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Abstract
This paper presents an innovative method for scour monitoring, based on the analysis of the dynamic response of a 
bridge pier embedded in the riverbed. Apart from the mechanical and physical characteristics of the pier itself, soil-
structure interaction (SSI) has an impact on the dynamical behaviour of the system. This is particularly the case for 
eigenfrequencies of the pier which decrease when the free length increases. In this paper, analytical developments are 
carried out for an Euler–Bernoulli beam, modelling the pier which is embedded in the soil with Winkler springs for SSI. 
By using Hamilton’s principle and endowing the specific boundary conditions, the system frequencies are assessed by 
looking for roots of the characteristic equation of the system. These eigenfrequencies are then compared with those of 
an equivalent cantilevered beam, which can be expressed analytically. Moreover, experiments are carried out to validate 
the concept of equivalent length as a parameter of the inverse problem, linking the dynamic behaviour of the system 
and the embedded length.

Abbreviations
E	� Young Modulus of the considered beam 

(GPa)
I	� Moment of inertia about x-axis of the consid-

ered beam (m4)
�	� Mass density of the considered beam (kg m−3

)
A	� Cross-section of the considered beam (m2)
k	� Elasticity reaction of the soil modeled by 

springs (kN m−2)
g	� Shear modulus between soil springs (kN)
x	� Position along neutral axis of the beam (m)
t	� Time (s)
v	� Displacement in flexion of the considered 

beam (m)

∙̈	� = �
2

�t2
 , ∙�= �

�x
 , ∙(j)= �j

�xj

T,E and U	� Kinetic energy, Strain energy and External 
force energy (J)

qr	� Temporal function of the rth mode
Vr	� Shape function of the rth mode (m)
�r	� Temporal pulsation of the rth mode (s−1)

�r	� Space pulsation of the rth mode (m−1)
∼
∙ :	� Non-dimension associate function
Ωr	� Temporal pulsation of the rth mode for a free 

cantilevered beam (s−1)
�r	� Spatial pulsation of the rth mode for a free 

cantilevered beam (m−1)
La	� Active length (m)
�	� Free equivalent added legth (m)

1  Introduction

Scour is a consequence of the erosive action of flowing 
water which leads to the removal of material from the riv-
erbed. When there is an obstacle in the river flow, like a 
bridge, scour causes a digging of the sediments around 
the piers or the abutments. In a point of view of the health 
of the structure, this phenomenon may represent an issue: 
indeed, scour is the primary cause of bridge collapses [21]. 
A study of over 500 bridges failures in USA has assigned 
53% of American bridge failures to hydraulic risk [32]. 
Studies have also shown how scour may lead to expensive 
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structural maintenance [17] to avoid casualties and repair 
blocked connections. To avoid these risks and to monitor 
scour-depth, several methods have been developed the 
past years [23].

Among the widely used water depth-measuring 
devices, we can cite magnetic sliding collars [14], float-out 
systems [2], radar systems [10] and time-domain reflec-
tometry [35]. Two disadvantages of these methods are the 
difficulty of implementation and the retrieval of informa-
tion on the soil behaviour, which may be an issue for the 
structure [36].

An alternative is the detection of scour damage using 
vibration-based structural health monitoring [26, 27]. 
Methods were developed to detect changes in dynamic 
characteristics, such as the natural frequency, the mode 
shape curvature and the dynamic rigidity [8, 12, 16]. At this 
stage, water is considered as an added mass [34]. Using 
auto-regressive moving average vector (ARMAV, [3, 20]) 
techniques, [11] showed numerically and experimentally 
that mode shapes and eigenfrequencies of bridges change 
under scour variation: more precisely, an increase of scour 
depth implies a decrease of eigenfrequencies. On the 
structural level, there are two ways to model scour, which 
are a loss in foundation stiffness around the pier [11] and 
an evolution of geometric parameters, like the free length 
[24]. This article implements the second point of view.

Currently, many works study the inverse relation 
between the frequency response of a bridge pier and 
scour depth. Discussions focus on combining several tech-
nologies, as water depth-measuring devices and analysis 
of dynamic behavior of a structural element [4, 5, 37].

