
HAL Id: hal-03140519
https://hal.science/hal-03140519

Submitted on 12 Feb 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Brenier-Schrödinger problem on compact manifold with
boundary

David García-Zelada, Baptiste Nicolas Huguet

To cite this version:
David García-Zelada, Baptiste Nicolas Huguet. Brenier-Schrödinger problem on compact manifold
with boundary. Stochastic Analysis and Applications, 2021, 40 (3). �hal-03140519�

https://hal.science/hal-03140519
https://hal.archives-ouvertes.fr


Brenier-Schrödinger problem on compact
manifolds with boundary

David Garćıa-Zelada and Baptiste Huguet

Abstract

We consider the Brenier-Schrödinger problem on compact manifolds with boundary.
In the spirit of a work by Arnaudon, Cruzeiro, Léonard and Zambrini, we study the
kinetic property of regular solutions and obtain a link to the Navier-Stokes equations
with an impermeability condition. We also enhance the class of models for which
the problem admits a unique solution. This involves a method of taking quotients
by reflection groups for which we give several examples.

Keywords: Brenier-Schrödinger, entropy, manifold with boundary, reflected Brownian mo-
tion, Navier-Stokes equations.

1 Introduction
In mechanics, there are two classical dual descriptions of every phenomenon. The first
one is Newton’s laws of motion (or Hamilton’s equations). They characterise the evolution
of a system by differential equations. The second one is the principle of least action. It
characterises the motion as the minimiser of a functional constructed from the kinetic
and the potential energy. Applied to the evolution of perfect fluids, the first approach
leads to the Euler equations while the second approach sees the evolution as a geodesic
in the space of volume preserving diffeomorphisms and it was developed by Arnold [5]. A
relaxation of this problem was proposed by Brenier [10] where, instead of seeking a flow,
he looks for a measure on the space of trajectories. His new problem is the minimisation
of an average kinetic energy. The incompressibility constraint (i.e., volume preserving
condition) becomes a constraint on the marginals and the final endpoint condition becomes
an endpoints measure constraint. Brenier showed the accuracy of his problem by relating
the solutions of the Euler equations with the solutions of his problem.

The problem treated in this article is the Brenier-Schrödinger problem. This has been
introduced in [1] as a perturbation of Brenier’s problem where the kinetic energy to be
minimised is defined using a stochastic notion of velocity. This notion of velocity allows us
to think the problem as an entropy minimisation under marginal and endpoint constraints
and allows us to use convex optimisation approaches. It has been studied by several authors
[2, 3, 6, 7, 8, 9, 19]. In the present article, we study this problem on compact manifolds
with boundary and we work on the following two questions.

• The first one is the kinetics of the solutions. While Brenier’s problem is linked to the Eu-
ler equations, the Brenier-Schrödinger problem is linked to the Navier-Stokes equations
for which the viscosity term is a perturbation of the Euler equations. We prove that the
backward stochastic velocity of a regular solution of the Brenier-Schrödinger problem
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is a solution of the Newtonian part of the Navier-Stokes equations. This generalises to
compact manifolds with boundary the result of [3] on the Euclidean space and the tori.
The main difference in our framework is the behavior of the solutions at the boundary.
This can be found in Section 2.

• The second question is about the existence of a solution. We give a necessary and
sufficient condition for the existence of a unique solution to the incompressible Brenier-
Schrödinger problem on homogeneous spaces. This generalises the result given for the
tori in [3]. Moreover, we develop a method to transport this result to quotients by
reflection groups. Finally, we mention an additional example on the Euclidean space in
a non-incompressible setting. These results can be found in Section 3.

Let us describe the model. From now on, we fix a compact Riemannian manifold M
with boundary ∂M , interior M̊ and normalised Riemannian volume measure vol, i.e., such
that vol(M) = 1. In the present article, we are interested in a minimisation problem in
the set P(Ω) of probability measures on the path space

Ω = {ω ∈M [0,1] : ω is continuous},

which is endowed with the compact-open topology. This minimisation problem will be
related to the reflected Brownian motion on M (restricted to the time interval [0, 1]). This
is the Markov process (βt)t∈[0,1] whose generator is the Laplacian on M with a properly
chosen domain. More precisely, it satisfies that, for every C2 function f : M → R such
that dfx · νx = 0 at every x ∈ ∂M ,

f(βt)−
1
2

∫ t

0
∆f(βs)ds

is a martingale with respect to the filtration σ
(
(βs)s∈[0,t]

)
. See also [4] for an equivalent

formulation, also recalled in Section 4. Let us call R ∈ P(Ω), the law of the reflected
Brownian motion on M whose initial position follows the law vol and Rx ∈ P(Ω), the law
of the reflected Brownian motion on M whose initial position is x ∈ M̊ .

The object to be minimised is the so-called relative entropy whose general definition
is the following. For any measurable space E, the relative entropy of a probability mea-
sure µ ∈ P(E) with respect to a probability measure ν ∈ P(E) is

H(µ|ν) =
∫
E
ρ log ρ dν

if dµ = ρ dν and H(µ|ν) =∞ if µ is not absolutely continuous with respect to ν.
Now, let T be a measurable subset of [0, 1], (µt)t∈T a family of probability measures

on M indexed by T and π ∈ P(M ×M). We are interested in minimising H(Q|R) among
all Q ∈ P(Ω) with the following constraints. For any t ∈ T , we ask that Qt = µt, where Qt

is the image measure (or pushforward) of Q by the canonical map Xt : ω ∈ Ω 7→ ω(t) ∈M .
Additionally, we ask that Q01 = π, where Q01 is the image measure of Q by the endpoints
map (X0, X1) : ω ∈ Ω 7→

(
ω(0), ω(1)

)
∈M ×M . This minimisation problem is called the

Brenier-Schrödinger (or Brödinger, or Bredinger) problem, it will be denoted by (BS) in
this article and can be summarised as follows.

H(Q|R)→ min, Q ∈ P(Ω), [Qt = µt, ∀t ∈ T ], Q01 = π. (BS)
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It is a strictly convex problem with convex constraints. Then, the problem (BS) admits a
unique solution if and only if there exists Q ∈ P(Ω) such that Qt = µt for all t ∈ T , Q01 = π
and H(Q|R) <∞.

A particular case is the incompressible Brenier-Schrödinger problem, denoted by (iBS).
This is the case where T = [0, 1], µt = vol for every t ∈ [0, 1] and π has both marginals
equal to vol.

H(Q|R)→ min, Q ∈ P(Ω), [Qt = vol, ∀t ∈ [0, 1]], Q01 = π. (iBS)

We give some examples where a solution to (iBS) exists in Section 3.
A particular class of solutions to (BS) are introduced in [3]. By using the dual max-

imisation problem, they have shown that if P ∈ P(Ω) can be written as

dP (X) = exp
(
η(X0, X1) +

∑
s∈S

θs(Xs) +
∫
T
pt(Xt) dt

)
dR(X)

for some bounded measurable η : M×M → R, p : T ×M → R and θ : S×M → R, then P
is a solution of (BS) for the set T ∪ S and the marginals µt = Pt. In fact, [3] describes
the general form of a solution by relating the dual maximisation problem and the primal
minimisation problem. The existence of such solutions is proved in [8] in the particular
case of discrete problems, i.e for T = ∅. In Section 2, we show that solutions of this form
that are regular, in a sense to be precised there, give rise to solutions of the Navier-Stokes
equations.

Let us summarise this article. In Section 2, we present the result on the description
of regular solutions of (BS) via the Navier-Stokes equations. In Section 3, we present the
results on the existence of solution of (iBS) on compact manifolds and a non-incompressible
version (BSγ) on Rn defined there. In Section 4, we develop the Girsanov theory to define
the velocity of solutions. This makes a link between entropy minimisation and kinetic
energy minimisation, see Remark 4.4. In Section 5, we give the proof of the kinetic results
from Section 2. Finally, Section 6, Section 7 and Section 8 are dedicated to the proofs of
the results about the existence from Section 3.

2 Results on the kinetics behavior
Let T be an open subset of [0, 1] which is a finite union of intervals and let S be a finite
subset of (0, 1) such that T ∩ S = ∅. Following [3], we say that P ∈ P(Ω) is a regular
solution of (BS) if it can be written as

dP (X) = exp
(
η(X0, X1) +

∑
s∈S

θs(Xs) +
∫
T
pr(Xr) dr

)
dR(X). (2.1)

for some regular enough functions η : M ×M → R, p : T ×M → R and θ : S ×M → R.
The regularity is such that all equations in the theorem below makes sense (C2 would be
enough, for instance, but we are not interested in attaining the least possible regularity).
As already explained, from a dual-primal problem argument explained in [3], a regular
solution is an actual solution of (BS).

