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Abstract—The paper focuses on the kinematics control of a 

compliant serial manipulator composed of a new type of dual-

triangle elastic segments. Some useful optimization techniques 

were applied to solve the geometric redundancy problem, 

ensure the stability of the manipulator configurations with 

respect to the external forces/torques applied to the end-

effector. The efficiency of the developed control algorisms is 

confirmed by simulation. 
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I.  INTRODUCTION 

Compliant serial manipulators attracted much attention in 
robotics in recent years [1][2][3]. Numbers of novel 
mechanisms appeared recently, which include not only rigid 
components but also elastic ones, allowing to achieve 
excellent flexibility and ability of shape-changing in 
accordance with the environment. One of the promising 
trends in this area is using tensegrity mechanisms, whose 
important advantages are simple design and low weight. 
However, because of the geometric redundancy and 
complicated elastostatic properties, the kinematics control of 
such manipulators is not simple and requires the solution of 
some theoretical problems considered in this paper. 

Robotic manipulators are normally classified into three 
types conventional discrete, serpentine, and continuum 
robots [4][5][6][7], the typical earlier hyper-redundant robot 
designs can be date back to 1970s [8][9]. While designing 
such a manipulator, researchers are inclined to use a series of 
similar segments. Relevant studies based on the tensegrity 
mechanisms focus on the compressive elements and tensile 
elements (cables or springs). To achieve the desired 
configurations while working, the manipulators must avoid 
reaching the unstable equilibriums, but as the number of the 
mechanism segments increase, the kinematic analysis and 
control are more and more difficult [10][11][12][13]. 

A new type of compliant tensegrity mechanism was 
proposed in our previous papers [14][15]. It is composed of 
two rigid triangle parts, which are connected by a passive 
joint in the center and two elastic edges on each side with 

controllable preload. In this paper, we study a compliant 
serial manipulator composed of the dual-triangle segments 
mentioned above, concentrate on the redundancy problem 
based on the kinematic analysis. Relevant results will be a 
good base for further investigation. 

II. MECHANICS OF DUAL-TRIANGLE MECHANISM 

Let us consider first a single segment of the total serial 
manipulator to be studied, which consists of two rigid 
triangles connected by a passive joint whose rotation is 
constrained by two linear springs as shown in Fig. 1. It is 
assumed that the mechanism geometry is described by the 
triangle parameters (a1, b1) and (a2, b2) , and the mechanism 
shape is defined by the angle that can be adjusted by means 
of two control inputs influencing on the spring lengths L1 and 
L2. Let us denote the spring lengths in the non-stress state as 

0

1L and 0

2L ，and the spring stiffness coefficients k1 and k2. 

To find the mechanism configuration angle q 

corresponding to the given control inputs 0

1L and 0

2L , let us 

derive first the static equilibrium equation. From Hook’s law, 

the forces generated by the springs are 0( )i i i iF k L L   (i =1, 

2), where L1, L2 are the spring lengths |AD|, |BC| 
corresponding to the angle q. These values can be computed 

using the formulas 2 2

1 2 1 2( ) 2 cos( )i i iL c c c c     (i =1, 2). 

Here 2 2

i i ic a b   (i =1, 2), and the angles 
1 ,

2   are 

expressed via the mechanism parameters as 
1 12 q   , 

2 12 q   , 12 1 1 2 2atan( / ) + atan( / )a b a b  . The torques 

M1=F1·h1, M1=F2·h2 in the passive joint O can be computed 
from the geometry, so we can get 



0

1 1 1 1 1 1 2 1

0

2 2 2 2 2 1 2 2

( ) (1 ( )) sin( )

( ) (1 ( )) sin( )

M q k L L c c

M q k L L c c

 

 

  

  


where the difference in signs is caused by the different 
direction of the torques generated by the forces F1, F2 with 
respect to the passive joint. Further, taking into account the 
external torque Mext applied to the moving platform, the 



 
Figure 1.  Geometry of a single dual-triangle mechanism. 

 

Figure 2.  The torque-angle curves and static equilibriums for 
0 0

1 2L L  ( 0 0q  ). 

static equilibrium equation for the considered mechanism 
can be written as M1(q)+ M2(q)+Mext =0. 