[24] proposed direct scour monitoring, using the fre-
quency response of a pier. For that, an experimental full 
scale pile embedded in a block of sand was investigated. 
For each value of the scour depth an impact was applied 
in order to study the dynamic response of the pier. Then, 
the intrinsic soil parameters have been determined using a 
geotechnical method based on the Cone Penetration Test 
(CPT) [29]. [4] focused their studies on the influence of soil 
characteristics and geometry of the pier on the natural 
frequencies of the pier under scour phenomenon.

[37] proposed an indirect scour monitoring method 
using rods that are embedded in the riverbed and 
equipped with fiber-optic Bragg sensors. The fundamen-
tal frequencies of the rod are identified from the strain 
response history in the time domain. Numerical modeling 
is carried out in order to model the SSI with elastic springs, 
and then to correlate the first frequency with the scour 
depth.

[5] proposed a new type of low-cost rod-sensor using 
accelerometers, which were also used for direct monitor-
ing of the response of a pile in [24]. For a given geometry 
and material of the rod, and type of soil, there is a similarity 

of eigenfrequency variation with scour depth between the 
rod that is embedded in soil and a cantilevered beam of a 
given corresponding length [6]. A new parameter is then 
defined, named the equivalent free length which is a func-
tion of the mechanical and inertial characteristics of the 
beam and the mechanical characteristic of the soil

The work presented here aims at analytical develop-
ments of this equivalent free length. By modelling the 
interaction between the soil and the structure, analytical 
expressions are written for both the response of a beam 
embedded in soil and the response of the equivalent can-
tilevered beam. The developed models remain general and 
can be applied for direct monitoring (bridge pier) or indi-
rect monitoring (rod/pile sensor). Nevertheless, consider-
ing certain assumptions made in these developments, it 
is more suitable for indirect scour monitoring.

The paper is structured as follows: First, by considering 
an Euler–Bernoulli Beam [15] partially embedded in a Pas-
ternak Soil [22] and by using Hamilton’s principle, the ana-
lytical expression for the first natural frequency is derived 
and compared to numerical results. Then, an asymptotic 
approach is carried out to approximate the natural fre-
quencies of the system. In a last Section, using fast Fourier 
Transform algorithm, this analytical expression of natural 
frequencies is compared to data from experiments. These 
experiments are carried out for the free response of a “pile” 
partially embedded in sand: comments and conclusions 
are given.

2 � Analytical soil‑structure interaction model

This Section proposes an analytical development for the 
eigenfrequencies of rod-sensors that allows for the indi-
rect monitoring (see Fig. 1). Rod sensors are beam-like ele-
ments, that can be compared to very flexible piers.

Let us consider a linear Euler Bernoulli beam [15] 
partially embedded in a Pasternak soil [22] with lateral 
displacement v(x, t) (see Fig. 2), where E, I, � and A are 
respectively the Young modulus, the moment of inertia, 
the mass density and the cross section of the beam. Pas-
ternak’s model depends on two parameters, namely k the 
elastic reaction modulus of springs and g the shear modu-
lus between the springs. The parameters in the Pasternak 
model are dependant, and Vlasov [31] defined an iterative 
method to find the couple (k, g). However, we can notice 
that when g = 0 , a Pasternak soil model is similar to a Win-
kler soil model [33].

2.1 � Variational formulation of the problem

Because of the presence of an interface (between the 
buried and the non-buried parts in the soil), this problem 
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has specific boundary conditions. Consequently, the vari-
ational approach is established using Hamilton’s principle 
between timestamps t1 and t2 :

where �T  is the variational Kinetic Energy defined by :

(1)∫
t2

t1

(�T − �E + �U)dt = 0,

∙̇ and ∙̈ are respectively the first and second partial deriva-
tive with respect to the time.

The variation of strain energy �E can be written as:

∙� , ∙�� , ∙(3) and ∙(4) are space derivatives of v(x, t) with respect 
to x.

�U is defined as:

where H0 denotes the Heaviside function.
Combining Eqs. (1)–(4) leads to:

(2)
∫

t2

t1

𝛿Tdt = 𝜌A∫
d

−a

(
[v̇(x, t)𝛿v(x, t)]

t2
t1

−∫
t2

t1

v̈(x, t)𝛿v(x, t)dt

)
dx.

