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Abstract

The interaction of beam-like structures against surfaces is a challenging problem with applications
in engineering (wheel-rail contact, pipeline-soil interaction, ropes sliding on the seabed) and in
medical applications such as surgical planning and training (catheter navigation, aneurysm coiling,
stent deployment). This contact problem is traditionally solved using Total Lagrangian beam
formulations, which interact against Lagrangian triangulated surfaces. Overall, the computational
speed is affected, due to the nonlinearities of the beam formulation and, as well as due to the
expensive search algorithms, required to find the close point projection. In the search towards
an efficient beam to surface contact algorithm, this paper explores the combined use of 1) a
corotational beam formulation, where the motion of the beam element is decomposed in rigid
body and pure deformational parts and 2) an implicit description of the surface by means of
discrete signed distance fields (SDF), which can be seen as a Lagrangian beam immersed within
an Eulerian (rigid) solid. To do so, a previously reported implicit corotational formulation for
beam dynamics is modified to account for frictional contact, by means of a penalty term. The new
contributions are fully linearized to update the tangent operator and the system is integrated in
time by means of the HHT-a method. Overall, a consistent implicit contact dynamics formulation
is provided. A SDF, defined in a voxel-type grid, is used to represent implicitly the surface
geometry. The SDF values and derivatives are computed at the Lagrangian point of integration
of the beam by means of an efficient tensor product of compact, high order, 1D Kernels, as widely
used in immersed Fluid-Structure Interaction techniques. A wide variety of validation tests are
presented which prove the accuracy and robustness of the proposed algorithm.

Keywords: Contact, 3D Corotational beams, Nonlinear dynamics, Finite Elements, Eulerian Solids, Signed
Distance Fields

1. Introduction

Modeling beam to surface contact has applications in many fields of engineering, such as: civil
engineering ( pipeline-soil interaction [1], drill-string dynamics in oil extraction [2]), offshore and
naval engineering (mooring lines and capstains [3, 4], offshore risers sliding on the seabed [5, 6]) and
mechanical engineering (deployment of flexible antennas [7], belt-drives used in power transmission
[8], vibration of loosened joints [9]). This problem has also attracted the interest in biomedical
applications, specifically in the simulation of Minimally Invasive Surgery in which guidewires and
catheters are inserted through the opaque patient tissue with limited visual aids [10-13]. In many
of the above instances, there is also a need of fast computation, even real-time, such that decisions
can be made as the physical process evolves.

The beam to surface contact problem can be accurately solved by combining Total Lagrangian
formulations for the beam model, and triangulated or NURBS Lagrangian surfaces for the surface
model [14, 15]. The overall process is computationally expensive, due to the nonlinearities involved
in the beam formulation but also due to the expensive search algorithms, required to solve a
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minimal distance problem to find the close point projection [16]. In the pursue of real-time
computations alternative approaches have been used to simplify the beam model, on one hand,
and simplify the contact interaction on the other hand. Regarding the beam model, simplified
approaches have been used such as one dimensional string equations [17, 18], mass-spring models
[19], rigid multibody links [20] or hybrid models including the last two [21]. Regarding contact
(or collision) detection, this can be simplified by using bounding boxes or spheres surrounding
the target object [22]. Also, specific boundary conditions can be designed, as in the case of
sliding beams in small orifices [23-25], however this is limited to a limited number of problems.
In cardiovascular applications, some authors assume circular cross sections for the vessels, which
allows detecting penetration [26]. Each of these approaches provide faster computational speed at
the expense of a decrease in accuracy. On top of this, most of the publications use explicit time
integration, which limits the maximum time step size allowed for stability reasons. Alternatively,
in the search towards an efficient, yet accurate, beam to surface contact algorithm, this paper
explores using the following original contributions: 1) development of a consistent implicit 3D
corotational formulation for beam against master surface contact and 2) an implicit description of
the surface by means of discrete signed distance fields (SDF') defined in a voxel type background
mesh. The overall approach can be seen as a Lagrangian beam immersed within an Eulerian
(rigid) solid. The use of level sets and/or Eulerian solids in computational contact, has been
explored before for 3D solids in [27-32] but, to the best of the authors knowledge, this is the first
application where it is combined with a Lagrangian beam.

Corotational beams assume a split of the beam deformation into rigid and purely deformational
parts and have been largely used in the last decades [33-40]. This formulation allows modeling all
the nonlinearities in the rigid rotation, and using linear constitutive models for the deformational
part. In many thin beams applications, this allows for an accurate, yet computationally efficient so-
lution, and makes it one of the preferred choices in real-time simulation [41]. Among the challenges
faced in corotational beam formulations, comes the parametrization of 3D rotations. Numerous
papers use the 'rotational vector’ which allows for an additive update of the rotations but it limits
its use to rotations under 27. Instead, Battini and co-workers [38] have largely explored the use
of a spatial form of the incremental rotation vector, which still allows for additive updates, but
only at the level of the iterative corrections. In [40], Le and coauthors extended this formulation
to dynamics, comparing very well against the total Lagrangian formulation of Simo and Vu-Quoc
[42, 43]. Regarding corotational beams and contact, the only contribution in implicit dynamics
formulation is found in [44] but it is limited to 2D planar elements. This paper proposes a 3D
implicit formulation of frictional dynamic contact by building up from the formulation of Le and
coauthors [40]. To do so, a friction penalty term is added into the variational formulation, which
is integrated along the beam centerline in spatial coordinates and gives rise to a distributed line
contact force [45-48]. The formulation assumes that the normal gap with respect to the surface
is given, as well as its spatial gradient and Hessian (which will be computed via interpolation of a
SDF). To facilitate convergence of the Newton Raphson algorithm, the normal contact pressure is
regularized via a quadratic contact potential [48, 49], whereas the stick-slip behavior is regularized
using a square root function [16]. The semi-discrete system of equations is solved in time using
HHT—a method [50]. In addition to the contact formulation, a new description of the corotational
beam kinematics is proposed, traditionally described by means of change of variables between a
moving and a global reference frame [35, 38]. To do so, finite-elasticity three dimensional theory is
used, as proposed in [51] for geometrically exact beams. By particularizing it to the corotational
formulation, interesting links are found with geometrically exact beam kinematics, while making
the previous developments in corotational beams still fully valid.

Regarding contact detection, the distance from the beam to the surface is found by interpolating
a discrete SDF (level set with gradient of norm one) given in a background voxel-type mesh, to the
Lagrangian point of integration. Specifically, the interpolation is carried out using kernel functions
as used in Material Point Method [52, 53] and immersed Fluid-Structure Interaction techniques



[54-60]. Taking advantage of the Cartesian structure of the voxel mesh, a very efficient tensor
product of 1D kernels is used, which allows precomputing the interpolation stencils. Specifically,
the spline based 1D kernel proposed in [59] is chosen, which ensures continuity of the first and
second spatial derivatives, as required by the beam contact formulation. The paper analyzes
numerically the accuracy of the interpolation technique in approximating the SDF, its gradient
and Hessian by comparing it against an analytical solution. Next, five examples of beam to rigid
surface contact are shown to prove the accuracy and robustness of the proposed formulation.

The remainder of the paper is organized as follows. Section 2 summarizes the applied beam
formulation. Section 3 presents the frictional contact penalty formulation and its linearization.
Section 4 presents the interpolation used for the discrete SDF and the numerical analysis of its
order of accuracy. Section 5 presents the time integration method and computational aspects.
Section 6 a series of examples. Finally, section 7 presents the concluding remarks.

2. Beam formulation

We largely follow the notation in [50] in which a fully consistent tangent operator is proposed
for the dynamics of co-rotational beams. In what follows, a global reference system is defined
in the material configuration, which is given by the triad of Cartesian vectors E; (i = 1,2,3).
Similarly, a reference system is defined in the spatial (Eulerian) configuration, given by the triad
e; (i = 1,2,3). Asin [61], both triads are made coincident, i.e. E; = J;;e; with ¢;; being the
Kronecker delta. They are denoted with different symbols to differentiate between material and
spatial objects.

2.1. Parametrization of finite rotations

Rotations are parametrized by means of the rotational vector [38, 62, 63|, defined as
0 = 6n, (1)
with n the axis of rotation and 6 the rotation angle given by
0=10-6. (2)

The relationship between the rotation angle and the rotation matrix is provided by the Ro-
drigues formula, given by

sin 6 1 —cost
g SO

where I is the 3 x 3 identity matrix and S(0) is the skew-symmetric matrix of 8, given by

R(O) =T+

5(6)5(0) = exp(S(9)), (3)

0 —65 6,
S@)=1| 0 0 -6, |. (4)
—0y 6, 0

The variation of R(8) is obtained by first constructing a superimposed infinitesimal rotation [43].
This is done by using the exponential map (3) and by noticing that, since R is a two point tensor,
the superimposed rotation needs to be a spatial quantity, i.e.

R, = exp(eS(w))R (5)
and, therefore,

SR = di R.|_, = S(0w)R, (6)
€



with dw and S(dw) spatial objects defined as

ow = w;e;, (7)
S(6w) = [S(dw)];je; ® e;, (8)

where dw is named the spatial spin vector and are infinitesimal spatial rotations superimposed to
the rotation R. Instead of a spatial spin vector, a material one can be used, defined as

W = 0W;E;, (9)
where 6W and S(§W) are the pull back of Jw and S(dw), respectively, i.e.
W = R' 6w, (11)
S(0W) = R"S(w)R. (12)
Using (12) into (6) yields [43]
SR = R"S(6W). (13)

The relationship between the spatial spin vector and the variation of the rotational vector are
given by

Sw — T,(6)50, (14a)
60 = T, ' (0)dw, (14b)
with
T,0) =T + 1_9#895(0) + (’_e—ii“’sw)sw), (152)
L1y (0/2) 1 (0/2) r 1
T, (9) = mngg + ﬁ <1 — W) 00+ — 55’(0) (15b)

The spatial form of the angular velocity and acceleration can be obtained from equation (6) as

S(w) = RR”, (16a)
S(w) = RR" + RR”, (16b)

with () = 4(.) and () = %Zt(-). Finally, the spatial angular velocity can be calculated from the

time derivative of the rotational vector via equation (14b) to give

w = T,(0)6. (17)

2.2. Corotational beam kinematics

As an addition to the formulation presented in [38], the corotational beam kinematics is de-
scribed using finite-elasticity three dimensional theory as proposed in [51] for geometrically exact
beams.

