent in R?, since ¥4, is symplectically
equivalent to (the interior of) the quarter plane X5 indeed let 6, be in (0, 7); the
symplectic matrix My, defined by

1 —cotané
My, — (0 colan 0) ’

is such that Mpy, ((1]) = <(1)> . My, <Z§)§g§> = <sir?90> , proving that
My, 3g, = Xz /2.

The next result follows from Theorem 1.3 in || and shows that many counterexam-
ples to Flandrin’s conjecture can be be obtained.

Theorem 5.26. Let K be a subset of the closure of a convex affine cone with aperture
strictly less than m and vertex Xy such that K contains a neighborhood of the vertex
in the cone'*. Then there exists A > 0 such that, with

Ky = Xo + MK — Xo),
there exists ¢ € ./ (R) such that

(5.3.10) JJ wie, o). &)dede > 1613 s
Ky

N.B. Note that (5.3.10) implies that ¢ is not the zero function. Also, taking K
convex produces another counterexample to Flandrin’s conjecture since K, will be
then convez, but we do not need that assumption to proving the result.

Proof. There is no loss of generality at assuming Xy = 0 and
[0, p0]? C K C iﬂ/g, po > 0.
Using Corollary 5.15, we find ¢ € #(R) (so that W(¢g, ¢o) € #(R?)) such that
lim HW G0, do)(x, €)dade = j W(o, d0) (, €)dade > || o[22 m)
Zr/2

implying for A large enough that [[,. W(do, do)(w,£)dzd€ > ||do||72(gy, Which is the
sought result. O

5.4. Numerics.

Definition 5.27. Let o > 0 be given. With the 2 x 2 Hermitian matriz M, given
by (5.2.31), we define for T € R,

(5.4.1) Ai(1,0) = % (CLH(T, J)—I—\/a%I(T, o) + 4|ays(T, 0)|2> ,

(5.4.2) A(1,0)= % ((Ill(T, 0)—\/(1%1(7, o) + 4|asa(T, 0)|2> .

14We shall say that the set K has a corner.
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Remark 5.28. According to (5.2.53), we have

(5.4.3)  Ay(1,0) = % (CLH(T, U)+\/0L%1(7'7 0)(1+ e=4°7) + 4(Re arz(T, 0'))2) 7
(5.44) A (1,0)= % (all(T, o) — \/&%1(7', o) (1 + e47°7) + 4(Re ara (T, 0))2) ’

so that the knowledge of a;1 and Re ayo suffices for expressing M.
An immediate consequence of Theorem 5.20 is

Theorem 5.29. Let o > 0 be given and let A, be the self-adjoint operator bounded
in L?(R) defined in Theorem 5.20. With the notations of Definition 5.27, we have

(5.4.5) M, = sup{spectrum(A,)} = sup Ay (7, 0),
TER

(5.4.6) m, := inf{spectrum(4,)} = in}fR A_(1,0).
TE

Moreover for all o > 0 we have
(5.4.7) me <0<1<M,.

5.4.1. The quarter-plane: o = 0. Of course, as shown by the respective calculations
of Sections 5.1 and 5.2, the case ¢ = 0, dealing with the quarter-plane is much
simpler than the cases where ¢ > 0. Nonetheless we know explicitly a spectral
decomposition of the operator with Weyl symbol H (z)H () from Theorem 5.19, but
we can calculate without difficulty numerical expressions of My, my as defined in
(5.4.5), (5.4.6).

Proposition 5.30. We have from (9.5.37), (5.2.33),

1 1
&11(7’, O) = W, Re Cl12<7', 0) = E

“+00
/ sin(2rt7) sech(t/2)dt,
0

and we can use these formulas and (5.4.3), (5.4.4), (5.4.5), (5.4.6) to calculate nu-

merically

(5.4.8) My~ 1.00767997007003, (A,(7,0) at 7 ~ 0.138815397930141),
4.9)  mo~ —0.155939843191243, (A_(r,0) at T ~ —0.0566304954736227).

5.4.2. On hyperbolic regions. We want now to tackle the case ¢ > 0. In order to
use the expressions (9.5.37), (5.2.34) respectively for a;; and aje, we need first to
evaluate the residue term in (9.5.37). The mapping z +— tanh z is a biholomorphism
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A+(7,0)

FIGURE 6. The function 7+ A, (7,0) near its maximum, well above 1.

A+(7,0)

A(7,0)

-02

FIGURE 7. The functions 7 +— A, (7,0), A_(7,0).

of neighborhoods of 0 in the complex plane, so that we have for z near the origin,

(54.10) ¢ =tanhz, d¢ = (1—(?)dz, 2= arcth( = %ln (ﬂ) ,

1-¢
Md — (1+C)iw s 2 d¢
cosh z 1-¢ (ﬂ)er <5>1/2 1-¢?)
1-¢ 1+¢
(5.4.11) = (1+ C)—%—i—z’w(l . C)_%_we_zi%d(,

so that

e2iwz—2mcothz . . i
(5.4.12) Res (W’ 0) = Res <(1 + )72t — ()T e 0> :
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Proposition 5.31. Let 0 > 0 be given. Then for any T € R, with the notations
w =277, k = 270, we have, for any p € (0,1),

1

(5:413) an(r,0) = =5

. QiHE_iG .
e~ W 0 ™ . 1 +,0620 e~ 619
e Py L ( . ) do
+ 1 T 6_27Tw 271' m /_7r exp (ZW og 1 o pe7,9 ) /1 I p262i9

oW {2/7r/2 e(swfntans) sinh(sw — ktan 5)
0

4.14 =
(5 ) Re CL21(T, 0') or S s
+ In(coth E) o /W/Z sin?(sw - K tanh S)ds B /+°° cos 2(5w.— Kk tanh S)ds |
4 0 sinh s /2 sinh s
(5.4.15) Im aiz(7,0) = ¢ 5 a1 (7,0).

Proof. Formula (5.4.13) follows from (5.4.12) and (9.5.37) whereas (5.4.14) is (5.2.34)
after a change of variable t = 2s, where the second integral term inside the brackets
is evaluated (cf. Lemma 9.14); Formula (5.4.15) is a reminder of (5.2.53). O

N.B. Our choice for p in the numerical calculations of (5.4.13) is p = 3/4, which
is a good compromise between using a value of p clearly away from 1 (to avoid
singularities coming from small denominators in the Log term) and minimize the
oscillations and size coming from the term exp(—2ixp~te~); note that the modulus
of the latter is
exp(—2kp *sind),

which is a smooth function of p (flat at 0) when 6 € [0, 7], but is unbounded for
p — 0y when 6 € (—m,0). There is no surprise here since although the residue
does not depend on the choice of p € (0, 1), we cannot get the value of that residue
by letting p go to 0 because of the part of the path in the lower half-plane. The
argument of exp(—2irkp~te ™) is —2kp~! cos# and taking p too small would be de-
vastating for the calculations because of the strong oscillations triggered by the term

exp(—2ikp ! cosf) all over the circle. Of course for the evaluation of Log(ifl’; zzz> is
easier for p small, but we have to take into account the constraints in that direction

mentioned above.

Remark 5.32. It seems easier numerically for the evaluation of aq; to use (5.4.13)
rather than any other expression (see e.g. Lemma 5.18, (5.2.31), (9.5.23)). However
the following formula could be interesting, theoretically and numerically: recalling

that sincaz = 322 we have from (5.2.31)
1 2w [T
(5.4.16) ay(r,0) ==+ — sinc(2ws)— cos(2k tanh s)ds
2 7 J sinh s
2 oo
_ sinc(2ks) cos(2ws)ds,

T Jo cosh s
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but it turns out that numerical calculations involving (5.4.16) seem to be less reliable
than the methods using (5.4.13).

We can also take a look at the following curves.

100}
0.98 L
0.96
0.94
0.92}

090}

| I I I | I I I | I I I |

0.4 0.6 0.8 1.0

FIGURE 8. Functions A\ (7, x/27) with k = 1,2, 3: their maxima are
strictly greater than 1.

Remark 5.33. In the above figure, in order to put the three curves on the same
picture, we have used three different logarithmic scales on the vertical axis, namely
we have drawn

7 1+ a;Log(Ai(1,05), 1<j<3,0;=j/2m, a; = 20,as =100, a3 = 500,
Of course we have
1+ a;Log(Ai(7,07)) > 1 <= Log(A(7,0;)) > 0 <= A (7,0;) > 1,

so that the piece of curves in Figure 8 which are above 1 are indeed corresponding
to curves of 7 — Ay (7, 0;) which go strictly above the threshold 1. We have also

max A\, (7,01) =~ 1 +55x107°  at 7 ~ 0.402030,
max A, (7,02) ~ 1 +8x107°  at 7~ 0.613262,
max Ay (7,03) ~ 1+107°  at 7~ 0.854746.

We are glad to have a theoretical proof of Theorem 5.20 since the numerical analysis
of cases where o is large, say larger than 10, seem to be very difficult to achieve,
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at least through a standard use of Mathematica. The reason for that is quite clear
since using our Lemma 5.11, we did study the function £ defined by

(5.4.17) B(1,0) = |aa(7,0)|* + ay(r,0) — 1,

and proved that for each o > 0 there exists Ty(o) such that for all 7 > Ty(o) we
have (7,0) > 0 and aj2(7,0) # 0. Thanks to Lemma 5.18 and (5.2.60) we knew
that for 7 > Ty(o), we had

e~ 167y/T\/ o
2877-67_2

where the second inequality < is in fact comparing for o fixed two exponential

11 —aq| < 2e T < (Reag)? < |al?,

decays. The numerical analysis of that inequality is certainly quite difficult when
o and 7 are large since both sides are converging to zero quite fast for ¢ fixed and
T — +00; of course taking the logarithm of both sides looks quite reasonable, but
in practice does not seem really easy numerically. When o = 0, the situation is
much better, since we had to compare (cf. Subsection 5.3.1) an exponential decay
11— ag1| < 2e7™7 to a polynomial decay

|Rea12|2~ T — +00,

267472’
and this could be an a posteriori explanation for which our numerical argument in [/]
worked smoothly to disprove Flandrin’s conjecture. So to pick-up the quarter-plane
((5.0.1) with ¢ = 0) to produce a counterexample to that conjecture was indeed
a very wise choice: if you choose instead C, for o large, our Theorem 5.20 shows
that it is also a counterexample to Flandrin’s conjecture'®, but we have a theoretical
proof for that Theorem and if we were depending on a numerical analysis, it is quite
likely that checking numerically the positivity of the function 5 defined in (5.4.17)
could be rather difficult, even say for o = 10.

6. UNBOUNDEDNESS IS BAIRE GENERIC

In this section we show that for plenty of subsets E of the phase space R?", the
operator Op,,(1g) is not bounded on L*(R™).
Acknowledgements. The author is grateful to H.G. Feichtinger and K. Gréchenig
for sharp comments on a first version of this section.

6.1. Preliminaries.

6.1.1. Prolegomena.

Lemma 6.1. Let u,v € L*(R") and let W(u,u), W(v,v), be their Wigner distribu-
tions. Then we have

HW(U, U) - W(U,U)HLQ(RQn) < HU - ’UHLQ(Rn)(HuHLQ(Rn) + HUHLQ(R"))'

15As a convex subset of the plane on which the integral of the Wigner distribution of some
normalized pulse is > 1.
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As a consequence if a sequence (uy) is converging in L*(R™), then the sequence
(W(uy,ur)) converges in L*(R*™) towards W(u,u).

Proof. We have by sesquilinearity
W(u,u) —W(v,v) =W —v,u) + W, u—v),
so that
IW (a1, 10) = W0, 0)l|2emy < W = 0,0 pagony + [IW(0,1 = 0)l|2emy
=, lu = vl 2@y (1l z2my + 0l L2n),

proving the lemma. O

Lemma 6.2. Let (ug) be a converging sequence in L*(R™) with limit u. Let us
assume that there exists Cy > 0 such that

(6.1.1) vkeN, || W(u,w) (@, §)ldeds < Co.
Then we have [[ [W(u,u)(z,&)|dzdE < Co.

Proof. Let R > 0 be given. We check

[ V)@, &) = Wi, w) (, €)\dadg

|22 +[€[P<R?
< | We-ww@ldeds+ [ Wk u— ) (@, €)|dedg
|z|2+[€[2<R? |2 +[€[2<R?

< VB R (W (u — g, w)|| p2greny + W (g, w — wg) || 12(r2m))
= /B2 R?" ||t — || 2y (|1ull L2eny + Nusllz2@m),

and thus
[ Wwa.oldrde < ([ W) (2,6)|dade
|z[2+]E|2< R? |z[2+|€|2<R2

+ VB2 B2 |u — || 2y ([[ull 2y + llunllz2m )
< Co + /| B> R ||u — Uk“L?(Rn)(HU||L2(Rn) + ||uk||L2(Rn))a

implying for all R > 0,
IW(u, u)(z,§)|drds < Co,

|22 +|¢[P<R?

and thus the sought result. O
6.1.2. An explicit construction. We just calculate W (vg, vg) for
(612) Vo = 1[_1/271/2}.

Remark 6.3. When u is supported in a closed convex set J, we have in the integral
(1.1.6) defining W, x + 5 € J =z € J, so that supp W(u,u) C J x R".
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We have

W (vo, vo)(z,§) = e*mdz,

—1/2<x+2/2<1/2
—1/2<z—2/2<1/2

and the integration domain is
—min(l — 22,1+ 22) = max(—1 — 2z,2x — 1) < z < min(1 — 22,1 + 2x),

which is empty unless 1 — 2z,1 + 2z > 0 i.e. € [-1/2,4+1/2], and moreover we
have the equivalence

1-2x<142x <= 22>0,

so that
1—2x ) 142z )
(6.1.3) W(vg,vp)(z,&) = H(x)/ e* ™ dy + H(—x)/ ¥y
—(1-22) —(1+22)
2imE(1-22) _ o—2im€(1-22) p2mE(1422) _ p—2im(1+22)
=H H(—
(z) 2in€ + H(=z) 2in€
sin(27€(1 — 2x)) sin(27€(1 + 22))
=1 1_ .
0.1/2)(%) - +111y20) s
More generally for a, b, w real numbers with a < b and
(6.1.4) Ugpw(T) = (b— a)’l/Ql[a,b] (z)e ™,
we have

(6.1.5) W(uapw, Uapw)(z, &)

(1[a7aT+b](.T> sinf47(§ — w)(x —a)] + Liasoy (z) sin[dn (€ — w)(b — z)])
(b—a)m(§ —w) '

We check now, using (6.1.3), for N > 0,

N sin(2m€(1 — 2
[ e N
0<z<1/4 Jo T
N27m(1-2z) | 2
:/ / sinn dnda
0<z<1/4 J0 )
N7 | N | -
Z/ / sinn dndmzl/ sinn dn,
0<z<1/4 J0 ) 4 Jo )

so that
(6.1.6) [ (o, v0) (x, €)|dwdg = +o0.

Proposition 6.4. Let a,b,w be real numbers with a < b and let us define uqyp. by
(6.1.4). Then we have

(6.1.7) [ V(Wb ) (@, )] dadé = +o.
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N.B. Since uqp, is a normalized L*(R) function, we also have from (1.1.8), (1.1.12)

that the real-valued W (g p o, Uap.) does satisfy
/ ‘ [ W astan o €1t e = [ ‘ AT
= Hua,b,wHQL?(R) =1,
fj W(ua,b,wvua,b,w)(xafydxdg = ||ua,b,w||i2(R) =1

We shall see in the next sections that most of the time in the Baire Category sense,
we have for u € L*(R™), [[|W (u,u)(x,§)|dzdé = +o0.

Proof. The proof is already given above for vy = u_y/,1/20. Moreover we have with

1 b+a
b—a’ b= 2(a —b)’

the formula vy(y) = e‘2iﬁw(y-5)a71ua’b’w((y — B)a a2, so that ugp. = Moy,
where M belongs to the group G% (n). (cf. Section 1.2.1) and the covariance property
(1.2.35) shows that the already proven (6.1.6) implies (6.1.7). O

o =

6.2. Modulation spaces. In this section, we use the Feichtinger algebra M?, in-
troduced in [3]| (the terminology Feichtinger algebra goes back to the book [38]).
The survey article [23] by M.S. Jakobsen is a good source for recent developments
of the theory as well as Chapter 12 in the K. Grochenig’s book [14]. We refer the
reader to the paper [16] by K. Grochenig & M. Leinert as well as to J. Sjostrand’s
article [12] for the use of modulation spaces to proving a non-commutative Wiener
lemma.

6.2.1. Preliminary lemmas. The following lemmas in this subsection are well-known
(see e.g. Theorem 11.2.5in [1]). However we provide a proof for the self-containedness
of our survey.

Lemma 6.5. Let ¢y be a non-zero function in . (R"™). Foru € ./ (R") the following
properties are equivalent:
(i) ue s (R").
(i) W(u, do) € 7 (R7M).
(iii) VN € N, supycgen |W(u, ¢0)(X)[(1 + | X])V < +oo0.
Proof. Let us assume (i) holds true; with Q(u, ¢g) defined in (1.1.1), we find that
Q(u, ¢p) belongs to 7 (R?™), thus as well as its partial Fourier transform W(u, ¢y),

proving (ii). We have obviously that (ii) implies (iii). Let us now assume that (iii)
holds true. Using (1.1.7), we find

513'1—|—$2

u(wy)do(2) /W u, ¢o)( 5)62”(“’1_”)5615,
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and thus

uen) ol = [ Ww, 60) (22, €)eH =220 () dédr

= [ Wi, d0)(y, ) ™m0 g2y — ay)dgdy2",

so that the latter equality, the fact that ¢y belongs to ./(R") imply (i) by differen-
tiation under the integral sign, concluding the proof of the lemma. O

Lemma 6.6. Let ¢, ¢; be non-zero functions in L*(R"™). Let u € L*(R") such that
W(u, ¢o) belongs to L' (R*"). Then W(u, ¢1) belongs as well to L'(R*").

