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Abstract

The present work addresses the micromechanical modeling and the simulation of crack initiation and prop
agation in ductile materials failing by void nucleation, growth and coalescence. A cohesive-volumetric ap- 
proach is used and the overall material behavior is characterized both by a hardening bulk constitutive law 
and a softening surface traction-separation law embedded between each mesh of a finite element discretiza- 
tion. The traction-separation law sums up accross a surface all the ductile damage processes occurring in a 
narrow strain localization band, while the bulk behavior concerns the other elasto-plastic effects. The pro- 
posed cohesive zone model is based on a micromechanical approach where the Gurson-Tvergaard-Needleman 
ductile damage model is adapted to the reduced kinematics of a surface while ensuring the complete effect 
of the strain rate or stress triaxiality both on the local plasticity and on the void growth. The correspond- 
ing cohesive model is implemented in the XPER computer code using the Non-Smooth Contact Dynamics 
method where cohesive models are introduced as mixed boundary conditions between each volumetric finite 
element. The present approach is applied to the simulation of crack growth in a standard ferritic steel. 
Results are compared with available experimental data. The efficiency of the proposed cohesive-GTN model 
is underlined since the shape of the cohesive law and its mechanical parameters arise directly from the 
micromechanical approach without any ad hoc fitting parameter.

Keywords: Ductile fracture, Cohesive zone model, GTN model, Crack growth simulation, Triaxiality
effects
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Nomenclature

H, dû domain and its boundary 
JE strain rate
Em, Eeq hydrostatic and équivalent parts of the strain rate 
njE strain rate triaxiality, equation (4)
p in-plane strain rate
f porosity
f * effective porosity related to the void coalescence, equation (8)
fc porosity at onset of void coalescence
ff porosity at final failure
a0 yield stress of the matrix material surrounding the voids
ay flow strength of the matrix material
e average plastic strain of the matrix material
R, [u] stress vector and displacement jump across the cohesive zone
n, t, s vectors defining the normal-tangent basis
h thickness of the localization band summarized by the cohesive zone
H, D functions of Gurson model, equation (2)
X couple of variables ,q1f *(f )}

1. Introduction

Many materials used in nuclear plants are polycristalline materials that exhibit a ductile behavior at high 
temperature, e.g. ceramic materials such as uranium dioxide [1] or mixed oxide fuels, metallic alloys used 
for the reactor pressure vessels [2], structural components within the vessels, etc. Simulation of the fracture 
of these materials under accident conditions is of great interest when assessing the safety of nuclear plants. 
One of the process of ductile fracture is the nucleation and growth of microscopic voids under accumulation 
of plastic strain in some regions [3, 4]. As a consequence, these regions are softened and the deformations 
can localize into some narrow band, referred as fracture process zone, where coalescence of voids occurs and 
leads to main cracks [5].
On one hand, a widely used framework to describe such a damage process in ductile materials is the 
continuum micromechanics, based on a physical modeling of the kinematics of voids nucleation, growth 
and coalescence inside a matrix material. Within this approach, the Gurson-Tvergaard-Needleman (GTN) 
model [6-9] is surely the most widespread model to characterize the ductile fracture.
On the other hand, Cohesive Zone Models (CZM) are widely used as numerical models leading to creation 
of surface as a limit case of strain localization, [10, 11] among others. This phenomenological approach 
of fracture is based on the pioneering works of [12] and [13] who proposed to introduce a process zone 
at the crack tip in order to avoid the unrealistic unbounded stresses predicted by Linear Elastic Fracture 
Mechanics. In such an approach, the stress remains finite and tends to vanish while the crack tip is opening. 
In the standard cohesive surface theory of fracture, the crack growth is modeled as a decohesion of two 
surfaces within a continuum material. Therefore, the cohesive stress corresponds to the amount of stress 
which is needed to initiate the separation of the two surfaces. In this framework, the overall material 
behavior is characterized by two constitutive relations, the volumetric (bulk) stress-strain constitutive law 
and the traction-separation law across the cohesive surface embedded in a three-dimensional continuum. 
The traction-separation law is expressed as a relationship R = R([u]) between the stress vector R and 
the displacement jump [u] across the two surfaces. For a given material, the shape of the curve R([u]) is 
generally unknown and many a priori shape functions are proposed in the literature, see [14-17] to cite few. 
The CZM is thus fully determined by the data of some mechanical surface parameters as cohesive energy 
and toughness [16, 18, 19].
It is worth noting that the particular case of the simulation of tearing of ductile metal plates with the help of
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cohesive zone models has recently given rise to several papers [20-23]. As pointed out by [23], cohesive zone 
modeling is often combined in practical situations with shell modeling. Cohesive zone models have been 
elaborated and calibrated in these works, using numerical simulations and sometimes experimental results. 
In [21], a plate tearing problem is simulated and the measured overall force-displacement response is used 
to calibrate the cohesive zone. In [20], the complex sequence of events that occurs during failure is studied 
in details with a GTN model. During a mode I loading crack growth, the fracture process is simulated by 
a 2D plane strain finite element model. Then, the traction-separation relationship of the cohesive zone is 
determined. This work was extended in [23] by expanding the model to 3D.
The parameters of any CZM corresponding to a bulk ductile damage model don’t have to be considered as 

pure material parameters since the ductile failure based on void initiation, growth and coalescence is strongly 
dependent on the local stress and strain states [9, 24, 25]. Previous works have introduced ad hoc dependence 
of cohesive parameters on surrounding plastic state. For example, [26, 27] propose to add a dependence on 
the accumulated plastic strain of the material adjacent to the cohesive zone. In [28, 29], a stress triaxiality 
dependent cohesive model is formulated by the use of elastic-plastic constitutive relations combined with 
a softening law under plane strain and plane stress conditions. The behavior of the traction separation 
law up to the peak stress is established to replicate the linear elastic and strain hardening behavior of an 
undamaged material in plane strain [30] and plane stress [29]. The resulting behavior is therefore a function 
of the path in the stress space (thus the stress triaxiality) and elastic-plastic constants. The softening after 
the peak stress is characterized by an exponential smoothing function. Another approach to determine the 
ductile cohesive parameters from a micromechanical basis consists in considering a Representative Volume 
Element (RVE) composed of a Gurson-like material and identifying the cohesive parameters of an a priori 
given CZM to fit the overall response of the RVE. This idea has been introduced by [16] who studied the 
behavior of a GTN unit cell under uniaxial strain conditions. Since the void growth and coalescence at high 
stress triaxiality is the main microscopic mechanism of ductile fracture, this approach has been extended 
by [30-32] to take into account the local stress triaxiality as an internal variable of a cohesive model. They 
have determined the cohesive parameters dependence on the stress triaxiality by the numerical study of a 
plane strain or axisymmetric unit cell under different biaxial stress loadings. This approach has been further 
developed by [33, 34] for the case of rate-dependent GTN-type model.
Following the idea that the traction-separation law should represent the failure behavior of a unit material 
cell, the present work proposes to derive a CZM for ductile materials from a micromechanical approach. 
The objective is to obtain a CZM whose the shape as well as the parameters directly derive from a bulk 
ductile damage model, namely here the GTN model. The present paper is organized as follows. The second 
section details the modeling and the derivation of the CZM. The third section is devoted to its numerical 
implementation in the XPER computer code. In a fourth section, the simulation of crack growth in a 
standard ferritic steel shows the relevance of the approach by comparison to available experimental data.