A straight beam with circular cross section is defined with deformed configuration (2 and mate-
rial configuration €2y. Two additional configurations, Qy and  are also defined. These configura-
tions contain, respectively, the positions of the beam in the initial and current positions absent of
rigid body motions. Both configurations are assumed to be very close, i.e. Q ~ Qq and therefore
they are uniquely denoted by Q. The basis vectors of 2 are E; (i = 1,2, 3) and are made coincident
with the material and spatial basis, i.e. E; = 0i; Ej, E, = dije;.
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To define the beam position, an orthogonal system T; (i = 1,2, 3) is placed at the centroid of
the beam cross section in the material configuration. This system defines the local coordinates
{&1, &, &3} with the arc-length parameter s = & € [0, [y] that coincides with the axis of the beam,
defined by T;. The cross sections of the beam lie in planes defined by the basis vectors {15, T3},
which depend on the arc-length parameter s. Accordingly, the beam is deformed into a current
configuration (2, with an orthonormal frame ¢; defined also at the centroid of the beam cross
section. These vectors are defined through the following transformations

Ti(s) = Ao(s)Ei;  Ao(s) = Ti(s) @ E; = [Ag],; E; ® Ej, (18)
ti(s,t) = A(s,t)E;;  A(s,t) =ti(s,t) @ E; = (Al e ® E;. (19)

with Ay, A being two point tensors that give, respectively, orthonormal triads T5, ¢; (material and
spatial objects, respectively) as a function of the basis vectors E;. By comparing relationships
(18) and (19), a map between T; and t; can be defined as

ti(s,t) = R(s,t)Ti(s); R(s,t) = A(s,t)A; (s) =, @ T; = [R}ij e; R E;, (20)

which is the mapping from the material to the current configuration which in fact uniquely de-
scribes the rotation of the cross section. Using the above definitions, the material and spatial
positions of the beam are given by

X (5, 6,8) = Xo(s) + &Ta(s) + &T3(s), (21)
$<S,€2,£3) = Xy 5) + éth(S) + €3t3(5), (22)

where X(s), xo(s) are, respectively, the position of the beam centerline in the material and current
configurations. In order to remove rigid body rotations, two mappings are defined between Q and
Q) and between 2 and Q. To do so, two frames that move rigidly with the beam axis are considered
[37]. This is a material frame V; (i = 1,2,3) and a spatial frame v; (i = 1,2,3 ). In order to
compute v; (i = 1,2, 3), the procedure detailed in [38] is used,

xo(lo, ) — x0(0,1) vi(t) x p(t)

O gt )~ a0 Y T o prp P T 2
with the auxiliary vector p given by
plt) = 5(t2(0,0) + taflo, 1), 24)

with an identical procedure to obtain, i.e V; = v;(0) (i = 1,2,3). The above basis vectors allow
defining the following mappings

‘/; = RSEZ, RS = ‘/; X Ez = [RO] i El (029 Ej, (25)

’Ul(t) = Re(t)El, Re(t) = z(t) & EZ = [Re]ij e Ej, (26)
with R? being a two point tensor that goes from € to €y and R, a two point tensor that goes from
Q to Q. Tt is worth noticing that R.(0) = R and that neither R? nor R, depend on the arc-length

parameter s, and hence define a rigid body rotation of the beam segment. These mappings allow
defining the cross sectional triads in the rigid body free configuration 2, i.e.

T(s) = (R,)"Ti(s), (27)
Ei(sv t) = RZ(t)tl<S7 t) (28)

Equivalently to equation (20), a mapping can be defined between T} and ¢; as

£.(s,t) = R(s,)T(s), R(s,t)= R'()R(s.)R) = L(s,t) @ T(s) = (R, Bi ® By (29)
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where R is a small rotation of the cross sectional vectors T; in 2, now absent of rigid body motions.
Assuming the material beam as straight, the rotation matrix Ay can be made coincident with R?,
this is Ag(s) = R?, while T; = V; and T; = E;. Taking all this into account, and omitting the
dependence with respect to t for clarity purposes, the material and spatial positions of the beam
centerline are given by

Xo(S) = X()(O) + 8‘/1, (30)
xo(s) = xo(0) + sv1 + ui(s)vy + uz(s)vy + us(s)vs, (31)

where u;(s) (i = 1,2, 3) are the positions of the beam centerline respect the rigid frame v; . Given
the definition of vy in equation (23), the displacements u;(s) follow

w1 (0) =0; wi(lp) =u; uw=1,—l, (32a)

By removing rigid body rotations using R?, R, and rigid body translations using the position of
the centerline node at s = 0, the position of the beam points in the 2 configuration can be defined
as

X (8,&,8) = Xo(s) + By + &Es; Xo(s) = sEy (33)
j(S, §2, gg) = jo(S) + §2R(S)E2 + ng(S)Eg, jo(S) = SEl + Ul(S)El + U,Q(S)EQ + Ug(S)E(g. )
34

which defines the beam deformational displacement # = & — X in Q as

(s, &, &3) = Uo(s) + &(R(s) — I)Ey + &(R(s) — I Es;  tig(s) = ui(s)Ey + ua(s)Ey + U3<S()3E;)3),,

which is assumed to be very small, i.e. & ~ X. Via equation (33), it is worth noticing that
S = Xl, éa = Xa.

It is useful now to write the deformation gradient using finite-elasticity three dimensional theory.
Following Auricchio and coauthors [51] this is defined as

F(s) = 7 2 ox = R(s) +a(s) ® Vi, (36)
where equation (20) has been used alongside with T; = V;. The vector a is defined as
a(s) = ¥(s) + Cakal(s), (37)
with v and k,, defined as (see [51])
Y(5) = ap(s) — ta(s), (38)
Ka(s) = ag(s). (39)

where (-) = %.

Remark 2.2.1. In comparison with [51], it is worth noticing that R is the rotation from the
orthonormal basis V; in the initial configuration (straight, but not parallel to the E; axis) to the
orthonormal triad t; in the current configuration. In [51], the orthonormal triad in the material
configuration coincides with the reference axes, i.e. V; = (L-jE'j and, therefore, Ay = I and, via
equation (20), R = A.



The deformation gradient (36) can be decomposed using a left decomposition to yield
F(s)=R(s)A"(s); A'(s)=I+a"(s)®@WV, (40)
with a” being, as defined in [51], the rotate-back of @ in the material configuration, i.e.
a’(s) = R(s) a(s). (41)

Equation (40) shows that the deformation gradient can be decomposed by a pure rotation, on the
left, followed by a pure material stretch, on the right.

Alternatively, another interesting result can be obtained for the corotational formulation, which
links the formalisms described in [51], with the decomposition between rigid body motions and
small deformational displacements as described in, for example, [35, 38]. In fact, using the rigid
mappings defined in equations (25), (26), the following multiplicative decomposition can be carried
out

F(s) = R.F(s)(R))" (42)
with F being the deformation gradient in the configuration €2, which is defined by
F(s) = R(s) +a(s) @ E, (43)
with @ being now the rigid-rotate-back of a to the configuration €, i.e.
a(s) = R, a(s) = ¥(s) + &akals), (44)
with
¥ = Zo(s) —ta, (45)
Ro = Rit,(s) = (R ta(s)) = G, = R(s)Ea. (46)

where the fact that R, is independent of the arc-length coordinate s has been used.

Remark 2.2.2. Differently from a” in (41), @ has been obtained in (44) by removing the rigid
body motions via R, and hence the denomination rigid-rotate-back. The relation between the two
is given by a” = R°R”a.

Remark 2.2.3. Equation (40) decomposes the deformation gradient into one material tensor,
A", followed by one rotation, R, both dependent on the arc-length parameter s. On the other
hand, equation (42) decomposes the deformation gradient into one rotation (R2)T, followed by
one deformation gradient F, followed by another rotation R.. In this case only F is dependent
on the arc-length coordinate, which shows why the corotational formulations allow writing the

variational equations purely in €.

Assuming small rotations in €2, the rotation tensor R can be parametrized by a first order
approximation of (3),i.e.

R(s) =TI+ S(0(s)) (47)

where © is the rotation vector in the configuration 2. At the same time, assuming also small
displacements, it can be proved that the gradient of the displacements w defined in (35) is given
by (see Appendix A)

Va=S(0)+ax E,. (48)
Using equations (47) and (48) into (43) yields the following approximation of F
F~T+¢e(Va)+Q(Va) (49)

which is the additive decomposition of the deformation gradient.

7



Remark 2.2.4. Equations (42) and (49) show that, in the corotational approach, the global
deformation gradient can be seen as the multiplicative decomposition of a rigid rotation (from €2
to 2), followed by a small deformation (in §2), followed by another rigid rotation (from € to 2).

