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Well-posedness and propagation of chaos for
McKean-Vlasov equations with jumps and locally
Lipschitz coefficients

Xavier Erny

Université Paris-Saclay, CNRS, Univ Evry, Laboratoire de Mathématiques et Modélisation d’Evry, 91037, Evry,
France

Abstract: We study McKean-Vlasov equations where the coefficients are locally Lipschitz
continuous. We prove the strong well-posedness and a propagation of chaos property in this
framework. These questions can be treated with classical arguments under the assumptions
that the coefficients are globally Lipschitz continuous. In the locally Lipschitz case, we use
truncation arguments and Osgood’s lemma instead of Gronwall’s lemma. This approach entails
technical difficulties in the proofs, in particular for the existence of solution of the McKean-
Vlasov equations that are considered. This proof relies on a Picard iteration scheme that is not
guaranteed to converge in an L' —sense because the coefficients are not Lipschitz continuous.
However, we still manage to prove its convergence in distribution, and the (strong) well-
posedness of the equation using a generalization of Yamada and Watanabe results.

MSC2020 subject classifications: 60J60, 60K35.
Keywords and phrases: McKean-Vlasov equations, Mean field interaction, Interacting par-
ticle systems, Propagation of chaos.

1. Introduction

The aim of this paper is to prove the strong well-posedness and a propagation of chaos property
for Mckean-Vlasov equations. These are SDEs where the coefficients depend on the solution of the
equation and on the law of this solution. This type of equation arises naturally in the framework
of N—particle systems where the particles interact in a mean field way: this phenomenon can be
seen as a law of large numbers. Indeed, in examples where the dynamic of the N—particle system is
directed by an SDE, the mean field interactions can be expressed as a dependency of the coefficients
on the empirical measure of the system. And as N goes to infinity, this empirical measure converges
to the law of any particle of the limit system. This entails natural dependencies of the coefficients
on the law of the solution of the limit SDE. For instance, see De Masi et al. (2015) and Fournier
and Locherbach (2016) for examples in neural network modeling, Fischer and Livieri (2016) for an
example in portfolio modeling, and Carmona, Delarue and Lacker (2016) for an application in mean
field games.

The weak well-posedness and the propagation of chaos are classical for the McKean-Vlasov
equations without jump term, even without assuming that the coefficients are Lipschitz continuous.
Gartner (1988) treats both questions in this frame. We can also mention more recent work on the
well-posedness of McKean-Vlasov equations without jump term as Mishura and Veretennikov (2020)
and Chaudru de Raynal (2020), with different assumptions on the smoothness of the coefficients,
and Lacker (2018) that investigates the well-posedness and the propagation of chaos.

In this paper, we consider McKean-Vlasov equations with jumps. The questions about the strong
well-posedness and the propagation of chaos have also been studied in this framework under globally
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Lipschitz assumptions on the coefficients: see Graham (1992) for the well-posedness and Andreis,
Dai Pra and Fischer (2018) for the propagation of chaos. Note that in Section 4 of Andreis, Dai Pra
and Fischer (2018), these questions are treated in a multi-dimensional case, where the drift coef-
ficient is of the form —Vby(x) + ba(z,m), where by is C! and convex, and bs, as well as the jump
coefficient and the volatility coefficient, are globally Lipschitz.

The novelty of our results is to work on McKean-Vlasov equations with jumps and with generic
locally Lipschitz assumptions (see Assumption 1 for a precise and complete statement of the hy-
pothesis).

The first main result is the strong well-posedness, under this locally Lipschitz assumption, of the
following McKean-Vlasov equation

dX; = b(Xy, pe)dt + o( Xy, pe)dWe + f (X pre—s W) Lo p(x ey A (t, 2, ),
Ry xE

where p; is the distribution of X;, W a Brownian motion, m a Poisson measure and F some
measurable space (see the beginning of Section 2 for details on the notation). To prove the well-
posedness when the coefficients are locally Lipschitz continuous, we adapt the computations of
the proofs in the globally Lipschitz continuous case. We use a truncation argument to handle
the dependency of the local Lipschitz constant w.r.t. to the variables. On the contrary of the
globally Lipschitz case, Gronwall’s lemma does not allow to conclude immediately. In the locally
Lipschitz case, we have to use a generalization of this lemma: Osgood’s lemma (see Lemma 4.1).
The uniqueness of solution of the McKean-Vlasov equation follows rather quickly from Osgood’s
lemma and the truncation argument, but other difficulties emerge in the proof of the existence of
solution. We construct, a weak solution of the equation using a Picard iteration scheme, but the fact
that the coefficients are only locally Lipschitz continuous does not allow to prove that this scheme
converges in an L!'—sense. Instead, we prove that a subsequence converges in distribution to some
limit that is shown to be a solution of the equation. Some technical difficulties emerge in this part of
the proof for two reasons. The first one is that the Picard scheme is not shown to converge but only
to have a converging subsequence. This implies that we need to control the variation between two
consecutive steps of the scheme. The second one is that we only prove a convergence in distribution,
thus it is not straightforward that the limit of the Picard scheme is solution to the equation. It is
shown studying its semimartingale characteristics.

The second main result is a propagation of chaos property of McKean-Vlasov particle systems
under the same locally Lipschitz assumptions. More precisely, it is the convergence of the following
N —particle system

Ni Ny N i N . i
dX =b(X N )dt + o (X, p)dw; +fR L b VL e T (E 2, 0)
+ X 2
N
1 N o |
J— X sJ X X N 7 i ]1 ; d j .
+ N Z JR+XFN* O(X, 27, Xy 7 v') {z<f (XN 1N )} AT (t, z,v),

=1

where p := N~! Zj\;l dy~.i, to the infinite system
t

X b o)t + o (X, )V, + |

Ry x FN¥

n f O, i fir, v, v2) f i) () dfs (),
R JEN¥®

R Ry e T L L)
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where fi; := L(X;), as N goes to infinity. The W? (i > 1) are independent standard Brownian
motions, the ¢ (i > 1) are independent Poisson measures, F' is some measurable space and N*
denotes the set of the positive integers (see Section 3 for details on the notation). The proof of
this second main result relies on a similar reasoning as the one used to prove the uniqueness of the
McKean-Vlasov equation: a truncation argument and Osgood’s lemma.

Let us note that this propagation of chaos property has already been proven under different
hypothesis. Indeed, the N —particle system and the limit system above are the same as in Andreis,
Dai Pra and Fischer (2018). Note also that, in this model, for each N € N*, the particles XtN’Z (1<
i < N) do not only interact through the empirical measure 17, but also through the simultaneous
jumps term.

