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KERNEL ESTIMATION FOR LEVY DRIVEN STOCHASTIC
CONVOLUTIONS

F. COMTE®, V. GENON-CATALOT®™

ABSTRACT. We consider a Lévy driven stochastic convolution, also called continuous time Lévy-
driven moving average model X (¢) = fot a(t — s)dZ(s) where Z is a Lévy martingale and the
kernel a(.) a deterministic function square integrable on R™. Given N i.i.d. continuous time
observations (X;(t))ico,r), ¢ = 1,..., N, distributed like (X (t)):c[0,7], We propose two types of
nonparametric projection estimators of a® under different sets of assumptions. We bound the
L2-risk of the estimators and propose a data-driven procedure to select the dimension of the
projection space, illustrated by a short simulation study. July 14, 2021

Mathematical Subject Classification (2010): 62G05-62M09-60G51.

Keywords and phrases: Continuous time moving average. Lévy processes. Model selection. Non-
parametric estimation. Projection estimators. Stochastic convolution.

1. INTRODUCTION

In this paper, we consider the continuous time moving average (CMA) process, also called
stochastic convolution,

(1) X(t) :/0 alt — s)dZ(s)

where (Z(t));>0 is a Lévy process such that EZ(1) = 0, EZ%(1) = 1 and the kernel a(.) : R — R
is a deterministic square integrable function. Our aim is the nonparametric estimation of a?(.)
from ¢.i.d. observations (X;(t),t € [0,7],i=1,...,N) distributed as (X(¢),t € [0,T]).

Thus, we deal with a sample of infinite dimensional data. Such data are often encountered
in various fields, e.g. in econometrics (panel data) and more generally in the field of functional
data analysis (FDA), see Hsiao (2003), Ramsay et al. (2007), Wang et al. (2016).

CMA processes have been largely studied in the past decades. Indeed, they provide a large
class of stochastic processes including the classical continuous time ARMA (CARMA) processes
and also more involved models such as fractional Lévy processes. Generally, stationary versions
of (X(t))t>0 are investigated, i.e. Y (t) = fj;o a(t — s)dZ(s) (see e.g. Rajput and Rosinski
(1989), Brockwell (2001), Marquart (2006), Brockwell and Lindner (2009), Bender et al. (2012),
Brockwell et al. (2013)). These processes are well fitted to modelling various phenomena in
fields such as econometrics and finance (see Comte and Renault (1996)) or electricity prices
(see Kliippelberg et al. (2010)). Schnurr and Woerner (2011) study the so-called well-balanced
Ornstein-Uhlenbeck process and its correlation structure and show that this model can be used
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as volatility process in stochastic volatility models.

Estimation properties are generally studied from the observation of one sample path in stationary
regime (like (Y'(t)):>0 (see e.g. Brockwell et al. (2013)). In the same framework, Belomestny et
al. (2019) are interested in estimation of the Lévy characteristics of (Z())i>0.

In our contribution, stationarity of the process is not required: 7' is fixed and N is large. To our
knowledge, few papers are concerned with statistical properties in this context. In a previous
paper (Comte and Genon-Catalot (2021)), we restrict our attention to Gaussian CMA processes,
i.e. Z(t) = W(t) is a Wiener process and provide nonparametric projection estimators of the
function a?(.). Proofs, especially for the data-driven procedure, strongly rely on the Gaussian
character of (X (t)):>0 and cannot be straightforwardly extended to the case where (Z(t))i>0 is
a Lévy process. The question of this extension is studied here.

In Section 2, we precise the model and the assumptions. In Section 3, we define two collections
of projection estimators depending on whether X (¢) is a semi-martingale or not. Relying on
results of Basse and Pedersen (2009), we establish that the distinction between these two cases
is the same as when Z = W is a Brownian motion, i.e. when a(.) is continuously differen-
tiable on [0, 4+00) or not. The projection spaces are either, for fixed T', spaces generated by the
trigonometric basis of IL2([0,T) or for large T spaces generated by the Laguerre basis of L2(R*).
Bounds for the L2-risk of the estimators are provided. A short discussion deals with the impact
of discretization of observed paths on estimators’ risk bound. In Section 4, we propose a data-
driven procedure to select the dimension of the projection space and obtain risk bounds for the
resulting estimator proving that it is adaptive in the sense that its risk automatically achieves
the compromise between the squared bias and the variance. The findings are illustrated through
a short simulation study with Z a compound Poisson process. Proofs, especially of the adaptive
result, are completely different from the ones in Comte and Genon-Catalot (2021). Section 5
states some concluding remarks. Section 6 contains proofs. Finally Section 7 gives the necessary
recap on Laguerre functions, the Talagrand inequality on which relies our proof of Section 4 and
the way to compute or bound moments of (X (t))i>0.

2. LEVY DRIVEN MOVING AVERAGES

Consider a Lévy process (Z(t))i>0 with no Gaussian part and Lévy measure v(dx) = n(z)dz
satisfying

[H1] [ 2°n(z)dz < +oo and we assume that [ 2?n(z)ds = 1.

The second part of [H1] is an identifiability condition. Without it, we would estimate ([ z*n(z)dz) %
a®(.). Below, we need stronger conditions near infinity for the Lévy density summarized by :

[H2|(p)  kop := [p a*n(z)dz < 4o0.

We assume that the characteristic function of Z(t) is equal to:

EeZ() = exp [t / (e™* — 1 — juz) n(x)da],
R

so that EZ(1) = 0, EZ2(1) = 1. Then, (Z(t)) is a Lévy martingale which can be written as:

Z(t) —/ / p(ds,dx) — dsn(zx)dx),
0,t]
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where p(ds, dx) is the random Poisson measure associated with its jumps. We consider a cadlag
version of the Lévy moving average process:

¢
(2) X(t) = / a(t — s)dZ(s)
0
where we aim at estimating ¢ = a® under assumptions of type:
[H3|(¢q) The function g(t) = a?(t) belongs to LYURT), i.e. [ g9(s)ds = [;" a?I(s)ds < +oc.

Assumptions [H1| and [H3](1) ensure the existence of (2) (see Section 6.1). Setting

) 6= [ aopts = [ gts)is

we have: . / / (t — s)dsz®n(z )dw—/ 2(u)du = G(t).

Two cases are to be distinguished:
(1) X(t) is a semi-martingale (more precisely, a (F7 );>o-semimartingale where (FZ);>o is
the natural filtration of (Z;):>0),
(2) X(t) is not a semi-martingale.

In Case (2), we cannot give sense to a stochastic integral fg H(s)dX (s) for a predictable process
H(s). A sufficient condition for case (1) to hold is stated in the following proposition.

