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MATHEMATICAL MODELING AND NUMERICAL ANALYSIS FOR THE HIGHER

ORDER BOUSSINESQ SYSTEM

BASHAR KHORBATLY, RALPH LTEIF, SAMER ISRAWI, AND STEPHANE GERBI

ABSTRACT. This study deals with higher-ordered asymptotic equations for the water-waves problem. We
considered the higher-order/extended Boussinesq equations over a flat bottom topography in the well-known
long wave regime. Providing an existence and uniqueness of solution on a relevant time scale of order 1/4/¢
and showing that the solution’s behavior is close to the solution of the water waves equations with a better
precision corresponding to initial data, the asymptotic model is well-posed in the sense of Hadamard. Then
we compared several water waves solitary solutions with respect to the numerical solution of our model. At
last, we solve explicitly this model and validate the results numerically.
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1. INTRODUCTION

OO DU U R R R W W

—
=0 W N

16
16
17
17
18
19

1.1. The water-wave equations. The one-dimensional full water-wave problem is considered with two-
dimensional coordinate system (z, z). The ground level is associated to the horizontal z-axis and the z-axis
pointing vertically upwards. Let us denote the fluid domain in R? by €, . The index ¢t indicates the fact
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that the domain moves with time. We will suppose that the fluid is incompressible and inviscid and that the
flow is irrotational with a free boundary acted on only by gravity. We will denote p the constant density of
the water. The domain Q; is bounded from below z = —h( and from above by the water surface z = ((¢, x).
Fluid motion is described by Euler equation for steady flow along a streamline that is based on a relation

z
YA

FIGURE 1. One-dimensional flat bottom fluid domain

between velocity, pressure, and density of the fluid. Let us remark that since the fluid is incompressible, the
flow preserves the volume. We will also notice that the flow is irrotational. This property will be very useful
to reformulate the original problem using the velocity potential. The first boundary condition at the free
surface expresses a balance of forces. The second condition states that the fluid particles cannot cross the
surface. A similar condition at the bottom is needed. Gathering the information above, we write the free
surface Euler equations as follows:

OV +(V-Val )V = —g2. %va in (2,2) € R2 x [<ho, ((t,2)],

Vi V=0 in (z,2) € Rx [—hg,{(t, )],

VaxV =0 in (x,2) € R? x [~ho, ((t, )],
(1.1) P=0 at 2z =((t,x),

¢ — V1 +10,CPV-N =0 at  z=((t,x),

V. =0 at z=—ho,

- lzi)rlnﬁoo [C(z, 2)| + |V (¢, z,2)| =0 in (z,2) €Rx[—hg,((t,z)] .

Many theoretical and numerical obstacles exist within this framework due to the fact that the vectorial
unknown fluid velocity V' = (Vi (¢, x), Va(t,x)) is defined on a time-dependent moving domain €, and the
free surface itself. Since we have considered an irrotational flow, the first step consists in replacing the
fluid velocity by the scalar potential velocity ¢ and in writing the non-dimensionless Bernoulli’s formulation.
Although the system now is simpler, a free boundary problem still exists.

To overcome this difficulty, the trace of the velocity potential at the free surface and the Dirichlet-Neumann
operator are introduced as follows :

U(t,x) = o(t, x,e((t,z)) = Plocee

gu[EC]w = _,u(azC) . (83090)‘2:5( + (6z90)|z=5C = \/ 1 + /1'52’(‘990C’2(871(10)|z=5C

where ¢ is the solution of the boundary value problem (see [27] for a complete and accurate analysis) :
pd2p +0%p =0 in —1<z<el(ta),
8nga‘z=71 = 0,
Ol = U(t,x).



The identification of some physical parameters is essential for the derivation of simpler asymptotic models
associated to the main system of equations. In fact, one may conclude from specific assumptions on these
parameters a few understanding on the behavior of the flow. More specifically, we introduce the following
dimensionless parameters:

a _ amplitude of the wave reference depth

, Vi= ==

where 0 < ¢ < 1 is often called nonlinearity parameter, while 0 < p < 1 is called the shallowness parameter.
As a result, this leads to rewrite our problem into a system of two scalar equations where functions are
evaluated at the free surface eliminating the vertical z-component. This system is known by the dimensionless
Zakharov/Craig-Sulem formulation [38, 11, 10] of the water-waves equations giving :

BrC — %gﬂ[edw o0,

3

B ho reference depth wave-length of the wave ’

(12) (5 Gulel +2(eC) - 000)°

2(1 + 2] 02C17)
At this stage, let us identify the category (or sub-regime) of the asymptotic geophysical shallow-water (u < 1)

related to our work. This regimes are identified depending on the assumptions made on the nonlinearity
parameter ¢, for which a rich variety of asymptotic models can be derived.

g
o+ ¢+ 5|8wz/}|2 —ep

1.2. Shallow-water, flat bottom, small amplitude variations (1 < 1,e ~ p). In this paper, we restrict
our work on the well-known long waves regime with a flat topography for which the ”original” or ”standard”
Boussinesq system can be derived. Defining the depth-averaged horizontal velocity by :

1 eC(t,x)
1.3 v(t,r) = ——— Opp(t,x,z) dz |
(13) R el
under the extra assumption e ~ yu, we can neglect the terms which are of order O(p?) in the Green-Naghdi
equations (we refer to [16, 15] for formal derivation and to [19, 18, 22, 13] for well-posedness); then the
standard Boussinesq equations reads:

¢+ 0, ((1+e¢)v) =0,

1.4 1
(14) (1- 5585)@11 + 0,C 4+ evdv = O(£?) .

Many strategies exist to study the water-wave problem especially by deriving equivalent models with better
mathematical structure such as well-posedness, conservation of energy, solitary waves, or physical properties
(see for instance [2, 28, 3, 7, 31, 34, 33, 5, 6, 27]). It is worth noticing that the well posed results for such
model exist on a time scale of order 1/4/¢ (methods based on dispersive estimate in [38] ) and 1/ (energy
estimate method in [27] ). A better precision is obtained when the O(u?) terms are kept in the equations:
only O(u?) terms are dropped. Following the work in a series of papers on the extended Green-Naghdi
equations [29, 30, 24, 23], one may write the extended Boussinesq equations by incorporating higher order
dispersive effects as follows:

L5 ¢ + 0z (hv) =0,
(15) (14 eT[¢] + e2T)0v + 0.C + ev0pv + 2 Qu = O(£?) |

where h = 1 4 &( is the non-dimensionalised height of the fluid and we denote the three operators :

Tilw = —%8;8((14—36()3%10) - —%(1—50&((14—360@10), Tw = —%8;111), Qv = _éax (0000 —12) |
1.3. Presentation of the paper. As mentioned before, we will first derive an extended Boussinesq equa-
tions in the same way as the derivation of the extended Green-Naghdi equations: we will keep every terms up
to the third order in €. This is done in the next section, section 2. Section 3 is devoted to the full justification
of the extended Boussinesq system. We will firstly, in subsection 3.2, write the extended Boussinesq system
in a quasilinear form. The linear analysis, performed in subsection 3.3 will permit by the energy estimate
method to state, in the subsection 3.4, the main results of well-posedness, stability and convergence of the
proposed extended Boussinesq system.