Let us mention the other conditions in Assumption 1. We assume that some boundedness condi-
tions on the coefficients hold true. To the best of our knowledge, in order to prove a priori estimates
for solutions of Mckean-Vlasov equations, one needs to assume that the coefficients are bounded
w.r.t. the measure variable. In this paper, we need the coefficients to be bounded w.r.t. to both
variables, because for the truncation arguments mentioned above, we need a priori estimates on the
exponential moments of the solutions of the McKean-Vlasov equation. This is also the reason why
we need conditions on exponential moments.

Let us finally mention that, in this paper, we chose to work in dimension one to simplify the
notation, but the results still hold in finite dimensions.

Organization. In Section 2, we state and prove our first main result: the well-posedness of the
McKean-Vlasov equation (1) with locally Lipschitz coefficients. Section 3 is devoted to our second
main result, the propagation of chaos in the same framework.

1.1. Notation

Let us introduce some notation we use throughout the paper:

e If X is random variable, we note £(X) its distribution.
e If X and X,, (n € N*) are random variables, we note X, £, X for "(X,)n converges in

n——+x
distribution to X".
e P1(R) is the space of probability measures on R with finite first moment. This space will
always be endowed with the first-order Wassertein metric Wy defined by: for my, ms € P1(R),

Wi(my,ms) = inf E[d(X1,X2)] = sup J.R f(x)dmq(z) — J;R f(z)dma(x),

X1~m1,X2~m2 feLipy

with Lip; the space of Lipschitz continuous functions w.r.t. the metric d with Lipschitz con-
stant non-greater than one. Let us note that characterizations of this convergence are given
in Theorem 6.9 and Definition 6.8 of Villani (2008).

e For T > 0 and (G, d) a Polish space, D([0,T],G) (resp. D(R,,G)) denotes the space of cadlag
G —valued functions defined on [0,7] (resp. R;) endowed with Skorohod topology, whence
this space is Polish. Let us recall that the convergence of a sequence (z,,), of D([0,T],G) to
some x in Skorohod topology is equivalent to the existence of continuous increasing functions
A satistying A, (0) = 0, A\, (T) = T and both

sup [An(t) =t and sup d(@(hn (1)), (1))

o<t<T o<tsT
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vanish as n goes to infinity. In the following, we call such a sequence (A,), a sequence of
time-changes.

e L denotes the Lipschitz constant of the coefficients (see Assumption 1).

e C denotes any arbitrary positive constant, whose value can change from line to line in an
equation. If the constant depends on some parameter 6, we write Cy instead.

2. Well-posedness of McKean-Vlasov equations

This section is dedicated to prove the well-posedness of the following McKean-Vlasov equation.

dX; = b(Xy, pe)dt + o( Xy, pe)dWe + J’ (Xt pro—s W)L o p (X ey dr(t, 2, u), (1)
Ry xE

with puy = £(Xy), W a standard one-dimensional Brownian motion, 7 a Poisson measure on R, x
R4 x F having intensity dt-dz-dp(u), where (E, £, p) is a o—finite measure space. The assumptions
on the coefficients are specified in Assumption 1 below. Let us note here that f is assumed to be
non-negative.

Assumption 1.

1. Locally Lipschitz conditions: there exists a > 0, such that for all x1,z2 € R,my,ms € P1(R),
|b(x1,m1)—b(x2,m2)|+JJ |¢’(l‘1,mhu)]l{zsf(zl,ml)}—@(xmm27U)]l{zsf(m,mz)}deP(u)
EJr,

<L (1 + |z1] + |22 +J el dm, () +J e“l’“'ldmg(x)> (|lz1 — z2] + Wi(my,me)).
R R

2. Globally Lipschitz condition for o : for all x1,x2 € R,my,mg € P1(R),
lo(z1,m1) — (22, m2)| < L (|21 — 22| + Wi(m1,m2)).

3. Boundedness conditions: the functions b,o and f are bounded (uniformly w.r.t. all the vari-
ables), and for the same constant a > 0 as in Item 1.,

sup J el®@mwl gy (y) < 0.
z€R,meP1(R) JE

4. Initial condition: for the same a > 0 as in Items 1. and 3.,
E [e“‘XOl] < 0.

Remark 2.1. If we consider equation (1) without the jump term (that is ® = 0), then, we can adapt
the proof of Theorem 2.3 to the case where o is also locally Lipschitz continuous. More precisely,
we can replace the two first Items of Assumption 1 by: for all x1,x2 € R,m1,my € P1(R),

|b(x1,m1) — b(x2, ma)| + |o(x1,m1) — 0(z2, M2)|

<L <1 + 4/ |£U1| + |£L’2| + \/J}R ea|1|dm1(x) + \/JR e‘”dmg(x)> (|{E1 - £C2| + Wl(ml,mz)) .

See Remark 2.6 for more details on the adaptation of the proof.
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Note that Item 3 of Assumption 1 implies that, for all n € N|

sup J |®(z, m,u)|" dv(u) < oo.
®)JE

xER,MEP;

Remark 2.2. Under the boundedness conditions of Assumption 1, a sufficient condition to obtain
the locally Lipschitz condition of the jump term in Assumption 1 is given by the following direct
conditions on the functions f and ® : for all 1,29 € R, my, mo € P1(R),

|[f(z1,m1) — fze,m2)| + JE |® (21, m1,u) — ®(x2, M2, u)|dp(u)
<L (1 + |z1] + |22 +J el dm () +J e“'”'dmﬂx)) (lz1 — z2] + Wi(my, ma)).
R R

Example 1. A natural form of the coefficient of a McKean-Vlasov equation is given by the so-called
"true McKean-Vlasov" case. For simplicity, we only give the form for b, but a similar form can be
considered for the other coefficient.

b(r,m) = j b y)dm(y),

with b : R? — R. )
For b to satisfy the conditions of Assumption 1 in this example, it is sufficient to assume that b
is bounded and that: for all x,2',y,y’ € R,

bz, y) — b(a',y")| < C(1+ Jz| + |2/ )|z — 2’| + |y = ¢/]).
Indeed, for any x,2' € R,m,m’' € P1(R),
b, m) — b, )| <[bler,m) — b{a', m)] + [b(asm) — bl )]
< | ) = 5" limu) +| [ B pydmio) - | 5t y)dm’(w\

<C(1 + |z| + |2') ]|z — 2| + C(1 + 2[2'|)Wi(m,m'),

where the second quantity of the last line has been obtained using Kantorovich-Rubinstein duality
(see Remark 6.5 of Villani (2008)) and the fact that, for a fized x', the function y — b(a',y) is
Lipschitz continuous with Lipschitz constant C(1 + 2|z'|).

Theorem 2.3. Under Assumption 1, there exists a unique strong solution of (1).

The rest of this section is dedicated to prove Theorem 2.3.

2.1. A priori estimates for equation (1)

In this section, we prove the following a priori estimates for the solutions of the SDE (1).