Proof. According to Lemma 1.14 applied to ug = u, u; = us = ¢g, u3 = ¢, we have
H¢0H%2W(ua (bl) € Ll(R2n>7
since W(u, ¢g) belongs to L' (R*") as well as W(dg, ¢1). O

Lemma 6.7. Let u € L*(R"). The following properties are equivalent.
(i) For all ¢ € Z(R™), we have W(u, ¢) € L'(R*™).
(ii) For a non-zero ¢ € ./ (R"™), we have W(u, ¢) € L' (R*").
(iii) W(u,u) belongs to L*(R*").

Proof. We have obviously (i) = (ii) and, conversely, Lemma 6.6 yields (ii) = (i).
Assuming (i) and using Lemma 1.14 with uy = ug = u, u3 = uy = ¢ € S (R"), we
get

1172 (W (u, w) (X)] < 2" (IW(u, 9)] * W (9, )]} (X),
so that choosing a non-zero ¢ in the Schwartz space, we obtain (iii). Conversely,
assuming (iii) and using again Lemma 1.14 with uy = uy = u, uz = ¢ € #(R"),
u = € L(R"), we find

(6.2.1) (0, ) 2|V (s, 9)(X)| < 27 (W (1w, w)| | W(, 6) [) (X).
€Ll (R2n) €7 (R2n)

Assuming as we may u # 0, we can choose ¥ € % (R") such that (¢, u)r2 # 0, so
that (6.2.1) implies (i). O

Lemma 6.8. Let uy, us, uz € L*(R™). Then we have the inversion formula,

(6.2.2) Op,, W (1, ug))us = (us3, Ug) L2 (mnyts.

Proof. 1t is an immediate consequence of Lemma 1.13. U
6.2.2. The space M'(R™).

Definition 6.9. The space M'(R™) is defined as the set of u € L*(R"™) such that,
for all ¢ € L (R™), W(u, @) belongs to L*(R*"). According to Lemma 6.7, M'(R™)
is also the set of u € L*(R") such that W(u,u) € L*(R*") as well as the the set of
u € L*(R™) such that, for a non-zero ¢ € (R"™), W(u, ¢) belongs to L*(R*™).
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Proposition 6.10. Let i)y be the standard fundamental state of the Harmonic Os-
cillator w(D2 + %) given by

(6.2.3) Po(z) = 246l

Then M*(R™) 3 u — [|[W(u, %) 11 (r2ny is a norm on M'(R™). Let ¢ be a non-zero
function in #(R™): then M'(R™) 5 u — [[W(u,¥)||1(g2n) is a norm on M'(R"),
equivalent to the previous norm.

Proof. The homogeneity and triangle inequality are immediate, let us check the
separation: let v € L*(R"™) such that W(u, 1) = 0. Then we have

0 = (Opu (W(u, )¢, u) 2(zn) = lullZ2 @ 191172y

proving the sought result. Let ¢ be a non-zero function in .%(R"); according to
Lemma 1.14 applied to ug = u, u; = us = g, ug = ¢, we find

(6.2.4) W (u, 1) (X)] < 2" (W (u, o) * [W(tbo, )]) (X),
so that we have

(6.2.5) IW(u, )| L1 (meny < 2" W (Y0, V) || Lrrzny W (1, ¥o) || 1 (r2ny s
(6.2.6) W (u, ¥o) || Lrweny < 2" [[W(3, Yo) || 1 @en) [ W (1, ¥)|| L1 2ny,

proving the equivalence of norms. O

Proposition 6.11. The space M'(R™), equipped with the equivalent norms of Propo-
sition 0.10, is a Banach space. The space #(R™) is dense in M*(R™).

Proof. Let (ug)g>1 be a Cauchy sequence in M'(R™): it means that (W (ug,o))r>1
is a Cauchy sequence in L'(R?*"), thus such that

(6.2.7) lim W(ug, o) = U in L*(R*™).
On the other hand, from Lemma 1.13, we have

(6.2.8) wy, — u = Op, (W (ur — w, o)) o,
so that

Huk - Ul||L2(R") < HOPW(W(uk - uzﬂﬂo)) ||B(L2(Rn))
< 2MW(uk — wg, Vo) [ L1 m2ny

cf. (1.2.6)

implying that (u;)x>1 is a Cauchy sequence in L*(R"), thus converging towards a
function u in L*(R™). Since from (1.1.8), we have

HW(uk —u, ¢0)||L2(R2n) = ”Uk; — u||L2(Rn)7
we obtain as well that

(6.2.9) lim W (u, o) = Wiu, o) in L*(R*"),
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and this implies along with (6.2.7) that U = W(u,¢y) in .#'(R*"). As a result, we
have W(u, ) € L'(R*"), so that u € M*(R") and

lillgn W (ur, o) = W(u, 1) in L*(R*™),

entailing convergence towards u for the sequence (ug)g>1 in M'(R") and the sought
completeness. We are left with the density question and we start with a calculation.

Claim 6.12. With the phase symmetry o, given by (1.2.7) and ¢y by (6.2.3) we
have for X, Y € R*",

where the symplectic form is given in (1.2.21).

Proof of the Claim. We have indeed
z 2\ —2inz
W(oyt0,tb0)(, &) = /(Uy,n%)(x + o)l = 5)e S

2
_ 2n/2 / e*ﬂ’(|2y7zf%|2+|a:f%|2)€2i7rz-(77—§)dze4i7m-(x—y)

= /¢0(2y — T — 3)641'”77'(%%*@/)%(;1: _ g)ef%ﬂz-gdz

_ on/2 dimn(z—y) /6—’2'(|2y—z2+|2(y—r)l2)62i7rz-(n—£)dz
— Qn/264i7rn-(m—y)6—2ﬂ|y—x\264i7ry~(n—§)Qn/Ze—Qﬂln—§|27
which is the sought formula. (Il

Let u be a function in M*(R"). For € > 0 we define

ue(@) = [ W(u,0)(V)e 2oy i) (2)dY,

RQn
and we have
W(ue, 00)(X) = [ W, ) (Y)e P 2"Wi(ayto, o) (X)aY,
R2n
so that Lemma 6.5 and (6.2.10) imply readily that u. belongs to the Schwartz space.
Moreover we have u = Op,, (W (u, 1)), from Lemma 6.8 and thus
W(“a ¢0)(X) = ) W(U7¢o)(y)2nW(UYw07¢0)(X)dY,
R2n
so that

/R (W (e, 10)(X) — W(u, ) (X)|dX

<2 ] Wl o) ()W loy o, go)(X)] (1 — e ) avax.

R2n xR2n

€LL(R) from (6.2.10) and u € M(R™) €[0,1]
The Lebesgue Dominated Convergence Theorem shows that the integral above tends

to 0 when ¢ — 0, proving the convergence in M'(R") of the sequence (u.), which
completes the proof of the density. O
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Theorem 6.13. Let M be an element of the group G.(n) (cf. page 10). Then M
is an isomorphism of M'(R") and we have for u € M*(R"), ¢ € ./ (R"),

(6.2.11) W(Mu, M¢) = W(u,¢) oS,

where M is in the fiber of the symplectic transformation S. In particular, the space
M (R™) is invariant by the Fourier transformation and partial Fourier transforma-

tions, by the rescaling (1.2.28), by the transformations (1.2.30) and also by the phase
translations (1.2.33) and phase symmetries (1.2.7).

Proof. Formula (6.2.11) follows readily from (1.2.35) and if u belongs to M'(R"),
we find that
W(MU, Mwo ) = W(u7 wO) Osila
e (R") eLl(R2n)
and since det S = 1, we have ||[W(Mu, M1)y)||L1ren) = |[W(w, ¥o)|| 11 ®2n), implying
that W(Mu, Ma)y) belongs to L'(R?*") so that, thanks to Definition 6.9, we get that
Mu belongs to M'(R™). The same properties are true for M. O

Remark 6.14. From Definition 6.9, we see that, for u € M*(R"), we have
W(u,u) € L*'(R*),
and this implies, thanks to Theorem 1.12, that M*(R") c L'(R"). Moreover we
have
F(M'(R")) ¢ M'(R"),
since for u € M'(R™), we have W(@i, o) = W(ii, 1)) and thanks to (6.2.11),
IV (@, o) | 1 rony = IV (11, 90) [ 1z -
As a consequence we find
F(MYR™) c M'(R") = FPC(M'(R™)) = F*(M'(R™)) C F(M'(R")),
and consequently
(6.2.12) M'(R™) = F(M'(R")) € F(L'(R")) C Cio)(R™),

where the latter inclusion is due to the Riemann-Lebesgue Lemma with Cg)(R™)
standing for space of continuous functions with limit 0 at infinity. Moreover, for
u € M'(R") and 1) given by (6.2.3), we get from (1.1.7),

(6.2.13) u(a1)o(x2) = /W(%wo)(m ; IQaf)ezm(xﬁm)fdf,
so that

w(wn) = [ Wlu, o) (g, m)e ™= =)o (2y — 1) dydn2",
implying
(6.2.14) [l Ly < IV (1, 00) || L2227

and similarly for p € [1, 400,
5n _n
(6215) HuHLP(Rn) < |’W(U,¢0)"L1(R2n)2 4p 2,
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yielding the continuous injection of M'(R™) into LP(R™).

Theorem 6.15. The space M'(R™) is a Banach algebra for convolution and for
pointwise multiplication.

Proof. Let u,v € M*(R™); then the convolution u * v makes sense and belongs to all
LP(R™) for p € [1, +0o0], since we have u € L*(R"). We calculate

Wi # v, 00) (2, €) = / Wg)Wiryo,d0) (@, E)dy,  (ryo)(a) = v(z — y),

n

so that [|[W(u* v,v%0)| L1 g2n) < Ju [w@)]IW(Tyv, %0)]| 11 (®2n)dy, and since we have
W(ry0,%0) (2, €) = W(v, Tytho) (x, €) e~ 4V ¢,

we get

(6.2.16) IW (w0, o)l Lrgeny < [ [u(y)[[V (0, 7yt00) | 21 wemy dy,

R
so that using (6.2.5), we obtain

W (u * v,@/)o)HLl(R?") < /R" |u<y)|2n||w(¢07Ty¢0)||L1(R2n)dy||W(U,¢0)||L1(R2n)'
We can check now that
W(tho, 7yth0) (z, &) = 2ne2r (€ +E=5)) g2imey,
so that

(6.2.17)  [[W(u v, v0)| 1 men) < 2°[[ull Lree) [[W(v, ¥0) | 11 (R2n)
< 28 [Wla, o)l e IW(0, 0) 23 eony.
(6.2.14)
proving that M?'(R") is a Banach algebra for convolution when equipped with the
norm

(6.2.18) N (u) = 2% [ W(u, o) | 12,

On the other hand, for u,v € M'(R"), the pointwise product u - v makes sense and

belongs to L'(R") (since both functions are in L?*(R")) and we have
u-v=CF(ux*0),

so that

W(’LL ", wO)($7€> = )/V(C‘F(T1 * ﬁ)a %) (:C7€> = W(‘FO:L * ﬁ)a wo)(—% _5)7
and since Yy = 1[10 is also even, we get

||W(u-?),¢0)||L1(R2n) = ||W(f(ﬂ*@),f@/}o)”L1(R2n) = ||W(a*@’¢0)||L1(R2n)

cf. (1.2.35)

< 2% W@, o) | 1 ey [PV(@, o) | 11 romy
(6.2.17)

on
= 274 |IW(u, vo) || 1 @2y W(v, P0) | L1 @2ny,
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proving as well that M!(R") is a Banach algebra for pointwise multiplication with
the norm (6.2.18). O

6.3. Most pulses give rise to non-integrable Wigner distribution. In the
sequel, n is an integer > 1.

Lemma 6.16. We have with 1 given by (6.2.3),
(6.3.1) M'(R") = {u € L2(R"), [{ [W(u, go)(x,€)|dzdé < +o0}.
R2n
Then MY(R™) is an F, of L*(R™) with empty interior.
Proof. We have M'(R") = Uyen®y with
Oy = {u e L2R"), [ W(u, ) (w,&)|dzds < N}.
R2n

The set @y is a closed subset of L?(R") since if (uy)r>1 is a sequence in ®y which
converges in L?(R") with limit u, we get for R > 0,

[ o), &)l dade

[(x,6)|I<R
f [ V=, o) (@, Oldwdg + [{ WV (ur, o)(w, €)|dads
|(l“f I<R (z.6)|<R
< lJu — gl gy (IB** | R**) 2 + N,
implying IJ](x 6)<R IW(u, o) (z,€)|drdé < N, and this for any R, so that we obtain
u € ®y. The interior of ®y is empty, since if it were not the case, as @y is also

convex and symmetric, 0 would be an interior point of @y in L?*(R") and we would
find py > 0 such that

lull 2y < po = [| W(u, o) (x, €)|dwde < N,
R2n
and thus for any non-zero u € L?*(R"), we would have
{[ (0, o) (@, ) dadelull Bgaypo < N and thus [ulla ey < Npg 2,
RQn

implying as well L*(R") = M'(R") which is untrue, thanks to the examples of
Section 6.1.2, e.g. (6.1.6), and this proves that the interior of ®y is actually empty.
Now the Baire Category Theorem implies that the F, set M'(R") is a subset of
L*(R") with empty interior. O

Let us give another decomposition of the space M!(R").

Lemma 6.17. According to Lemma 6.7, we have

M'(R") = {u € L*(R"), jj (u,u)(z,§)|dxds < 400}

R xR"™
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Then defining
(6.3.2) Fy={uec ®"), [[ W(uu)(¢)ldeds < N},
R xR"™

each Fy is a closed subset of L*(R") with empty interior.

Proof. We have % = M (R™) = UyenFn. The set Fy is a closed subset of L?(R")
since if (uy,)r>1 is a sequence in Fy which converges in L?(R™) with limit u, we have
k=1 ] W), ©)ldadg < N,

R™ xR"™
so that we may apply Lemma 6.2 with Cy = N, and readily get that u belongs to
Fn. We have also that interior zgny (Fn) C interior2gay (M (R™)) = 0. O

Theorem 6.18. Defining

(633) ¢ ={ueL’RY), [[ [W(uu)()ldrd = +oo} = LA(R")\M'(R"),
RTLXR’”

we obtain that the set 4 is a dense Gs subset of L*(R").

Proof. Tt follows immediately from Lemma 6.17 and formula {A}c = Ac, yielding
for Fy defined in (6.3.2), L?(R") = {interior(UyFy)}" = NnFg- O

Remark 6.19. It is interesting to note that the space M!'(R") is not reflexive, as
it can be identified to ¢! via Wilson bases, but it is a dual space. It turns out that
both properties are linked to the fact that M'(R") is an F, of L?(R") as proven by
Lemmas 6.16 and 6.17: if X is a reflexive Banach space continuously included in a
Hilbert space H, it is always an F, of H, since we may write

X = Unen/VBy,

where By is the closed unit ball of X and NBy is H-closed since it is weakly compact
(for the topology o(H, H)); we cannot use that abstract argument in the case of the
non-reflexive M1(R"), so we produced a direct elementary proof above. Also it can
be proven that if X is a Banach space continuously included in a Hilbert space H,
so that X is an F, of H, then X must have a predual. As a result, the fact that
M*(R") has a predual appears as a consequence of the fact that M!(R") is an F,
of L*(R™).

6.4. Consequences on integrals of the Wigner distribution.

Lemma 6.20. Let & be defined in (6.3.3) and let w € &. Then the positive and
negative part of the real-valued W(u,u) are such that

(6.4.1) ff W(u,u)y (z,€)dxdé = ff W(u,u)_(z,§)dxdé = +o0.
Proof. For h € (0, 1], we define the symbol
(6.4.2) a(z, & h) = e M),
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and we see that it is a semi-classical symbol in the sense (1.2.66). Let us start a
reductio ad absurdum and assume that [[ W(u,u)_(z,&)dzd§ < 400, (which implies
since u € G, [[ W(u,u)(x,§)drd§ = +00). We note that

(Opy(a(x, & h))u, u) r2mn jf a(z, &, h) W(u u)(w €) dzdg,
€L2 R2n) L?(R?n)

and thanks to Theorem 1.15 we have also

sup [(Opy(a(z, & h))u, u) r2n)| < onllull7z@n),
he(0,1]

so that
Jf e MW (0, ) (x, &) dadE + fj e MW (u, u)_(x, &) dadE
= ff e PN (0, ) (x, €)dadé,
and thus with 6, € [—1, 1], we have
(64.3) OuowllulZn + [[ e+ OWu,u)(w, €)dade
= [[ MW, w) (. ) dede.
Choosing h = 1/m, m € N*, we note that
e W, u), (1,€) < € TTEFEW (0, 0), (1,€).
From the Beppo-Levi Theorem (see e.g. Theorem 1.6.1 in [28]) we get that
lim ff w Wy u) 4 (x, €)dudE = JJW u,u) 4 (z,&)drdé = 400,

m—s+o0
However the left-hand-side of (6.4.3) is bounded above by
OullulZagany + [[ W w) (2, €)dudg,  which is finite,
triggering a contradiction. We may now study the case where
j W(u,u)4(x,&)dxdl < 400, ff W(u,u)_(x,€)drdl = +oo.