Now, let us introduce some further notation and comments before stating the results.
Forward regular solution. We will say that a regular solution P is a forward regular
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solution of (BS) if, for every x ∈M , the function ψx : [0, 1]×M → R given by

ψxt (z) = logERx

exp
η(x,X1) +

∑
s∈S∩(t,1]

θs(Xs) +
∫
T ∩(t,1]

pr(Xr) dr
∣∣∣∣∣∣Xt = z

 (2.2)

is C2 in z ∈M and C1 in t ∈ [0, 1] \S such that the function and its space first derivatives
are (jointly) càdlàg in t. The times in S are sometimes called shock times. These are the
times where t 7→ ψxt (z) is discontinuous. On the other hand, the times in T are called
regular times. The function p can be thought of as a pressure field while the functions θs
can be thought of as shock potentials.
Backward regular solution. We will say that a regular solution P is a backward regular
solution of (BS) if the time reversal of P is a forward regular solution. Equivalently, P is
a backward regular solution of (BS) if, for every y ∈ M , the function ϕy : [0, 1]×M → R
given by

ϕyt (z) = logERy

exp
η(X1, y) +

∑
s∈S∩[0,1−t)

θs(X1−s) +
∫
T ∩[0,1−t)

pr(X1−r) dr
∣∣∣∣∣∣Xt = z

 (2.3)

is C2 in z ∈M and C1 in t ∈ [0, 1] \S such that the function and its space first derivatives
are (jointly) càdlàg in t.

Disintegration by the final position. We will be interested in the family (
↼

P y)y∈M of
probability measures on Ω that satisfy

P =
∫
M

↼

P ydP1(y) and
↼

P y ({ω ∈ Ω : ω(1) = y}) = 1 for every y ∈M. (2.4)

These can be thought of as the conditional laws of P given the final position and are
uniquely defined except for x on a set of P0-measure zero.
Logarithm. Suppose that P has finite entropy with respect to R. We will use the notion
of stochastic velocity (or mean derivative) of P introduced initially by Nelson in [18] for
real processes. A presentation of the generalisation to manifold can be found in [14]. Recall
that there exists an open set N of TM̊ that contains the zero section and such that the
exponential map exp : N → M̊ is well-defined and its restriction expx : N ∩ TxM → M̊ is
a diffeomorphism onto an open subset U(x) ⊂M . Then, for x ∈M and y ∈ U(x), define

−→xy = logx(y)

as the unique element of N ∩TxM such that exp(−→xy) = y. Since P is absolutely continuous
with respect to R, we can see that, for any t, Xt /∈ ∂M for P -almost every X since this
also happens for R-almost every X. The random times

↼
τt = 1

2 inf {h ≤ 0 : Xt−s ∈ U(Xt) for every s ∈ [h, 0]} (2.5)

are strictly negative. They allow us to define mean derivatives in a manifold.
Covariant derivative and Laplacian. We denote by ∇u the covariant derivative in the
direction of u and by � the (negative definite) de Rham-Hodge-Laplace operator. More
precisely, if δ the adjoint of the exterior differential from the space of one-forms to the
space of two-forms, then the de Rham-Hodge-Laplace operator on one forms is defined
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as −(dδ + δd). The operator � we need is obtained if we think vector fields as one-forms
by using the metric.
Navier-Stokes equations. By the Navier-Stokes equations on M , we refer to the differ-
ential system of unknown (v, p), together with an initial condition v0,

(∂t +∇vt) vt = 1
2�vt −∇pt, t ∈ [0, 1),

div(vt) = 0, t ∈ [0, 1),
〈v(z), νz〉 = 0, z ∈ ∂M,

where νz is the inward-pointing unit normal to z. Remark that our viscosity 1
2� differs

from [2] where the Laplace operator on vector field is the divergence of the deformation
tensor. However, in flat spaces, where Ricci curvature vanishes, both Laplace operators
coincide.
Now, we are ready to state one of our main results, which is a generalisation of the Euclidean
and tori results [3, Theorem 5.4].

Theorem 2.1 (Backward stochastic velocity and the Navier-Stokes equations). Suppose P
is a backward regular solution of (BS) with associated function ϕ. Then, for P1-almost
every y, there exists a measurable function called the backward stochastic velocity

↼y
v : [0, 1]× Ω→ TM

such that t 7→↼y
v t (ω) is left-continuous and has right limits for every ω ∈ Ω and such that

for every t ∈ [0, 1] we have that, for P -almost every X,

lim
h→0+

1
h
E↼
P y

[
−
−−−−−−→
XtXt−h∧↼

τt

∣∣∣X[t,1]
]

=↼y
v t(X).

Let Uy
t (z) = −∇ϕy1−t(z). Then, for P1-almost every y ∈M ,

↼y
v t= Uy

t (Xt) P -almost surely.

Moreover, for P1 almost every y ∈M , the time-dependent vector field Uy satisfies

(
∂t +∇Uy

t

)
Uy
t = 1

2�U
y
t − 1T (t)∇pt, t ∈ [0, 1) \ S,

Uy
t+ − U

y
t = ∇θt, t ∈ S,

〈Uy(z), νz〉 = 0, z ∈ ∂M,

Uy
0 = −∇

(
η(·, y)

)
, t = 0.

(2.6)

The first equation in (2.6) is the Newtonian part of the Navier-Stokes equations while
the second equation describes the evolution at the shock times. The third equation tells us
the behavior at the boundary of the domain, it says that the stochastic velocity satisfies
the impermeability condition. The fourth is the initial condition of the problem. Never-
theless, the velocity does not seem to satisfy any continuity equation. The same approach
on forward velocity results on a time reversed Navier-Stokes equation (or Navier-Stokes
equation with negative viscosity) which is stated in Corollary 5.3.

A continuity equation is satisfied for a combination of averaged forward and backward
velocities, ↪→v and ←↩v . These are defined by

↪→
v t (z) = EP

[
X0⇀
v t

∣∣∣∣Xt = z
]

and ←↩
v t (z) = EP

[
↼X1
v t

∣∣∣∣Xt = z
]
, (2.7)
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wherex⇀v t and↼y
v t are defined in Theorem 2.1 and Corollary 5.3. They are also shown to be

measurable in x and y respectively in these results. The current velocity is defined as

vcu = 1
2
(
↪→
v t + ←↩

v t
)
, ∀t ∈ [0, 1] (2.8)

and it satisfies the following continuity equation which generalise [3, Theorem 5.4].

Theorem 2.2 (Continuity equation). Assume that (BS) admits a forward and backward
regular solution P . Then vcu satisfies

∂tµt + div(µtvcu) = 0, ∀t ∈ T . (2.9)

Actually, this result is not particular to bi-regular solutions, nor to solution. In fact,
the proof uses only that P is a semi-martingale measure with finite entropy with respect
to the reflected Brownian motion. There, the average velocity shall be defined using the
drift given by Girsanov theorem, more precisely, by applying Theorem 4.1 to P and R
instead of P x and Rx. This equation has to be understood in distribution sense, i.e., for
all f ∈ C∞(M) and every t ∈ [0, 1],

µt(f) +
∫ t

0
µs(〈df, vcu〉)ds = 0. (2.10)

In the incompressible case (iBS), where µt = vol, the continuity equation becomes the
incompressibility condition div(vcu) = 0. Nevertheless, vcu does not satisfy the Navier-
Stokes equations.

3 Results on the existence of solutions
Let M be a homogeneous compact Riemannian manifold, i.e., one where the isometries act
transitively. We consider the incompressible Brenier-Schrödinger problem (iBS). We may
write explicitly the dependence on π and M by (iBS)M,π.

Theorem 3.1 (Existence for homogeneous spaces). The (iBS)M,π problem on a homoge-
neous compact manifold M admits a unique solution if and only if H(π|vol ⊗ vol) <∞.

We will show that the property of existence of solutions is preserved under nice quo-
tients. Our setting will be the following. Suppose that M is a connected compact Rie-
mannian manifold (without boundary) and that G is a finite group of isometries of M .
For x ∈M , consider the stabiliser group Gx = {g ∈ G : g(x) = x}, and the induced sub-
group Gx = {dgx ∈ O(TxM) : g ∈ Gx} of the orthogonal group of TxM . Let Rx be the
set of reflections in Gx, i.e., T ∈ Gx belongs to Rx if and only if {u ∈ TxM : Tu = u} has
codimension one as a subspace of TxM .