From equation (42), the Green-Lagrange strain tensor can be computed as

E = RE(R))", (50)
with
I o _ o _ L _
E = §(FTF - I) = E11E1 &® E1 + ElaEl ® Ea + EalEa ® El, (51)
and
_ 1, o
En=g(a-a)+(a-t), (52a)
_ _ 1 _
Ela = L1 = 5 (a' : toc) ) (52b)

where equation (43) has been used alongside equation (29). The total Green-Lagrange strain
tensor depends only on @, this is the derivative of the local centerline displacement, uy, the local
rotation matrix R and its derivative along the centerline R’ (see equations (44,45,46)). Assuming
again small strains, via equation (49), the Green-Lagrange strain tensor can be written as

B %(FTF _ D)~ e(Va) (53)

which proves that by assuming small strains and small rotations in Q, E approximates to the
small strain tensor e(Vu). Using equations (50) (53), the variation of the internal energy can be
computed as

IWine = / S:OEdQy = / o :0EdQ = / (6110611 + T100810 + Ta10841] dS (54)
Q0 0 0

where the notation € = e(Vu) has been used alongside the definition of
&= (R")" SR, (55)

Therefore, the internal virtual work can be written in terms of linear elasticity components in
), which contributes in the efficiency of the corotational formulation, as all the nonlinearities are
taken care of via the elemental rigid body rotation R.. Specifically, the following relationship
between stresses and strains in  is used

o = Atr(e)I +2Ge (56)

where A\, GG are, respectively, the first and second Lamé parameters. Using the approximation
E ~ )\ 4 2G [51], the stress components contributing into equation (54) can be written as

011 = ()\ + QG)gH ~ Eéll, (57&)
5-1a == 5041 = 2G§1a = 2G&Ta1, (57b)

where E is the Young’s modulus. Combining equations (54), (57), the internal energy of the
beam element can be written as

Wing :/ZO (%E/Aéfl dA+%G/A ((2612)% + (2213)?) dA) ds. (58)



where Q0 = [yA alongside the fact that the cross sectional area remains unchanged have been
used. Finally, and before moving to the Finite Element discretization, it is useful to derive the
relationship between the variation of the different rotation tensors involved in the corotational
formulation. From equation (29), the following relationship is obtained

R(s) = R'R(s)R?. (59)

The variations of the above rotation tensors are obtained via equation (6). Omitting from now
on the dependence on s, t for clarity, this is

SR = S(éw)R, (60)
SR, = S(6w,)R,, (61)
SR = S(6W)R. (62)

The relationship between these variations is key in the development of the co-rotational formula-

tion. To do so, the variations dw and dw, are firstly rigidly rotated-back to the local configuration,
ie.

SW = Rl $w, (63)

W, = R bw,, (64)

which after some algebra (see [38] for details) and in combination with equation (59) yields the
following relationship

W =W — W.,. (65)

2.83. Finite Element Discretization

The beam centerline is discretized in N initially straight elements of length l((f) such that
lp ~ U Nl(()e). ! Each of these segments is defined by two nodes a = 1,2 with material positions
X, and spatial positions x, = X, + u,, with u, being the nodal displacement. The cross section
rotation at the node is defined by the nodal rotation R,, such that

uy = ug(lo); Ro= R(ly), (67)

(see Figure 1). The rotation matrices R, are parametrized via the rotational vector 8,, while their
variation requires the spatial spin vector w,, i.e.

R, = eXp(S(ea)); 5Ra = S<5wa)Raa (CL =1, 2) (68)

which defines the elemental vector of global displacements and rotations, d, and their variation
od

d=[ul 67 uf 071", o6d=[0oul 6wl oul swl]". (69)
Following the procedure explained in the previous section, two orthonormal triads V;, v; are
build tangent to the axis connecting nodes 1 and 2 in the material and spatial configurations,
respectively, which are rigidly rotated using R, R. (see equations (25), (26)). These mappings
allow to do rigid-rotate-back of the variations dd in the Q2 configurations, via

D
5D = ETod; oD = [ sUT sWI 6U sWP . E- %_d diag(R.).  (70)

'In what follows, the superscript (¢) denoting an elemental quantity, is dropped for notational convenience, letter a € {1,2} is
reserved to nodal quantities and letter ¢ € {1,2, 3} is used for defining dimensions.
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Additionally, the nodal centerline displacements and rotations in Q, %, and R, are defined as
@y = (0); Ry = R(0) = R'R(0)R’ = R'R,R", (71)
ay = ao(lo); Ry = R(lp) = RIR(lp) R} = RI Ry R, (72)

and via equations (32), (35), the displacement nodal values are given by
U
0

and therefore the only non-zero component is u, this is, the displacement of node 2 in the X,
direction. At the same time, the rotation matrices R, are parametrized via the rotational vector
®,, while their variation requires the spin vector W, i.e

Ra = eXp('S'(@a)); 5Ra = S((SWa)Ra (CL =1, 2) (74)

From the nodal quantities %, @1, ©, the centerline displacements (&), and the cross section
rotational vector () can be interpolated at any point of the centerline. To do so, the Bernoulli
hypothesis with linear interpolation for the axial displacement and axial rotation and cubic inter-
polation for the transverse displacements and rotations is chosen [40].

ay = ui (§) By + u'(), (75)
with
ui(€) = No(§u;  u'(€) = U2(()f) =P, (¢) [ (E)l } . (76)
s €) ©:

The rotations are interpolated as

o) =R | o | (7

with the expression of P;, P, given in Appendix B. The above interpolations allow defining a
set of local nodal quantities and their variations, which will be used in the discretized variational
equation (54), i.e.

D=[a ©Ff ©l]"; sD=[d 607 0% ]". (78)
with the following relationship between dD and dd
D = Béd, (79)

with B given in Appendix C. On top of this, the dynamic and frictional terms requires the variation
and time derivatives of the centerline displacement ug as well as those of the centerline spin-vector
wyp. From equation (75), the centerline displacement in the current configuration is given by

ug = ur N1 (€) + uzNa(€) + Reu!(6). (80)
The variation of ! is obtained from the equation above

sul = R.H,E"éd, (81)
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and the first and second time derivatives as
! = R.H,\E"d, (82)
il = R.H\E'd + R.C,E"d, (83)

with H;, C; given in Appendix D. Regarding the rotational variables, equation (65) is used to
write

SWI = W — oW, (84)
which yields the following variations and first and second derivatives of the rotational variables
Sw) = R.H,E"éd, (85)
wh = R.H,E"d, (86)
wh = R.H,E'd+ R.C,E"d, (87)

where again the expressions of Hy, Cy are given in Appendix D.

Figure 1: Co-rotational element

2.4. Variational problem for beam dynamics
By making use of the Hamilton principle, the weak form of the equations of motion is stated
as

OW = dWint + Wi, — OWege = 0, (88)

with Wy;, being the dynamic potential and W, the potential of the external forces. The variation
of the internal energy is obtained via equation (58) and following the procedure described in [38].
This variation leads to the elemental internal forces, given by

Wine = (0d) Tyt (89)

11



with T;,; the elemental internal forces in €2, defined as

aWint
T, =
' od
with B the matrix expressing the relationship between dd and dD via equation (79), F, the nodal

force and M, the nodal moment. Finally T},, are the elemental internal forces in Q defined as

aVVint
oD
with N the elemental axial force and M, the nodal moments in 2. As described in [38], given the
definition of the internal energy for a linear elastic material (58) and the use small strains in
(51) a closed form expression can be obtained for Tj,,; for a given set of displacements D, without

resorting to numerical integration. Specifically, given the choice of Finite Element interpolation
for the centerline displacements (75) and rotations (77), this is given by (see for example [35, 38])

- BT, =[ F' Ml Ff M]]", (90)

T,, — =[N M Mf]", (91)

CFint = Kintba (92)
with
rAE 0 0 0 0 0 0 7
0 GJ 0 0 -GJ 0 0
. | 0 0 4EIy 0 0 2EL 0
Kint - l_ O 0 0 4E[22 0 0 QEIQQ 5 (93)
0 0 —-GJ 0 0 GJ 0 0
0 0 2155 0 0 4153 0
L 0 0 0 2E 1y 0 0 4E15 |

where Iy, I35 are the moments of inertia respect to the Xs, X3 axes and J is the torsional constant.
In order to obtain the tangent stiffness matrix, the variation of T}, is required. This is given by

0T = Kindd, (94)
with
Kin = B'K;B + Ky (95)
and with K provided in Appendix C.
The kinetic energy functional is given by (see for example [40, 64])

1 L . :
Wk‘in = 5/ (Ap(’u,o . Uo) + wy - Ip’lU()) ds. (96)
lo
The variation of the potential Wy, in (96) combined with equations (81), (83), (85), (86), (87)
gives the inertia force vector

Wiin = T 6d, (97)
with T}, given by
T, = E (AleT RTiiy + HIT,R o + HY S(Wo)pr0> ds, (98)
lo
with
W, = R iy, (99)
I,=RJ,R". (100)
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and with g, W, Wy given, respectively, by equations (83), (86), (87). Finally, to obtain the
tangent dynamic matrix, the variation of T}, is needed. As in [40], this is computed considering
only the contributions from the acceleration and velocity, this is, the centrifugal and dynamic
matrices

6T, ~ Méd + Cyod, (101)
with

M=E ( / AH'H, + H, I,H, ds) E", (102)

lo

C.=E ( / (AleT (Cy+ C3) + HI I, (Cy + Cy) + HY (S(W@I,, - S(prO)) HQ) d,g) ET
lo

(103)

with the expressions for C5, C; provided in Appendix D.

3. Beam to rigid surface contact formulation

In order to consider the contact against a rigid surface, the weak form (88) is extended using
the variation of a penalty potential 0W. as

6W - 5‘/I/’mt + 5W]ﬂn - 5Wext - (SWC - O (104)

Following [16], a penalty potential is defined. This potential takes into account the normal and
frictional contributions of the beam contact against a rigid master surface I'; (see Figure 2a)

lo
oW, = / (pnOgn +t7 - Ogr) ds, (105)
0

with gy being the normal gap respect the master surface, gr the relative displacement in the
tangential direction, py the contact pressure and tr the frictional contact traction. All values in
(105) are evaluated at the beam centerline by assuming that the beam radius is small enough to
disregard the couples generated by the frictional force [65]. Given the fact that circular beams are
used, gy is defined as

gn(s) =ds(s) —, (106)
with d,(s) being the distance of a point on the beam centerline to the surface and r the radius of

the beam, which is assumed constant. The variation of gy is given by

ddr,
09N = g 00 =5

with n being the surface normal. In order to obtain the variation of g, the centerline displacement
is decomposed into its normal and tangential components, respect to the master surface [66], i.e.

