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Abstract

We consider the controllability of a viscous incompressible fluid modeled by the Navier-Stokes system
with a nonlinear viscosity. To prove the controllability to trajectories, we linearize around a trajectory and
the corresponding linear system includes a nonlocal spatial term. Our main result is a Carleman estimate
for the adjoint of this linear system. This estimate yields in a standard way the null controllability of the
linear system and the local controllability to trajectories. Our method to obtain the Carleman estimate is
completely general and can be adapted to other parabolic systems when a Carleman estimate is available.

Keywords: viscous incompressible fluid, controllability to trajectories, Carleman estimates, nonlocal spatial
terms
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1 Introduction

The aim of this article is to consider the controllability to trajectories of a model for the motion of a
viscous incompressible fluid. This model was considered and studied by Ladyzhenskaya in [II]. The null-
controllability of this system is obtained in [5], and the controllability to stationary trajectories is proved
in [14] in the one-dimensional case (that is with the Burgers viscous equation instead of the Navier-Stokes
system).

Here our aim is to complete the previous results and to show the local null controllability to trajectories.
Besides the interest of the corresponding result, our interest consists in showing how we can derive Carleman



estimates for a parabolic system with a nonlocal spatial term. Such terms can appear naturally in fluid
mechanics to model the turbulence, but with more complicated models and we can also see such terms
in biology, see for instance [I5] Section 11.5]. Previous results have been obtained for parabolic systems
with nonlocal spatial terms, see, for instance, [9], [1], [8], [13], etc. Let us note that in these references,
the nonlocal spatial term is an integral term with a general kernel K(z,y) and here we only treat the case
of a kernel of the form K = a ® b, see below. Nevertheless with this type of kernels, we are able
to show a Carleman estimate whereas the previous references are considering a compactness-uniqueness
argument that does not permit to deduce directly a controllability result on the nonlinear systems. In [§],
the authors consider a nonlinear heat equation where the nonlinearity contains a nonlocal term similar to
the one here. Their method consists in showing the approximate controllability of the linearized system by
using a compactness-uniqueness argument and then deduce the approximate controllability of the nonlinear
system by using a Kakutani fixed point argument. Then the local exact controllability to trajectories is
obtained with a passage to the limit. With our approach, the Carleman estimate for the adjoint system
implies in a standard way the local exact controllability to trajectories with a Banach fixed point argument
and without any passage to the limit.

Let us present the model of Ladyzhenskaya for the motion of a viscous incompressible fluid. Assume 2
is a smooth domain of R® and T > 0. We consider the following system

Orv — (Vo + 11 / curl(v)? da:) Av+Vp+ (v-V)v=1,u in (0,T) x Q,
Q

dive =0 in (0,T) x Q, (1.1)
v=0 on (0,T) x 09,
v(0,-) =0° in Q.

In the above system, v and p are respectively the velocity and the pressure of the fluid. The viscosity of
the fluid is not constant and depends on the velocity of the fluid. Such a model where a nonlocal spatial
dependence appears has some common features with models for the turbulence (see, for instance, [2], [12],
etc.) The constants vy and v1 are assumed to be positive. The control u of this system is supported in a
subdomain w € 2 and we want to use it to obtain the controllability to the following given trajectory:

0T — (1/0 +u / curl(v)? dx) AT+ VE+@-V)o=0 in (0,T) x Q,
Q
divo =0 in (0,7) x €, (1.2)
7=0 on (0,T) x 09,

7(0,:) =7° in Q.
This means that we search a control u such that v(T,-) =T(T,-). In order to do this, we set

Z:/U_@a q:p_pv

wi=vo + 1/1/ curl@)® dz, a=21nAT, b=AT, 2°="-7" (1.3)
Q
so that
Otz — pAz + (/ bz dm) a+z-Vi+7-Vz+Vqg=F(z)+1lou in (0,T) x Q,
Q
divz=0 1in (0,T) x , (1.4)
z=0 on (0,T) x 09,
2(0,)=2" inQ,
where