Definition 3.2 (Reflection group). We shall say that G is a reflection group (of isometries)
if Gx is the group generated by Rx for every x ∈M .

We will be interested in the set N = M/G which has a topological structure induced
by the quotient map q : M → N . Suppose that G is a reflection group. We shall make
of N a manifold with corners. But first, let us recall the definition.
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Definition 3.3 (Manifold with corners). Let N be a Hausdorff second countable topological
space and let n > 0 be a positive integer. Suppose that we have a family {ϕλ}λ∈Λ of
homeomorphisms

ϕλ : Uλ ⊂ N → Vλ ⊂ [0,∞)n

where Uλ (respectively Vλ) is an open subset of N (respectively of [0,∞)n). We say that
the family (ϕλ)λ∈Λ is a smooth atlas with corners if⋃

λ∈Λ
Uλ = N

and, for every µ, ν ∈ Λ,

ϕµ ◦ ϕ−1
ν : ϕν (Uµ ∩ Uν)→ ϕµ (Uµ ∩ Uν)

has a smooth extension to an open subset of Rn. We will refer to (N, (ϕλ)λ∈Λ) as a manifold
with corners.

It will be useful to have in mind triangles (and squares) as the prototypical examples,
the smooth atlas being given by the set of all diffeomorphisms from an open subset of
the triangle (or square) to the open subsets of [0,∞)n. The notions of tangent bundle,
Riemannian metric, Levi-Civita connection and stochastic differential equations can be
carried over to manifolds with corners.

Lemma 3.4 (Quotient differentiable structure). Suppose that G is a reflection group of
isometries of M . Then,

N = M/G has a (unique) structure of a Riemannian manifold with corners

such that, for every x ∈ M , there exists a neighborhood U ⊂ N of q(x) together with an
isometric immersion s : U →M that is a local inverse of q, i.e., such that

q ◦ s(x) = x for every x ∈ U.

We fix some notation about the boundary of N . The set of points that, by some
chart ϕλ, correspond to points of the (topological) boundary of [0,∞)n ⊂ Rn will be called
the boundary and will be denoted by ∂N . The points that correspond to the singular
points of the boundary of [0,∞)n will be called the corner points and the set consisting
of them will be denoted by CN . A boundary point x that is not a corner point will be
called a regular boundary point and there is a well-defined unit inward-pointing normal
vector νx ∈ TxN at x. The complement of ∂N , called the interior of N , will be denoted
by N̊ .

We will be interested on the reflected Brownian motion on these manifolds. Similarly to
the case of manifolds with boundary, the reflected Brownian motion on N is a continuous
stochastic process (βt)t∈[0,1] on N \ CN that satisfies the following condition. For every C2

function f : N → R such that dfx · νx = 0 at every regular boundary point x, we have that

f(Xt)−
∫ t

0
∆f(Xs)ds

is a martingale with respect to the filtration σ((βs)s∈[0,t]).

Theorem 3.5 (Existence for quotients). Let N be the quotient of M by a reflection group
and denote by q : M → N its quotient map. Let π be a probability measure on M ×M
with both marginals equal to vol and such that H(π|vol ⊗ vol) <∞. Then,
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(iBS)M,π admits a solution ⇒ (iBS)N,(q×q)∗π admits a solution.

Moreover, if (iBS)M,π admits a solution for every π with finite entropy, then (iBS)N,π̃
admits a solution for every π̃ with finite entropy.

We end this section with a more exotic example. Let Ω the space of paths from [0, 1]
to M = Rn. Choose any probability measure χ ∈ P(Rn) and let R be the Brownian motion
whose initial position has law χ. We are looking to the following problem

H(P |R)→ min;
[
Pt = N (0, 1/4 id),∀t ∈ [0, 1]

]
, P01 = π, (BSγ)

where π is a probability measure on M2. Through this example, we intend to challenge
the assumptions of compactness and incompressibility.

Theorem 3.6 (Existence for Gaussian marginals). The Brenier-Schrödinger problem BSγ
admits a unique solution if and only if H(π|R01) <∞.

4 Girsanov theorem
This section contains a version of Girsanov theorem which is a translation to a manifold
setting of the results from [17]. This will make a link between entropy and kinetic energy
and will be useful for the proof of Theorem 2.1 and Theorem 2.2.

We need to use a different but equivalent description of the reflected Brownian motion.
Consider any vector field ν : M → TM such that ν|∂M is the inward-pointing unit normal
vector field. By using an embedding of M into an Euclidean space, we may construct
a smooth family (σx)x∈M of linear maps σx : Rp → TxM such that σxσ∗x = idTxM . By
smooth we mean that the map σ : M × Rp → TM defined by σ(x,w) = σx(w) is smooth.
The reflected Brownian motion on M can be defined as a semi-martingale (βt)t∈[0,1] on M
that solves the following Skorokhod problem. There exists a Brownian motion in Rp and
a non-decreasing process (Ls)s∈[0,1] such that

dβt = σ(βt)dWt + νβtdLt and
∫ 1

0
1M̊(βs)dLs = 0.

More information can be found in [4]. We may notice that the process L is the local
time of β at ∂M and that β is a reflected Brownian motion in the sense defined in the
introduction, Section 1.

Now, we are interested in the description of solutions whenever they exist. Recall
that R denotes the law of (βt)t∈[0,1] whose initial position follows the law vol. Since the
reference measure R is a semi-martingale measure, the classical Girsanov theory implies
that a solution P of (BS) will also be a semi-martingale. Moreover, using the finite entropy
condition, we have stronger boundedness properties on the Girsanov velocity vector field.
Theorem 4.1 and Theorem 4.3 below are adaptations of results from [17] to a manifold
setting. They use a variational viewpoint of the entropy to improve Girsanov theorem
under a finite entropy condition. We give here sketches of the proofs and objects in a
manifold language. For a wider view, see [17] for the Rn setting and [15] for manifolds.
Let B be the drift, defined on 1-form valued processes by

Bt(α, ω) =
∫ t

0
〈αs(ωs), νωs〉 dLs(ω), (4.1)
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where αt ∈ Γ(T ∗M) for all t ∈ [0, 1] and ω ∈ Ω. Notice that, since L is a function of
bounded variation uniquely defined except for a set of R-measure zero, B from (4.1) is
also uniquely defined except for a set of R-measure zero. Let A be the quadratic variation
defined on bilinear form valued processes by

At(h, ω) =
∫ t

0

〈
Tr
(
hs(ωs)

)〉
ds, (4.2)

where ht ∈ Γ(T ∗M⊗T ∗M) for all t ∈ [0, 1]. Here 〈Tr(h)〉 denotes the contraction of h using
the Riemannian metric, so that (4.2) is well-defined everywhere and not just almost ev-
erywhere. With this notation, the measure R satisfies the martingale problemMP(B,A),
i.e., R is the unique probability measure such that

M f
t := f(Xt)− f(X0)−Bt(df)− 1

2At(Hessf),

is an R-local martingale for every f ∈ C∞(M). We denote by dX its Itô derivative and
by dRmX the martingale part of dX with respect to R (see [12, Definition 7.33]). Both are
infinitesimal vector fields. The problem MP(B,A) implies that

dXt = dRmXt + dBt, R-almost surely,

and
d[X,X]t = dAt, R-almost surely.

For the version of Girsanov theorem we are interested in, we will use the space G of
measurable functions g : [0, 1]×Ω→ T ∗M such that gt(ω) ∈ T ∗ωt

M for every t ∈ [0, 1] and
for every ω ∈ Ω. For any probability measure Q on Ω, we define the semi-norm on G

‖g‖Q = EQ
[∫ 1

0
‖gt‖2

T ∗Mdt
]1/2

= EQ [A1(g ⊗ g)]1/2 .

Identifying functions by using the semi-norm ‖.‖Q, we define the Hilbert spaces

G(Q) = {g ∈ G : ‖g‖Q < +∞} and H(Q) = {g ∈ G(Q) : g adapted}.

Adapted means here that, for every t ∈ [0, 1], the map ω 7→ g(t, ω) is measurable with
respect to the completion of σ((Xs)s∈[0,t]) using the Brownian motion law R, where the
map Xs : Ω→M is the projection map Xs(ω) = ωs.

The following result is Girsanov theorem for the family (P x)x∈M of probability measures
on Ω that satisfy

P =
∫
M
P xdP0(x) and P x ({ω ∈ Ω : ω(0) = x}) = 1 for every x ∈M.