As for usual Green-Naghdi and Boussinesq model, we are interested in the construction of a solution
as a solitary wave. We will prove in section 4 that the profile of this solitary wave is a solution of a 3rd
order non linear ordinary differential equation, ODE. Thus, it seems impossible to find an explicit form of
this profile. Therefore, we will compute, using Matlab ODE solver ode45, an approximate profile. We will
compare the obtained solutions with the solutions of water-waves equations and find that this solution is a
better approximation than the solution of the original Green-Naghdi equation.

Lastly, instead of finding an analytical exact solitary wave, we will find an explicit solution with correctors
in section 5.

1.4. Notation. We denote by C(A1, g, ...) a constant depending on the parameters A1, A2, ... and whose
dependence on the \; is always assumed to be nondecreasing. The notation a < b means that a < Cb, for
some non-negative constant C' whose exact expression is of no importance (in particular, it is independent
of the small parameters involved).

We denote the L? norm |- |72 simply by |- |2. The inner product of any functions f; and f, in the Hilbert
space L?(R?) is denoted by (f1, f2) = [ga f1(X)f2(X)dX. The space L> = L°°(R?) consists of all essentially
bounded, Lebesgue-measurable functions f with the norm |f|p~ = esssup|f(X)| < oo. We denote by
Whee(R) = {f € L*°, f, € L>°} endowed with its canonical norm.

For any real constant s, H* = H*(R%) denotes the Sobolev space of all tempered distributions f with the
norm |f|gs = |A®f|y < 0o, where A® is the pseudo-differential operator A® = (1 — §2)%/2.

For any functions u = u(t, X) and v(t, X) defined on [0, T) x R? with 7' > 0, we denote the inner product,
the LP-norm and especially the L?-norm, as well as the Sobolev norm, with respect to the spatial variable,
by (u,v) = (u(-,t),v(-, 1)), |u|re = |u(-t)|Le, |u|pz = |u(-,t)|p2, and |u|gs = |u(-,t)| =, respectively.

Let C*(R?) denote the space of k-times continuously differentiable functions.For any closed operator T
defined on a Banach space Y of functions, the commutator [T, f] is defined by [T, flg = T(fg) — fT(g) with
f, g and fg belonging to the domain of T.

2. THE HIGHER-ORDER/EXTENDED BOUSSINESQ EQUATIONS

Great simplification can be brought with respect to the extended Green-Naghdi equations [29, 30, 24, 23]
when the surface elevation is of large amplitude, that is, when no assumption is made on the nonlinearity pa-
rameter (see [24, 29]). Based on this, for one-dimensional small amplitude surfaces, the extended Boussinesq
with € ~ p reads

1) { 9,C + 0y(hv) =0,

(h+ eTT[h] + £2T) 0w + hdzC + ehvdyv + 2 Qu = O(e%) |

where the right-hand side is of order €3, and we see the dependence on €2 in the left-hand side. Here
h =1+ ¢( and we denote by

1 1 1
Thlw = —gam (hgamw) , Tw = —gaiw , Qv = —58:,3 (vvm - vi) .

Remark 1. One may realize that some components in the first term of the second equation are of size
O(e?). Actually they have been kept to maintain the good properties of the operator S (3.2), otherwise these
properties would have been disrupt (see section 3.1).

2.1. The modified system. First of all, let us factorize all higher order derivatives (third and fifth) in
the left-most term of the above system (2.1). In fact, we only have to factorize third-order derivatives and
this is possible by setting +e27T[h](vv,) in the second equation. An inconvenient feature appears in this
left-most term due to the positive sign in front of the elliptic forth-order linear operator ¥ which ravel the
way towards well-posedness using energy estimate method. This obviously affect the invertibility of the
factorized operator as we will see in section 3.1. For this reason we proceed as in [24, 23] by using a BBM
trick represented in the following approximate equation 9;v 4 evv, = —(, + O(u) to overcome this difficulty.

At this stage, it is noteworthy that from [24, 23] one may conclude directly the well-posedness results for
such system but when the effect of surface tension is taken into consideration, the existence time scale is
up to order 1/e. This presence of the surface tension was essential for controlling higher order derivatives
yielding from the BBM trick (see remarks in [23]). In our case, the surface tension is neglected and thus we
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have to do proceed differently. The idea is to replace the capillary terms by a vanishing term +e2(,q, which
will play a similar role. The term with a negative sign is used for a convenient definition of the energy space
(see Definition 1) in such a way that the other term can be controlled. As a consequence, the existence time
will get smaller with respect to the case of surface tension presence, i.e. the time scale reached is up to order
1/4/. In view of the above notes (we refer to remarks 3 and 2 for more details), the modified system reads:

9+ 0 (hv) =0,

2.2
( ) (h =+ ET[h] — 62‘}:) (at’U + E’UUI) + haTC - 52Cacmm + %€2<TTTII + 52Cacmm + €2Q[U]UI = 0(53) )

where U = ((,v), h(t,z) = 1+ &((t,x) and denote by

1 1 2

2.2. Consistency. We state here that both solutions are consistent at order O(¢?) of the water wave equation
(1.2) and the extended Boussinesq system (2.2).

Proposition 1 (Consistency). Suppose that the full Euler system (1.2) has a family of solutions Ucer =
(¢,¥)T such that there exists T > 0, s > 3/2 for which (¢,4")T is bounded in L>([0;T); H**N)2 with N
sufficiently large, uniformly with respect to ¢ € (0,1). Define v as in (1.3). Then (¢,v)T satisfy (2.2) up to
a remainder R, bounded by

(2.4) IR (o< 0,70y < €°C,

where C = C(h;ﬁn, HCHLOO([O’T[;HS«#N), ||wl||Loo([0’T[;Hs+N)) .

Proof. Equation one of (2.2) exactly coincides with that of (1.2). It remains to check that the second equation
is satisfied up to a remainder R such that (2.4) holds. For this sake, we need an asymptotic expansion of v’
in terms of v which can be deduced from the work done in [24] as follows :

(2.5) W =v— éa@x((l + 3eQ)vs) + 62%@93%11 +e*Tv + 3RS .