Lemma 2.4. Grant the boundedness conditions and the initial condition of Assumption 1. Any
solution (Xi)e=0 of (1) satisfies for all t > 0,
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(i) sup E [e“|X3|] < o0, with a > 0 the same as constant as in Assumption 1,

0<s<t
(ii) ]E[ sup |XS|] < .
0<s<t
Proof. Let us prove (). It is sufficient to prove
sup E [e**+] < oo, (2)

0ss<t

and
sup E [e %] < oo (3)
o<s<t

To prove (2), let us apply Ito’s formula

t

Xt =e2Xo 4 aJ.

t 2 ot
eaXsb(Xs, ls)ds + af eaXSJ(XS, s )dWs + @ j eaXSU(XS, ,us)zds
0

0 2 0

+ J‘[O xExE I:ea(Xs,Jr@(Xs,,uS,,u)) — 6aX57:| ]l{zgf(XS,,,us,)}dﬂ—(Sa z,u).
) +

Introducing, for M > 0, the stopping time 7p; := inf{t > 0: | X;| > M}, we have

t

t
E [eXtm ]| <E [e¥0] +a||b||1f E [e®X:nm | ds + %a2||a||?\f E [ X ] ds
0 0

t
+J J eaXsATM |:6<I>(XSATM7M3ATM,u) _ 1] f(XSATMaNSATM)dp(U)d&
0JE

Then, introducing u}’ := E [e***»7x ] , and using the boundedness condition of ® from Assump-
tion 1, we obtain, for all £ > 0,

t
u,{w <E [eaX“] + Kf ug/lds,
0

with

1 a xT,m,u
K= alllle + galloll + 171l sup | er®emaldpu) < o
zeR,meP1(R) JE

Consequently, Gronwall’s lemma implies

sup uM < E [e“XO] et

O<tsxt

As the bound above does not depend on M, it implies that 7, goes to infinity almost surely as
M goes to infinity. Fatou’s lemma then implies

sup E [eaxf] <E [e“XO] et
0<s<t

This proves (2), and with the same reasoning we can prove

sup E [e*axf] <E [e*axo] ekt
0<s<t
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which proves (3), whence the point (¢) of the lemma.

To prove the point (i4), let us use the following bound, which is a direct consequence of the form
of the SDE (1),

+ {1 f 1l f:E UE |<I)(Xs,us7u)|dp(u)] ds.

E[ sup |XS|] < E[|Xol] + 0]t + E [ sup

0<s<t 0<s<t

4[ o(Xy, pr)dW,
0

Then the result follows from Burkholder-Davis-Gundy’s inequality and the boundedness condi-
tions of o and ® from Assumption 1. O

2.2. Pathwise uniqueness for equation (1)

Proposition 2.5. Grant Assumption 1. The pathwise uniqueness property holds true for (1).

Proof. Let (X;)i=0 and (X;);=0 be two solutions of (1) defined w.r.t. the same initial condition Xy,
the same Brownian motion W and the same Poisson measure 7. The proof consists in showing that
the function
u(t) :=E [ sup | X, — XS|]
0<s<t

is zero. This choice of function u is inspired of the proof of Theorem 2.1 of Graham (1992). It allows
to treat equations with both a jump term and a Brownian term.

We know that, for all ¢ > 0, u; < o0 by Lemma 2.4.(i1).

Writing i := L(X;) and fi; := £(X}), we have

‘XS _XS J (O(erﬂr) _O—(erﬁr))dWT

0

< J |b(XT, /lr) - b(XT’/:LT”dr +
0

+ ‘(IJ XT_,/QT_,uILZ o - - o XT_,,aT_,uILZ c ‘dﬂ' T, Z,U).
J[O,s]xR.,_xR ( ) {z<f(Xrmsfin)} ( ) {z<f(Xritr-)} ( )

This implies that

u(t) < LE l(f (1%, = X[ + W, (;15,;15))2 ds) 1/2]

0

t
+2Lf E[(1+|Xs|+|5(s|+f ealzldﬂs(x)—i-f
R

0 @) ) (1K= X+ W) |

(4)
where we have used Burkholder-Davis-Gundy’s inequality to deal with the Brownian term that
corresponds to the term at the first line above. The term at the first line corresponds to the

controls of the drift term and the jump term.
By Lemma 2.4.(¢), we have for all ¢t > 0,

sup J e®ldfig(x) + sup J elldpy(z) < €y < 0.
R R

0<s<t 0<s<t
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And, from the definition of W7, we have the following bound

] < u(s).

Then, (4) and Lemma 2.4 imply that, for all 0 < ¢ < T,

Wl(,&sv/ls) < ]E HXS - Xs

u(t) <LtIE [(1 + X+ X, +CT) (|XS — X, +u(s)>] ds

+IE l(ﬂ (1%, — Xl + u(s))2 ds) 1/21

<Cr Lt E [(1 + X + |XS|) (|XS — X+ u(s))] ds + 2L/tu(t)

t

<Cr Lt]E [(1 X+ |XS|) (|Xs - X|)] ds + CTJO u(s)ds + 2LNtu(t),

where we have bounded the second integral of the RHS of the first inequality above by ¢ times the
supremum of the integrand. Note that the value of Cr changes from line to line.

Now, to end the proof, we have to control a term of the type (1 + |z| + |y|)|x — y|. To do so, we
use a truncation argument based on the following inequality: for all z,y € R, R > 0,

A+ 2l +yDlz =yl < A+ 2R) |z —y| + L+ |2 + [yl =yl (Lja=ry + Lyjy=ry) -

Let R: s+ R; > 0 be the truncation function whose values will be chosen later. By Lemma 2.4,

forany 0 < s < T,
] < (14 2R,)u(s) + Cry [P (|XS| > Rs) +CryJP (1X.] > R.).

The exponential moments proven in Lemma 2.4.(i) are used to control the two last term above.
Indeed, by Markov’s inequality

]E[(1+|XS|+|XS|) ‘X—X

P (|X5| > RS) +P(|X.| > R.) < Cre~Fe.

Consequently, defining r¢ := aRs/2, for any 0 < ¢t < T,

u(t) < Cr Lt [(1+75)u(s) +e "] ds + 2L~/tu(t).

Now, let T = 1/(16L?) such that 2L\/T < 1/2. Then, we can rewrite the above inequality as, for
all t € [0,T1],

u(t) < Cr J; [(1+75)u(s) +e "] ds.

Let us prove by contradiction that, for all t < T, u(t) = 0. To do so, let to := inf{¢t > 0 : u(t) > 0}
and assume that ¢y < 7. Notice that, as u is non-decreasing, this implies that, for all ¢ € [0, to][,
u(t) = 0. In particular, for all ¢ € [to, T,

t

u(t) < C’Tf [(1+7)u(s) +e "] ds.

to
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Besides u(t) is finite and bounded (see Lemma 2.4.(i7)) on [0, 7], say by a constant D > 1. Let
v(t ) u(t)/(De?) < e~2. Obviously v satisfies the same inequality as u above. Now we define
rs := —Inw(s), so that, for all tg <t < T,

v(t) < C’TL (2 —Inw(s))v(s)ds < —ZCTL v(s)Inwv(s)ds,

0 0

where we have used that 2 — Inv(s) < —2Inw(s) since —Inwv(s) > 2.
In particular, for any c €]0,e=2[, for all to <t < T,

t

v(t) < ¢—2Ct J; v(s) Inwv(s)ds.