By taking a time reversal, it would tell us something about the family (
↼

P y)y∈M , defined
in (2.4), but we will not use this until later.

Theorem 4.1 (Girsanov theorem). Let P be such that H(P |R) <∞. Then, for P0-almost
every x ∈ M , the probability measure P x is the law of a semi-martingale and there exists
an adapted process ζx ∈ H(P x) such that

P x ∈MP(B + B̂x, A) and B̂x = A(ζx ⊗ ·).

9
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Remark 4.2. In other words, P x-almost surely, dXt = dPx

m Xt + dAt(ζx⊗ ·) + νXtdLt(X),
where the P x-martingale part is equal to dPx

m Xt = dRx

m Xt − dAt(ζx ⊗ ·).

Proof. Due to the chain rule for the entropy [11, Theorem C.3.1]

H(P |R) = H(P0|R0) +
∫
M
H(P x|Rx)dP0(x),

we have that H(P x|Rx) <∞ for P0-almost every x ∈M .
For h ∈ H(P x), we would like to define the processes Nh by

Nh
t =

∫ t

0
〈hs, dR

x

m Xs〉, 0 ≤ t ≤ 1. (4.3)

If h ∈ H(P x) ∩ H(Rx), the process Nh can be defined by (4.3). Its stochastic exponen-
tial E(Nh) = exp(Nh − 1

2 [Nh, Nh]) is a positive local martingale, so that it is a super-
martingale and

0 ≤ ERx [E(Nh)1] ≤ 1. (4.4)
For h ∈ H(P x) ∩ H(Rx), let u be the function u : ω ∈ Ω 7→ Nh

1 − 1
2 [Nh, Nh]1. The

variational definition of the entropy, known as the Donsker-Varadhan variational formula,
implies that

EPx [u]− logERx [eu] ≤ H(P x|Rx) < +∞.
Using (4.4), we have that

EPx [u] ≤ H(P x|Rx).

Then, since EPx

[
[Nh, Nh]1

]
= ‖h‖2

G(Px) is finite, we have

EPx [Nh
1 ] ≤ H(P x|Rx) + 1

2‖h‖
2
G(Px).

Repeating the same calculation with −h and λh for λ > 0, for all h ∈ H(P x) ∩H(Rx)

λ
∣∣∣EPx [Nh

1 ]
∣∣∣ ≤ H(P x|Rx) + λ2

2 ‖h‖
2
G(Px). (4.5)

If ‖h‖G(Px) 6= 0, we can take λ =
√

2H(P x|Rx)‖h‖−1
G(Px) and obtain∣∣∣EPx [Nh

1 ]
∣∣∣ ≤ √2H(P x|Rx)‖h‖G(Px).

Letting λ → ∞ in (4.5), this inequality remains valid if ‖h‖G(Px) = 0. So the linear
form h 7→ EPx [Nh

1 ] is continuous on H(P x) ∩ H(Rx). This set is dense in H(P x) since it
contains the dense set of stair processes

h : (t, ω) ∈ [0, 1]× Ω 7→
k∑
i=1

σ(Xt)hi1]Si,Ti],

with k ∈ N, (hi)1≤i≤k ∈ Rn and Si < Ti ≤ Si+1 stopping times. So, h 7→ EPx [Nh
1 ] extends

linearly in a unique continuous way to H(P x). By Riesz representation theorem, there
exists a process ζx ∈ H(P x) dual to this linear form, i.e

EPx

[∫ 1

0
〈df, dRx

m Xt〉
]

= EPx

[∫ 1

0
〈df, dAt(ζxt ⊗ ·)〉

]
.

In conclusion, under P , X is a semi-martingale with quadratic variation A and drift B+B̂.

10
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We remark that using the classical Girsanov theory we could only have proved that, P x-
almost surely, At(ζx⊗ ·) < +∞. From now on, ζxt will be identified, as a vector field, with
the drift B̂t = At(ζx ⊗ ·). We show in Section 5 that it is the Nelson forward stochastic
velocity of P x.

Léonard’s approach to Girsanov theory also gives us an expression of the density of P x

with respect to Rx in terms of ζx. This will be essential for the proof of Theorem 2.1.

Theorem 4.3 (Density in terms of velocity). With the notation of Theorem 4.1, for P0-
almost every x ∈M , the density of P x is given by

dP x

dRx
= 1{dP x

dRx>0} exp
(∫ 1

0
〈ζxt , dP

x

m Xt〉 −
1
2

∫ 1

0
‖ζxs ‖2 ds

)
.

Sketch of the proof. The proof is divided in three parts. Firstly, we prove a change of
measure formula for stopped processes. This is the following well-known argument. We
define the sequence (σk)k≥1 of stopping times by

σk = inf {t ∈ [0, 1] : At(ζx ⊗ ζx) ≥ k} ,

where, since we are thinking on subsets of [0, 1], we use the convention that the infimum
of the empty set is 1. These stopping times localise the semi-martingale

Nt =
∫ t

0
〈ζxs , dR

x

m Xs〉, 0 ≤ t ≤ 1.

Let Rσk denote the law of X·∧σk
when X follows the law Rx and let E(N)σk

denote the
stochastic exponential of N at the time σk. Hence, the measure Qk = E(N)σk

Rσk is a prob-
ability measure satisfying the martingale problem MP

(
(B + B̂)·∧σk

, A·∧σk

)
. As a second

step, using the additional assumption that P is equivalent to R, we prove the theorem.
Here, the key argument is a uniqueness property satisfied by the reflected Brownian mo-
tion: Rx is the unique measure in MP(B,A) absolutely continuous with respect to Rx

starting from R0. Property gives us the density of P σk . The equivalence assumption is used
to have σk → +∞ Rx-a.s and obtain the density of P x. We finish with a regularisation
argument. The measure P x

n = (1− 1
n
)P x + 1

n
Rx is equivalent to Rx and converge to P x in

a sufficiently strong sense to obtain the result at the limit.

Remark 4.4 (Entropy and kinetic energy). The proof of Theorem 4.3 also works for P
and R instead of P x and Rx. As a consequence, we would obtain that if H(P |R) <∞,

H(P |R) = H(P0|R0) + 1
2EP

[∫ 1

0
‖ζt‖2 dt

]
,

where ζ can be seen as a forward stochastic velocity as in (5.2) by using P instead of P x.
This formula for the entropy makes a parallel between the Brenier problem, as the minimi-
sation of a classical kinetic energy, and Brenier-Schrödinger problem, as the minimisation
of a stochastic kinetic energy in Nelson’s sense. The advantage of an entropy formulation
of the problem is the convex optimisation tools.

5 Proof of the Navier-Stokes equations and the con-
tinuity equation

This section will be devoted to the proof of Theorem 2.1 and Theorem 2.2. To prove Theo-
rem 2.1 we will first prove its ‘forward velocity’ counterpart in Corollary 5.3. Following [3],

11
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the idea is to compare the density obtained from Theorem 4.3 and the density from the
definition of a regular solution (2.1). This is done in the following lemma. We recall that ζx
is the one obtained in Theorem 4.1.

Lemma 5.1 (Comparison of densities). Suppose that P is a regular solution of (BS).
Then, for P0-almost every x ∈M and for every t ∈ [0, 1],

〈ζxt , dR
x

m Xt〉 −
1
2 ‖ζ

x
t ‖

2 dt = 1S(t)θt + ptdt+ dψxt (Xt), P x-almost surely.

Proof. The idea of the proof is to compare two expressions of the density of P x with respect
to Rx, the first given by Theorem 4.3 and the second by the definition of a regular solution.
On the one hand, from Theorem 4.3, the density is

dP x

dRx
= exp

(∫
[0,1]
〈ζxt , dP

x

m Xt〉 −
1
2

∫
[0,1]
‖ζxt ‖

2 dt
)
, P x-a.s.

Then we restrict the density to Ft = σ((Xu)u∈[0,t]) by using that

dP x
[0,t]

dRx
[0,t]

= ERx

[
dP x

dRx

∣∣∣∣∣Ft
]
.

For all t ∈ [0, 1] we have

dP x
[0,t]

dRx
[0,t]

= exp
(∫ t

0
〈ζxs , dP

x

m Xs〉 −
1
2

∫ t

0
‖ζxs ‖

2 ds
)
, P x-a.s.

On the other hand, from the definition of a regular solution, we know that P has the
form (2.1). By disintegration, for R0-almost every x ∈M ,

dP x

dRx
= exp

(
η(x,X1) +

∑
s∈S

θs(Xs) +
∫
T
pt(Xt) dt

)
, Rx-a.s.