Now we proceed iusing the same arguments as the ones used in Lemmas 5.4 and 5.11 in [27] to give some
control on RS as follows :

(26)  |R5lae < Clhpin, [Clmsvo) W' [movs and  |0R5| e < Clhpy, [Classs, [0 ross) -

min’

Then we take the derivative of the second equation of (1.2) and substitute Gle¢]y and ¢’ by —ed,.(hv) and
(2.5) respectively. Therefore, taking advantage of the estimates (2.6) provides the control of all terms of
order €2 as in (2.4) with N large enough (mainly greater than 8). O

3. FULL JUSTIFICATION OF THE EXTENDED BOUSSINESQ SYSTEM (13 < p? < < 1,6 ~ )

The two main issues regarding the validity of an asymptotic model are the following:

e Are the Cauchy problems for both the full Euler system and the asymptotic model well-posed for a
given class of initial data, and over the relevant time scale ?

e Can the water waves solutions be compared to the solutions of the full Euler system when corre-
sponding initial data are close? If yes, can we estimate how close they are?

When an asymptotic model answer these two questions, it is said to be fully justified. In the sequel, after
the linear analysis of our model, we refer to section 3.4 to state the answers of these questions. Existence
and uniqueness of our solution on a time scale 1/./ is given by Theorem 1, while a stability property is
provided by Theorem 2. Finally, the convergence Theorem 3 is stated and therefore the full justification of
our model is proved.
Let us firstly state some preliminary results in the section below.
5



3.1. Properties of the two operators & and 3~ '. Assume the nonzero-depth condition that underline
the fact that the height of the liquid is always confined, i.e. :

(3.1) 3 hmin >0, inf h > by, where  h(t,z) =14 e((t,x) .

z€R
Under the above condition, let us introduce the operator &, where much of the modifications in the previous
section hinges on it, such as:
1
(3.2) S=h+eT[h]—e*T=h— 7ga$(h3a ) + 5 284
The following lemma states the invertibility results of the operator & on well chosen functional spaces.

Lemma 1. Suppose that the depth condition (3.1) is satisfied by the scalar function ((t,-) € L>®(R). Then,
the operator

3$: HY(R) — L*(R)
is well defined, one-to-one and onto .

Proof. We refer to the recent works of two of the authors, [24, Lemma 1] and [23, Lemma 1], for the proof
of this lemma. 0

Some functional properties on the operator S~ are given by the Lemma below.
Lemma 2. Let tg > 3 and ( € H"1(R) be such that (3.1) is satisfied. Then, we have the following:
(i) For all0 < s <to+1, it holds
S flae + VEl0ST e + ]38 flue < C( =1 georr) | flas -

ml

and

1
VERST 0, e + =87 02 e < (5

min

N =1 georn) | flas -
1il or all s > tg + 1, it holds
iii) For all 1, it hold
197 e my— o) + VEIS™ 0l e @) 1= (®) + €S 02| 1= (R) > 11+ () < Cs
and

VelIS™ 0l e )y—mro ) + €IS T 02 =) o) < Cs
where Cs is a constant depending on 1/hmin , |h — 1|gs and independent of € € (0,1).

Proof. We refer to the recent works of two of the authors, [24, Lemma 2] and [23, Lemma 2], for the proof
of this lemma. O

3.2. Quasilinear form. In order to rewrite the extended Boussinesq system in a condensed form and for
the sake of clarity, let us introduce an elliptic forth-order operator T'[h] as follows:

(33) TIHI() = h— 202() + 0k
The first equation of the system (2.2) can be written as follows:
0¢¢ + v, + hozv = 0.

Then we apply S~ to both sides of the second equation of the system (2.2), to get:

v + evvg + SN T[NG) +°S7H(02¢) + 231 (Q[U]vs) = O(e?) .
Hence the higher order Boussinesq system can be written under the form:
(3.4) U + AlU0,U =0,
where the operator A is denied by:

v h
(3.5) Mm:(slwmqiﬁ%W@J w+¥°%@mo>'
6



3.3. Linear analysis. We consider the following linearized system around a reference state U = ((,v)7:

o:U + A[U)0,.U = 0,
(3.6) ! -
U),_, = Uo.
The energy estimate method needs to define a suitable energy space for the problem we are considering here.

This will permit the convergence of an iterative scheme to construct a solution to the extended Boussinesq
system (2.2) for the initial value problem (3.6).

Definition 1 (Energy space). For all s > 0 and T > 0, we denote by X* the vector space H*T2(R) x H*T2(R)
endowed with the norm:

forU=(Cv) € X, Uk = [ClEs +€ICaltrs + €ICoal s + [vlEe + elvalfie + €2 [vaalFre -
X% stands for C([0, %], X?) endowed with its canonical norm.

Remark 2. [t is worth noticing that in the presence of surface tension the second term of the energy norm,
|Cz|%, is controlled by € in front of it and this is sufficiently enough to give an existence time scale of order
1/e. In fact, the second term here in |-|xs is due to the consideration of the vanishing term that is important
for Definition 1 itself and for controlling higher order terms (see Proposition 2).

Now we remark that a good suggestion of a pseudo-symmetrizer for A[U] requires firstly the introduction
of a forth-order linear operator J[h| as follows:

J() =1 - 20, (h 10, ) + 2202 (h 102 ) ,

45
where h = 1 +¢¢ . Thus a pseudo-symmetrizer for A[U] is given by:
JIh] 0 1— 20, (b0, - ) + &e202(h 102 +) 0
(3.7) S = =
0o g 0 h+eT[h] — T

Remark 3. Introducing operator J[h] is of great interest for defining a suitable pseudo-symmetrizer for
(3.5). As the higher order derivative in T[h] is not multiplied by h (if this was the case then the vanishing
term considered might be 4+€?h . ), therefore J[h] must replace T[h] in the first entity of (3.7). This is
clearly necessary for controlling As + As (see Proposition 2).

Also, a natural energy for the initial value problem (3.6) is suggested to be as follows:
(3.8) E*(U)? = (AU, SA®U) .

Lemma 3 (Equivalency of £*(U) and the X®norm). Let s > 0 and suppose that ( € L*(R) satisfies
consition (3.1). Then norm | - |xs and the natural energy E°(U) are uniformly equivalent with respect to
€ € (0,1) such that:

Proof. We refer to the recent work of two of the authors [24, Lemma 3] for the proof of this important
property. O

The well-posedness and a derivation of a first energy estimate for the linear system is given in the following
proposition.