2. Cohesive zone model for ductile failure

2.1. GTN model
Let us recall that Gurson yield surface [6] is based on the analysis of a hollow sphere (domain Q, porosity 

f ) made of a homogeneous and incompressible plastic matrix obeying to a von Mises yield criterion (J2 
plasticity, yield stress a0) and subjected to a homogeneous macroscopic strain rate JE on its outer boundary 
dQ, v = E ■ x on dQ, where v is the velocity field and x is the position vector. The effective dissipation 
potential corresponding to Gurson yield surface reads [6, 35]:

$G(i)
1 ^ + (Eeq)2 dy

i v y2
(1)

where Em and Eeq
VW3)Ïd : ISd, ÎSd

are respectively the hydrostatic and equivalent strain rates, Em = (1/3) tr IS, Eeq = 

= ÎS — Em i denotes the deviatoric part of the effective strain rate, and i is the second-

3



76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

order identity tensor. A general expression of the intégral (1) can be found in [35]:
$G(E) = a0Eeq [3nE H (VÈ > / ) + D(njs, /)]

with

(2)

H(nEJ ) = 2 (arcsinh ( —) - arcsinh(2nE5U and D(nÈJ ) = J(2nE)2 + 1 — \/(2ve)2 + f2 (3)2 2n^
3 v V /

where the effective strain rate triaxiality reads

nE
E m

EEe,
(4)

(5)

The macroscopic stress S = d$G/dE is derived from the effective potential (2)

£m = aoH(nE> f ) and £eq = V0D(nE? f )

where £m = (1/3) tr S is the hydrostatic stress, £eq = \J(3/2)Sd : Sd the equivalent stress and 

S — £m i the deviatoric part of S. Gurson yield criterion is thus obtained by eliminating the kinematic 
parameter nE between the hydrostatic and equivalent stresses in (5):

Sd

^G(S, /) = 3q + 2/coshf3^) — 1 — /2
2 „ / - ' 0 (6) 

;0 \2 ao J
Various modifications of the Gurson criterion have been progressively introduced in the literature to better fit 
unit-cell simulations or to take into account cavities interaction and coalescence, etc and can be summarized 
by the so-called Gurson-Tvergaard-Needleman (GTN) model [8]:

£2.

^GIN (S, /) = _eq + 2q/* cosh -q2 — 1 — <73/*2 = 0
a2 V2 a0 J

where q\,q2,q3 = q2 are constants and /* is an effective porosity related to the void coalescence:

3 Sn

/ * =
/ for 0 < / < /c

/* //c + J/r~J/C(/ — /c) for /c < /

(7)

(8)
/f — /c

where /c is the porosity at onset of void coalescence, /f is the fracture porosity, /* (/f ) = /* = 1/qi. The 
following notation is introduced k = (/* — /c)/(/f — /c). Isotropic hardening can be introduced by replacing 
a0 with ay(e) in equation (7), where ay is the flow strength of the material surrounding the void. The 
scalar variable e is interpreted as an ’average’ plastic strain of the matrix material surrounding the void. Its 
evolution is governed by an equivalent plastic work expression:

S : E = (1 — /)ayÊ (9)

The evolution of the void volume fraction is given by
/ = /g + /n (10)

where / g is the void growth rate, derived from the conservation of mass
/g = (1 — / ) tr E (11)

and where f n is the rate of void nucleation. In case of strain controlled nucleation, [36] suggest to approximate 
the nucleation of new cavities by a normal distribution

/n = Ae where A(e)
/n 1sN V2iï exM 2 ■ eN

Sn
(12)

where /N is the volume fraction of void nucleating particles, eN is an average nucleation strain parameter 
and sN is a standard deviation. By doing so, the rate of void nucleation depends on the ’average’ plastic 
strain ê and its time derivative.
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Figure 1: Displacement jump across a localization band of thickness h. The ductile damage process is summarized inside this 
band with the help of a surface cohesive zone model having the same behavior as a bulk GTN model. The damage intensity 
corresponds to the effective porosity given in (8).

2.2. Cohesive interface model
Let us consider that the material domain il is made of an elastic plastic material composed of two 

régions, il- and i+, separated by a strain localization band (unit normal vector n), Figure 1. Outside the 
localization band, the material follows a J2 plasticity model without damage. Ductile damage occurs only 
inside the strain localization band and its behavior is described by the GTN model (7). The thickness h of 
the localization band is small compared to a characteristic length of i. This narrow band is then modeled as 
a cohesive surface S between i- and as usually done in problems of adhesive solids [37, 38]. Designating 
by u+ and u- the respective values of the displacement fields at the boundaries of and i- shared with 
S, the displacement jump across S is defined as:

[u] = u+ — u- = [un]n + [ut]t + [us]s (13)

in the local basis (n, t, s) where t and s are two unit vectors defining the tangent plane. Following 
[37, 39, 40], the strain rate on the cohesive surface can be approximated with the help of a scaling rule:

• [ri] Gs n [Ui]nj + [uj]n
~ h = 2h

[ul n]
A]

uh
M
2h

[û t] [ù s]
2h 2h
00

00

(14)

All these softening effects occurring into the localization band are here summarized into a zero thickness 
cohesive surface. In the present work, the parameter h is thus more related to the thickness of the localization 
band than to the void spacing length as previously proposed in [28, 31, 32, 41, 42].