(3)

∫
t2

t1

�Edt = ∫
t2

t1

(
[EIv��(x, t)�v�(x, t)]d

−a

−[EIv(3)(x, t)�v(x, t)]d
−a

)

+∫
t2

t1

(
∫

d

−a

EIv(4)(x, t)�v(x, t)dx

)
dt.

(4)∫
t2

t1

�Udt = ∫
t2

t1

(
∫

d

−a

(kv(x, t)

−gv��(x, t))H0(x)�v(x, t)dx
)
dt,

Fig. 1   Scour rod sensor

Fig. 2   Schematic of the considered problem, where the ground 
level is at x = 0
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which should be supplemented by boundary conditions.
Due to the interface between the soil and the free area, 

the problem is non-linear. But we treat the problem as two 
separate linear problems. Governing system equations are 
given by:

2.2 � Modal analysis

The spatio-temporal displacement of the system, i.e v(x, t), 
is written as,

where qi(t) and Vi(x) are the modal functions correspond-
ing to the i th mode. We can project Eq. (6) on the rth mode 
via using orthogonality properties. It leads to:

with characteristic elements defined by [28]:

For further developments, we introduce following dimen-
sionless variables:

(5)∫
t2

t1

(
∫

d

−a

{
EIv(4)(x, t) + 𝜌Av̈(x, t)

+ (kv(x, t) − gv��(x, t))H0(x)
}
𝛿v(x, t)dx

)
dt = 0,

(6)

⎧⎪⎪⎨⎪⎪⎩

v(4)(x, t) +
𝜌A

EI
v̈(x, t) = 0 , if x ∈ [−a, 0],

v(4)(x, t) −
g

EI
v��(x, t) +

k

EI
v(x, t) +

𝜌A

EI
v̈(x, t) = 0 , if x ∈ [0, d].

(7)v(x, t) =

∞∑
i=0

qi(t)Vi(x),

(8)

⎧⎪⎨⎪⎩

�
V
(4)
r (x) + �4

r
Vr(x)

�
qr(t) = 0 , if x ∈ [−a, 0],�

V
(4)
r (x) − 4�2

r
�rV

��
r
(x) + 4�4

r
Vr(x)

�
qr(t) = 0 , if x ∈ [0, d],

(9)

⎧
⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝜔2
r
= −

q̈r(t)

qr(t)
,

𝛽4
r
=

𝜌A𝜔2
r

EI
,

𝛿4
r
=

(k − 𝜌A𝜔2
r
)

4EI
=

k

4EI
−

𝛽4
r

4
,

𝛾2
r
=

(k − 𝜌A𝜔2
r
)

g
,

𝜇r =
𝛿2
r

𝛾2
r

=
g

2

�
(k − 𝜌A𝜔2

r
)EI

.

(10)
∼

x =
x

L
,
∼

Vr =
Vr

L
,
∼

�r

4

= �4
r
L4 ,

∼

�r

4

= �4
r
L4.

2.3 � Specific boundary conditions and modal 
behaviours

Eigenfrequencies depend on the boundary conditions of 
the dynamical system. This section aims at writing the non-
trivial solutions of the system leading to eigenfrequencies 
detection. First, at 

∼

x = −
a

L
 the beam is considered free, so:

Then, the non-linear problem (Eq. (5)) is treated as two 
linear problems on two different spaces with continuous 
kinematics (continuous beam). In fact, Pasternak’s model 
[22] introduces a continuous load applied by the soil on 
the solid :

To solve Eq. (8), let us assume:

Assumption (13) signifies that for first low frequencies of 
the system, the rigidity of the soil (k) is much higher than 
the quantity �A�2

r
 . It is the case for ordinary soil types as 

sand or clay.
Moreover let us suppose 

∼

Vr is a combination of wave 
functions of type exp(�r

∼

x) . Consequently, �r is the solu-
tion of:

Let us detail the solutions of Eq. (14) for each segment:
- Free part, i.e for 

∼

x ∈

[
−
a

L
, 0

]
 , Eq. (14) has the following 

solution:

with Ai ∈ ℝ , ∀i ∈ [[1;4]].

