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KERNEL ESTIMATION FOR LEVY DRIVEN STOCHASTIC
CONVOLUTIONS

F. COMTE®, V. GENON-CATALOT®™

ABSTRACT. We consider a Lévy driven stochastic convolution, also called continuous time Lévy-
driven moving average model, X (t) = fot a(t — s)dZ(s) where Z is a Lévy martingale and the
kernel a(.) a deterministic function square integrable on R™. Given N i.i.d. continuous time
observations (X;(t))¢cpo,7) on [0,T], for i = 1,..., N distributed like (X (t)):c[0,7], We propose
two types of nonparametric projection estimators of a® under different sets of assumptions. We
bound the L2-risk of the estimators and propose a data-driven procedure to select the dimension
of the projection space. February 12, 2021

Mathematical Subject Classification (2010): 62G05-62M09-60G51.

Keywords and phrases: Continuous time moving average. Lévy processes. Model selection. Non-
parametric estimation. Projection estimators. Stochastic convolution.

1. INTRODUCTION

In this paper, we consider the continuous time moving average (CMA) process, also called
stochastic convolution,

(1) X(t) :/0 alt — $)dZ(s)

where (Z(t)):>0 is a Lévy process such that EZ(1) = 0, EZ?(1) = 1, and the kernel a(.) : RT — R
is a deterministic square integrable function. Our aim is the nonparametric estimation of a?(.)
from 4.7.d. observations (X;(t),t € [0,T],i =1,..., N) distributed as (X (¢),t € [0,T]).

CMA processes have been largely studied in the past decades. Indeed, they provide a large class
of stochastic processes including the classical continuous time ARMA (CARMA) processes and
also more involved models such as fractional Lévy processes. Generally, stationary versions of
(X(t))e>0 are investigated, i.e. Y (t) = fj;o a(t — s)dZ(s) (see e.g. Rajput and Rosinski (1989),
Brockwell (2001), Marquart (2006), Brockwell and Lindner (2009), Bender et al. (2012), Brock-
well et al. (2013)). These processes are well fitted to modelling various phenomena in fields such
as econometrics and finance (see Comte and Renault (1996)), electricity prices (see Kliippelberg
et al. (2010)). Schnurr and Woerner (2011) study the so-called well-balanced Ornstein-Uhlenbeck
process and its correlation structure and show that this model can be used as volatility process
in stochastic volatility models.

Estimation properties are generally studied from the observation of one sample path in stationary
regime (like (Y (¢)):>0 (see e.g. Brockwell et al. (2013)). In the same framework, Belomestny et
al. (2019) are interested in estimation of the Lévy characteristics of (Z(t)):>0.

(U Université de Paris, CNRS, MAP5, UMR 8145, F-75006 Paris, FRANCE,
email: fabienne.comte@parisdescartes.fr,
valentine.genon-catalot@mi.parisdescartes.fr.



2 F. COMTE, V. GENON-CATALOT

In our contribution, stationarity of the process is not required: T is fixed and N is large. To our
knowledge, few papers are concerned with statistical properties in this context. In a previous
paper (Comte and Genon-Catalot (2021)), we restrict our attention to Gaussian CMA processes,
i.e. Z(t) = W(t) is a Wiener process and provide nonparametric projection estimators of the
function a?(.). Proofs, especially for the data-driven procedure, strongly rely on the Gaussian
character of (X (t)):>0 and cannot be straightforwardly extended to the case where (Z(t))i>0 is
a Lévy process. The question of this extension is studied here.

In Section 2, we precise the model and the assumptions. In Section 3, we define two collections
of projection estimators depending on whether X (¢) is a semi-martingale or not. Relying on
results of Basse and Pedersen (2009), we establish that the distinction between these two cases
is the same as when Z = W is a Brownian motion, 7.e. when a(.) is continuously differen-
tiable on [0,+00) or not. The projection spaces are either, for fixed T, spaces generated by
the trigonometric basis of 1.2([0,77]), or for large T spaces generated by the Laguerre basis of
L2(R*). Bounds for the L2risk of the estimators are provided. In Section 4, we propose a data-
driven procedure to select the dimension of the projection space and obtain risk bounds for the
resulting estimator proving that it is adaptive in the sense that its risk automatically achieves
the compromise between the squared bias and the variance. Proofs, especially of the adaptive
result, are completely different from the ones in Comte and Genon-Catalot (2021). Section 5
states some concluding remarks. Section 6 contains proofs. Finally Section 7 gives the necessary
recap on Laguerre functions, the Talagrand inequality on which relies our proof of Section 4 and
the way to compute or bound moments of (X (¢):>0).

2. LEVY DRIVEN MOVING AVERAGES

Consider a Lévy process (Z(t)) with no Gaussian part and Lévy measure v(dz) = n(z)dz
satisfying

[H1] [ #*n(z)dz < 400 and we assume that [ 2*n(z)dz = 1.

The second part of [H1] is an identifiability condition. Without it, we would estimate ( [ 2*n(z)dz) x
a®(.). Below, we need stronger conditions near infinity for the Lévy density summarized by :

[H2](p)  kap := [ 2®Pn(x)ds < +oo.
We assume that the characteristic function of Z(t) is equal to:
Ee™?®) = exp [t/R (e™* — 1 — juz) n(x)da],
so that EZ(1) = 0, EZ%(1) = 1. Then, (Z(t)) is a Lévy martingale which can be written as:

/Ot / 5(ds, dz) — dsn(z)dz),

where p(ds, dx) is the random Poisson measure associated with its jumps. We consider a cadlag
version of the Lévy moving average process:

() X(t) = /O ot — $)dZ(s).

where we aim at estimating ¢ = a® under assumptions of type:
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[H3](¢) The function g(t) = a®(t) belongs to LI(RY), i fo s)ds = f+°° a®1(s)ds < +o0.