The identity (6.4.3) still holds true with a left-hand-side going to 400 when h goes to
0 whereas the right-hand side is bounded. This concludes the proof of the lemma. [J

N.B. A shorter heuristic argument would be that the identity [[ W(u, u)(z, §)dxdé =
[ul|72gny and [J [W(u,u)(z,§)|dzdé = +oo should imply the lemma, but the for-
mer mtegral is not absolutely converging, so that argument fails to be completely
convincing since we need to give a meaning to the first integral.

Theorem 6.21. Defining 4 = L*(R")\M'(R") (cf. (6.3.3)) we find that the set 4
is a dense G set in L*(R"™) and for all u € 4, we have'®

(6.4.4) H W, u)y (2, €)dade = H W, u)_(z, £)dede = +o0,

6Note that W(u,u) is real-valued.
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Defining'’
(6.4.5) Eyi(u) = {(z,€) € R, £W(u,u)(x, ) > 0},
we have for all u € 4,

(6.4.6) jf W(u, u)(z, )deds = too,

E4 (u)

and both sets E+(u) are open subsets of R®™ with infinite Lebesque measure.

Proof. The first statements follow from Theorem 6.18 and Lemma 6.20. As far as
(6.4.6) is concerned, we note that W(u,u) > 0 (resp. < 0) on E,(u) (resp. E_(u)),
so that Theorem 6.18 implies (6.4.6). Moreover F. (u) are open subsets of R*" since,
thanks to Theorem 1.10, the function W (u, u) is continuous; also, both subsets have
infinite Lebesgue measure from (6.4.4) since W(u, u) belongs to L?(R?"). O

Remark 6.22. There are many other interesting properties and generalizations of
the space M' and in particular a close link between the Bargmann transform, the
Fock spaces and modulation spaces: we refer the reader to Remark 5 on page 243
in Section 11.4 of [14], to our Section 1.2.6 in this article and to Section 2.4 of [27].

Remark 6.23. As a consequence of the previous theorem, we could say that for
any generic v in L*(R") (i.e. any u € 4 = L*(R")\M'(R")), we can find open sets
E., E_ such that the real-valued £W(u,u) is positive on F, and

jj W(u, u)(z,§)drdl = +o0.

We shall see in the next section some results on polygons in the plane and for
instance, we shall be able to prove that there exists a “universal number” pd > 1
such that for any triangle'® 7 in the plane, we have

(6.4.7) vue LAR), [ Wi(u,u)(e, &)dwde < pif |[ul}:z)
T

Note in particular that we will show that (6.4.7) holds true regardless of the area of
the triangle (which could be infinite according to our definition of a triangle in our
footnote 18). Although that type of result may look pretty weak, it gets enhanced
by Theorem 6.21 which proves that no triangle in the plane could be a set E. (u)
(cf. (6.4.5)) for a generic u in L*(R).

1"Thanks to Theorem 1.10, the function W(u,u) is a continuous function, so it makes sense to
consider its pointwise values.

18We define a triangle as the intersection of three half-planes, which includes of course the convex
envelope of three points, but also the set with infinite area {(z,£) € R%, 2 > 0, > 0,2 + & > A}
for some A > 0.
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7. CONVEX POLYGONS OF THE PLANE

7.1. Convex Cones. We have seen in Proposition 5.30 and Theorem 5.20 that the
self-adjoint bounded operator with Weyl symbol H (z)H (§) does satisfy

(7.1.1) py =m0 = Ain (Opy, (H (2) H(€))) < Op,,(H () H(
< Amnax (OPy (H (2) H(€))) = Mo = pi5,
)

(7.1.2) (13, 113 ] = spectrum (Op,, (H () H(€))) ,
with
(7.1.3) 15 ~ —0.155939843191243,  pg ~ 1.00767997007003.

This result is true as well for the characteristic function of any convex cone (which
is not a half-plane nor the full plane) in the plane since we can map it to the quarter
plane by a transformation in SI(2,R) = Sp(1,R). On the other hand a concave cone
is the complement of a convex cone and the diagonalization offered by Theorem 5.19
proves that the spectrum of the Weyl quantization of the indicatrix of a concave
cone is

1 — Spectrum (Op, (H(xz)H(£))) -

We may sum-up the situation by the following theorem.

Theorem 7.1. Let 3y be a convex cone in R?* with aperture 0 € [0,2x] (cf. (5.3.9))
and let Ay be the self-adjoint bounded operator with the indicatriz function of 3¢ as
a Weyl symbol.
(1) If 0 = 0, we have Ay = 0.
(2) If 0 € (0,7), the operator Ay is unitarily equivalent to Opy,(H (x)H (£)), thus
with spectrum [uy , pg | with py < 0 <1 < g as given in Theorem 5.20.
(3) If 0 = m, 3, is a half-space and A, is a proper orthogonal projection, thus
with spectrum {0, 1}.
(4) If0 € (m,2m), Xg is a concave cone and the operator Ay is unitarily equivalent
to 1d —Opy, (H (x)H (€)), thus with spectrum [1 — pug, 1 — py]. "
(5) If 0 = 27, we have As, = 1d.
Remark 7.2. It is only in the trivial cases 6 € {0, 7,21} that Ay is an orthogonal

projection. These cases are also characterized (among cones) by the fact that the
spectrum of Ay is included in [0, 1].

Remark 7.3. It is interesting to remark that all operators Ay for 6 € (0,7) are
unitarily equivalent and thus with constant spectrum [y, , y3 | as given in Theorem
5.20. Nevertheless the sequence (Ap)o<g<r is weakly converging to the orthogonal
projection A, whose spectrum is {0,1}: indeed for ¢ € .7 (R), ¥ € . (R), we have

2Ry = dxd
(Ao, V) r2e) iJW<¢,w><x,s> vde,

€7 (R2)

1986 that we have in particular, from (2), the inequalities 1 — puf <0 <1 <1— p;.
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and thus the Lebesgue Dominated Convergence Theorem implies that
(7.1.4) elilglrl_ (Ao, V) 12m) = (A0, V) L2(R)-
On the other hand for u,v € L*(R) and sequences (¢x)x>1, (Vr)r>1 in #(R) with

respective limits u, v in L?(R), we have
(Agu, v) 2wy = (Ag(u — dr), V) r2m) + (Ao, v — Vi) 2wy + (Aodr, Yr) 2 (m),
so that

(Agu, v) 2y — (Azu, V) r2(w)
= (Ao(u — ¢r), v) 2wy + (Aodk, v — Vi) L2y + (AgPr, Vi) L2(m),
— (Ar(u— &r), ) L2R) — (AxOr, ¥ — Vi) 2) — (Ax Ok, Vi) L2(m),
implying

[(Agw, V) 2y — (Axu, V) L2(m)]
> (Mo U — Prl|L2(R) || V]| L2(R) U = Ye||lL2®) || Pk || L2(R)
< (3 + D(llu = dullz@llvll 2y + 1o = Yell 2w |9n]| 2 @)
+ [(Agdr, Vi) L2y — (AxOr, Vi) L2(m) |
and thus, using (7.1.4), we get

lim sup [(Agu, v) 2@y — (Aru, ) r2(w)]

9—>0+
< (uz 4+ V) (llw = ol 2@ llvllzm + 1o — el 2@l okl 2m)) -
Taking now the infimum with respect to k£ of the right-hand-side in the above in-
equality, we obtain indeed the weak convergence

(715) Glir(i_ <A9u, U>L2(R) = <.A,ru, U>L2(R)-

Of course we cannot have strong convergence of the bounded self-adjoint Ay towards
(the bounded self-adjoint) A, because of their respective spectra and the same lines
can be written on the weak limit 0 when 6 — 0, of A,.

7.2. Triangles. We may consider general “triangles” in the plane that we define as

(7'2'1) ch,’zz’,cfg = {(337 5) S RQa Lj<$’ 5) > Cjaj € {1’ 2, 3}}7
c; are real numbers and L; are linear forms. To avoid degenerate situations, we shall
assume that

(7.2.2) forj#k, dLjndL,#0, [T, 72%,1>0 and T/ 727 ismnot a cone.
Note that this includes standard triangles (convex envelope of three non-colinear
points) but also sets with infinite area such as

(7.2.3) {(2,8) €R* x>0, >0,0+&> A}, where ) is a positive parameter.

Without loss of generality, we may assume that Li(z,£) — ¢ = x, Lo(x,§) — o =&,
so that
g, =, € R* 2> 0,6 > 0,0z + b > v},
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where a,b, A are real parameters with a # 0,b # 0 from the assumption (7.2.2);

using the symplectic mapping (z,§) — (ux,&/pn) with u = +/|b/a|, we see that the
condition ax + b > v becomes

r+& >,
rsigna + signb > A\ =v/y/|ab] ie ~
_x—i_é. ZV7
—x—& >

The first case requires 7 > 0 and the other cases 7 < 0. The only case with finite
area is the fourth case

(7.2.4) Tan = {(z,6) € R* x>0, > 0,7+& < A} triangle with area \?/2, A > 0.

The second case is

(7.2.5) Toa={(2,) eR* 2 >0,£>0,1 —&> =N}, A>0,
The third case is
(726) 7?3,/\ = {(Z’,é) € R27~T Z Oaf 2 075 - Z _>\}a >\ > Oa

and the first case is
(7.2.7) Tin={(2,&) eR*2>0,£>0,6+2> A}, A>0.

Proposition 7.4. Let Ty, be a triangle with finite non-zero area in the plane given
by (7.2.4), where X is a positive parameter. Then the operator Op,, (17, ) is unitarily
equivalent to the operator with kernel

~ x4y sin(w(m —y)(A = —x;y))
7.2.8 k =1 .
( ) 4,/\(33, Y) [O,A]( 5 ) (- 9)
The operator Op,, (17, ,) is self-adjoint and bounded on L*(R) so that
1 .
(7.2.9) 0Py (17 )l B(r2(m)) < 3 (NSL +4/1+ (M;)Z) = 3,

where uy is given in (7.1.1).

Proof. The kernel ky 5 of Op,(17,,) is such that

_zty

T+ 2 im(T—
kaa(z,y) = 1[0,/\]( y) / et y)gdf
0

2
oy (€2i7r(w—y)(>\—¥) — 1)
2 ) 2im(x — y)
_ em()‘x_é)l[(x,\} (x + y) sin(m (v — y)(A — xgﬂ))e_mo\y_%)
2 m(z —y)
proving (7.2.8). We note now that the kernel of the operator with Weyl symbol
HEHMN—-¢—1)is

= 1.

Y

2 Tty

(7.2.10)  ly(z,y) = ™ T H(A Sm@ﬂx—QXA_Eﬂ»e

2 ) 7(z —y) : ’
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and that
Opy (H()H(A = £ — 2))

is unitarily equivalent to the operator Op,, (H(xz)H (§)) as given by Theorem 7.1. We
get then

(7.211) kap(z,y) = H(z +y)l(2,y) = H(x)l(z, y)H (y)
r+vy

+ H(x +y) (H(x)H(y) + H(x)H(y)) H(\ — 5 )
sin(m(z — y)(A — xzﬁ)) eiﬂ()\x—é)e—iﬂ'()\y—%)
(@ —y) g |
and we have thus
(7.2.12) Opy(17,.,) = HOp, (H(E)H(\ — € — 1)) H + 0y,

where the kernel wy(x,y) of the operator €2, verifies

H(z +y) (H(x)H(y) + H(x)H(y))

| —yl

wa(, y)| <

H(z+y)(H(x)H(y) + H(x)H(y))
(2| + yl)

We obtain thanks to Proposition 9.13 [2] that

(7.2.13) JJ erte )l (@)l dyde < | Hull e | Hul 2oy

As a result, we find that

(0P (17, )us w) 2wy < i3 [ H oy + | Hull 2y | Hull 2wy

proving (7.2.9). O

Proposition 7.5. Let 71\ be a triangle with infinite area in the plane given by
(7.2.7), where X is a positive parameter. Then the operator Op (17, ) is unitarily
equivalent to the operator with kernel

T+ y)Sin(ﬂ'(:C —y) (A — zTﬂ/)) |

2.14 k =1
(7.2.14) Fia(e,y) = 1o (= P p—

The operator Op,, (17, ) is self-adjoint and bounded on L*(R) so that

1 1
(7215)  [0p(15 llseewy < 5 (u; /7t (u;)2> ~ 1.066294188078,

where pg is given in (7.1.1).
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Proof. The kernel ki, of Op, (17, ,) is such that

i (z—1y) max —zty 1 1
buale.) = Hia 4 ) em 0 (5 - L)
. 1 s o i 62i7r(x—y) maX(O)\—ITﬂ) I
= H(@)gdo(w = y)H(y) + H () H ()

eZiw(:rfy) max (0, A— %)

+ H(x +y) (H(x)H(y) + H(x)H(y))

2im(y — x)
We note that the kernel of the operator Op, (H(z + & — A\)H(E)) is
. z+y 1 ]_
/¢ _ p2im(z—y) max(0,\—Zt¥) L (5 . )
1<I,y) € 2 9 0<y $) + Zﬂ(y—x) )

so that

(7.2.16) Opy(L5,) = HOp,, (H(x + & — N H(E)) H+ O,

unitarily e?{uivalent to
Opy, (H(z)H(8))

where the kernel w; ) of the operator {2, ) is such that

(H(2)H(y) + H(x)H(y))
2m(|] + [yl)

and, thanks to Proposition 9.13 [2], we get from (7.2.16) As a result, we find that

wia(z, y)| < H(z +y)

)

1, .
(Opy (1 ), w) 2wy | < i3 ([ Hull Lz ey + Sl Hull ey | Hull 2q),
which gives (7.2.15). O

We leave for the reader to check the two other cases (7.2.5), (7.2.6), which are
very similar as well as the degenerate cases excluded by (7.2.2), which are in fact
easier to tackle.

Theorem 7.6. Let 7 = {T" 732} cer 1, be the set of triangles of R®. For
linear form on R?

all T € 7, the operator Op,,(17) is bounded on L*(R), self-adjoint and we have

(7.2.17) 1.007680 ~ 3 = sup [|Opy(1c)|lsr2(r))

cone
<pg = sup ||Opy(17)|lsr2m) < fis ~ 1.213668.
T triangle

N.B. The L? boundedness is easy to prove since it is obvious for triangles with finite
areas and in the case of triangles with infinite area, we may note that in the case
(7.2.7) (resp. (7.2.5), (7.2.6)) they are the union of two cones (resp. one cone) with
a strip [0, 1] x Ry. What matters most in the above statement is the effective explicit
bound. Our result does not give an explicit value for p3 and it is quite likely that
the bound given by [i3 is way too large.

Proof. The second inequality is proven in Propositions 7.4 & 7.5 and the first in-
equality is a consequence of Theorem 5.26. O
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Remark 7.7. This implies that for any v € L*(R) and any T € 7, we have

(7.2.18) UjW(u, w)(z,€)dwde| < fisllulZomy,  with fi; ~ 1.213668.
T

7.3. Convex Polygons. We want to tackle now the general case of a convex poly-
gon in the plane. We consider

L17 BRI LN7
to be N linear forms of z,£ (L;(x,&) = a;§ — oz = [(2,€); (aj,04)]) and ¢y, ..., cn
some real constants. We consider the convex polygon
(7.3.1) P={(x,6) eR* Vje{l,...,N}, Lij(z,&) —¢; >0},

so that

1p(x,8) = ] H(Lij(x,€) —¢5).

1<j<N

Definition 7.8. Let N € N*, let Ly, ... Ly be linear forms on R? and let ci, ..., cy
be real numbers. The polygon with N sides 77211 """ CLNN is defined by (7.3.1). We shall

.....

denote by Py the set of all polygons with N sides.
N.B. Since we may take some L; =0 in (7.3.1), we see that Pn C Pni1.

Note as above that it includes some convex subsets of the plane with infinite area
such as (7.2.3).

Theorem 7.9. Let Py be the set of convex polygons with N sides of the plane R2.
We define

(7.3.2) gy = sup [Opy(1p)l|5(z2m)

PePyN

Then 3 is given by Theorem 5.20 and
(7.3.3) VN >3, u} <+/NJ2.

Proof. Using an affine symplectic transformation, we may assume that Ly(z,&) —
cy = x, so that

Ip(,&) = H(z) [] H(a;¢ =z —c5).
1<j<N-1
and the kernel of the operator Op,(1p) is
bntany) = Hlz+) [ =% T (o = asl

1<j<N-1

Tty

5 ) —¢j)dé.

As a result, we have
kN(xay) = H(Ilf + y)kN—l(:Ea y)>

where kxn_p is the kernel of Op,(1p,_,), where

Pyo1={(z,&) eR? Vje{l,...,N—1},L;i(x,&) —¢; > 0}.
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We may assume inductively that for any convex polygon P, with £k < N — 1 sides,
there exist p; such that

(7.3.4) Op,(1p,) < 1,

where 1 depends only on k and not on the area of the polygon, a fact already
proven for k£ = 1,2,3. We note that with Ay = Op,(1p, ), we have with H standing
for the operator of multiplication by H(z),

HANH = HAy_ H, An_, = Op,(1p, ,),
since the kernel of HANH is
H(x)H(y)kn(z,y) = H(z + y)H(x)H(y)kn-1(2,y) = H(x)H(y)kn-1(z,y).