0

—2
Then, introducing M : x €]0,e2[ {° ds, we may apply Osgood’s lemma (see Lemma 4.1)

T —slns

with v = 2Cp and p(v) = (—Inw)v to obtain that

—M(U(T)) + M(C) < J;T 2CTds = 2CT(T — to)

0

or equivalently,

M(c) € M(v(T)) +2CrT.
Recalling that we assumed v(7T') > 0 such that the right hand side of the above equality is finite, if
we let ¢ tend to 0, we obtain

—2

€ 1 672 1
M(O)=J dssf ds +2CrT < o,
o —Slns w(ry —Slns

which is absurd since M (0) = 0.

A consequence of the above considerations is that for all ¢ € [0,7], u(t) = 0. Recalling the
definition of u, we have proven that the processes X and X are equal on [0, T7.

We can repeat this argument on the interval [T,27] and iterate up to any finite time interval
[0, Tp] since T = 1/(16L?) does only depend on the coefficients of the system but not on the initial
condition. This proves the pathwise-uniqueness property for the McKean-Vlasov equation (1). O

Let us complete our previous Remark 2.1.

Remark 2.6. The adaptation suggested in Remark 2.1 is the following: in the proof of Proposi-
tion 2.5 above, one has to replace the distance E [supsgt |X, — XS|] by E [(Xt - Xt)Q] , and one

has to do similar changes in the proof of Proposition 2.11 below.

2.3. Ezistence of a weak solution of equation (1)

Before proving the existence of solution of (1), let us state some elementary lemmas about series
and Skorohod topology, whose proofs are postponed to the Appendix.

Lemma 2.7. Let (u,)n=0 be a sequence of non-negative real numbers, and S,, = >;_,ur (n € N).
If there exists 0 < € < 1, such that for all n € N, S,, < Cn'~¢, then there exists a subsequence of
(un)n=0 that converges to 0.
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Lemma 2.8. Let T > 0, and (z,,), be a sequence of cadlag functions converging to some cadlag
function x in D([0,T],R). In addition, if (yn)n is a sequence of cadlag functions that satisfies

sup_|zn(t) = yn(t)] — 0,

0St<T
then, the sequence (T, Yn)n converges to (x,z) in D([0,T],R?).

Lemma 2.9. Let T > 0, and x and z, (n € N) be cadlag functions. Let \,, (n € N) be continuous,
increasing functions satisfying A\, (0) = 0, A\, (T) = T, and that both

sup [2,(t) = 2(Au (1)) and sup [t — A ()]

0<t<T 0<t<T
vanish as n goes to infinity. Then,

— 0.
n—ao0

Jt ZTn(s)ds — J)\”(t) x(s)ds

0 0

sup
0<t<T

Remark 2.10. An interesting consequence of the previous lemma is that, if (x,,yn)n converges
to (z,y) in D([0,T],R?), then (xn,5, yn(s)ds), converges to (z,§;y(s)ds) in D([0,T],R?). Note
that it is important to have convergence in D([0,T],R?) instead that in D([0,T],R)?. The difference
between these two topologies is that, the convergence in D([0,T], R?) means that the two coordinates
have to share the same sequence of time-changes, whereas for the convergence in D([0,T],R)? each
of the coordinates has its own sequence.

The aim of this section is to construct a weak solution of the McKean-Vlasov equation (1), using
a Picard iteration. The idea of the proof is to show that this scheme converges to a solution of (1).
However, because of our locally Lipschitz conditions, we cannot prove it directly. Instead, we prove
that a subsequence converges in distribution by tightness. That is why, in a first time, we only
construct a weak solution.

Proposition 2.11. Grant Assumption 1. There exists a weak solution of (1) on [0,T], with T =
1/(16L3).

Proof. As in the proof of the pathwise uniqueness of Section 2.2, we work on a time interval [0, T]
where T' > 0 is a number whose value can be fixed at 1/(16L?).

Step 1. In this first step, we introduce the iteration scheme, and state its basic properties at (5).
Let X[ := X, and define the process X"+ from X[ and pl™ := £(x!") by

S

t t
Xt[n+1] :=X0 + J b(Xs[n]7 NL"])ds + J U(Xs[n]7/1'[n])dWs
0 0
+ ‘PXgi]wEi],ull W dm(s, z,u
J[O,t]xR.,.x]R ( ) {zgf(X.E_]M.E_])} ( )

Note that, thanks to the boundedness conditions of Assumption 1, using the same computations
as in the proof of Lemma 2.4, we can prove that, for all ¢t > 0,

neN 0<s<t neN 0<s<t

sup sup E [eale[n]‘] < oo and sup E [ sup |XS["]|] < 00. (5)

Step 2. Now let us show that (X[, X[*+11) has a converging subsequence in distribution
in D([0,T],R?), by showing that it satisfies Aldous’ tightness criterion:
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(a) for all € > 0, limso limsupy_, .. SUP(g s1yea; .+ P(|Xg,1] - Xgn]| + |ng+1] - XL[gn]| >¢e) =0,
where As 7 is the set of all pairs of stopping times (S5,5") such that 0 < S < S’ < S+d<T
a.s.,

(b) Timgcre sup,, P(supyero 7y [ X + X[ > K) = 0.

Assertion (b) is a straightforward consequence of (5) and Markov’s inequality. To check asser-
tion (a), notice that, for any (.5, 5") € As 1, by BDG inequality,

B ([ - XE ] < il + loll3+ 3l s B | [ o widot] - 0
0 E

<s<T

Then, by tightness, there exists a subsequence of (X ], x [”“])n that converges in distribution
to some (X,Y) in D([0,T],R?). In the rest of the proof, we work on this subsequence without
writing it explicitly for the sake of notation.

Step 3. In this step, we show that X = Y almost surely. Note that, since we work on a subse-
quence, this is not obvious. It is for this part of the proof that we need to restrict our processes to
a time interval of the form [0,7]. By Lemma 2.8, it is sufficient to prove that, for a subsequence,

] )

vanishes as n goes to infinity. Indeed, (7) implies that, for another subsequence, sup <y |X S["H] —

E[ sup ‘XS[”H] —x

s
0<s<T

Xs["]| converges to zero almost surely. Then, we can apply Skorohod representation theorem (see
Theorem 6.7 of Billingsley (1999)) to the following sequence

(X[n],X[nH])

n

that converges in distribution in D([0,T],R?) to (X,Y). Thus we can consider, for n € N, random
variables (X[, X[+11) (resp. (X,Y)) having the same distribution as (X[, X["+11) (resp. (X, Y))
for which the previous convergence is almost sure. In particular, we also know that sup |X s[nH] —
X’£"]| vanishes almost surely. Hence, by Lemma 2.8, the representing r.v. (X "l X [”H]) converges
a.s. to the representing r.v. (X, X) in D([0,T], R?). As a consequence X = Y almost surely, and so
X =Y almost surely.

