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TOPOLOGY OF AUTOMORPHISM GROUPS OF
PARABOLIC GEOMETRIES

CHARLES FRANCES AND KARIN MELNICK

ABSTRACT. We prove for the automorphism group of an arbitrary par-
abolic geometry that the C° and C'* topologies coincide, and the group
admits the structure of a Lie group in this topology. We further show
that this automorphism group is closed in the homeomorphism group of

the underlying manifold.

1. INTRODUCTION

It is well known that the automorphism group of a rigid geometric structure
is a Lie group. In fact, as there are multiple notions of rigid geometric struc-
tures, such as G-structures of finite type, Gromov rigid geometric structures,
or Cartan geometries, the property that the local automorphisms form a Lie
pseudogroup is sometimes taken as an informal definition of rigidity for a

geometric structure.

There remains, however, some ambiguity about the topology in which this
transformation group is Lie. It is a subgroup of Diff(M), assuming the
underlying structure is smooth, so one may ask whether it admits the struc-
ture of a Lie group in the C'°°, C™ for some positive integer m, or even
the compact-open, topology. A related interesting question is whether the
automorphism group is closed in Homeo(M).

Theorems of Ruh [14] and Sternberg [17, Cor VII.4.2] state that, if H is the
automorphism group of a G-structure of finite type of order m, then H is
a Lie group in the C™ topology on Diff ™! (M). Gromov proved a similar
result in [5, Cor 1.5.B] for a smooth Gromov-m-rigid geometric structure.
In the case of a smooth Riemannian metric (M, g), the results above yield a
Lie group structure for the C''-topology on the isometry group Isom(M, g).
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2 CHARLES FRANCES AND KARIN MELNICK

The classical theorems of Myers and Steenrod [11], however, say that in this
Riemannian case the C° and C™ topologies coincide on Isom(M, g) for all
m. Nomizu [12] proved the same for the group of affine transformations
of a connection (under an assumption of geodesic completeness, which can
be removed). The essence of the proof is that exponential coordinates lo-
cally convert affine transformations to linear maps, and a sequence of linear

transformations converging C° automatically converges C>.

This article is concerned with the topology of local automorphisms of par-
abolic geometries (see section 1.2 below for the general definition). These
form a rich class of differential-geometric structures which behave differently
from Riemannian metrics in the sense that their automorphisms can have
strong dynamics, so, for example, a convergent sequence of automorphisms
need not limit to a homeomorphism. Parabolic geometries do not deter-
mine a connection; without the exponential map, it is no longer clear that
a CY-limit of smooth automorphisms should be smooth.

1.1. Statement of main results. We first briefly survey some results for
specific parabolic geometries, which will be generalized by our main theo-
rem. We remark that the first two theorems below, of Ferrand and Schoen,
are proved by geometric-analytic techniques that are quite specific to the

structures in question.

e In the course of proving the Lichnerowicz Conjecture on Riemannian
conformal automorphism groups, Ferrand showed, using techniques
of quasiconformal analysis, that if a homeomorphism f is a C limit
of smooth conformal maps, then f is also smooth and conformal
[1, 9].

e Schoen [15] reproved Ferrand’s result above, and extended it to
strictly pseudoconvex C R-structures. His proof uses scalar curva-
ture and the conformal Laplace operator in the conformal case, and
the analogous Webster scalar curvature and pseudoconformal subel-
liptic operator in the CR setting.

e In [3], the first author proved for conformal pseudo-Riemannian
structures that if a sequence of smooth local conformal transfor-
mations converges C, then it converges C*°. His approach is very
different from the analytic techniques of [1] and [15]: he uses the
Cartan connection associated to these structures and the dynamics
of the action on null geodesics.
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We prove a generalization of the results recounted above to local automor-
phisms of arbitrary parabolic geometries. Parabolic geometries are a broad
family of geometric structures which nonetheless admit an extensive general
theory. Well known examples include the conformal semi-Riemannian struc-
tures and strictly pseudoconvex CR structures mentioned above, as well as
more general nondegenerate CR structures, projective structures, and so-
called path geometries, which encode ODEs (see [19] for a comprehensive
reference). Definitions 1.4 and 1.5 below explain precisely what is meant by
parabolic geometry and automorphism /automorphic immersion. An auto-
morphic immersion can be informally defined as a differentiable immersion
f: U — M, where U C M is an open set, which preserves the Cartan
geometry C on M. When U = M and f is also a diffeomorphism, then f
is said to be an automorphism of (M,C). The set of automorphisms is a
group that will be denoted Aut(M,C). Our main results can then be stated
as follows:

Theorem 1.1. Let (M,C) be a smooth parabolic geometry. Let fi : U — M
be a sequence of automorphic immersions of (M,C) converging in the C°

topology on U to a map h. Then h is smooth and fi — h also in the C*
topology.

In section 3.3 we will also prove the following:

Theorem 1.2. Let (M,C) be a smooth parabolic geometry. Then Aut(M,C)
is a Lie transformation group in the compact-open topology. Moreover,
Aut(M,C) is closed in Homeo(M) for this topology.

1.2. Definitions. Parabolic geometries are most conveniently defined in
terms of Cartan geometries. Let G be a Lie group with Lie algebra g, and
P < G a closed subgroup. We will assume throughout the article that the
pair (G, P) is effective, meaning G acts faithfully on G/P. A noneffective
pair can always be replaced by an effective one, with the same quotient space
G/P (see [16]).

Definition 1.3. A Cartan geometry C on a manifold M, with model space
X = G/P comprises (M,w), where m : M — M is a principal P-bundle,

and w is a g-valued one-form on M satisfying:

e Forallz € ]\7, W Tj]\/] — g 1s a linear isomorphism.
e For all g € P, Rjw = (Adg)™! o w, where R, denotes the right

—

translation by g on M.
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e Forall X €p, w(Xi) = X, where Xi(;ﬁ) - 4a

ds}Ox'e

The basic example of a Cartan geometry modeled on X = G/P is the flat
geometry on X comprising (G,wg), where wg is the Maurer-Cartan form.

Definition 1.4. A parabolic geometry is a Cartan geometry modeled on
X = G/P, where G is a semisimple Lie group with finite center and without

compact local factors, and P < G is a parabolic subgroup.

Our notion of parabolic subgroup is the standard one, which will be recalled
in Section 2.5.1.

Essentially all classical rigid geometric structures correspond to a canonical
Cartan geometry. The process of canonically associating a Cartan geometry
is called the equivalence problem for a given geometric structure (see [16] for
examples). Parabolic geometries admit a uniform solution of the equivalence
problem, in which each corresponds to a type of “filtered manifold” (barring
one exception, projective structures); see [19, Sec 3.1], [18].

Definition 1.5. For (M,C) a smooth Cartan geometry with C = (]\//T,w),
an automorphism is f € Diff(M) which lifts to a bundle automorphism f of
M satisfying f*w = w. The group of automorphisms is denoted Aut(M,C).
For an open subset U C M, a smooth immersion f: U — M is an automor-
phic immersion of (M, C) if it lifts to a bundle map f U= a1 (U) — M
satisfying f*w = wlg-

As (G, P) is effective, the elements f € Aut(M,C) correspond bijectively
to their lifts f to M satisfying f*cu = w, and similarly for automorphic
immersions (see [10, Prop. 3.6]).

1.3. Lie topology on the automorphism group. For C = (]/W\,w) a
smooth Cartan geometry on M, the group Aut(M,C) can be endowed with
the structure of a Lie transformation group as follows (we refer to the defini-
tion in [13, Chap. IV] of Lie transformation group). The Cartan connection
defines a framing P of M , the pullback by w of any basis in g. The auto-
morphisms of a framing form a Lie transformation group; more precisely:

Theorem 1.6. (S. Kobayashi [8, Thm 1.3.2]) Let N be a smooth, connected

manifold with a smooth framing P.

(1) Aut(P) < Diff(N) admits the structure of a Lie transformation
group.
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(2) For m = 0,...,00, the C™-topology on Aut(P) coincides with the
Lie topology.

(3) A sequence fi, € Aut(P) converges in the Lie topology if and only if
there exists z € N such that f(z) converges in N.

Denote by m(M ,C) the group of bundle automorphisms of M preserving w.
This is a C'*°-closed subgroup of Aut(]\/f ,P), so it is closed in the Lie topology
and inherits the structure of a Lie transformation group. The isomorphism
KI?E(M,C) = Aut(M,C) then provides the latter with the structure of a
Lie group, in fact of a Lie transformation group of M. The underlying
topology on Aut(M,C), the pullback of the C'*° topology on K\ut(M7 C), will
henceforth be referred to as the Lie topology. For U C M, the automorphic
immersions defined on U admit a similarly defined topology, which we will

also call the Lie topology.