Proposition 1. Assume that t — a(t) belongs to C1([0,+00)). Then,
t U

(@) X(t) = a(0)Z(t) + / < / o/ (u s)dZ(s)> du, t>0.
0 0

3. PROJECTION ESTIMATORS ON A FIXED SPACE.

We denote respectively by |.||7 (resp. (.,.)7) the norm (resp. the scalar product) of L?([0, T7)
and ||.|| (resp. (.,.)) the norm (resp. the scalar product) of L2(R™).
As a function of L?([0,77) (resp. L?(R™)), when considering an orthonormal basis (¢;j7,j > 0)
(resp. (pj,j > 0) of these spaces, g may be developped into

(5) 9= 0jpir  (vesp. g=> 0))
J=0 Jj=0
where 0; = (g,¢j)r (resp. 0; = (g9,¢;)). The estimation by projection method consists in

defining estimators of the coefficients 6, say éj. A collection of projection estimators (g,,, m > 0)
is then by obtained by setting
m
Im = Z 9] Pj-
§=0

This requires first the choice of appropriate orthonormal bases, second the choice of an adequate
optimal or possibly data-driven m.

In this paragraph, we define our bases and study the L2-risk of the projection estimators for
fixed m. According to the assumptions on the function a(.), different estimators of the coefficients
t; are proposed. The optimal choice of m may be deduced from the risk bounds.

To build estimators of g, we use two collections of projection spaces.
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(1) For fixed T, we estimate g on [0,T]. We define the collection (Si™ m > 0) of sub-
spaces of L2([0,T]) where m is odd, generated by the orthonormal trigonometric basis

(pjr)s por(t) = /1/T1o1)(t), p2j-17(t) = \/2/T cos(2mjt/T)1jo1)(t) and po;r(t) =
\/2/T sin(2mjt/T)17(¢) for j =1,...,(m —1)/2. The following properties are useful

m—1 T T
m .
E @?7T(t) =7 and / o r(t)dt = ﬁ,/ ejr(t)dt =0 for j#DO0.
e 0 0

(2) For either T fixed but large enough, or T' tending to infinity, we estimate g on RT. We
define the collection of subspaces of L?(R*), generated by the orthonormal Laguerre basis
(see Section 7.1):

j i\
(6) 05(t) = V2L;(2t)e "1yzo, § =0, Lj(t)=> (1) <k> L
k=0 ’

We set S59 = span{lj,j =0,...,m — 1}, and the following holds
m—1 +oo '
vt>0, 3 () <2m and / 0(t)dt = Va(-1).
j=0 0

3.1. Estimation of g = a? when (X (t));>0 is a semimartingale. Here, we assume:
[H4] t +— a(t) belongs to C1([0, +00)).
Lemma 1. Assume [H1|, [H3|(1) and [H4]. Denoting by 6; = (g, ¢;), we have

e( [ eioxaxe) =3 (0-00) [ eis). B Saxe? | - 1h0.

s<T

Relying on this lemma, we can set:

~ o~ 1 N T T
@ 0j=9j<N,T>=2[N;( [ ertoxisaxi) | + 6o [ et

where (g(0))! is an estimator of g(0) equal to

N
) (601 = 73 S0 S (AX;(5))*

i=1 s<T

The projection estimator of g on a fixed space Sy, is given by:
m—1
/g\m = Z Hj(Pj'
j=0
Remark 1. By the Ito formula with jumps, we have:

9)  — [ X*s)g(s)ds =2 / 2i(5)X (s )dX(5) + > @i(s)(AX(5)* — 95 (T) X7
(0,T) (0,1 0<s<T
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This formula is useful to understand the link between @\] defined above and 5j defined in the second
strategy below, but it only holds under [H4| (which is not assumed in the second case).

The following proposition gives a bound for the LL2-risk of g, in the case of fixed T and the
trigonometric basis.

Proposition 2. Assume [H1], [H3|(1), [H3](2) and [H4|. When (@; = ;1) is the trigonometric
basis,

~ m T k‘4
10 (- alB) < g gl + 160(0)GT) % + 861+ 22(0) 5
where i1 = 3(GX(T) + GHT)) + kalllglF + llg1l7)
and ky = [2'n(z)dz, g1 = (d) fo g1(s)ds. Recall that G is defined in (3), that gn,

denotes the orthogonal projection ofg on S;;ng and that ||ul|3 = fOT u?(s)ds.

Now, we give risk-bounds in case of an orthonormal basis of L2(R*) and a special inequality
for the Laguerre basis.

Proposition 3. Assume [H1]|, [H3](1), [H3]|(2) and [H4| and that ||g1] < +o0.
If (¢;) is an orthonormal basis of L?(RT), for all T > 1,N > 1,m > 0, we have

(11) E([gm —9lI) < llgm — gl + 169(0)G(T) - + 8Ca,r~ +2¢%(0) 1~ + g~ (s)ds
N N N
where Cor = 3(GH(T) + GH(T)) + ka(llg]* + 91]l*)]
If (¢;) is the Laguerre basis of L2(RT) and T > 6m — 3, then
2
o — gy < — all? m- T
(12)  E(fGn—gl?) < lgm ol +80C 1 + 166(0)GT) 0 + Zhig?(0)

+C’||al|*m exp (—12yom)
where C,C" and 7o are positive constants depending on the basis only.

The bounds obtained in Propositions 2 and 3 contain three types of terms: the first one is the
usual squared bias term ||g,, — g||? due to the projection method, decreasing when m increases,
the second one is the variance term, increasing with m, and the last ones are residuals.

Let us comment (10) and (11). If g(0) # 0, the variance order in both cases is m/N. For
choosing m, a compromise must be done between the first two terms. If g(0) = 0, the variance
term vanishes, and m must be chosen as large as possible. Note that this case corresponds to
(X (t)) derivable.

The difference between (10) and (11) lies in the additional term f+°° 2(s)ds. In (10), T is
fixed and the residual term has negligible order 1/N. In (11), T must be large enough for the
additional term to be small, but not too much because the other residuals terms are of order
T/N (see numerical results in Table 1 of Comte and Genon-Catalot (2021)).

The result in (12) is specific to the Laguerre basis with 7' > 6m — 3. The variance order m?/N
is larger but the residual terms do not depend on T' (G(T') is bounded). The choice of m relies
on a compromise between ||g — g ||? and m?/N. We can consider here the case where T' — +o0:
if, in addition to the condition ||g1| < +o0, it holds that (a’)? € L*(RT), then €51 is bounded
independently of T'.
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3.2. Estimation of g = o> when (X(t)) is not a semi-martingale. In this section, we
assume that the basis functions are differentiable on their support. The following Lemma allows
to define another estimator.

Lemma 2. Assume that [H1|, [H3|(1) hold and that (¢;); is differentiable on [0,T)], then

B ) Pi(s)X3(s)ds | = ¢;(T)G(T) — ' 9(u)pj(u)du.
</0 > /0
Therefore, we can set

PR S L ol LTRPTAY T)G(T) and (T X3(T
19 B=—y ([ SExHe) +emam NZ

If o; = @ is the trigonometric basis, then ¢ 7(T) = 1/VT, p2j—1.7(T) = \/2/T, p2j7(T) =
j > 1. Then we define the estimator by
m—1
gm = HJ‘PJ
j=0

We introduce the assumption:

1
[H5] / HgHsds co < 400 where we recall that ||g||2 =[5 g*(s)ds.