In such an approximation, the in-plane components of the strain rate are neglected. The hydrostatic 
part and the equivalent part of the strain rate read respectively

Em
1 [tl n] l
3 h ’ eq

2 [ùn] 2 + 3 [ùt]2 + 3 [ils]2
3 h +4 h2 +4 h2

The strain rate triaxiality is thus obtained as

Vis
[ul n]

2 [ul n] 2 + 3[ul t]2 + 4[uls]2

The strain rate triaxiality is bounded by above by 1/2, limiting the void growth rate in equation (11). 
This is a strong limitation to develop surface cohesive model for ductile damage. This limitation is directly 
linked to the reduced kinematics of a surface. To overcome this limitation, two strategies can be considered. 
First, information about the current loading state can be transferred from the volumetric domains and

5



117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

Q- to the cohesive zone S. The underlying hypothesis is that the loading state inside the cohesive band 
remains close to the nearest continuum elements adjacent to the cohesive band. This idea was introduced 
by [27], who proposed a cohesive law depending on the average of the accumulated plastic strain over a bulk 
finite element adjacent to the cohesive zone. This idea was further extended by [31] who introduced the 
cohesive parameters dependence on the stress triaxiality of a continuum element adjacent to the cohesive 
zone. In the latter, the evolution of cohesive parameters with respect to the stress triaxiality was identified 
by simulating the behavior of a plane strain element obeying to a GTN model under different biaxial load- 
ings.
Second, the dependence of cohesive models on the stress-strain state can be improved by incorporating 
additional in-plane terms in the cohesive strain rate (14). [43] propose to determine these in-plane terms 
through the values at each side of the cohesive zone (so from the nearest volumetric elements) to enforce a 
continuity of the strain. In the present work, in order to enhance the range of stress and strain states afford
able by the cohesive model, it is proposed to extend the cohesive kinematics by introducing an additional 
in-plane strain rate p:

E [ut] Gs n 
h

+ p (t t + s s)

[U n]

h
[u t]

[u s]
2h

M
2h

P

0

[ut s]
2h
0

P

(15)

This simple choice allows the strain-rate triaxiality ng to range within ] — œ, +œ[. The rate p depends on 
the loading state provided by the volumetric finite element adjacent to the cohesive zone as presented in 
section 3.

2.3. Traction-separation law
Since the local behavior on S is described by the GTN plasticity model, the surface stress vector is 

related to the strain rate

R = S • n
+ 2 Et e

3 Een
n (16)

with Sm and Sen given by (5). A normalized stress tensor S is then defined and the stress vector R, or 
cohesive stress, reads

— S thus R = oy S • n where S • n
ffy

Snn = 1H<X> + 9D<X) J1- (M — «>

£ nt=| d(x> J1en ^

S n- = 1 D(x) £

(17)

and

Ee,
[u^ n]

h — P +7
3 [utt]2 3 [uts]

+ 7J4 h2 4 h2 3e

+2p3
h

[u n]

h — P) +7
3 [uit]2 3 [uis]

+ 7 "4 h2 4 h2

(18)
2 2

2 2

2

where x stands for the couple of variables x = {'HE, 9if *(f )}. Equation (17) shows that this cohesive 
formulation can be used in 3D since the stress vector is fully described and under mixed mode conditions 
since all components of the displacement jump have an independent role. The effect of the strain-rate 
triaxiality is taken into account through the variable x in functions H and D.
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The effective porosity f * is expressed in terms of porosity f with (8). The évolution law of porosity (10) 
(including nucleation) reads

f = (i - f )0r+2^) + a" (19)

and hardening is estimated through the average plastic strain ë using (9)

ë = 1—f (S nn ^ + S nt ^ + S ns ^ + (S tt + S ss) p) (20)

Stt = Êss = - H(x) - 9D(x)-^(^ -p) (21)
—2 9 Eeq \ h J

It is worth noting that the evolution law of e is independent of the hardening law ay(ë). Moreover we 
underline that this GTN traction-separation law can simulate ductile fracture as soon as the porosity rate f 
is not vanishing. In other words, there is no need for macroscopic crack like defect to initiate and propagate
a ductile crack with this model. We chose in the sequel to illustrate the ability of the model a compact
tension specimen but other situations can be treated as for example notched tensile bars.

2.4. Time intégration of the constitutive équations
For sake of simplicity, the dependence in time is omitted for the current time t, and thus E, f and e 

denote respectively the strain, the porosity and the average plastic strain at time t. Their values at the 
previous time step t — St are denoted by a superscript (t — St), E(t-st), f(t-st) and ë(t-st). The strain 
increment SE = E — E(t-st) is introduced. Using an explicit scheme, the time discretized equations thus 
read

f = f(t-st) + (1 - f(t-st)) (SEnn + 2Sp) + A(ë(t-st)) Së

S nn SEnn + 2 S nt SEnt + 2 S ns SEns + S tt Sp + S ss Spe = e(t st) + Se with Se =

and

1 _ f (t-st) 

SEnn - Sp

(22)

(23)

ë nn = -1 H (x(t-St)) + 9 D(x(t-st))- )
—2 9 (SE )eq

ë -=3 D<*('-s,,)(It
ë n- =2 D(*(‘-“>(lt; <24>

Stt = s„ = 1 h(x(-s')) - 9D(x(*-s'))

—2 9 (SE)eq
_ (SE)m

njS (SE)eq

where x(t-St) stands now for {pé, —if*(f(t-st))}. Thus, knowing the strain tensor at time t, together with 
the strain, porosity and average strain at time t - St, the porosity and the average strain are updated using 
equations (22), (23) and (24). Then components of the cohesive stress are evaluated straightforwardly at 
time t

Rn = ay (ë) - H (x) + - D(x)
—2 9

Rt = Oy (e)3 D(x) 

2Rs = ay ('ë)y D(x)

SEnt

(SE )eq

SEns
(SE)eq

SEnn - Sp 
(SE)eq

(25)
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2.5. Traction-separation behavior under varions loadings
In order to illustrate the potentialities of the corresponding GTN traction-separation law, we use a 

Swift-like model to describe the hardening of the material

(Ty (ë) = <to(1 + Kë)1/n (26)

where the yield stress a0 and the constants K and n are set to fit the experimental plastic flow data given 
by [32]. The material parameters of the study are specified in Table 1, where Y denotes the Young modulus 
and v the Poisson ratio.

Elasticity Y
210 GPa

v
0.3

Hardening &0 K n
470 MPa 35.0 4.5

GTN qi q2 fo k fc fN eN sn

1.5 1.0 0.0025 3.4 0.021 0.02 0.3 0.1

Table 1: Material parameters for a ferritic steel StE460 (German désignation) from [32].