Recall that the Lie topology on Aut(M,C), as well as all C™-topologies, are
second countable. A sequence (f;) of automorphic immersions of (M,C)
converges in the Lie topology if and only if the lifted sequence ( fk) con-
verges C'*°. Thus if (fi) converges for the Lie topology to an automorphic
immersion, then it does for the C*°-topology on M. In cases where M is a
subbundle of the r-frames of M, and fk are the corresponding natural lifts
of fr, then C* convergence of (fi) on M conversely implies convergence
in the Lie topology. Such is the case for many parabolic geometries, but
this property in general is unclear. Our proofs will go via the Lie topol-
ogy on Aut(M,C), thus showing that it coincides with all C™-topologies,
m =0,...,00, and similarly for automorphic immersions of (M,C).

1.4. Structure of the Proof. A sequence (f) of automorphic immersions
converging in the C? topology gives rise to a holonomy sequence (py) in
P. The action of (pg) on G/P reflects many features of the action of (f)
on M. Section 2 contains the definition of holonomy sequences and their
equicontinuity properties relative to those of (fx). In Section 3, we translate
the problem to a statement about holonomy sequences on G/P. The proof
of this statement, Theorem 3.1, proceeds by induction on rkgG. The base
case, tkg G = 1, is recalled from [2] in Section 4. The task for the remainder
of the paper is, given a holonomy sequence (py) not conforming to the con-
clusion of Theorem 3.1, to find an invariant lower-rank subvariety of G/P
on which (pg) exhibits the same behavior, thus contradicting the induction
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hypothesis. Section 5 develops tools for identifying such a lower-rank sub-
variety, corresponding to certain manipulations on the root spaces of g. In
Section 6, we apply these tools to complete the induction step.

2. HOLONOMY AND EQUICONTINUITY WITH RESPECT TO SEGMENTS

Let (M,C) be a Cartan geometry modeled on X = G/P, not necessarily
parabolic.

Definition 2.1. A sequence fi, : U — M of automorphic immersions of
(M,C) is equicontinuous at x € U if there exists y € M such that for any
xp — x in U, the sequence fi(xr) — y.

If fr : U — M converges C°, then (f;) is clearly equicontinuous at every
point of U. The following theorem says that conversely, equicontinuity at a
single point implies local CY-convergence, at least for parabolic geometries.

Theorem 2.2. Let (M,C) be a smooth parabolic geometry and (fi) a se-
quence of automorphic immersions equicontinuous at x € M. Then there
exists an open neighborhood U of x on which a subsequence of (fi) converges
C® to a smooth map h.

Note that Theorem 2.2 implies Theorem 1.1.

2.1. Holonomy sequences. Let fi : U — M be a sequence of automorphic
immersions of (M,C) which is equicontinuous at x € U, with lifts fk U —
M. Associated to (fx) is a holonomy sequence (py) in P, whose behavior
around the base point o = [P] € G/P reflects much of the local behavior of

fr around x.

Definition 2.3. Let x, — = in U. A sequence (pr) of P is a holonomy
sequence of (fi,) along (x1,) when there exist ¥), € 71 (xy) such that {&x }ken
and {gx} = {fk(ﬁk).pgl}keN are bounded in M. A holonomy sequence of
(fx) at x is any holonomy sequence along some sequence xp — x.

We will denote by Hol(x) the set of all holonomy sequences of (fx) at z.
Equicontinuity of (fx) at  ensures that Hol(x) is nonempty. Indeed, given
y € M such that fy(x) — y, choose any & € 7~ () and § € 7~ *(y). Then
there exists a sequence (pg) in P such that fk(fc)p,;l — 9, so (pr) € Hol(z).
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2.2. Equicontinuity with respect to segments. Equicontinuity of a se-
quence (fx) at = will have strong consequences on the local behavior of its
holonomy sequences around the base point 0 € G/P. A useful notion to
capture this local behavior is equicontinuity with respect to segments. An
unparametrized segment in G/ P is a set of the form [¢] = {e'€.0 | t € [0,1]},
for some £ € g. Remark that distinct £&,7 € g may define the same un-

parametrized segment.

We fix a Riemannian metric in a fixed neighborhood of o in X, with respect
to which we will measure the length of segments [£] in this neighborhood,
and denote the results by L([¢]).

Definition 2.4. A sequence (px) in P is equicontinuous with respect to
segments if when a sequence of segments [x] satisfies L([(x]) — 0, and
Pr-[&k] = [nk], then every cluster value of (nx) in g is in p.

Observe that the condition L([{x]) — 0, hence the very notion of equiconti-
nuity with respect to segments, does not depend on the choice of Riemannian
metric, since any two are bi-Lipschitz equivalent in a neighborhood of o.

2.3. Relation of equicontinuity and equicontinuity with respect to

segments.

Proposition 2.5. Let (M,C) be a Cartan geometry and fr, : U — M a
sequence of automorphic immersions of (M,C). If (fr) is equicontinuous at
x € U, then every holonomy sequence (px) € Hol(x) is equicontinuous with

respect to segments.

The proof will use the development of curves v : [0, 1] — M, a notion which
we now recall. Given such a smooth curve 7, the equation wg(3/(s)) =
w(v/(s)), where wg is the Maurer Cartan form of G, defines an ODE on G.
The solution 4 such that 4(0) = id will be called the development of .

The Cartan connection also yields an exponential map on M: any u in g
defines the w-constant vector field U* on M by w(U%) = u; denote {@l;} the
corresponding local flow. Observe that whenever u € p, the flow {¢},} is
globally defined and corresponds to right multiplication by e in the bundle
M (by the third axiom in Definition 1.3). The exponential map at & € M
is defined in a neighborhood U = U; of the origin in g by

u > exp(&,u) = gi)%]i.fc,
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Shrinking U/ if necessary makes the exponential map at Z a diffeomorphism
onto a neighborhood of & in M. For w € U C g, we will denote the expo-
nential of u at & in M by exp(Z,u), and the exponential in the Lie group G
by e*.

It is easy to see that whenever f . M — M is the lift of an automorphic

immersion of M, then

exp(i‘, U) = eXp(f(£)7 U)
The P-equivariance property of w leads to a corresponding equivariance
property for the exponential map for all p € P
(1) exp(#,u).p~ = exp(2.p~", (Adp).u)
Last, we recall the following crucial reparametrization lemma.
Lemma 2.6 ([4], Proposition 4.3). Let v, : [0,1] — M be smooth curves,
with v(0) = «(0), and let q : [0,1] — P be a smooth map satisfying q(0) = id.

(1) Assume that for the developments 4 and &, the relation (s)
a(s).q(s) holds in G for every s € [0,1]. Then v(s) = a(s).q(s)
holds in M.

(2) In particular, if u,v € g, and if there exists a smooth a : [0,1] —
[0, 1], with a(0) = 0 and a(1) = 1, such that

et = e (s) Vs € [0, 1],
then, for every 4 € M such that exp(y,u) or exp(y,v) is defined,

exp(7, u) = exp(7,v).q(1)

Proof: (of Proposition 2.5) Assume for a contradiction that (fx) is equicon-
tinuous at x, but that some holonomy sequence (py) of (fx) at x does not
act equicontinuously with respect to segments. Then 7, = fk(i“k)p,;l is
bounded for a bounded sequence (Zj) projecting to xp — . After passing
to a subsequence, we can assume Z; — & and g — 9.

Since (pg) is not equicontinuous with respect to segments, passing again to
a subsequence, there exists a sequence of segments (], with L([&x]) — 0,

as well as a sequence (1) in g converging to 1. & p, such that for all k:

(2) Pr-[§k] = [k
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This condition can be expressed by the relation, valid for all s € [0, 1]:

eSAdPr) (k) — i (s)mk Dk(8)-

Here, pr : [0,1] — P denotes a smooth path and ¢ : [0,1] — [0,1] a
diffeomorphism satisfying ¢x(0) = 0. Given A > 0 arbitrary small, let
0 < Ax < 1 be such that @i (Ag) = A for all k. Then write

(Ags)
(3) esAd(pk)()\kgk) — e%@kp‘k)nk.pk()\ks)'

Note that L([Ax&x]) — 0. Thus for A sufficiently small, we can replace &
and 7 by A&k and ¢k (Mg )Nk, so that (2) holds, with the extra property that
that exp(Jx, nk) is defined for all k£ € N, and 7 is in an injectivity domain
of the map u — exp(y,u). In particular, if we call y := 7(g), the fact that
Moo & P implies, shrinking A again if necessary, 7(exp(¥,sc)) # Y-

The next step is to show that m(exp(Zg, & )) is defined for k large enough, and
converges to x. To this aim, define a left-invariant Riemannian metric pg
on G by left translating any scalar product <, > on g, and a corresponding

Riemannian metric p on M, with

plu, v) = (w(u), w(v)).