Also we have, with H(z) = H(—=x), that

HANH =0,
since the kernel of that operator is H(x)H (y)H(x + y)ky_1(z,y) = 0. We have thus
(7.3.5) Ay =HAy H+2Re HANH,
and the kernel of 2Re HAN H is
(7.3.6) wy(2,y) = H(z +y)(H(z)H(y) + Hy)H(z))kn-a(2,y).
We calculate now
(7.3.7) kn_1(z,y) = /e%’r(“”_y)5 H H(ajf — aj(%—{—y) — cj)df.

1<j<N-1

We check first the j such that a; = 0 (and thus a; # 0)*°. Without loss of generality,
we may assume that this happens for 1 < 7 < N so that with some interval J of
the real line, &j = Oéj/(lj, éj = Cj/CLj,

k1 (2, y) = 1J<$‘2f'y) /62i7r(xy)§ H H(¢ - &j<x—;—y) — &)

No<j<N-1
a]'>0
< TI H- a2 - &)de.
4 J 2 7
No<j<N-1
a;<0
We note that the integration domain is
T+y x4y, . LTy T+y
= (2 ) <e< . R
V) = B (G +e) 6 iy & ()46 = —9(50),
aj>0 aj<0

with ¢, 1Y convex piecewise affine functions; since ¢ + 1 is also a convex function, we
get the — convex — constraint (¢ +v)((z +y)/2) <0, so that (z + y)/2 must belong

20[n this induction proof, we may assume that all the linear forms L;, 1 < j < N are different
from 0, otherwise we may use the induction hypothesis.
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to a subinterval J of the interval J. As a result we get that
T 4y, e Ar@E-ye(GY) _ in(@-y)v(*3)
2 ) 2im(xz —y)

—im(r— +)(Ety im(x— +) (Y
_ 1 (x_i_y)e_iﬂ(l’_y)((é_qp)(%)e ( y)(‘b ’Z))( 2 )_e ( y)(¢ 2/1)( 2 )

kin-a(z,y) = 15(

S

2 2im(x — y)
_ 1, (5 Y inn v (5 sin(m(z — y)(¢ +¥)(34))
. m(y — ) ’

and thus the kernel of 2Re HAN H is

won(,y) = Hiz +y) () Hiy) + Ay H@) 15,22

« o—intae—(e-u) g S (T(@ = )6 + ¥)(5))
m(y —x)

Y

so that, thanks to Proposition 9.13 [2],
(7.3.8) 2Re(HANHu,u) < |Hul||Hul,
and with (7.3.5),

(Anu,u) < pf_y[|Hul)? + || Hul[|| Hul,
we get

MN 1+ (:uj\_f—l)z +1
2 )

(7.3.9) e <

which implies that

(7.3.10) VN >3, uf </NJ/2,

since it is true for N = 3 and?! if we assume that it is true for some N > 3, we get

n py + (nk N+2 N+1
/’LN-‘,-I— 2 —2

where the latter inequality follows from the concav1ty of the square—root function

since we have for a concave function F',

IN 1N+2 N+1 1_ N 1 /,N+2 N+1
27 T3 p — g s GFE) AT S ).
The proof of Theorem 7.9 is complete. OJ

Remark 7.10. The above result is weak by its dependence on the number of sides,
but it should be pointed out that it is independent of the area of the polygon (which
could be infinite). Another general comment is concerned with convexity: although
Flandrin’s conjecture is not true, there is still something special about convex subsets
of the phase space and it is in particular interesting that an essentially explicit
calculation of the kernel of the operator Op(1p) is tractable when P is a polygon
with NV sides of R2.

2ndeed we have pa < iz < 1.2137 < 1.2247 =~ /3/2.
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7.4. Symbols supported in a half-space.

Theorem 7.11.

[1] Let A be a bounded self-adjoint operator on L*(R™) such that its Weyl symbol
a(z,€) is supported in R, x R*1. Then with H standing for the orthogonal pro-
jection onto

(7.4.1) {u € L*(R"), suppu C R_ x R"*},

we have HAH = 0.
[2] Let A be as above; if A is a non-negative operator, then with H = I — H, we
have

HA=AH =0, A= HAH,

N.B. We have seen explicit examples of bounded self-adjoint operators such that the
Weyl symbol is supported in = > 0 but for which HAH # 0: the quarter-plane
operator (see Section 5.1) has the Weyl symbol H(z)H (&), the kernel of

HOp, (H(@)HE)H is  H(x)H(y)H(z +y)——po—

2irt y—ax’

which 1s not the zero distribution and, according to the above result, this alone implies
that Opy,(H(x)H (§)) cannot be non-negative.

Proof. Let us prove first that HAH = 0; let ¢,1) € C°(R") such that
supp ¢ U supp ) C (—o0,0) x R*™ 1,
Since the Wigner distribution W(¢, 1) belongs to ./ (R*") and is given by the integral

W(,0)(@.8) = | ola+ )b — e ds,

we infer right away?* that supp W(¢, 1) C (=00, 0) x R*"~1. We know also that
<A¢, w>L2(Rn) == <A¢’ w>yl(Rn)wy(Rn) - <a, W(¢, w)>yl(R2n)’y(R2n) == O
As a result, the L*(R™) bounded operator HAH is such that, for u,v € L*(R"), ¢,
as above,
<I:IAH'U/, ’U>L2(Rn) = <F[AHF[U, H’U>L2(Rn)
— (HAH(Hu — ¢), Hv) 2@y + (HAH, Hv — ) 2y + (HAH ¢, ) 12 gy,

.

<A¢7¢>;(Rn):0

so that
|<HAI:]’U, U>L2(Rn)| S ||A||B(L2(Rn)) (HHU — qf)”LQ(Rn)”?}“Lz(Rn)

+ || Hv — ¢HL2(R")H¢HL2(R"))'

22In the integrand, we must have, z; + 3 < —¢p < 0,71 — 3 < —e; < 0 and thus x; <
—(eo+€1)/2
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Using now that the set {¢ € C2°(R"),supp ¢ C (—o0,0) x R""'} is dense” in
(7.4.2) {w e L*(R"™), suppw C (—o00,0] x R* '},

we obtain that (HAHu,v) r2n) = 0 and the first result. Let us assume that the
operator A is non-negative. We have

A= DB? B = B* bounded self-adjoint.
It implies with L*(R") norms and dot-products,
(Au,u) = (HAHu, u) + 2 Re(HAHu, Hu)

= (HBBHu,u) +2Re(HBBHu, Hu)

= |BHul||* + 2Re(BHu, BHu)

= |BHu + BHu|? — | BHul?

= | Bul® — | BHul]* = (Au,u) — | BHu|?,
and thus BH = 0, so that HB = 0 and thus HB?> = HA = 0 = AH, so that
HAH =0= HAH, and A = HAH, concluding the proof of [2]. O

Corollary 7.12. Let A be a bounded self-adjoint operator on L*(R™) such that its
Weyl symbol is supported in Ry x R** 1 and such that Re(HAH) # 0, then the
spectrum of A intersects (—o0,0).

Proof. We have from [1] in the previous theorem,
A= (H+ H)AH+H)=HAH +2Re HAH,

and from [2], if A were non-negative, we would have AH = 0 and Re HAH = 0,
contradicting the assumption. O

Remark 7.13. If C is a compact convex body of R*" we may use the fact (see e.g.

[39]) that
C - m ,f'_')j.

$; closed half-spaces
containing K

Then of course Op,,(1¢) is a bounded self-adjoint operator on L?(R™), and if §; is
defined by

533’ = {(ZE,S) € R27Lj(x7€) > Cj}a

ZBLet xo be a function satisfying (5.2.1) and let w be in the set (7.4.2). Let (¢g)r>1 be a
sequence in C%°(R™) converging in L?(R") towards w; the function defined by

dr(x) = xo(—kx1)r(2),

belongs to C%°(R™), is supported in (—oo, —1/k] x R"~1, and that sequence converges in L?(R")
towards w since

6 — wllr2@n)y < [xo(—kz1) (S () — w(@)) || L2(Rn) +] (X0 (—k21) — 1)w(®)|| L2 (rn)

<léx—wll 2 @ny— 0 when k — +oo.

and ||(xo(—kz1) — 1)w(x)||%2(R”) < [1{-2 < 21 < 0}|w(z)|?dz which has also limit 0 when k
goes to 400 by the Lebesgue Dominated Convergence Theorem.
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where L; is a linear form on R? and ¢; a real constant, we obtain with the symplectic
covariance of the Weyl calculus, setting

Hj('ru g) = H(Lj(xvé) - Cj)u
that for all $; closed half-spaces containing K, we have
where H(z,€) = H(—Ly(x,€) + ;).

8. OPEN QUESTIONS & CONJECTURES

In this section we review the rather long list of conjectures formulated in the text
and we try to classify their statements by rating their respective interest, relevance
and difficulty. We should keep in mind that the study of Op,(1g) for a subset E of
the phase space is highly correlated to some particular set of special functions related
to F: Hermite functions and Laguerre polynomials for ellipses, Airy functions for
parabolas, homogeneous distributions for hyperbolas and so on. It is quite likely
that the “shape” of E will determine the type of special functions to be studied to
getting a diagonalization of the operator Op, (1g).

8.1. Anisotropic Ellipsoids & Paraboloids.

Conjecture 8.1. Let E be an ellipsoid in R* equipped with its canonical symplectic
structure. Then the operator Op,(1g) is bounded on L*(R™) (which is obvious from
(1.2.6) ) and we have

(8.1.1) Op,,(1g) <1d.

A sharp version of this result was proven for n = 1 in the 1988 P. Flandrin’s article
[11], and was improved to an isotropic higher dimensional setting in the paper [33] by
E. Lieb and Y. Ostrover. Without isotropy, it remains a conjecture. As described
in more details in Section 3.4, it can be reformulated as a problem on Laguerre
polynomials. That conjecture is a very natural one and it would be quite surprising
that a counterexample to (8.1.1) could occur from an anisotropic ellipsoid®!. We
introduced in Section 4.4 a conjecture on anisotropic paraboloids directly related to
Conjecture 8.1.

Conjecture 8.2. Let E be an anisotropic paraboloid in R?" equipped with its canon-
ical symplectic structure. Then the operator Op,(1g) is bounded on L*(R™) and we
have

(8.1.2) Op,,(15) < Id.

In terms of special functions, it is related to a property of Airy-type functions. As
a contrast with ellipses, we do not expect (8.1.2) to leave any room for improvement
whereas (8.1.1) can certainly be improved with its right-hand-side replaced by a
smaller operator as in (3.2.5).

24We mean by anisotropic ellipsoid a set of type (3.3.2) where 0 < a1 < ag < -+ < an.
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8.2. Balls for the /? norm. We have seen in Section 5.3.2 that the quantization of
the indicatrix of a ¢? ball could have a spectrum intersecting (1, +o00) when p # 2.
More generally one could raise the following question.

Question 8.3. Let p € [1,+00], p # 2 and let B)" be the unit (7 ball in R**. For
A > 0, we define the operator

(8.2.1) Popa = Opy(1agzn).

Is it possible to say something on the spectrum of the operator P, , x, even in a two-
dimensional phase space (n = 1)? Is there an asymptotic behaviour for the upper
bound of the spectrum of P, when X goes to +00?

8.3. On generic pulses in L?*(R"). We have seen that the set G defined in (6.3.3) is
generic in the Baire category sense, but our explicit examples were quite simplistic.

Question 8.4. Let G be defined in (6.3.3). Does there exist u € G such that the set
E.(u) (defined in (6.4.5)) is connected?

8.4. On convex bodies.

Conjecture 8.5. For N > 2, we define
(8.4.1) wh = sup Spectrum (Op,(1p)) .

P convex bounded
polygon with N sides

Then the sequence (u};)n>2 is increasing” and there exists a > 0 such that

(8.4.2) VN >2, pf<alnN.
N.B. Theorem 7.9 is a small step in this direction.
A stronger version of Conjecture 8.5 would be

Conjecture 8.6. We define
(8.4.3) pt = sup Spectrum (Op,(1¢)).

C convezx
bounded

Then we have u* < +oo.

The invalid Flandrin’s conjecture was ™ = 1 and we know now that g, > pg > 1
as given by (7.1.3).

Question 8.7. There is a diagonalization of the quantization of the indicatriz func-
tion of Ellipsoids, Paraboloids and Hyperbolic regions. Is there a mon-quadratic
example of diagonalization?

Question 8.8. The value of pg is known explicitly, but for ud, we have only the
upperbound [i3 as given by Theorem 7.6. Is it possible to determine explicitly the
value of p3 , either by answering Question 8.7, or via another argument?

25 According to our Definition 7.8 of the set Px of polygons with N sides is increasing with
respect to N.
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Conjecture 8.9. Let C be a proper closed convex subset of R? with positive Lebesque
measure such that Op(1¢) is bounded self-adjoint on L*(R) (that assumption is
useless if Conjecture 8.6 is proven) with a spectrum included in [0,1]. Then C is the
strip [0,1] X R, up to an affine symplectic map.

All the explicitly avalaible examples are compatible with that conjecture (see also
Remark 7.2) and the second part of Theorem 7.11 is also an indication in that
direction. It would be nice in that instance to reach a spectral characterization of a
subset modulo the affine symplectic group.

9. APPENDIX
9.1. Fourier transform, Weyl quantization, Harmonic Oscillator.

9.1.1. Fourier transform. We use in this paper the following normalization for the
Fourier transform and inversion formula: for u € . (R"),

(9.1.1) w(§) = /n e 2y (x)de,  u(x) = /n eHTEG(€) dE,

a formula that can be extended to u € ./(R"), with defining the distribution @ by
the duality bracket

(9.1.2) (ib, @) r(mn) 7 @) = (U, B) 1 (mm), 7 (mm)-

Checking (9.1.1) for u € ./(R") is then easy, that is

(9.1.3) 4 =,

where the distribution « is defined by

(9.1.4) (@, §) 1(zm) 7 wmy = (U, @) 1 (my 7 mmy,  With () = §(—1).
It is useful to notice that for u € .#'(R"),

(9.1.5) U = 1.

This normalization yields simple formulas for the Fourier transform of Gaussian
functions: for A a real-valued symmetric positive definite n x n matrix, we define
the function v4 in the Schwartz space by

(9.1.6) va(z) = e ™42 and we have  14(€) = (det A)"1/2e™ATIES

Similarly when B is a real-valued symmetric non-singular n x n matrix, the function

wp defined by

UJB(ZE) — eiﬂ'(Ba;,x)
is in L>°(R™) and thus a tempered distribution and we have
(9.1.7) W5(€) = | det B|1/2e T simn B—im(B7168)

where sign B stands for the signature of B that is, with E the set of eigenvalues of
B (which are real and non-zero),

(9.1.8) sign B = Card(E NRy) — Card(ENR_).
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With H standing for the characteristic function of R, we have

V= H+H, b6 —=H+H,

D sign = ,—O, Dsign = —, &sign = —,  sign = —pv—, (principal value)
v i v e €
the latter formula following from the fact that
{’(Sign — pv,—) =0, which implies sign — pv—: = cdg = 0,
1€ 1€
since s/lg\n — ﬁ is odd. We infer from that
A = —_ 1
H — H = sign = pv—;,
i
and
~ 0o 1
9.1.9 H=— —.
(9.1.9) 2 TPVoire

Lemma 9.1. Let T be a compactly supported distribution on R™ such that

(9.1.10) VN e N, (ONT(€) is bounded, with (€) = /1 + |€].
Then T is a C*° function.

Proof. Note that T is an entire function, as the Fourier transform of a compactly
supported distribution. Moreover, from (9.1.10) with N = n + 1, we get that T
belongs to L'(R™) and thus T is a continuous function. Moreover, we have for any

ae N,
<mﬂm:/9m%%@%,
eL1(R")

so that T is a C* function. O

Proposition 9.2. Let p > 0 and let f be an holomorphic function on a neighborhood
of {z € C,|Imz| < p} such that

(9.1.11) VyEPmMK/U@+WWM<+w7
(9.1.12) lim |f(£R + iy)|dy = 0.
R=to0 J1y1<p

Then we have
(9.1.13) VEER, |f(&)| < Ce kel

with C' = max(Cy,C_), Cy = [ |f(x xip)|de. Conversely, if f is a bounded mea-
surable function such that (&) is O(e~*™ ) for some r > 0, then f is holomorphic
on{zeC,|Imz| <r}.
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Proof. 1If f is holomorphic near {z € C, |Im z| < p}, satisfies (9.1.11) and (9.1.12),
then Cauchy’s formula shows that for |y| < p,

R
/ezm(ﬁiy)&f(zt +iy)dr = ™ lim e 2 f (@ + iy)d
R R——4o00 R

= lim e 2 f(2)dz
R—+o0 [— R+iy,R+1iy]

= lim e—Qinff(z)dZ
R=4°0 J[_ Rtiy,~ RJU[~R,R|U[R,R+iy]

o Y . . Y ) )
= f(¢)+ lim ( / e~ 2B (R 4 it)idt — / 6-2”<—R+“>5f(—R+z‘t)z'dt>.
0

R—+o00 0

We have for |y| < p,
y . .
‘ / e 2imERFING f(iR—i—z’t)z’dt’ < / |f(£R + it)|dt >,
0 lt|<p

which goes to 0 when R goes to 400, thanks to (9.1.12), so that for all y € [—p, pl,
we have

[ e pa s ig)e = f(6)
R
which implies for y = —psign¢ (taken as 0, if £ = 0)

1£(&)] < /R |f(z F ip)|dx e~ 2Pl Ce2mrlél.