Then, conditioning with respect to Ft and using the Markov property of Rx,

dP x
[0,t]

dRx
[0,t]

= ERx

[
exp

(
η(x,X1) +

∑
s∈S

θs(Xs) +
∫
T
pr(Xr) dr

)∣∣∣∣∣Ft
]

= exp
∑
s≤t

θs(Xs) +
∫
T ∩[0,t]

pr(Xr) dr


× ERx

[
exp

(
η(x,X1) +

∑
s>t

θs(Xs) +
∫
T ∩]t,1]

pr(Xr) dr
)∣∣∣∣∣Ft

]

= exp
 ∑
s∈S,s≤t

θs(Xs) +
∫
T ∩[0,t]

pr(Xr) dr + ψxt (Xt)
 , Rx-a.s.

We confront both expressions for dPx
[0,t]

dRx
[0,t]

and conclude.
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Theorem 5.2 (Hamiltonian equation for the potential). Assume that P is a forward reg-
ular solution of (BS). Then, for P0-almost every x ∈M , the function ψx defined by (2.2)
is a classical solution of

∂tψ
x
t −

1
2∆ψxt + ‖∇ψxt ‖2 + 1T (t)pt = 0, t ∈ [0, 1) \ S,

ψxt − ψxt− = −θt, t ∈ S,
〈∇ψxt (z), νz〉 = 0, z ∈ ∂M,

ψx1 = η(x, ·), t = 1,

(5.1)

which is a second-order Hamiltonian equation.
Moreover, for P0-almost every x ∈M ,

ζxt = ∇ψxt (Xt), dt⊗ P x-almost surely.

Proof. According to Theorem 4.1, we have dPx

m Xt = dRx

m Xt − ζtdt, P x-almost surely. By
Lemma 5.1, for P0-almost every x ∈M and for all t ∈ [0, 1],

dψxt (Xt) = 〈ζxt , dP
x

m Xt〉+
(1

2‖ζ
x
t ‖2 − pt(Xt)

)
dt− 1S(t)θt(Xt), P x-almost surely.

On the other hand, since ψx is regular enough, the semi-martingale (ψx(Xt))t∈[0,1] satisfies
the Itô formula. For all t ∈ [0, 1], we have

dψxt (Xt) =[ψxt − ψxt− ](Xt) +
〈
∇ψxt (Xt), dP

x

m Xt

〉
+ 〈∇ψxt (Xt), ζxt 〉 dt

+ 〈∇ψxt (Xt), νXt〉 dLt +
(1

2∆ + ∂t

)
ψxt (Xt)dt, P x-a.s.

The Doob-Meyer decomposition of a semi-martingale allows the following identifications
using the previous equations.

ζxt = ∇ψxt (Xt), dt⊗ dP x(X)-a.s.
− 1S(t)θt(Xt) = [ψxt − ψxt− ](Xt), dP x(X)-a.s.
1
2‖ζ

x
t ‖2 − pt(Xt) = 〈∇ψxt (Xt), ζxt 〉+

(1
2∆ + ∂t

)
ψxt (Xt), dt⊗ dP x-a.s.

〈∇ψxt (Xt), νXt〉1∂M(Xt) = 0, dLt(X)⊗ dP x(X)-a.s.
We complete the proof by using the covering property of X under P x so that

ζxt = ∇ψxt (Xt), dt⊗ dP x(X)-a.s.,
− θt(z) = [ψxt − ψxt− ](z), t ∈ S, z ∈M,(1

2∆ + ∂t

)
ψxt (z) + 1

2‖∇ψ
x
t (z)‖2 + 1T (t)pt(z) = 0, t ∈ [0, 1) \ S, z ∈M,

〈∇ψx(z), νz〉 = 0, z ∈ ∂M.

The function ψx plays the role of a scalar potential of ζx. The previous theorem tells us
that, in fact, the randomness for ζx can be thought of as coming only from the position Xt.
Recall that ∇ denotes the covariant derivative and � denotes the de Rham-Hodge-Laplace
operator −(dδ + δd) by identifying vector fields with one-forms. Using the notation of
Section 2, define the random times

τt = 1
2 sup {h ≥ 0 : Xt+s ∈ U(Xt) for every s ∈ [0, h]}

which are strictly positive.
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Corollary 5.3 (Forward stochastic velocity). Suppose that P is a forward regular solution
of (BS). Then, for P0-almost every x ∈M , there exists a measurable function

x⇀
v : [0, 1]× Ω→ TM

such that t 7→x⇀
v t (ω) is right-continuous and has left limits for every ω ∈ Ω and such that

for every t ∈ [0, 1] we have that, for P x-almost every X,

lim
h→0+

1
h
EPx

[−−−−−−→
XtXt+h∧τt

∣∣∣X[0,t]
]

=x⇀
v t(X). (5.2)

Let V x
t = ∇ψxt . Then, for P0-almost every x ∈M ,

x⇀
v t = V x

t (Xt), P x-almost surely.

Moreover, for P0 almost all x ∈M , the time-dependent vector field V x satisfies

(∂t +∇V x)V x = −1
2�V

x − 1T (t)∇p, t ∈ [0, 1) \ S,

V x
t − V x

t− = −∇θt, t ∈ S,
〈V x(z), νz〉 = 0, z ∈ ∂M,

V x
1 = ∇

(
η(·, x)

)
, t = 1.

Proof. Theorem 4.1 tells us that, P x-almost surely, dXt = dPx

m Xt+ζxt dt+νXtdLt. Moreover,
we know by Theorem 5.2 that we may choose a version of ζx that is càdlàg in t. Applying
Itô’s formula to the logarithm log, and taking the limit by using the right-continuity of ζx
we show that the limit defining x⇀

v t exists and that x⇀
v (X) = ζx = ∇ψxt (Xt). The rest

is a consequence of Theorem 5.2 by taking the gradient of (5.1) and using that (dδ + δd)
commutes with the exterior derivative d.

Now we are ready to give the proof of Theorem 2.1.

Proof of Theorem 2.1. There is a strong link between x⇀
v t, the forward stochastic velocity

obtained in Corollary 5.3, and the backward stochastic velocity to be obtained here. This
is achieved through the time reversal transformation. Let rev : Ω→ Ω be the time reversal
transformation defined by rev(ω)t = ω1−t. Let P ∗ = rev∗P be the pushforward of P by the
map rev. Then, the limit defining the forward stochastic velocity is related to the sought
limit for the backward stochastic velocity by

↼y
v t = − y⇀

v
P ∗

1−t ◦ rev, (5.3)

where y⇀
v
P ∗

denotes the forward stochastic velocity associated to P ∗. We just need to
notice that P ∗ satisfy the requirements of Corollary 5.3. Since the reference measure R is
reversible, we have rev∗R = R so that (2.1) becomes

dP ∗(X) = exp
(
η∗(X0, X1) +

∑
s∈S∗

θ∗s(Xs) +
∫
T ∗
p∗t (Xt) dt

)
dR(X),

where η∗(x, y) = η(y, x), S∗ = {1 − s : s ∈ S}, θ∗s = θ1−s, T ∗ = {1 − t : t ∈ T }
and p∗t = p1−t. The function ψ from (2.2) for P ∗ equals the function ϕ from (2.3) for P or,
more precisely,

ϕyt (z) = logERy

exp
η∗(y,X1) +

∑
s∈S∗,s>t

θ∗s(Xs) +
∫
T ∗∩]t,1]

p∗r(Xr) dr
∣∣∣∣∣∣Xt = z

 .
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We may conclude by Corollary 5.3 and (5.3).

Now we give the proof of Theorem 2.2. Notice that we will not use the regularity of
the solution. In particular, there are no η, p and θ involved.

Proof of Theorem 2.2. Let f ∈ C∞(M), and 0 ≤ t ≤ 1. On one hand, we have that

Pt(f) = EP [f(Xt)]

=
∫
M
EPx [f(Xt)] dP0(x)

=
∫
M
EPx

[
f(x) +

∫ t

0
〈df, x⇀v s〉 ds+ 1

2

∫ t

0
∆f(Xs) ds+

∫ t

0
〈df, νXs〉 dLs

]
dP0(x)

= P0(f) +
∫ t

0
Ps

(
〈df, ↪→v s〉+ 1

2∆f
)

ds+ EP
[∫ t

0
〈df, νXs〉 dLs

]
.