By the definition of p, if v is a curve in M and 7 its development in G, then
Ly, (7) = Ly(7). Fix € > 0 small enough that ¥V & € N, the p-ball B(&y,¢€)
of center Z; and radius € has compact closure in M.

Now consider the curve s — e*k. We fix ¥ a small submanifold of G
containing 1, which is transverse to the fibers of 7x : G — X = G/P, and
such that the restriction of wx to X yields a diffeomorphism ¢ : ¥ — U,
where U is a neighborhood of o in X. For k large enough, there exists a
smooth q; : [0,1] — P, with gz(0) = id, such that ap(s) = e**.qx(s) is
contained in . Of course (g ([0,1])) = [€x]. Two Riemannian metrics on
Y. are always locally bi-Lipschitz equivalent, hence there exist Cq,Cy > 0
such that for k£ large enough:

C1L([k]) < Ly (o) < CoL([&])-

We infer that L, (o) — 0; in particular, for k > ko, L,,(ar) < €. Now
consider, for each k > kg, the first-order ODE on M:

(4) w(By,) = oy,
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with initial condition fj(0) = 2. If [0, 7}), is a maximal interval of definition
for s — exp(z, s&), then for all k, pi(s) := exp(&k, s&k)-qx(s), s € [0,77),
is a maximal solution of our ODE, by Lemma 2.6. By the definition of L,,
we have L,(8r) = Ly (o). If 77 < 1, the inequality L, (ai) < € implies
that fj is included in the relatively compact set B(Zy,€); this contradicts
the maximality of 7;'. We thus infer 7} > 1, which ensures that (1), hence
exp(&g, &) = Br(1).qx(1)~" is defined. Moreover, L,(8;) = Ly (i) — 0,
so Bk(1) — Z. Projecting to M gives m(exp(&,&x)) — .

Now Lemma 2.6, combined with equation (3) above says that for all k > ko,

Fr(exp(@r, &)-pp ")) = exp(Jr, Ad(prk)&k) = exp (G, ) -pr(1).-

Projecting this relation on M, we obtain

Fr(m(exp(ix, &))) = m(exp(Jk, mk))-
After possibly passing to a subsequence, the right-hand term converges to

w(exp(§,Neo)) # y, while we just showed 7(exp(Zk, k) — x; this yields the
desired contradiction with the equicontinuity of (f) at z.

2.4. Vertical and transverse perturbations of holonomy sequences.
Proposition 2.5 translates equicontinuity of (fx) at x to a property of se-
quences in Hol(z), which are in turn sequences of P actingon X = G/P. In
this section we define several operations on sequences in P which preserve
Hol(z).

Holonomy sequences involve many choices: of (zy), of (Z), and of (gx) =
(f(a%k)p];l), in the notation of Definition 2.3. The right and left vertical
perturbations of (px) correspond to other possible choices of (Zx) and (),

respectively.

Definition 2.7. Let (py) be a sequence in P. A wvertical perturbation of (pg)
is a sequence qi = lgpgmy where (Ig) and (my) are two bounded sequences
mn P.

Transverse perturbations of (px) correspond roughly to other possible choices
of (zy) converging to x.

Definition 2.8. For (py) a sequence of P, a sequence (qx) of P is said to
be a transverse perturbation of (py) when there exist two sequences (&) and
(nk) in g\p such that:

(1) qx = e M pyede.
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(2) The sequences (&) and (nx) both converge to 0.
(3) For every s € R, e *"pe* belongs to P.

The other choice of (x1) in this case is 7(exp(Zk, £k)), as will be seen in the
proof below.

Lemma 2.9. Let (M,C) be a Cartan geometry, and let fi, : U — M be a
sequence of automorphic immersions. For any x € U, the set of holonomy
sequences Hol(x) is stable by vertical and transverse perturbations.

Proof: We consider (pg) a sequence belonging to Hol(z). By definition,
there exists (#;) a bounded sequence in M such that §p = fk(.fck)p;l is
bounded, and the projection xj on M converges to x.

Assume that (gx) is obtained from (pg) by vertical perturbation, namely
there exist bounded sequences (l;;) and (my) in P such that qx = lgppmy.
Then (&.my) is bounded in M, and still projects on (x). Moreover

fr(@emp)g = gl

is still bounded in M. It follows that (gx) is a holonomy sequence at .

We now handle the case of a transverse perturbation g, = e " ppess. The se-
quence (Z) is bounded and & — 0, hence (2;) = (exp(Zg, &) is bounded in
]\/J\, too; moreover, m(Zx) converges to x. It remains to show that fk(ék)qk_l
is bounded in M. Write this expression as fk (ék).plzl.pqu_l. By the equiv-
ariance (1) of the exponential map,

Fr(GGe)ppt = exp(fi(@r)-ppt Ad(pr)&)-
Point (2) in the definition of transverse perturbation says that gi(s) =
e Sk pLestk belongs to P for all s € R. Thus

o5 Ad(pr)ér — esnka(s)plzl’

where s — qk(s)plzl is a smooth path in P passing through ¢d when s = 0.
Lemma 2.6 then implies

exp(fi(#r)-pp s Ad(pr)&r) = exp(ik, M) -arpy -

Right translation by prq; L gives fk(ék)qk_l = exp(Jk, nk)- This expression
is bounded, because () is a bounded sequence, and 7 tends to zero by
definition of a transverse perturbation.
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2.5. Admissible operations. In this section, we specialize to X = G/P a
parabolic model space, and define some operations on holonomy sequences
specific to parabolic geometries. We first introduce some notation in g.

2.5.1. Notation in g. Let G semisimple with no compact local factors and
with finite center. We denote by © a Cartan involution of the semisim-
ple Lie algebra g. Associated to O, we choose a Cartan subspace a, and
® = {a1,...,a,} a set of simple roots. The positive and negative roots
are denoted ® and ®, respectively. The usual decomposition of the Lie

algebra g into root spaces is

0= ga®aemae Y g

acd— acdt

Recall that the Lie algebra m is centralized by a, and lies in the Lie algebra
£ comprising the +1-eigenspace of the Cartan involution ©.
We will denote by nt (resp. n7) the sum > g, (resp. > ga)-

acdt aced—
The minimal parabolic subalgebra of g is pin = a @ m @& nt. A general
parabolic subalgebra p is one containing P,,n, and is obtained as follows (up
to conjugacy in G): there exists A C @, possibly empty, such that

pA = Z 9—a D Pmin.

aEAT

where AT is the set of roots in ®T which are in the span of A. A parabolic
subgroup of G is any Lie subgroup Py < G with Lie algebra py, for some A.
We will sometimes denote this group simply P when A is understood.

We denote by nX the nilpotent radical of p, which equals >  g,. Here
ac(At)e

(AT)¢ stands for the positive roots written as linear combinations of roots

in @ involving at least one root which is not in A. Notice that nX is an ideal

of n™ and of p. Finally, we call h5 the Lie algebra hy = a x nX.

We denote by A, NI and Hp the connected Lie subgroups of G with Lie
algebras a, nj{ and b, respectively; they are all subgroups of Py.

2.5.2. Reduced holonomy sequences. A sequence (pr) in P will be called

reduced when it is a sequence of Hp.

Lemma 2.10. Any sequence (px) in P = Pp can be converted by left and
right vertical perturbation to (qx) € Hy.
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Proof: Consider the Levi decomposition of Py = Sy X N/J{, where Sy is
the connected reductive subgroup of G with Lie algebra spanned by a and
the positive and negative root spaces of AT. Write p, = sin;, according to
this decomposition. As Sy is reductive, it admits a K AK decomposition,
according to which s = ljagly, with ay € A = exp(a) and [, [} € K. As
G has finite center, K is contained in a maximal compact subgroup of G
and is a maximal compact subgroup of Sx. Then p; = [ apn)ly, where
nj, = lk_lnklk € NX. Now ¢ = agn), is the desired reduced sequence. ¢

2.5.3. Weyl reflections. For X = G/P parabolic, these are transformations

of holonomy sequences in Hp, which will be useful in our proof.

For any root «, the Weyl reflection is ps : a* — a* with

2(,§)

(o, )

« ea’

pa(&) ={ -

Recall that for v positive, p, preserves ®\{a} and ®~\{—a}, assuming 2«
is not a root (in which case, p, preserves ®\{a,2a} and &~ \{—a, —2a}).
Recall that whenever ¢ is a root, then A, = 2(a, &) /(, @) is an integer.

For any root «, there exists k, € G, such that Ad(k,) preserves a, and the
action of Ad(k,) on a* coincides with that of p, (see [7, Prop 6.52c]). In the
sequel, we will denote by 7, any automorphism of G such that the action
induced on g preserves a and sends every root space gg to the corresponding
9p.(8); for instance, r, could be conjugacy by k.