<
<~
from (9.1.11)
proving the first part of the proposition. Let us consider now a function f in
L>®(R) such that f(&) is O(e=2™El) for some r > 0, and let p € (0,7). We have
f(z) = [ f(£)dE and for |y| < p, we have [, e*™WIEl| f(£)|d¢ < 400, so that f
is holomorphic on {z € C,|Im 2| < r} with

flatiy) = [ e ey,

R
concluding the proof. O

9.1.2. Weyl quantization. Let a € ./ (R*"). We define the operator Op,,(a), contin-
uous from . (R"™) into .#’(R"), given by the formula

(9.1.14) (Op,,(a)u)(z) = jf e2m(m_y).§a($ +y

to be understood weakly as

,§u(y)dyde,

(9115) <Opw(a)u, /(_]>y/(Rn)’y/(Rn) = <a, W(U, U)>§//(R2n),y(R2n),
where the so-called Wigner function W(u, v) is defined for u,v € . (R") by

(9.1.16) W(u,v)(z,§) = /eQi”Z'gu(x + %)@(m - %)dz.
We note that the sesquilinear mapping . (R") x #(R") 5 (u,v) — W(u,v) €
< (R?") is continuous so that the above bracket of duality

(a, W(u,v)) s memy, 7 @en),
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makes sense. We note as well that a temperate distribution a € .#/(R?*") gets
quantized by a continuous operator a* from . (R"™) into ./(R™). Moreover, for
a € '(R*) and b a polynomial in C[z, ], we have the composition formula,

(9.1.17) b = (afib)®,

_1\l8l
0118)  @)wo =3 — 3 U geosa) w6 @000, 6),

k 131
= (4imr) Wit alp!

which involves here a finite sum. This follows from (2.1.26) in [27] where several
generalizations can be found.
Also, we find that W(u, u) is real-valued since

W(u,u)(x, &) = /62”2'512(:6 + g)u(a: — %)dz

_ / T g)“(fﬂ 4 %)dz = W(u, u)(z, €).

A particular case of Segal’s formula (see e.g. Theorem 2.1.2 in [27]) is with F
standing for the Fourier transformation,

(9.1.19) F*a"F = a(§, —x)".

Lemma 9.3. Let a be a tempered distribution on R®*™ and let b be a polynomial of
degree d on R*". Then we have

(9.1.20) ath =Y wi(a,b), with
o _1)l8l
012) e = gy > (000 (@00 . 6),
ol HBl=k
(9.1.22) wi(b,a) = (—1)*wi(a,b).

The Weyl symbol of the commutator [Op,(a), Op,,(b)] is

(9.1.23) cla,b) =2 > wi(a,b).
0<k<d
k odd

If the degree of b is smaller than 2, we have
1
(9.1.24) c(a,b) = 2wi(a,b) = — {a, b},
2m
and if a is a function of b, the commutator [Op,(a), Op,(b)] = 0.

Remark 9.4. In particular if q(x, &) is a quadratic polynomial and
a(z, &) = H(1 —q(z,)),

is the characteristic function of the set {(z,§),q(x,&) < 1}, then we have

(9.1.25) [Op,,(a), Op,(q)] = 0.
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Proof. Applying (9.1.17), (9.1.18), we obtain that this lemma follows from (9.1.22),
that we check now:

18]
imfanat) = S T (0pa8a) (. )(00000) (2. )

alb!
laf+|8]=k A

_1)lel
= > . (970 a) (x, €)(9792b) (x, €)

alB!
|l +|B|=Fk p

_1)\k—I8|
S CU T 00ra)(a. €)(0%085) (2. €) = (—1) (4im) ey (b, )

131
vk O

which is the sought result. O

Remark 9.5. We can note that Formula (1.2.58) is non-local in the sense that for
a,b € #(R?*) with disjoint supports, although all wy(a,b) (given by (9.1.21)) are
identically 0, the function afib (which belongs to ./(R*")) is different from 0; let us
give an example. Let xo € CP(R; [0, 1]) with support [—1+€p, 1 —¢y] with ¢ € (0,1)
and let us consider in R?,

CL(QJ, 5) = XO(x)eiﬂg? b(.ﬁl], E) Xo(l’ - 2) 77T£2
so that a,b both belong to . (R?) and
suppa = [—1 46,1 — €] xR, suppb=[1 + €, 3 — €] X R,

so that the supports are disjoint and all wy(a, b) are identically vanishing. We check
now

(aﬁb> <x7£ =4 J\J\ff XO 6*71'172 Z . 2)677742ef4i7r(£fn)(xfz)€4i7r(:£fy)(§fodydndzdé_
= 4J:[ XO XO 7 — 2) A (x— ) *47’r(x y)2 4z7r§(z T+x—Yy) dydz

= 4(/ Xo(y)e—4iw§y€—47r($—y) dy> (/ XO(Z)64z7r£z —4m(x—2—2) d2>

(a)(0.0) = 4 ( / xo()e v dy) ( / xo(2)e 74 dz) > 0,

>0 >0

so that

9.1.3. Some explicit computations. We may also calculate with

2

(9.1.26) Ug(x) = (2a)*e7™% a4 > 0,

(9.1.27) W(ug,uq)(z,§) = (2a)1/2/62i”'5e’m:”526”“|x+§|2dz

— (za)1/2/6—2i7rz~§6—27r(1x26—7raz2/2dz _ (2&)1/26_27“”221/2(1_1/26_7r%§2

_ 26—271'((1;182—}—0,’152)
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which is also a Gaussian function on the phase space (and positive function). The

calculation of W(ul,, u},)(x, &) is interesting since we have

47T2 <Dxbwauaa ﬂCL>,57”(]R"),5’(1&”)

= (0", Ug) 77 (re), 7 (Re) = (b, W(Ug, Ug)) 7 (ren) 5 (m2n),

and for b(z, &) real-valued we have

b, b O b b
EbiE = (60 + ) = €0+ 720 — = (bt 1) =gy oo
so that
1 2 b/
A2 jj26—2w az?+a~1€?) (% + o —)dadE = (b, W(uj, 1)),

proving that

2 —1¢2 1 2 1.9
W, ul)(z, &) = 9e—2m(az?+a~t¢ )47r2§2 + _232(6—%(% +a~l¢ ))

= e~ 2m(ar® a7 (422 (( draz)? — 4ra))

1
—87‘(‘2 —27(ax?+a"1€2) (CL é" —I—(L’L‘ __)‘
4

We obtain that the function W(u,, u/) is negative on

a’ a

1
a e +art < —,

A
which has area 1/4. We may note as well for consistency that for u, given by (9.1.26),
we have
ul, = (2a)1/4(—27ra:c)e’”“2, |l |22 = 7a,
and
1
—2m(y*+n?) R
IJW (x,&)dxdé = 87 ajj (y* +n? 47T)dyd77
8 2
= —— =ma=u
For A > 0 and a € .%'(R*"), we define
(9.1.28) ax(x, &) = a(A "'z, \6),
and we find that
(9.1.29) (a))" = Usa®U,,
(9.1.30) for f € .Z(R™), (Urf)(z) = fFQx)NY?, Uf = Uyr = (Uy)

We note that the above formula is a particular case of Segal’s Formula (see e.g.
Theorem 2.1.2 in [27]).
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9.1.4. The Harmonic Oscillator. The Harmonic oscillator H,, in n dimensions is
defined as the operator with Weyl symbol 7(|z|* + |¢]?) and thus from (9.1.29), we
find that

We shall define in one dlmensmn the Hermite functlon of level k € N, by

_1\k ) k )
(9.1.31) wk(x)z;—j%f/‘*e” ( \/%ddx) (=2,

and we find that (¢3)ren is a Hilbertian orthonormal basis on L?(R). The one-
dimensional harmonic oscillator can be written as

1
(9.1.32) Hy = 2(5 + k)P,
k>0

where Py is the orthogonal projection onto .

In n dimensions, we consider a multi-index (ay,...,a,) = a € N* and we define
on R”, using the one-dimensional (9.1.31),
(9.1.33)  Wo(z) = [] o, (z), &= Vect {Wa},cn i 10 = >
1<j<n 1<j<n

We note that

k -1
(9.1.34) the dimension of &, is ( n ) )
n J—

and that (9.1.32) holds with Py, standing for the orthogonal projection onto & ,,; the
lowest eigenvalue of H,, is n/2 and the corresponding eigenspace is one-dimensional in
all dimensions, although in two and more dimensions, the eigenspaces corresponding
to the eigenvalue § + k,k > 1 are multi-dimensional with dimension (kzn 1) The
n-dimensional harmonic oscillator can be written as

n
1. — = ,
(9.1.35) Ho =D (5 +5)Pha,
k>0
where Py, stands for the orthogonal projection onto & ,, defined above. We have in
particular

(9.1.36) Py, = Z P.,, where P, is the orthogonal projection onto V.

a€eN” |a|=Ek

9.1.5. On the spectrum of the anisotropic harmonic oscillator. The standard n-
dimensional harmonic oscillator is the operator

1
Ho=7 3 (D} +aj), Dj =50,
1<j<n
and its spectral decomposition is

H=3 G+PPun Poa= D Py®@P,

k>0 aeN" o1 +--4an=k
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where P, stands for the orthogonal projection onto the one-dimensional Hermite

function with level o;. Now let us consider for p = (u1, ..., p,) with p; > 0, the
operator
(9.1.37) Hoy =7 Y (D} +a3) = 70p, (qu(x,€)),
1<j<n
with
(9.1.38) (.8 = D il +&).
1<j<n

With the notation |u| =3, o, pj and p-a =3, ., pja;, we have

|l
(9.1.39) Hy = Z(7+u-a) (P, ® - QPy,),

( J/

TV
aeNP P,

so that the eigenspaces are the same as for H, but the arithmetic properties of

]

make possible that all eigenvalues (5 4 1 - ) are simple. For instance for

n:270<l'll1</’l/27 %¢Q7
1

if 5 € 72 is such that 31 + pef2 = 0, this implies that 3 = 0 and thus that all the
eigenvalues of H, are simple.

Remark 9.6. If0 < py < --- <, and if for all j € [2,n] we have pu;/p € N, we
then have for a € N",

a-u:m(al—i— Z aj#j)zﬁ-,u, g =(A,0,...,0) € N".

2<j<n H

(. S
-~

B1

Sinus cardinal. Tt is a classical result of Distribution Theory that the weak limit
when A — 400 of the Sinus Cardinal w is wdo, where d is the Dirac mass at 0,
but we wish to extend that result to more general test functions.

Lemma 9.7. Let [ be a function in L} (R) such that

loc

dr < +o0.

/ ‘f(T)’dT < +o00o and da € C so that / M
I7|>1

’T‘ Ir|<1 |T‘
Then we have

in(A
(9.1.40) /\l_i)riloo/]R Sm;TT)f(T)dT = a.

N.B. In particular if f is an Hélderian function such that f(7)/7 € L*({|r| > 1})
we get that the left-hand-side of (9.1.40) equals f(0).
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Proof. Let xo be a function in C2°(R) equal to 1 near the origin and let us define
x1 =1 — xo. We have

/R—Sin()\T)f(T)dT = /R sin(Ar) (/(7) = a) Xo(T)dr + a/R Sin()\T)Xo(T)dT

T ™ T T

[\

-~

eLl(R)

™

; / SWOT) (7 i,
R —_—

€Ll (R)
so that the limit when A — +o00 of the first and the third integral is zero, thanks to
the Riemann-Lebesgue Lemma. We note also that
sin(A7)

T

=1, (),

2727

and applying Plancherel’s Formula to the second integral yields

sin( A1 _
/ ( )Xo(T)dT = / Xo(t)dt,
R T [t]</(27)

whose limit when A — 400 is [, Xo(t)dt = x0(0) = 1, thanks to the Lebesgue
Dominated Convergence Theorem, completing the proof of the lemma. O

9.2. Mehler’s formula. We provide here a couple of statements related to the so-
called Mehler’s formula, appearing as particular cases of L. Hérmander’s study in
[20] (see also the recent K. Pravda-Starov’ article [36]). In the general framework,
we consider a complex-valued quadratic form @ on the phase space R?*" such that
Re @ < 0: we want to quantize the Gaussian function (here X stands for (z,¢))

a(X) = e{@XX)
and to relate the operator with Weyl symbol a to the operator
exp {Op,,((QX, X))} .

Lemma 9.8. For Ret >0, t ¢ in(2Z + 1), we have in n dimensions,

(9.2.1) (cosh(t/Q))n exp —twOp,, (2> + |£*) = Op,, (e—2tanh(%)ﬂ(12+€2))_
In particular, for ¢t = —2is,s € R, s ¢ 7(1 + 2Z), we have in n dimensions
(9‘2'2) (COS S)n exp(2i7rsOpW(|$|2 + |€’2)) _ Opw (€2iﬂtans(‘x|2+‘£|2))‘

Lemma 9.9. For any z € C, Rez > 0, we have in n dimensions

(9.2.3) Op,, <exp — (227 (€] + |:1c|2))> = ﬁ Z (1 ; i)kIP)km,

where Py, is defined in Section 9.1.4 and the equality holds between L*(R™)-bounded
operators.

We provide first a proof of a particular case of the results of [20)].
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Lemma 9.10. For Ret >0, t ¢ im(2Z + 1), we have in n dimensions,
(9.2.4) (cosh(t/2))" exp —tmOp, (|2]? + |€]?) = Op,, (e~ 2@+,

Proof. By tensorisation, it is enough to prove that formula for n = 1, which we
assume from now on. We define

L=¢+in, L=¢E—ix, M(t)= 5(t)0pw(e_a(t)”m)7

where «a, § are smooth functions of ¢ to be chosen below. Assuming 5(0) = 1, «(0) =
0, we find that M (0) = Id and

M+ 70p, (1L[)M = Op, (Be=" — | L= 4 (| L2)gseH).

We have from (9.1.18), since 9,0¢|L|* = 0,
=0

1 7 Y
|L|2ﬂ€_omlLl2 _ |L|2€—o¢7r|L|2 + m {|L‘2, e—om|L\2}

+ (41—1@2% (852(|L|2)a§e—awlLl2 + 3§(|L|2)a§€—an|L|2>
= |L|26*MIL|2
i (427? )22 7M|L|2( —2anz)” — 2am) +2((—2am€)” — 2a7r>)
D (s P
1672 A2

so that

M + 70p,,(|L]*) M

. 2 2 5 4 2.2 5
= Opw <66—a7r|L\ _ Bdﬂ.|L|26—aﬂ'\L| _|_7T/6|L|2€—om|[,| <1 . Q=T ) I O”T/Be_aﬂ'w‘ )

1672 47
= Op, (e = {|LP (~ma + 76 (1 - %)) + B+ O‘Tﬁ})
We solve now
G=1- O‘; a(0) = 0 <= a(f) = 2 tanh(t/2),
and
1+ 0 = 0.5(0) = 1= Blt) = o

We obtain that M + 7Op,,(|L|*)M =0, M(0) = Id, and this implies
B()Opy (e ™) = M(t) = exp —tm(|L[*)",
which proves (9.2.4). O
In particular, for ¢t = —2is,s € R, s ¢ $(1 + 2Z), we have in n dimensions

(9.2.5) (cos s)" exp (2imsOpy ([ + [£]%)) = Op, (27 o+ 416)).
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Lemma 9.11. For any z € C, Rez > 0, we have in n dimensions

(9.2.6) Op (exp — (22 ((€* + [2)) = 3 (377 ) B

(1+2)" = 1+=2

where Py, is defined in Section 9.1.4 and the equality holds between L*(R™)-bounded
operators.

Proof. Starting from (9.2.5), we get for 7 € R, in n dimensions,
(cos(arctan 7))" exp(2im arctan 7Op,, (|z]* + [£[*)) = Op,, (62MT(|$|2+‘£|2)),

so that using the spectral decomposition of the (n-dimensional) Harmonic Oscillator
and (9.7.2), we get

(1 + 7_2)—n/2 Z 62i(arctan7—)(k+%)Pk;n _ Opw (€2i7rr(|x\2+|§\2))7
k>0

which implies

-n 1 + T 2kt T (|
(L+ %)) ((1 + T2>)k_+g Pin = Op,, (*7(7H1E0),
k>0

entailing

(1+47)* gimr (|22 +]€[?)
S i = Op, (),
k>0

proving the lemma by analytic continuation (we may refer the reader as well to [14]
(pp. 204-205) and note that for any z € C, Rez > 0, we have [{72[ < 1). O

9.3. Laguerre polynomials.

9.3.1. Classical Laguerre polynomials. The Laguerre polynomials {Lj}ren are de-
fined by

(93.1) Li(z)= Y (—“1)l <I;)xl = e’”% (%)k {aFe™™} = (% - 1)k {%T}’

0<i<k

and we have

Lo=1,
L1 =—-X 4+ 1,
1
Ly = 5(X2 —4X +2),
1
L3 = 6(—)(3 +9X? — 18X +6),
1
Ly = ﬂ(X4 —16X3 +72X2 — 96X + 24),
1
Ls = ﬁ(_X5 +25X* —200X°3 4 600X? — 600X + 120),
1
Lo = 5 (X° —36X° + 450X " — 2400X? + 5400X 7 — 4320.X + 720),
I — X7+ 49X°% — 882X° + 7350X* — 29400X3 + 52920X?2 — 35280.X + 5040
7= .

5040
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We get also easily from the above definition that
(9.3.2) Ly = Lj, — Ly,
since with T'=d/dX — 1
Xk d Xkt d
) =T 1) =~ L1
k! dX (k+1)! dXx
Formula (6.8) and Theorem 12 in the R. Askey & G. Gasper’s article [2| provide the
inequalities

(9.3.3) VEENVz >0, > (—1)'Ly(z) >0.