First, let us consider a constant axisymmetric strain rate with the following strain

x t and - < r < 1, Enn > 0 kept constant (27)

1 + 2r
= 21-7)

Note that since the loading is proportional, the strain-rate triaxiality corresponds exactly to the strain 
triaxiality nE = Em/Eeq. Prescribing the value of r = -1/2, -1/3, 0, 1/2, 2/3 corresponds to an imposed 
strain triaxiality nE = 0, 0.125, 0.5, 2, 3.5. The evolution of the normal cohesive stress Rn/a0 (or S„„/a0) 
with respect to the normal opening [un]/h (or equivalently with respect to the strain component Enn) 
is plotted in Figure 2 (left) for the cohesive model and for a GTN material point under various strain 
triaxialities. The response of the GTN material point has been evaluated using the implicit algorithm of 
[44] dedicated to a class of pressure-dependent plasticity models.

These curves represent the cohesive traction-separation response corresponding to a unit cell made of a 
GTN material with a Swift hardening model. Since no elasticity is incorporated in the cohesive model at 
this stage, the corresponding traction-separation law is extrinsic, by opposition to intrinsic models where 
the cohesive response has an initial slope. Contrarily, the GTN material point response presents an initial 
slope because elasticity has been taken into account in the resolution of the GTN model. This explains the 
slight différence between the cohesive model and the GTN material point responses particularly highlighted 
for nE = 0.125 in Figure 2. Here, in the cohesive model, no crack tip opening is observed as long as the 
cohesive stress does not reach a given threshold. When the strain triaxiality is vanishing, this threshold is 
lower than the yield stress of the underlying matrix <r0. This threshold is about 3 — 4 times the yield stress 
when the strain triaxiality is larger than 0.1. Roughly speaking, for non vanishing strain triaxiality, if a 
ductile cohesive zone has a toughness R0, the surface damage occurs when the remote loading reaches about 
R0/3 or R0/4. This simple result is compatible with other numerical observations [45].
Moreover, when the damage occurs, the cohesive stress decreases rapidly with respect to the crack opening 
and the ductile CZM is rather brittle for such non vanishing strain triaxiality. The cohesive ductility de- 
creases when the strain triaxiality increases.

E
E, 0nn

0 r En

00

The strain-rate triaxiality reads

0
0

rlS nn
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Figure 2: Response of the cohesive model (dashed line) and a GTN material point (solid line) for (left) various strain triaxilities 
(axisymmetric strain) and (right) various stress triaxilities (axisymmetric stress).

Second, let us consider a prescribed direction of axisymmetric stress:

£(t) = k(t) = k(t)
1 0 0
0 r* 0
0 0 r*

and < r* < 1 kept constant (28)

where S“ is a known tensor prescribing the direction of the stress, k(t) is an unknown scalar defining the 
amplitude of the stress. The procedure of [46] is applied. It consists in finding E(t) and k(t) from the 
following set of equations:

X(t) = k(t)X° constitutive equations
S° : E (t) = x (29)

where x is a prescribed loading parameter. Here, a constant and positive value is prescribed for X and the 
evolution for the loading parameter is x = X t. The stress triaxiality reads

Sm = 1 + 2r* 
Seq 3(1 - r*)

Since the stress is imposed to be axisymmetric, the strain is also axisymmetric. Moreover, the stress 
triaxiality ns is prescribed. At the beginning of each time step, the value of Enn is increased and the 
increment ôEnn reads Enn — E™ St). The increment of p (or Ett), denoted by ôp, is searched such that:

ns
1 H jnsE,qi/* (/(t-St))) 
q2 D (nsE,qi/* (/(t-st))) with nsE

(ÔE )m

(ÔE)eq
(30)

Equation (30) is solved by using a Newton-Raphson algorithm, leading to an updated value for nsE. The 
value of ôp can thus be calculated by relationships presented in Appendix A, leading to an updated value 
for p. This is performed at the beginning of each time step of the explicit integration scheme presented in 
subsection 2.4. The evolution of Rn/a0 as a function of Enn (or [un]/h) from the cohesive model is plotted 
in Figure 2 (right) for various stress triaxialities. Again, the corresponding cohesive response is extrinsic 
and the cohesive ductility decreases when the strain triaxiality increases, but the cohesive model appears 
more ductile for this type of loadings. The peak stress is higher than the initial cohesive thershold and 
corresponds to the critical porosity /c.

For both type of loadings, Figure 2 illustrates the high impact of the stress and strain triaxialities on the 
evolution of the normal cohesive stress. The cohesive strength and the cohesive energy (area under the curve) 
are strongly dependent on the strain and stress triaxialities, Figure 3. The greater the strain triaxiality, 
the brittle the cohesive zone: the strength increases with respect to the strain triaxiality while the cohesive 
energy decreases. Same type of results were already pointed out by [31] and as expected, damage is hard to
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Figure 3: Dependence of the cohesive strength (left axis, black line) and of the cohesive energy (right axis, dashed line) on the 
strain triaxiality nE (Left) or on the stress triaxiality ns (Right).

Figure 4: Response of the cohesive model under a mixed mode loading (31) for various strain triaxialities.

develop at very low triaxiality. The maximal normal stress that the cohesive zone can tolerate is reached for 
a strain triaxiality about 1/2. This lack of damage for low triaxiality loadings is a limitation of the original 
Gurson model. Nevertheless, note that the model can predict damage for intermediate triaxiality loadings 
with shear. To illustrate this point, let us consider the following loading combining a normal separation [un] 
and a tangential separation [ut] (with Enn = [un]/h and Ent = [ut]/(2h)):

E
E E o 
E rE o 
0 0 rE

x t with E > 0 kept constant (31)

Prescribing the value of r = -0.5, -0.23, 0.4, 1.8 corresponds to an imposed strain triaxiality rjE ~ 
0, 0.125, 0.5, 1.2. The evolution of Rn/a0 (or Rt/a0) as a function of [un]/h (or [ut]/(2h)) from the cohesive 
model is plotted in Figure 4. Imposing a tangential separation leads to a non-zero tangential stress vector 
which exhibits damage for intermediate triaxialities.

Again, note that there is no fitting parameter in the obtained cohesive model. Once the GTN parameters 
are known, the cohesive model is fully defined. This is a major feature of the proposed cohesive model.