Proposition 4. Assume [H1| and [H3](2).
o If (¢; = pj1) the trigonometric basis, then

~ 47r2m2 m
(14) Bl — 9l13) < llam — g3 + = (3G>(T >+k4||g||%)< K +T>

o Let (p; = ;) be the Laguerre basis.
— Then, forallT > 1,N >1,m >0,

~ m
E(lgm — 9lI*) < lgm —9l* + 437 +

T
with  €up = [3GHT) + kallgl 2 ([ 7B + ks )|
0
where, if, in addition, [H5| holds,

T
(/0 sTH3G2(s) + k4HgH§]d8> < (3+ ka) (co +log(T)gll7) -

—IfT>6(m—1)+3=06m —3 and (p;) is the Laguerre basis, then
m3
(15)  E(lgm = glI*) < llgm — gl* + e1(3G*(T) + k4H9HT) + C2HaH2* exp (—12y2m)

T oo
1 BGAT) + kgl + [ P (e)ds
T

where c1,co, V2 are constants depending on the baszs only.

Comments on the bounds obtained in Proposition 4 are similar to the comments given after
Proposition 2 and 3. Inequality (14) can be compared to (10) and we mainly notice that the
variance term increases from m/N to m?/N. Inequality (15) corresponds to (12) with variance
increase from m?/N to m3/N. These losses are due to the more general assumptions. In
Inequality (15), we can consider T — +o0.
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Moreover, we refer to Section 3 of Comte and Genon-Catalot (2021) for a discussion on optimal
theoretical choice of m and on rates of convergence that can be deduced from Propositions 2, 3
and 4, on dedicated function spaces: periodic Fourier-Sobolev spaces for the trigonometric basis
and Sobolev-Laguerre spaces for the Laguerre basis.

3.3. About the impact of discretisations. It is now commonly admitted that a fine discrete
sampling of continuous time processes can be obtained (high frequency data) which is very close
to a continuous time record. This justifies our sampling scheme.

However, even if it makes sense to consider the continuous time set-up to build up an estimation
theory, it is important to quantify the impact of discretisations on our estimators and this is the
aim of the result below.

We restrict our attention to the second type of estimators under assumptions |HO|-|H1].

Suppose we observe (X;(kA),k =1,...,n,i=1,...,N) with A = A,, = T/n and consider
the estimators

m—1
~A NA
7=0

where
~ 1 XLl ~
(16) 07 = — DD ALY (BA)XE(RA) + ;(T)G(T).
=1 k=1

Proposition 5. Assume [HO[-[H1]. Then,
~ ~ 1
EHgﬁL — gl S E||gm — gl|* + CA2G*(T)(m> + m®) + CIEX4(T)N(A2m5 + Am®)
with a = 2 for the trigonometric basis, « = 3 for the Laguerre basis.

Thus, the risk of the discretized estimator is incremented by terms of order of order A%mS5 +
Am?/N for the trigonometric basis and of order A?m® + Am?3/N for the Laguerre basis.

In the case of the trigonometric basis, assume that m? < N so that the variance term of E||g,, —
g||? is bounded. Then, if A < N~74 A%m® + Am?/N < 1/N.

In the case of the Laguerre basis, assume that m? < N to bound the variance term of E|[g,, — g]|?.
Then, if A < N-43, A2m® + Am?/N < 1/N.

4. ADAPTATION

4.1. Theoretical result. Considering the main terms of all risk bounds, we can see that a
compromise must be done between the squared bias terms which decrease when m increases
while the variance terms increase. In this section, we describe a procedure allowing for a data
driven selection of m and we prove that the final estimator reaches an effective tradeoff in term
of its integrated L2-risk bound. For sake of conciseness, we only study the procedure for g, and
the trigonometric basis.

Let My = {m € N,m? < NT} be a collection of models such that the variance of g, is
bounded and set

17 m = in {—||gm|?
(17) m=arg min {~|[gn|” +pen(m)},
where, for a constant x precised below,

2

m
= rklog N——EX*T
pen(m) = klog NT (T)
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Theorem 1. Consider the collection of estimators gm, in the trigonometric basis on [0,T], with
model selection m given by (17). Assume N > 3, [H1]|, [H2|(4) and [H3]|(4). Then, there exists
a numerical constant kg such that, for all kK > kg, the following holds:
logN

N

Elgm —gl? < inf (3|lgm — glI* + 4pen(m)) + C
meMn

The infimum in the risk bound implies that the L2-risk of gz achieves automatically the best
compromise between the square bias term and the variance term.

In practice, we replace the unknown term EX*(T) in the penalty by its empirical estimator
NN XXT). Theorem 1 can be extended to this substitution. For the implementation,
the constant k must be fixed. It is standard that the numerical value for kg given in the proof
is too large. This is why it must rather be calibrated by preliminary simulation experiments;
this is done in Section 5 of Comte and Genon-Catalot (2021), for Z a Brownian motion. More
generally, results on simulated data are given in the latter paper especially for examples where
a(t) = t?exp (—at) with various values of d. Tt is worth noting that our assumptions [H3](2) and
[H5] hold if d > —1/4.

4.2. Short numerical illustration. In this section we provide some elements about practical
implementation of the method. To that aim, we consider the case where Z(t) = ZkN:(? &k s a
compound Poisson process with (N(t));>0 a Poisson process with intensity A and (§x,k > 1) a
sequence of 7.7.d. random variables independent of the Poisson process (N(t)). We assume that
E& = 0,EE2 = 0% and Ao? = 1.
If a(.) € C([0,400)), then,
X(t)= > alt—71)é
n:mn <t

where (7,,) is the sequence of jumps times of (N(t)). We have X (¢t) = 0 on (N(¢) = 0) and
X(t) = p_qa(t— )& on (N(t) =n). Thus,

X(t) = Ofortel0,m)
X(t) = Za t — 7k)& for t € [Ty, Tnt1),n > 1.
k=1

The jump times of X are the sequence (r,,n > 1) with X(7;) = Y721 a(r, — )& and

X(n) = > p_y a(tn — )&k The jump of X at 7, is AX(7,) = a(0)&,. If a(0) = 0, the process
(X (t)) is continuous, see also (4).

In practice, we took the &,’s as Gaussian N'(0, 02), with A\ = 8 and & = 1/v/X. The observations
are generated as

X(kA) = Z a(kA — 1) for k=1,...,n
§iri<kA

with n* = 100 random variables 7; in all cases; the parameters are such that 7,« has order (slightly
more than) 10 in all cases. Indeed we have T' = 10 = nA with n = 2000 and A = 0.1/20. The
number of observations in the results presented here is N = 4000. We consider four functions: a
function denoted by ag and functions ag, ag and a7 borrowed from [12] (in all cases, recall that

gi(t) = af (t)):
1) ap(t) = (t— w1/2 so that go(0) = a2(0) # 0, wo = V1250 is such that 10 g (u)du =1,
0 0 o 90
(2) as(t) = ( (3 3 15/10)/w1/2)1/2 where B(p, q,x) is the density of a B(p, q) distribution at
point  and wy = 14.157 is such that [, g3(u)du ~ 1.
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(3) aq(t) = 10b(6t)/(ws)?? with b(t) = 0.31(3,2,t) 4+ 0.70(7,4,t) where I'(p,q,z) is the
density of a I'(p, ¢) distribution at point  and wy = 0.03048 is such that [p. g2 (u)du ~ 1.
(4) ar(t) =t 01%e7/5 where [, ¢2(u)du ~ 2.