F(z)=uw </ | curl 2| dm) Az + 11 (/ | curl z|? dm) AT+ 214 </ (curlw) - curl 2 dm) Az —z-Vz. (1.5)
Q Q Q

We are then reduced to show the null-controllability of the nonlinear system (1.4). A standard method to
prove the local null-controllability of (1.4]) consists in showing the null-controllability of the linearized system



of (1.4), that is

atz—,qu—l—(/b-zdy>a—l—z-V@—i—ﬁ-Vz—&—Vq:f—i—lwu in (0,7) x Q,
Q

dive=0 in (0,T) x ©, (1.6)
z=0 on (0,T) x 09,
2(0,-) =2° inQ,

where f is a given source term. To show the null-controllability of the above system, we need to prove an
observability inequality for the adjoint system of (1.6 given by

—0ip — pAp + (/a~<pdx>b+(V@)Tcp—ﬁ~Vgo+Vﬂ:g in (0,T
Q
T

divpe=0 1in (0,T) x Q, (1.7)
¢=0 on (0,T) x 09,
e(T,)=¢" Q.
A classical way to obtain this observability inequality relies on the Carleman estimates (see, for instance,
[10], [, [7], etc.). The nice feature of this method is that the lower order terms can be neglected during the
proof. However, here the nonlocal spatial term < / a-p dm) b can not be absorbed in a direct way and one
Q

has to work differently to handle this term.
First, we assume that

T e Wh™(0,T; H' (Q) N H' (0, T; W">(Q)) N H'(0,T; H*(Q)) N L*(0, T; H*(2)). (1.8)
In particular, we have
p€Wh®(0,T), acH(0,T;L*(Q), be H'(0,T;L*(Q))NL*0,T; H*()) (1.9)

and
wu(t) = vo > 0.

The domain of the control w is a nonempty open set of 2 and we assume that
curlb Z0 in (0,7T) X w (1.10)
and more precisely that there exists a non empty open set (71,7%2) X wo C (0,7") X w such that

|curld| > ¢, >0 in (T1,7T2) X wo. (1.11)

If curlb € C°([0,T] x Q), then (T.10) implies (T.11)) but in the general case, condition (T.11) is stronger.
In the controllability of (1.4), one can always consider the case where in (L.11), 7% = 0 and 7> = T by
considering a control v = 0 outside (71,72). Therefore we assume in what follows that

wo € w, (1.12)

and
|curld| > ¢ >0 in (0,T) X wo. (1.13)

Our first result is a Carleman estimate for (1.7). In order to state this result we first introduce some
standard weights. We choose w; a nonempty open set such that

w1 € wo € w (1.14)
There exists
neC*), >0 inQ, n=0 ondQ, |Vy >0 inQ\w, max i = 1. (1.15)
Assume A > 2In2, m > 4 and let us set
A@metn(z)) AEME2) _ A(2men(2)
&(t,z) = T o a(t,x) = DR (1.16)



We also set

62777,)\ 6)\(2'm+1)
&) = crm— &) = o (1.17)
[t(T =)™ [t(T — o)™
A(2m+2) 2mA A(2m+2) A(2m+1)
e —e e —e
ay(t) = ————, w(t) = (1.18)
“ [T — )] [T — )]
We have the following relations for C' > 0 independent of 7" and A :
& <ELE and et e YL e ™ in (0,T) X Q, (1.19)
4 m mo .
oy < o, & <cTe, ™™, Jagl < 0TE Y™ i (0,T) x Q, (1.20)
& <o, |of| < 0T ™ i (0,T) x Q. (1.21)
There exists C' > 0 such that if s > CT>™, then
sé&>1 in (0,T) x Q. (1.22)
Finally, let us define
e—%sag in |:%,T:| 56/m>\—9€§/me—4sab+%saﬁ in |:§,T:|
pP1 = ) p2 = ’
—3sa T . T 6/my—9+6/m —4s«a +3sa :| T . T
25 — b5 _ _
[e }(2) in {0,2} [s A ‘Sﬁ e 5 in O72
(1.23)
82)\3611267%&1” in {%,T]
p3 = (1.24)

gt (1) o]

Note that p2(7) = 0 due to (1.20). We are now in a position to state the Carleman estimate for ((1.7)).