Proposition 2 (Well-posedness & energy estimate of the linear system). For ¢y > %, s >ty + 1 and under
the depth condition (3.1), suppose that U = ({,v)T € X3 and O,U € X5 ' at any time in [0, %] Then,
there exists a unique solution U = ({,v)T € X5 to (3.6) for any initial data Uy in X* and for all 0 <t < %
it holds that:

(3.9) B (U(t) < (V) 2B (Uy)

for some Ay depending only on  sup  E*(h -t U(t)) .
0<t<T/ /7
7



Proof. For the proof of the existence and uniqueness of the solution, we refer to the proof found in [19,
Appendix A] which can be directly adapted to the problem we are considering here.

Thereafter, we will focus our attention on the proof of the energy estimate (3.9). First of all, fix
A € R. The proof of the energy estimate is centered on bounding from above by zero the expression
eVENY, (e~ VEMES(U)?). For this sake, we use the fact that § and J[h] are symmetric to evaluate the expres-
sion under the form:

%eﬁ”at( “VEM B (U )):——\fES( )? — (SA[UIA*9,U,A*U) — ([A®, A[U]]0,U, SA®U)

+ 5(Asg, (04, JIW]JASC) + %(Asv, [0, S]A%0) .

Now it remains to control the r.h.s components of the above equation. To do so, we firstly recall the
commutator estimate we shall use due to Kato-Ponce [21] and recently improved by Lannes [26]: in particular,
for any s > 3/2, and ¢ € H*(R),p € H*~1(R), one has:

(3.10) [[A®, qlpl2 < [Vq

Also we shall use intensively the classical product estimate (see [1, 26, 21]): in particular, for any p,q €
H*(R?), s > 3/2, one has:

Hs—1 .

Hs—1 |p

(3.11) palas < lalas|plas -
e Estimation of (SA[U]A®*0,U, A*U). We have:
eJ|h](v- JIh|(h-
ST = ( T[h) -[41;;% e%(v->[+](a2)g[m~ )
then it holds that:
(SA[UIA®0,U,A°U ) e(J[RJ(vA®C), A°C) + (J[R)(RA®vs), A%C) + (TRJA®Cy, A°v)
€% (A® Conas A°0) 4 (S(0A*v,), A*0) + % (QIUIA vg, A%v) = Ay + Ay + ... + Ag .

To control A1, by integration by parts, we have:

Al = E(QASCMASC) + 53 (hilam(yAsCI%ASCw) + 3 hilai(yAst)vAsgmx) = All + A12 + A13 .

rl
Clearly, it holds that:
[Aual = 36l (A% 2 A%Q)| < 2C(Jelwnoe) B,

By integrating by parts, it holds that:

|Ara] = &% (B 0 Aoy AC) 4 € (7 A Coay ACo) < €C (s [ ]o0) E° (U)P.
Now using the fact that:
(3.12) O2(MN) = NO>M + 2M,N, + MO?N ,
for any differentiable functions M, N and by integration by parts, we have:

2 1 1
A13 - Efg [(hilyszsgm As(a:w) + 2(ﬁilyzAs<a:w7 AgC:v:v) + §(bizhzyAs<zwa Aqgmc) - 5 (ﬁilymAstwa AGsz)]

=Aiz + ...+ Az

Although Aj3; can be controlled directly with /¢ in front of the constant, one may improve this by ¢ instead.
Indeed by integration by parts one has:

2 2
Az = EES (h 7$7I:pAs<J/7AS<l) - 553 (h ,mmAst,AsCz) = Aiz11 + Aisio.
Remark that b, = agg:, then Ai311 posses sufficient €’s, unlike A1312 on which we have to work a little more.
Indeed, in view of (3.1) we have that h~" > 0, then it holds:
2 3 - s 2 3 s
A1312 = _EE (h 7mmra(A Cm) ) = 4 ‘,szz|00( (A CI) )
8



Again by integration by parts we get :(ﬁfl, (A*¢,)?) = (R 2h,A°C,A°C,) — (R ASC, A®Cyy). Therefore one
may control Ajzia by eC(h,2 ¢ Wi, f1Vyps]00) B (U)2. Consequently, it holds:

Aizin + Aize + ..+ Aiza <5O( mzna|C|W1°° |1)|W1<’C f‘vxx|m)ES(U)

Collecting the information provided above we get:

|A1| < EC(h’mzn? |C‘W1*°°3 |Q|W1’°°a \/g|ymm|00)Es(U)2

To control As + As, by remarking firstly that J[h] and T'[h] are symmetric, and then by integration by parts
after having performing some algebraic calculations and using (3.12), we have:

Ap ot Ay = —(A0, B A00) 4 €2 (B A G, A0) e (B B A, A%G) — o (B g A G, A1)

Unfortunately, an inconvenient term appears in Ay + As: it is the term ¢ ( 1h AN, Asvz). This term
won’t be controlled without gaining /¢ taken from h,, = ¢ _and the other /¢ sits in front of the constant.
Due to this fact, it follows that:

| Az + As| < VEC (hpips [Clwoe, [ulwree €€, e ) EB°(U)?
To control A4, by integration by parts, it holds:
A4 - _EQ(ASCJJ.'IHASU.'IJ) S \/EES(U)z

To control As, by integration by parts, we have:

2 3
As = e(hulv,, A*0) + % (B30, (WA*v,.), A*v,) + 2—5 (02(uA*v,), A*vyy) = Asy + Asa + Ass

where
st | = | = 5 (BoA™, A%) = = (ho, A%, A%0)| < C(1C, oo luy o) E* (U)
with
2 2
sz| = | = 5 (BuA0r, A'v,) = = (BPuA*v,, A%, )| < C(|Clwae) B*(U)?
and

2
|A53| = %‘(QMAS%,ASUM) + Q(QxAsvm,Asvm) - ;(v Ny, A° vm)| < 5C(|C|W1 oc,\[|vm|oo)Es(U)2.
Therefore, it holds that:
|A5| < 5C(|£|W1’°°7 |yx|007 \/g|yxx|00)Es(U)2

Finally, by integration by parts, Ag is controlled by 6C(|yw|oo)Es(U )2. Therefore, it holds:

(SAITIA®0,U, AU)| £ VEC(IClwr w2l Lites [olrsoe s VEIL g o) BX(U)?
e Estimation of ([A*, A[U]]0,U, SA*U). Let us remark that:

([A%, A[U)]0,U, SA*U) = ([A%, v]Ca, J[RJASC) + ([A®, Blvg, J[RAC) + ([A%, ST(T[A])]¢s, SA®Y)

2 ([A%, S (92))Ge SA™) + £ ([A%, v]vs, SA™) + 2 (A%, S QU] v, SA™)
=B, + By + ... + Bs.