- Embedded part, i.e for 
∼

x ∈

[
0,

d

L

]
 , the solution of 

Eq. (14) depends on the value of �r . By distinguishing the 
numerical values of �r (defined in Equation (9)) and 

(11)

∼

Vr

��(
−
a

L

)
= 0 ,

∼

Vr

(3)(
−
a

L

)
= 0 .

(12)

∼

Vr(0
−) =

∼

V (0+),
∼

Vr

�

(0−) =
∼

Vr

�

(0+),
∼

Vr

��

(0−) =
∼

Vr

��

(0+),
∼

Vr

(3)

(0−) =
∼

Vr

(3)

(0+).

(13)
k

𝜌A𝜔2
r

>> 1

(14)
�2
r
= ±

∼

�r

2

, if x ∈ [−a, 0],

�r = ±
∼

�r

�
2(�r ±

√
�r − 1) , if x ∈ [0, d].

(15)

∼

Vr(
∼

x) =A1 cos(
∼

�r
∼

x) + A2 sin(
∼

�r
∼

x)

+ A3 cosh(
∼

�r
∼

x) + A4 sinh(
∼

�r
∼

x)
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defining �i the solutions of the characteristic equation, we 
can distinguish 3 cases,

•	 Case I: 0 < 𝜇r < 1 . 

 with i2 = −1 , �1 =
∼

�r

√
1 + �r  and �2 =

∼

�r

√
1 − �r  . 

•	 Case II: �r = 1 . 

•	 Case III: 𝜇r > 1 . 

 with �1 =
∼

�r

√
1 + �r  and �2 =

∼

�r

√
�r − 1 , 

For the rest of the study, let suppose small displacements 
at 

∼

x =
d

L
 , i.e we assume d is big enough, so:

Equation (22) leads to neglectthe coefficient in front of 
positive exponential:

(16)�r = ±�1 ± i�2,

(17)

∼

Vr(x) = exp(�1

∼

x)(B1 cos(�2

∼

x) + B2 sin(�2

∼

x))

+ exp(−�1

∼

x)(B3 cos(�2

∼

x) + B4 sin(�2

∼

x)

(18)�r = ±
√
2
∼

�r = ±�,

(19)
∼

Vr(x) =exp(�
∼

x)(B1 + B2
∼

x) + exp(−�
∼

x)(B3 + B4
∼

x)

(20)�r = ±�1 ± �2,

(21)

∼

Vr(x) = exp(�1

∼

x)(B1 cosh(�2

∼

x) + B2 sinh(�2

∼

x))

+ exp(−�1

∼

x)(B3 cosh(�2

∼

x) + B4 sinh(�2

∼

x))

(22)
|||||
∼

Vr

(
d

L

)|||||
<< 1

So, with Eqs. (11), (12) and (23), the eigenfrequencies �r 
can be written as solutions of:

where C is a 6 × 6 matrix depending on �r and �r (see 
Appendix 1).

In Figs. 3 and 4, the first natural frequency ( r = 1 ) is plot-
ted as a function of scour depth. Results are solutions of 
Eq. (24) detected by Newton’s method in Matlab ® .

In Fig. 3, the influence of the ratio between the rigidity 
of soil and flexural rigidity of the beam, i.e k

4EI
 , is studied 

by supposing � = 0 (i.e g = 0 ). In this case the higher rigid-
ity of the soil, the faster the decrease in the value of the 
eigenfrequency is.

It is shown that g is small with respect to k [1]. So that, 
we make a linearization at the first order of the coefficient 
�r = � =

g

2
√
kEI

 in order to solve numerically Eq. (24). As a 

consequence, we assume that � is independent of �r . That 
is to say that it is the same for all modes. Figure 4 is a result 
from this assumption and shows how the coefficient �1 
creates a translation of the eigenfrequency without chang-
ing the trend of the curve.

The analysis of the function of the first natural fre-
quency f1

(
a

L

)
 shows that there exists a relation between 

the eigenfrequencies and the scour level. For each couple 
( k, g ), we can identify the curve trend as an inverse func-
tion in view of the decrease variation. Even more, when k

4EI
 

is big (over 1000 m−4 ), the curve trend can be assimilated 
to a cantilevered beam. In general we will suppose that k 
is bigger than all the other parameters to be sure that 
hypothesis (13) makes sense. This assumption is generally 

(23)(B1, B2) = (0, 0).