Now let us prove (7). Let

Xl}z-&-l] _ Xl:n]

uMl(t) = E [ sup
0<s<t
By (5),
sup ul™(t) < 0.
neN

Let us fix some n € N* and consider a truncation function rt[n] > 0 whose values will be fixed later.

The same truncation argument used in Section 2.2 allows to prove that, foral 0 <k <n—1,t < T,

t

wlF+1] (t) <Cr J

[(1 + il (s) 4 efrgnl] ds + 2LNTul* (1)
0
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t
" 1
gCTJ, |1+ Il (s) + 7 [ ds + Sulbl(2),
0

where Cp > 0 does not depend on n thanks to (5). The second inequality above comes from the
fact that we fix the value of T > 0 such that LT < 1/4.

Now, introducing S, (t) := >} _, ut[k] and summing the above inequality from k = 0to k = n—1,
we have, for all t < T,

t

n 1
Su(t) < Or + CTJ [+ )8, (5)ds + e 1) ds + 500,

0

where we have used that uEO] < Cr and S,,_1(t) < S,(t). This implies

t

Sult) < Or + CTJ (1125, ()ds + et s
0
Let D := max(sup Sup|u£k] |, O, 1) < o0, and introduce
k=0 s<T

S -
R, (t) := S <e 2

Consequently, for all t < T,

1 * [n]
< [n] -7y
R,(t) < ——] + CTL [(1 + "R, (s) + e ] ds.

Finally we choose r{”] ;= —InR,(t) = 2 and obtain for all t < T,

N

1 ’ 1 ’
< — — .
R,(t) < " + C’Tfo (2—-—InR,(s)) R.(s)ds ] CTL R, (s)In R, (s)ds

As before we apply Osgood’s lemma. Let M (z) := S;_2 —1_ds =In(—Inx) —In2. Then

—slns

—M(R,(T))+ M1/(n+1)) <CrT

or equivalently
—CT —CpT
R.(T) < (n+1)"¢ " such that S,(T)<Cpn'~¢ "
Lemma 2.7 above then implies that there exists a subsequence of (u%? ])n that converges to 0 as
n goes to infinity. This proves (7).
Step 4. Let us prove that a subsequence of (ul™), converges to some limit p : ¢ — p; in the
following sense
Wy (™ 0
sup 1(1U’t 7/’(‘t) — U,
0<t<T n—o
where py := L(X;) for a.e. t <T.
We prove this point by proving that the sequence of functions p[™ : ¢ — ul™ = £(x[") e P, (R)
is relatively compact, using Arzela-Ascoli’s theorem.
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To begin with, the definition of W7 and the same computation as the one used to obtain (6)
allows to prove that, for all s,¢ < T, for all n € N,

—X["]]<C<It—8|+\/m>’ (8)

Wi (uf, ) < E HXt["]

for a constant C' > 0 independent of n.

[n]

This implies that the sequence pl™ : ¢ — ui - is equicontinuous. In addition, by (5) we know that,

for every ¢t < T, the set (u ["])n is tight, and whence relatively compact (in the topology of the weak
convergence, but not in P; (R) a priori). Indeed, for any & > 0, considering M, := sup, E [|Xt["] |] /€,
we have, for all n,

AR M D = P (1) > 02) < eI <

In particular, for every ¢t < T, we can consider a subsequence of (ME"])H that converges weakly.
To prove that this convergence holds for the metric W7, we rely on the characterization (iii) of W1
given in Definition 6.8, and Theorem 6.9 of Villani (2008). According to this result, the convergence
of the same subsequence of (ME”]),L for Wy follows from (5), Markov’s inequality, Cauchy-Schwarz’s
inequality and the fact that,

. 1 1/2
B X0 oy | < 20w [ [PP] o

We can then conclude that, for all t < T, the sequence (u; [ ])n is also relatively compact on Py (R).
Then, thanks to (8), Arzela-Ascoli’s theorem implies that the sequence (u[™),, is relatively com-
pact. As a consequence, there exists a subsequence of (u[™),, (as previously, we do not write this
subsequence explicitly in the notation) that converges to some p : ¢ — p; € P1(R) in the following
sense
sup Wi (ut™, ) — 0.

o<t<T n—oo

The last thing to show in this step is that u; = £(X;) for a.e. ¢ < T. By construction, p; is the
limit of u = L(X; ) Recalling that X" converges to X in distribution in Skorohod topology,
we know that for all continuity point ¢ of s — L(X;), ut = L(X}).

Step 5. Recall that, for a subsequence, (X", X[*+11)  converges to (X, X) in distribution in
D([0,T],R?), and (pI"1),, (which is a sequence of deterministic and continuous functions from R to
P;1(R)) converges uniformly to z on [0, T]. The aim of this step is to prove that (X[, xIn+11 ,lnl)
converges to (X, X, u) in distribution in D([0,T],R? x P;(R)). We consider pl"l in the previous
distribution even though it is deterministic, because the important point in the convergence we
want to prove is that ul”] must converge w.r.t. the same sequence of time-changes as the one
of (X X["“]) to be able to apply Lemma 2.9 almost surely. In particular, it is important to
have convergence in the topology of D([0,T],R? x P;(R)) rather than in the weaker topology
D([0,T],R?) x P1(R).

As i is continuous, we have that, for any sequence of time-changes (A, ), the convergence

sup Wi (™, pi, 1)) — 0. 9)

o<t<T n—aoo
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By Skorohod’s representation theorem, we can assume that some representative r.v. (X["], X["+1])
of (X[, X["+1]) converges a.s. to representative r.v. (X, X) of (X, X) in D([0,T],R?). This implies
that, almost surely, there exists a sequence of time-changes (\,), such that

and sup ‘X}"H]—XA"@)
0<t<T

sup ‘Xt[ XA ()
0<t<T

vanish as n goes to infinity. So, by (9), almost surely, there exists a sequence of time-changes (A,

such that
sup d[<X[n] X[t e, ) ; (X)\n(t)aXAn(t)uu)\n(t)):I — 0,
0<t<T n—%

with d[(z,y,m), (z',y',m’)] = |z — 2’| + |y — ¢'| + Wi(m,m'). In particular, we know that the
sequence (X[, X[+1 7]y converges to (X, X, i) almost surely in D([0,T7],R? x Py (R)). This
implies that (X [ ],X["H],u[ 1),, converges to (X, X, u) in distribution in D([0,T],R? x P;(R)).