Let o € AT. If a root 8 is a linear combination with integer coefficients
of roots in A, then so is pa(8); thus p, preserves AT U —AT. As p, sends
all positive roots except multiples of a to positive roots, it also preserves
PH\AT = (AT)¢. We conclude that for every @ € AT, an automorphism 7,
preserves the connected subgroups A, NI, and the identity component PX;
in particular, it sends sequences (pg) in Hp to ro(pg) in Hy. Note that in
general, Py may not be invariant by 7.

2.5.4. Definition of admissible operations, perturbations.

Definition 2.11. Let X = G/P be a parabolic variety with P = Py. For
(pk) a sequence of P, an elementary admissible operation on (py) is of one
of the three following types:

(1) A wvertical perturbation of (p).
(2) A transverse perturbation of (p).
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(3) For (pg) in Hp, a Weyl reflection 1o, applied to (py), with o € AT.

An admissible perturbation of a sequence (py) in P is a sequence (qy) which

is obtained from (py) by finitely many elementary admissible operations.

Note that the result of an admissible perturbation of a sequence (py) of P
is always in P. Weyl reflections are only allowed on sequences of Hy, which
must be kept in mind when applying successive admissible operations.

We conclude this section with an important remark about Weyl reflections.
We observed at the end of the last paragraph that a Weyl reflection r,, always
coincides with the conjugacy by some element k., € GG. We also observed that
ro preserves the identity component PY of P, so that actually k, belongs
to Norg(PY), the normalizer of P? in G. This normalizer Norg(P°) has Lie
algebra p (see [19, Lemma 3.1.3, Cor. 3.2.1(4)]), so that the inclusion P <
Norg(P°) holds. Observe that in general, these groups need not coincide.
However, when P = Norg(P?), any Weyl reflection r,(py) is actually a
vertical perturbation of (pr). We thus get a straigthforward rephrasing of
Lemma 2.9, namely

Lemma 2.12. Let (M,C) be a parabolic geometry modeled on X = G/P,
where P = Norg(PY). Let x € M, and let (f)) be a sequence of automorphic
immersions which is equicontinuous at x. Then if (px) is in Hol(x), any
admissible perturbation of (py) is in Hol(x).

The case of equality P = Norg(P") will thus be technically more convenient,
since it means that Weyl reflections on holonomy sequences again yield ho-
lonomy sequences. It is explained in Section 3.2 why this equality may be

assumed.

3. TRANSLATION OF THE MAIN THEOREM TO THE MODEL SPACE

Via the holonomy sequences associated to an equicontinuous sequence (fi)
of automorphic immersions, we can translate Theorem 2.2 to an assertion
about sequences of Hy acting equicontinuously with respect to segments on
X.

Theorem 3.1. Let X = G/P be a parabolic variety with P = Py. Given
a sequence (agng) of Hx which, together with all of its admissible perturba-
tions, acts equicontinuously with respect to segments on X, the factor (ng)

18 bounded.
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Theorem 3.1 is proved in sections 4, 5 and 6.

3.1. Derivation of Theorem 2.2 from Theorem 3.1. Given a sequence
(fx) of automorphic immersions as in the statement of Theorem 2.2, let (pg)
be a holonomy sequence of (fx) at . We can assume by Lemmas 2.9 and
2.10 that p, € Hp for all k.

We will first deduce Theorem 2.2 under the extra assumption that P equals
Norg(P?). Section 3.2 explains how to dispense with this assumption.

Proposition 2.5 ensures that (pg) acts equicontinuously with respect to seg-
ments on X. Lemma 2.12 says that in fact every admissible perturbation
of (py) does (under our assumption P = Norg(P?)). Now the hypotheses
of Theorem 3.1 are satisfied. The conclusion implies that (ax) is a right
vertical perturbation of (pg), which by Lemma 2.9 also belongs to Hol(x).
The action of Ad(ay) on g preserves the subalgebra n™; denote by Ly the
endomorphism Ad(ay)

-

Lemma 3.2. The sequence (L) is bounded in End(n™).

Proof: The representation of Ad(ax) on n~ is diagonalizable with eigen-
values (A1 (k), ..., A\s(k)). Assume for a contradiction that Ly is unbounded;
we may assume that Aj (k) is unbounded, and after passing to a subsequence,
that |A1(k)|] — oo. Taking a subsequence also allows us to assume that in
]/\4\, the sequence ¢, = fk(a%k).p;l converges to 7.

For each k, let ny be in the A (k)-eigenspace of Ly such that n — 1. # 0;
these can moreover be chosen in the injectivity domain of expy, , and such
that 7 is in the injectivity domain of exp;. Set & := nx/A1(k). Because
&k — 0, the exponential exp(Zg, &) is defined for sufficiently large k, and
satisfies

fr(exp(dx, &))-a;, " = exp(fe, k)-

Projecting to M gives a contradiction to the equicontinuity of (fy) at x:

A~

m(exp(&x, &) = , while (exp(gr, mk)) = m(exp(§,100)) # 7(9)- ¢

Now again passing to a subsequence of (fj), we may assume that Lj tends to
some L € End(n™). Let K C Mbea compact set containing both sequences
(Zr) and (yx), and let U and V be relatively compact neighborhoods of 0 in
n—, such that:

(1) Lp(U) C V for every k € N.
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(2) For every 2 € K, the map ®; : u + w(exp(2,u)) is defined on U
and V, and is a diffeomorphism from ¢/ and V onto their respective
images.

There exists an open neighborhood U of z, such that U C ®;(U) for 2 € K
close enough to . Then define the smooth map h : U — M by h =
®50L0 <I>;1. Because Lj converges smoothly to L, and since on U, for k
large enough,

fv =y, 0 Lyo®,

(fx) converges smoothly to h on U. Thus Theorem 2.2 is proved.

3.2. Justification of the assumption P = Norg(P). Let (fi) be a se-
quence of automorphic immersions as in Theorem 2.2. In general P <
Norg(P?), and they have the same Lie algebra, as remarked above (again,
see [19, Lemma 3.1.3, Cor. 3.2.1(4)]). Thus P’ = Norg(P") is an isogeneous
supergroup of P. The following lemma gives a general procedure for in-
ducing a Cartan geometry modeled on G/P to one modeled on G/P’, with

respect to which the automorphism group behaves nicely.

Lemma 3.3. Let C = (]\/I,w) be a Cartan geometry on the manifold M,
modeled on X = G/P. Let P’ < G be a closed subgroup, with P < P’
and (P')° = P°. Then there exists a Cartan geometry C' = (M',w') on the
manifold M, modeled on X' = G/P’, such that:

(1) Ewvery automorphic immersion of (M,C) is an automorphic immer-
sion of (M,C").

(2) The corresponding inclusion of Aut(M,C) into Aut(M,C") is a home-
omorphism onto a closed subgroup with respect to the Lie topologies

on each.

Proof: The bundle M is obtained as the quotient M x p P', where P acts
diagonally by p.(%,q) = (2.p7 1, pq), freely and properly. There is an obvious
commuting right P’-action on M = M x P’, which descends to ]\/4\’, making
it a P’-principal bundle over M.

To construct the Cartan connection on M’ , we first build a one-form & €
QY (M, g). For (&,u) € Ts,9M, let

D(s,q) (€ 1) = Ad(q )wz (€) + (wpr)q(u).
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where wps is the Maurer-Cartan form of P’. It is readily checked that @
satisfies the equivariance relation (R,)*@ = Ad(p~!) o @ for every p € P,
and that it is invariant under the diagonal action of P on M. Moreover

D(ag) (TeM x {0}) = Ad(g™H) ows (T M) = g
showing that @ : TM — g is onto at each point.
For X € p, let Xt € X(M ) be as in Definition 1.3, and let v be the curve

Y(t) = ¥ (#,q) = (2.7, N q).
Then
B(Y () = Ad(g™") o ws(—X*) + Ad(g 1) X =0
since w(X¥) = X. Hence the kernel of W(3,q) contains the tangent space to
the P-orbits on M; by a dimension argument, these spaces are equal. We

infer that & induces a 1-form ' € Q! (]\/4\’,9), which is the desired Cartan

connection on M’.

We prove point (1) for f € Aut(M,C). The argument for automorphic
immersions is similar. Let f be the lift of f to M , and define f : M — M by
f(#,q) = (f(#),q). The P-equivariance of f gives the equivariance relation
p-f(#,9) = f(p.(2,9)); obviously, f((#,9).p) = f(,q).p' for every p/ € P".
Thus f induces a bundle morphism f’ of M’ covering f.