The estimators are computed in the trigonometric basis, relying on formula (13) for the coeffi-
cients 5] of gm = z;.nz_ol gjcpj;r form € {1,...,45} where m selected with (17) and x = 0.2 in the
penalty pen(m). Figures 1-4 illustrate the results obtained with the estimation algorithm. Left
plots represent one path of ¢ — X (¢) on [0, 10], clearly it has jumps in Figure 1 for ag, ag(0) # 0
while it is continuous for as and a4 in Figures 2-3 which are such that a2(0) = a4(0) = 0. Right
plots show beams of 25 estimators for each function, with associated MISE given below. The
mean of the selected dimensions are also given. They can be compared to the MISE and mean
dimension of the best estimator among the collection called "oracle" because it is computed by
using the knowledge of the true function. The orders of the MISEs are comparable to the oracles,
the selected dimensions seem to be in all cases a little smaller than the oracle. This means that
the penalty constant is probably slightly too large, but we kept the choice made in [12]. Slight

over-penalization is known to be more safe, at least compared to under-penalization, in term of
MISEs orders.

FIGURE 1. Function go(z) = a(x). Left: example of one simulated path. Right:
25 estimated functions. MISE= 0.018 (oracles 0.016), mean of selected dimen-
sions: 4.9 (of oracles 6.4). N = 4000, T' = 10

5. CONCLUDING REMARKS

In this paper, we study the nonparametric estimation of a? from i.i.d. observations (X;(t),t €
[0,7]),i=1,...,N) distributed as (1). We proceed by projection method on finite dimensional
subspaces of L2(RT). Two different types of estimators are proposed depending on whether
(X (t))e>0 is a semi-martingale or not and a data-driven procedure is proposed for the most
general type of estimators. In our previous paper (where Z = W a Wiener process, Comte
and Genon-Catalot (2021)), proofs relied strongly on the Gaussian character of (X (¢)). The
extension to the Lévy case is not straightforward and relies on the general deviation inequality
given in the Appendix.

The case where the driving process (Z;) is a more general Lévy process having a Brownian
component and a jump component is also interesting. But then Z;, = Wy + L; with (W) a
Brownian motion and (L;) a pure-jump Lévy process and (W;), (L;) independent. Therefore,
the observed process becomes X (t) = Xw(t) + Xr(t) where Xy and X are independent.
Therefore, the study of the estimators based on X (¢) can be deduced without much difficulty of
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FIGURE 2. Function go(z) = a3(x). Left: example of one simulated path. Right:
25 estimated functions. MISE= 0.004 (oracles 0.002 ), mean of selected dimen-
sions: 2.3 (of oracles 2.6). N = 4000, T' = 10

FIGURE 3. Function g4(z) = a3(x). Left: example of one simulated path. Right:
25 estimated functions. MISE= 0.081 (oracle 0.067), mean of selected dimensions:
13.0 (of oracles 15.3). N = 4000, T' = 10

FIGURE 4. Function g7(z) = a2(x). Left: example of one simulated path. Right:
25 estimated functions. MISE= 0.768 (oracle 0.722), mean of selected dimensions:
16.7 (of oracles 24.6). N = 4000, T' = 10
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the separate cases X = Xy, X = X, that we have treated.
From the theoretical and practical points of view, the questions of optimality of our estimators
would be worth of investigation.

6. PROOFS
6.1. Proof of the existence of (2).

. >

where v = — [p #1jgsn(z)dr and EZ(1) = 0 = v + [p #1gs1n(z)dz. According to Rajput
and Rosiniski (1989) (Theorem 2.7), see also Basse and Pedersen (2009), the existence of (2) is
ensured if and only if, for all ¢, the following conditions hold:

/ / s) A1) dsn(z) <’Y+/ (1m(s)|g1—1x|g1)n($)d$>

Note that:
+o0 ERCS)
/ / dsn( )dx S/ aQ(S)ds/xQn(:c)dx.
0

For the second one, we have:
t
/0 a(s) <7+ /R$(1|m(s)|g1 - 1x§1)n(x)d$>
t t
= / la(s)EZ(1)|ds —l—/ |za(s) (Ljpags) <1 — 1)|n(az)da:ds
0 0

— /Ot}m (5) (Ljpa(s)>1) | n(2) dxds</+Ooa2(5)ds/Rx2n(x)dx. O

0

ds < o0.

ds

6.2. Proof of Proposition 1. In Basse and Pedersen (2009) (Theorem 3.1), it is proved that,
if (Z(t)) is of unbounded variation, (X(t)) is an (F#)i>o-semimartingale if and only if a(t) is
absolutely continuous on RT with a density a’ satisfying, for all ¢ > 0:

(18) / / o (zd'(s))? A |zd'(s)]) n(z)dzds < oo

We have under [H1|, [H3](1), [H3](2) and [H4]

/ /[11 2 (8))? A |zd()]) n(x)dads < /Ot(a,(s))Q/Rx2n(x)dx< N

So (18) holds. If (Z(t)) is of bounded variation (which is equivalent to [ |z|n(z)dz < 00), (X(t))
is an (F7);>o-semimartingale if and only if it is of bounded variation which is equivalent to a is
of bounded variation.

If (Z(t)) is of unbounded variation and (X (¢)) is an (F#);>o-semimartingale, it can be decom-
posed as :

X(t)=a(0)Z(t) + /Ot (/Ou a'(u— s)dZ(s)) du, t>0,

see Proposition 3.2 in Basse and Perdersen (2009). O
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6.3. Proof of Lemma 1. By (4),
+o00 400 +o00 s
| e@xeaxe) = o) [ @60z + [ X [ - wiztas
400 +00 s
— 4(0) /0 5(5)X (5 )dZ(s) + /0 ()X (s) /0 o/ (s — w)dZ(u)ds.