Step 6. This step concludes the proof, showing that X is solution to (1). In order to prove that X
is solution to (1), we use the fact that, using the notation of Definitions I1.2.6 and II.2.16 of Jacod
and Shiryaev (2003), X["*1 is a semimartingale with characteristics (BI"*+1 Cln+1 pln+1ly given
by

t
e [
t
Ct[n+1] :f o(xM ulh2gs,
0
Al da) =FO ) | 000 1 (@0

Let us note that, above, we have chosen as truncation function A = 0, hence the modified second
characteristics C[”+1] is the same as C'l"+1]

Recall that, in Step 5, we have shown that, for a subsequence, (X[, X1 ,l7]) converges
in distribution in D([0,T],R? x P1(R)) to (X, X, ). Using once again Skorohod’s representation
theorem, we can consider representative r.v. for which the previous convergence is almost sure.
Whence, by Lemma 2.9, for all g € C,(R), the following convergences hold almost surely for the
representative r.v. and hence in distribution:

(X[”H],B[”“],C’["H]) N (X’J b( X, ps)ds, f o (X, s )2d5> ’
0

n—-+ao

[n+1] [n+1] >
(X : [0,~]><Rg(x)y (ds,dx)) n%,( JJ s,us,u))f(xs,us)dp(u)ds>,

where the convergences hold respectively in the spaces D(R,,R3) and D(R,,RR?).
Then, Theorem IX.2.4 of Jacod and Shiryaev (2003) implies that X is a semimartingale with
characteristics (B, C,v) given by

t
B, = j b(X,., 1s)ds,
0

t
Ct = f U(XS7 .U“S)zd57
0
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wlat, do) =X )it | So, o (de)dp(u).
E

Then, we can use the canonical representation of X (see Theorem I1.2.34 of Jacod and Shiryaev
(2003)): X = X + B + M¢ + Id * p*, where M¢ is a continuous locale martingale, uX =
2 Liay,#0)0(s,x,) is the jump measure of X (let us recall that we chose the truncation func-
tion h = 0) and (Id = pX); := S(t) §g xdp™ (s, ). By definition of the characteristics, (M), = Cy.
Whence, by Theorem I1.7.1 of Tkeda and Watanabe (1989), there exists a Brownian motion W such
that .

Mf = ,[ o(Xs, ps)dWs. (10)
0

In addition, we know that v is the compensator of ;X. We rely on Theorem II1.7.4 of Ikeda and

Watanabe (1989). Using the notation therein, we introduce Z = Ry x E, m(dz, du) = dzp(du) and

G(t, z,u) = (I)(Xt—,ﬂt—au)]l{zsf(Xt,,p,t,)}'

According to Theorem I1.7.4 of Tkeda and Watanabe (1989), there exists a Poisson measure m on
Ry x Ry x E having intensity dt - dz - dp(u) such that, for all A € B(R),

t v’}
PX([0,6] x A) = f f f Lio(e.s ey dn(s, 2, ).
0 JO E

This implies that

(Id*,U/X)t = J[O IR E‘I)(XS,,MS,7u)]l{zgf(xs_7us_)}d77(8,z,u). (11)
S X R4 x

Finally, recalling that X = Xo + B + M€ + Id + uX, (10) and (11), we have just shown that X
is a weak solution to (1) on [0,T]. O

2.4. Proof of Theorem 2.3

In Section 2.2, we have proven the (global) pathwise uniqueness of solutions of (1), and, in Sec-
tion 2.3, the existence of a weak solution of (1) on [0,77], with T'= 1/(16L?).

Then, generalizations of Yamada-Watanabe results allows to construct a strong solution on [0, T']:
it is a consequence of Theorem 1.5 and Lemma 2.10 of Kurtz (2014) (see the discussion before
Lemma 2.10 or Example 2.14 for more details).

More precisely, given a Brownian motion W, a Poisson random measure 7 and an initial condi-
tion Xy, there exists a strong solution (X;)o<t<r defined w.r.t. these W, 7, Xo. Then, one can con-
struct a strong solution (X)r<i<or on [T, 2T defined w.r.t. the Brownian motion (Wryt —Wr)iso,
the Poisson measure w7 defined by

mr(Ax B)=7n({T +z:2€ A} x B),

and the initial condition X. Iterating this reasoning, we can construct a strong solution of (1) on
[0, kT] for any k € N* with T' = 1/(16L?) > 0. Hence, there exists a (global) strong solution of (1).
This proves Theorem 2.3.
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3. Propagation of chaos

In this section, we prove a propagation of chaos for McKean-Vlasov systems: Theorem 3.3. This
property in the globally Lipschitz case has been proven in Proposition 3.1 of Andreis, Dai Pra and
Fischer (2018). Let us introduce the N —particle system (X™%);<;<n

AX=b(X, )t + o (X )W+ JR o VXL O vy (8, 2,0)
+%
N
1 N o |
R X »J X 50 N J o)1 ; j o
N ) JR+XFN* O(X 2, X 2 by 0! V)L e gy A (2 2,0), (12)

j=1
with pV := N7! Z;\;l dxn.i, W (i = 1) independent standard one-dimensional Brownian motions,

and 7 (i > 1) independent Poisson measures on R% x FN* with intensity dt - dz - dv(v), where F is

a measurable space, and v is a o—finite symmetric measure on FN* (i.e. v is invariant under finite
permutations).

In the following, we assume that b, o and f satisfy the same conditions as in Assumption 1, and
that U satisfies the same as ® for some constant a > 0, with £ = FN* and p = v. We also assume
that © satisfies similar conditions: for all z1, 2], 2,25 € R, m1,ms € P1(R),

JFN* fR |@(I1,$l1,m1,Ul,’UQ)]l{ng(zl’ml)} — @($2,$12,mg,’Ul,’U2)]1{ng(x2’m2)}|d2dl/(’l])
N

<L (1 + 21| + @] ] + 22| + |25 +J elldmy (z) + J eamdmg(x))
R R
(lz1 = 2| + |27 — 25| + Wi(ma, m2)) ,

and
sup J eale(x’x”m’vl’vz)ldu(v) < 0.
z,2'eR,meP; (R) J FN*
In addition, we assume that each Xév’i (i = 1, N = 1) satisfies the initial condition of Assump-
tion 1, and that, for every N € N*, the system (Xév’i)lgigN is i.i.d.
We prove that these N —particles systems converge as N goes to infinity to the following limit
system.

dX} =b(X{, ie)dt + o(X], i)W} + f

Ry x FN¥

WX fuus ”i)]l{zs.f()?;}_,mf)}d“i(tv z,0)

" j O, Xt fir, v, 02 f (. i) () ds (1), (13)
R JFNE

where fi; = £(X;). We assume that the variables X} (i > 1) are i.i.d. and satisfy the initial condition
of Assumption 1.