Assumptions [H1] and [H3](1) ensure the existence of (2) (see Section 6.1). Setting

) 6= [ aopts = [ gts)is

EX2(t) // (t — $)dsz?n(z )d:v—/ 2(u)du = G(t).

Two cases are to be distinguished:

we have:

(1) X(t) is a semi-martingale (more precisely, a (F7);>o-semimartingale where (FZ);>0 is
the natural filtration of (Z;)t>0),
(2) X(t) is not a semi-martingale.
In Case (2), we cannot give sense to a stochastic integral fg H(s)dX(s) for a predictable process

H(s). A sufficient condition for case (1) to hold is stated in the following proposition.

Proposition 1. Assume that a(t) belongs to C*([0,+oc)). Then,

(4) X(t) = a(0)Z(t) + /0 t < /O C (- s)dZ(s)) du, t>0.

3. PROJECTION ESTIMATORS ON A FIXED SPACE.

We denote respectively by ||.||7 (resp. {.,.)7) the norm (resp. the scalar product) of L2([0, T))
and ||.|| (resp. (.,.)) the norm (resp. the scalar product) of L2(R*). To build estimators of g,
we use two collections of projection spaces.

(1) For fixed T, we estimate g on [0,7]. We define the collection (S, m > 0) of sub-
spaces of L2([0,7]) where m is odd, generated by the orthonormal trigonometric basis

(i), por(t) = /1/Tl7(t), paj—17(t) = \/2/T cos(2mjt/T)1o 1) (t) and pa;7(t) =
\/2/T sin(2mjt/T) 17 (t) for j =1,...,(m — 1)/2. The following properties are useful

m—1 T T
m .
g cpj%T(t) =7 and / wor(t)dt = ﬁ,/ p;r(t)dt =0 for j#0.
=0 0 0

(2) For either T fixed but large enough, or T tending to infinity, we estimate g on RT. We
define the collection of subspaces of L2(R*), generated by the orthonormal Laguerre basis
(see Section 7.1):

J tk:
(5) 0i(t) = V2Lj(2t)e "1yzg, § >0, Ly(t Z ( >

=0

We set S5 = span{lj,j =0,...,m — 1}, and the following holds

VE>0, > £5(t) <2m, and /mej(t)dt:\@(—l)j.
0
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3.1. Estimation of g = a? when (X(t)):>0 is a semimartingale. Here, we assume:
[H4] a(t) belongs to C*(]0, +00)).
Lemma 1. Assume [H1|, [H3|(1) and [H4|. Denoting by 6; = (g, p;), we have

e( [T eoxtaxe) =3 (6-00) [T ewis). B Taxe?)| =10,

s<T

Relying on this lemma, we can set:

0 -7, oS ([ o ax , .
©  h=0N.T)=2 [NZ ([ eoxtsixo) | + @Ot [ s
where (¢g(0))' is an estimator of g(0) equal to
A ,
@ (90D = 71 D2 S (AX(3))”
i=1 s<T

The projection estimator of g on a fixed space S, is given by:
m—1
Gn =) Ojp;.
j=0

Remark 1. By the Ito formula with jumps, we have:

_ 200 (8)ds = (s s s (s SN2 — o 2
(8) (O,T}X (s)¢j(s)d 2/(”] pj(s)X (s-)dX( )+O<ZS;T%( JAX(s))” — ¢;(T) X7,
where:
T
E ) 0i(s)(AX(5)> =a*(OF ) ¢;(s)(AZ(s))” = a2(0)/ pj(s)ds.
0<s<t 0<s<T 0

This formula is useful to understand the link between §J defined above and §J defined in the second
strategy below, but it only holds under [H4| (which is not assumed in the second case).

The following proposition gives bounds for the L2-risk of g, in the case of fixed T and the
trigonometric basis.

Proposition 2. Assume [H1]|, [H3|(1), [H3|(2) and [H4|. When (¢; = @, 1) is the trigonometric
basis,

T k

=2y < 2 m L 20 4

9) E(9m —9ll7) < llgm gHT+169(0)G(T)N+8¢1,TN+29 (O)N,
where €11 = 3(GHT) + GHT)) + ka(llgl3 + g1 1I%)

where ky = [a*n(z)dz, g1 = (a/)?,G1(.) = [;91(s)ds. Recall that G is defined in (3), that gm
denotes the orthogonal projection of g on Si'™ and that |ul|2 = fOT u?(s)ds.

Now, we give risk-bounds in case of an orthonormal basis of L2(R*) and a special inequality
for the Laguerre basis.
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Proposition 3. Assume [H1|, [H3](1), [H3](2) and [H4] and that ||g1|| < +o0.
If (¢;) is an orthonormal basis of L2(RT), for all T > 1,N > 1,m > 0, we have

/\ 2 2 m T k4 oo 2
(10) E(Gm — 9l1*) < llgm — glI* + 169(0)G(T) - + 8C27~- + 29°(0) - + 9°(s)ds,
N N N
where Co,r = 3(GH(T) + GH(T)) + ka(llgl® + llg1|*)]
If (p;) is the Laguerre basis of L2(RT) and T > 6m — 3, then
1) B —al®) < llgn ol +50€0 % + 166(0)GT) S + 2kig?(0)

+C’||al|*m exp (—12v2m)
where C,C" and 7o are positive constants depending on the basis only.

The bounds obtained in Propositions 2 and 3 contain three types of terms: the first one is the
usual squared bias term ||g,, — g||* due to the projection method, decreasing when m increases,
the second one is the variance term, increasing with m, and the last ones are residuals.