To prove that f € Aut(M,C’), it remains to check that f’ preserves w’. To
this end, we compute f *© and show that it coincides with @:

D2y (Paf(€),u) = Ad(g™") 0wy (Df(€)) + (wpr)g(u)
but w; (D F(€)) = wz(€) because f € Aut(M,C). Finally,

@(f(@,q)(Dif (), u) = Ad(g M wz(§) + (wpr)g(u) = @(s,q) (&, u)
as desired, so (1) is proved.

There is a natural P-equivariant, proper embedding j : (M,w) — (M’,w')
defined by j(z) := [(Z,€)], the P-orbit in M of (Z,e). For f € Aut(M,C)
with respective lifts f and f’ to M and M’, we have jo f = f/ o j.

Now consider a sequence fi € Aut(M,C) converging for the Lie topology of
Aut(M,C’) to an automorphism f. By Kobayashi’s theorem (Thm 1.6), the
sequence of lifts f,’c converges in the C*°-topology of M to a diffeomorphism
f which clearly preserves w’. Properness of j implies that j(]\/f\ ) is closed.
Then f’ preserves Jj(M ) because every fi does. Thus f, = j ! o fk 0j
converges smoothly on M to f =jlo f’ o j, which preserves w and covers
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f. Tt follows that f € Aut(M,C), and by Kobayashi’s theorem, f — f in
the Lie topology of Aut(M,C). We conclude moreover that Aut(M,C) is
closed in the Lie topology of Aut(M,C’).

Conversely, given fr — f in the Lie topology of Aut(M,C), with f €
Aut(M,C), the lifts fi = f smoothly on M. These correspond, as in the
proof of (1), to automorphisms f] and f of (M', ') with fi — f" on F(M).
For any ¢ € M, there exists p' € P’ such that §.p/ € j(M\) It follows by
Theorem 1.6 (3) that f,’C — f’ smoothly on each connected component of
M'; in other words, fx — f holds in the Lie topology of Aut(M,C"). Thus
Aut(M,C) — Aut(M,C’) is a homeomorphism onto its image with respect

to the Lie topologies on each group. ¢

Now, given a sequence (fx) as in Theorem 2.2, Lemma 3.3 with P’ =
Nor(P°) allows us to consider (f) as a sequence of automorphic immer-
sions of (M, ("), modeled on X’ = G/P’. The proof of Section 3.1 says that
(fx) converges smoothly on M to a smooth map h. We have thus shown
that Theorem 3.1 implies Theorem 2.2.

3.3. Derivation of Theorem 1.2. Let f; € Aut(M,C) converge to h €
Homeo(M) in the C° topology. The aim is to show that h € Aut(M,C),
and fr — h in the Lie topology on Aut(M,C).

By Lemma 3.3 point (2), we may assume that the model space G/ P satisfies
P = Norg(P). As in Section 3.1, (fi) admits a holonomy sequence ay, € A
at any x € M, such that Ly = Ad(ax)|,- is bounded in End(n™). Moreover,
in the notation of Section 3.1, there is a neighborhood U of x such that
for any accumulation point L of (Ly) in End(n™), a subsequence of (fx)
converges to ®; o L o (I);l on U. Then L|; = <I>yTl oho®;, so Ly — L.
Because h is a homeomorphism, L is injective around 0, hence L € GL(n™).
As a consequence, (ax) converges in P.

Now we have fk(:f;k).a;l = gr — g with (ax) also converging, so fi(Z)
tends to some point Z. As %y — I, for sufficiently large k, & = exp(Zx, &),
with & — 0 in g. Now fi.(2) = exp(fx(&r), &), 50 fi(2) = 2. By Theorem
1.6 (3), fr and the inverses f,;l both converge C'*° on M to smooth maps f
and ¢, which obviously satisfy f og =1d. It is easy to see that f is a bundle
automorphism of M preserving w. It lifts h, hence h € Aut(M,C). Finally,
because fr — f smoothly on ]/\4\, Theorem 1.6 (2) gives that fr — h in the
Lie topology on Aut(M,C).
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4. PROOF OF THEOREM 3.1 IN RANK ONE

Our proof of Theorem 3.1 will proceed by induction on rkg (G). The essential
arguments for the base case, rkg(G) = 1, are in the paper [2] by the first
author. For the convenience of the reader, the proof is presented here in a
manner consistent with our terminology and notation. Theorem 3.1 in this

rank one case will actually be a consequence of the following proposition.

Proposition 4.1. Let X = G/P be a parabolic space, with tkr(G) = 1. If
pr = apng s a sequence of A x N such that (ny) is unbounded, then (py)

does not act equicontinuously with respect to segments.

Recall the notation of Section 2.5.1. The rank one Lie algebra can be decom-
posed as a vector space direct sum of subalgebras g =n~ ®a®m@nt. The
Lie algebra n™ (resp. n™) is abelian if g = 0(1,n), and nilpotent of index
2, with center of respective dimension 1, 3 and 7 if g is su(1,n), sp(1,n) or
§,20. In all cases, 3~ (resp. 37) will denote the center of n~ (resp. nt). The
nonequicontinuity will be observed on a restricted class of segments, namely

those [¢] with
£cQ={Ad(pu|ucy, pcP}
This set of segments will be denoted [Q] and corresponds to conformal circles

when g = o(1,n), and to chains and their generalizations in the other rank
one models. We will adopt the notation Q (resp. [Q]) for Q \ {0} (resp.

[QI\ {[o]})-

We now recall two results from [2] regarding these distinguished segments.

Lemma 4.2 ([2], Lemme 2). Let ([ag]) be a sequence of segments in [Q)].
If [a] tends to [o] for the Hausdorff topology, then L([ax]) — 0.

Lemma 4.3 ([2], Proposition 1, (ii)). There exists a continuous section s :
[Q] = Q. In other words, if a sequence of segments ([os]) tends to a segment
[B] # [o], there is a convergent sequence (&) in g such that [ax] = [E]-

By these two lemmas, if we can find a sequence of segments [ay] in [Q]
tending to [o], such that py.[o] tends to [3] € [Q] (maybe considering
a subsequence), then (pg) does not act equicontinuously with respect to

segments.

The group A has exactly two fixed points on X, namely o and another point
v. To better understand the action of P on [Q], it is convenient to work in
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the chart p : nt — X \ {0}, given by p(z) = e®.v. In this chart, elements
of P act as affine transformations, and segments [a] € [Q] coincide with
half-lines [z,u) = {z + tu | t € R}, where € n™ and u is a unit vector in
37 (for any given norm in g which is invariant by the Cartan involution).
More precisely, the action of A in the chart p is linear, and is equivalent to
the adjoint action on nt, and the action of an element n = €%, & € nt, is
given by z — (id +ad &)(x) + &, Vo € n'.

Now, let us write ng = e’*. By assumption, (vg) is an unbounded sequence
in n™. We claim there is an unbounded sequence (zj) in n* such that

1
(5) .%'k—i-i[vk,l‘k]—‘rvk:(]

To see this, decompose n' as a direct sum n™ = hP3" (observe that h = {0}
when g = 0o(1,n)). Split Equation (5) into two equations in ) and 3, namely

T +U =0

where T, and v are the components of x; and v; on b, respectively, and

- 1 _ -

T + g[vk,azk] + 0, =0
where 7, and 7, are the components of 2 and v;, on 3%. If (7y) is unbounded,
then so is (Ty), and the same is true for (zy). If (7)) is bounded, then (o)
is unbounded because (vy) is unbounded. This forces (Zj) to be unbounded.

We can now conclude the proof of Proposition 4.1. Since agng(xr) = 0, then
for £ of norm 1 in 3%, the sequence of segments [z, &) is mapped to [0, €)
by (pr). Now, after taking a subsequence, xj/|zg| tends to {s. Thus for
€ # —&wo, the sequence of half-lines [z, ) goes to infinity in the chart p,
which means that the corresponding sequence of segments [a] tends to [o]
in X. On the other hand, pi([a]) is equal to a constant segment [«] # [o],
and the non equicontinuity of (py) with respect to segments follows.

5. TOOLS FOR THE INDUCTION STEP: SLIDING ALONG ROOT SPACES

The proof in the previous section for rkg(G) = 1 relies heavily on the fact
that the action of P on the complement of its fixed point 0 € G/P is by
affine transformations. In higher rank, the P-action on G/P is a compacti-
fication of an affine action, but no longer a one point compactification. This
difference creates significantly more complexity, which motivates our choice
to prove Theorem 3.1 by induction rather than directly in arbitrary rank.
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The tools developed in this section build on those of Sections 2.4 and 2.5,
with the purpose of simplifying holonomy sequences.

5.1. Essential range of (p;). The group exponential of G restricts to a
diffeomorphism of a onto A by definition. Moreover, Ad N;{ is unipotent,
and Z(G) NNy =1, so N is simply connected; thus exp restricts to a
diffeomorphism nj\' — NX.