Theorem 1.1. Assume (1.8)), (1.12) and (1.13). There exists a constant C' > 0 such that for any ¢ solution
of (L.7)

losell 20,5020 + 19(0, 2@y < C

llo2ell 120, 7502 () + ||plg|L2(0,T;L2(Q)):| . (1.25)

Remark 1.2. Note that if
curlb=0 n (0,T) x Q,
then Theorem holds true without conditions and and with a weaker condition than (L.8]). In
fact, the result also holds true if b is in the kernel of any differential operator corresponding to a composition
with the curl operator: for instance, if Ab = 0 or if VAb = 0 in (0,T) x Q. In that case, one can easily
adapt the proof of Theorem[I_1] by using the operator A or VA instead of the curl operator.
Ifb#£0in (0,T) x Q but

b=0 in(0,T) x w, (1.26)
so that does not hold, one can show that the unique continuation property is not satisfied so that one
can not expect a Carleman estimate in that case. More precisely, there exist a,b (without the relation with
v given by ), and (¢, ) a solution of with g = 0 such that ¢ = 0 in (0,T) X w but ¢ Z 0 in
(0,T) x Q. The construction is quite standard: we consider ¢ € Cz(ﬁ), independent in time to simplify, not

identically null, with dive = 0 and ¢ = 0 on 02. We also take m = 0. Then, there exists a € L? (Q) such
that

/a~<pdm;é0
Q

and we define b by
_ 1A — (VD) o +7-Vp

b:
/a-apd:r
Q

One can check that (a,b, o, ) satisfies the above hypotheses.




Remark 1.3. Another important remark about the proof given here to obtain Theorem is that it is quite
general and can be adapted to many other parabolic systems. One can for instance consider the controllability
of the system considered in [8] (nonlinear parabolic system with nonlinear diffusion) or a system of heat
equations with a monlocal spatial term of the same type as here and in the case where one can show a
Carleman estimate without this nonlocal term.

Let us define

2 I

po = . T . ; T
T (3) w
As a corollary of Theorem [1.1, we deduce the following controllability results:

Corollary 1.4. Assume (1.8]), (1.12) and (1.13)). Suppose
f

ps

e~ 8 in [Z T}
(1.27)

2" e HY(Q), e L*((0,T) x Q).

Then there exists u € L*(0,T; L*(w)) such that the solution z of (T.6)) satisfies

z

o

f

pa

N

+ |ZO|H1(Q)> .

C ’
L2(0,T;H2(Q))NCO([0,T);H (2))NH! (0,T3L2(€2)) < L2((0,T)x%)

In particular, z(T,-) = 0.
Moreover, there exists a constant co such that for any HZOHHI(Q) < ¢o, there exists u € L*(0,T; L (w))
such that the solution z of (1.4)) satisfies

€ L2073 HA(9)) N CO(0,T) H'(9)) 0 H' (0,5 L*(2).
0
In particular, z(T,-) = 0.

The outline of the article is as follows. In Section [2| we recall some preliminary results: well-posedness
of systems of type or , and standard Carleman estimates for the gradient, the Laplace and the
heat operators. Let us emphasize that the Carleman estimate for the gradient is a key point in the proof
of Theorem Section |3| is devoted to the proof of Theorem and we use this result to show the
controllability results (Corollary in Section

2 Preliminaries

2.1 A well-posedness result

Let us consider the system

O — kDAY +Vr+ (Vo) + kg + (/ S dyc> £ =h in (0,T) x Q,
Q

divg=0 in (0,7) x Q, (2.1)
¢=0 on (0,T) x 09,
$(0,) =¢" inQ,

where .
Y 0,T) Ry, £9:0,T)x Q=R (i=2,4,5), &% :(0,T)xQ—R,

kD ewr>0,7), &Y >wu >0, (2.2)
£ e H'(0,T; L> () N L>(0,T; H*(2)), (2.3)
&3 e H'(0,T; L™ () N L*(0,T; H*()), (2.4)

kY e HY(0,T; L*(Q)), (2.5)
k™ e H(0,T; L*(Q)) N L*(0, T; H*(R)). (2.6)