0<i<k

This result follows as well from Formula (73) in the 1940 paper [10] by E. Feldheim.
Let us calculate the Fourier transform of the Laguerre polynomials: we have

d

L= (£-1) 15,

Ly, — Ly =TL, =T"" (=

so that
—~ S (1) 1 k)
i) = aine 1 (52) 87 = e Ly
As a result, defining for k € N, ¢t € R,

(9.3.4) My(t) = (-1)"H(t)e 'Li(2t), H =1g,,

we find, using the homogeneity of degree —k — 1 of 5(()k),

— o 1(—1>k T 1 k (k) T (—1)k
M(r) = 555~ 37) 0 Q) * Trgiar

d (o0 — %)k/k'
= (—1)k(%)k { 1 4 2in(T — 0) }00

(k> o— LR (k — 1)(2im)

L) (k=10 (1 + 2im(r — 0))1+k_l

Z )
l l 1+ 2ir 1+k l
2)k~1
(1+ 2inr) + 2“77 zl: ( ) 1+ 2@7r7')k_l
k

|o=0

1—

1+227TT ( 1—|—2@7r7' )
—1+ 2umr

(1 + 227TT 1+ 227T7‘

1 — 2umr
1+ 2imr

(1+ 227r7
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so that

—~ (1 — 2imr)* (1 — 2imr)+1
9.3.5 M = = :
( ) k(T) (1 + 22'7”_)]64-1 (1 +47T27-2>k+1

9.3.2. Generalized Laguerre polynomials. Let o be a complex number and let k be
a non-negative integer such that o+ k& ¢ (—N*). We define the generalized Laguerre
polynomial Lj by

(9.3.6) Lg@»::xC%x(éé)k{ewx:f}::xa(éé-1>k{xzﬂ}.

We note that L is indeed a polynomial with degree k£ with the formula

Li(x) = Z l K (—1)’“2F(k +a+1) e
S e AV T(k+a+1—k)
1+ko=k
(_l)kz xk*kl
= — 2 T(k+a+1
Og;ﬁﬂ%—km ( T Tari—m
E4+a\ (—=1)a!

(9.3.7) =) (k—l)( “) :

0<i<k ’

N.B. We recall that the function 1/T" is an entire function with simple zeroes at —N.
As a result to make sense for the binomial coefficient
k+a)  Tk+a+1)
<k—l) S k=DT(I+a+1)
we need to make sure that k +a+1¢ —N, ie. a ¢ —N*— k.

Lemma 9.12. Let o € C\(—N*) and let k be a non-negative integer. For o = 0,
we have LY = Ly, where Ly, is the classical Laguerre polynomial defined in (9.3.1).
Moreover we have for |l <k,

d : « (e}
(9.3.8) <d—X) Ly = (=1)'Ly.
Proof. Indeed, we have from (9.3.7)

() =y 3 (Fr oy

I<m<k

e D Y R S e

7!
proving the sought formula. 0
9.4. Singular integrals.

Proposition 9.13.
[1] The (Hardy) operator with distribution kernel

H(x)H(y)
m(x +y)
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is self-adjoint bounded on L*(R) with spectrum [0,1] and thus norm 1.
[2] The (modified Hardy) operators with respective distribution kernels

H(x)H(y) H(x)H(y)
m(x+y) m(x +y)
are bounded on L*(R) with norm 1/2.

H(z —y) H(y — )

Y

Proof. Let us prove [1]: for ¢ € L2(R,), we define for t € R, ¢(t) = p(e')e'/?, and
we have to check the kernel
el/2es/? 1 1 t—s
= — —— = — sech( ),
m(et +e%)  w(elt=5)/2 4 e-(t=9)/2)  of 2

which is a convolution kernel. Using now the classical formula

(9.4.1) /6_2””‘3E sech vdx = sech(7%¢),

we get that 5- [sech(%)e™*™7dt = sech(n?27), a smooth function whose range is
(0, 1], proving the first part of the proposition. To obtain [2], we observe with the
notations ¢(t) = u(e')et’?, 1 (s) = v(e*)e*’? that we have to check

t/2 s/2

ff H(s—1) P 68>¢(t)15(s)dtds

H(s—t -
= J:[ et—s)/2 +e )( 2) ¢(t)¢(8)dtd8 = <R * ¢7 ¢>L2(R)
with
H{(t) ; L it

9.4.2 R(t)= ———, R(1)=— h(t/2)e """ dt
(94.2) )= oo RO =g [ sechlt/2)e=an
so that?°

- . R 1
(9.4.3) |R(T)] < R(0) = — sech(t/2)dt = =,

2m J, 2

yielding the sought result. 0

9.5. On some auxiliary functions.

9.5.1. A preliminary quadrature.

Lemma 9.14. We have
/2 400 T
(9.5.1) / (cscs — csch s)ds = / csch sds = Log(coth Z),
0 w/2
with cscs = 1/sin s, csch s = 1/sinh s.
Proof. Note that the function
sinh s — sin s

[0,7/2] > s

sinhssins ’

26We recall that 4 arctan(sinh s) = sech s.
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is continuous. Moreover, we have
ds 1 1—coss ds 1 coshs — 1
= — Log(———— d = — Log(————
/sins 2 0g(1+c0ss) a /sinhs 2 Og(coshs—i—l)’
so that

/2 1 1 —coss.]™? 1 coshs — 1,12
— eschs)ds = = |Log(——22 = |5 Log(———
/6 (csc s — csch s)ds 9 [ Og<1+coss>} [2 Og(coshs—l—l)}

€ €

1+ cose, ,coshe—1 ) 1 (coshg—irl

- §Log< \(1 —cose)(coshe—i- 1) —|—§Log

):

COSh% —1

_ 2+O(2)(F+0(H)

5 —1fore—0
(5 +0(eh))(2+0(2))

so that we obtain

" h(r/4
/ (cscs — csch s)ds = = Log( cosh(m/4)
0

e™/2 + e /2 — 2) -8 sinh(rw/4)’

2

which is the first result. Also we have f;;;o csch sds = %Log(%), yielding

the second result. O

9.5.2. Study of the function p,. We study in this section the real-valued Schwartz
function p, given in (5.2.14). Using the notations

(9.5.2) w=2nT, K=2T0, V=KW,
we have

S ; 2 S
9.5.3 . — 2 2iw(s—v tanhs)d :/ 2 . 2t h ds.
(9.5.3)  po(7) /Rsinhse s Rsinhscos( w(s — v” tanh s))ds
Defining the holomorphic function F' by

zZ . 2

954 F — 2iw(z—v? tanh z)
( ) (2) sinhz* ’

we see that [’ has simple poles at i7Z* and essential singularities at ZW(% +7Z). We
already know that the function p, belongs to the Schwartz space, but we want to
prove a more precise exponential decay. We start with the calculation of
(9.5.5) / F(z)dz = / T it anno+9) gy

R+iT r sinh(t + i7})

T ) . et (1+i)—e"t(1-4)
S EONG) / TR st et S gy
e (L+i)e — (1= i)

t—+ 1T ) o oet(14i)—et(1-0)
_ 6770.)/2\/5/ 4 2iwt 2iwy F(I+i)ret(1=0) (t.
R

sinht + 7 cosh ¢
We have
Im (et<1+z:)—et(1—z:)>  Im <sinht+icosht> _ 1

cosht + isinht cosh?t + sinh? ¢’
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so that

/ 2 2
(9.5.6) )/ dz’ <e T \/_/ (1) o TR oo
R+i 7% \/s

inh?¢ + cosh2

= e 5 /2% (4) dt < 6e™ 2 ",
R \/ sinh? ¢t 4+ cosh?t

Claim 9.15. We have

lim F(z)dz = lim F(z)dz = 0.

R=+00 JIR Rtin/4) R=+400 JI_R —R+in/4]

Proof of the Claim. We note first that

j{ F(2)dz = —]{ F(2)dz,
[~ R,—R-ir /4] [R,R+im /4]

so that it is enough to prove one equality. Indeed for R > 0, we have

w/4 .
]{ F(2)dz = / 'Rie%w(l%—i-it—y? tanh(R_H‘t))Z.dt’
[R,R+im /4] o sinh(R 4+ it)

so that

m/4 B2 2
‘% F(z)dz’ S / 2VR +1 —theQHIm(tanh(R—&-it))dt
R,R+im/4 0

’€R+it| ‘ 1 — 672R72it’

/IR / e

1 —e 2R o
_Rw/4R2—|—7T/4E (1;17_21%
- 1 —e 2R 4

proving the claim. 0

Lemma 9.16. We have for 7 > 0,0 >0, p, given in (5.2.14),
(9.5.7) 9o (T)]| < 6™ Tt

Proof. We have, with the notations (9.5.2), F' given in (9.5.4) and yg = [-R,—R +
ifJU[-R+i5, R+i]U[R+iF, R],

po(7) = lim F(s)ds = lim (% F(z)dz) = % F(z)dz,
R—+4o00 [—R,R] R—+400 YR Claml‘r;) R—‘,—%

so that (9.5.6) implies the lemma. O

9.5.3. On the function 1,. Let v € (0,1) be given. We study first the function ¢,
defined on [0, 7/2) by

20 2
(9.5.8) ¢y(s) =s—v’tans, sothat ¢} (s)=1—1°(1+tan’s) = o 82 -
COS“ S
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so that

s |0 s, ty z
(9.5.9) o(s)[1-12  + 0 - -

¢u(s) | 0 S duls) N 00N oo
We have

_ — T _ 3
(9.5.10) { 5, = arccosy = § v+ O(), for v — 0.

bu(sy) = arccosv —vyV/1—v?2 =35 — 20+ O(v%),
The function ¢, is concave on (0,7/2) since we have there

#"(s) = —1*(—2)(cos 5) ?(—sins) = —v*2(cos ) sins < 0.

We have defined in (5.2.58)

—TTw /2 2wy (s) _ 1
(9.5.11) dy(w) = & / )
0

27 sin s

Let us start with an elementary lemma.

Lemma 9.17. Let A > 0 be given. Defining

Ao — 1
(9.5.12) J(A) = e)‘/ do, we have
g O
(9.5.13) JA) =214+ 00?), \—= 4oo,
(9.5.14) VA>0, JO)>AT-A2

Proof. Indeed we have for A\ > 0,

(9.5.15) AJ(A)—ANZ/ d da—)\eAZ——eAzﬂﬂ
o B kT Kl —~ (k+1)! &

with

k+2 2
A k+2<e A

(9.5.16) 0< R(\) <e™? Gl kS 5

k>1
so that

MA)=e e =1 =N+ 2101 =1+ 20(1) — (1+Ne =1+ 2110(1),
proving (9.5.13). Note also that (9.5.15), (9.5.16) imply, since R(\) > 0,
M) >1—e M1+,
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so that J(A) > A7t —e (1 + A1), and thus®” the sought result (9.5.14).

Remark 9.18. Considering now the function ¢ defined by

—Tw T/2 2ws 1
(9.5.17) wo(w) = c / ‘ ds,
0

21 sin s

we find that, for w > 0, using Lemma 9.17,

—Tw T2 2ws 1 —Tw ™w oo 1
po(w) > ‘ / £ T ogs== / ‘ do = Q—J(m,u),
0 0

2T S 2 o T

so that

(9.5.18) wo(w) > ! L

T 22w 2mdw?’

137

It is our goal now to prove a minoration of the same flavour for the function (9.5.11)

defined above.

Assuming v € (0,1/2), we have § < s, <t, < § (s,,t, are defined in (9.5.9), 1,

in (9.5.11)),

ty 2weu(s) _ T/2 p2whu(s) _
(9.5.19) 2me™1),(w) = / s —i—/ £ s
0 ty

sin s sin s

ty 62u1<;5,,(s) -1 /2 ds Su e2w¢y(s) -1 /2
> ————ds— — > ——————ds— .
0 sin s ¢, sins 0 sin s x/3 Sins

on (0,4,), éu(s) >0

Sv 2w¢u(5)_1 1 3
- [
0

sin s 2

J/

on (‘6,3”)
¢ (8)>0 and ¢/, (s)>0

Claim 9.19. For s € (0,7/2), we have ¢,(s) > ¢l (s)sins. Moreover, for s €

sins — ¢u(s)”

(07 Su); we have 1 > @, (s)

Proof of the Claim. Indeed, we have

¢, (5)—¢.(s)sins = s — v*tan s — sin s + v*(1 + tan® s) sin s

= 1/2(sin5+sinstan28—tans) +s—sins

5, 8IS sins .
( 3 ) + s —sins
COS*s  COS s

v?sin s

(9.5.20) = (1 —coss) +s—sins >0, forse (0,7/2).

cos? s

The last part of the claim follows from the first part and the fact that sin s and ¢, (s)

are both positive on (0, s,).

0

2TWe leave for the reader to check that for A > 0, e=*(14+ A=) < A~2, which boils dow to study
q(\) = e=*(A? + )) reaching its maximum for A € Ry, at Ao = (1 + v/5)/2 with g(\¢) ~ 0.84 < 1.



138 NICOLAS LERNER

Going back now to (9.5.19), we obtain that for v € (0,1/2) and w > 0, we have

sv p2wdu(s) _ In3
9.5.21) 2me™, (w) > / ———— ¢ (s)ds — —
(95.21) @)= [ sl 5
2wdv(sw) o ] In3 In3
= / ¢ do — no_ 62w¢”(8”)J(2w¢y(sy)) — n—,
0 o 2 2
so that, using (9.5.14), we get
1 1 1 In3 1
> oW 2w¢>y(sy)( . ) e )
Vulw) 2 gree 2wy (s))  (wn(s,)2) 2 27

and since ¢,(s,) = § — €, with ¢, € (0,7/2), we find also that ¢, is a concave

function® of v € (0,1) and
% <e€, <2v sothat 2¢,(s,)=7m—2¢ €[r—4v,m— 7V,

so that for v € (0,1/2], we have® (assuming w > 0),

1 1 1 In3 1
¢V(w) > _e—wwew(n—%y) ( . > . —G_TM,
27 w(r—2¢,) (w(r—2¢,))? 2 2m
|| 1 In3 1 __
> —e — - — —e ™,
27 wr w?(m—2)2 2 27

We recall the notations (9.5.2), so that v = \/k/w i.e. vw = \/kw and we get
1 1 1 In3 1
(9.5.22) VYw>0, 9,(w)> %6_4‘/@(@ - E) — n——e_“w, v=1/K/w.

9.5.4. An explicit expresssion for ajy. According to (5.2.31), we have

1 1 [*sin(2ntT — 4mwo tanh(t/2))
9.5.23 = -4+ —
(9:5.23) an(ro) =5+50 | sinh(t/2)

dt.

We have used in Section 5.2 the equivalent expression ayi(7,0) = 5 + T,(7), where
T, is defined in (5.2.12) and we were able to prove the estimate in Lemma 5.18.
It turns out that (9.5.7) is not optimal, and it is interesting to give an “explicit”
expression for a;; as displayed in [18].
Using the notations (9.5.2), we can write (9.5.23) as
11 exp i(wt — 2k tanh(t/2))
/1 it
R

(9:5.24) an(r,0) =5+ sinh(t/2)

1 Tm lim i/ exp 2i(w§ — Ktanh S)ds.
2 R—+00 2T JI_p g sinh s

Defining the holomorphic function G' by

 exp 2i(wz — ktanh 2)

(9.5.25) G(2)

I

27 sinh 2

2We have from (9.5.10) €, = T —arccosv+vV/1—12, % =212 d;fz" =-2w/V1-12<
0, so that the concavity gives Zv <€, < 2v.

29We know that w(m —2€,) > w(m — 4v) > w(m — 2) so that to ensure w(m — 2¢,) > 4, it suffices
to assume w > 4/(m — 2).
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we see that G has simple poles at inZ and essential singularities at im(3 + Z). For
ReR\3Z,e € (0,7/2), we have

(9.5.26) ]{ G(2)ds + 7{ Gt f L G2
[—R,—€|U[e,R) ¥ "

ve (0)=ee'® v (0)=Rei?
—7<t<0 0<t<m

= 2im Z Res(G, ikm/2).

keN
km<2R

z
5

Claim 9.20. We have lim.o §, - G(2)dz = 3

Proof. Indeed we have

iee'do

/0 exp 2i(wee? — ktanh(ee'?))
. 27 sinh(ee®?)