Let us now evaluate the stability of the mechanism under 
consideration. In general, this property highly depends on the 
equilibrium configuration defined by the angle q, which 
satisfies the equilibrium equation M(q)+ Mext =0. As follows 
from the relevant analysis, the function M(q) can be either 
monotonic or non-monotonic one, so the single-segment 
mechanism may have multiple stable and unstable 
equilibriums, which are studied in detail [14][15]. As Fig. 2 
shows, the torque-angle curves M(q) that can be either 
monotonic or two-model one, the considered stability 
condition can be simplified and reduced to the derivative 
sign verification at the zero point only, i.e. M’(q)q=0<0, which 
is easy to verify in practice. It represents the mechanism 
equivalent rotational stiffness for unloaded configuration 
with q=0. 

For the symmetrical case, when a1=a2=a, b1=b2=b, k1=k2, 
0

iL = 0L , expressions (1) can be essentially simplified and 

investigated in detail. It can be proved that relevant torque-
angle relations can be either monotonic or non-monotonic, as 
presented in Fig. 2. It can be also shown that the 
monotonicity condition can be expressed as follows [14][15] 

  0 22 1 ( )L b a b   

which is easy to verify, and will be used in the following 
sections to ensure the stability of the kinematic control.  

III. KINEMATICS CONTROL OF MANIPULATOR  

As follows from the mechanism structure (see Fig. 1), the 
desired configuration is defined by a single variable q which 

is adjusted by two control variables 0

1L and 0

2L . The latter 

creates redundancy and ambiguity in control inputs selection. 
To eliminate this difficulty, it is reasonable to define 

0

1L and 0

2L  in a symmetrical way, i.e. as 0 0

1L L   and 
0 0

2L L  . This allows us to write the static equilibrium 

equation for every single segment as follows 

2 2 02 ( )sin( ) sin( 2) cos( 2)qM k b a q L b q a q        

and present the corresponding control law ( )q  for the 

unloaded case ( 0extM  ) in the following way 

  0 2 2( ) sin( 2) ( )sin( ) cos( 2)q L b q b a q a q      

It should be noted that the desired configuration defined by 
the angle q should always satisfy the geometric constraints 
derived in our previous paper [14][15]. The obtained results 
are presented in Fig. 3. Also, for the proposed control 
strategy it is necessary to carefully select initial values of 

control inputs 0 0

1 2L L , in order to avoid the negative 

equivalent rotational stiffness causing instability of the 
desired configuration of the mechanism. 

In a more general case when 0extM  , to achieve the 

desired configuration with the angle q and the external 

loading extM , the control input   should be computed using 

a revised expression 


0 2 22 sin( 2) ( )sin( )

( , )
cos( 2)

ext
ext

M k L b q b a q
q M

a q

  
 




which shows that in the loaded case, the symmetrical 
configuration with q0=0 is achieved by applying a non-zero 
control input Δ that compensate the external loading. 
However, it is necessary to be also careful here about the 
selection of the parameter L

0
 , which in some cases can cause 

negative stiffness leading to the buckling phenomenon. 
Let us consider now a compliant manipulator composed 

of three similar segments connected in series as shown in 
Fig. 4, where the left-hand-side is fixed and the initial 
configuration is a “straight” one (q1=q2=q3=0). This 
configuration is achieved by applying equal control inputs to 
all mechanism segments. For this manipulator, to derive the 



 

Figure 3.  Relations between the control input  , sensitivity 

coefficient K, and the desired configuration angle q 

 

Figure 4.  The torque-angle curves and static equilibriums for 
0 0

1 2L L  ( 0 0q  ). 

desired control algorism, it is necessary to evaluate the 
influence of the external force Fe=(Fx, Fy), which causes the 
end-effector displacements to a new equilibrium location 

( , ) (6 , )T T
x yx y b     corresponding to the nonzero 

configuration variables (q1, q2, q3). It is also assumed here 
the external torque Mext applied to the end-effector is equal to 
zero. It can be easily proved from the geometry analysis that 
the configuration angles satisfy the following direct 
kinematic equations 