Let us remark that the (strong) well-posedness of equation (13) is a consequence of Theorem 2.3
for the same o, ¥ = ® and for the drift

b(x, m) + jR s O(y, x,m,v",v?) f(y, m)dv(v)dm(y).
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One can also prove the (strong) well-posedness of equation (12) using a similar reasoning as
the one used in the proof of Theorem 2.3. The only difference is for the Step 4 of the proof of
Proposition 2.11, since, for (12) the measure pV is not deterministic. Instead of proving that the
sequence of measures (u[”])n constructed in the Picard scheme is relatively compact by Arzela-
Ascoli’s theorem, we rely exclusively on the following lemma whose proof is postponed to Appendix.

Lemma 3.1. Let N € N*, T > 0, and (2%)1<x<n and (2F)i1<i<n (n € N) be cadlig functions.
Define

N N
pn(t) ;= N1 Z Ogk 1) and p(t) := Z Ok (t)-
k=1 k=1

Let X\, (n € N) be continuous, increasing functions satisfying A\,(0) = 0, \,(T) =T, and that,
foranyl <k<N,
sup |xfl(t) —xk()\n(t))| and sup [t — A, ()]

0<t<T 0<t<T

vanish as n goes to infinity. Then,

sup Wi (pn(t), p(An(t))) — 0.

o<t<T n—a0

Remark 3.2. This lemma allows to prove that, if (x,,,yn)n converges to (z,y) in D([0,T], (RV)?),
then, the sequence (Tp, Yn, fin)n converges to (z,y, ) in D([0,T], (RY)2 x Py (R)).

In the following, we assume that (X™);<,<n and (X?);>; are strong solutions of respec-
tively (12) and (13) defined w.r.t. the same Brownian motions W* (i > 1) and the same Poisson
measures 7 (i > 1) such that all the systems are defined on the same space. In addition, we assume
that the following condition holds true

eN = EHXéV’l —X&H — 0. (14)

N—owx

Now let us state the main result of this section: the propagation of chaos of the N—particle
systems, that is, the convergence of the systems (XV'¥); <;<n to the i.i.d. system (X?);>1 as N goes
to infinity. We comment the convergence speed in Remark 3.5.

Theorem 3.3. We have, for all Ty > 0,

N -0

E[ sup

0<t<T,

XtN’l—X'tl‘] — 0.

Consequently, for all k > 1, the following weak convergence holds true:

LN xN2 XNREY o f(XN) LX) ®...® L(XF),

N—-w
in the product topology of the topology of the uniform convergence on every compact set.

Remark 3.4. We just state the result of Theorem 3.3 for the first coordinate because both systems
(XN cicn and (XV);=1 are exchangeable.
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Remark 3.5. In the proof of Theorem 3.3, we obtain a convergence speed for

N,1 v 1
Xt _Xt

| =0
N-ox

IE[ sup

0<t<Ty

that depends on Ty. Indeed, if T := 1/(16L?), the formula (16) below gives a convergence speed for

E[ sup ‘XtN’l —)_(tl‘]
0<t<T
of the form
CZ
Sy = C (e + NTV2)

for some positive constants Ct, C2, where e} is given at (14). And, for all k € N*, the convergence

speed SN of

sy =t (S;iv_l + N*l/Q)Cz

for the same constants C*,C? for all k.

E sup ‘XtN’l -x!
ET<t<(k+1)T

can be obtained inductively by

Before proving Theorem 3.3, let us state a lemma about some a priori estimates of the pro-
cess (X71)50.

Lemma 3.6. For every N € N*, let (XN'9)<;<n be the solution of (12). For anyt >0,

(i) sup sup E [e“'XiVJ'] < o and sup E [eap_(i'] < o0,

NeN*0<s<t 0<s<t
(i) sup E| sup | XM <o and E| sup |X}|| < 0.
NeN*  |o<s<t 0<s<t

Sketch of proof of Lemma 3.6. We only give the main steps of the proof of the first part of the
point (¢) since the main part of the proof relies on the same computations as in the proof of
Lemma 2.4. The only new property of the lemma is the fact that the bounds has to be uniform
in N. This property is easy to prove for the point (i¢) of the lemma in this model because of the
normalization in N~! of the jump term © of (12). For the point (i), as in the proof of Lemma 2.4,
we apply Ito’s formula to both functions x — e** and x — e~ ** and then, one has to note that,
by exchangeability,

, , ! , 1 ’ a
E [eaXtNI] <E [exéﬂ] +a||b||%‘[ E [eaxé“] ds + §a2||0||if E [eax_f’ ]ds
0 0

t
+ ||f||fj E [eaXé\’vl J (ea\I/(valWéV,m) _ 1) dV(v)] ds
0 FN¥E

t
+ (N _ 1)||f||’f~f E [eaXi\]’l J‘ (eaN’le(X;V’2,XiV'l7#5,1}1,112) _ ]_) du(v)] ds.
0 Ik
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So, the only term that does depend on N is the one of the last line that is bounded by

t
||f||ff E I:eaX_iV’l f . N (eaN_l|@(X;V’Q,X_§V‘1’Hiv,vl,v2)‘ _ 1) dy(v):| ds
0 F

1
slhe [ B[ Jas s | ottt v,
0 z,z'eR,meP; (R) J FN¥

where we have used the fact that, for all = > 0,n € N*, n(e®/™ — 1) < e®.

Finally, Gronwall’s lemma allows to obtain a bound of E [e“XéV '1] that is uniform in N. With
the same reasoning, we can obtain the same bound for E [e‘axiv'l] . This allows to have a bound
for E [ea|ij‘v'1|] uniform in N. O
Remark 3.7. For the previous proof to be formal, we should have introduce stopping times as in

the proof of Lemma 2.4, do the computations above for the stopped processes, and then apply Fatou’s
lemma to prove that the control obtained for the stopped processes still hold for the real process.

Proof of Theorem 3.3. We follow the ideas of Proposition 3.1 of Andreis, Dai Pra and Fischer
(2018). Instead of introducing an auxiliary system, we rewrite artificially the SDE (12) as
X b0 )t + o (6 )W+

Ry x FN¥

+ JR s O(z, Xthi, .uévv ’Ul, Uz)f(:c, 'u,év)dl/(v)d,uév(x) + dG’iV,

N.i ; ,
LX '“i\i’ ”z)]l{zéf(xt]vf,uﬁ)}dwz(ta z,v)

where

1 N
Jj=

N,j Ni N 4 i ) J
1 U[o ] xRy x FN¥ O(X,, X2 gy 07,0 )]l{sz(XﬁUtiD}dﬂ (5,2,0)

i
~ [ e A 0 (o).
0JF

Let us define
uN (t) := ]E[ sup |X£V’1 —X51|] .