-dug = n - duy, (107)

Jg

dug = (dug - m)n + dur = 591\[8—;\[ + dgr. (108)
Isolating dgr in the above expression yields
0] 0
dgr = (1 5 @ 52 ) oun (109)
: 0 9] .
gr = (I - % ® %) . (110)
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(a) Continuum. (b) Discrete voxel mesh with a SDF.
Figure 2: Contact of a spatial beam element against a rigid surface.
In order to facilitate the convergence of the Newton Raphson algorithm, both the contact

pressure py and frictional contact force tr are regularized. The contact pressure is evaluated
using the penalty regularization used in [45, 47-49]

(DN — €cON g<0
€N — DN _ _
pn =pn(gn) = g—gg?\[ —&cgn + N, 0<gn < gn (111)
N
\ Oa g > gN

with e, being the penalty parameter, py = %5C§N and gy being the normal gap value at which
the contact pressure starts increasing (see Figure 3a). As in [47], gy is taken as 10% of the beam
radius. The frictional contact traction is evaluated using the regularization proposed in [16]

. g
tr =tr(gn,gr) = _MPN(QN)WZH- (112)
T T

with er being a regularization parameter (see Figure 3b).
Replacing equations (81), (107), (109), (111) and (112) into the potential (105) yields the
following discrete contact force vector

lo
T.= | EH!R!f.ds, (113)
0

with H; given in Appendix D, E given in equation (70) and with f. being the contact force, given
by

with
Gla:did) = 29Y 9 (115)

0z " \/1ghI? +e
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Figure 3: Regularization of the normal and frictional forces.

The contact tangent matrix is obtained by linearizing T, with respect the displacement and

velocity contributions (see Appendix E for details),
0T, = K.6d + C.4d,
with K, defined as
K. =K!+K+K’+ K},
and with each of the terms given by

lo .
K!=— | ESH'F.G"E"ds,
0

lo N
K- / <z_27 EATF,r - EGS(J-'C)RPET) ds,
0 n

lo
K}= | EH!S(F.)G"E" ds,
0
lo
K!= | EH[R!'K; ds,
0

(116)

(117)

(118a)
(118b)
(118¢)

(118d)

where the full expression of Ky, is given in Appendix E, F is the contact force rigidly-rotated-back

to the Q configuration, i.e.

‘7:0 = Rch
and S is the operator that transforms the 12 x 1 array into a 12 x 3 matrix as
S(as)
N S(CLQ) az(r-1)+1
S(@) = | Slay | @ = | asu-vez [+ T€{1,2:34}
S(ay) A3(1-1)+3

Finally, the dynamic contribution is given by

lo
C.= | EHR!C; ds,
0

with Cy, given in Appendix E.

15

(119)

(120)

(121)



4. Interpolation of a discrete Signed Distance Field

The contact formulation presented in the previous section depends on the normal gap gy(x),
and its spatial gradient and Hessian, i.e. agg—fc), %. This section presents the necessary tools
to use a discrete SDF to compute the above quantities. To do so, an efficient interpolation based
on the tensor product of 1D kernels is presented in section 4.1. Section 4.2 assesses the accuracy

of the proposed framework to interpolate the signed distance.

4.1. Kernel Functions

At any Gauss point of the beam, represented by the isoparametric coordinate £, which is
located in the spatial domain at x5 = x¢({g), the gap function, first and second derivatives are
needed, i.e. from equation (106),

gy(xg) = ds(xg) — 1, (122)
dgn(xa)  Ody(zq)

ox Oz (123)
Pgn(ze)  0%dy(xq)

oxdx Oxdx (124)

It is assumed that the SDF is prov1ded in a Cartesian grid in a three dimensional prismatic domain
Q, = [29, 2] x [£5, 2] x [23, 21], discretized with N nodes, N = NyN,Ns, defined as

o = (o, e af®) A= (A, Ay, Ay), (125)
with
M =20+ (A — Dhy; A € {1,N;}; hi= (x —29)/(N;—1); ie€1,2,3 (126a)
and h; being the grid size in the direction . For simplicity, from now a uniform size will be
considered in all directions i.e. h = h; = hy = hz. At each of the voxel grid nodes, the signed
distance is given, i.e.
dy(z?) = d? (127)
and at any other point within the domain €2, the value of ds can be interpolated. Specifically, at
the integration point of the beam, i.e.

ds(zc) = Za(d2), (128)

where 7 is some interpolant function. Given the Cartesian grid chosen for the discrete SDF, one
dimensional kernel functions are chosen, as used in Immersed Boundary Fluid Structure Interaction
methods [58, 59, 67]. This is, for any point in @ in space, the signed distance dq() is interpolated
as

ZVA oz —z?), (129)

where V4 = h? and ¢ defined as a tensor product of 1D kernels, i.e.

p(z) =0¢ (Z—hl) ¢ (%) ¢ (%) : (130)

This allows computing the first and second derivatives of d, as

Z VAd (x — ), (131)

2 2
o ds(‘”) = Vad iww (@ —x), (132)
A
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IV ) '} adud 135
G <h)¢(h)¢>(h)7 (139
where ¢ # j # k. The use of the above interpolation strategy is very advantageous when using
Cartesian meshes (as the given voxel mesh), as the stencils involved in the interpolation (129)
can be precomputed in advance, and therefore no search is involved in computing the distance d;.
There is a wealth of 1D kernels functions ¢ proposed in the immersed FSI literature that could be
used in the above expressions. Yet, some of the proposed kernels do not satisfy continuity of the
second derivative [67], which would be detrimental for the proposed as second order derivatives of

¢ are required (see equation 132). Instead, the spline-based kernel proposed in [59] is used, which
has a support of [—3h, 3h| and ensures continuity of the second derivative. This is given by

0 r< -3
.
_1$§2°77_17i§r61_ %Tsfglﬁ 46_3§Q i 24483 Q_E 1_442%8710 T3<rs-—2
151217" 7+ ET 2; ﬂc ir ﬁ;g ;r ﬁgglJr ﬁr + 72 + 2520 —2<r< -1
—aer’ — L0 Lt 292 4 B9 —1<r<0
o(r) = 756 18 36 60 1260 (136)
Lo 1,6 T 2002 4 600 0O<r<1
75617 718 1,6 3613 5 6079 4 12%5 3 7 2 13 1447 P
o hE Tl el el e e g < s
weo” —7al tal T T bR oG bR 2<r=<3
3<r

which is designed, by construction, to interpolate exactly linear functions and with second-order
accuracy smooth functions [59, 67].

4.2. Numerical analysis of the signed distance interpolation error

In this section the accuracy of the interpolation strategy presented in the previous section is
analyzed numerically. To do so, the analytical signed distance function of a sphere is used, which
is defined as

dy(x) = \/(x — Py) - (x — By) — Ry, (137)

with P, being the location of the center of the sphere and Ry its radius. For the purpose of the
current analysis, these are chosen as Py = [ 0.5 0.5 0.5 ]T and Ry = 0.3.

Five sets of voxel meshes are created in the domain 23 = [—0.5,1.5] x [—0.5,1.5] x [—0.5, 1.5]
with mesh sizes h = {1/4,1/8,1/16,1/32,1/64}. At each of the nodes A of a given voxel mesh, the
signed distance d2 is stored as d' = d,(z*) via equation (137), which creates a SDF (see Figure
4a). At the same time, an auxiliary mesh is created with the final purpose of interpolating the
SDF values created in the previous step, mimicking what will be done at the beam Gauss point
x. Additionally, the spatial gradient and Hessian are also computed at each of the nodes of this
auxiliary mesh. The auxiliary mesh is centered at P,, has a side length of [ = 1, element size
hauz = 1/32 and, in order to avoid overlapping of nodes with the background voxel mesh (which
could potentially benefit the global interpolation error), it is rotated 5 degrees respect to the X7,
X, and X3 axes (see Figure 4b). Additionally, at each of the points of the auxiliary mesh, the
exact value of the signed distance, its gradient and Hessian can be obtained from equation (137)
which, in turn, allows computing the approximation error. As it can easily be proved, the gradient
and Hessian of the signed distance function (137) have a singularity at Py. Therefore, in order to
avoid numerical issues, the error analysis is limited to the region in which |ds(x)| < 0.8Ry.
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Figure 5 shows the L2-norms for the interpolated signed distance, d” and the computed spatial
gradient and Hessian Vd?, V2d". Tt can be seen that all values converge to their analytical
counterpart with second-order accuracy, i.e. O(h?), which proves the adequacy of the algorithm,
initially designed for velocity fields, to interpolate distances and their derivatives. Particularly, it
is worth stressing the capacity of this interpolation strategy to compute gradients and Hessians
with the same order of accuracy without having the discrete values of these operators initially. Yet,
contact against such a smooth surface cannot always be warranted as sharp gradients are present
in real-life geometries. In such cases, as proved for the immersed boundary method, first-order
accuracy, i.e. O(h) is expected [67, 68]. Importantly, the discrete contact force f. in (114) and
its spatial derivatives will also approximated at the same order of the distance function ds(x) and
its spatial derivatives (i.e. second-order for smooth surfaces, first-order for non-smooth surfaces)
which, alongside the beam discretization will determine the contact algorithm order of accuracy.

(a) SDF in voxel mesh (b) Auxiliary mesh (c) SDF interpolated in auxiliary mesh

Figure 4: Interpolation of a SDF in a voxel mesh of h = 1/8

5. Time integration and computational aspects

Following the discretization in equations (90), (98) and (113), and upon assembly, the dis-
cretization of the weak form (104) is given by

R(D,D,D,t) = T;u(D,t) + T1(D,D,D,t) — T.(D,D,t) — Fy(D,t) = 0 (138)

where R is the residual, T;,;, Tk, T. are, respectively, the assembled vectors of nodal internal,
kinetic and contact forces and F.,; is the vector of nodal external forces. At the same time, D is
the vector of nodal solutions, containing displacements and rotations, and D, D are respectively,
its first and second time derivatives. Following equation (69), these are given by

uy Au, U U
01 Aw1 ’l.i]l 1171
D=| : |; AD=| : |; D=| : |; D=| : |, (139)
Uy Auy Uy Uy
ON A’UJN ’le ’le

with N the number of nodes of the beam mesh. It is worth noticing that, in equation (138),
T, depends both on D and D, due to the frictional contact term (see equations (114), (115)).
Equation (138) is discretized in time using the HHT-a method [69], as used in corotational beam
dynamics in [40, 50]. This yields

R™™ = (1 +a)(TEH — T2 — F2HY) — o(T?

wnt ext wnt

~ T, —Fi,)+ T =0 (140)

18



—a—d, e
——Vd,
10" vid, e )

LZ2-norm error
)
\

10-3 s-- E

107
1072 107"
h

Figure 5: Error in the discrete approximation of the signed distance of a sphere surface and its first and second
derivatives. Discontinuous line indicates second-order convergence slope.

with a a user-dependent parameter and where the superscript n (respectively n + 1) indicates
that the operator is evaluated at the time step t = nAt (respectively ¢t = (n + 1)At). Finally, the
system is solved via a Newton Raphson algorithm using the following linearization

KAD = —R"™ (141)

with K given by

K = (1 + OZ) (Kint — KC — Kext) M +

1
+ ZAp ﬁlt (Cp — (1+a)C.), (142)
with f = }l(l—oz)Q, v = %(1—2@) and K;,,;, K., M, Cy, C.. assembled, respectively, from equations
(95), (117), (102), (103) and (121). Upon obtaining AD, the update of the displacement and
rotational variables is carried out following the procedure described in [40].