Let us comment (9) and (10). If g(0) # 0, the variance order in both cases is m/N. For
choosing m, a compromise must be done between the first two terms. If g(0) = 0, the variance
term vanishes, and m must be chosen as large as possible. Note that this case corresponds to
(X (t)) derivable.

The difference between (9) and (10) lies in the additional term f+°° 2(s)ds. In (9), T is
fixed and the residual term has negligible order 1/N. In (10), T must be large enough for the
additional term to be small, but not too much because the other residuals terms are of order
T/N (see numerical results in Table 1 of Comte and Genon-Catalot (2021)).

The result in (11) is specific to the Laguerre basis with T > 6m — 3. The variance order m?/N
is larger but the residual terms do not depend on T' (G(T') is bounded). The choice of m relies
on a compromise between ||g — g,]|> and m?/N. We can consider here the case where T' — +-o0:
if, in addition to the condition ||g1| < +oc, it holds that (a’)? € L'(RT)), then €27 is bounded
independently of T'.

3.2. Estimation of g = o> when (X(t)) is not a semi-martingale. In this section, we
assume that the basis functions are differentiable on their support. The following Lemma allows
to define another estimator.

Lemma 2. Assume that [H1], [H3]|(1) hold and that (¢;); is differentiable on [0,T], then
T T
B ([ 46X s ) =06 - [ atwetudn
Therefore, we can set
12) 0=~ / X2 ()ds) 4 o(TVET) and  E(T ZX2
J N 0 J g J N

If ¢; = ;1 is the trigonometric basis, then ¢o (1) = 1/ﬁ, w2i—1,7(T) = \/2/T, 0257 (T) =
j > 1. Then we define the estimator by

m—1
= Z 0;¢;

J=0
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We introduce the assumption:
1
[H5] / HgHSds = ¢p < 400, where we recall that [|g||2 = [ g*(s)ds.

Proposition 4. Assume [H1| and [H3](2).
o If (p; = pj1) the trigonometric basis, then

472m?2 n m
T T)

(13) B~ 013) < llam — 3 + = (BCH(T >+k4ugu%>(

o Let (pj ={;) be the Laguerre basis.
— Then, for all T > 1,N >1,m >0,

- m T >
B(lGn —91) < lom — ol + 1€ + 42 (BGHD) + Rl + [ (51,

T
with  €ap = [3GHT) + kalglf 2 ([ 7B + ka2 )|
0

where, if, in addition, [H5] holds,

T
([ 57862 + hullzias ) < G-+ ko) (co + os(Dlgl)
—IfT >6(m—1)+3=06m —3 and (p;) is the Laguerre basis, then

3
(14)  E(Igm —91?) < llgm — glI* + a1 8GHT) + k4H9HT) + CzHaHzf exp (—12y2m)
where c1, co,vo are constants depending on the baszs only.

Comments on the bounds obtained in Proposition 4 are similar to the comments given after
Proposition 2 and 3. Inequality (13) can be compared to (9), and we mainly notice that the
variance term increases from m/N to m?/N; Inequality (14) corresponds to (11) with variance
increase from m?/N to m3/N. These losses are due to the more general assumptions. In
Inequality (14), we can consider T" — +oc.

Moreover, we refer to Section 3 of Comte and Genon-Catalot (2021) for a discussion on rates
of convergence that can be deduced from Propositions 2, 3 and 4, on dedicated function spaces:
periodic Fourier-Sobolev spaces for the trigonometric basis and on Sobolev-Laguerre spaces for
the Laguerre basis.

4. ADAPTATION

Considering the main terms of all risk bounds, we can see that a compromise must be done
between the squared bias terms which decrease when m increases while the variance terms
increase. In this section, we describe a procedure allowing for a data driven selection of m, and
we prove that the final estimator reaches an effective tradeoff, in term of its integrated L-risk
bound.

Let My = {m € N,m? < NT} be a collection of models such that the variance of g, is
bounded and set

i =arg min {~||gull”* + pen(m)},

where, for a constant x precised below,

2

™m
= klog N—EX*T
pen(m) = «log NT (T)
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Theorem 1. Assume N > 3, [H1|, [H2]|(4) and [H3|(4). Then, there exists a numerical constant
ko such that, for all Kk > kg, the following holds:
log N

N

Elgm —gl? < mé%N(3!!gm—g\l2+4pen( m)) + C

The infimum in the risk bound implies that the L2-risk of g achieves automatically the best
compromise between the square bias term and the variance term.

In practice, we replace the unknown term EX*(T) in the penalty by its empirical estimator
N1 Zf\[:l X}T). Theorem 1 can be extended to this substitution. For the implementation,
the constant x must be fixed. It is standard that the numerical value for kg given in the proof
is too large. This is why it must rather be calibrated by preliminary simulation experiments;
this is done in Section 5 of Comte and Genon-Catalot (2021), for Z a Brownian motion. More
generally, results on simulated data are given in the latter paper especially for examples where
a(t) = t? exp (—at) with various values of d. It is worth noting that our assumptions [H3](2) and
[H5] hold if d > —1/4.

5. CONCLUDING REMARKS

In this paper, we study the nonparametric estimation of a? from i.i.d. observations (X;(t),t €
[0,77),i=1,...,N) distributed as (1). We proceed by projection method on finite dimensional
subspaces of L2(R"). Two different types of estimators are proposed depending on whether
(X (t))t>0 is a semi-martingale or not and a data-driven procedure is proposed for the most
general type of estimators. In our previous paper (where Z = W a Wiener process, Comte
and Genon-Catalot (2021)), proofs relied strongly on the Gaussian character of (X(¢)). The
extension to the Lévy case is not straightforward and relies on the general deviation inequality
given in the Appendix.