2

+00 +oo
E (/ goj(s)X(s_)dZ(s)> = / gp?(s)EX%s)ds X / x2n(ﬂs)daz
0 0 R
—+00
_ / £2(5)G(s)ds < [|a]]? < oo,
0
E [7°¢;(s)X (s-)dZ(s) = 0 and the first equality follows by:

+oo +00 s
IE/O 0i()X(s_)dX(s) = /O gaj(s)/o a(s —w)d (s — u)duds
= 3 e - a0
Using [H3](1) and (4), as AX(s) = a(0)AZ(s),
;(AX(S))2 = a?(0) ;(AZ(S))2 <400 and E ;(AZ(S))2 =T

The second equality is proved. O

6.4. Proof of Proposition 2. Note that for functions on Sy, 7, the norms ||.|r and ||.| are
identical. R

When (¢;) = (¢jr) is the trigonometric basis on [0, T, #; is an unbiased estimator of #;. This
implies E||Gm — 9|2 = El|Gm — Egm|*> + [lgm — gl/%. We have, setting X = Xj, and using that

St (1 es(o)ds) <,

m—1 T
Ellgn — Binl? < = Y Var (2 / ¢j<s>x<s_>dx<s>)+2§w (}Z(AX@)?)
=0 0 s<T
m—1 T 2
< % E<2 / goj(s)X(s_)dX(s)) —l—%\/ar (;Z(AX(S))Z)
Jj=0 s<T

We have:

([ eexeaxt) <200 ([ wexeaz)

where Y (s) = [ /(s — u)dZ(u). Next,

2 2

2

E (/OT st(s)X(S—)dZ(s)> = /OT 03 (s)E(X?(s))ds < G(T).
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Since (¢;) = (¢j.r) is an orthonormal basis of L2([0, ),

gE (/OT <Pj(S)X(8)Y(S)dS>2 =E g (/OT </>j(s)X(s)Y(s)ds)2 < E/OT X2(5)Y?(s)ds.

We use that z%y? < (z* +y*)/2 and (see section 7.3)

EX%(s) = 3 </OS aQ(u)du>2 + /08 a4(u)du/x4n(x)dx

(19) — 3G2(s) + ks / o () du.
0
Analogously, setting G1(s) = [ (a’)*(u)du, we obtain:

EYi(s) = 3(Ci(s) +ka / (d'(w))*d.
0
2 2
It remains to study E (% ngT(AX(S))Z) =T72a*0)E (ZSST(AZ(S))2> . By the exponen-
tial formula (see e.g. Revuz and Yor, 1999, Chap. XII, Prop. 1.12),

(20) E exp [iu Z(AZ(S))Q] = exp [T/(emx2 — Dn(x)dx].

s<T R

We deduce: Var (% ngT(AX(s))2> = k4a*(0)/T = kqg?(0)/T. O

6.5. Proof of Proposition 3.
Consider a basis (p;) of L2(RT) with arbitrary support. We have E@ =0; — f;oo g(s)p;i(s)ds
80 that gy — 9 = 9m — Egm + EGm — gm + gm — ¢ and this implies
El[gm — 91 = llgm — 91* + El[gm — EGn|® + [EGm — g *.

The first term is the usual bias term due to the projection method. The middle term is a variance
term which can be treated as in the previous proposition. The last term is an additional bias
term, due to the truncation of the integrals. We have:

m—1 R m—1 400 2 400
) 1EG - gl = Y6807 = X ([ aeestris) < [ g epas

=0 j=0 T
Therefore, we get the first inequality of Proposition 3.
If (;) is the Laguerre basis, we bound the variance term E||g, — Egpn||? and the additional bias
term ||Eg,, — gm||? differently. For the variance term, we write:

T 2
(& [ cioxeres) - oy PO ()Y ()X )Y ()]

1/2

S/ [5(3)03 (W) {E[(X ()Y () *JE[(X (w)Y ())*]} " dsdu
0712

T 2
@) — ([ eolEEeyER)} )
We use the following bound proved in section 6.4:
2EX?(5)Y?(s)ds < EX'(s) + EY(s) < 3(G*(T) + GY(T)) + ka(llgllF + | 91ll7)
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There remains to bound fo lo;(s)|ds. This is done in [12], see Formulae (31)-(32). For j =

0,...,m—1and T > 6(m — 1)+ 3 = 6m — 3, we have
T m-1 , .1 2
(23) / lp;(s)|ds < 172 and Z </ ’90j(5)|d8> <m?
0 =0 \Jo
Also by (33) in [12], we have, for the additional bias term,
m—1r ioo 2
1) S [ eoateas] S lalPm exo (-127m),

- T

7=0
where 5 is a constant depending on the Laguerre basis only, see Section 7. Therefore, the proof
of Proposition 3 is complete. O

6.6. Proof of Lemma 2. We have
T
E </ cp;»(s)X2(s)ds)
0

which is the result. O

/OT ¥;(s) (/Osg(s - u)du> ds = /OT ()G (s)ds

= [pi(s)G()]5 — {9, 0507 = ;(T)G(T) = (g, i)

6.7. Proof of Proposition 4. Assume that (¢; = ;1) is the trigonometric basis. Then, §J is
an unbiased estimator of 6;. We only need to study the variance term of the risk.

m—1

o 2 g
Bl - Bnlf < 3 (L E([ drxea ) +Z%T EX(T)

j=0
where EX4(T) = 3(G*(T) + k4l|g||%) and > goj( ) =m/T. We have

(25)  wor(s) =0, @hr(s) = (2mj/T)p2j-1,0(s), Phj1r(s) = —(2mj/T)pajr(s), j=1.
Using that (p;7) is an orthonormal basis, we obtain, as EX*(s) < EX*(T) (see (19)),

)

m—1 T 2 2.2 T 2.2
474m 414m
ZE(/O sas,T<s>X2<s>ds) < TR [ XUs)ds < (3GAT) + kalgl ) T

J=0

This gives (14).
Now, assume that (p; = ¢;) is the Laguerre basis on L?(R™) (see Section 7). We still have:

E(Hgm - 9”2) = IE:Hgm - Ezjm”2 + ”Egm - gm||2 + Hgm - g||2'

First,
[~ Einl? = N ( [ et X%(T)@-(T))
< N [</ ()X (s ) mz (T)] := Ty + To.
7=0

Using that |¢;] < v/2, we get
m
Ty <ABG(T) + kallgll7)
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Next, we use that the Laguerre basis satisfies £5(z) = —{o(x) and £ (x) \/23/3;6(1)
for j > 1 where (61,(f )( ),k > 0) is the Laguerre basis with index 1 (see section 7 to find

T, < ;gE (/()Tﬂj(s)X%(s)ds>2 —1—;7:2:_:11]E ( g(l) \/7X2 )
([ ([ 20
< A TEEM) +hdolt) + 5 (3 [5G0 + klalZlas)

where we have used (19). Finally, the variance term is bounded by
~ = 12 4 2 2 8m T e 2
Ellgm —Egm|I” = FTGCHT) +kallglly) + - (3 [ s7(G7(s) + kallglls]ds
0
M a2 2
+FBCAT) + hallg).
. " T 1 T
Using [H5] and writing [y ---= [y -+ [ ..., we get

T
3/0 sV G(5) + kall g ds < (3+ ka)(co + log(T)|lg]3)-

15

If [H5] does not hold and T' > 6m — 3, we can bound differently the variance and bias terms.

Proceeding as in [12], proof of Proposition 3, we have

1/2 2

T 2 T | m—1
e( [ goxiea) < e nldh | [ X 6o?|

j=0 7=0

m—1

Still using [12], we have
1/2 2

TR 4m3
/ g (E;(s))2 ds | <12m? + 5= exp (—(12m — 6)72).
0 |j=0 72

Finally, we get

- - 1 4m3
20)  Elgn—Egal? < £ BGHT) + k) (120 + L xp (~(12 - 610
2

So, we have the two variance bounds.