(24)Det(C(�r ,�r)) = 0,

Fig. 3   Influence of the ratio k
4EI

 
on the first natural frequency 
by supposing � = 0
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verified for rod sensors in soils like clay and sand, as shown 
experiments in Sect. 4 [6].

3 � Equivalent cantilevered beam

This Section aims at comparing the variation of the first 
natural frequency �1(a) (previous Section) with the fre-
quency of the equivalent free cantilevered beam of length 
Leq = (a + �) (with 𝜖 << a ), which we will note Ω1(Leq).

3.1 � Equivalent cantilevered beam of a partially 
embedded Euler–Bernoulli beam in a Pasternak 
soil

It has been shown experimentally [6] that when the non-
buried length of the beam is varying, the first natural 
frequency of the partially embedded beam has a similar 
variation as the one of a cantilevered beam with same 
parameters ( E , I, �, A ). This observation is also confirmed 
by the model that has been developed previously.

Let us define Leq(a) as the length of the equivalent 
cantilevered beam (Fig. 5) which has the same frequency 
as the embedded beam with the free length a: in Fig. 6, 
Leq(a) is given by the projection parallel to the length-axis 
of the partially embedded beam curve frequency to the 
cantilevered beam curve frequency. The euclidean dis-
tance (dimensionless) between a point of the curve and 
its projection is:

As shown in Fig. 6, this distance tends to be constant, 
if certain hypotheses which were explained in the last 

Leq(a) − a

L
.

Section are verified. Moreover, experimental results from 
literature agree with this conjecture [5, 6]. The following 
investigations are aimed to capture the analytical value 
of this constant.

The first idea is to plot 
Leq(a) − a

L
 as a function of a

L
 as 

shown in Fig. 7 with k
4EI

= 1000 m −4 . In Fig. 7, it is seen 

that all curves become asymptotically constant. That 
means that there is a threshold of length which is a candi-
date for the assumed constant distance. This constant dis-
tance is physically a length added to the cantilevered 
beam, so that its first natural frequency is the same as par-
tially embedded beam. Then, by plotting the inverse of the 
real part of the spatial eigenvalue �1 in Fig.  7, we can 
approximate:

Fig. 4   Influence of the coef-
ficient � on the first natural 
frequency by supposing 
k

4EI
= 1000m−4

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

7

8

Fig. 5   Principle of the equivalent cantilevered model
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To prepare an asymptotic development in the next sec-
tion, let us suppose that the added free equivalent length 
is small and called �.

3.2 � Free cantilevered beam of equivalent length

Let us consider the free cantilevered beam with length 
Leq = a + � (Fig. 8). Consequently, L will be replaced by Leq 
in the adimensionalization. Parameters E, I, � , A have the 
same definition and values as in Sect. 2. For such a system 
( cantilevered at 

∼

x = 0 and free at 
∼

x = −1 ), using Eq. (1) and 

Leq(a) ≈ a +
L

�1

. (7), boundary conditions lead us to the following charac-
teristics equation:

with 
∼

�r defined in Eqs. (9) and (10).
Numerically we can write the approximation :

(25)1 + cos(
∼

�r) cosh(
∼

�r) = 0,

(26)

⎧⎪⎨⎪⎩

∼

𝛽1 = 𝛼1 ≈ 1.8751,
∼

𝛽n = 𝛼n ≈ (2n − 1)
𝜋

2
,∀n > 1.

Fig. 6   Theoritical first natural 
frequency as a function of a

L
 for 

different values of � ≈
g

2

√
kEI

 

and comparison with a 
cantilevered beam
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So, for each mode, 
∼

�r is constant. To obtain a dimensionless 
coefficient, we introduce the mode-dependent coefficient 
as:

Equation (27) leads us to define Ωr as a function of length:

Equation (28) is useful for further investigation in this 
paper : When � is small, a Taylor-Young development of 
the natural frequencies can be carried out. The results are 
presented in Fig. 9 for different orders of development 
showing that the error of the developments until the nth 
order is O(�n) when � → 0.