To control By, we use the expression of J[h] to write:
5 S S S 2 S
By =¢e([A®, 0], A%C) +€3(3z[A 7Q]Cm A Ca) + 3( 2[A%, v]Ca BT A Con) -

Then by using the fact that:

(3.13) 0,[A%, MIN = [A*, M,IN+[A", MIN, and (A%, MIN = [A*, My, N +2[A%, M, N, +[A*, M]N, |
9



and using (3.10), it holds that:
By = e([A%,0]¢0, A°C) + € ([A%, v,)Co, BT AG,) + €3 ([A%, 0] Cow, T TASE,)

+43553{([As,yTr]cz,@—lAscm)+2([A, 0o BT A Co) + (A" 6o h M) )

< \@C( mznﬂ‘UIHg E‘ymw|H9) G(U)Q :

The +/z in front of the constant is due to the inconvenient term represented by &* ([ ,|Coa, R 1ASCM)
To control Bg, by the expression of J[h] and (3.13), we have:

= ([A% h = vy, A°C) + €3 ([A%, € Joa, BTIAC) + €% ([A% B — 1uge, LTTAC,)

o (0% (= Dadoes b A Cer) +2(IA%, (= Dalores b A Cer) + (1A% B~ 1o, h ™ A%Cr)

Then, clearly the following estimate holds:

|B2| <EC( h—1

mz’nﬂ ‘—

05 elC, N ) EX(U)*.

To control Bs, we have that & is symmetric and that:

SIA*, STT(AICe = SIA*, ST T(R])]Ge — (A%, TR, -
Moreover, since [A®, 3]

SA*, 87 T[R) ¢ = —[A®, SIST T [R]C + [A%, T[h]]C, -
Therefore, one may write:

B = ([A*, Q]S H(T[h]C.), A%) + ([A%, T[A])Co, A0) -
At this point, using the expressions of T'[h] and J[h], it holds:

45 e20%¢, = 298¢, — 2hC, + 58 (R*Cas) -

Therefore, it holds that:

“UT[RC) = 260 — S H(BCs) — 23 (Cona) + §e§*18x<@3<m) ,
which implies that:
By = 2([A*, 9]¢, A0) — ([A*, 9137 (hG), A*v) + %e([AS&]s—lam@gcm, A*v)

— &2 ([A%, SIS (Cawa)s A%0) + (A, T[R]]¢0, A0)
= B3y + B3z + B3z + B3y + Bss.

Thanks to the fact that, for all k € N,h¥ —1 = O(&() and using the explicit expression of 3 combined with
the identities:

(3.14) [A%, 0, (MO, )N = 0,[A°, M|N, and [A>, O IN=0 VmeN",
then by integration by parts and (3.10), it holds that:
2 .
B = 2([A%,h — 1]¢,, A®v) + ga([AS,E — 1Cpar A%0y) < VEC(Jh — =) E*(U)? .
Also, by (3.10) it holds:

|Bsa| < |([A%, RS (BCa), A%0) + ée([AS,E’]a&—%ﬁ@),Asfum)| < eC(lh — 1lg-,Cs)ES(U)*

with

|Bss| < |§e([AS,@]§—1ax(@3<m>,A%)%e?([AS,E]aﬁ—laz(@%m),ASvm)| < eC(lh—1|g+,Cs)E*(U)?,

10



and

Byl < & [(1A% B3 (Gane ) A%0) + 58 (A%, 1108 (Gare)s A7) | < (1B = U, CE ()
For controlling Bss, the explicit expression of T'[h] and (3.14) gives that:
Bss = ([A* h —1)¢e, A*v) < eC(|h— 1=, Cs)E*(U)? .
Thus, as a conclusion, it holds that:
|Bs| < VEC(Ih —1]ms, [Cloor €lC, rra—1, Cs) E*(U)?.
To control By, as for Bs and using (3.14) one may write:
By = —&?([A*, SIS Cowar, A0)

e (A% B8 Goas A%0) — ; (A%, 2710587 Canas A'va) < eC(|h— 1|, Co)E*(U)*

To control Bs, using the expression of &, (3.10) and (3.13) with integration by parts and the fact that
04 [A®, M]N = [A®, MIN + [A®°, M]N,, it holds

|Bs| = €|( V]V, hA® v) + ;6([1\ ]UI’hSA vz) + ;6([1\ ]vm,h3Asvz) + %

1
+ 42—552([As,ym]vm,Asvm) + E?([A Vg AVaz) | < €C(|Bloo, [0] e, VE[Ue| o1, Vg a1 ) E* (U)?.

To control Bg, using the same arguments as the ones used to control Bs, using expression of S, (3.10) and
(3.14), it follows that:

52([As,v ]vm,Asvm)

—TrT

Bs = —*([A*, h]S™ ' Q[U]v,, A®v) — 5 ([As 10,37 1Q[U Jvz, A%z ) + €2 ([A%, Q[U]Jvg, A®v).

Now, using the expression of Q with the help of Lemma 2, estimate (3.10), in addition to (3.14) and the fact
that [A®, 9, (M-)]N = 0,[A*, M]N, it holds:

|Bs| < eC(|h —1|g=,Velvy|us, Cs)E*(U)* .
Eventually, as a conclusion, one gets:
|([AS’ A[QHaIU’ SAU )‘ < Ec(hmznv |h - 1‘Hsa |£|H~";5|£$$|Hﬂ, ‘Q|Hsa ﬁ|yz|H57€|sz|H5’a CS)ES(U)Q

It is worth noticing that /¢ in front of the constant is due to By and Bs;.
e Estimation of (ASC, [Or, J[ﬁ]]ASC). Using the expression of J[h] and by integration by parts, it holds that:

(MG, [0, TIRIATQ)| = <2 (B 20BN A°G) + e (20N G, AGre) < O 011 B (D)
e Estimation of (A*v, [0;, S]A®v). It holds that:
[0, h]A*v = 9,;hA°v  and [0y, 0 (W30, )| A% = 0, (R A%v,) |
then by integration by parts:
| (A%, [0), S]A*D) | = | (9, A%v) + %(atEAsvw,Asvw)y < eC(|0k ooy B* (U)) E* (U2
Let us remark that we have:
0:Cloc = levC, + hv,|oo < C(E*(U)).

Finally, combining the above estimates in addition to that fact that H®(R) is continuously embedded in
W1°(R), it holds that:

SV (U)) < VE(C(h,

11

E*(U)) = \)E*(U)*.
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Taking A = Ar large enough (how large depending on sup C (ff1 E*(U)) such that the right hand side

min’?

tE[O,%]
of the inequality above is negative for all ¢ € [0, %], then it holds that:
T 1
L RV —VEX s (17)2) <
Vte{o,\/g}, SV (VB (U)?) <.
Thanks to Gronwall’s inequality so that it holds
T
vielo,—], B (U()) < (V1) B (Uy) |
NG
and hence the desired energy estimate is finally obtained. O

3.4. Main results.

Well-posedness of the extended Boussinesq system. Theorem 1 represents the well-posedness of the extended
Boussinesq system (2.2) which holds in X* = H*"2(R) x H**2(R) as soon as s > 3/2 on a time interval of

size 1/+/e.