On the other hand, for P1-almost every y ∈ M , under the reversed law P y∗, X is a semi-
martingale with drift y⇀v

P ∗

dt+ νdL∗ where the relation between ↼y
v and y⇀

v
P ∗

is given by (5.3)
and Lt(X) = L∗1−t(X∗) for all t ∈ [0, 1], where X∗ = rev(X). We have

EP y∗ [f(X1−t)]

= EP y∗

[
f(y) +

∫ 1−t

0
〈df, y⇀v

P ∗

s (X)〉 ds+ 1
2

∫ 1−t

0
∆f(Xs) ds+

∫ 1−t

0
〈df, νXs〉 dL∗s(X)

]
= EP y∗

[
f(y) +

∫ 1

t
〈df, y⇀v

P ∗

1−s(X)〉 ds+ 1
2

∫ 1

t
∆f(X∗s ) ds+

∫ 1

t
〈df, νXs〉 dL∗1−s(X)

]
= EP y∗

[
f(y)−

∫ 1

t
〈df,↼y

v s(X∗)〉 ds+ 1
2

∫ 1

t
∆f(X∗s ) ds+

∫ 1

t
〈df, νXs〉 dLs(X∗)

]
.

Hence, by disintegration along P1, we have that

Pt(f) = EP ∗ [f(X1−t)]

=
∫
M
EP y∗ [f(X1−t)] dP1(y)

= P1(f) +
∫ 1

t
Ps

(
〈df,− ←↩v s (X)〉+ 1

2∆f
)

ds+ EP
[∫ 1

t
〈df, νXs〉 dLs

]
.

Before differentiating, we need to show that the terms with local time are regular enough.
For ε > 0, we denote ∂εM the ε-tubular neighbourhood of ∂M . We have∫ t

0
〈df, νXs〉 dLs = lim

ε→0

1
2ε

∫ t

0
〈df, νXs〉1Xs∈∂εM ds.

Then, we obtain

EP
[∫ t

0
〈df, νXs〉 dLs

]
= 1

2

∫ t

0
lim
ε→0

1
ε
EP [〈df, νXs〉1Xs∈∂εM ] ds

= 1
2

∫ t

0
lim
ε→0

1
ε
Ps(〈df, ν〉1∂εM) ds

= 1
2

∫ t

0
P s(〈df, ν〉),

where P s denotes the normalised surface measure associated to Ps. It follows that, for
all t ∈ [0, 1],

∂tPt(f) = Pt(〈
↪→
v t, df〉+ 1

2∆f) + P t(〈ν, df〉) = Pt(〈
←↩
v t, df〉 −

1
2∆f)− P t(〈ν, df〉). (5.4)

Since P is a satisfies Pt = µt for every t ∈ T , the proof is complete.
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6 Proof of the existence on homogeneous spaces
In this section we prove Theorem 3.1. The proof is inspired by [3] which is, in turn, inspired
by [10]. The idea is to find a path measure Q of finite relative entropy and satisfying the
marginal conditions. The candidate for such a measure is

Q =
∫
M3

R(·|X0 = x,X1/2 = z,X1 = y)σ(dxdzdy), (6.1)

with σ(dxdzdy) = π(dxdy)vol(dz) belongs to P(M3). It extends the result in [3] of
existence on the torus, using the same property of invariance of the Brownian motion and
the Riemannian volume, under isometries.

Proposition 6.1 (Constraints and entropy). The path measure Q satisfies the marginal
and endpoint constraints

Pt = vol,∀t ∈ [0, 1] and P01 = π.

In addition, if H(π|vol ⊗ vol) <∞ then H(Q|R) <∞.

Proof. First, remark that, since R is a Markov measure, we have

R(·|X0 = x,X1/2 = z,X1 = y) = R(X[0,1/2] · |X0 = x,X1/2 = z)
×R(X[1/2,1] ∈ ·|X1/2 = z,X1 = y).

Now, let us check the endpoint constraints. For measurable subsets A and B of M ,

Q01(A×B) = Q(X0 ∈ A,X1 ∈ B)

=
∫
M3

R(X0 ∈ A|X0 = x,X1/2 = z)R(X1 ∈ B|X1/2 = z,X1 = y)σ(dxdzdy)

=
∫
M3

1A(x)1B(y)σ(dxdzdy)

= σ(A×M ×B)
= π(A×B).

So Q01 = π. Then, we prove that Qt is invariant under isometries for all t. Let t ∈ [0, 1/2]
and let f be a bounded measurable function on M . We have∫

M
f dQt =

∫
M3

ER
[
f(Xt)

∣∣∣X0 = x,X1/2 = z
]
σ(dxdzdy)

=
∫
M2

ER
[
f(Xt)

∣∣∣X0 = x,X1/2 = z
]
vol(dx)vol(dz).

For every isometry g of M , using the invariance in law of the Brownian motion and the
invariance of the Riemannian volume measure under isometry, we have that∫

M
f ◦ g dQt =

∫
M2

ER
[
f ◦ g(Xt)

∣∣∣X0 = x,X1/2 = z
]
vol(dx)vol(dz)

=
∫
M2

ER
[
f(Xt)

∣∣∣X0 = g(x), X1/2 = g(z)
]
vol(dx)vol(dz)

=
∫
M2

ER
[
f(Xt)

∣∣∣X0 = x,X1/2 = z
]
vol(dx)vol(dz)

=
∫
M
f dQt.
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Since vol is the unique probability measure on M that is invariant under isometries (see,
for instance, [13, Proposition 476C]), we obtain Qt = vol. The result is obtained, mutatis
mutandis, for t ∈ [1/2, 1]. Then, Q satisfies the marginal constraint.

We have now to prove that H(Q|R) <∞. Denote

Q0,1/2,1 = Q(X0 ∈ ·, X1/2 ∈ ·, X1 ∈ ·)

and Qxzy = Q(·|X0 = x,X1/2 = z,X1 = y), and similarly for R. We have, by using the
chain rule for the entropy [11, Theorem C.3.1],

H(Q|R) = H(Q0,1/2,1|R0,1/2,1) +
∫
M3

H(Qxzy|Rxzy)Q0,1/2,1(dxdzdy)

= H(σ|R0,1/2,1)

= H(σ01|R01) +
∫
M2

H(σxy|Rxy
1/2)σ01(dxdy)

= H(π|R01) +
∫
M2

H(vol|Rxy
1/2)π(dxdy),

where Rxy
1/2 is the law at time t = 1/2 of the Brownian bridge between x at time t = 0

and y at time t = 1. By definition of the relative entropy, we have

H(vol|Rxy
1/2) =

∫
M

log
 dvol

dRxy
1/2

 vol(dz).

We denote by p the heat kernel on M . We have

dRxy
1/2

dvol (z) = p1/2(x, z)p1/2(z, y)
p1(x, y) .

This quantity is continuous in x, y and z. As M is compact, the density can be bounded
uniformly in the three variables. So the relative entropy H(Q|R) is finite if and only
if H(π|R01) is finite which, since the density of R01 with respect to vol⊗ vol is continuous
and strictly positive, is equivalent to H(π|vol ⊗ vol) <∞.

The homogeneity of M seems to be important to show that, at a fixed time, the law of
the Brownian bridge between two independent uniformly distributed random variables is
the uniform measure vol. It is not clear and it would be interesting to understand if this
holds or not on a non-homogeneous space.

Proof of Theorem 3.1. By Proposition 6.1, if the entropy of π is finite, there exists a mea-
sure Q that satisfies the constraints of the problem (BS) and has finite entropy with respect
to H. We conclude by the strict convexity of the entropy and the convex constraints.

On the other hand, if Q is the unique solution then, in particular, Q01 has finite entropy
with respect to R01. Since R01 has a continuous and strictly positive density with respect
to vol ⊗ vol, we also have that H(Q01|vol ⊗ vol) <∞.

7 Proof of the existence for quotient spaces
The goal of this section is to prove Theorem 3.5 and to give some examples of the existence
of solutions to the Brenier-Schrödinger problem. Theorem 3.5 describes a relation between
the Brenier-Schrödinger problem on compact Riemannian manifolds and on some quotients
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Figure 1: A path in the torus. Figure 2: The projected path in the rectangle.

of these. For instance, we want to see the n-hypercube as a quotient of a flat n-dimensional
torus (see Figure 1 and 2 where the reflections are along the dotted lines) or a positively
curved n-ball as a quotient of the n-sphere.

We begin by giving a proof of the existence of the Riemannian structure on a quotient
by a reflection group. This is similar to what happens on Rn where the theory of reflection
groups is well-known (see, for instance, [16]).