To compare the natural frequencies obtained by the 
partially embedded beam model and the equivalent can-
tilevered beam, their asymptotic developments will be 
investigated. The idea is to associate the � to a SSI param-
eter of the partially embedded beam, and compare its 
derivatives from Equation (28).

(27)cr = �2

r

√
EI

�A
∈ ℝ, ∀r ∈ ℕ.

(28)

Ωr(Leq) =
cr

L2
eq

,

Ω
(i)
r (Leq) = (−1)i

(i + 1)!Ω(Leq)

Li
eq

, ∀i ∈ ℕ.

3.3 � Asymptotic approach of natural frequencies 
of a partially embedded Euler–Bernoulli beam 
in a Winkler soil

In this Section, an analytical proof for a degenerated 
model is investigated. We consider �r = 0 (Winkler soil) 
and d >> La.

We suppose now “a” a constant and define the follow-
ing variable:

So, the main purpose of the validation of the model of 
equivalent cantilevered beam is to compare (Fig. 10):

•	 The frequency Ωr(�) of the cantilevered beam of length 
a + � and obtained from the characteristic equation, 

•	 The pulsation �r(�) of the partially embedded beam 
in a Winkler soil model with the free length as “a”. We 
neglect the effect of the depth of foundation (Eq. (22)). 
Here � is a SSI parameter which may vary.

To reach the purpose, let us assume that the frequency is 
at least of class C1 in ℝ+ , and:

The assumption in Eq. (31) has a physical sense: the smaller 
� is, the more rigid the soil is. Consequently when � = 0 , 
the soil is infinitely rigid and we have a cantilevered with 
length a.

With Eq. (31) and by defining:

we have,

Equations (22) and (24), and the boundary conditions of 
Sect. 2.3 give us:

where:

(29)� =
1

�r
.

(30)

∀�, 1 + cos

�
�A

EI

√
Ωr(�)a

�
cosh

�
�A

EI

√
Ωr(�)a

�
= 0

(31)�r(� = 0) = Ωr(� = 0) = Ωr0.

(32)� =
a

Ωr0

d�r

d�
(� = 0),

(33)
�r(�) = Ωr0 + �

Ωr0

a
� +O(�2),

√
�r(�) =

√
Ωr0

�
1 +

�

2a
�

�
+O(�2).

(34)∀� ≥ 0 , F(�) = 0,

Fig. 8   Free cantilevered beam of length Leq = a + � , with a Young 
Modulus E, an inertia I, a mass density � and a cross section A 
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Equation (31) allows us to define F at � = 0 , and by defin-
ing F as the function null constant:

Equation (36) can be expanded with:

Equations (30) and (33) let us develop the terms in Eq. (36) 
as:

and:

where A and B are provided in Appendix 2. Then we can 
find � from Eq. (32) using Eq. (37),

(35)

F(�r(�)) =Det(C(�r , 0))◦(�), = Det(C(�r(�), 0)

=

||||||||||||||||

− cos(�r(�)a) sin(�r(�)a) cosh(�r(�)a) − sinh(�r(�)a) 0 0

− sin(�r(�)a) − cos(�r(�)a) − sinh(�r(�)a) cosh(�r(�)a) 0 0

1 0 1 0 −1 0

0 �r(�) 0 �r(�)
1

�
−

1

�

−�r(�)
2 0 �r(�)

2 0 0 2

(
1

�

)2

0 −�r(�)
3 0 �r(�)

3 −2(
1

�
)3 −2

(
1

�

)3

||||||||||||||||

.

(36)∀� ≥ 0 ,
dF

d�
(�) = 0 =

��r

��
(�)

�F

��r

(�) +
�F

��
(�),

(37)
��r

��
(� = 0) =

d�r

d�
(� = 0) = lim

�→0
−

�F

��
(�)

�F

��r

(�)

(38)−
EI

�A

�F

��
(�) = A(Ωr0)

1

�5
+O(�−4),

(39)
EI

�A

�F

��r

(�) = B(Ωr0)
1

�5
+O(�−4),

i.e,

and,

This results are legitimate with the continuity hypothesis. 
Using Eq. (28), �r(�) has the same derivative as Ωr , at � = 0 . 
Let us write:

with the assumption of Eq. (13) which indicates that the 
flexural rigidity of the beam EI is much smaller than the 
rigidity of the soil k. We assume that � is near zero for the 
few first natural frequencies of the system. In this case, the 
model of equivalent cantilevered beam can be applied. 
In the next Section, we will validate the proposed model 
with experiments.