3. Numerical implémentation into a cohesive-volumetric finite element formulation

The numerical simulations are performed using the XPER software dedicated to the simulation of frac
ture dynamics of heterogeneous materials [47, 48]. This computer code proposes a periodic homogenization 
framework under small or finite strain theories, but it can also be used for more general structure computa
tions. XPER implementation involves a multi-contact modeling strategy based on the Non-Smooth Contact
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Dynamics (NSCD) method where cohesive models are introduced as mixed boundary conditions between 
each volumetric finite element. Each element or either a group of elements of the mesh can be considered as 
an independent body and the interface between bodies follows a frictional CZM with no regularization nor 
penalization. CZM are introduced by a slight modification of Signorini-Coulomb conditions [45, 49]. The 
bulk behavior inside each element corresponds to a hardening behavior without any damage. The damage 
is modeled at the interface between bodies by the cohesive law. Moreover, the NSCD method avoids insta- 
bilities arising with softening models, see [45, 50] for details.
For the numerical implementation, one has first to specify how the variable p is updated during the com
putation. Then, some changes have been performed regarding the cohesive zone model. Indeed, as XPER 
typically uses intrinsic cohesive zone models, a modification of the cohesive model is proposed hereafter 
to change it from extrinsic to intrinsic. Furthermore, as in a fully general structure computation the load- 
ing may be followed by an unloading situation, it has to be introduced in the cohesive model. Thus, the 
cohesive model is enriched to ensure that the unloading case is properly handled. Finally, the model has 
been implemented under the assumption of proportional loading and the cohesive stress given by (25) is 
estimated using the total cohesive strain E instead of the strain increment tensor SE. As in the deformation 
theory, this approach is valid under the restrictive case of a monotonous and proportional loading, but from 
numerical standpoint allows a simpler numerical integration of the cohesive model.

3.1. Estimate of the in-plane strain rate p
The strain rate p is estimated by considering information coming from the volumetric elements adjacent 

to the cohesive zone. Among several possibilities, it is chosen here to compute p by maintaining the equality 
between the strain-rate triaxiality qjE in the cohesive zone and the strain-rate triaxiality ifO computed from 
the stress state in a volumetric element adjacent to the cohesive zone. From the normality rule, GTN model 
leads to:

E = \( qiqf sinhf3q2 — ^ i +4rwith À > 0 (32)
V 7y V2 7y / 72 /

Substituting in this expression the average stress tensor over the volumetric slave element (denoted by Svd) 
adjacent to the cohesive zone, the corresponding strain rate triaxiality reads

qiqif * sinh(3q2_^)
nvol = ____ V2 7y /
nÈ Vvol

2_fq_

7 y

From (15), the strain-rate triaxility in the cohesive zone reads:

Vis
+ 2p

h
[U n]

h -V) +4 h2
3 [Ut]2 3 [Us]

+ -4 h2

2 2

2

(33)

(34)

By equating (33) and (34) the strain rate p is determined. It appears that p evolves as a function of the 
cohesive kinematics and the stress state of the adjacent volumetric slave element. Only the case [hn] > 0, 
corresponding to a positive loading, is considered here (the unloading case [ûn] < 0 will be separately treated 
in section 3.3) and different expressions for p are determined (see Appendix A for a detailed description). 
The selected expressions are reported in Table 2.

From the C(T) test simulations presented in section 4, it was observed that the resulting triaxiality 
ifi decreases when increasing the damage in the cohesive zone. Since the model does not predict any 
damage for low triaxiality, the rupture is artificially delayed. To address this issue, the volumetric stress 
£vd is transferred to the cohesive zone up to the onset of coalescence (when f reaches fc). Over the void 
coalescence, the value of Svd is kept constant during the post-coalescence stage and the stress triaxiality 
does not evolve anymore, see Figure 9 in the sequel.
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< P(N,nVro1)

n™1 < o • [u n]
P= — 2h

0 < nE < 1 and nE > 1

/ 52 nvol /9[un]2 +3(1 CvolfT M2 + [^is]2A
: 2 (n”1) +1 [„n] nE V9 h'2 +3<1 — V’*) A h2 + h-2 )

2 ((n”1)2 — i) h 2 ((n”1)2 — i)

nv°' = 1 . = 1 [U n]2 + [ïit]2 + [ù s]2
P 4 [Ùn]h

Table 2: Expressions of in-plane strain rate components p depending on crack tip opening rate [U] and surrounding volumetric 
strain rate triaxiality nv-Ql-

3.2. Intrinsic cohesive zone model
We propose here a simple manner to convert an extrinsic CZM to an intrinsic one. The stress vector 

R is multiplied by a positive increasing function that rapidly tends to 1 with respect to the crack opening. 
The resulting stress vector is denoted by R(lnt):

R(lnt)
n

R(lnt) R(lnt)

R(lnt)
s

1 — exp 

1 - exp 

1 — exp

an

-at

—as

KT
h

M'

h
Husll'

h

X Rn

X Rt 

X Rs

(35)

The initial stiffness is calibrated through the parameters an, at, and as that have been calculated with the 
help of equations (B.4), (B.8) and (B.9) given in Appendix B.

3.3. Unloading case
Since local unloading can occur during a crack growth in a fully general structure computation, one need 

to specify the behavior of the cohesive zone model during unloading taking into account the irreversibility 
of the damage process.
A criterion has to be defined to distinguish loading state and unloading state. It is chosen to handle the 
unloading in each direction separately. It means that an unloading can occur in one direction while the 
other directions are still loaded. In the normal direction, unloading occurs if:

[«n]W — [Un](i-'i) < 0 (36)

For the tangential directions, unloading occurs respectively in t or s directions if:

IKPl — lM^l < 0 or |[us](t)| — |[us](t-6t)| < 0 (37)

One has also to define the behavior of the cohesive zone during unloading. The maximum values of separation 
in each direction that have occurred during the loading process are introduced to take into account the 
loading history in the cohesive zone and the irreversibility of the damage process

Mmax = max lM(T)l with i = n, t, s (38)
0<t <t

Following [51], the unloading behavior is assumed to be an elastic unloading up to the origin and a further 
elastic reloading also:

R
[ùn]

[un]max n + R(lnt)
max

JuL t + (R(|nt))
[ùt]max ' / max

[us]
[ùs]max

(39)
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where the (R(lnt) ) are the components of the cohesive stress R(lnt) evaluated at the maximal opening
max

[ujjmax, i = n, t, s. The unloading rule described in (39) is illustrated in Figure 5. For sake of simplicity, the 
stress vector R is simply denoted by R in Figure 5 and in the next section. The unloading behavior is then 
completed by assuming the irreversibility of the damage and the hardening during the loading process:

Vt g [0,t], f (t) > 0 and e(r) > 0 (40)

From a practical point of view, two additional tests are performed in the integration scheme to meet the 
conditions (40):

if f < f(t-St) then f = f(t-,5t) and if ë < ë(t-,5t) then ë = ë(t-,5t) (41)

The general equations of the cohesive zone model are summarized in Appendix C. It is worth noting that 
this elastic unloading is not really realistic. During an unloading voids closure can occur involving some 
compressive plastic effects. This effect is not taken into account here but a simple elastic unloading allows 
to avoid spurious effects when unloading of CZM arises.