1 12 123 1 12 1232 2 ; 2 2x b bC bC bC y bS bS bS       

where  123 1 2 3cosC q q q   ,  123 1 2 3sinS q q q   ,  

 12 1 2cosC q q  ,  12 1 2sinS q q  , 
1 1cosC q , 

1 1sinS q . These two equations include three unknown 

variables 
1 2 3( , , )q q q and allow us to compute two of them 

assuming that the remaining one is known. For instance, if 

the angle 
1q  is assumed to be known, the rest of the angles 

2q ,
3q  can be computed from the classical inverse 

kinematics of the two-link manipulator as follows  

 

 

3 3 3

2 1 1 3 3 1

atan

atan( 2 2 ) atan 2

q S C

q y bS x b bC bS b bC q



      
 



where    
2 2 2 2

3 1 12 2 5 4C x b bC y bS b b      
 

, 

2

3 31S C   . It is clear that the latter expressions provide 

two groups of possible solutions corresponding to the 

positive /negative configuration angles 3 0q  and 3 0q  .  

To achieve the desired end-point position (x, y), it is clear 
that there is an obvious redundancy here related to the 

selection of three configuration angles 
1 2 3( , , )q q q allowing to 

reach the target point described by two Cartesian 
Coordinates (x, y), but this problem is outside of the stiffness 
analysis and should be solved using other techniques 
(obstacle avoidance, minimization of joint motions, etc.) The 
simplest way to overcome the redundancy problem is to 
minimize the joint motions by moving from the initial 

configuration o o o

1 2 3( , , )q q q  to a final one 
1 2 3( , , )q q q  

corresponding to the desired end-point (x, y). This objective 
can be expressed formally in several ways, for example as 
 
a) Minimization of the total sum of the joint angle 

increments:  
3

1

mino
i i

i

q q


  ;  

b) Minimization of the largest joint angle increment: 

max mino
i i

i
q q   

It is clear that such an optimization problem should be 
solved with respect to the two scalar constraints arising from 
(6). The latter gives us a simple numerical technique where 
the joint angle q1 is an independent variable and angles q2, q3 

are computed via the inverse kinematics (7) taking into 
account the duality expressed by the ‘  ’ sign. An example 
of this approach is presented in Fig. 5 where the objectives (a) 
and (b) give slightly different solutions both of which are 
acceptable in practice. There is also an alternative approach, 

 
c) Minimize the total sum of joint angle increment squares 

:  
3

2

1

mino
i i

i

q q


  ,  

For this objective, if the initial and target points are close 
enough, we can apply linearization and express the direct 
kinematic constraints in the form of two linear equations 


2 3ij 

   Δp J Δq 

where 


1 12 123 12 123 123

1 12 123 12 123 123

2 2 2

2 2 2
ij

bS bS bS bS bS bS

bC bC bC bC bC bC

      
         
J 

T

0 0( , )x x y y  p and o o o

1 1 2 2 3 3( , , )Tq q q q q q   Δq , 

Such approach leads the following constraint optimization 
problem: minimize the function of the joint angle 

increments 1 2 3, ,q q q    

  2 2 2
1 2 3 1 2 3( , , ) 2 minf q q q q q q      @ 



 

Figure 6.  Relations between the control inputs ( 1 , 2 , 3 ) and the desired end-point position (x, y) with an initial configuration 

0 ( 0.1, 0.1, 0.1)q   and parameters a/b=1.0, Lo/b=1.0 (unloaded case 0xF  , 0yF  ). 

 
Figure 5.  Kinematic control of a redundant manipulator via 

minimization of objectives (a) and (b). 

subject to the equality constraints 


 

 

1 1 2 3 11 1 12 2 13 3

2 1 2 3 21 1 22 2 23 3

( , , ) 0

( , , ) 0

g q q q x J q J q J q

g q q q y J q J q J q

          

          

@

@
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These problems can be solved using the Lagrange technique 
by minimizing the function of five variables 

1 2 3 1 2 1 1 2 2( , , , , ) (.) (.) (.) minL q q q f g g        @  , 

where 1  and 2  are Lagrange multipliers. Further, after 

setting to zero the gradient 0L  , which is composed of 

the partial derivatives, one can obtain the following scalar 

equations with respect to the variables iq  and 

j ,( 1, 2, 3i  ). 