At the beginning of each time step, prior to the Newton Raphson algorithm, the predictor
proposed in [70] is used. Following [47], the Newton-Raphson algorithm is solved by checking the
norm of the increment vector in (139) and the norm of the residual in (140). The iteration finishes
once both norms are smaller than their respective prescribed tolerances, eg, €p, i.e. |R| < €g,
|AD|| < ep. Also, following [47], if the Newton-Raphson algorithm fails to converge after 10
iterations, the time step is divided by two. Afterwards, and once the algorithm successfully
converges in 8 solves, the time step is multiplied by two (this increase stops once the initial time
step is recovered).

Regarding the interpolation of the SDF, as described in section 4, this can be efficiently imple-
mented due to the Cartesian structure of the voxel mesh. Specifically, given a Lagrangian point
of integration, it is very simple to find in which voxel element it has fallen (if any). Once this
is found, the interpolation (129) is carried out using a precomputed stencil. By doing this, the
computation of the distance at the Lagrangian point of integration becomes a quick sum over the
stencil nodal values, therefore avoiding any search. In case the Lagrangian point of integration
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falls outside the background voxel mesh, a numerically large value is assigned to dg, which makes
pn = 0 via equation (111).

6. Verification and examples

Each of the SDF involved in these examples has been generated using SDFgen [71]. All examples
have been simulated using 3 Gauss points for integrating the dynamic contributions and 5 Gauss
points for integrating the contact contributions. The tolerances in the Newton-Raphson iterations
are set to to eg = e€p = 1-1075. All the examples show quadratic convergence in the Newton-
Raphson iterations.

6.1. Vibrations of a beam constrained by two end stops

This example is used as a benchmark test and was first published in [9, 17, 18]. A beam
constrained to move in the X;— X35 plane has a length L = 10 m, moment of inertia 5, = 1.688-1073
m?*, cross sectional area A = 1.4923-107° m?2, Young’s modulus E = 2-10!" Pa, density py = 8000
Kg/m? and Poisson’s ratio v = 0. The beam has its left end clamped and two rigid stops located
at its right end that constrain the displacement above and below X3 = +0.1 m. The original
results published in [9, 17, 18] were obtained by modeling the one dimensional of a string and,
therefore, the end-stops where modeled as a singular constrain located exactly at X3 = 10 m.
In this case, a two dimensional beam is modeled and the tip can move freely in the X; and X3
directions. Because of this, the end-stops are created as two rigid prisms of 0.3 x 0.04 x 0.1 m

centered at X = [ 10 0 +0.15 ]T m (see Figure 6a), while non-frictional contact is imposed
only at the right end node. In order to mimic the literature results, no radius is considered when
computing the normal gap gy, i.e. 7 = 0 in equation (106). A uniform time-varying body force

is applied along the beam, with the value b = [ 0 0 sin(10¢t) }T, which causes the beam right
tip to impact against the end-stops and excite high frequency modes. The beam is modeled using
three choices for the number of elements, n, = {20,80,320} with corresponding time step of
At = {5-1071.25-1074,3.125 - 107>} s. The penalty parameter is set to e. = 1-10°. The
end-stops are modeled using a SDF in a voxel-type grid 175 x 45 x 219 nodes of element size
h =0.002 m. Figure 6b shows the isovolume of this SDF.

Figure 7 shows the variation of the us component of the displacement of the beam tip with
time for different refinements of the beam mesh. Both the displacement and time are made
adimensional using the same procedure as in [18]. It can be seen that high frequency modes are
excited with successive impacts and chattering as the beam tip impacts the top and bottom stops.
This is highlighted in Figure 8, which zooms in the right end displacement at the first impact.
The solution compares very well against that of [18], with some differences when the beam tip
is freely moving between the two stops. This difference is probably due to the two-dimensional
character of the solution, as the beam tip can freely move in the X; and X3 directions, which is a
substantial difference with respect to the string vibration solution obtained in [18]. Figure 9 shows
the pathlines of the beam tip in the X; — X3 plane, which shows this two dimensional motion.
This plot also shows how the solution converges with successive refinement of the beam mesh.

6.2. Beam against sphere

This example compares the accuracy of the discrete SDF versus the use of an analytical signed
distance function. A beam of length L = 10 ¢cm and radius R = 0.3 mm has its base point
constrained to oscillate back and forth in the X; direction (the rest of the beam points are free
to move and rotate in any direction). The beam has a Young’s modulus £ = 5 GPa, Poisson
ratio v = 0.33 and density py = 7850. The beam impacts against a sphere centred at P, =

[ 5 0.5 8 ]T cm and radius Ry = 4 cm. Figure 10a describes the problem setup while Figure
10b shows the prescribed displacement of the beam base point. The sphere surface is defined

20



(10,0,0.15)7 m
°

[0,0,0" m [10,0,0]" m
° )

Xy ' 0.3 m

[10,0,-0.15]T m
0.1 m

[}
X

(a) Initial Setup (b) Isovolume of the SDF

Figure 6: Vibrations of a beam constrained by two end stops. Initial setup and SDF
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Figure 7: Vibrations of a beam constrained by two end stops for different discretizations. Normalized uz displace-
ment of the beam tip.

first using an analytical signed distance function, see equation (137), and then by using 3 discrete
SDF defined in a domain Q4 = [—0.05,0.15] x [—0.1,0.1] x [—0.05,0.15] of (20 x 20 x 20) voxels,
(40 x 40 x 40) voxels and (80 x 80 x 80) voxels (see Figure 11). The penalty parameter is set to
g, = 5-10* and no friction is considered, i.e. u = 0.0.

Figure 12 shows snapshots of the solution at ¢ = 1.25 s, comparing different voxel discretiza-
tions with the analytical SDF. Additionally, a video animation is provided in Appendix F in the
electronic version of the document. Visually, it is observed that for coarser voxel meshes, the beam
undergoes some penetration within the sphere surface. In order to quantify that penetration, the
analytical SDF is used to compute the maximum penetration at the centerline. To do so, the
centerline position is postprocessed via the interpolation defined in equation (80) and using 80
points per element between £ = 0 and £ = [y. At each of this postprocessed points, the pene-
tration is evaluated via equation (106) and the analytical signed distance function (137). Using
this procedure, Figure 13 shows the maximum normalized penetration. It can be seen how the
maximum penetration is reduced with the refinement of the voxel mesh. Also, the finest voxel
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Figure 8: Vibrations of a beam constrained by two end stops ne; = 320. Normalized ug displacement of the beam
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Figure 9: Vibrations of a beam constrained by two end stops, different discretizations. w; versus ug displacement
of the beam tip.
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mesh gives maximum penetration levels of the order of the analytical solution, which is around
50% of the beam radius.

Finally, the computational efficiency of the proposed distance interpolation algorithm is assessed
qualitatively. Figure 14 shows the ratio of computational time (wall clock time) to physical time
when using different discretizations of the SDF or the analytical signed distance. It can be seen that
when using the discrete SDF the computational time is increased around 50% as compared to the
computation when using the analytical signed distance equation. The differences in computational
time between the different discretizations are significantly smaller than that, which proves that the
interpolation algorithm is barely affected by the size of the background mesh h. This is a significant
difference with respect to traditional contact search methods, where the size of the master surface
mesh plays a big role in the computational time. Again, this assessment is purely qualitative and a
more accurate assessments should be carried out by comparing against standard contact methods.
Figure 14 also shows that the ratios of computational to physical time are of the order of 300,
approximately. This is due to the fact that the algorithm has been implemented in Matlab using
dense matrices and no vectorization and therefore, is open to substantial optimizations. This would
allow reducing very significantly the ratio shown in the figure and approach real-time computation
(ratio = 1) for this example. Finally, it is worth mentioning that the ratio fluctuations as shown
in Figure 14 are due to the adaptive time step strategy described in section 5, which forces a
reduction of the time step when contact occurs.

Py = [0.05,0.005,0.08] m 0.1
Rp=0.04 m 0.09 F
/ 0.08 [
007
£
g ; 0.06 |
3 % 0.05}
I g
X3 S 3 0.04
r=3-10%m = L
L~ 0.03
0.02 |
X4 =1[0,0,0] m 001k
------ -
Uimp /X/ 0 L L L L
X1 Xp =[0.1,0,0] m 0 2 4 6 8 10
Time (s)
(a) Initial Setup (b) Imposed displacement

Figure 10: Beam against sphere. Initial setup and imposed displacement.

6.3. Contact between a cable and a rigid cylinder

This example is taken from [20, 72] and shows the robustness of the contact algorithm in a
friction dominated scenario. A circular cable of length 3.0 m is inclined 0.925 rad respect to the
X3 axis with a lumped mass of 5.0 kg placed at its end. The cable has a radius r = 0.01 m, density
po = 7919 kg/m? and Young’s modulus E = 1-10% Pa. The rigid cylinder has a length of 3.0 m
and radius of 0.1 m. The cable has an initial angular speed w = [0,0, 2] rad/s and is subjected
to gravitational force, which is imposed through a constant body force b = py [0, 0, —9.8]T m/s%,
The position of the top end of the cable is set to X, = [—0.8,—0.115,3.0] m?, which accounts
for an initial gap of 5- 1073 m (see Figure 15). The surface SDF is given in a voxel-type grid of
25 x 25 x 250 voxels, element size h = 0.0125 m and it is centered at the cylinder longitudinal

2The first component of X, has been decided by the authors, as it was not detailed in [20, 72]
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Figure 11: Beam against sphere. Different SDF voxel meshes used for the simulation.