6

: 0 _2iwee 0
Z/ iexp(—22’;@t:rmh(eew))dé’,

T o _, sinh(ee?)
and since the function z +— %e‘mmanhz is holomorphic near 0 with value 1 at 0,
we get the result of the claim. 0

Lemma 9.21. We have limys,,— o0 Im (ffr G(z)dz) =

jus s
gtmy

Proof. Indeed we have with R = 7 + m7,

o / " exp 2i(whe” — rtanh(Re®)), p o g
0 27 sinh(Re?)
- gRe / ” eziWRIOSOZ_—ZZ;m%w@Rew exp (—2ix tanh(Re™))dd
0 _
= ? /2 Re {e?inIOSHZZZ:;inaeia o e’ exp (—2ik tanh(Rew»} a0,
0 _
so that
(9.5.27) Im( 7{ G(=)dz)
Vi 4m
i ? R {%G”R““%Xp (—2z'manh(Rei9))} do.
0 _
We have also
(9.5.28) tanh(Rei?) — 112—:22:;::

Claim 9.22. Defining for m € N,0 € [0,7], gm(0) = 1 — e~ G0 “ye find that
9.5.29 inf |g.,(0)] = Bo >0, inf |2 —g,(0)] =51 > 0.
(9.5.29) ot 1om (0)] = Bo ot 12— gm(0)] = 5

meN meN
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Proof of the claim. If it were not the case, we could find sequences 0, € [0, 7], m; € N
such that
(9.5.30) lim e (5Hmme™ — 1

=400

Taking the logarithm of the modulus of both sides, we would get

lim (g + mym) cos B = 0,

=400
ie. cosf = ﬁfnlw’ lim;_,; « ¢ = 0. Going back to (9.5.30), we find then
2
lim efi(%+ml7r) sinf; _ 1

)
l—+o00

i.e. since sinf; > 0,
2

i _{<7r+ )<1 € )1/2} ]
im exp—iq (= +mym)(l — ——— =1,
1o P 2 : (5 +mym)?
implying lim;_, o e *Z*™™ = 1, which is not possible since

eT MGt — _j(—1)™ € {4},
proving the first inequality of the claim. The second inequality follows from the
same reductio ad absurdum, starting with

i0;

(9.5.31) lim e (Fmme™ —
l—=+o0
ending-up with an impossibility since —1 ¢ {+i}. O

As a consequence of Claim 9.22 and (9.5.28), we obtain for R = 7+m7, 0 € (0,7),

(9.5.32) | tanh(Re?)| < —.

1
Formula (9.5.27) gives then

2 w/2 ] 1
(9.5.33) |Im 7{ G(z)dz || < 2f e feosfem2Rusind _— oxpy (4r/ 1) d0),
v ™ Jo BO

where, for w > 0, the right-hand-side goes to zero when R goes to +o00, completing

+
Ttm3y

the proof of Lemma 9.21. O
Lemma 9.23. With G defined in (9.5.25), we have

1 e~ 62iw272inc0thz
9.5.34) 2 Res (G, ikm/2) = R — 0.
( ) ™ keZN es ( b ﬂ-/ ) 1 + 6—27rw + Z(l + e—?ﬂw) es ( cosh z ’ >

Proof. We have Res(G, ikm/2) = Res(Gy, 0) and with k = 2I,

_exp 2i(w(z + ”“T”) — ktanh(z + Z’fT“)) o—2mw 2wz o~ 2k tanh 2

27 sinh(z + £7) ~ 27(—1)'sinh 2

Gk<Z)

so that

_ 1)[6—2l7rw

(9.5.35) es(Gy, 0) T
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whereas for k = 2] + 1, we have

exp 2i(w(z + ilm + Z) — ktanh(z + ilmr + )

G z) = .
2t+1(2) 2m sinh(z +ilm + )
B 67(2l+1)7rw€2iwz€72mcothz
2r(—=1)4icoshz ’
so that
(_ 1)[6—(2l+1)7rw einz—%n coth z
9.5.36 Res(Glay,0) = R ( ,0),
( ) es(Gar41,0) 2m1 °s cosh z
yielding
27 Z Res(G,ikm/2)
keN
_ 1)167(2l+1)7rw e2iwz—2ik coth z
_ _])lp—2tmw ( R ( 0)
leZN (=1)e + ZGZN i °s coshz 7/’
1 e~ W e2iwz—2mcothz
= . Res 0),
1+ e2mw * i(1+ e=2m) °s cosh z
concluding the proof of the lemma. O

Proposition 9.24. Using the notations (9.5.2), with ay; defined in (9.5.23) (see
also (9.5.24) ), we have for T > 0,0 >0,

1 W eQi(wz—n coth z)
(0537  an(ro) = n I {Res (— 0) } |

14+ e2mw 14 e 21w cosh z

Proof. Taking the imaginary part of both sides in (9.5.26), and letting R — +o0,
e = 0, we get, using (9.5.34), (9.5.24), Claim 9.20,

1 o i | < 1 N e~ W R (e2iwz—2incothz O))
a1 — = +Im—- =1Imi es
1 2 14+e2m (14 e 2™) coshz 77/
which is (9.5.37). O
Remark 9.25. In particular, when o = 0, we find for 7 > 0
6747727'
(9.5.38) 1 —an(r,0) = [T
and since (5.2.33) implies that
T2 sin (4t 4
2m Re arp (T7 0) = /(; %dt = Im(e”’"tH(t), sech t><5”(Rt),Y(Rt)
=Im ! <i{ei4’”t}H(t) sech t)
dimr dt ’
1 d . .
= Im i ((a{e”’”t}[(t)},sech t) — <5O,Sech>>
L Im L(e"‘l’TTtH(lt) sech’(t)) = L +0(t7), 17— +o0
AT damT ’ AmT ’ ’
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we readily find that
Re (112(7', O) >1-— an(T, O), T — +00,

providing another proof of Theorem 5.20 in the case o = 0.

—2W2T

5—a11(7,0), where

Remark 9.26. The equation (5.2.53) gives also Im ays(7,0) =
(5.2.31) gives, using the notations (9.5.2),

1 (%% cos(tw — 2Kcoth(t/2))
P /0 cosh(t/2)
1 [ cos(2(tw — kcotht))
" or 0 cosht
L cos(2(tw — Kcoth t)) it
AT Jr cosht

With G given by (9.5.25), we note that

dt

(9.5.39) Imas(7,0) =

~ ie™ im,  exp2i(wz — kcoth 2)
9.5.40 G(z) = G —) =
( ) (2) 2 (24 2 ) 47 cosh z ’

an holomorphic function with simple poles at ZW(% + Z) and essential singularities
at inZ. Following now for G the track of G in Claim 9.20, Lemmas 9.21, 9.23 and
Proposition 9.24, we get

(9.5.41) Imas(r,0) = lim Rej{ G(2)dz, R, = Z4 mz,
M0 [ Ry~ Ule, Bon] 4 2
e—04 ’ ’

and we have also

(9.5.42) 74 é(z)dz—jg S G’(z)dz—i—f S G(2)dz
[=Rom,—€]U[e, Rm] + . fim

—cet? _ i
i T
~ thkm am
= 2 R ik /2) = —mwe™ R — =
i Z es(G,ikm/2) e Z es <G(C+ 5 + 5 ),0)
1<k<m 1<k<m
. ilm
= —7Te Z Res (G(C + 7),0) .
2<i<m+1

Claim 9.27. We have limc §. G(2)dz = 0.

1+e—2ee

0

Proof. Indeed, we have —2ir coth ee?® = —2ix and for 6 € (0, 7),

1,6—255319
Db el C9ep—if _9epif 9ep—if
1 +e 2ee (1 +e 2ee )(1 —e 2ee ) e 2ee’” e 2ee
Im(———) =Im _ — Im _0
1 — g—2€e’ ‘1 — p—2ee’?|2 |1 — e—2ee?|2
—2e¢isin 6 2eisin 6 P .
— 6726 cosf Im € — € _ 6726 cos Im -2 S1H<2€ Sin Q)
|1 — e—2ee'?|2 |1 _ o—2eeif|2

%cosew <0, ife<m/4

= —2e 5 =

| 1 — e—2eei9
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so that |e2mcothee’ | < 1 implying

é &l < ™ |€iweei9 i & ™ efwesine &
v (2)dz _/0 |cosheei9|€|w | _6/0 | cosheet?|

which goes to zero when € — 0., concluding the proof of Claim 9.27. OJ

47

Claim 9.28. We have limys.,, 400 f7+ é(z)dz =0.

Femg
Proof. Indeed, we have, using Claim 9.22,

1+6_2Rm cos 6

_ i Bo Bo,
) 1+ e 2R et
0\ __
| coth(Fme™)| = ‘1 — g 2Rme® : 14e2BRme®? 2
‘:;W <4, forfel(g, ],
so that
2€7Rmei9 267Rm cos 0 T
i for 0 € [0, Z]
~ 0N - i0 4 —2wRy,sing ) |14e-2Bme? | = B 12
|G<Rm61 )@Rmel | < R,e #/Bo o —2w Ry sin 2:Rmei0 9eRim c0s 0 -
v T < g for 6 € [3, 7],
< 2Rm e4n/,606—2me sin @— Ry, | cos 0]
g /81 9
which goes to 0 when m goes to +o00, proving the claim. 0

Using (9.5.34), we calculate now

2W§:Ra3<G@¥%%;LO>

1>2
1 e o 2iwz—2ir coth z
:1+eﬂmf+x1+e4wfms(_755?_ﬂ0)
— 2 (Res (G,im/2) +Res (G, 0))
1 o o2iwz—2ir coth z
T 1qe 2w * i(1+ e—Qﬂw)ReS ( cosh z ’0)

622’0.}2722':{ coth z
+ie™Res— 0] -1
cosh z

6—27rw - e~ W s €2iwz—2i/i coth z
=~ — i\ —¢ Res| ——,0
1+e 1+e cosh z

—27w —27w 2iwz—2ik coth z
e . e e
= —— +€ o —— Res| ——MM O
14 e—2mw 14 e—2mw coshz )7

so that from (9.5.41), (9.5.42), Claims 9.27 & 9.28, we obtain

Im ays(7, 0)

1 e_zﬂ—w 6—27rw einz—Qm coth z
=g —| ——— —¢e ™ Im{ReS( 70>}
T or ( 14 e2mw (1 + 627“”) cosh z

1 e_wa 6—27rw e?iwz—%ncothz
! o (Y s (S 1Y,
“ 39 (1—1—62W+e (14—62“‘“) res cosh z
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so that

(9.5.43) Imass(7,0)

—TTw —27w 2iwz—2ik coth z
= ¢ + € Im Res 6— 0
2(1 4+ e2mw) = 2(1 + e=2™) coshz ’

recovering (9.5.37) from (5.2.53).

N.B. We note that

e2iwz—2ir coth z 1 ei(wz—anoth(z/?))
9.5.44 R ——FF—F,0) = =R 0
( ) °s ( coshz ' ) 9 es < cosh(z/2) ' ) ’
so that (9.5.43) corroborates (A14) in [18]; however, we were not able to understand

formulas (A10), (A11) and (20) in [18].
9.6. Airy function.

9.6.1. Standard results on the Airy function. We collect in this section a couple of
classical results on the Airy function (see e.g. Definition 7.6.8 in Section 7.6 of [21]
or the references [15], [13], [20]). For all the statements of this section whose proofs
are not included, we refer the reader to Chapter 9 of [29].

Definition 9.29. The Awry function M is defined as the inverse Fourier transform
of & s €'2m0°/3,

Proposition 9.30. For any h > 0 and all x € C, we have

L/e;‘,<s+m)3€m<§+m)d5 _ e—xh€§2i/€—h§26i(5:—§h2)€ix§d§.
m

(9.6.1)  Ki(2) = 5

We note that the function R > & — e3(EFih)? belongs to the Schwartz space for any
h >0 since

i -1\3 2 53 2
ering =—ne+ il - ),
so that

phERiny _ —he2 i —gh?) h?/3

Theorem 9.31. The Airy function M is an entire function on C, real-valued on
the real line, which is the unique solution of the initial value problem for the Airy

equation
37161 (1/3) 3161 (2/3)

. 2 i — i = i = —_—— i/ =
962)  W'(x)-2h@) =0, m(O) =" LV w()=-""
We have also, for any x € C,

1 oo 3 l’f\/_
(9.6.3) MN(z) = ;/ e~8/3emwE/2 cos( 5 )d{,
0

and the power series ezpansion of the Az’ry function is

/3, T
(9.6.4) 32/3 Z 3 k - 1) sin(2(k + 1))

k>0
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Lemma 9.32. For x € C\R_, we have

1 2,.3/2 1/2¢2  ;¢3
(9.6.5) MN(z) = — 57 /ez P B g
2m R

Proof. Using Proposition 9.30, we get (9.6.5) for z > 0 (choosing h = 2'/?), and
then we may use an analytic continuation argument. 0

Theorem 9.33. For all M € N, for all z € C\R_, we have

. I 282 _ (—1)! 1, _
(9.6.6) M(x)= 5. ° 1/4{ Z 321(20!F(3l + 5)1‘ 812 4 RM({B)} :
0<I<M

’ (3M+3—|— ) ’ 3(M+1)) ( (argx>)—3(M+1)—2
= 32M+2(2M—|—2) COSs 9 .

with |Ry(z)

For x < 0, we have

(9.6.7) Ki(z) = |x’1/4\/_<sm( ]a:\3/2) +O(|2 3/2))
1/4 -
(9.6.8) A'(z) = — 2 \|/% (cos(z + §|$|3/2) + O(]x\’?’/Q)).

Lemma 9.34. With j = €2"™/3 we have for all z € C,
(9.6.9) Ai(x) +jM(jz) + j* KM (j%r) = 0.
In particular for r > 0, we have

(9.6.10) M(—r)=2 Re(e% Ai(re%)).

Lemma 9.35. The zeroes of the Airy function are simple and located on (—o0,0).
We shall use the notation

(9.6.11) Ai_l({O}) = {0, M1 <M <0, kgm N = —00.

—+00

The largest zero of M is 1y ~ —2.338107410 and A.(n) is positive for n > ny. We
have also for all k > 0,

(9.6.12) i (nops1) = 0, M (nopp1) <0, Ki(mar) =0, M'(n2p) > 0,
(9613) Al( ) <0 fOT’ n c (T]Qk+1,7]2k) Al( ) >0 fOT’ n - (7]2k+2,7]2k+1)
(9.6.14) A"(n) >0 forn € (Nas1,mok), K" (n) <0 for n € (Nokta, Nok+1)-

N.B. The simplicity of the zeroes of the Airy function holds true for any non-zero
solution of the Airy differential equation y” = zy. The solutions of this ODE are
analytic functions and if a is a double zero, we have y(a) = y/(a) = 0 and thus from
the Airy equation, we get y”(a) = 0; we may then prove by induction on k > 1 that
yW(a) =0 for 0 <1< k+1: it is proven for k = 1, and if true for some k > 1, we
get

y*2 () = (ay(@)” = y**? (@) =0,
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proving the final step in the induction; as a consequence, the function has a zero of
infinite order, which is impossible for a non-zero analytic function. Assertion (9.6.14)
follows from the Airy differential equation (9.6.2), from (9.6.13) and 7y, < 0.

Remark 9.36. For M =0, |arg x| < 7/3, we have

F(?)—l—%) 3 \/5 -3 _3
Rofe)| < =gt lol () = bl VA < JalE x 0305455
so that
(9.6.15) |Ro(z)| < 0.305455|z|~3/% if |arg x| < 7/3,
(9.6.16) and for |z| > 12, |argz| < w/3 we have |Ro(x)| < 0.007349.

We get then for A > 0, using (9.6.10)
1 ) . ) )
Al(—>\) — Re<ez7r/3>\—l/4€—z%)\3/2 (\/7_1'6_“r/12 + R()()\@“r/g)))
T

— %)\_1/4 cos(4 _ g)\3/2) + = R {/\_1/430(T@iw/3)ei”/4e_i%/\3/2}
= %A‘” ) (Sin(z + §A3/ Y+ 7 Re{Ro(Ae”/?))e”/‘*e—%W}),
so that
(9.6.17) for A>0, Ai(—))= %A—w (sin(Z + )\3/2) + o).
(9.6.18) with | Re(A\)| < A™/2 x 0.172335,

(9.6.19) and for A > 12, |Ro(\)| < 0.004146.
Remark 9.37. For M =1, |argz| < 7/3, we have

(9.6.20) ‘Rl(l')’ < Mu’—‘s (é)‘ﬁ—;

34(4)! 2
= |z|~® 1! < |z|™3 772
= || ﬁ221/2 SETITRv |z| ™ x 0.377203,
and
(9.6.21) for |z| > 12, |Ry(z)| < 0.000219,
so that
1 2 7/2
MN(—r)= ﬁr —1/4 <sm(% + 57‘3/2) + 1(8\§_) sm( P32 — %)r‘g/2
+ T Re{R1 (,r,ei7r/3)ei7r/4€—i§r3/2}>
1 1/4( T 23 (7/2) 32 _ Ty =372 L~ >
= — -+ - — —R
\/7_rT s1n(4+37“ )+ —= TG 1n( 4)7“ +\/7_r 1(r) ),
with
(9.6.22) for r >0, |Ri(r)| <r73 x 0.377203,

(9.6.23) for r > 12, |Ry(r)| < 0.000219.
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We find for A\ > 0,

(9.6.24) G(=))

+oo )
= /)\ 1/41\/_ (sm(7T + 27a3/2) + 1&37/\/2_) —3/2 sin(§r3/2 . %) i %31(7'))&,

and we have

+o0o
/ 1 12 (T 2 3/2
— =T sm(——i——r )dr
A ?"3/4ﬁ
2
cos( + r3/2)d7’

)\3/4\/_ 7“7/4\/_

as well as

3 [ 1 2 3 [t 1 2
— —/ — COS(E + —T3/2)d7’ = ——/ — /2 cos(z + —r3/2)d7“
A A

4 r7/A/T 4 3 4 r9/4/m 4 3
3 39 2
_ A\3/2) \~9/4 _ / —13/4 203/2\g
4ﬁsm(4+3 ) 4\/_4 r s1n(4+3r )r,

so that

oo 2, 1
A 3/2
(9.6.25) /)\ 1"1/4\/_ ( + 3" )dr = COS(4 )\ )A3/4\/7_r

Sln(ﬂ- )\3/2))\_9/4 3 9 / T_13/4 Siﬂ(% + §T3/2)d’r.