2 3 3

1 2

1 1 1

0 ; ;i j ji i i i i

j i i

q J J q x J q y
  

         

that can be presented in the matrix form as follows 

3 3 3 2 3 1

2 3 2 2

T
  

 

      
      

     

I J q 0

J 0 λ p
 ,             

where  
T

1 2, λ . Using the block matrix inverse, the 

desired solution can be expressed as 



1 1
3 1

1 1

( ) ( )

( ) ( )

T T T T

T T

 


 

      
      

      

q I J JJ J J JJ 0

λ JJ J JJ p
,

which yields the following vector of the joint angle 
increments 

  
1

T T


  q J JJ p 

It should be noticed that the latter expression is similar to 
the matrix pseudo-inverse of Moore-Penrose. Besides, to 
achieve the equilibriums corresponding to the desired 
configurations, the three-segment mechanism must be 

controlled by three pairs of the control inputs ( 0 0

11 12,L L ), 

( 0 0

21 22,L L ) and ( 0 0

31 32,L L ).To simplify the mechanism control, 

let us apply the symmetrical approach in previous, which 
allows using only three control variables  (

1 2 3, ,   ) 

producing six physical control inputs 0 0

1i iL L  , 
0 0

2i iL L    with 1, 2, 3i  , where the values of 
i are 

computed using formulas from the one-segment mechanism 
control law (4).The above-described approach gives us the 
following algorithm for the control of the three-segment 
mechanism: 

1) Using the direct kinematics equations (6) and 

additional objectives allowing to resolve the kinematic 

redundancy, compute the configuration angles 

1( , )q x y , 2( , )q x y and 3( , )q x y corresponding to the 

desired end-point position ( , )x y  and ensuring the 

manipulator “minimum motions” of the joints. 
2) Using expression (4), compute the control inputs 

1 1( )q , 
2 2( )q and

3 3( )q  for the three segments 

corresponding to the configuration angles (q1, q2, q3). 

An example of computing based on the above algorithm is 



presented in Fig. 6, where the mechanism parameters 
a/b=1.1, L

0
/b =0.7 were chosen to ensure the mechanism 

stability in the unloaded mode 0extM  , and the initial 

configuration is 0 ( 0.1, 0.1, 0.1)q   . 

In more general case when the external forces ( ,x yF F ) are 

not equal to zero, it is also suggested to solve the redundant 
inverse kinematic problem using the above-presented 
objectives (a), (b), (c) (i.e. to use the configuration angles q1, 
q2, q3 from the unloaded case), but to compute the modified 
control inputs allowing to compensate the external load. The 
corresponding algorithm implementing this technique is 
presented below. 

1) Using the direct kinematics equations (6) and 

additional objectives allowing to resolve the kinematic 

redundancy, compute the configuration angles 

1( , )q x y , 2( , )q x y and 3( , )q x y corresponding to the 

desired end-point position ( , )x y  and ensuring the 

manipulator “minimum motions” of the joints. 

2) Compute the joint torques 1 2 3( , , )q q qM M M  

corresponded to the external force ( ,x yF F ) applied at 

the manipulator end-point. 
3) Using expression (5), compute the control inputs 

1 1( )q , 
2 2( )q and

3 3( )q  for the three segments 

corresponding to the configuration angles (q1, q2, q3) 

and the joint torques 1 2 3( , , )q q qM M M . 

It can be demonstrated that such algorism can ensure the 
stable configurations of the manipulator. 

IV. CONCLUSION 

The paper focuses on kinematic control of the compliant 
serial manipulator composed of a new type of dual-triangle 
tensegrity mechanisms, which are composed of rigid 
triangles connected by passive joints. The manipulator shape 
is controlled by adjusting the initial lengths of the elastic 
components located on two edges of each compliant segment. 
The main difficulties in control of such mechanisms are 
related to geometric redundancy and complicated behavior 
under the loading, which may be unstable if the control 
inputs are not selected properly.   

The developed control algorism allows users to compute 
the control variables, which ensure the end-effector 
displacement to the desired location using very efficient 
motion that corresponds to minimum increments of all joint 
coordinates simultaneously. Besides, during such motion, 
these control inputs ensuring elastostatic stability of the 
manipulator shape with respect to the external forces/torques 
applied on the end-effector. The proposed algorism were 
carefully investigated via simulation, which confirmed via 
the results presented in this paper. Further research based on 
this study will focus on the more complicated manipulator 
motions in a constrained environment. 
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