Next, we have Egj =0; —;(TG(T) — ;OO l;(s)g(s)ds. Therefore

m—1 m—1 +00 2
15~ anll? = (G 07 = X (46 + [ etss)
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Indeed ¢;(T') < exp(—12yom) for T > 6m — 3 (first term) and we use (24) (second term). For
both, we use G(T) < G(+00) = ||a]|?. O

6.8. Proof of Theorem 1. Note that, as G(0) =0, (h,g)r = h(T)G(T) — (K, G)p. Let us set:
2 O (T
vr(h) = [hl* + - Z[/ B (u) X (u)du — h(T)XF(T)].
N = o

We have gy, = argminges,, Ynv,17(h), Y87 (Gm) = —||gm||* and

v (h) = ||h]|* = 2(h, g} — 2vN7(h) — 21N 1 (R)

where

1 & T 1 &
27) vnr(h) = -5 Z/O W (w)[X7 (u) = G(uw)du,  pnr(h) = N > W(T)(XH(T) - G(T)).
=1 =1

Therefore,
v (ht) = nr(he) = [ = gl* = llhe = gl* = 2vn,r(hy — h2) = 20,7 (At — )
Using the definition of m, we have for all g, € S,
1 (9m) + pen(m) < yn.1(gm) + pen(m).
We deduce, for v = vy + punT,

197 — gl < lgm — 9lI* + 26n,7(Gm — gm) + pen(m) — pen(mn)

Let By, = {h € Si,, ||h|| < 1}. We use that
. L.
2687 (G = 9m) < 7w —gml*+4 sup &r(h)

E€Bmvm

1
< §(Hgm—gH2+Hg—gmH2)+4 sup  &xp(h)

EDbmvm

IN

1.
§(|lgm—gH2+Hg—gmH2)+8 sup  (Va,r(h) + pkr(h)

€Bimvm

Recall that E[X?(u)] = G(u). For 6 a constant to be chosen below, we can split vy 7(h) into:

N T
1
(28) vNTe(h) = N Z/o b (u) [Xz?(u)le(u)ge - E(Xz?(u)le(u)ge)]du
i=1
1 (T
(29) vme(h) = =% > /0 W () (X2 ()20 — E(XE(0)1y2(-)ldu
i=1

Analogously, we define un,10(h) and uf 14(h) by splitting gy 7(h).
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Introducing quantities pi(m,m’) and pa(m, m’) to be determined below, we write:

1 3
§Hgm—g||2 < ngm—gH2+16 sup [V rg(R)]?+16 sup [ufype(h)]?

EBmvm heBﬁL\/m
+pen(m) — pen(m)
+16p1 (m,m) + 16( sup 1/]2\,7T79(h) —p1(m,m))

h€B#vm

+16p2(m,m) + 16(h sup 1 1.0(h) = pa(m, )
€ mVm

Below, pi(m,m’) and pa(m,m’) are chosen such that, for x greater than a well chosen constant
Ko, for all m,m/, 16(p1(m,m’) + pa(m, m’)) < pen(m) + pen(m’) implying that

16(p1(m, m) 4+ p2(m,m)) 4+ pen(m) — pen(m) < 2pen(m).
And we bound the expectation of the other terms.

Lemma 3. Under Assumptions [H1|, [H2|(2+p) and [H3|(2+p), we have:

472m? 1

T
£ Sup VR | < — <G2+p T)+ ko / attar(y, du) .
(hesm,hﬂ[ wirs2) ) NT o» ) Fay | ()

m 1 T
E sup (&M ] € —— <G2+p T) + kaso / a4+2p(u)du) .
<hesm,.|h.<1[ a0 ) < g (G0 + ks [

Now, we choose p = 2 and 0 = ¢v/N/+/log(N) where ¢ is precised below. As for all m € My,
m? < NT, we set My = [/NT] the largest dimension of the collection, and we have

(30) E( sup [ufv,T,ew) +E( sup [M&T,e(h)V) g el

heSary Ikl <1 h€Sny,IIR|I<1

Lemma 4. Under [H1], [H2|(4) and [H3]|(4), choosing 6 = ¢v/N/\/log(N), ¢ = cEV2[X*(T)],
c=+/2/21, we have for

472 (m v m')?

pi(m,m’) = 2(1+ 18log(N))E(X*(T)) T ,
/
pa(m,m’) = 21+ 1810g(N))E(X4(T))m]\\[/Tm ,
) _ 1 ) _ 1
E sSup VN,T,e(h) —p1(m,m) S N’ E sSup NN,T,e(h) — p2(m,m) S N
heBﬁl\/m + heBﬁL\/m +

Therefore, using (30) and Lemma 4, we can conclude that for K > kg = 16 x 2 x 19 x 872,
pen(m) — pen(m) + 16(p1(m, m) + pa(m,m)) < 2pen(m), we obtain

T 1 log(N
Ellgm — gl < 3lgm — gll* + 4pen(m) + C(5; + ]E; ))

The proof of Theorem 1 is now complete.O
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Proof of Lemma 3.

m—1 m—1 T
C C 1
E( sup [VN,T,e(h)]2> < ]E[VJV,T,@(SOJ',T)]2 =N Z Var </ ¢9,T(“)X12(“)1X%(u)>9>
he S ||h]<1 =0 j=0 0

1 m—1 T 2

< — ) E .1 (w) X7 ()1 x5 pdu
N =\
A2 m?

T
4
< NT2 E( 0 X (u>1Xf(u)>6’du>a

see (25). Then, for all p > 1 | we get

4m?m? 1 T
E sup  [VS 10(h)]? ———E </ X4+2p(u)du>
(hesm,h§1 M NT? 67 \Jo

472m? 1 r
< Mg (G ks, [ a ).

where the last bound is obtained by Kunita’s Inequality, see Section 7. In the same way, we get

IN

m—1
E( sup [M?v,T,é)(h)F) < E[va,T,e(%}T)]Q
h€Sm,||lh[I<1 j=0
m—1
1 9 2 m 4
< §LE (220X D) | = 758 (X Lxiirr-0)

m 1 2+ r 442
< —== (G P(T) + k4+2p/ a p(u)du) :
0

This is the second bound of Lemma 3 and the proof of Lemma 3 is complete.O

Proof of Lemma 4. First note that

(ar i i) | 5
h€Bmvm 4

m/eEMpn

E

7YL\/7YL/

(Lo it ) ]
heB n

To bound each term of the sum above, we apply the Talagrand Inequality recalled in Theorem
2 (Appendix).