From the theoretical and practical points of view, the estimation using discretized data would
be worth of investigation together with the questions of optimality of our estimators.

6. PROOFS
6.1. Proof of the existence of (2).
Ee™Z() = exp tliury +/ (ei“373 -1- iux1|m|<1) n(x)dz],
e <

where v = — [ #1jy51n(z)de and EZ(1) = 0 = v + [ 2155 n(z)dz. According to Rajput
and Rosinski (1989) (Theorem 2.7), see also Basse and Pedersen (2009), the existence of (2) is
ensured if and only if, for all ¢, the following conditions hold:

// 5) A1) dsn(z)

Note that:
/0+°° /R (22a2(s) A1) dsn(x)da < /0+oo 2 (5)ds / Pn(a)d,

(’Y +/ T(Ljza(s) <1 — 1x|g1)n($)d$> ‘ ds < o0.
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For the second one, we have:

/ot als) (7 + /Rm(llw(s)lél - 1|x§1)n(l‘)dl‘>

= / |a(s)EZ(1)|d8—|—/ ‘xa(s) (1\xa(s)|§1 — 1){n(fc)d:ﬂd8
0 0

t +o0o
= / }:Ea ) (Lza(s)|>1) ’n dxds</ CLQ(S)dS/IL‘2n(:L')dZL‘. O
0 0 R

6.2. Proof of Proposition 1. In Basse and Pedersen (2009) (Theorem 3.1), it is proved that,
if (Z(t)) is of unbounded variation, (X(t)) is an (F#)i>o-semimartingale if and only if a(t) is
absolutely continuous on R™ with a density a’ satisfying, for all ¢ > 0:

(15) / / . (zd'(5))? A |zd (s )) n(z)dzds < oo

We have under [H1|, [H3](1), [H3](2) and [H4]

/ /[ 1] (zd'(5))? A |zd(s)]) n(x)dwds < /Ot(a'(s))Q/Rxgn(x)dx < oo

So (15) holds. If (Z(¢)) is of bounded variation (which is equivalent to [ |z|n(z)dz < co), (X (¢))
is an (F#);>o-semimartingale if and only if it is of bounded variation which is equivalent to a is
of bounded variation.

If (Z(t)) is of unbounded variation and (X (t)) is an (F#);>o-semimartingale, it can be decom-
posed as :

ds

X(t)=a(0)Z(t) + /Ot (/Ou a(u— s)dZ(s)) du, t>0,

see Proposition 3.2 in Basse and Perdersen (2009). O

6.3. Proof of Lemma 1. By (4),
+o00 +o00 +o0o s
[T ex6ixe = a0 [ pex60i6+ [ eexeo) [[dt - iz
400 +oo s
_ 4(0) /O 5(5)X (5_)dZ(s) + /0 o(5)X(s) /0 o/ (s — u)dZ (u)ds.

As
o0 2 ~+o00
E (/ cpj(s)X(s_)dZ(s)> = / go?(s)EX2(s)ds X / *n(x)dx
0 0 R
+o0o
_ / F2(5)G(s)ds < [lal|? < +o0,
0
E [, s_)dZ(s) = 0 and the first equality follows by:

E 0i(s)X (s_)dX(s) = 0i(s) | a(s —wd (s — w)duds
/f f e ]

+o00o
= ;/0 goj(s)(aQ(s) — a%(0))ds.
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Using [H3](1) and (4), as AX(s) = a(0)AZ(s),
D (AX(5))? =a*(0) ) (AZ(s))” <400 and E> (AZ(s))*=T.
s<T s<T s<T
The second equality is proved. O
6.4. Proof of Proposition 2. Note that for functions on Sy, 7, the norms ||.||7 and ||.| are
identical.

When (¢;) = (¢j7) is the trigonometric basis on [0, T, 5] is an unbiased estimator of ;. This
implies E||gm — gl = E||Gm — Egiml|? + [|gm — g/|%. We have, setting X = X;, and using that

st (i ess)ds)” <.

J 2 T 2T 1
E|gm — Egm|® < ¥ 2 Var (2/0 saj(s)X(S—)dX(s)) + -y Var (T S;(AX(S))Q)
9 T > or 1
< Nj_()ﬂ«:(z /O goj(s)X(s_)dX(s)) + 7 Var (T S;(AX(S))?)

We have:

(/ ' Pi(9X(5)ax () ) <2900 ( | ' ei(x(iz)) 2 [ ' CiX (Y ()5 )

where Y (s) = [ /(s — u)dZ(u). Next,
2

E ( /0 ! goj(s)X(s)dZ(s)> = /0 ' 03 (s)E(X?(s))ds < G(T).

Since (p;) = (¢;r) is an orthonormal basis of L2([0, ),

E </0T goj(s)X(s)Y(s)ds>2 = rzl (/OT @j(s)X(s)Y(s)ds) 2} < E/OT X2(5)Y?(s)ds.

J=0

-1

3

Il
o

J

We use that z%y? < (z* + y*)/2 and (see section 7.3)

EXY(s) = 3 </OS a2(u)du>2 + /OS a4(u)du/w4n(ﬂc)d:r
(16) = 3G2(s)+k4/05a4(u)du.