(a) 20 x 20 x 20 (b) 40 x 40 x 40 (c) 80 x 80 x 80 (d) Analytical

Figure 12: Beam against sphere. View on the X; — X3 plane of beam contacting the sphere for different levels of
discretization of the SDF as compared to the analytical solution. Time step ¢t = 1.25 s.

axis as shown in Figure 16. The cable is first modeled using 20 beam elements and time step
size At = 5-107%. The penalty parameter is set to e, = 1 - 10° and three different friction
coefficients are used, u = {0.00,0.10,0.30}. Figure 17 shows three snapshots of the solution for
@ = 0.1 at different time instants. Figure 18 quantifies the vertical displacement of the beam tip
for the different friction coefficients. Additionally, a video animation is provided in Appendix F in
the electronic version of the document, where the evolution of the solution is compared between
w = 0.00 and p = 0.30. As expected, the higher the friction coefficient, the smaller the vertical
oscillations, as the cable sticks more onto the cylinder surface. Next, the cable is modeled using
three choices for the number of beam elements, n. = {10, 20,40} with corresponding time steps
of At = {1-1073,5-107%,2.5-107*} s and p = 0.30. Figure 19 shows the vertical displacement
of the cable tip point for these different discretizations. As it can be seen, the difference in the
solution between 20 and 40 elements is very small, in contrast to the Absolute Nodal Coordinate
formulation reported in [73], which required at least 40 elements to obtain a converged solution.
Finally, Figure 20 shows the normal and frictional force vectors at time ¢ = 3.0 s for a friction
coefficient © = 0.1 s. As it can be seen, the normal force vectors are perpendicular to the isosurface
of the discrete SDF, while the frictional force vectors are tangent to that isosurface, proving the

accuracy of the SDF interpolation (see section 4) in modeling the gradients of the surface normal,
99N
ox *
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Figure 13: Beam against sphere. Normalized centerline maximum penetration using the different discretizations of
the SDF as compared to using the analytical signed distance function.

350
300 £
/,/’”\
250 | _ /W
O 200
iel
©
@ 150 |
100
analytical
50 F discrete 21x21
discrete 41x41
discrete 81x81
O - 1 1 1 1 1 { | 1 { | 1 1
1 2 3 4 5] 6 7 8 9 10
Time (s)

Figure 14: Beam against sphere. Ratio of the computational (wall clock) time against physical time for different
discretizations of the voxel mesh.
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X, = [~0.8,-0.115,3.0 m

a = 0.925 rad

g =[0,0,-9.8] m/s?

A

Figure 15: Contact between a cable and a rigid cylinder. Initial Setup.
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(a) Voxel grid. (b) Iso-volume. (c) Clip.

Figure 16: Contact between a cable and a rigid cylinder. SDF voxel mesh.

(a)t=1.0s (b)t=15s (c)t=20s

Figure 17: Contact between a cable and a rigid cylinder. Snapshots of the solution at different time steps for
p=0.1.
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Figure 18: Contact between a cable and a rigid cylinder. wug displacement of the tip point for different friction
coefficients.
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Figure 19: Contact between a cable and a rigid cylinder. ug displacement of the beam tip with different discretiza-
tions for p = 0.3.
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(a) Normal contact vectors. (b) Frictional contact vectors

Figure 20: Contact between a cable and a rigid cylinder. Close up of the contact friction vectors at the Gauss
points. Time ¢ = 3 s, friction coefficient p = 0.1.

6.4. Impact of a ring against a rigid surface

This example is designed to test the conservation properties of the algorithm [74, 75]. A flexible
ring with a centerline radius R = 9.5 m has a circular cross section of radius r = 0.5 m. The ring
is made of flexible material with properties E = 100 Pa, v = 1-107* and py = 1- 1072 Kg/m?.
The ring has an initial uniform speed of vy = [\/ﬁ, —V2, O}T m/s with its center initially located

at Xo = [0,0, O]T m. A rigid surface is placed at X5 = —12 m®. The penalty parameter is taken as
g. = 5000, the time step size as At = 0.2 s and the ring is discretized using 64 beam elements. The
simulation is run using three different friction coefficients, y = {0.00,0.15,0.30}. Figure 22 shows
a snapshot of the solution at t = 40.0 s alongside the pathlines for © = 0.00 and p = 0.30. It can
be seen that the reflection angle increases with increasing friction, as reported in [74]. Regarding
the conservation of energy, Figure 23 shows the evolution of the kinetic, internal and total energy
for p = 0.15. It can be seen that, by using the HHT-a method, the solution shows an overall
dissipative trend, and is stable up to very long time steps, not experiencing any energy blow up,
which is a crucial test in impact problems [75].

Figure 24 compares the conservation of the total energy for different friction coefficients. The
energy dissipation increases with the friction coefficient, as expected. It can also be seen that the
total energy dissipates even in the frictionless case, when no physical dissipation is added into
the system. A large amount of this dissipation, of the order of 9 %, occurs during the contact
(and sliding) against the rigid surface. This is due to the combination of the proposed contact
penalty algorithm with the non-conservative HHT-«a time integrator. This result is consistent
with other reported results in the literature when a contact spatial discretization is combined with
a non-conservative time integrator (see [18, 76, 77] for different impact examples with numerical
energy loss due to a non-conservative time integrator). Briefly explained, this is due to the non-
satisfaction of the persistency condition, i.e. pygy = 0, which is one of the fourth Kuhn-Tucker
contact conditions, and the only one that involves a rate of the normal gap [76]. Given that
a material time derivative is involved in this condition, the joint spatial discretization and time
integration should be designed to ensure its satisfaction. Failing to do this might result in energy
blow up, which is not the case for the current algorithm, or dissipation of the total energy during

3As the main purpose of this example is evaluating the conservation properties of the joint contact algorithm and time integrator,
in this case the rigid surface is simply modeled using an analytical signed distance (trivial in the case of a flat surface).
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impact (see [17] for successive energy losses during consecutive impact), which is due to negative
power introduced into the system during contact [76]. Energy preserving contact time integrators
have been proposed in [76-80]. It is also worth mentioning that energy preservation in the context
of beam dynamics poses also a significant challenge, as time integration of the rotational variables
adds additional complexity, and has been explored in, for example, [62, 81].

Xy

Figure 21: Impact of a ring against a rigid surface. Initial Setup.

(a) p=0.00 (b) p=0.30

Figure 22: Impact of a ring against a rigid surface. Comparison of the ring pathlines until ¢ = 40.0 s for different
friction coeflicients.

6.5. Dropping net on the Stanford Dragon

This example is designed to show the robustness of the algorithm in complex contact scenarios.
A net of 11 x 13 threads of lengths L; and L, is placed immediately above the Stanford Dragon
[82], covering a larger area of that corresponding to its floor projection. The net geometry and
position are detailed in Figure 25 and Table 1. The threads have a circular cross section of radius
r =2-107% m, and their material properties are £ = 10 GPa, v = 0.0, py = 1500 Kg/m3. The net
is initially at rest and under the action of gravity, defined as a constant body force b = [0, —9.8, O]T
m/s®. Regarding the discretization, 786 beam elements are used to model the net and the initial
time step is set to At = 5-10% s. The penalty parameter is chosen as e, = 1-10% and the friction
coefficient as ¢ = 0.1. The simulation is run from time ¢ = 0.0 s to time ¢ = 19 - 1072 s, when
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ring against a rigid surface. Evolution of the kinetic, internal and contact energies for
p=0.15.
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the net has covered the whole solid and prior to any self contact of the net. The Stanford Dragon
SDF is given in a voxel-type grid of 236 x 176 x 123 nodes with element size h = -1073 m (see
Figure 26). Figure 27 shows the solution at different time steps. Additionally, a video animation
is provided in Appendix F in the electronic version of the document. During the falling process,
complex interactions between the net and the different parts of the dragon geometry occur, which
are accurately captured by the proposed algorithm. Figure 28 highlights the solution at the final
time step, by showing different views. In order to assess the penetration, Figure 29a evaluates
the percentage of Gauss points that are in contact or penetrating the body. Gauss points in
contact are identified as those that have a normal gap gy < gy = 0.1r (see section 3). Further
to that, the number of Gauss points at different levels of penetration (represented as a fraction
of the beam radius) are also computed. As it can be seen, all Gauss points are either contacting
(0.0 < gy < gn) or non-contacting the Dragon surface, with no Gauss point penetrating the
surface. Next, the same evaluation is carried out by processing the penetration of the beam points
in Figure 29b. To do so, the centerline position is postprocessed in the same way as in example 6.2,
but now the distance ds(x) is evaluated using the interpolation technique described in section 4,
as no analytical distance function is available. As it can be seen, the majority of the beam length
in the contact region (i.e. gy < gn) has a penetration between the range —r < gy < 0.1r (i.e.
the majority of the points in the contact region do not penetrate further than the beam radius).
In short, the algorithm ensures that no Gauss point penetrates the surface and this results into a
small percentage of the beam length penetrating the dragon surface. This is specially important
as the voxel mesh element size is significantly larger than the beam radius, i.e. h/r = 5.0, which
proves the accuracy of the contact algorithm proposed in section 3. To further strengthen this
last point, Figure 30 shows the maximum and mean penetration of the centerline points with
gy < 0. It can be seen that the maximum penetration is smaller than 2r (0.4h), while the mean
penetration is of the order of 0.4r (0.08h).

XA Ll

Xa

(a) Lateral view. (b) Top view.

Figure 25: Dropping net on the Stanford Dragon. Initial setup.
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(a) Iso-volume. (b) Clip.

Figure 26: Dropping net on the Stanford Dragon. SDF voxel mesh.

(c)t=15-10"2s. (d)t=19-10"2s.

Figure 27: Dropping net on the Stanford Dragon. Position of the grid at different time steps.
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X4 [9.375-1072,2.55-10"",-1.875-10~%]" m
Xp  [3.8625-1071,2.55-10"1,241875-10'] ' m
L, 292510 'm

L, 24375-10 'm

Table 1: Dropping net on the Stanford Dragon. Geometric information of the initial setup.