(40)
��r

��
(�) ∼

�→0

20Ωr0� + 32Ωr0

4a
= �

Ωr0

a
,

(41)� = −2,

(42)
d�r

d�
(0) = lim

�→0
−

�F

��
(�)

�F

��r

(�)

= −2
Ωr0

a
.

(43)�r(�) = Ωr(�) + O
�→0

(�2),

Fig. 9   Numerical solution of 
Eq. (25) and its Taylor-Young 
development at order 1,2,3 
and 4 (using Equation (28))
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4 � Discussion

Let us first define an active length La . One of the hypoth-
esis of equivalent cantilevered model is that the founda-
tion depth “d” is greater than La.

4.1 � Active length L
a

Empirically, in literature, La is defined as a length above 
which displacements can be neglected [19]. For example, 
[25] defines this length (called LR in this work) as:

We define this length as a function of the displacements at 
ground level ( Vr(0) = Vr0 and V �

r
(0) = V �

r0
 ) and of the pulsa-

tion �r . From the previous Sections, this active length can 
be expressed as:

(44)LR =
(
4EI

k

) 1

4

.

(45)
La(Vr0, V

�
r0
,�r) =�(Vr0, V

�
r0
)

(
EI

k − �A�2
r

) 1

4

=
�(Vr0, V

�
r0
)

�r
,

where �(Vr0, V
�
r0
) is a threshold, chosen by noticing that in 

first Section,

so,

Let us provide some examples for �(Vr0, V
�
r0
):

•	 If we neglect values at x = d under 15% × (||Vr0|| +
|||||
V �
r0

�r

|||||
) , 

i.e we want Vr(d) ≤ 15% × (||Vr0|| +
|||||
V �
r0

�r

|||||
) , �(Vr0, V

�
r0
) = 2

,

•	 If we neglect values under 5% × (||Vr0|| +
|||||
V �
r0

�r

|||||
) , 

�(Vr0, V
�
r0
) = 3,

•	 If we neglect values under 1% × (||Vr0|| +
|||||
V �
r0

�r

|||||
) , 

�(Vr0, V
�
r0
) = 5,

In other terms, �(Vr0, V
�
r0
) is an integer defining the active 

length La proportional to the equivalent added length 
( � = 1

�r
 ) described previously.

4.2 � Validation with experimental results

This part aims to validate the model of equivalent canti-
levered beam with experimental results obtained for an 
aluminum rod in sand [6]. Table 1 summarizes the numeri-
cal values of system parameters.

The experimental approach consists in repeating the 
following protocol for different values of the free length 
“a”:

•	 Give a impulse using a hammer and acquire the 
response of the beam via a sensor,

•	 For each signal, use a fast Fourier transformation to 
analyse the frequency response in order to obtain natu-
ral frequencies by “peak-peacking”.

•	 Repeat again five times and take the mean of natural 
frequencies.

The sensor used is an accelerometer GCDC X-series [9]. The 
mass ms of the sensor reads,

(46)B3 = Vr0 and B4 =
V �
r0

�r
,

(47)||Vr(x)|| ≤ exp(−�rx)

(
||Vr0|| +

|||||
V �
r0

�r

|||||

)
.

(48)ms = 40.8g

Fig. 10   Scoured beam of pulsation �r and its equivalent cantile-
vered beam of pulsation Ωr
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We should change the boundary condition defined in 
Eq. (11). Equations (12), (22) and (23) do not change, and 
we add a point mass at the top of the rod:

Figure 11 plots the first natural frequency as a function of 
a

L
 using the model derived in the previous Sections, with 

the new boundary conditions of Eq. ((49)).
We consider g = 0 , consequently the soil is a perfect 

Winkler soil [33], with the parameter k derived from 
Ménard formula [18] and experimentally determined soil 
rheological parameter � =

1

3
 . As for the scoured beam, we 

add a point mass ms to the equivalent cantilevered beam 
described in Sect. 3.2 and we can write the analytical for-
mula of the first frequency [30]:

Given the data in Table  1, we assume that the added 
length � is independent of the pulsation �r:

(49)

∼

Vr

��(
−a

L

)
= 0,

∼

Vr

(3)(
−a

L

)
= −m�2

r

∼

Vr

(
−a

L

)
.