Analogously, setting G1(s) = [, (a')?(u)du, we obtain:

EY4(s) = 3[Gi(s)]* + k4/ (d(u))*du.
0
2 2
It remains to study E (% ESST(AX(S))2> =T72*(0)E (Eng(AZ(s))2> . By the exponen-
tial formula (see e.g. Revuz and Yor, 1999, Chap. XII, Prop. 1.12),

(17) Eexpliu S (AZ(5))?) = exp [T / (e _ 1)n(z)da].

s<T R
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We deduce: Var (% ngT(AX(s)F) = k1a*(0)/T = ksg?(0)/T. O

6.5. Proof of Proposition 3.
Consider a basis (¢;) of L2(RT) with arbitrary support. We have E0; = 0; — [ g(s)p;(s)ds
so that gy — 9 = 9m — Egm + Egm — gm + 9m — g and this implies

El[gm — 9 = llgm — 91 + Ellgm — EGm® + [EGm — gm|*-

The first term is the usual bias term due to the projection method. The middle term is a variance
term which can be treated as in the previous proposition. The last term is an additional bias
term, due to the truncation of the integrals. We have:

m—1 R m—1 400 2 400
08) 180l = 360 - 02 = X ([ aesoas) < [ P

=0 =0 T r
Therefore, we get the first inequality of Proposition 3.
If (;) is the Laguerre basis, we bound the variance term E||g, — Egy,||? and the additional bias
term |Egy, — gm||? differently. For the variance term, we write:

2

T
<E/O goj(s)X(s)Y(s)ds> = /[O’T}2 ©0i(s)pi(WE[X(s)Y (5)X (w)Y (u)]dsdu

1/2

S/ 5 (3)03 (W) {E[(X ()Y () *JE[(X (w)Y ())*]} " dsdu
0712

T 2
1/2
(19 ~ ([ e Exey ey )
We use the following bound proved in section 6.4:

2EX?(s)Y?(s)ds < EX(s) + EY*(s) < 3(GX(T) + GI(T) + ka(llgl7 + l91lI7)

There remains to bound fOT l@j(s)|ds. This is done in [12], see Formula (31)-(32). For j =
0,...,m—1and T > 6(m —1)+ 3 =6m — 3, we have

T m—1 T 2
(20) / oj(s)lds < 5° and > </ |¢j(s)lds> < m?
0 = \Jo
Also by (33) in [12], we have, for the additional bias term,
m—1 +oo
e1) S il < allm exp (<127m)

§=0
where 5 is a constant depending on the Laguerre basis only, see Section 7. Therefore, the proof
of Proposition 3 is complete. O

6.6. Proof of Lemma 2. We have

T
ol /0 o (5)X%(s)ds)

Il
N

S
oo~
—~
&

o\m

)
—~

w

|

I
N—
o8
=
o8

9

Il

~

S
AN
=
N—
)
—~~
=
L

9

= [pi(5)G(9)]§ — (9,051 = 0i(T)G(T) — (g, ¢5)7,
which is the result. O
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6.7. Proof of Proposition 4. Assume that (¢; = ;1) is the trigonometric basis. Then, 0

an unbiased estimator of 6;. We only need to study the variance term of the risk.

m—1

S, 2 g
Bl - nlp < 3 (L E([ drxea ) +Z%T T)EX(T)

=0
where EX4(T) = 3(G*(T) + k4l|g||3) and >0 goj( ) =m/T. We have

(22)  wur(s) =0, @h;7(s) = (2mj/T)p2j-1,1(s), o 17(s) =—(27j/T)e2jr(s), j= 1.
Using that (p;7) is an orthonormal basis, we obtain, as EX*(s) < EX*(T) (see (16)),

)

m—1 T 2 2,2 T 2,2

4 4
EiE( / soz,T(s)X?(s)ds) < T [ XUs)ds < (GHT) + klglh) T
=0 0 0

This gives (13).
Now, assume that (p; = ¢;) is the Laguerre basis on L?(RT) (see Section 7). We still have:

E(Hgm - 9”2) = IE:Hgm - Egm”2 + ”Egm - gm||2 + Hgm - 9”2'
First,

m—1
El5m — Egml? = izv ( / >X1<>ds—X%<T>fj<T>>

N
2 ¢ 2 =y
< 2 E[(/ ¢(5)X2(s ) 2 T)] =T, +T>.
= j=0
Using that |¢;] < v/2, we get
T2 < 4BG(T) + kallgll3) 57
Next, we use that the Laguerre basis satisfies (;(z) = —{o(x) and £} (z) \/M

E,il)( ),k > 0) is the Laguerre basis with index 1 (see section 7 to find

(/OTE()Xl( > ;mzj ( (W (s \/>X2 )
< S o) ({210

< treer >+k4uguT>+8N(3 [ 5@+ ralias)

where we have used (16). Finally, the variance term is bounded by

for j > 1 where

—~

-1
E

2

3

Ty

IN

4
N

Il
=)

~ _ 4 8m T
Bl ~ Binl? < G TEGAD) + kgl + 5 (3 [ 57167 + kol

me(gam + kallgll7)-

Using [H5] and writing fOT ce= fol et flT ..., we get

T
3/0 s G (s) + kallgl|Z]ds < (3 + ka)(co + log(T)|gl|7)-

11

is
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If [H5] does not hold and T' > 6m — 3, we can bound differently the variance and bias terms.