Note that vn7,9(h) = + SN (X)) — E(fn(X;))] where, for = € D([0,T]), the space of real
valued right-continuous with left-hand limits functions (cadlag) defined on [0, 7],

T
fala) = - /0 B 10) [ (1) Ly oy g s
Recall that By, = {h € Sp,, [|h|| < 1}. We need bound supyep,, zep(o,r)) |fn(2)|- We have:

1/2

aw (i@ <0 sw [ i< s VT ( [ ra)

hEBm,xGD([O,T]) he€Bm h€Bm,
For h € By,,
2
T T |m—1 . 2,,,2
2my d7m
R (u))2du < / paAPY du < .
| wtpas [ X e dos T
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So we set
2mm
M(m)=M =60—.
" VT
Then, we bound sup,cp_[vn10(R)]*. We have
m—1 m—1 T
2 1
sup [vnre(h)]” < ol = & > Var (/ @ (u) X7 (u )1X12(u)<6du)
m—1 2
1 4m*m?
< vk / i (X)L o) < T IEECCD)
7=0
where E(X*(T)) = 3G?(T) + k4 fo w)du. We set
Am?m?
H?(m) = H* = E(XY(T
(m) I E(T))

Now, we bound
T T 2
V:= sup Var (/ h’(u)X%(u)lxz(uK@du) < sup E (/ h'(u)X%(u)lxz(u)<9du> .
h€Bm 0 ! h€Bm, 0 !

Proceeding as previously, we get that the above term is less than

4m2m?2

T
vV < sup/ (W (u)]2duTE[X4(T)] <

4 = 1)2 m :’1)2.
sw | o BIXA(T)) = o3 (m)

Therefore, NH? = v2, NH/M = /NE'Y2(X*(T))o~.
First, using the Talagrand inequality with our values of M (m Vv m’), H(m Vv m/),v*(m Vv m’),

we bound
E ( sup v 7(h) —pl(m,m/)> ] :
hE€B,,1\m i
We take
N 3log(N
0 = cEl/Q(X‘*(T))L, 2 = 3108N) o100 (N), pu(mum!) = 2(1 + 2 B2 (m v m).
log(N) 2 K
Thus,
v} (m vV m') NH?(m vV m') (m Vv m')? 1
JAR YY) K < —(3/2)1og(N) <
N exp( 1€ v2(m vV m') > ~ N ~ N3/2
and,
M2(m vV m’) 2K C(c?)e NH(mvm/) 1 1
-~ @ 7 V2 M(mvm/y < _— _ 21 N < __
02(62)N2 € ~ 10g(N) eXp( (3/ ) Og( )) ~ N3/2

for C(¢?) = 1 and ¢ = v/2/21. Theorem 2 (Appendix) implies

Z E [( sup v pg(h) — pi(m, m')) ] < %
+

m'eEMy heS,. 1 |Ih]l=1
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We proceed analogously to bound E [(supheB W% 7 o(h) — pa(m, m’)) ] . Weset uyro(h) =
mvVm [l 4 [l
N L1 [9n(Xi) — E(gn(X2))] where, for @ € D([0,T1), gn(z) = h(T)a>(T)1,2(r)<p]. We have

m
sup gn(x)| <6 sup |h(T)| < §( 1/2:9 — = M(m).
heBm,meD([O,T])| ( )‘ heBm| | Z 90], T ( )
Next,
1 m—1
E| sup [unra(h)?]| < < 3 (05r(T)PE(XYT)) = ~—E(XY(T)) = H(m).
h€Bm, N 20 NT
Last

sup Var (W(T)XH(T)1xz(ry<0) < (m/T)E(XH(T)) = v3(m).
he€By,

When choosing pa(m,m’) = 2(1 + 18log N)(m vV m/)/NT)E(X*(T)), and proceeding as above
with Theorem 2 (see Appendix), we obtain the second part of Lemma 4. O

6.9. Proof of Proposition 5. To prove Proposition 5, we need the following Lemma.
Lemma 5. Under[/HO[-[H1],
E(X(t+h) - X(t)* < h?|d|*>+ ||a|%.h < Ch.

Proof of Lemma 5. We write:
t t+h
X({t+h) —X(t) = / (a(t+h—u)—a(t —u))dZ(u) + / a(t +h —u)dZ(u).
0 t
Thus, as [ z?n(z)dz = 1,
t t+h
E(X(t+h)—X(t)? = / (a(t +h —u) —a(t — u))*du + / a?(t + h — u)du.
0 t
We have [/ a2(t + h — u)du < hla|% a

t t t 1
/O(a(t+h—u)—a(t—u))2du _ /O(a(h+v)—a(v))2dv:h2/0 {/0 o (v + Th)dr]?dv
1 t
2 alv T 2 v 2 a/2_
w [ [ e < o

IN

O
Proof of Proposition 5. We have g5 — g = g — Gm + Gm — g. Thus,

EH@% - 9”2 = E|[gm — 9H2 + EH@% — ﬁmHQ where

m—1 m—1 m_1
B3 - gnl? = 3 [E@ )] + Y Var @ -0)= Y 22+ 8,
§=0 j=0 J=0

by = Yory JE2 A (@(5)G(s) — & (kA)G(kA))ds  and

no kA 2
Sj:E<Z /( <so;«<kA>X2<kA>—go;<s>X2<s>>ds> .

=/ (k-1)A
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We split b; = b\ + b\ by splitting

()G (s) — @ (kA)G(kA) = ((s) — ¢j(EA))G(s) + @) (kA)(G(s) — G(kA)).

We have:

kA
Y LY A AN
b; u)duds = G(s)dsdu.
! Z 1)A Z k—1)A )

This yields ]b \ < G(T Afo |l (u)|du. For the Laguerre basis, we apply relation (34) and

get, after reordering terms, ¢ = ¢; + 4zk 0k 43 (j —1—2¢—1)pp. Using that, for
T >6m —3, pj < exp(—72s) yields

T
/6 1 ldu <95 452 exp (- 22(6m ),

And,
6m—3 +00
(/0 |g0;-’(u)|du)2 < (6m — 3)/0 [90;-/(u)]2du < Cj3(6m —3).

Thus, Z;”Z_Ol(bg-l))Q < CG2(T)A?m5. Now, we study the second term:

kA

b(2 / kA B n ,
Z A E) / g(u)duds = — 3 (kD) o) (u — ((k — 1)A)du.

k=1 (k—=1)A
Thus, \65-2)] < CAj fOTg( du. Therefore, » 30", (b( N2 < CGA(T)A2m?.
The same bounds hold for the trigonometic ba51s

Now, we split .S; into SJ(-I) + S](-Q) by splitting

P (RA)X2(kA) = @j(5) X3 (s) = (95 (kA) = () X2 (kA) + ¢ (5) (X2 (kA) = X*(5)).

We have:
1 _ ) ) e (G o B
sy = EZX kA)X2( m/ M/ o (O~ DAY 0 — (5 — 1)A)dud
- kA 2 T 2
A fwldu | < AEX! "wldu)
< (; (X (kA)] /(k m\so]( )|d ) < A’EX(T)) (/0 @) (w)|d >
If T > 6m — 3,

S5 < ea?EXA(T))m?.

J
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For Sj@), we can write:

2
ZS<2 ZE (Z / s)ds(X2(kA) — (5))ds>

- 3 ol DB (A )X ) = X0 X08) ~ X))

k=1

IN

LA
/ / EZ ((s)) 2 (X2 (kA) EZ (s (u
k(=1 (t-1A

1/2 2
_ Z/ e (EZ ()2 (X2 (kA) - (s))Q) ds

2

T
< 2MEXY(T) /0 3 (5))2) 2ds

J
< 24mPAEXY(T) + o(m?)