Proof of Lemma 3.4. The topological structure of N = M/G is induced by the quotient
map q : M → N . Given a reflection group G, we shall make of N a manifold with corners
in the following way. Let y ∈ N and take any x ∈M with q(x) = y.

If Gx = {e} then there exists an open neighborhood V of x such that gV ∩ hV = ∅
for every g 6= h in G. Since q is open and q|V is injective and continuous we have
that q|V : V → q(V ) is an homeomorphism and we can assume that (by taking a smaller V
if necessary) V is diffeomorphic to an open subset of (0,∞)n. This gives an atlas to the
open set of points that can be written as q(x) with Gx = {e}. We can even define a metric
on this open set with the help of these q|V .

If Gx 6= {e} we consider the exponential map

expx : W ⊂ TxM → V ⊂M

on an open neighborhood W of 0 ∈ TxM invariant under Gx such that expx |W is a
diffeomorphism onto its image V . Moreover, by choosing V small enough we assume
that gV ∩ V = ∅ for every g /∈ Gx. Since

g expx(w) = expx(dgxw) (7.1)

for g ∈ Gx and w ∈ TxM , the open set V is invariant under Gx. Equation (7.1) tells us
that the action of Gx on W (as Gx) is isomorphic to the action of Gx on V . Then, we only
need to understand

W/Gx.

But, since Gx is a reflection group, we know that TxM/Gx can be identified with a par-
ticular fundamental domain of the action of Gx on TxM , called closed chamber (see [16,
Section 1.12]), and, in particular, it has a structure of a manifold with corners so that W/Gx

inherits this structure. Using expx we have given to the open set V/Gx ' q(V ) the struc-
ture of a manifold with corners. In fact, if C ⊂ TxM is a closed chamber, we have
identified expx(C ∩W ) with q(V ). The latter identification gives a Riemannian metric
to q(V ) which is completely characterised by the isometric properties required for q.

We will also need the following standard lemma whose proof we recall.
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Lemma 7.1 (Fundamental domain). Let G be a finite group of isometries of M . Then,
there exists an open subset V of M such that

• gV ∩ hV = ∅ for every g 6= h in G and

• vol

M∖ ⋃
g∈G

gV

 = 0 .

Proof. Let x ∈M such Gx = {e} and define the set

V = {y ∈M : ∀g ∈ G \ {e}, d(x, y) < d(gx, y)} ,

where d is the distance function on the Riemannian manifold M . Since G is a group of
isometries we have that

hV = {y ∈M : ∀g ∈ G \ {h}, d(hx, y) < d(gx, y)} .

We only need to see that, for ξ 6= ζ in M ,

vol {y ∈M : d(ξ, y) = d(ζ, y)} = 0.

This is true since the map y 7→ d(ξ, y)− d(ζ, y) is smooth and regular outside the cutlocus
of ξ and ζ and since every cutlocus has vol-measure zero.

Notice that, in particular, for every g ∈ G and x ∈ gV the group Gx contains only the
identity so that q|gV is an isometry onto its image. There is an intuitive relation between
a Brownian motion on M and on its quotient by a reflection group.

Lemma 7.2 (Brownian motion under quotients). Suppose that G is a reflection group of
isometries of M . Let {Bx

t }t≥0 be a Brownian motion on M starting at x ∈ M . Then
{q(Bx

t )}t≥0 does not touch the corner points almost surely and

{q(Bx
t )}t≥0 is a reflected Brownian motion on M/G.

Proof. The fact that q(Bx
t ) does not touch the corner points is a result of the following

facts. The set q−1(CN) is a finite union of submanifolds of dimension less or equal than n−2
and the Brownian motion Bx

t almost surely does not touch submanifolds of dimension less
or equal than n− 2.

Now, for every ε > 0, we consider the ε-neighborhood of the corner points,

Nε = {x ∈ N : d(x, y) < ε for some y ∈ CN} .

Let f : N → R be a smooth map such that dfxνx = 0 at every regular boundary point x
and consider

F = f ◦ q

which can be seen to be C2 on M \ q−1(CN). Let ε > 0 and let F ε : M → R be a C2

function on M that coincide with F outside of Nε. Then,

F ε(Bx
t )−

∫ t

0
∆F ε(Bx

s )ds is a martingale
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with respect to the filtration (Bx
s )s∈[0,t] so that, if

Tε = inf
{
t ≥ 0 : Bx

t ∈ q−1 (Nε)
}
,

we have that
F (Bx

t∧Tε
)−

∫ t∧Tε

0
∆F (Bx

s )ds is also a martingale.

By using that
∆F = (∆f) ◦ q

we have proved that

f(q(Bx
t∧Tε

))−
∫ t∧Tε

0
∆f(q(Bx

s ))ds is a martingale

with respect to the filtration given by Gt = σ((Bx
s )s∈[0,t]). In particular, since it is adapted to

the filtration given by Ft = σ((q(Bx
s ))s∈[0,t]) and since Ft ⊂ Gt, it is also a martingale with

respect to this filtration. Finally, since q(Bx
t ) does not touch CN , we can see that Tε ↑ ∞

as ε ↓ 0 which completes the proof.

In the rest of this section and for notational simplicity we denote by σ, instead of vol, the
normalised volume measure on M , and by σ̃, the normalised volume measure on N = M/G.
Let R be the law of the Brownian motion on M whose initial position has law σ and let R̃
be the law of the reflected Brownian motion on N whose initial position has law σ̃. We
have the following result.

Lemma 7.3 (Image of the reversible Wiener measure). Denote by q(R) the image measure
of R by the map induced by q from C([0, 1],M) to C([0, 1], N). Then,

q(R) = R̃.

Proof. By Lemma 7.2, q(R) is the law of the Brownian motion on N whose initial position
is distributed according to q∗σ, the image measure of σ by q. It is enough, then, to notice
that q∗σ = σ̃. By Lemma 7.1, σ = ∑

g∈G σ|gV , so that

q∗σ = q∗

∑
g∈G

σ|gV

 =
∑
g∈G

q∗ (σ|gV ) .

We have that
σ̃ (q(M \ ∪g∈G gV )) = 0. (7.2)

since the measure of ∂N is zero and, on the complement of q−1(∂N), the map q is smooth
so that the image of a set of measure zero has also measure zero. Since q|gV is an isometry
onto its image we have that

q∗ (σ|gV ) = volume measure on N,

where we have used (7.2) which says that σ̃ (N \ q(gV )) = 0. We obtain

q∗σ = card(G) (volume measure on N)

which, after normalising, concludes the proof.
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We are ready to give the proof of Theorem 3.5.

Proof of Theorem 3.5. As in the previous lemma, we use the notation σ, instead of vol, for
the normalised volume measure on M , and denote by σ̃, the normalised volume measure
on N = M/G.

Let us prove the first assertion of Theorem 3.5. Let Q be a probability measure
on C([0, 1],M) such that Q01 = π, Qt = σ for every t ∈ [0, 1] and H(Q|R) < ∞. We
need to find a probability measure Q̃ on C([0, 1], N) such that Q̃01 = (q× q)∗π, Q̃t = σ̃ for
every t ∈ [0, 1] and H(Q̃|R̃) <∞. Notice that

H(q(Q)|q(R)) ≤ H(Q|R) <∞.

Since q(Q) satisfies the marginal assumptions and since q(R) = R̃, the proof is completed
by taking Q̃ = q(Q).

Now, to prove the second assertion we need to write π̃ as q∗π for some nice π. For
this, we shall use Lemma 7.1. Since H(π̃|R̃01) < ∞ we have that H(π̃|σ̃ ⊗ σ̃) < ∞. In
particular, π̃ gives measure zero to N×N \q(U)×q(U). For every (g, h) ∈ G×G, consider
the map

(q|gU × q|hU)−1 : q(U)× q(U)→ gU × hU
and consider the measure

πg,h = (q|gU × q|hU)−1
∗ π̃

which satisfies
(q × q)∗πg,h = π̃,

Nevertheless, it does not satisfy the marginal conditions. Notice that, if

αg,h = (q|gU × q|hU)−1
∗ (σ̃ × σ̃) and σg = (q|gU)−1

∗ σ̃

then
αg,h = |G|2 (σ × σ) |gU×hU and σg = |G|σ|gU .

Moreover, the first marginal of πg,h is σg and its second marginal is σh. Then, if we define

π = 1
|G|2

∑
(g,h)∈G×G

πg,h

we may notice that the first and second marginals of π are σ and that

(q × q)∗π = π̃.