We set,
X, := L*(0,T; H*(Q)) N C°([0, T); H'(Q)) n H'(0,T; L*(Q)),

Xy := L*(0,7; H'(2)) N C°([0, T); B () N H' (0, T3 H*(Q)) N C*((0, T); H' () N H*(0, T3 L*(€2)).
Then we have the following result that can be obtained by standard methods:

Lemma 2.1. With the above assumptions, assume
#° € HY(Q), dive® =0, he L*((0,T) x Q).
Then there exists a unique solution to
(¢,7) € X1 x L*(0,T; H' (Q)/R)
and there exists a constant C > 0 such that
lllx, + IV7llL2(0,m)x0) < C (H¢0||H(1)(Q) + ||hHL2((0,T)xQ>> .

Assume
° € H¥(Q)NHH(Q), dive® =0, heX;

and there exists ° € H"(Q) such that
0= R OOA6" = T = (6") k(0. 10,96~ ([ K000 do ) (0.4 100,
Q

satisfies ¢" =0 on 09, divg' = 0. Then there exists a unique solution to (12.1)
((z),VT) c Xo x X3
and there exists a constant C > 0 such that

Illx, + 1V7llx, < C (16° 1130y + Ihllx,) -

2.2 First Carleman estimates

We recall here some Carleman estimates that were obtained in previous articles. The weights used below

are given by (T.15)-(L.15).

First, we recall a Carleman estimate for the gradient operator (see, for instance, [3, Lemma 3]):

Lemma 2.2. There exists C > 0 depending on the geometry and on n such that for any T > 0, A > C,
5> CT* andu € L*(0,T; H'(R)),

1
// e >l dedt < C 13 // %73Vl dmdt—l—// e 2 u? dzdt | .
(0,T)xQ S$2A (0,T)xQ (0,T) X w1

In particular, if u € L? (0,T), then the above inequality writes

// e > ul? drdt < C// e 2% ul? du dt. (2.7)
(0,T)xQ (0,T) X w1

Then, we recall a Carleman estimate for the Laplace operator (see, for instance, [3, Lemma 4]):

Lemma 2.3. There exists C > 0 depending on the geometry and on n such that for any T > 0, A > C,
s> CT?™ and uw € L*(0,T; H>(Q) N Hy (Q)),

// s*A0¢te 2 u|? da dt + // A |\ Vul? drdt
(0,T)x2 (0,T)x 2

<C // s 2 e | Aul? dxdt + // s'IA¢te 2w dadt | (2.8)
(0,T)xQ (0,T) xwy



Finally, we need a Carleman estimates for the heat equation with Neumann boundary conditions:

o+ pAu = fP +div @ in (0,T) x Q,
f,u@ +fPn=f® on (0,T) x 99.
on

The following lemma is obtained in [6] (see also [3, Lemma 5]):
Lemma 2.4. There exists C > 0 depending on the geometry and on n such that for any

T>0,A>C, s>C(T°™+TM),

FO @ e 120,13 L2 (Q), £ € L2(0,T; L (09)),

and u € L*(0,T; H (Q)) N C°([0, T); L*(Q)) weak solution of (2.9),

// SPANEP e u)? dadt + // s\*ee % |Vu|? dxdt
(0,T)x2 (0,T)x 2

< C // 672sa‘f(1)|2 dl’dt-’-// 82)\252672504'](-(2)‘2 da dt
(0,T)xQ (0,T)x

(2.9)