0<s<t

Let us note ¥ := N1 Zjvzl 0%;. By triangle inequality and since for all m, m’ € Py (R), W1 (m,m')
Wa(m,m'), we have for all ¢ > 0,

N

_ _ N - 1 o N -

Wiy s i) < Wil g ) + Wi, i) < N Z ‘XtN’j — X7 |+ Wa(i,, ).
j=1

Besides, using Theorem 1 of Fournier and Guillin (2015) with d = 1, p = 2 and any ¢ > 4 (and
using Lemma 3.6), we have

B [Wa(al¥, )] < CE[I X" N2 < 0 (1+E [ea\fft\])p/q N-Y2 < O,N~V2,
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As a consequence, and thanks to Lemma 3.6, for all ¢ > 0,

E [ sup Wl(uév,us)] <uN(t) + O N2,

O<s<t

Whence the same truncation arguments as the ones used in Sections 2.2 and 2.3 allows to prove
that, for all t < T,

u™N (t) < u™(0) + Cr Jt

[(1 + Myl (s) + e””iv] ds + 2INTu™N (t) + E [ sup |Giv|] +Cr N2
0

0<s<T

where C'r does not depend on N thanks to Lemma 3.6.
Now, fixing T' = 1/(16L2) (such that 2L/T < 1/2), we obtain

t

W (1) < 208 (0) + Cr J

[(1 +rMulV(s) + e_rév] ds +2E [ sup |Giv|] + G, N2, (15)
0

0<s<T

To control the term G¥, we use BDG inequality,

c ST N .y : C
E [ sup |G£V|2:| < N2 Z E I:J e(Xiv’jaXiv’zauiv7vjaUl)zf(XiV’%,u’iV)dy(v)ds] < la
0<t<T N2= Lo S N
where we have used the boundedness conditions of the functions f and ©, and the fact that the
Poisson measures 7/ (1 < j < N) are independent.
Hence, by Cauchy-Schwarz’s inequality,

E[ sup |G£V|] < CpN~Y2,

o<t<T

Then we can rewrite (15) as

t

W (1) < 208 (0) + O f

[(1 + Ml (s) + efrév] ds + CrN~1/2.
0

Now, let Dy := max(Cr,supy sup,<p u” (s), 1) which is finite by Lemma 3.6.(i), and define

Choosing 7V := —Inv™(¢), we have for all 0 <t < T,

N N ' N N CT
o™ (t) <20™(0) + Cr L (2 — Inv™ (s))o™ (s)ds + v
<20™(0) - QCTJ,O o™V (s) Ino™ (s)ds + 5%,

and Osgood’s lemma allows to conclude that

—~M(v(T)) + M(20N (0) + CrN~Y2) < 207 T,



X. Erny/McKean-Vlasov equations with locally Lipschitz coefficients 21

where M (z) = Se_2 L _ds = In(—Inz) — In2. This implies that

T —slns

In(—1In(20™(0) + CELN~Y2)) — In(— In o™ (1)) < C2,
for some constants Ck., C% > 0, where we distinguish C}. and C% for clarity. This implies that, for
al 0 <t < T,
exp(—C7.)
oV (t) < (QUN(O) + C}N*m) o (16)

Hence
IE[ sup ‘XtN’l—th‘] — 0,

0<t<T N—>w

for a T > 0 sufficiently small that does not depend on the initial conditions (recalling that we have
taken T' = 1/(16L?)). Then, iterating this reasoning on [T, 2T], we can prove

N1
E| sup ‘Xt ’ —th‘ — 0,
T<t<2T N—®

noticing that the "initial conditions" on [T, 2T] satisfy the same condition as (14):

N = EHX%“ —X}H 0.

N—w0
Finally, by induction, we can prove that for all k£ € N*/

E| sup ‘XtN’l—th‘ — 0,
0<t<kT N—w

which proves the result. O

4. Appendix
4.1. Osgood’s lemma

We have used many times a generalization of Grénwall’s lemma, which is Osgood’s lemma. Let
us write it explicitly for self-containedness (see e.g. Lemma 3.4 of Bahouri, Chemin and Danchin
(2011)).

Lemma 4.1. Let ¢ be a measurable function from [to,T] to [0,b], v a locally integrable function
from [to,T] to Ry, and p a continuous and non-decreasing function from [0,b] to R.. Suppose that
for all t € [to, T] and for some c €]0,b],

t

ot) <+ f A()pu(o(s))ds.

to

Then, with M(z) := §, -4,
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4.2. Proof of Lemma 2.7
We construct an increasing sequence of positive integers (ng)g>1 such that for all k € N*,
Un,, < C’nlza/g. 17

Let n; = 1. By hypothesis, u; = 51 < C. Let k € N*, assume that the k first terms of the sequence
ni,...,ng are defined such that (17) holds. Then we put ng41 := min{n > ng : u, < Cn’E/Q}. We
only have to prove that the above set is not empty. This is shown by contradiction. If the set was
empty, this would imply that for all n > ng, u, > Cn~/2. Consequently, for all n > ny,

S, =S, + Z u; > 8, +C Z i > Snk+CJ

5/2
i=nr+1 i=nr+1 +1t

= Sp, + (n+1)17/2 — (ng, + 1)1 /2,

1—¢/2 1—¢/2

Letting n — o0 in the above inequality we see that it is in contradiction with the hypothesis that
for all n e N*, S, < Cn'—e.

4.3. Proof of Lemma 2.8

By hypothesis, there exists a sequence of increasing and continuous functions A,, such that A, (0) = 0,
An(T) =T, and that both

sup |z (t) —z(An(t))] and sup [t — A, (2)]
0<t<T 0<t<T

vanish as n goes to infinity.

To prove the lemma, it is sufficient to prove that (y,), converges to x in the same sense as
above with the same sequence of time-changes (A, ),. It is a direct consequence of the fact that, for
al 0 <t < T,

yn(t) = 2(An(0))] < [yn(t) — 20 ()] + |2n(t) = 2(An(D))].

4.4. Proof of Lemma 2.9

The proof relies on the following inequalities: for any 0 < ¢t < T

Jt x(s)ds — J)\n(t) x(s)ds

0 0

< J |zn(s) — z(An(s))|ds + L |z (An(s) — z(s)|ds +

T
ST sup [2a(s) = 2(Aa(s))] + f [2(A(s)) — 2(s)|ds + sup a(s)|- sup |s — A (s)]:

0<s<T 0<s<T 0<s<T

To conclude the proof, one has to notice that the three terms above do not depend on ¢ and
vanish as n goes to infinity.
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4.5. Proof of Lemma 3.1

The proof consists in noticing that, for all t < T,
X
Wilpa(t), n(Aa(®))) < PN EHGEEACH O]
k=1
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