Fix an ordering a; > -+ > a; of ®, and endow ®T with the lexicographical
ordering. Then we obtain exponential coordinates Ina = (Z',...,Z") on A
and Inn =Y = (Y%),c(a+)e, where Y@ is a vector in g4, on Ny.

Proposition 5.1. Let p, = agny € Hp with exponential coordinates ((Z1), (Y,2)).
Then up to vertical perturbation of (pr), we may assume each component se-

quence (V%) is either trivial or unbounded.

Proof: The group NX‘ is nilpotent; write the lower central series
Ny =NOpNODp..p N d

Each n® /n(+1) is abelian and can be spanned by a direct sum of certain
root spaces; denote the corresponding set of roots by (). Let II C (AT)©
be the set of roots o with (Y;*) bounded. We first multiply pj on the right
by e Y& for all « € TN 2O, in any order. The Baker-Campbell-Hausdorff
formula implies that the resulting exponential coordinates ((Y')) are trivial
or bounded for all & € IINX©). Then proceed sequentially through IIN @
for i =1,...d to obtain (p},) satisfying the conclusion of the proposition.

We remark that (Z}) can also be assumed trivial or bounded by a similar
argument, which is not given because this fact is not needed below.

Definition 5.2. Let py, = agng € Ha with exponential coordinates ((Z1), (Y,)).
The essential range of (px), denoted ER(py), is the set of roots A € (AT)¢
for which the component Yk)‘ is unbounded.

5.2. Transverse and vertical sliding along root spaces. In our proof
by induction on the rank of G, the goal will be, given a sequence (pg) in Hy,
to obtain roots in the essential range of (py) that belong to a lower-rank
subspace of the span of ®. More precisely, given A € ER(py) such that A
has nontrivial component on some a € (AT)¢, we will perform admissible
perturbations on (pg) to obtain a new sequence (qx) C Hp with A — a €
ER(qx). Such a manipulation is possible only under some circumstances,
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which are enunciated in Propositions 5.5 and 5.6 below. First, the following
proposition holds the basic Lie-algebraic calculations that make our “sliding

along g_,” procedure work.

Proposition 5.3. Assume that a,v, v+ a € ®T. Given a sequence (Yy) in
nt with (Y1) unbounded, there exists & — 0 in g_qo such that

(1) [gk’YkV+a] = [&, Yi|"” is unbounded
(2) (Ad(eg’f)Yk)V is unbounded

Proof: The bilinear map g_o X gv+a — @, induced by the bracket is
nondegenerate; we recall the proof of this fact for real semisimple Lie alge-
bras. Denote B the Killing form on g; © the Cartan involution as in section
2.5.1; and Hyy, € a the dual with respect to B of v + a. Then, given
Y € gutq nonzero, [O(Y),Y] = B(O(Y),Y)H,1. Rescaling Y if neces-
sary, the vectors Y, O(Y) and [©(Y),Y] = H form an sly-triple. Consider
V = @rez0—a+k(v+a), Which is an slp-module. If [g_,,Y] were zero, then
V' = ®r<09—a+k(v+a) Would be a submodule with highest weight —a(H),
which implies «(H) < 0. On the other hand, V/V' is also an sle-module
with lowest weight v(H) = —a(H) + (v + «)(H) > 0, which is impossible.

Given Y € gy1q, |Y] =1 (for any norm on g), let

m(Y)=  max [[X,Y]| >0.
Xeg—av|X‘:1

Then infyeg, . jyj=1m(Y) > ¢ > 0. In particular, there exist § € ga,
|€k| = 1 such that

+
YkV (0%
Y

160, Yal?| = [[60, Y7+ = m( ) ypre| > ofvytel

is unbounded. Observe that replacing & by &/ |Yk”+0‘|1/ 2 gives same con-
clusion with the extra property that & — 0. Now (1) is proved.

The conjugates in (2) are given, for some m € N, by

m

AA(E) Y, = ¥ = Y Sad &P (1)
j=0""

After replacing &, with s&g, the v components are

'y Ui Sj ; v+ia
Yy :Zﬁ(adfk)J(Yk“ )
=0 )
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From (1), the v components of the terms corresponding to 7 = 1 form an
unbounded sequence. The following lemma shows that replacing &, by s&g,
with a suitable s € (0, 1], makes the components (Yk/”) unbounded too.

Lemma 5.4. Let (ug(k)),..., (um(k)) be m sequences in a finite dimen-
sional vector space V. Assume that one of the sequences (u;(k)) is un-
bounded. Then for a suitable choice of s € (0,1], the sequence ug(k) +
sup (k) + s%uz(k) + - - - 4+ s™um (k) is unbounded.

Proof: There exist (m + 1) values of s in (0, 1], say so, ..., Sm, such that

the vectors v; = (1,s;,...,s™) form a basis of R™!. Let | -| be any norm

» S
on V. Then on the vector space of linear maps L(R™"!, V), we have two

norms:

1Flly = sup |f(v)]

[v]=1
and

1fll2 = max |7(vi)].

If fi denotes the linear map (Ao, ..., Am) = Aouo(k) + -+ - + At (k), then
(I|fxll1)ken is unbounded (which is the case under the hypothesis of the
lemma) if and only if (|| fx||2)ken is unbounded. The lemma follows.

Define &+

max

a; € ® occur with a positive coefficient. Observe that this set is nonempty

C @7 to be the subset comprising the positive roots in which all

only when G is simple.

Proposition 5.5. (Transverse sliding) Let pr, = agng € Hp with ER(py) C
(I)jnaxy
uously with respect to segments on G/P. Let a € (AT)¢ such that for all
Aedf - foralll >0, if \—la is a root, then it belongs to (AT)¢. Suppose
a+v € ER(pg) for some v € ®T. Then vertical and transverse perturbation

of (pr) yields qi, = agn), € Hy such that v € ER(qy).

and assume (pg) and all its admissible perturbations act equicontin-

Proof: If (Y}”) is unbounded, there is nothing to do. By Proposition 5.1,

we may assume after a vertical perturbation that Y;” is trivial for all k. Let

x), = ek for & — 0 in g_,. Then, for some m € N,

(-1
il

Ad(@ W =Y =Y+ ) ;

J=1

(ad &) (Yz)
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By our hypotheses, Y] € n}, hence n} = eYi € P. By Proposition 5.3, we
. / .
can choose §;, — 0 in g_, such that the sequence (Y,"”) is unbounded.
We have the relation
apnpest = eAd(ak)gkaknz.

We wish to show that Ad(ag)éx — 0. The action of Ad(ar) on g_, is
scalar multiplication by A\, = e %) where Z, = Inay, so it is enough
to show that Ay < C, for some constant C' € R. If this were not the
case, then, up to taking a subsequence, there would be (; — 0 in g_, with
Ad(ag)Cr — (s # 0. For the product

pkeCk — Ad(ar)Ck ake—CknkeCk

we know from above that arpe™SngeSs € P. Thus py.[G] = [Ad(ar)Ck] —
[Cso), While L([Ck]) — 0, which contradicts the fact that (py) acts equicon-
tinuously with respect to segments.

Now let n = Ad(ag)&k, which tends to 0. It is easy to verify that
e M pLe®k € P VseR
Thus g; = agnj, is a transverse perturbation of (py) according to Definition

2.8, and, because (Y}”) is unbounded, it has v € ER(qy), as desired.

Proposition 5.6. (Vertical sliding) Let v € (A7) and o € AT. Let pr =
agng € Hy with a(Zy) > M > —o0 (a(Zy) < M < o0). If v+ o € ER(pg)
(or v — « € ER(py), resp.), then left and right vertical perturbation of (p)
yields qi, = apn), € Hp such that v € ER(qy).

Proof: We can assume after vertical perturbation that Yy =0. We apply
proposition 5.3 to obtain £ — 0 in g_,, such that ( ') is unbounded, where

Y, = Ad(z;, kaYk—kZ

adﬁk ( )

for some m € N, with x, = €. In this case, Y}, € nA and a € AT together
imply that (ad &) (Yy) € nf for all j € N. Thus Y/ € n}.
Let nj, = e¥s. The lower bound on «(Z) implies (Ad ax)(&) — 0, so

e~ Adlr)S g, ) o8k — agnl,

is obtained by left and right vertical perturbation from (py).
The proof for a(Z;) < M < oo and Y’ unbounded is similar. ¢
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5.3. Algebraic proposition to reduce rank. Using the tools developed
so far in this section, we will now state the algebraic proposition that drives
our induction step. The next section contains the geometric interpretation
of this result, and explains how to prove Theorem 3.1 by induction on rkg G.

Proposition 5.7. Let (pr) = (axnk) be a sequence of Hy with (ny) un-
bounded. Assume that (py), together with all its admissible perturbations,
acts equicontinuously with respect to segments. Then an admissible pertur-
bation of (px) yields (qx) such that ER(qk) contains a root in (AT)\®;}

max*

The proof of this proposition is given in Sections 6.3 and 6.4 below.