+// sAEge 2| f )2 dth+// A2 |u? dodt ). (2.10)
(0, T)x0Q (0,T) X w1y

3 Proof of Theorem 1.1

We consider the function p : [0,7] — R4 defined by
3
pi=e 2%,

Note that p(0) = p(T') = 0. Then, we consider the following decomposition of the solution of (|1.7):

pp=0+¢
where
—Ot@—uAcﬁ—&-</a~<2da:)b—i—(Vﬂ)T@—E-V@—l—Vﬁ:pg in (0,T) x Q,
Q
divg=0 in (0,T) x Q,
=0 on (0,T) x 09,
B(T,)=0 g,
and

—0vp — uAP + (/ a-@dm) b+ (VD) ¢—1-Vg+Va=—pp in(0,T)xQ,
Q
divg=0 in (0,T) x Q,
=0 on (0,7) x 09,
F(T,)=0 inQ.
3.1 A priori estimates with weights
In this section we show the follow result:
Proposition 3.1. The solution of (3.3) satisfies
||@Hx1 <C HPQHL2(0,T;L2(Q)) :

Let us consider ]
o= 8—2/m>\5€;2/me—saﬂ )

Then the solution of (3.4) satisfies

||71¢||L2(0,T;H4((2)) + H’VlatAgEHL2(07T;L2(Q)) + ||'Ylatt¢||L2(o,T;L2(Q))

<C (“TSQ—I/m)\ZSf?e—sa@’

L2(0,T;L2(Q))

+ ||P9HL2(0,T;L2(Q))> ~

(3.1)

(3.2)

(3.3)

(3.4)

(3.7)



Proof. Relation (3.5) is a direct consequence of Lemma [2.1] (L.3) and (L.8). Let us set
yo = Sl—l/m)\?)é.ﬁl—l/me—sau. (38)

Then from (T.20)), we deduce that for s > CT>™,

0| < CTs* VmNPgfe™ ™, |yop!| < CTs* /A ¢fe™ >, (3.9)
and thus
/~ < H 2-1/m 342 —so~ )
||70¢||L2(07T;L2(Q)) SC|Ts AEe e L2(0,T3L2(2)) (3.10)
/ 2—1/m\342 —sa~ -~
70" el L2 0,152y < C (HTS A°e o L2012 () + ||<P||L2(0,T;L2(sz))> . (3.11)

Using (3.4), we deduce that vo@ solves (2.1) (with a change of variables ¢ — T — t) with the right-hand side
—%® — Y0p ¢ and with a null final condition. We can apply Lemma and combine it with (3.10), (3.11)
and (3.5) to obtain

[lvo@llx, <C <HT8271/m)\3§2€7m¢ L20.TiL2@)) + ||pg||L2(O,T;L2(Q))) . (3.12)

Using (L.20)-(T.21), we deduce that for s > C(T™ + "),
|| < Cyo,  |11p'| < Cyop, (3.13)
W] < CT?s* 2/ mN3e ™ 3| + |mp”| < CT?s* /™ A%e%e™ ). (3.14)

From (3.4), we remark that 1@ solves (2.1) (with a change of variables ¢ — T — t) with the right-hand side
—71@ — v1p ¢ and with a null final condition. Applying Lemma we obtain that

[m@llx. < Clm@lx, + lIve'elx,). (3.15)
From (3.9), (3.13)), (3.14), the above estimate yields

Inlx. <C (nwuxl + |2 e mageeg| + ||¢||x1) :
L2(0,T;L%())
The above estimate combined with (3.12)) and (3.5) implies
~ 2-1/m 342 —sa~
Il <0 ([rsmaege =g, gl ) (3.16)
for s > CT™. Combining this with (3.9), (3.13)), (3.14), and (3.12)), we deduce (3.7). O
Remark 3.2. Let us notice that for s > C(T™ +T*™),
e 2 L Oy Rem (3.17)
Using that ay < 2cv,, we deduce that
A 2em o = (yy%e ) =0 att e {0,T). (3.18)
3.2 Carleman estimates for the system (3.4))
Taking the curl of the first equation of (3.4), we obtain
— O curlg — pAcurl p = — curl {(/ a-p dx) b+ ((VE)T p—T- V@) + p'go} . (3.19)
Q