Proceeding as in [12], proof of Proposition 3, we have

1/2 2

2 T | m—1
E(/ (5)X2(s >d) < e +hlalp) | [ | @er| o

J=0 J=0

m—1

Still using [12], we have
1/2 2

T | m—1 4m3
/ S W(s)?|  ds| <12m®+ —5exp (—(12m — 6)72).
0 |50 72

Finally, we get

- - 1 4m?
®) Elgn—Egal? < £ BGHD) + Rl (120 + L exp (~(12m - 610
2

So, we have the two variance bounds.
Next, we have Ef; = 6; — £;(T)G(T) — ;OO l;(s)g(s)ds. Therefore

m—1 m—1 400 2

g, 2 = 0,) —0,]> = ; i(s)g(s)ds
8~ anl? = 386 -0 jZO(MT)G(TH [ e >d)
m—1

< 2G¥(T) Z C(T) +2 z; (/;OO zj(s)g(s)ds>2

0
< lal|*mexp(—12yam) + ||al|*m exp(12vy2m),

Indeed £;(T") < exp(—12vom) for T > 6m — 3 (first term) and we use (21) (second term). For
both, we use G(T') < G(+00) = |al|®. O

6.8. Proof of Theorem 1. Note that, as G(0) =0, (h,g)r = h(T)G(T) — (b, G)r. Let us set:

.
|

2 L, (T
() = WP + 5 S [ W XFw)du = WXAT))
=1

We have g,, = arg mingeg,, Yv7(h), ynv,7(Gm) = —HgmHZ and
n,r(h) = ||h]|* = 2(h, g)7 — 2vn7(h) — 2pn 1 (h)

where
1 LT 1Y
21) o) = =5 3 [ WX — Gldu. (i) = 5 3 MT)IXHT) = GT)).
i=1 i=1
Therefore,

N7 (h1) = ynr(he) = b — gl|* = |h2 — gl|* = 2un (b1 — h2) — 2un7(hi — he)
Using the definition of m, we have for all g, € S,
YN, (gm) + pen(m) < ynr(gm) + pen(m).
We deduce, for gN,T = VUN,T + UN,T,

197 — gl < lgm — 9lI* + 26n,7(Gm — gm) + pen(m) — pen(mn)
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Let By, = {h € S, ||h]| <1}. We use that

. L.
2£N,T(gﬁ1_gm) < ZHgm_gmH2+4h sup 5]2V,T<h)

mVm

1, .
< §(Ilgm—gH2+Hg—9mII2)+4 sup & (h)

eB'ﬁz\/'m

IN

1,
3 Ugm — gl* +llg = gml*) +8 sup  (vxr(h) + pir(R))

ELmvm

Recall that E[X?(u)] = G(u). For 6 a constant to be chosen below, we can split vy 7(h) into:

(25) vNT0(h) /h, )XE ()1 324y <p — B(XF (1)1 x2(4)<p)] du

(26) Viomalh JZ / W (W)X 2020y — B(XE() x2(0)59))du

Analogously, we define uy 7(h) and u% 1 4(h), by splitting pn 7(h).
Introducing quantities pi(m,m’) and pa(m,m’) to be determined below, we write:

1. 3
31197 — gl* < Sllgm — 9> + 16 sup Wi re(W)]?+16  sup  [uf7e(h)]

GBﬁl\/m heBﬁL\/m
+pen(m) — pen(m)
+16p1 (m,m) + 16( sup V]Q\[7T79(h) —p1(m,m))

eBﬁL\/WL

+16p2(m,m) +16( sup 7 e(h) — p2(m,m))
heBme

Below, pi(m,m’) and pa(m,m’) are chosen such that, for x greater than a well chosen constant
Ko, for all m,m’, 16(p1(m,m’) + pa(m, m’)) < pen(m) + pen(m’) implying that

16(p1(m. ) + pa(m. 1)) + pen(m) — pen(ii) < 2pen(m).
And we bound the expectation of the other terms.
Lemma 3. Under Assumptions [H1|, [H2|(2+p) and [H3](2+p), we have:
. 4m’m? 1 T
E( sup [VN,T,G(h)]2> S NT <G2+p( )+k4+2p/0 a4+2p(u)du>-

hE€Sm, |kl <1

m 1 T
E sup  [u§ M2 < = <G2+p § ken / a2y du),
(heSm,||h|§1[ N’T’e( ) ) NT 6p (7) +2p 0 (u)

Now, we choose p =2 and 0 = ¢v/N//log(N) where ¢ is precised below. As for all m € My,
m? < NT, we set My = [/NT] the largest dimension of the collection, and we have

(27) E < sup [V]CV,T,G(h)]2> +E ( sup [N?V,T,G(h)P) S logjifN)'

heSaryIhlI<1 heSary <1
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Lemma 4. Under [H1], [H2|(4) and [H3](4), choosing 6 = ¢v/N/\/log(N), ¢ = cEY/2[X*(T)],
c= \@/21, we have for

472 (m v m')?

prlmm’) = 201+ 18log(N)E(X*(T) TR
\/ /
pa(m,m') = 2(1+ 18 log(N)E(XA(T)
2 ~ 1 2 ~ < 1
E sup VN,T,e(h) — p1(m,m) S N E sup HN,T,e(h) — p2(m,m) SN
heBﬁl\/m + heBﬁLVm +
Therefore, using (27) and Lemma 4, we can conclude that for k > ko = 16 x 2 x 19 x 872,

pen(m) — pen(m) + 16(p1(m, m) + p2(m,m)) < 2pen(m), we obtain
1 log(N)

Ellgm —gI* < 3llgm — gll* + 4pen(m) + C(5 + =)

The proof of Theorem 1 is now complete.0

Proof of Lemma 3.

m—1 m—1 T
1
E( sup [V]CV,T,O(h)]2> < Elviro(pir))? = N > Var </ W},T(U)X%(U)le(u»e)
h€Sm,||h|I<1 =0 =0 0

1 m—1 T 2

< = E SD;’,T(U)Xl (U)1X2(u)>9du
N = 0
Am?m?