Rn
□ Dissipated energy at B

(flO"'))
V / rr

Figure 5: Illustration of the unloading rule. (1) initial loading, (2) loading (softening), (3) unloading, (4) reloading, (5) loading 
(softening). (a) normal direction, (b) tangential direction.

4. Application: simulation of compact tensile tests

The cohesive zone model is applied to simulate crack growth in a compact tension C(T) specimen under 
the plane strain conditions. The objective here is to illustrate the ability of the new cohesive zone model to 
simulate crack growth. Full 3D simulations are left for future work. The material under consideration is a 
ferritic steel StE460 (German designation) for which experimental data of crack growth tests and parameters 
for the GTN model have already been reported in many works [30, 32, 52, 53]. The material parameters are 
reported in Table 1. The material surrounding the cohesive zones is an elastic-plastic solid with hardening 
law (26), identical to the matrix surrounding the voids in the GTN analysis.
A material length scale of A = 200 pm has been used with these material properties in [32, 53], as a typical 
value for the ductile fracture in ferritic steels. In these papers, the numerical simulations are performed on 
one half of the specimen making use of the symmetry boundary conditions. The cohesive properties (energy 
r0 and strength R0) used to model the half of the process zone were calibrated on a single element of size 
A x A with the GTN model representing a unit cell of material. Thus, the total cohesive energy per crack 
increment is 2r0. Here, the numerical simulations are performed on a full specimen and since the dissipated 
energy in a single element is proportional to the size of the element, the parameter h is chosen as the size 
of a square cell of area 2A2, with h = %/2 x 200 pm, here overestimated by h « 300 pm. The Cn and Ct 
parameters are set to 1018 Pa/m in order to respect the criterion Cn = Ct > 21Y/1mesh theoretically derived
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^mesh number of elements in the central zone total number of elements
200 gm 1600 20220
150 gm 2809 26198
100 gm 6400 38020
50 gm 25000 112638

Table 3: Mesh size and number of elements

by [54] even for the smallest mesh size used in this paper 1mesh ~ 50 gm.
The dimensions of the standard C(T) side-grooved specimen used for the tests are: W = 50 mm (width), 
a0/W = 0.59 (initial relative crack length), B = 25 mm (thickness), Bn = 19 mm (net thickness between 
side grooves). The experimental so-called R-Curve in terms of J — Aa from these tests are reported in 
[30, 32, 52, 53].
The simulations are performed with two-dimensional 4 nodes linear plane strain Q1 elements and two contact 
nodes per cohesive zones are introduced (no significant interpenetration even in case of local rotation). The 
specimen is located in the x-y plane. The finite element mesh is depicted on Figure 6. Since the crack path 
is known, cohesive zones are only put along the line in front of the crack tip, assuming pure mode I crack 
propagation. The model thus contains a series of cohesive elements located along a line in front of the crack 
tip which is taken to be initially sharp. The mesh is refined in front of the crack tip, over an initial surface 
8 mm x 8 mm, and the bulk elements in this central zone have the initial dimension 1mesh x 1mesh. A coarser 
mesh is used out of this zone. Information concerning the mesh are specified in Table 3. The two circular 
holes are partially filled with a purely elastic material (same Young modulus and Poisson ratio as specified 
in Table 1) in order to apply the loading without any bias on the local shear stress. The loading consists in 
imposing the vertical component along the y axis of the velocity to Uy for the upper part of the specimen 
and to — U7y for the lower part of the specimen. The calculation are made using an explicit finite element 
solver with an implicit contact resolution, see [48] for details. Since softening behaviors induce instabilities, 
a dynamical formulation is here employed, again see [48]. This formulation however requires very small 
time steps (ôt about 10-9 s to 10-8 s). Since instantaneous behavior laws are invoked, a high velocity is 
prescribed (U7y = 0.1 m.s-1 ) in order to counterbalance the small time step and run the simulations in a 
reasonable time. The mass density of the material is set to 7.8 x 103 kg/m3.

initial crack tip position

Figure 6: C(T) specimen mesh with mesh size at the crack tip 1mesh = 200 gm. Three positions ahead of the crack tip: Pi at 
initial crack tip, P2 one millimeter ahead, P3 two millimeter ahead.

4.1. Results
The numerical overall response of the C(T) is compared in Figure 7 (left) to experimental data of [55]. 

Since the simulations are computed in 2D under plane strain assumption and the specimen is side grooved,
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the effective thickness Beff = \JB x Bn is considered for the calculation of the resulting forces, see [55]. The 
overall agreement is good since there is no parameter to adjust. The crack growth resistance curve is also 
well predicted. The J-integral versus crack extension Aa is evaluated using ASTM E1820 formula [56] and 
compared to experimental data of [30] in Figure 7 (right). The numerical model is found to be in reasonable 
accordance with the experiments.

Opening [mm] Aa [mm]

Figure 7: Cohesive-Volumetric finite element simulation (thick lines) vs experiments (gray points). (Left) Overall response: 
Load F vs opening displacement v, experiments of [55]. (Right) Crack growth resistance curve: J-integral vs crack extension 
Aa, experiments of [55].

During the crack propagation, plasticity develops in the vicinity of the crack tip where tension occurs and 
at the free boundary ahead of the crack tip where intense compressible loadings are supported, see Figure 8. 
The von Mises stress field and the cumulated plastic strain field thus exhibit non trivial spatial structures 
in the vicinity of the crack tip. The resulting stress and strain triaxiality fields also exhibit complex spatial 
structure.

Figure 8: Equivalent von Mises stress field (left) and cumulated plastic strain field (right) at crack length Aa = 6 mm.