We first apply Lemma (for fo = 0) and we use that T € L>(0,T; W>>(Q)) :

// AR curl @ da dit + // sA* e |V curl @) du dt
(0,T)xQ2 (0,T)xQ2

<C

// 2 (| + 1V + |V curl 3 + |of curl o) dad
(0, T)xQ2

2
+ // e 2 (/ a-@ dm) | curl b dxdtJr// SAEje” 2o 4
(0,T)xQ Q (0,T) %89 0

—curlp
n
+// AR Y curl @ dxdt|.  (3.20)
(0,T) X w1

2
drydt

Then, we apply Lemma @

// s'"]\o¢te B da dt + // SN VR dadt
(0,T)x%2 (0,T)x

<C // sA e | A dxdtJr// s*A0¢re @) dadt ). (3.21)
(0, T)x2 (0,T)Xwq

Using (3.1), (3.2) and (1.20)), we deduce that

// e >p curl o dzdt < C (// | curl @|* dz dt + // 82£§+2/m6_23a|curlcﬁ|2 dxdt)
(0, T)x2 (0, T)xQ2 (0, T)xQ2

and thus, with (3.5)),

// e 2% curl |? da dt
(0,T)xQ

<0 // log|® dwdt+// s e eunl @ dadt | . (3.22)
(0, T)x2 (0,T)xQ2

Combining (3.20)), (3.21) and (3.22)), and using that curlcurl g = —A@, we deduce that

Io(s, \, @) = // s'A%¢te ) dxdt+// SN2 V| du dt
(0, T)x2 (0,T)xQ2

+ // PN curl §|? dx dt + // s\’ e | Veurl ¢ dedt  (3.23)
(0, T)x2 (0,T)xQ2

satisfies for A > C, s > CT*™,

2
// lpg® dxdt—i—// e > (/ a-nﬁdx) | curl b|* da dt
(0, T)x2 (0, T)x2 Q
2
+// 8)\§ﬁ€72sau
(0, T)x0

dry dt
+// SN e Y curl @ da dt + // s*A0¢te > dadt|. (3.24)
(0,T) xwy (0,T) xw1

Here, we have used that m > 4.
In order to deal with the nonlocal term in (3.24)), we apply Lemma and in particular (2.7): for all
A=C, s> CT",

2 2
// e > (/ a-@ dz:) |curl b|* dz dt < C// e > </ a-@ dx) dz dt. (3.25)
(0,T)x2 Q (0,T) w1 Q

In(s,\, @) < C

0 ~
—curlp

on




On the other hand, from (3.19) and (1.13]),
5 2
—0y curl 3 — pAcurl G + p’ curl  + curl [((VE)T p—v- VQZ):| ’ = (/ a-@ d:c) | curl b
Q

2(0*)2(/ﬂa~g5dx>2 in (0,7) xwo (3.26)

and consequently, using (|1.14])

2
// 6725a</a-§5da¢) dz dt
(0,T)xwq Q

< C// e 2 |9, curl @ + |A curl |* + I cur1<p|2
(0, T) X w1

+ ‘curl [(VE)T @] ‘2 4 leurl [7- wﬂ|2> dz dt. (3.27)

Combining the above relation with (3.25)), we deduce

2
// e 2 </ a-@ d:r) | curl b|* dz dt
(0,T)x2 Q

< C// e 2 9 curl * + |Acurl | + |p” cur1<p|2
(0,T)xXwq

+ ‘curl [(VE)T SZ] ‘2 + |curl [T - VL,BHQ) dz dt. (3.28)

The last three terms in the right-hand side of (3.28]) can be estimated as previously, and we can focus on
the first two terms in the right-hand side of (3.28). We consider a nonempty open set w2 such that

w1 € w2 € wo (329)

and a function 6 such that
0eCl(wyRy), =1 inws. (3.30)