T
4
< WE( ; X (u)le(u)>9dU)a

see (22). Then, for all p > 1, we get

4m2m? 1 T
E sup [V reMW? | £ —o —E </ X4+2p(u)du>
(heSm,hgl N NT? o7\ Jo
Ar?m? 1
<

T
2 (2t 4+2p
NT or (G (T) + k‘4+2p/0 a (u)du> ,

where the last bound is obtained by Kunita’s Inequality, see Section 7. In the same way, we get

m—1
E( sup [M?V,T,e(h)]2> < Elufro(0jr))?
hESm,||hlI<1 j=0
< 2 5 2 IR (x4
< N ‘ OE (ng’T(T)X (T)1X12(T)>9> = ﬁ ( ( )1X12(T)>9)
j:

T
e 4 2+p 4+2p
< NT o7 (G (T) + k4+2p/0 a (u)du) :

This is the second bound of Lemma 3 and the proof of Lemma 3 is complete.O

Proof of Lemma 4. First note that

( sup V%V,T,9<h>—p1<m,m>> ]s ) EK sup u]%,T,9<h>—p1<m7m'>) ]
- +

’LGBﬁl\/'m M’EMN hEBme/

E
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To bound each term of the sum above, we apply the Talagrand Inequality recalled in Theorem
2 (Appendix).

Note that vy, re(h) = + Zfil[fh(Xi) — E(fn(X;))] where, for z € C(]0,T]), the space of real
valued continuous functions defined on [0, 77,

T
fh(SU) = —/0 h'(u)[w2(u)1xz(u)§9]du

Recall that By, = {h € S, [|h|| < 1}. We need bound suppep,, zec(o,m) [frn(z)|- We have:

T T 1/2
sup |fu(z)| < 60 sup / |W (u)|du < 0 sup \/:F</ (h’(u))2du>
h€Bm,xeC([0,T7]) h€Bm JO h€Bm, 0
For h € B,,,
2
T T |m-1 : 2,2
2mj 4m“m
/ (h’(u))zd’u, S/ Z ajT(Pjil’T(u) du < 72
0 o |iZ
So we set )
™m
M(m)=M =60——.
- VT
Then, we bound sup,cp_[vn10(R)]*. We have
m—1 1 m—1 T
sup [nro(h))? < nro(eir)]® = ¥ Var (/ @97T(U)X%(u)le(u)<9du>
m—1 T 2,,2
1 4mem
< 7 X[ ertixiwige) < TICED)
7=0
where E(X*(T)) = 3G*(T) + kq4 fOT a*(u)du. We set
472m?
2 _ g2 _ 4
H*(m)=H* = NT E(X™(T)).

Now, we bound

T T 2
V:= sup Var (/ h’(u)X%(u)lxz(uK@du) < sup E (/ h'(u)X%(u)lxz(u)<9du> .
h€Bm 0 ! h€ B, 0 !

Proceeding as previously, we get that the above term is less than
4m2m?

=5 EX(T)] = v*(m) = 2.

T
vV < sup/ (W (w)]?duTE[XY(T)] <
heBm Jo

Therefore, NH? = v2, NH/M = /NE'2(X*(T))6~".
First, using the Talagrand inequality with our values of M (m VvV m/), H(m VvV m'),v?(m Vv m’),

we bound
E ( sup 1/]2\,7T79(h) —pl(m,m’)> ] .
heB m
m +
We take
VN 2 _ §10g(N)

0 = cEV2(X(T))

=9log(N), pi(m,m')=2(1+2)H*(mVvm').

N S S
V/1og(NV) 2 K
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Thus,
2 / 2 / "2
v (m\/m)exp —KleNH (mVvm') S(m\/m) ¢~ (3/2)log(N) < 1
N v2(m vV m’) N N3/2
and,
M2(m v m’) _ 2K;0(c®)e NH(mvm/) 1 1
72 M(mvm’) < — 3 2 1 N <
for C(€?) = 1 and ¢ = v/2/21. Theorem 2 (Appendix) implies
1
> E K sup  vipe(h) —pi(m, m')) ] SN
mIEMN hES7n’7||h||:1 +
We proceed analogously to bound E {(supheB - 13 7 o(h) — p2(m, m’)) ] . Weset unyrg(h) =
mvm bl ’ +

% 2N gn(Xs) — E(gn(X:))] where, for = € C([0,T1), gn(x) = M(T)2*(T)

=

22(1)<6]. We have

m—1
m
sup lgn ()] < 6 sup |W(T)] <60 @3 (T)/* = 0\ 7 = M(m).
hEBmJCEC([O,T}) h€Bm j=0
Next,
m—1
1 m
E | sup [punro(h)]?| < = > (0jr(T)’B(XHT)) = —=E(X!(T)) := H*(m).
h€Bm, N =0 NT
Last

sup Var (h(T)Xf(T)lXIz(TK@) < (m/T)E(X*(T)) := v*(m).
he€B,

When choosing pa(m,m’) = 2(1 + 18log N)(m vV m/)/NT)E(X*(T)), and proceeding as above
with Theorem 2 (see Appendix), we obtain the second part of Lemma 4. O

7. APPENDIX

7.1. Formulae for Laguerre functions. For this paragraph, we refer to Abramowitz and
Stegun (1964) and Comte and Genon-Catalot (2018).
The Laguerre polynomial with index §, § > —1, and degree k is given by

k k j

@y Lo 6 d ([ sik —a) _ k+0\ (=z)

Lﬂwwfme$€)—ZQ_jﬂ‘
=0

The following holds:

F'k+a+1)
k!

/ +oo 2
(28) (L,(f) (x)) = —L,(fjll) (x), for k>1, and / (L,(j) (m)) e Cdx =
0
We consider the Laguerre functions with index 4, given by

1/2
(O) (. — o(6+1)/2 k! (8) —z,_6/2

2 =2 L7 (2 .