1/2

2(X2(0A) — X2 (u))? dsdu

a bound obtained previously when (¢;) is the Laguerre basis (Proposition 3 of Comte and Genon-

Catalot (2021)). When (¢p;) is the trigonometric basis,

2
l/ T[Z<¢;<s>>2]1/2ds] < dr’m?. ©
0

J

7. APPENDIX

7.1. Formulae for Laguerre functions. For this paragraph, we refer to Abramowitz and

Stegun (1964) and Comte and Genon-Catalot (2018).
The Laguerre polynomial with index §, § > —1, and degree k is given by

k .
s 1, - dk _m k+0\ (—z)
L) = gerat g (o he ):Z<k—j>( -

i=0 J

The following holds:

/ +oo
(31) (L,(f)(x)> =" V(2), fork>1, and /
0

We counsider the Laguerre functions with index 4, given by

1/2
) () o412 (KL (9) —z,6/2
2 2 2 .
(32) 0. (x) <F(k 5 1)> L, (2x)e "z

The family (E,(f))kzo is an orthonormal basis of L2(R").
For § =0, we set L,(go) = Ly, 4,0,20) = l. Using (31), we obtain for j > 1:

(33) O (@) = ~t;(x) - \/Z 49, ().

(Lgf) (x)) ’ e dr =

Fk+a+1)
k! ’
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The following properties hold for the /;’s. For all z > 0,

+o00 .
G@I<ve [T e = Va1 2o

j—1
(34) lo(x) = —lo(x), Lj(x) = —Li(2) =2 i(z),j > 1.
k=0

Moreover, the following asymptotic formulae can be found in Askey and Wainger (1965). For
v =4k + 2, and k large enough

(a) 1 if0<z<1/v
b) (zv)~ /A if1/v<az<v/2
c 1/_1/4(1/—x)_1/4 ifv/2<z< v — /3
[ek(2/2)] < C s if v — 13 < /3
d) v / 1f1/—1//§x§u+v/
e) 1/71/4@3 . V)71/4€*’71V_1/2(93*V)3/2 if v+ p1/3 <z< 3V/2
f) e re if x> 3v/2

where v, and 72 are positive and fixed constants.

7.2. A useful inequality. We recall the Talagrand inequality. The result below follows from
the Talagrand concentration inequality given in Klein and Rio (2005) [15] and arguments in Birgé
and Massart (1998) [7] (see the proof of their Corollary 2 page 354).

Theorem 2. (Talagrand Inequality) Let Y1, ...,Y, be independent random variables with values
in a Polish space, let v,y (f) = (1/n) >0 [f(Yi) — E(f(Y3))] and let F be a countable class of
uniformly bounded measurable functions. Then for € > 0

E[SHP vny ()1 = 2(1 + 2€%)H?
feF i
- Ki\n K1n2C2?(e2)

with C(e?) = (V1+ €2 —1)A 1, K1 =1/6, and

n

1
sup || flloo < M, E[Sup‘l/my(f)’ < H, sup—ZVar(f(Yk)) <2
JeF feF fer

By standard density arguments, this result can be extended to the case where F is a unit
ball of a linear normed space, after checking that f — v, (f) is continuous and F contains a
countable dense family.

7.3. Characteristic function and moments of X ().

Proposition 6.
‘ t A
EeiuX(t) — exp [/ P(ua(v))]dv, w(u) = /(e““f — 1 —dux)n(x)dz.
0 R

Proof of Proposition 6. Consider first the case where Z(t) = Zi]i(f) &; is a compound Poisson
process with (N (t)) a Poisson process with intensity A and (&;,7 > 1) a sequence of i.i.d. random
variables independent of the Poisson process (N (t)). Then,

X(t)= DY a(t—Té

n:T, <t
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where (T},) is the sequence of jumps times of (N(t)). We have X(t) = 0 on (N(t) = 0) and
X(t) = Y p_ja(t — Tp)ék on (N(t) = n). Let f denote the common density of the &s and
f* their characteristic function. We use that the conditional distribution of (717,...,7T;) given
(N(t) = n) is equal to the distribution of (U, k = 1,...,n) the order statistic of (Uy,...,Un)
n i.i.d. random variables with uniform distribution on [0, t]:

EeiuX(t)l(N(t):n) _ E[l(N(t)_n)/ei“ZZ1“(t_T’“)”f($1)---f(ﬂﬂk)dﬂcl--'dl”k:}

= Elw=n [[ £ @walt = Th)) = B (n=mE [ | /*(ualt — Uw))
k=1

k=1

= EllvenEl] [ £ (walt — Un))] = ElL v f*(ualt - v))
(N(t)=n) kl;[l k (N( < / )

Therefore,
t
EetX () _ o(~M) A [ dof* (ua(t—v)dv/t] _ exp/ dvo(ualt — v))
0
where (u) = [p(e™* — 1))\f( )dx is the characteristic exponent of (Z(t)). Note that if f is
centered, we can write ¢(u) = [p(e™* — 1 — juz)\f(z)dx

In the general case, we have
Ee™?® = exp [t/ (ei“x -1- zum) n(x)dx] = exp ty(u / / p(ds, dx)—dsn(z)dz),
R 0,4]

where p(ds, dx) is the random Poisson measure associated with the jumps of (Z(t)). We consider

for e > 0,
Z(t) —/ / p(ds, dx) — dsn(zx)dx) = Y(t) —t/ an(x)dzx.
(0,t] |1’\>6 |z|>e

We have Ee“‘zs(t) = exp tfx\>s( e — 1 —juz) n(z)dz] = exptip-(u) and X(t) = [ af
fo fo —v)dv fm% an(z)dx. The process (Ys(t)) is a compound
Poisson process With intensity 1‘x|>€n(x)da;. Therefore,

t t
Ee™X(t) = exp [/ dv/ (eMet=v)T _ 1V (2)da — zu/ a(t — v)dv/ xn(z)dz].
0 lz|>e 0 |z|>e

Thus, Ee®Xe(t) = exp [fg dvipe (ua(t — v))]. Now, it is enough to let € tend to 0 and the proof is
achieved. O

¢ t
Proposition 7. We have: EX*(t) = 3(/ a?(u)du)?* + k4/ a*(u)du.
0

0
For all p > 1, there exists a constant D(4 + 2p) depending only on p such that

1
EX'(Olxasal < 5EXM(0)

t
< ]_)(49—}—pr) (G2+p(t) + k4+2p/ a4+2p(u)du) :
0

Proof of Proposition 7. We differentiate four times the characteristic function of X (¢) and
use that for (u) = [(e™® — 1 — juz)n(z)dz, ' (0) = 0,9"(0) = —1,9pH(0) = ky.
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The second inequality is a direct application of the first Kunita inequality (see Applebaum (2009))
where D(4 + 2p) is the constant given in this inequality.O
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