Theorem 1 (Local existence). Suppose that Uy = ((o,v0) € X* satisfying (3.1) for any to > 3, s > tg+ 1.
Then there exists a maximal time Trnae = T(|Ug|x+) > 0 and a unique solution U = (¢,v)" € X5 to the
extended Boussinesq system (2.2) with initial condition ((o,vo) such that the non-vanishing depth condition

(3.1) is satisfied for any t € |0, T—\/gl) In particular if Tyae < 00 one has

Tmam Tmam
Ve Ve o
Proof. The proof follows same line as [24, Theorem 1] using the energy estimate proved in Proposition 2.

This is due to the fact that in [24] a most general case is considered (i.e. the extended Green-Naghdi

equations). Remark that the proof itself is an adaptation of the proof of the well-posedness of hyperbolic
systems (see [1] for general details). O

[U(t,)|xs —> o0 as t—> or i%fh(t,'):i%flJrEC(t,')HO as t—»

A stability property. Theorem 1 is complemented by the following result that shows the stability of the
solution with respect to perturbations, which is very useful for the justification of asymptotic approximations
of the exact solution. (The solution U = (¢,v)” and time T}, that appear in the statement below are those
furnished by Theorem 1).

Theorem 2 (Stability). Suppose that the assumption of Theorem 1 is satisfied and moreover assume that
there exists U = ((,0)T € C ([07 %],X”%R)) such that

0:C + 9, (h?) = fu,

~ S - 2 - - .
%<at7~} + Eﬁﬁw) + haﬂvg - EQsza: + £€2Cwa:a::mv + 52sza: + 52Q[U]'D:v = f2 9
with h(t,z) = 1+ e((t,z) and F = (f1, f2)T € L ([O, T%I],XS(R)), Then for all t € [0, Ty;f], the error

U=U-U= (¢,v)T — (Z, )T with respect to U given by Theorem 1 satisfies for all 0 <t < Tyuax/+/€ the
following inequality

|U|L°°([O,t],XS(]R)) = ﬁé(‘U|t:0|XS(R) +t|ﬁ}L°°([O,t],XS(]R)))’

where the constant C is depending on U Loc ([0, Tpnas / /3], X = (R)) @R \(7|Loo([07Tmm/\/a,Xs+1(R)).
Proof. The proof consists on the evaluation of %% |U|i ® Knowing that fact, by subtracting the equations
satisfied by U = (¢,v)T and U= (Z, )T, we obtain:

8;U + A[U)9,U = —(A[U] — A[U])d,U — F,
U,_,=Uo—Up.

Consequently, a similar energy estimate evaluation as in Proposition 2 yields the desired result. O
12



Convergence. As a conclusion, the following convergence result states that the solutions of the full Euler
system, remain close to the ones of the system we are considering, namely system (2.2), with a better
precision as % is smaller.

Theorem 3 (Convergence). Let ¢ € (0,1), s > 3/2, and Uy = ({o,%0)T € H**N(R)? satisfying condition
(3.1) where N is large enough, uniformly with respect to € € (0,1). Moreover, assume U = ({, )T to be
a unique solution to the full Euler system (1.2) that satisfies the assumption of Proposition 1. Then there
exists C, T > 0, independent of €, such that

T

e Our new model (2.2) admits a unique solution U,p = ((up,vzp)T, defined on [0, W] with corre-

sponding initial data (¢°,v)7T;
e The error estimate below holds, at any time 0 <t < T/+/e,

1(¢,0) = (CoBy V)| Loe(0,:x) < CEP S 2.

Proof. The first point is provided by the local existence result Theorem 1. Thanks to Proposition 1, then
the solution of the water wave equations (¢,v)? solve our model (2.2) up to a residual R of order 3. The
error estimation then follows from the stability Theorem 2. O

4. SOLITARY WAVES

4.1. Explicit Solitary Wave Solution of the extended Boussinesq system. Solitary waves were
initially discovered in shallow water by J.S. Russell during his experiments to design a more dynamic canal
boat [12]. Many partial differential equations have been derived in the literature to model the solitary wave
observed by Russell. Such models are commonly known as the Korteweg-de Vries (KdV) scalar equation
for a unidirectional flow or the coupled Boussinesq and Green-Naghdi evolution equations. These famous
nonlinear and dispersive models describe the shallow water waves and admit explicit families of solitary wave
solutions [4, 32, 25, 35, 8]. The explicit solitary solutions of different nonlinear PDE’s can be calculated using
many methods. One of these methods is replacing the partial differential equation by an ordinary one (ODE)
and thus one can look for explicit solutions in terms of particular functions. This replacement can be done
by setting a reference traveling wave and hence one look for traveling-wave solutions. In this section, we seek
the explicit solution of traveling waves for the extended Boussinesq system. Let us recall that the extended
Boussinesq system that we are considering can be written as:

{a<+mww—o,

(4.1) (14 T[] + T + 9uC + evdpv + £2Qu = O(%)

where h(t,z) = 1+ €((t,z) and denote by
(4.2)

Tl(w = !

—i =——(1-— __i 4 __1 2
Sham((l—i-?)s@axw)— 3(1 £0)0: ((1 + 3eQ)0pw), Tw = 4589611/, Qu = Baz(vvm vz) .

In order to find solitary wave solutions of the extended Boussinesq system (4.1), we seek solutions in the

form of the traveling wave ((¢,x) = (.(x — ct) and v(t,x) = ve(x — ct) with ‘ l‘im |(Ceyve)|(x) = 0 where the
Tr|— 00
constant ¢ € R is the velocity of the solitary wave. Plugging the above Ansatz into eq. (4.1) yields:

—cC+ (heve) =0,
(4'3) ’ ec N e2¢ 1 e2c , 5 g2 " / /
et 3 ((1 + 3ECC)UC) — 3 Ceve F EUES) + ¢+ i(vf)’ = g(vcvc — (v,)%)
We may now integrate and, using the vanishing condition at infinity to set the integration constant, we

deduce from the first equation:
(4.4) — e+ heve =0,
Using (4.4), one can deduce that v, = cC. + O(e).
One can also check the following identity (¢, = ((C.)' — 1(((;)2)/ is true. Using the latter identities

2
into the second equation of (4.3), we may now integrate and, using the vanishing condition at infinity to set

13



the integration constant one can deduce:

2.2 2.2 2 2 2

(45)  —eve+ SoZ+Go= —Zu) = e + -G — - ()7 = ool + S — (w0
One can deduce from (4.4) the following identity:

(4.6) Ve = . — ecC? + O(e?) .