(29) b (@) <F(kz+5+1)> p (Qe)eta

The family (ES));QO is an orthonormal basis of L2(R").
For 6 = 0, we set L,(CO) = Ly, gp,(co) = . Using (28), we obtain for j > 1:

(30) 4m=wmtﬁmwm
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The following properties hold for the /;’s. For all z > 0,

+oo )
G@I<ve [T e = Va1 2o

j—1
(31) lo(x) = —Lo(2), G(2) = —t;(2) =2 b(w),j > 1.
k=0

Moreover, the following asymptotic formulae can be found in Askey and Wainger (1965). For
v =4k + 2, and k large enough

a) 1 ifo<z<1/v
b (zv)” VA ifl/v<z<v/2
c) 1/_1/4(1/—37)_1/4 if V/2§a;§y—1/1/3
[ (z/2)| < C d) y—1/3 if v — p1/3 <zr<v+ 173
e) 1/71/4(53 o y)71/46771y*1/2(x7u)3/2 if v+ 1/1/3 <z< 31//2
f) e ® if x> 3v/2

where v, and 72 are positive and fixed constants.

7.2. A useful inequality. We recall the Talagrand inequality. The result below follows from
the Talagrand concentration inequality given in Klein and Rio (2005) [14] and arguments in Birge
and Massart (1998) [7] (see the proof of their Corollary 2 page 354).

Theorem 2. (Talagrand Inequality) Let Y1, ..., Y, be independent random variables with values
in a Polish space, let v,y (f) = (1/n) >0 [f(Yi) — E(f(Y3))] and let F be a countable class of

uniformly bounded measurable functions. Then for € > 0

E[Sup vy ()12 = 2(1 + 2¢2) H?

feF +
2 2 2 2K1C(2)e nH
o A (Y ket + 98M ¢ v M
- Ki\n K1n2C?(e?)

with C(e?) = (V1+e2 —1)A 1, K1 =1/6, and

1 n
sup [ flloe < M, E|sup vy (f)]] < H, sup =" Var(f(¥3) < o2,
feFr feF feFr T

By standard density arguments, this result can be extended to the case where F is a unit
ball of a linear normed space, after checking that f +— v, (f) is continuous and F contains a
countable dense family.

7.3. Characteristic function and moments of X ().

Proposition 5.

EeX®) = exp [/0 Y(ua(v))]dv, P(u) = /R(ewx — 1 — juz)n(z)dz.
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Proof of Proposition 5. Consider first the case where Z(t) = ZN(t) &; is a compound Poisson
process, with (N (t)) a Poisson process with intensity A, (§,7 > 1) a sequence of i.i.d. random
variables independent of the Poisson process (N(t)). Then,

X(t) = Z a(t - Tn)gn
n:Ty <t

where (7},) is the sequence of jumps times of (N(¢)). We have X(t) = 0 on (N(t) = 0) and
X(t) = Y p_ja(t —Tp)é on (N(t) = n). Let f denote the common density of the &s and
f* their characteristic function. We use that the conditional distribution of (71,...,7;) given
(N(t) = n) is equal to the distribution of (U, k = 1,...,n) the order statistic of (Uy,...,Un)
n 4.4.d. random variables with uniform distribution on [0, ¢]:

Ee"XOL vy = Ell(v=n) / et 2 ¢TI f (1) L f(wy)da . day]

n n

= N(t)=n) H (ua(t —Ty)) = H (va(t = U )))

k=1

(ua(t — Up))] = E[L (- <1 /0 P (ualt — v))dv)n

|
I ::]: H

- N(t) n)

Therefore,
t
EeiuX(t) _ 6(7)\1‘/)6[)\1‘/f(;5 dvf*(ua(t—v)dv/t] _ exp/ de(ua(t _ U))
0

where ¥(u) = [p(e™* — 1)Af(z)dz is the characteristic exponent of (Z(t)). Note that if f is
centered, we can write ¢(u) = [p(e™* — 1 — iuz)A f(z)dw

In the general case, we have
Ee™?®) = exp [t/ (ei":” — 1 —iuz) n(z)dz] = expty(u), Z(t) = / / H(ds, dz)—dsn(z)dx),
R 0,t]

where p(ds, dx) is the random Poisson measure associated with the jumps of (Z(t)). We consider
for e > 0,
Z(t) —/ / p(ds,dx) — dsn(zx)dx) = Y(t) —t/ an(x)dz.
(0,t] |1’\>6 |z|>e

Eei“Ze®) — exp [t/ (ez‘uac _1_ zux) n(x)dz| = exp tye(u)

|z|>e
and X( fo a(t —v)dZ( fo a(t —v)dYz(v fo dv [, n(z)dz. The process
(Yg(t)) is a compound P01sson process with 1nten81ty 1|m|>€n( )dm. Therefore,

t t
Ee™X(t) = exp [/ dv/ (eMet=v)T _ 1V (z)dx — zu/ a(t — v)dv/ axn(x)dx].
0 |z|>e 0 |z|>e

Thus, Ee™X=() = exp [ [ dvip- (ua(t — v))]. Now, it is enough to let e tend to 0 and the proof is
achieved. O

We have

Proposition 6. We have:

4 = tazu ’LL2 ta4uu
EX <t>—3</0 (u)du) +k4/0 (u)d
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For all p > 1, there exists a constant D(4 + 2p) depending only on p such that

1
E[X4(t)1x2(t)>9] < eprXsz(t)

¢
< D(40—i—pr) <G2+p(t) + k4+2p/ a4+2p(u)du> :
0

Proof of Proposition 6. We derivate four times the characteristic function of X (¢) and use
that for ¢ (u) = [(e™ — 1 — juz)n(z)dz, ¥'(0) = 0,9"(0) = -1, (0) = ky.

The second inequality is a direct application of the first Kunita inequality (see Applebaum (2009))
where D(4 + 2p) is the constant given in this inequality.O
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