(50)Ω1(Leq) =

√
3EI

L3
eq
(0.24 × �ALeq +ms)

.

In Table 2 the detected first frequency �model is compared 
to the experimental first frequency �exp.

We can see an error of 5% probably due to the approxi-
mation of non-dependent modes, and on the other hand 
to the hypothesis that there is no shear between the soil 
springs ( g = 0 ). Vlasov [31] showed that when the soil is 
not infinite, a relation between k and g exists and this is 
of course the case here (experiments made in laboratory 
with a finite volume of soil). In fact, if we consider shear 
between springs, �model may change.

5 � Conclusion and perspectives

On one hand, this study proposes a model that allows the 
indirect monitoring using rod sensors, where external 
forces as wind or water flow are candidates for continu-
ous exterior lateral excitation.

The proposed monitoring parameter (equivalent 
length) allows to link directly the first frequency (low fre-
quencies) to the scour depth: This is practical method to 
solve quickly (from the point of view of calculation cost) 
the inverse problem induced by scour.

Moreover, piers are modeled as beams with the 
assumption that the flexural rigidity of the beam (4EI) 
is much less than the rigidity of soil (k). In the perfect 
hypothesis case (i.e deep foundation), this kind of struc-
tures implies a small equivalent length error for a Winkler 

(51)�model ≈

(
4EI

k

) 1

4

.

Table 1   Characteristics of the 
soil and the beam with “k” 
calculated from [18] with � =

1

3

Datas Values

� 2700 kg∕m3

A 1.25 e-04 m2

E 62.2 e+09 Pa
k 1.4 e+06 Pa
I 2.6042 e-10 m4

L 1.17m
D
50

0.70 mm

Fig. 11   Variation of the first 
frequency with the free length 
“a”: Experimental results vs 
analytical results from Sect. (2) 
with boundary condition of 
((49))
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Table 2   Comparison of the free 
equivalent length � between 
experimental data and from 
the model

�model 8.24 cm

�exp 8.67 cm
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soil: an analytical proof was carried out. Numerical results 
implemented in Matlab ® imply that for Pasternak soil, the 
conclusion should be the same (Fig. 7). Finally, the real part 
of the eigenvalues �r [Eq. (14)] are intrinsically linked to 
the added equivalent cantilevered length. With the experi-
mental results, the equivalent cantilevered beam concept 
has been consolidated with a new analytical model of Soil 
Structure Interaction (SSI) mixing Euler–Bernoulli and Pas-
ternak models. Also, the model can be extended to several 
layers of soil of soil by assuming continuity of cinematic 
variables: the dimension of the matrix “C” in Appendix 1 
will increase. In addition, considering an added point 
mass, results do not change the interpretation and encour-
ages us to extend the model for bridge pier considering 
the bridge deck as an added mass.

On the other hand, the model is supposed to be appli-
cable for the direct scour monitoring using the bridge pier 
vibration. However, future studies should focuses on the 
quantification of the error and the limit case. For instance, 
when d = La , new type of boundary conditions appear. For 
example the null displacement at the end of the beam can 
be replaced by a rocking rotation as shown [13]. Also, our 
study neglects the coupling with bridge deck which is con-
sidered as an added mass: the vibration mode of the pier 
are independent of the bridge deck vibrations [7]. Then, 
the hypothesis of rigidity of the beam much lower than 
the stiffness of the soil and the active length depends on 
the soil parameters and the pier configuration. This study 
is intended to be analytic and is a new approach of scour 
monitoring problems. Experiments are here to fortify the 
model and open some discussions. The hypothesis of the 

model are large in order to write a global mathematical 
model. However, each soil and structure interaction model 
has its limits with a specific quantification of the hypoth-
esis. For that reason, the equivalent cantilevered beam 
model is not always verified for bridge piers.
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Appendix 1: Expression of C (Eq. (24))
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Case III: 
∼
𝜇r > 1

Appendix 2: Expression of A and B (Eqs. (38) 
and (39))
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