Using (1.19)) and (3.17) and integrating by parts, we deduce

// e 2|0y curl G|* dzx dt < c// e 2% 0|8, V3| dx dt
(0,T)Xwq (0,T)Xw2

= C// e (Mwﬂzﬁ - 9at@-atA@> dx dt.
(0,T) xws 2
< c// A2 10,51 da di + c// RI0AGP dx di. (3.31)
(0,T) X wa (0,T) X wa

We can estimate the first term of the right-hand side of (3.31) by integrating by parts in time and by using
(13.18):

—2 —dsa ~ —2 —4dsa ~ ~ 1 —2 —dsa ~
// v e 0,3)? da dt:// (,% 2ot "0ud -0+ = (m 2ot *’)N|<,0|2) dz dt
(0.7) xws (0.1 xws 2
Z6 —ssay i~z 1, o _ N N
<J/ <71 %8 |G 4 5 (1724 (B + 4 \&:thQ) dv dt.  (3.32)
(0,T) x w2

Combining the above estimate with (3.31), we deduce

~ 6 — 1, o _4s -
// e >0y curl G|* dx dt < C// <’yl 7% 4 — (1 % 450"’)”) |2 dx dt
(0,T) xw1 (0,T) xws 2

+ C// 7: (10:A8)% + 06@|?) dx dt. (3.33)
(0,T) X wsg
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From (|1.18) and (3.17) we have
% (7;2674504,)" < 07;6678304',

and thus combining (3.33) and (3.7)), we obtain

// =210, curl 3 de dt < 0// N85 |G dy dt
(0,T)xwy (0,T)xw2

+C (HTSQ_l/m)\£2€_Sa<E ’

2
L2(0,T;L2(Q)) + ”pgl|L2(0,T;L2(Q))) . (3.34)

With a similar calculation, we can also show that
[ ermacutgrasde<e [[ 0 aite ™ G dodt+ Ol
(0,T) xwy (0,T) xws

and thus, with (3.7), we deduce

// e | Acurl @|? de dt < C'// 1 8e 8 |3 dx dt
©0,T) xw1 (0,T) xws

2
+C (HT8271/m>\€2€7m90 + Hpg“iQ(O,T;LQ(Q))) . (3.35)

L2(0,T;L%())

We can also estimate the following local term in (3.24):

// A3 curl @) dadt < // 0s° A ¢Pe | curl §|? da dt
(0,T)xwy (0,T) X wso
= // curl (083)\4536725‘1 curl @) - @ da dt
(0,T) X wso
< C// s"ANete™ Y curl @) |@| dadt + C// A3 AP @ da dt.
(0,T)Xwso (0,T) X wsg

Thus for any € > 0, there exists C.: such that

// $PAE3e™ Y curl 3| dadt < C. // PN 3| d dt
(0,T)xwq (0,T)Xwo

+e / / SN e curl @ da dt + / / sA2ee Y AG? dadt | . (3.36)
(0,T) X wa (0,T) X wa

Finally, for the boundary term in (3.24)), we use a trace property and an interpolation inequality:

// s){geizsa"
(0,T) x 02

2

9 - T —2sa ~ ~
an curlg| dydt < C/ sAEze 2o ||VCUT190HL2(Q) ||chrl¢”H1(ﬂ) dt
0

T
<0 [ sxge ™ ourd Bl agoy ooy
0

Thus, using that m > 4, we obtain that for any € > 0 there exists C: > 0 such that

// S)\é.ﬁe—Qsau
(0, T)x0

< 8// 53)\455’6_230” |curl 3| de dt + CA ™8 H’YI<E||2L2(0 T, HA(Q))
(0,T)xQ o

2

dry dt

2 curl @
on 4

< 5// s*Aiefe™ % curl @I da dt
(0, T)x2

+ Inglliam,T;L?(m)) -

2
+CoA8 (HTSQ‘l/’",\g"’e‘%
L2(0,T:L%(2)
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Gathering the above estimate with (3.24)), (3.28), (3.34), (3.35)), (3.36) yields