(a) Lateral view.

(c) Top view.

Figure 28: Dropping net on the Stanford Dragon. Different views of the solution at time ¢t = 19 - 1072 s.
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Figure 29: Dropping net on the Stanford Dragon. Stacked area plots showing the percentage of Gauss points and
length contacting / penetrating the surface.
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Figure 30: Dropping net on the Stanford Dragon. Maximum and mean normalized penetration.
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7. Conclusions

This paper pursued the development of a fast, yet accurate and robust, algorithm for beam
to surface contact. To do so, a new implicit dynamics formulation for the simulation of 3D
beam contact against rigid surfaces has been presented. The formulation builds from an efficient
corotational beam dynamics formulation previously reported. The corotational beam kinematics
has been rewritten using 3D kinematics description, linking it with geometrically exact beam
theory. Frictional contact terms have been added and linearized, providing a consistent implicit
dynamics formulation for frictional contact. Contact search is avoided by using a discrete signed
distance field to represent the rigid surface, in which the Lagrangian beam is immersed. The
contact distance, gradient and Hessian, as required by the beam formulation, are computed at the
beam Gauss point by using an interpolation based in a tensor product of 1D kernels, as used in
immersed fluid-structure interaction techniques. The use of this interpolation, facilitated by the
Cartesian structure of the voxel mesh, is highly efficient as the stencil can be precomputed and
no search is required when computing the distance to the surface.

Regarding the numerical results, it has been numerically proved that the interpolated signed
distance, spatial gradient and Hessian converge with second-order accuracy to the analytical solu-
tion, i.e. O(h?), for smooth surfaces while first-order convergence, i.e. O(h), is expected for sharp
surfaces. This fact, alongside the beam discretization, determines the contact algorithm order
of accuracy. Next, the robustness and applicability of the overall contact framework has been
proven by providing a series of challenging examples. Firstly, the solution matches well against
literature results in a beam fast impact problem. Next, an example has been proposed to test
the accuracy of the surface discretization by comparing the penetration for different voxel sizes.
Using the same parameters for the beam material and discretization, it can be seen that the pen-
etration decreases for finer voxel mesh sizes, as expected. In the same example, the efficiency of
the interpolation strategy has been assessed qualitatively, proving that the computational time is
barely affected by the refinement of the voxel mesh. A literature example in a friction dominated
scenario shows that the proposed algorithm converges faster than previously reported results using
Absolute Nodal Coordinate formulation. Using a standard benchmark, it has also been proved
that the combination of the proposed frictional contact terms with the HHT-« time integrator
provide a globally dissipative solution, avoiding energy blow-ups after long physical time. Finally,
the algorithm has been tested in a complex contact scenario by using a SDF of the Stanford
Dragon. The penetration levels of the beam centerline are of the order of the beam radius, which
is smaller than the voxel mesh size and which proves the robustness of the contact algorithm.

The proposed framework could be improved in different ways. Firstly, the algorithm has been
implemented in Matlab in a non-optimized code (dense matrix, no vectorization). Therefore, the
current implementation allows for substantial optimization via use of sparse matrices and lower
level languages. Once this is done, and keeping in mind that both the corotational beam models
and the 1D kernel interpolation have been proven to be effective algorithms in their respective areas
of application, the overall framework could be an excellent candidate for accurate real-time contact
simulation. Yet, a detailed comparison, in terms of efficiency, of the proposed framework against
other standard contact algorithms is required in order to prove that hypothesis. Regarding the
time integration, despite the HHT-a method provides a globally dissipative solution, as pointed in
[50], energy-preserving time integrators could be implemented, which would improve the solution
in terms of time accuracy. A significant limitation of the current formulation is that it only
considers contact against rigid surfaces. In order to extend it to contact against deformable
surfaces, the use of an Eulerian formulation for hyperelastic solids could be explored [29]. Finally,
the current formulation does not consider contact (or self contact) of the beam elements. To model
such phenomena, a unified beam to beam contact approach as the one presented in [47] could be
adapted from a Total Lagrangian to a (Lagrangian) corotational beam formulation as presented
in this paper. Overall, this would result into a Lagrangian beam to beam contact formulation
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combined with the presented SDF beam to surface contact formulation.

Finally, it is worth mentioning that the current algorithm is well-suited to its application
in cardiovascular medicine and, specifically, simulation of guidewire navigation and stent-graft
deployment [12, 83]. In these applications efficient or even real time simulations are needed for
training purposes and for decision making during the pre-operative and intra-operative phases.
Additionally, medical imaging data is traditionally provided in voxel type meshes where SDF can
be obtained automatically [84]. By using the proposed framework, the creation of patient-specific
triangular meshes would be avoided, which usually requires experienced user input and takes
an important part of the simulation work-flow [85]. Yet, cardiovascular applications, in general,
require taking into account the deformation of the vessel wall [12]. Therefore, the presented work
can be seen as a first step towards this final goal.
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Appendix A. Kinematics assuming small displacements and rotations
Assuming small rotations in ), the rotation tensor R can be approximated as
R(©)~ T+ 5(6) (A1)
and its first derivative as
R ~ S(@). (A.2)

At the same time, by assuming small displacement of the centerline in €, the derivatives of the
transversal displacements are given by

uy(s) ~ Os(s), (A.3)
uy(s) = —BOsy(s). (A.4)

The above approximations are used to better analyze the structure of the deformation gradient

F, as defined in (43), which is repeated for convenience,

F(s) = R(s) + a(s) ® E, (A.5)

with @ given by (see equation (44))

a(s) = ¥(s) + akals), (A.6)
and, via equations (45), (46),
Y = CL‘E)(S) tl, .
ko= R (s)E,. (A.8)

Using equations (34), (35) alongside approximations (A.3), (A.4), & can be written as
Z, = B +u\(s)Ey + ub(s) By + uj(s)Es ~ ) (s)E; + 1, (A.9)
which yields
¥ = uj(s)E;. (A.10)
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At the same time, via approximation (A.2) and by omitting the high order terms, K, can be
rewritten as

(6] [&:] [ @66 ] 6]
Ko = (0/(s) x Ty) ~ | ©} x| 1 = | —0;05 — 016, ~ | 0 , (A11)
1Ol L O] L ©1-00 |p | O,
[ O] ] [ O, ] [ O, +040; | [ O} ]
Ra=(0(s)xTy) = | € | x| -6, | =] 605-6, | ~|-6 | . (A12)
1O e L1 Jg L[908 |, | 0 |,

Using the results in equations (A.10), (A.11), (A.12) into (A.6) finally yields
[ uy — £05 + £6)

a =

-0
£01

(A.13)

E;

On the other hand, the displacement @ can be approximated assuming small rotations by
replacing approximation (A.1) into equation (35), to yield

uy(8) —03 O, u1(s) — £205(s) + £304(s)
u(s) = | ua(s) +& | 1 +& | —6 = | ua(s) + & — &301(s) ,
us(s) | g O |5 L] us(s) +&01(s) + &3 B

(A.14)

and the gradient can be obtained by reminding that, in the configuration Q, X; = s, X, = &,,
which yields

ot u/1 (S)__ 62(:)%(3)_4- 53(:)/2(3) —@)3(3) _2(3)
Ve X T Os(s) = £363(s) 1 =6(s) (A.15)
—0O3(s) + 01 (s) O1(s) 1

where, again, the small displacement assumption (A.3), (A.4) has been used. Finally, comparing
the result above with equation (A.13), yields

Vu~ S(O)+ax E. (A.16)

The above gradient can be approximated using a sum of symmetric and antisymmetric tensors

Vu =e(Vu) + Q2(Va), (A.17)
with
L[ 2 (Wis) — ©84(s) + &04(s)) —&:Ol(s) &O4(s) ]
£:,01(s) 0 0
(A.18)
1 0 =203+ &0) 20, — 50 g
Q(Vau) = - | 203 — 0] 0 —20, = S(0) + 5 (@@ E,—E ®a).
—205 + 0] 20, 0
(A.19)
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Appendix B. Isoparametric interpolation

The Finite Element interpolation matrices are

0 0 0 0 0
PO=|0 0 NOO 0 N (B.1)

0 =N3(§) 0 0 —=Ny(§) O

Ni(§) O 0 N(§) O 0
P(§) = 0 N5 (&) 0 0 Ne(€) 0 (B.2)
0 0 Ns;(§) 0 0 Ns(§)
with £ € [0, ly] and the shape functions given by

Ni(§) =1 : Ny(§) =1— Ny, (B.3)

_%’

Ny(€) = (1 _ %) (1 - %) ONg(6) = (% - 2) % (B.5)

Appendix C. Internal force vector, stiffness matrix

The relationship between dd and 6D requires several steps, as explained in [38]. For the sake
of completeness, the main results are summarized in what follows. Firstly, the variation of R,
requires the spin vector §W,,, which does not appear in the variational equation (54). Therefore,

an additional set of nodal quantities is considered that inclues the variation of the spin vectors
W,

D.=[a W] W' D.=[o0u sW Wi ], (C.1)

The relationship between dD and dD, given via equation (14a) as

0D = B(Si)*, B= 0 Tﬁl((:)l) 0343 . (02)

Next, the relationship between dD, and dd is given by

6D, = B.éd, B, = { P’]"ET } , (C.3)

with E given in equation (70). The vector r gives the relationship between the variation du and
the variation of the global displacements, i.e. and the expressions for » and P given by

su=rid; r=|—-v" 0" v’ 0], (C.4)
At the same time, using equation (65), P gives the relationship between the variation of the spin

variables in 0, §W, and 0D, i.e.

W, T 0343 [I3x3 0343 0343 Gt
| = PéD = PE"6d; P = _ C5
[ OW> ] ’ O3x3 O3x3 0343 I3x3 ] [ GT |’ (C.5)
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and

oW 0 0  n/ln m2/2 —nu/2 00 0 —n/ln 12/2 —na/2 0
GT:aDe: o 0 1/l, 0 0 0 0 0 -1/, 0 0 0
0 —1/l, 0 0 0 I, 0 0 0 0
(C.6)
with
= 2, i = @7 Th2 = @, T21 = @7 M22 = ) (C.7)
42 42 42 42 42
Combining equations (C.2) and (C.3) yields the relationship between dd and 6§D
éd = BiD; B = BB.. (C.8)
Given the above relationship, the tangent stiffness can be obtained via equations (90), (94)
with
K,,=B'K,,B+K; K =B'K,B,+K,, (C.10)

with K given in equation (93) and K, given by

BT, 0 ot o _ oTT(®,)M,
Kh = aT . = 0 Khl 0§><3 ) Kha = 8W R (Cll)
* T 0 O3x3 Khpo ¢ M.