6. PROOF OF THEOREM 3.1 BY INDUCTION ON RANK

The first half of this section gives the proof of Theorem 3.1 from Proposition
5.7. The second half gives the proof of Proposition 5.7.

6.1. Invariant parabolic subvarieties. Let X = G/P with G semisimple
of real-rank r and P a parabolic subgroup with a Lie algebra p = pp, A C ®.
Let V C X be a parabolic subvariety through the base point o. (These
will be defined precisely below.) If (pg) acts equicontinuously with respect
to segments on X and preserves V', then clearly it is equicontinuous with
respect to segments on V. The strategy for our induction argument is to
find (pg)-invariant V' C X of rank less than r.

Recall the notation introduced in Section 2.5.1, and denote by B the Killing
form on g. Given a subset ¥ C @, let ap and my be the ideals of a and
m, respectively, commuting with @,cy+08o. Let ag = aoL and my = m&,
where the orthogonal is taken with respect to the scalar product (X,Y) =
—B(X,0Y). We obtain a subalgebra of g

r= Y Gu®ayOmy® »  ga

acev— acvt
It is easy to check that gy is ©-invariant, hence reductive, and has trivial
center. It follows that gy is semisimple.

The corresponding connected subgroup Gy < G is closed. Indeed, ad(gy)
is a semisimple subalgebra of End(g), hence is an algebraic subalgebra (see
[6, Th 3.2, p 112]). For G, the corresponding Zariski closed subgroup of
GL(g), the group Ad_l(G(I,) is closed in G, and so is its identity component
Gy.
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A minimal parabolic of Gy is contained in P,,;,. The stabilizer of o in
Gy contains P, N Gy, hence is a parabolic subgroup of Gy, denoted Q.
The orbit Gy.o is a parabolic subvariety Vy = Gy /Qwy, nontrivial provided
¥ ¢ A, and of rank less than r.

Proposition 6.1. Let p;, = apny, € Hp and let ((Z}), (Y,®)) be the exponen-
tial coordinates of pr.. Then for any W C ®, the variety Vg C X is invariant
by (p). If Zi = 0 for all a; € ¥, then ay acts trivially on Vy; if V> = 0
for all « € U+ N (AT)C, then ng is trivial on Vy.

Proof: Let£c > g o and z = €.
aevt

Given (Zy) as in the hypotheses above, a(Z;) = 0, for all « € ¥*+. Thus
ad(§)Zr = 0 and Ad(z)Zy = Z, for all k. Thus agz.0 = zag.o = x.0, and
ay, acts trivially on Vy.

Now let Y € n with Y* =0 for all « € ¥". Write

(-D*
!

m
Ad@)Y =Y =Y +> (ad &)*(Y)

k=1
Note that Y'* = 0 unless \ = u+ v, with ¢ a sum with nonpositive integral
coefficients of elements of ¥ and v in (¥1)¢; in particular, u+ v has positive
coefficient on some simple root of ®\W. In this case, A is a positive root, so
Y’ ent, and ¢¥’ € P. Thus e¥z.0 = ze¥ .0 = 2.0, and € is trivial on Vy.
The above calculation with Y € Y g, shows that Vg is invariant by e ’;

acvt
it is easy to see that A leaves Vi invariant. For invariance under a general

sequence pr = agny in Hp, we can use the following basic lemma, the proof
of which we leave to the reader:

Lemma 6.2. Let N be a simply connected nilpotent Lie group with Lie
algebra n. Let ng be an ideal of n, and let Y, Yy be elements of n and ng.
Then there exists Yy € ng such that

/
Y Yo — VYo,

This lemma allows to write ny = eVkelUr with W), € > 8o and Uy €
aevt

3" ga. We can then conclude because each factor ay, e'V* and eV* preserves

(FH)e

Vg. $
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The unipotent radical of Qy is N;,r A< NX with Lie algebra

g A = Sacwr\a+ba
The analogue of Hp in Gy is Hy pn = Ay X N&,"A. Note that
N =Ny, (Ng NNy,

and that the second factor is normal in Hy. We will also need below the
decomposition A = Ay - Ag\ -

6.2. The induction step. Suppose that Theorem 3.1 holds for all parabolic
models G/P of real-rank at most » — 1. We will prove using Proposition
5.7 that it holds for all models of real-rank r. Let X = G/Pp of rank
r be given, and let (pg) be a sequence of Hy which, together with all its
admissible perturbations, acts equicontinuously with respect to segments.
The aim is to show that (ng) is bounded. If not, then Proposition 5.7
gives, after an admissible perturbation, (qx) with ER(qx) containing a root
A e (AH)A\D,.
There is a proper subset ¥ of ® such that A € U*. It cannot be that ¥ is
contained in A because A € (AT)¢. Now ¢ € Hp preserves Vi by Proposi-
tion 6.1; denote the restriction by (g;,), which is a sequence of Qy, and let
ajn), be the decomposition into components on Ay and N\; A» respectively.
Because A € ER(qy), it follows that (n},) is unbounded.

Asrkr Gy < r—1, the induction hypothesis yields a contradiction, provided
that all admissible perturbations of (q;,) in Gw act equicontinuously with
respect to segments on Viy. Admissible perturbation in Gy means more
precisely that vertical and transverse perturbations are as in Section 2.4
with gg in place of g, and @y in place of P, and Weyl reflections are done
with respect to roots a in (¥ N A)*. The following lemma ensures that (g},)
satisfies the hypotheses of Theorem 3.1 and allows us to apply our induction
hypothesis:

Lemma 6.3. Let X = G/Py be a parabolic variety, and (qi) be a sequence
of Hy. Assume that (qy) preserves a parabolic subvariety Viy on which it re-
stricts to (q,). If every admissible perturbation of (qx) acts equicontinuously
with respect to segments in X, then every admissible perturbation of (q;.) in

Gy acts equicontinuously with respect to segments in V.
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Proof: We will prove that any admissible perturbation of the sequence (g}.)
in Gy can be obtained by an admissible perturbation of (gx), restricted to
V. Assume that (p},) is obtained from (g},) by an admissible perturbation in
Gy. We seek an admissible perturbation (py) of (gx), such that py preserves
Vi, and the restriction of py, to Vy, is precisely pj.. Existence of such (pj) can
be checked for each of the three kinds of admissible perturbations in Gy:

(1) vertical perturbation: There are bounded sequences (l;) and (my)
in Qu such that p) = lyq;,mi on V. Because Qu < P, the desired vertical
perturbation of (gx) in G is simply (pr) = (lkqemu)-

(2) transverse perturbation: In this case, write p}, = e "q,e* where
(nk) and (&) are two sequences of gy \ qu tending to 0. As these are also
sequences of g\ p, we can set py = e M qrefk; we will show that this is a
transverse perturbation in G.

Let « € V. Observe that because &, n; € gw,

e M qpek g = e_snkq;esgk.x VseR,;
thus e %" qe%¢k preserves Vi and acts on it by e*S”kqgesgk. Taking © = o
gives e Mk qesth 0 = e*s”kqgesgk.o = 0, because the latter is in Qg for

all s. This proves e *Tq,esk € P for all s € R, and p, is a transverse
perturbation of gg.

(3) Weyl reflection: Let r, € Aut(Gy) realize the Weyl reflection p,, for
a € (PN A)T. Decompose, using Lemma 6.2,

n_r. 1N
qk = N = ApQENEn,

where a), € Ay, nj, € N\;A, ay € Ag\y, and nj € (Ng NNY). By Propo-
sition 6.1, both a} and n} are in the kernel of the restriction to Vi, so we
can write g) = ajnj.

Now let 7, be an automorphism of G effecting p, on a*. Because a €
(U N A)*, the derivative of 7, preserves the Lie algebras ay, tg\w, ng A
and (n§ Nn}), so 7, preserves the corresponding connected subgroups in G.
Thus 7o(q;,) = 7a(q},), and

foz(Qk) = fa(a%)ra(q;{:)fa (nlkl)
preserves Vy and restricts on it to ro(q;,), as desired.

The proof by induction of Theorem 3.1 is now complete, once we prove
Proposition 5.7.
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6.3. Proof of Proposition 5.7 (assuming the root system of g is not
+

of type G3). Proposition 5.7 is vacuously true if the set ®;.  is empty.

Thus, we assume from now on that G is a simple Lie group.

Let (px) = (agng) be a sequence of Hy with (ng) unbounded. That means
ER(px) € (AT)¢ is nonempty. If it contains a root not in @}, . then there
is nothing to show, so we suppose that FR(py) C ®; .. Define the degree
of € ®T to be the sum of the coefficients in the unique expresssion of «

as a nonnegative integral linear combination of roots in ®.