Using (4.4) into the Lh.s of (4.5) and (4.6) into the r.h.s of (4.5), withdrawing all terms of order O(g*) one

can deduce the following equation:
2.2 2.2

C2 Cc ECZ ” e°c ’ 15 "

e _ g & i, e w2
Ce 2(1+€CC)2(2+660)— ¢ + (€)™ + TR T

(4.7) . .

Multiplying (4.7) by C; and integrating once again yields,
2

2 2
(43) S (- 1) = et - DR -

5202 o 6202 1"

- - 2
45 °¢ c+ 90 (C(')

The equation (4.8) is a third order non linear ordinary differential equation. When dropping the €2 terms on
the r.h.s of (4.8), one gets the analogous ODE for the GN equation which exhibits the analytical solitary wave
solution defined in (4.9). A careful examination reveals that the equation (4.8) does not admit an explicit
solution in any appropriate method. In [29], the author studied solitary wave solutions of the Hamiltonian
formulation of the extended Green-Naghdi equations by performing a singular perturbation analysis. In
the latter paper, Matsuno mentioned that his inspection also reveals that the obtained third-order nonlinear
differential equation would not have analytical solutions. The aim was to find an exact solitary wave solution
of equation (4.8). However, analytical approaches might not be applied to many nonlinear problems. The
explicit solution of the extended Boussniesq (4.1) system remain an open problem. An alternative approach
is to consider the numerical solution of the equation (4.8). Therefore, we validate the asymptotic extended
Boussinesq model (4.1) by comparing its travelling wave solution (computed numerically) with corresponding
solution to the full Euler equations, computed using fast and accurate algorithms [14, 37].

4.2. Numerical Solitary Wave Solution of the extended Boussinesq system. In the previous section,
the emphasis was on finding an analytic solution for the extended Boussinesq system of equations of the
form of a solitary wave. However, many differential equations, especially nonlinear ones of high order, does
not admit exact explicit solutions. Instead, numerical solutions must be considered as an alternative way
of dealing with these equations. To this end we compute the solution of (4.8) numerically by employing
the Matlab solver ode45. We compare the obtained solutions with the solutions of water-waves equations.
The latter is computed using the Matlab script of Clamond and Dutykh [9] where they introduce a fast and
precise approach for computing solitary waves solution. We compute the solitary waves for our model with
three values of velocity, namely ¢ = 1.025, ¢ = 1.01 and ¢ = 1.002. In fact, the Matlab script in [9] offer
fast and accurate results but limited to realtively small velocities. We compare the obtained solutions with
the ones corresponding to the full Euler system (numerically computed), the original Green-Naghdi system
(Can), the Boussinesq system (¢p) and the KdV equation (Cxqy). The explicit solution of the original
Green-Naghi model has been initially obtained by Serre in [35] and later on by Su and Gardner [36]:

3(c2—1)

4c%e
The waves are rescaled so that the Korteweg-de Vries and Boussinesq solutions do not depend on ¢. Con-
sistently, we set ¢ = 1. By the convergence theorem, the above solutions provide good approximations of
the traveling waves of the exact water-waves equations, when ¢ — 1 ~ ¢ < 1, that is in the weakly nonlinear
regime.

In fact, in figure 2, one can see clearly as ¢ — 1 — 0 and after re-scaling, the solitary waves tend towards
the KdV solution (Cxav). Moreover, when zooming in, one can see that the the full Euler system (water-
waves) solution is in better agreement with the solution of the extended Boussinesq model rather than the
Green-Naghdi one.

(4.9) elan(x) = (02 -1 sechz( x) = €C2CKdV(x) = ECQCB(CU) .
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Fi1cURE 2. Comparison of the solitary waves solutions.

In figure 3, we plot in a log-log scale the normalized [2-norm of the difference between the solitary wave
solutions of the approximate models and the water-waves solution. The error is computed for different values
of ¢. The extended Bossinesq model exhibit a better convergence rate (quadratic) when compared to the
original Green-Naghdi model (linear). This highlight the fact that extended Boussinesq model have a better
approximate solution.
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FIGURE 3. Errors as a function of ¢ — 1 (log-log plot).
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5. EXPLICIT SOLUTION WITH CORRECTORS OF ORDER O(e3) FOR THE EXTENDED BOUSSINESQ
EQUATIONS

Another approach of dealing with nonlinear PDE’s when looking for analytical exact solution is finding
instead an explicit solution with correctors. Explicit solutions with correctors for asymptotic water waves
models have been obtained in [20, 17]. Actually, H*-consistent solutions are obtained to the models in
the variable topography case using the analytic solution of the model in the flat topography configuration.
In what follows, we find an explicit solution with correctors of order O(e?) for the extended Boussinesq
model (4.1) and validate the result numerically.

We start by defining an H°-consistent solution or in other words explicit solution with correctors of order

O(e?).
Definition 2. A family ({,v) is H®-consistent on [0, T/+/€] for the extended Boussinesq equations (4.1), if

{ ¢+ 0u(hv) = €%ry

5.1
(5.1) (14 eT[h] +2T)0v + 0,C + cvdpv +2Qu = &3y |

2
with (ri,72) bounded in (LOO([O, %],HS(R))) .

The standard Boussinesq system can be easily obtained form the extended Boussinesq system (4.1) by
dropping all terms of order O(¢?). Thus the standard Boussinesq system can be written as:

{ atg + 838(}7"0) = O 1)

2
(5.2) Oy — %aﬁatv + 0,¢ + evdv = 0(82) .

5.1. Explicit solution of the standard Boussinesq system (5.2). The standard Boussinesq system
enjoys a well known explicit solution of solitary traveling wave ((y,v1) of the form:

C1(t, ) = o sech® (k: (xz— ct)) ,
(5.3) cCi(t, )
Ul(tax) = 1+ Ecl(t,.’lﬁ) >

3a 1
where k = UZ and ¢ = 1 and « is an arbitrary chosen constant. This explicit solitary wave was
V1-—ae

already introduced in equation (4.9) in the previous section 4.2. As shown in figure 2, this solution is in
good agreement with the water waves solutions in the weakly nonlinear regime.

Theorem 4. Let (¢1,v1) be a solution of the standard Boussinesq system (5.2) and ((a2,v2) solution of the
linear equations below:

0 Oy =0,
(5.4) 6o Ort

8t’U2 + azCZ - f(cla vl) 9
with

2 2 1 4 1 2
(55) f(Clavl) = azClazatvl + gglamatvl + Zsazatvl + gaz (vl (Ul)xm - (’Ul)m)7

then (,v) = (C1,v1) + €%((a, v2) is H*-consistent with the extended Boussinesq system (4.1).