We can also find its entropy by integrating and obtain that

H(π|σ ⊗ σ) = H(π̃|σ̃ ⊗ σ̃).

Since H(π|σ ⊗ σ) < ∞ if and only if H(π|R01) < ∞ and H(π̃|σ̃ ⊗ σ̃) < ∞ if and only
if H(π̃|R̃01) <∞ we may conclude.

We consider now some simple examples of quotient spaces where Theorem 3.5 holds.
Almost all of these will be quotients of the flat two-dimensional torus which we define now.
Let u and v be two linearly independent vectors of R2. We will denote by Tu,v the manifold

Tu,v = R2/{au+ bv : a, b ∈ Z}

endowed with the Riemannian metric induced by R2. We begin by describing two examples
that are actual two-dimensional manifolds with boundary (without corners).
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Example 7.4 (Cylinder). Suppose that u and v are orthogonal. The map

{αu+ βv : (α, β) ∈ [0, 1]2} → {αu+ βv : (α, β) ∈ [0, 1]2}
xu+ yv 7→ xu+ (1− y)v

induces an isometry of Tu,v and the quotient space is isometric to the cylinder

{z ∈ C : 2π|z| = |u|} × [0, |v|/2].

Example 7.5 (Flat Möbius strip). Suppose that |u| = |v|. The map

{αu+ βv : (α, β) ∈ [0, 1]2} → {αu+ βv : (α, β) ∈ [0, 1]2}
xu+ yv 7→ yu+ xv

induces an isometry of Tu,v and the quotient space is isometric to the flat Möbius strip

[0, ‖u+ v‖/2]× [0, ‖u− v‖/2]/ ∼

where ∼ is the identification of the vertical sides in opposite directions. Figure 3 shows a
representation of the torus and the considered isometry is the reflection along the dotted
diagonal. Figure 4 shows the canonical representation of the flat Möbius strip as part of
(four times) the representation of the torus.

Figure 3: The Möbius strip as a quotient. Figure 4: The Möbius strip.

The next four examples are two-dimensional manifolds with corners.

Example 7.6 (Rectangle). Suppose that u and v are orthogonal. The maps

{αu+ βv : (α, β) ∈ [0, 1]2} → {αu+ βv : (α, β) ∈ [0, 1]2}
xu+ yv 7→ xu+ (1− y)v

and

{αu+ βv : (α, β) ∈ [0, 1]2} → {αu+ βv : (α, β) ∈ [0, 1]2}
xu+ yv 7→ (1− x)u+ yv

generate a reflection group of isometries of Tu,v and the quotient space is isometric to

[0, |u|/2]× [0, |v|/2].

Example 7.7 (Isosceles right triangle). A 45◦ right triangle can be seen as a quotient of
a square by a reflection along its diagonal. Using the previous example, we can also see it
as a quotient of a torus (see Figure 6).
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Figure 5: A rectangle as a quotient of the torus.

Figure 6: A 45◦ triangle rectangle as a quotient.

Example 7.8 (Equilateral triangle). If 2u · v = ‖u‖‖v‖, the torus Tu,v can be seen as
a quotient of an hexagon identifying opposite sides as in Figure 7. Then, if we consider
the group generated by the reflections along the dotted lines in Figure 7 we can obtain an
equilateral triangle as a quotient space.
Example 7.9 (60◦ right triangle). A 60◦ right triangle can be seen as a quotient of the
equilateral triangle by a reflection. Using the previous example we can see it also as a
quotient of a torus.

Finally, as n-dimensional cases we consider the following examples.
Example 7.10 (n-hyperrectangle). Let a1, . . . , an > 0 and let u1, . . . , un be orthogonal
vectors in Rn such that ‖ui‖ = ai for any i ∈ {1, . . . , n}. We may consider the flat n-
dimensional torus

Tn = Rn/{m1u1 + · · ·+mnun : m1, . . . ,mn ∈ Z}

and the group generated by the reflections induced by the family (indexed by i ∈ {1, . . . , n})
of maps

{α1u1 + · · ·+ αnun : αi ∈ [0, 1]} → {α1u1 + · · ·+ αnun : αi ∈ [0, 1]}
n∑
k=1

xkuk 7→
∑
k 6=i

xkuk + (1− xi)ui.

The quotient of Tn by this group is a n− hyperrectangle with lengths a1/2, . . . , an/2.
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David Garćıa-Zelada and Baptiste Huguet

Figure 7: An equilateral triangle as a quotient of the torus.

Example 7.11 (Curved n-ball). Consider the n-dimensional sphere

Sn = {(x1, . . . , xn+1) ∈ Rn : |x1|2 + · · ·+ |xn+1|2 = 1}.

The quotient of Sn by the map

Sn → Sn

(x1, . . . , xn, xn+1) 7→ (x1, . . . , xn,−xn+1)

is a curved n-ball.

8 Proof of the existence for the Gaussian case
We consider the following path measure

Q =
∫
M3

R(·|X0 = x,X1/2 = z,X1 = y) π(dxdy)γ1/4(dz),

where γσ2 denotes the density of N (0, σ2 id). This measure is the analogue of (6.1).

Proposition 8.1 (Constraints and entropy: Gaussian case). The measure Q satisfies the
endpoints and marginal constraints Q01 = π and Qt = N (0, 1/4 id) for every t ∈ [0, 1]. If
H(π|R01) <∞ then H(Q|R) <∞.

Proof. The steps and arguments of the proof are the same as in Section 6. Firstly, as in
the proof of Proposition 6.1, the endpoint condition Q01 = π is obviously satisfied. Then,
for t ∈ [0, 1/2], we have

Qt =
∫
M2

Rt(·|X0 = x,X1/2 = z) γ1/4(dx)γ1/4(dz)

where Rt(·|X0 = x,X1/2 = z) is the law, at time t of a Brownian bridge on [0, 1/2]
between x and z. It is a normal distribution N ((1− 2t)x+ 2tz, t(1− 2t)). So Qt is a
normal distribution and we have that

(1− 2t)Y + 2tZ +
√
t(1− 2t)W ∼ Qt,
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where Y ,Z ∼ N (0, 1/4 id) and W ∼ N (0, id) are independent random variables. It follows
that Qt = N (0, 1/4 id) for all t ∈ [0, 1/2] and for all t ∈ [0, 1] with the same argument.

It remain to verify the entropy condition. As in the symmetric space case, we have

H(Q|R) = H(π|R01) +
∫
M
H(γ1/4|Rxy

1/2) π(dxdy).

Using the heat kernel in M , we have :

dRxy
1/2

dγ1/4
(z) = e2〈z,x+y〉− 1

2 |x−y|
2
.

And then, the entropy is
H(γ1/4|Rxy

1/2) = 1
2 |x− y|

2

So we have that

H(Q|R) ≤ H(π|R01) +
∫
M2

1
2 |x− y|

2 π(dxdy)

≤ H(π|R01) +
∫
M2

(x2 + y2) π(dxdy)

≤ H(π|R01) + 2
∫
M
x2 γ1/4(dx)

≤ H(π|R01) + n

2
which completes the proof

Proof of Theorem 3.6. It follows the proof of Theorem 3.1 but now using Proposition 8.1
instead of Proposition 6.1.
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[8] Aymeric Baradat and Christian Léonard. Minimizing relative entropy of path measures
under marginal constraints. arXiv:2001.10920.

[9] Jean-David Benamou, Guillaume Carlier, and Luca Nenna. Generalized incompress-
ible flows, multi-marginal transport and sinkhorn algorithm. Numerische Mathematik,
142(1):33–57, 2017.

[10] Yann Brenier. The least action principle and the related concept of generalized flows
for incompressible perfect fluids. J. Amer. Math. Soc., 2(2):225–255, 1989.

[11] Paul Dupuis and Richard S. Ellis. A weak convergence approach to the theory of large
deviations. Wiley Series in Probability and Statistics: Probability and Statistics. John
Wiley & Sons, Inc., New York, 1997. A Wiley-Interscience Publication.

[12] Michel Emery. Stochastic calculus in manifolds. Springer-Verlag, 1989.

[13] David H. Fremlin. Measure Theory. Number vol. 4 in Measure Theory. Torres Fremlin,
2000.

[14] Yuri Gliklikh. Global and Stochastic Analysis with Applications to Mathematical
Physics. Theoretical and Mathematical Physics. Springer-Verlag London, 2010.

[15] Baptiste Huguet. Calcul stochastique dans les variétés et application aux inégalités
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URL : https://davidgarciaz.wixsite.com/math
E-mail address: david.garcia-zelada@univ-amu.fr
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