Let Y, = Innyg. By Proposition 5.1, we may assume Yk)‘ =0for A ¢ ER(py).
To prove that an admissible perturbation of (py) results in (qx) with ER(q)

not contained in @ = we will show that for any A € ER(py) of minimal

max?

degree, there is a sequence of admissible operations resulting in X' € ER(qy)
with the degree of X strictly lower than the degree of \.

Let A € ER(px) C @', of minimal degree. There is some o € ® with

max
(o, \) > 0; otherwise, A would be in the negative of the Weyl chamber
spanned by ®, contradicting that it is a positive root. For such «,
2(c, A
Aoy = < > >0

(@, )

Case a € A. In this case, the Weyl reflection p, € Wy yields
pa(A) =N =X — Agna € (AT)°

of smaller degree. The admissible operation 7, yields g, € Hp with X €
ER(q).

Case o € ®\A. Note that v = A\ — a € &, because A — A ya € ¢, and

strings are unbroken.

If P = P, is not a maximal parabolic with A = ®\{«a}, then (py), «, and v
satisfy the hypotheses of Proposition 5.5, which thus gives another holonomy
sequence (qx) with v = A — o € ER(qy), which has lower degree than .

Now suppose P is a maximal parabolic, with A = ®\{a}. Every root in
ER(pg) has the form \; = m;a + p;, where m; > 1, and p; is in the positive
integral span of A. If none of the u; is a root, then again the hypotheses
of Proposition 5.5 are satisfied, so, as above, there is a holonomy sequence
(qr) with A — a € ER(qx)-

Thus we may assume that p; is a root for some 4.
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Lemma 6.4. Let Py < G be a maximal parabolic with A = ®\{a}. If
ma+p € ®F . form > 1 and p € AT, then « is a valence-one vertex of
the Dynkin graph of g—that is, Ayg # 0 for exactly one element B € A.

Proof: The root u belongs to some basis of simple roots, and the Weyl
group W acts transitively on such sets (see [7, Th 2.6.3]), which means there
is p € W sending some «; € ® to p. This p is moreover a product p;, - - - p;,
of Weyl reflections. Let pug = o; and p; be the result after performing
J reflections. Then one can see that at each step, p; is a positive root,
comprised of simple roots that are a connected subset of the Dynkin graph.
If p;; is the reflection at the jth step, then «;; is connected to exactly one
of the simple roots appearing in ;1 because the Dynkin diagram is a tree,
and it adds a positive multiple of a;; to make f;.

We conclude that the elements of ® appearing in the decomposition of p
correspond to a connected subset of the Dynkin graph. These are precisely
the elements of A = ®\{a}. As the Dynkin graph is a connected tree, the
conclusion follows.

Let A = {B1,...,Br—1}. Assume A,g # 0, and write § = (1. Write
Ni = N =mla+ where i/ = Y f; € Af,.. Now Ay = ¢ Aqps and
Ao = ¢ Agq. The product

Agpr Ay = (4)? AnpApa € {1,2,3}.

(Although our root system is not necessarily reduced, the value 4 could only
occur for p/ = 2a or aw = 24/, neither of which is the case.) Then ¢j = 1. If
AnpApq = 1, then the a-string of 1/ comprises y/ and p/ + a. Hence m’ =1
and X' = p' 4+ a. The p/'-string of a comprises a, \'. Now p,/(\') = a, so the
Weyl reflection r,/(py) is an admissible perturbation resulting in (gz) with
a € ER(qg)-

We will now suppose Ay3As, > 2 and that A € ER(py) with Ayy > 0 as
above has minimal degree. Under the assumption that g is not of type Ga,
there are no triple bonds in the Dynkin diagram of g, so A,gAg, = 2. Write
A =ma+ p, where u = > ¢;f;—not necessarily a root—with ¢; > 1 Vi.

Because A — Ay« is a positive root,

(6) 0< Aoy =2m + ClAaﬂ <m
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Type C,. First assume that A,g = —1 and Ag, = —2. Then the set @

max

comprises, fori =1,...,r — 1,
M=a+bi+ - +6-1, i=X+bi+-+05

The only possible value of m is 1. Then (6) gives Agy =1 =2—¢1,80¢1 =1
and A = Xg. If > 2, then Ag._ ,x =1,50 pg, ,(\) =a+p1+ -+ Br_a.
Then rg,_, is the desired admissible perturbation.

The remaining possibility is r = 2 with ER(px) = {a + B,a + 28} or
simply {« + S}. In the first case, the Weyl reflection rg results in (gi) with
a € ER(qi). In the second case, there is a rank-one subvariety V) C X left
invariant by (pi) and on which it restricts to (ajnx) with (nj) unbounded.
Proposition 4.1 leads to a contradiction.

Type B, or BC,. Next consider A,g = —2 and Ag, = —1. For B,, the set

;. comprises, for i =2,... 7,

/\0=Oé+51+"'+ﬂr—1a )\1:/\0+a, )\iz)\l‘i‘ﬁl‘f‘""f’ﬁi—la

while for BC,., it comprises the set above together with 2Ag. The possibility
m = 1 is incompatible with (6). If m = 2, then the same inequality implies
c1 =1,80 A= A;.

As above, if r > 2, then pg. ,(X) = 2a+ 1+ -+ Br—2, so a Weyl reflection
rg,_, is an admissible perturbation with the desired effect. Otherwise, r = 2
and A\ = 4 2. In this case, as A is an element of ER(py) of minimal
degree, ER(pr) = {\}. Restricting to the rank-one subvariety V) as above
yields a contradiction.

6.4. Proof of Proposition 5.7 for G,. Assume g is of type Go, and write
® = {«, 8} with |a] < |B|. Then

o ={a+p,2a+ B,3a+ B3,3a + 28}

Assume first that A = {a}, so Ayg = —3. Given A € ER(py) of minimal
degree, the goal is to find an admissible perturbation (gqx) with § € ER(qy).
As in the previous section (but with the roles of « and 8 switched), we can
assume that Agy > 0. The two possibilities for A are thus 3o+ 23 or a + S.
In the first case, A is the only element of ER(py), so we can conclude using
Proposition 4.1 as in the cases of Co and Bs. In the second case, we apply
Proposition 5.6. We can assume, after passing to a subsequence, that a/(Zy)
is bounded either below or above. If it is bounded below, then a vertical
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sliding on (pg) yields (gx) with 8 € ER(qg), as desired. If a(Z) is bounded
above, then vertical slidings give 3a+ /3 in ER(qx). Then the Weyl reflection
T on (qi) gives (sk) with 5 € ER(sy).

Now consider A = {3}, so Agq = —1. The condition A,y > 0 leaves the
possibilities 2a+ 5 or 3a+ g for A. Unfortunately, the tools used above don’t
help in either of these cases. The solution is to slide along —c«, although it
does not satisfy the hypotheses of Proposition 5.5.

Let S = Z(5)Sp be the reductive complement in a Levi decomposition of Pg,
where Sy is simple of rank one. The group S admits a K AK decomposition,
where A = exp(a) as defined above, and K is a maximal compact subgroup
of Sp. Write N; for the unipotent radical of Pg. The decomposition of
the corresponding Lie algebra ng into irreducible subspaces under Ad(S) is
E1 @ By ® B3, where By = go @ ga+4; E2 = g2a+8; and E3 = g3q+438 P 93a+23-
This decomposition can be seen from the fact that s is contained in the sum
of root spaces g_g ® go © g3-

Recall that py = arny with YV =0if v ¢ ER(py). Let & — 0 in g_, and
x, = €%k, and set

—Ad —1
g =€ (ak)fkpkefk = apa; Ny

Just as in the proof of Proposition 5.5, Ad(ay)&: — 0 and (g) is a transverse
perturbation of (pg); it is in particular a sequence in P, although it may not

be in Hg. More precisely, x;lnkxk € N7, which can be deduced from the

formula,

m .
1 (=1) :
Ad(z)Ye =Y+ Y i (ad &,)7 (V)

j=1
with Y, = Inng. Using Lemma 6.2, write ¢ = akukn’é with agur € S and
ny € Ng. Proposition 5.3 gives that A — a € ER(n}). Performing this
transverse sliding twice if necessary, depending on A, we arrive at a + 8 €
Next, let I;a;l, be the KAK decomposition of ajuy in S. Finally, set

qp = apny, where nj, = l,;ln/k’lk

Note that a}, € A and n} € N, so g, € Hg. Clearly (q;) is a vertical pertur-
bation of (gx), so it is an admissible perturbation of (pg). The conjugation
by I on NE preserves the subspace E1 = go @ ga+3, S0 ER(g),) contains a
or o+ 3. If it only contains a + 3, then we perform a Weyl reflection rg to
finally obtain an admissible perturbation (g;) of (px) with a € ER(qy)).
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