Io(s, A\, @) < U/ T8 32 da dt+// P\ B d dt
0 T)><w2 (0,T)Xwa

2
Tg2—1/m 3 2675a~‘
* ‘ ¢ 7 L2(0,T;L2())

+e // XY curl @) da dt + // sN*€e > Y|AG|)? dadt | |.
(0,T)Xwa (0,T) Xws

From (3:23), for s > C(T™ + T*™) and € > 0 small enough, the above relation implies

2
+ ||P9||L2(0,T;L2(Q))

To(s, A\, @)

/ [ e R | ||pg|iz(o,T;Lz(m)] (3.37)
(0,T) X wa (0,T) X wsa
From and -, we have

s )\655 —2s« < 07—66—830%

and thus combining this with (3.I) and (3.2), yields

// s'\0¢te % p|? da dt < O
(0, T)x 2

4 Proof of Corollary

The proof of Corollary is completely standard and we only present the main ideas to prove it from
Theorem [L1]
‘We define the space

/ / TOemSs=daay |12 gy dt+||pg|iz(o,T;Lz(m>} (3.38)
0 T)><w2

Xo = {(Ap,ﬂ)eC"X’([O,T}xﬁ) : divp=0, ¢=0on (0,T) x 09, /Wda::O}
Q

the operators
L p:= —0p — nlAp + (/ a-@ dx) b+ (Vo) -7V,
Q

and

(o= [[  ALervn-werviddt [[  popdoar
(0,T)x2 (0,T)xw
From (|1.25)), we deduce that

1/2
1o, M)llx == (. m), (0, M) > C <// pilel* dz dt) + Clle(0, )l 20 (4.1)
(0,7)xQ
and thus || - ||x is a norm and we can define the completion X of Xy for this norm.

We also define

L((p,7)) // fgodmdtJr/ #(0,-) dx.
(0,T)xQ Q

From (4.1), we deduce that £ is a linear continuous form of X and

el < (H + |z°|m)).
((0,T)x)

Thus from the Riesz theorem, there exists a unique (¢, ) € X such that

V(g, ) € X, (), (&, 7)) x = L((, 7)) (4.2)
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We set

z:=pi(L o+ Vr), u:=—psp, (4.3)
and from (4.2), we deduce that
z U f
= - <c(| £ SR (1.4
PLilL2((0,1)x%) P21l L2 (0,1)x ) P31l L2 (0,1)x )

and that

// z-(L*gZJ—I—Vﬁ)dxdt:// u-gbdxdt—l—// f-¢dxdt+/z0-<p(0,-)dx.
(0, T)x2 (0,T)xXw (0, T)x2 Q

The last relation yields that z is a weak solution of (1.6). We recall that po is defined by (1.27). We can

check that
o (o) (2) /b-(i) dy)“(i)w
Po Po Q Po po/
47-V i)+v(i :(i u pOZ> in (0,7) x Q,
£0 Lo 0 Po
Z)=0 in(0,7)xQ, (4.5)
Po
Z)=0 on (0,T) x 09,
p0
( )= e,
and that

@’ P3 Poﬂl c LOO(O T)
po’ po’ Py
and thus using Lemma [2.1) and (.4)), we deduce that

<c ‘
X1

This implies in particular that z(T,-) = 0.

z

po

f
p3

+ ||ZO||H1(Q)) . (4.6)

L2((0,T)xQ)

In order to prove the local null controllability of ([1.4), we define

Fs ::{ ; p—ieL2((O,T) X Q)}

and the mapping
N :Fs— Fs, [ F(2)
where z is the above solution (that is given by (4.3)) and where F(z) is defined by (1.5).
Using that
P
L EeL=(,17),
p3

we can check that the map A is well-defined and from (&6)), we can also show that if |[2°|| 1) < r and if
r is small enough, the closed ball

f

B3 = {fefg;
P3

<r
L2((0,T)x%)

is invariant by A and is a strict contraction on this set. This yields the existence of a fixed point for N.
The corresponding solution z satisfies (|1.4), and since Ze X1, we deduce that z(T,-) = 0.
po
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