As expected, the local CZM that drives the crack propagation depends on this spatial distribution of 
the triaxiality fields and thus on the position ahead of the crack tip, Figure 9. Since the evolution of local 
stress triaxiality with respect to the overall loading is not the same at point P\ where the crack propagation 
initiates than at point P2 where the crack propagation reaches a steady state, the associated local cohesive 
response is also not the same. Point P3 is in the same steady state as point P2, its local response is the 
same as P2 and thus not plotted on the figure. It is readily to see that more cohesive energy is needed to
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initiate the crack propagation than to propagate it in a steady state. Note that the simulations of [21] for 
analyzing the mode I crack advance initiating from a pre-crack in a large scale plate structure led to the 
opposite trend. The plate was modeled with shell elements and nodal spring-type cohesive elements were 
used along the crack path. They obtained a relatively small cohesive energy for elements immediately ahead 
of the pre-crack tip. Thus the result obtained in the present paper must be dependent of the plane strain 
conditions. A full study with a comparison between 2D plane strain, 2D plane stress and 3D simulations 
would be required to discuss this point in depth. It is also worth noting that the shape of the local cohesive 
response is not a priori given and arises from the loading and the micromechanical model. It is again a 
significant feature of the model. At the crack onset, the CZM is rather a door-like model, while it looks like 
a triangular one during crack propagation. The peak stress stays about 3 times of the yield stress.

Figure 9: The local cohesive responses at point Pi (initial crack tip) and P2 (1 mm ahead of the crack tip) are different (left) 
since the local stress triaxiality ns does not evolve as the same manner at these points during the macroscopic loading (right). 
The stress triaxiality is fixed to a constant value at the onset of coalescence.

Coherence of the results can be reinforced with the help of a simple estimate. Focusing on Figure 9 (b), 
the stress triaxiality nS at the crack tip and at the onset of coalescence is about ns — 1.4. For this stress 
triaxiality value, results obtained in Figure 3 (b) give r0/(a0h) — 0.9. Identifying the mode I cohesive 
energy r0 to the critical value J1c of the J-integral and estimating J1c — 145kJ/m2 in Figure 7 (b) for a 
crack extension Aa — 0.2mm (see [57]), one obtains h — 340pm which is fully consistent with the value 
used in these calculations (h = 300pm).

4.2. Length scale parameter and mesh size sensitivity
Figure 10 (left) exhibits the macroscopic response for different values of the length scale parameter h. As 

expected, the overall response is strengthened when increasing h while keeping mesh size 1mesh constant. The 
parameter h scales the local energy dissipated by the cohesive zones. When h increases it can be considered 
that the cohesive energy is smeared out over a larger length and the effect of localization decreases. 
Contrarily, the overall response is strengthened when decreasing 1mesh while keeping length scale parameter 
h constant, Figure 10 (right). This effect is more unusual since, in the local approach of continuum damage 
mechanics, the dissipated energy vanishes when the element size tends to zero as a consequence of the 
damage localization within a single band of elements [58]. Here, the cohesive energy is dissipated along the 
cohesive zones and not in the bulk elements. A scale effect arises: when the mesh size 1mesh decreases, the 
h-length acts over a larger part of the surrounding finite elements and again, it can be considered that the 
cohesive energy is smeared out over a larger length.

An artificial hardening is thus obtained when decreasing 1mesh while keeping mesh size h constant. This 
hardening can be counterbalanced by adjusting the value of length scale parameter h with respect to the 
mesh size 1mesh. Figure 11 shows that it is possible to get an overall load-opening response independent on 
the mesh size if the length scale parameter is set conveniently. The linear fit h — 220 + 0.41mesh (in pm) 
seems accurate for the current simulations.
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Figure 10: Cohesive-Volumetric finite element simulations, overall load-opening response. Dependence on the thickness param- 
eter for mesh size 1mesh = 200 ^m (Left) and dependence on the mesh size for thickness parameter h = 300 ^m (Right). Inset: 
upper part of the corresponding meshes, with mesh refinement in the process zone.

Figure 11: Adapting the length scale parameter h with respect to the mesh size 1mesh in order to obtain converged overall 
load-opening response.

5. Conclusion

In this paper the problem of simulating the crack initiation and growth in ductile materials failing 
by void nucleation, growth and coalescence is investigated. A crack surface is considered to be a limit 
case of strain localization band leading to a discontinuity of displacement field. The cohesive-volumetric 
approach appears to be a suitable framework for the description of discontinuity inside a material. In 
this framework, the hardening behavior of the material is described by the bulk behavior and the damage 
is described as a cohesive surface with a corresponding traction-separation law. Since in ductile fracture 
the material separation depends on the local stress and strain states which are strongly dependent on the 
geometry, a triaxiality-dependent cohesive model is derived. The cohesive surface is approximated as a band 
of small thickness whose behavior follows a volumetric GTN model. The obtained traction-separation law 
is a GTN-like model with reduced kinematics. This approach introduces a regularizing length parameter h 
whose the link with the physical size of the localization band remains to be investigated. The GTN traction- 
separation law reproduces the behavior of a single volumetric element made of a GTN material. It accurately 
captures the stress or strain rate triaxiality dependence but suffers from the same limitation as the GTN 
model and does not predict any damage at low triaxiality. However the procedure developed is general and 
could be extended to more sophisticated micro-mechanical model which takes into account damage at low 
triaxiality or even viscoplastic effects. The application of this approach to simulate crack propagation in a 
standard compact tension specimen of ferritic steel shows the ability of the cohesive-volumetric approach 
to simulate crack growth in ductile material. The results are consistent with previous results obtained by
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other authors. The application also exhibits the dependence of the regularization parameter h on a material 
length characterizing the microstructure and the mesh size. The main result of this work is the ability to 
derive CZM from any softening bulk behavior without any a priori assumptions on the shape of the cohesive 
model. Many previous numerical constatations are here re-obtained with no fitting parameters.

Appendix A. Expressions of p

First, let us consider the case nVO1 > 0 corresponding to tension. Condition ri2- 

following solutions for p.
If nV?1 = 1, the solution is straightforward

' E

leads to the

P =
1 [Ùn]2 + [Ut]2 + [Us]2 
4 [U n ] h

(A.1)

If rEol = i,

p±

2 (’'Eo')2 + 1 K]

2 i(nVO') -d h

^vol

±

klhp + 3(1 - (,»')2)(M + L}

21 (rVOM -1

For 0 < rV?' < 1, it appears that the negative branch should be selected, using the inequalities:

2 (VFo1)2 + 1 2
P >-[ûn]/(2h), 2-------- < -1/2, (rVEo1) - 1 < 0

2^rEolJ -1)

(A.2)

For rEo > 1, considering that the normal strain rate in the cohesive zone [Un]/h should be greater than the 
transverse strain rate p, it appears from (A.2) that the negative branch should also be selected (using the
inequalities: [2 ^E') + 1]/[2((nE') - 1)] > 1 and ^E') - 1 > 0).