4\/_ 474
We have also
(9.6.26)
teo g F(7/2) 2 4 T [(7/2) [*°° 2 ™
- 232 Ty, _ LU/2) —7/4 (% 32 T
A 7 1sn sm(gr 4)dr 18n /}\ r sm(3r 4)dr
I'(7/2) 2.5 T\ [(7/2)9 [* 2 T _
— __\"= 2 /2 A 9/4 —_/ “.3/2 " 13/4d
15 DA e 1), g
so that (9.6.25), (9.6.26) and (9.6.24) entail
G(=\) = cos(Z + 53/2) ! sm( )\3/2))\’9/4
4 3 A3/4\/% 4\/_
3.9 [T —13/4 2 3/
— ml_l//\ r sm(4 + gr )dr
I'(7/2) 2 3/2  T\y-9/4 F(7/2)9/+00 2 3/2 T\ —13/4
187 cos(g)\ 4))\ + 157 1), COS(3T 4)7“ dr

1 [t ~
+ —/ r’1/4R1(7").
A

™
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We get then
A3/4 T 2 3. 1 2 _
G(—/\) = ﬁ (COS(Z + §A3/2) + Z Sln(z =+ 5)\3/2)A 6/4
+o00
- 4§1 X Z)\B/‘l/ po 18/ sin(% + §T3/2)dr
A
['(7/2) 2 Ty .
— W COS(—)\B/2 — Z))\ 6/4
+o00
(7/2) )\3/4/ COS(2T3/2 . E)r_13/4d7“
18\/_ 4 A\ 3 4
)\3/4 /+oo _1/4R >
so that
AT T 2.3 3/2
(9.6.27) G(-3) ==~ (cos(Z N A Sl(/\)>,
with

3 3 I(7/2) T(7/2) 4
6.2 -+ -
(9.6.28)  [Si(M)] < 11T s T IsvE T oE S
where we have used (9.6.22) for the bound of the last term above. As a consequence,
if A > 12, we get that

x 0.377203 < 1.80293

(9.6.29) IAT3/251(\)] < 0.0433716.

This is allowing us to extend the proof of Lemma 9.43 to all values. Note that the
first 10 values (and more) are accessible numerically.

Since we have 1y = —12.82877675 < —12, Formulas (9.6.17), (9.6.19), (9.6.27),
(9.6.29) imply the following result.

Lemma 9.38. With A and G defined above, we have for —\ < ng

L)) — by 3/2
(9.6.30) B(-) = 7=\ (sm(4 3)\ )+R0(A)>
(9.6.31) |Ro(\)| < A3/2 x 0.172335 < 0.004146,
A 3/4 T 2 4 ~
_ 2302
(9.6.32) G(-3) ==~ <Cos( + 2 )+51(A)),
(9.6.33) 1S1(N)] < A3/ % 1.80293 < 0.0433716.

9.6.2. More on the Airy function.

Proposition 9.39. We have

(9.6.34) /+OO M(z)dr = %
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Proof. According to Theorem 9.33, the Airy function Ai is rapidily decreasing on the
positive half-line and thus belongs to L'(R, ), so that the integral in (9.6.34) makes
sense. Also we have from Theorem 9.33 and the Lebesgue Dominated Convergence
Theorem that,

+oo +oo

(9.6.35) M (z)dr = lim M (z)edxe /3,
0 h—>0+ 0

and we shall now calculate the right-hand-side of (9.6.35). We have for h > 0,

+00 1 ) +oo
Ai(x)emhdxe_hs/?’ :/ / —he? g *_5") Zx§d§d$ = Up(—z)dx

0

+oo

0

with

(9.6.36) Un(€) = e hCrOR (B —(amen)

so that

e o 1 1
| et ane = (- pe s
L L L cneme e ergnt)y
2 2m - £
11,1 £

=5 g Ve " sin (% — €h7)).

We note at this point that, according to (4.2.9), the right-hand-side of the above
equality is for h = 0 equal to

1 1x 1
2 2r3 3
so that, with (9.6.35), we are left to proving that
: L e ¢ 2 4
(9.6.37) hlg(li(pvg,e Sln( —¢h7)) = 3
We have
/sin(% — §h2)6_h€2d5 _T / sm(% En?)e e — Sin(%)dg
§ 3 §
in(% ) in(¢h? 3. e
_T / sin(y) (cos(En?)e™™ —1)d¢ — / sin(eh’) cos(g—)e’h5 de .
3 13 1 3
nn) 12 (h)
We have

+00 €2 in (£
Li1(h) :/1 55—(3)(008(@2) —1)d¢
_ /+oo e (cos(5))

& (cos(ﬁhz)e’h52 —1)dg,



150 NICOLAS LERNER

and a simple integration by parts®’ shows that limj,_, I, 1(h) = 0; we have also
trivially that

2 5_
0= lim/ & sin{ 3 Cos(§h2)e_h§2 —1)d¢.

h—0
On the other hand, we have

()] < / Be e = O(h2),

which completes the proof of (9.6.37) as well as the proof of Proposition 9.39. O

Lemma 9.40. We have
0

2
(9.6.38) lim MN(z)dr = =.
R—+oco | _p 3

Proof. Using (9.6.7), we find for R > 1,

/Al d:c—/Al d'r—/Al

2
+/ ( +2r7) + 06 )dr,
1 1/4\/_ ( ) ( )
proving that the limit in the left-hand-side of (9.6.38) is existing.
Claim 9.41. limj_,g, ff)oo Ai(z)ethdr = ffoo N (z)d.
Proof of the Claim. We have

0 -1 0
/ Ai(z)e™dr = / i (x)e™dx + / A (7)™ dx
—00 —00 -1

—_——
with limit f?l A (x)dz

and using (9.6.7), we have only to check

-1 2 13/2 Foo :2,3/2
/ ‘x|71/4€xh+z§\x| dr = / t71/467th+1§t dt
- 1

o0

“+o00
= _/ % {eftthz%tii/z} (h . z’tl/z)’lt’l/‘ldt _ echrz%(h . i)’l
1
—+00 .
b [ e (R (i)
1

and since the absolute value of the integrand in the last integral is bounded above
by %t*7/4, we get the result of the Claim. 0J

30The boundary term is easy to handle and for the derivative falling on €73, we use that
| cos(€h2)e=h€” — 1| < 2; if the derivative falls on the other term we get

+oo 53
/1 Coz(s ) (2h¢ cos(€h?)eE + ¢ sin(eh®)h2) d,

which goes trivially to 0 with h.
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With (9.6.35), (9.6.36), this gives

/JrooAi(x)da: = lim +OOAi(a:')exhda:e’h3/3 = lim ( bn(—€)de = wh(0)> =1,
_ R

00 h~)0+ —c0

and Proposition 9.39 provides the result of the lemma. O
9.6.3. Asymptotic expansion for the function G defined in (4.2.8).

Lemma 9.42. With G defined in (4.2.8), we have

3

2
(9.6.39) G(=)\) = X\ ¥/ig=1/2 sin(f A O, A o

Proof. Property (9.6.38) and (9.6.7) give for 77 =-A<0,
=—+/A1 dg/Aldg K (—r)dr

= / 2 Re (6 3 Al(@ 3 T))d?" (we have used (9.6.10)); we use now (9.6.6) for M = 1,z € e!™/>Ry)
A

too T2 55 D(7/2) T/ 2 59 W —13/4
://\ <r1/4\/_ sin( + 3" P+ e 3297 : Sm(gr - 7 o / )>dr
+oo
= (2/3)1/27r_1/2/ 5712 sin(z + s)ds
%)\3/2 4
Q) [ g, T o
—2)d A7),
+ T @3/28 sm(s 4) s+ O( )

We integrate by parts in the first integral with

/+oo “1/2 <7T n )d /+OO 12 d { (7'(' n )}d
S siny — s)as = — S — 4§ COS\ — S S
%)\3/2 4 %)\3/2 ds 4

2 2 too

= (§A3/2)’1/2 cos(% + §A3/2) + / (—=1/2)s73/% cos(m /4 + s)ds
233/2

3

We have to deal with two integrals of type

oo d . 13/2 1 +oo . 4
/ s732 —_eids = §(N3/2) (73BN —,/ (—=3/2)s7%%e%ds = O(A™9%).
A tJx

3/2 as 3/2

Eventually we find G(—X) = A™/4772 cos(Z + 2A3/2) + O(A79/4). O

With (nx)r>0 standing for the decreasing sequence of the zeroes of the Airy func-
tion (cf. Lemma 9.35), we have the following table of variation for the function

G.

n —0o ... M2k+2 M2k+1 2k e m 70 +o0
G'my=a'()) | 0 ... - - + - - 0
G'(n) = K(n) 0o ... 0 + 0 - 0 0 - 0 + 0

G(n) 0 ... GMmrt2) / GMmers1) M GOpk) ... Gm) v Gmno) /& 1




152 NICOLAS LERNER
n N4 =—7.944133589 | n3=—6.786708100 | 12 = —5.520559828 | 1y = —4.087949444 | no=—2.338107410
G(n) | -0.1187912133 0.1333996865 —0.1550343634 0.1917571397 —0.2743520591
i no=—12.82877675 | ng=—11.93601556 | n; =—11.00852430 | ng=—10.04017434, |ns =—9.022650854
G(n) | 0.08315615192 —0.08775971160 0.09322050200 —0.09984115980 | 0.1080976882

Lemma 9.43. The zeroes of the function G on the real line are simple and make a
decreasing sequence of negative numbers (§)i<o such that

(9.6.40) €0 ~ —1.38418.

oo Mkre < Eopre < Mok < o1 < Mok < ok - -y

The largest ten zeroes of G are given by the following table

o & & &3 &4
—1.38418 | —3.33004 | —4.86074 | —6.18885 | —7.39024
& &6 &7 &8 &o
—&8.5022 | —10.5366 | —11.4826 | —12.3913 | —13.2679

For all k € N, we have

(9.6.41) G(n2k) < 0 < G(n2k41),

and G(nox) (resp. G(nag+1)) is a local minimum (resp. mazimum) of G near gy
(resp. Mogy1). Moreover, G(ny) is an absolute minimum of the function G on the
real line.

N.B. We claim also that

(9.6.42) |G(nar)| > G(nar+1) > |G (Mart2)l,

but shall not provide a complete proof for that statement, which is anyway not needed
18 our Section 4.35.

Proof. In the first place, we know that G(1) < 0 and G strictly increases on [1, +00)
so that & ~ —1.38418 is defined as the unique zero of G on (1, 0) since G(0) = 2/3.
We may note that we found in particular that

(9.6.43) Vn >mny, 1>G(n) > G(n).
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Also, the first ten zeroes of G are simple and satisfy (9.6.40), (9.6.41) and (9.6.42).
Moreover, using Lemma 9.38, we obtain that for A > 12,

G(=\) =0= ‘cos(%r + §/\3/2)| < 0.0433716,

K(—)) =0= sin(% + gw)\ < 0.004146,

As a result, if —\ is a double zero of G we must have both inequalities above, which
is impossible. As a result all zeroes of G are simple®! and located on (—o0,0). Let
us consider the interval [nog1, 72x]: We have

Ki(Nogt1) = M(nog) =0,  M'(ogs1) <0 < M'(mog), A" > 0 on (Nagr1, 2k)-

As a result, we obtain that G has a local minimum at 79, and a local maximum at
Nok+1 - Moreover we find from (9.6.31) in Lemma 9.38 and k£ > 5 that

LT 2 LT 2
max<| sm(z + glngk\3/2)|, | sm(z + §|772k+1|3/2)|> < 0.004146

which implies that
T ™

) 2 2
mm(| cos( T + 5 Imael ), cos(5 + g|772k+1|3/2)|) > 0.99999.

We know that Ai’(n,) > 0, which implies, thanks®* to (9.6.8)
cos(% + §|772k|3/2) < —0.99999, COS(% + §|7]2k+1|3/2) > 0.99999,
and Lemma 9.38 implies that G(n2;) < 0 < G(1)2k41), which is (9.6.41). Since the
function G is strictly monotone decreasing on the interval [1gx11, 72x], it has a unique
simple zero &5 on the interior of this interval. Analogously, we can prove that on
the interval [mogi2,7ok+1], it has a unique simple zero 5512 on the interior of this
interval, proving that the sequence of zeroes of the function G is decreasing strictly
with
Nokr2 < Sokre < Morr1 < Sokr1 < Mok < ok, Kk 2 0.

We shall prove a weaker statement than (9.6.42): we know that |G ()| < |G(no)])
for 1 <1 <9 from the numerical values obtained above. Moreover if A > 12 we find

IG(=))| < A™¥/477V2(1 4 0.0433716) < 0.0913016 < |G (1)| = 0.2743520591,

31t is not hard to obtain an asymptotic version of this, namely the same result for A large
enough. However, asymptotic methods provide asymptotic results and to get a result at a finite
distance, we had to use the numerical results of Lemma 9.38, grounded on a numerical estimate of
the constants appearing in Theorem 9.33.

32Here this is proven if k is large enough from (9.6.8), and we leave to the reader the proof of
a numerical estimate analogous to Lemma 9.38 for the derivative of the Airy function. A direct
estimate is possible, using (9.6.5) and the identity (to be differentiated) for A > 0,

)\—1/4
VT

)\3/2

(9.6.45) a0(3) = e =) / EN2ET (os(€3/3) — 1) de.
R

(9.6.44) A (—N) {Sin(f + 53/2) +a0(}\))\_3/2}7

4 3
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proving indeed that G(n) is the absolute minimum of the function G on the real
line, since the desired estimate is proven for n > 1y and for n < 1y, either G(n) > 0,
or —0.0913016 < G(n) < 0 if n < —12. As said above, the values less than 12 are

treated directly by a numerical calculation. The proof of the lemma is complete.
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9.7. Miscellaneous formulas.

9.7.1. Some elementary formulas. We define for 7 € R,

Toodt
(971) arctanT:/O m,

and we note that arctant € (—7/2,7/2),
V7 € R, tan(arctant) = T, Vo € (—m/2,7/2), arctan(tanf) = 6.

Moreover we have for 7 € R,
1

(972) eiarctanT = ﬁ(l + 7:7'),

since for 0 € (—7/2,7/2), T = tanf, we have 1 + 72 = —%~ and thus

cos? 6
cosf > 0 = cosf = L — —sinf = —1(1 + 7273227 (1 4 72),
i 2

so that e = —=—(1 +i7).

Let a € Ry be given. The Fourier transform of 1_, ) is

sin(2maf)

(9.7.3) /a e BTy = 2 /a cos(2mz€)dr = i[sin(27r:n§)]ﬁ28 = -
0

—a 2mé

9.7.2. Taking the derivative of Fy, on R.. We have, using a parity argument,

7 [ sinat (1+ iT)2k+1d B sinat (2];?1)(_1)l7—2ld
kla) = g T (14 72)k+1 = g T (14 72)kH T

0<21<2k

We see also that 1+ 2k +2 — 2] = 2k + 3 — 2] > 3 so that we can take the derivative
of F} and get

F= Y /R ki 652172(;)1,3:2[6[7: . /R (cosar) Re (%) dr,

0<21<2k

with absolutely converging integrals. For a > 0, we have

) 1 (1+i7)*
(974) Fk(a) = ;/I%(COS aT)de,
since
(9.7.5)
A 17 cos(ar)

lim

Moo |y mcﬁ- makes sense for j < 2k + 1 (and vanishes for j odd).
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9.7.3. A proof of the weak limit. We have for u € #(R"), according to (1.2.3),
(1n(? + &) <a)wuy = [ Wl u)e,€)dudg,
2m(z2+£2)<a
so that implies
ZFk (Pru, u) 2@mny = jf W(u,u)(zx, §)dxde.
k>0 2m(224£2)<a

Choosing now u = u;, as a normalized eigenfunction of the Harmonic Oscillator with
eigenvalue k + 1/2, we obtain

Fla)= [ Wi, w)(w,€)dude.
2m(22+£2)<a

Since the function (z, &) — W(uy, ug)(z, ) belongs to the Schwartz class of R*", we
find that

lim Fy(a fj’H g, ug) (2, §)drdé = ||lugl|Z2@ny = 1, qed.

a—+o00
R2n

9.7.4. A different normalization for the Wigner function. The paper [33] is using a
different normalization for the Wigner distribution in n dimensions with

(9.7.6) Wlu, v)(z, &) = (2m) " /n u(x + %)T)(x - g)e_iz'gdz.

The relationship with our definition (1.1.6) is

(9.7.7) W(u,v)(z, &) = W(u,v)(z, %)(QW)_".
As a result, we find that
E(B™(R)) =  sup fj W(u, u)(z, §)dzde,

el @) =1 aj2 2 < 2

is equal to
sup [ W &)dede
H“Hﬂ(nw |m|2+47r2|§‘2<32

= swp | wew,e)ded,
lell L2 @m) =L o024 e2) <R
and we have proven here that for v € L?(R™) with norm 1

1 0 e, P, R
fj W(u,u)(m,ﬁ)dmdfgl—m/a e 't dt—l—w,

2
|22 +EP< gk =5

where the upper incomplete Gamma function I'(z, x) is given by
+o0o
(9.7.8) [(z,2) :/ ttetdt.

This is indeed the result of Theorem 1 in [33].
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N.B. Let x > 0 be given and let z € C with Rez > 0. Then we have
+oo “+o0o
[(z,2) = / (s +2)" te " ds = e_x/ (s +x) e 5ds,
0 0

so that if z=n+1, n € N, we find

+oo +oo
Fn+1,2) = e_m/ (s+x)e®ds=e"" Z (Z) :L“k/ s" ke 5ds
0 0

0<k<n
Kk
_ - n k o 93'_
=e Z (k):vF(n+1—k)—n.e Z L
0<k<n 0<k<n
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