Proof. First, we would like to mention that we denote by O(e) any family of functions (fe)o<e<1 such that
(g f=)o<e<1 remains bounded in L> ({0, %], H"(R)), for possibly different values of . We may now proceed
in proving the stated result.

If ¢ and v such that (¢,v) = (1, v1) + €2({2,v2) solve the first equation of (4.1) up to O(e?) terms, then

0eG1 + Ou((1 4 £C1)v1) +£°0,C + €%0pv2 = O(e?).
The first equation of (4.1) is satisfied up to O(g?) terms if and only if:
e20,Co + £20,v0 = O(EP).
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Therefore one can take:
0:Co + O0rva = 0.
Now, let us recall that the second equation of (4.1) can be written as:

€2 2 2¢? 2 e 4 e 2 3
oo — gamatv — £°0,€0,0pv — 7(@,@1} - 4—581@0 + 0:C + ev0,v — 381 (Vvze — v2) = O(7).
We seek ((a,v2) such that if (¢,v) = ((1,v1) + €2(C2,v2) and (¢1,v1) solve the standard Boussinesq equa-
tions (5.2), then the second equation of (4.1) is satisfied up to O(e3) terms if and only if:

20wy + %00 = €2 f(C1, 1),
2 1 1
with f((1,v1) = 0,109,001 + gglagatul + ga;*atvl + 581; (vl (v1)zz — (Ul)i) Therefore, this yields
vz + 0:C2 = f(C1,0v1).
Hence, the result is directly obtained given the conditions on (s and vs in the theorem statement. |

5.2. Analytic solution for the linear system (5.4). In this section, we find the analytic solution for the
two transport equations of system (5.4). Lets consider first the initial value problem of (5.4):

0iCa + 0pv9 =0 ifxeR,t>0,
(5.6) Opva + 0:C = f(t, z), ifxeR,t>0,
G(0,2) = ¢8(x), v2(0,2) =08(x) ifz €R,

where (§ and v9 are both given in C°°(R). One can equivalently check the following:

0¢(Co + v2) + 02(C2 +v2) = f(t,x), ifzeR,t>0,
(57) 8t((2 — UQ) - 835({2 — UQ) = —f(t,.l?), ifx e Rt >0,
G(0,2) = (@), v2(0,2) =v5(x) if z € R,

The analytical solution of both transport equations of system (5.7) are:

¢
C2+02:(Cg+vg)(x—t)+/ f(s,x —t+ s)ds,

0

and .
Cg—vgz(cg—vg)(x—kt)—/ f(s,z+t—s)ds.

0

Thus, one can easily deduce that the analytic solutions of system (5.6) are given by

1 t t
68) =yttt [ oot [ flsat- i)
0 0
and
1 t t
(5.9) v2 =35 [((S + o)z —t) — (¢ — o) (z +1t) + / f(s,z—t+s)ds+ / f(s,z+t— s)ds}.
0 0
5.3. Explicit solution with correctors for the system of equations (4.1). In what follows, we prove
that the extended Boussinesq system (4.1) enjoys an explicit solution with correctors of order O(g3).

Theorem 5. Let ((1,v1) given by the expressions in (5.3) and f(t,x) as defined in (5.5). Lets also consider
the initial condition ((o,vo) = (¢1(0,x),v1(0,2))+e%((3,v9) where ¢§ and vy are both given in C*°(R). Then,
the family (C,v) with

= i 9 UO xr — O*UO X t S, r — s)as — t S, T — §)as
G10) =G+ F[@ e+ @ =D+ [ foo—trais= [ feari-sa),

and
2

v =0 ° St ud)(x—1t) — (¢§ —vd)(z t s,x—1t+s)ds t s,x+1t—s)ds|,
(5.11) + S @+ D@0 -0+ [ Sea—trist [ feare-i]

is an explicit solution with correctors of order O(g3) on [0, %] for the extended Boussinesq system (4.1).
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Proof. Theorem 4, gives the H*® consistency result of (¢,v) = ((1,v1)+€2((2, v2) with the extended Boussinesq
system (4.1), where ({2, us2) as given in (5.8) and (5.9) is a solution of the linear system (5.4). Hence the
result can be obtained easily. |

6. NUMERICAL VALIDATION

In this section, we numerically validate the result of Theorem 5. In fact, we consider the equations given
by system (4.1) and we compute explicitly the solutions given by (5.10) and (5.11). Then, we compute the
residues for both equations after substituting (5.10) and (5.11) correspondingly. First we have to set the

3 2
initial conditions ¢J = v§ = exp ( — (%) ) We also choose the constant o = 1. The residues R;(e) and
Rs(e) of the first and second equation of the system (4.1) respectively, are defined as follow:

{ Ri(e) = 10:C + Ou(h0)ll »

6.1
(6 Ri(e) = |(1 +eT[h] + £2%)0yv + 0, + ev0pv + €2Qv\|p .

where p € {2,00}. The residues RY(¢) and R5(e) for p =1 and p = oo are computed for several values of ¢,
namely € = 1071, 1072, 1073, 10~* and 107?, at time ¢ = 1. The results are summarized in Table 1 and
Figures 4 and 5 where we plot in a log-log scale the residues R} and RL for p =1 and p = oo in terms of e.

e | Rile) | Ri(e) e | Br(e) | B
1E-1 | 2.70E-02 | 3.80E-03 || 1E-1 | 4.30E-03 | 4.81E-04
1E-2 | 2.58E-05 | 2.96E-06 || 1E-2 | 4.17E-06 | 4.10E-07
1E-3 | 2.57E-08 | 2.89E-09 || 1E-3 | 4.16E-09 | 4.12E-10
1E-4 | 2.57E-11 | 2.88E-12 || 1E-4 | 4.16E-12 | 4.13E-13
1E-5 | 2.58E-14 | 2.90E-15 || 1E-5 | 4.33E-15 | 5.22E-16

TABLE 1. The residues Ry () and Ry(e) for p = 2 (left) and p = oo (right)

10° M R | T T T T T T T Ty

| | |

10»15
10°° 10 107 102 107"
€

FIGURE 4. The residues R{® and R$° as a function of e.
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10-10

10»12

10»14

10»16 | | |
10°° 10 1078 102 107"
>

FIGURE 5. The residues R{® and R$° as a function of e.

One clearly sees that the curves of the residues for both p = 1 and p = oo are both parallel to 3. This shows
that the residues convergence rate is O(g®), which is in total agreement with our theoretical result.
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