Secondly, let us consider the case nE' < 0 corresponding to a compression state. The evolution law of the 
porosity (19) indicates that the porosity is decreasing. Keeping in mind that the damage variable can only 
be a growing function, it is chosen here to determine p from the zero triaxiality nE' = 0. It leads to:

[U n]
2h

(A.3)

Appendix B. Expressions of an, at, and as

The initial slope of the function R(lnt) is typically denoted by Cn in the normal direction and Ct = Cs 
in the tangential directions. It is known that the insertion of intrinsic cohesive models into finite element 
meshes leads to an additional compliance in the overall force-displacement response. Therefore, the cohesive 
stiffness has to be set high enough to avoid additional compliance in the material, but not too large in other 
to avoid numerical instabilities. Various criteria are available to calibrate the cohesive stiffness for given 
material properties and a given mesh [59-61]. Here, parameters an, at and as are expressed in terms of Cn 
and Ct. By doing so, existing criteria derived for Cn and Ct can be directly used to adjust an, at and as. 
Let us consider a simple case of uniaxial tensile loading with no hardening (<ry = a0 ):

E
Enn 0 0

0 0 0
0 0 0

x t, and Enn > 0 kept constant (B.1)
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432 In this case, the normal stress vector reads:

R(int)
“n

°°( q2H (1 ’?1/,) + 5 •>
1 — exp

[un]
—a n h

(B.2)

433 By imposing:

434 the parameter an reads:

dRnint)

8[Un]
(Kl =0) = Cn

an
Cnh

a° ( h (i1 ,qi f *(fo))+3 d(1 ,qif *(fo)))

(B.3)

(B.4)

435 This expression is used in the numerical simulations (section 4) to estimate an. A similar approach can be
436 followed to estimate at. Let us consider a simple case of pure shear loading with no hardening (oy = <r°):

E
0 E nt 0

Ent 0 0 X t and Ett > 0 kept constant
0 0 0

437 In this case, the tangential stress vector reads:

Rtint) = o° ^3(1 — qi/*^1 — exp ^—at J^h^)

(B.5)

(B.6)

438

439

440
441

By imposing:

the parameter at reads:

dRint)

d [ut]
([Ut] = 0) Ct

V3 Ct h
oo (1 — qi/* (/°))

(B.7)

(B.8)

This expression is used in the numerical simulations (section 4) to estimate at. A similar expression can be 
obtained for as from a Cs parameter:

a s
V3 Cs h

o°(1 — qi/*(/o))
(B.9)

442 Appendix C. General équations of the cohesive zone model

443 The general equations used for the numerical implementation of the cohesive model are summarized
444 below.
445 For each time t, the opening vector ([un], [ut], [us]) is known and the maximal values are updated:

[Ui]max = max |[ui](T)| with i = n, t, s (C.1)
°<t <t

The following quantities are computed from the maximal openings:

enn
[un]max

h ent
[ut] max

2h ens
[us] max

2h

446 The previous values e^n Æt), St\ e n^ Æt), the porosity /(t Æt) and the average strain e(t Æt) are known.
447 The differences between two time steps are denoted by a S (e.g. Senn = enn — enn ~Æt)). if /(t-^t) < /c, then
448 the volumetric stress Svcl is updated. Otherwise it is maintained to the previous value.
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450

451

452

453

454

455

456

457

458

459

460

461

462

463

464

The first step consists in updating the values of the porosity and the average strain from the following 
équations.

/ 3 yvolqiqif *(f (t-Æt))sinU- q2 —
nvol =V2 «y(e(t At)),
nÈ v'vol

2------

(C.2)

ay(e(t st))

The rate Sp is evaluated with the help of Table 2 where ([ûn], [Ut], [ûs]) are replaced by (h Senn, 2hSent, 2hSens). 
Then:

(Se)eq = 2 J(Senn - Sp)2 + 3(Sent)2 + 3(Sens)2 and nse = ^j^)^

y nn = - H (nse, qif * (f (t-St))) + 9 D(nSe, qif * (f (t-St)))
q2 9 (Se)eq

Stt = Sss = - h (nse, qf *(f(t-st))) - 2 D(nse, qf *(f(t-st)))
q2 ( Se)

y nt =2 D(nse,q if *(f (t-st) )) ^
( e) eq

y ns =y D(nse,q if *(f (t-st))) Sen

3 y,se w , (Se)eq

Then the increment of average plastic strain is computed:

s-  ynn Senn + 2 ynt Sent + 2 yns Sens + ytt Sp + yss Sp
= i - f (t-st)

and the porosity and plastic strain are up-dated:

f = f(t-st) + (1 - f(t-st) ) (Senn + 2 Sp) + A(-(t-St) ) S- and - = -(t-st) + S- 

Then, the following conditions are imposed:

if f(t) <f(t-St) then f(t) = f(t-st), and if - <-(t-st) then -(t) = -(t-st)

(C.3)

(C.4)

(C.5)

(C.6)

(C.7)

(C.8)

(C.9)

(C.10)

The second step consists in updating the value of the cohesive stress from the following equations. The strain 
p is evaluated from expressions reported in Table 2 where ([ûn], [ût], [ûs]) are replaced by (henn, 2hent, 2hens). 
Then:

eeq = 2 J (enn - p)2 + 3(ent)2 + 3(ens)2 and ne = + 2p (C.11)

Rn = «y (-) - H (ne,qf * (f )) + ^ D(%,qif * (f ))

3 ee

enn - p
q2

Rt = «y (-)! D(ne,qif *(f )) —
3 eeq

Rs = «y (-)2 D(ne, qif *(f )) —

(C.12)

3

To the end, the cohesive stress is computed:

Rn

R = Rt

Rs

[un]
[un]ma
M 

M
[us]

max
s]

[us] m

eq

1 - exp ^-an 

1 - exp ^-at 

1 - exp ( -as

[«n]r
h

Mmax

h
[us]m

(C.13)

h

eq

nt

eq
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