Kha = TNa ((:)aMg - 2Ma@T (@ M )Idxd) ((:) )
+ 11 (5(©,)8(0,) M, 0;) T, (©,)

- %S(Ma)Tsl((:)a) (C.12)
and
25in O, — O,(1 + cos O,) 0.(0, + sin©,) — sin*(0,/2)
= _ _ L g = _ A : C.13
7 2(0,)?sin O, H 4(0,)*sin*(0,/2) ( )
Finally K,, is given by
K,,= DN - EQG"E" + EGar, (C.14)

with N being the first component of T, (see equation (91))), = given in equation (C.4) and D,
Q, a given by

D; 033 —D3 0343

O3x3 Oszx3 0O3x3 O3x3 1 T
D = i D3 = —(I343 —v1v7 ), C.15
—D3; 0343 D3 0343 3 ln( B3 1) ( )
O3x3 0O3x3 0O3x3 O3x3

S(Q) 0
Q= | sio) | a=| WML + VL)l — (ML + VL)l | (C16)
s (M. + (M) 1,
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In the above definition of Q, Q; are the block components of
PPm=[Qf Q; QF QI ]; m=[M, M}], (C.17)

with Mf; being the nodal moments related to the displacements D,,

T.- 2 _-BT, =[N M, m5]". (C.18)

Appendix D. Time derivatives and variations of the centerline displacements and
rotations

In order to derive the dynamic force vector as well as the tangent dynamic matrices, the
variations of the centerline displacements u and their time derivatives, as well as the variations
of the centerline spin vectors w{ and their time derivatives are needed. For completness, the
main results of [40] are summarized, but for more details the reader is refered to that paper. The
variation of the centerline displacement, du} is obtained via equation (80),

Sull = 6uiN{(€) + duaNo(€) + S R.u' (€) + Roou'(€). (D.1)

The variation d R, is obtained via equations (61), (64) as

R, = R.S(0W,). (D.2)

with (see equations (70), (C.6)),

oW,
g e D — TET . D.
%% 5D J G E'od (D.3)
The variation of u! is given by
i_p O] [ WI] T

Jul = P, { ‘6. | =P | sy | = PPE"sd (D.4)

where equation (C.5) has been used and where, as in [40], it has been assumed that T,(©,) ~ I
due to small rotations (see equation 14b). Replacing the above results into (D.1),

sul = R.H,E"éd, (D.5)

with
H(§) = N(§) + Pi(§)P — S(u'(€)G". (D.6)

with
NE=[NMEI 0 NI 0 ]. (D.7)

The variation of H; is useful to compute second derivatives and also to obtain the tangent dynamic
matrices. This is given by

N.
6H, = l—;Alr(Sd — S(5uh)G, (D.8)

with
N7 == N3 + N4, (Dg)
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0O 0 0 O0O0O0OO0OOOOOQODDO
Ai=10 -1 0 00O0O0OT1O0O0O0O0 (D.10)
0 0O -1 000O0O0OT1O0TO0O0
Via equation (D.5), the first and second derivatives of u} can be computed as
u) = R.H,\E"d, (D.11)
i = R.H\E"d + R.C,E"d, (D.12)
with
Cl :S(We)Hl—f—Hl —HlE (D]_S)
and H; obtained from equations (D.8), (D.4) as
. N. . .
H, = —Ard—Su)G"; u'=PPE"d. (D.14)

Regarding the rotation variables, the varition of w{ is obtained fom equation (84) and doing a
rigid-push-forward with R,
Swh = R.H,E"d, (D.15)
with
Hy(s) = Py(s)P + G". (D.16)

As for Hy, it is useful to obtain the variation of H,. This is given by

Ny
5H2 = l—2A27'6d, (D17>
with
Ng = N5+ Ng — 1, (D.18)
0O 06 000OO0OO0OO0O O O0OO0OO0
A, =0 0 1 000O0O0—-1000 (D.19)
0 —-10000O0O1 0 O0O0O0
Via equation (D.15), the angular velocity and angular acceleration are obtained as
wh = R.H,E"d, (D.20)
W' = R.H,E'd + R.C,E"d, (D.21)
with
C, = S(W.)H, + H, — H,E. (D.22)

In order to obtain the tangent matrix, the variation of T}, in equation (98) is needed. As in
[40], this is computed considering only the contributions from the acceleration and velocity, this
is, the centrifugal and dynamic matrices

6T, ~ Méd + Cyod (D.23)
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The following variables require linearization

Ul = R"al! = H,(d)E(d)"d + C,(d,d)E(d)"d, (D.24)
W = R'w" = Hy(d)E(d)'d + Cy(d,d)E(d)"d, (D.25)
W' = RTw! = H,(d)E(d)"d, (D.26)

where equations (83), (86) and (87) have been used for the definition of with g, Wy, we. The
variations of the above quantities are obtained by linearizing only respect to d and d to give

UM ~ HYET5d + (C, + C5)E"dd, (D.27)
W ~ HoET5d + (Cy + Cy)ETdd, (D.28)
W ~ H,(d)E(d)"dd. (D.29)
In the above equations, C3 and C} are defined as
N. ) )
C;=—-S(h)G" + l—;AlDrE + S(W,)P,P + HF,G", (D.30)
N, )
Ci=—-S(h,)G" + Z—QSAQDTE + H,F,\G", (D.31)

with D taken from equation (70) as

D=E'd=[Ur Wi Ul wi], (D.32)
hi, hy defined as
h, = H,D, (D.33)
h, = H,D, (D.34)
and, finally, F} given by
SU))
S(Wh)
F = , D.35
S(Wy)

Appendix E. Linearization of the contact force vector

This appendix explains in detail the linearization of the discrete contact force vector, which
leads to the different terms desribed in equations (116), (117), (118) and (121). To start with, the
contact force vector defined in equation (113) is repeated here for convenience,

lo

T.= | EH!R!f.ds, (E.1)
0
with f. given by
; ; dgn Q'%
fe=pn(d)G(d:d); G(zidid) = - _N\/W' (E.2)
0T, = K,0d + C.od; K, =K'+ K>+ K°+ K" (E.3)
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and, in order to facilitate their derivation, the following abbreviations are used (see for example
[47])

lo
Klod = / t!, ds, (E.4a)
0
lo
K?id = / t> ds, (E.4b)
0
lo )
K35d = / t2 ds, (E.4c)
0
. lO
Kl5d + C.6d = / t!ds, (E.4d)
0
with
t! =0EH|R!’f., (E.5a)
t. = E(0H\)" R, f., (E.5b)
tz - EH?(6R€>TfC7 (E5C)
t! = EH/R!'sf.. (E.5d)

Before moving forward with the above linearizations, it is useful to provide some preliminary
results. Firstly, f. is rigidly rotated back to give

F.= RZfC' (E6)

At the same time the operator S’() is defined, which transforms a 12 x 1 array a into a 12 x 3
matrix A as

S

.

A= S(CL) = S(Clz) , ar = a3(r-1)+2 ) I e {1, 2, 3,4}7 (E?)
S(a,) A3(1-1)+3

with the operator S as defined in equation (4).
In order to obtain t!, the variation 6 E is needed. This can be obtained from its definition (70)
and equation (D.2), to give

S(6W.) 0 0 0
B 0 S(EW.) 0 0
SE=E 0 0 SGW.) o (E.8)
0 0 0  S(6W.)

And, in order to obtain ¢, the variation of ¢ f. is needed. From equation (E.2) this can be obtained
as

0fc = dpnG + pNIG, (E.9)

which in turn requires the variations dpy and 6G. The variation of py depends only on dd and is
given as

/ / a
opn = Py (9n)ogn = pN(gN)% - (R.H,E"5d), (E.10)
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with p/y obtained from (111)

( —€¢ g S 0
EcIN — DN _
plN = p§v(gN) = 2TQN —€&., 0<gn<gn
In
0. g > gn

The variation of 6G has contributions in dd and dd. This can be obtained from (E.2) as

Oz " \/IGhIP +e

1
—t (I-——— (g gh)) 0gr-
\/Hg%uu_e( g2+ =71

(E.11)

(E.12)

where equation (D.5) has been used. The above result requires the variation dg&, which is given

by

ogh = Add + Béd; A= A'+ A*+ A%+ A

with

Ogn 829N
1 [(YYN YU gN T
A = <8 (ReH{D)) 920 R HE

2 .
- EHITRZMREHJD ,
T Ooxox

A2 = (I _ 9 ‘%ﬂ) R.S(H,D)G"E",

Ogn ® % Ny
ox ox

I

Al = (I _ v a’%) R.H,S(D)GTE",

Using (E.10), (E.12), (E.13) into (E.9) yields
5f. = K;0d+ Cyod,

with

, 0
Ky = thlaw) (6 (BHIRETR))

ton | N RH (B - ——F (1 ——
) (Mw OF = e @
H 1 cho o oh
Cy. = —pn <I— . gr g >B.
f AR
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e dl) A) ,

(E.13)

(E.14a)
(E.14b)
(E.14c)
(E.14d)

(E.14e)

(E.15)

(E.16)

(E.17)



Using (E.6), (E.7), (E.8), (E.15) alongside (D.3), (D.4), (D.8) into (E.5) gives
W.) [HIF.|,

S Wo) [HI F|

S< ) [HF ]

SEWe) [HI F] .1,

— —ES(HTF,)6W, = —ES(H' F.)G"E"4d,

tt=0EH|/F.=FE

T
=FESH/F.=E < TAréd — S(éul)GT) F.

l2
= EATF, (réd) + EGS(6u')F,

EAT'F.rod - EGS(F.)P,PE"id,

Tz

t2=EH'OR.)"f.= EH' (R.S(6W,))" f.= —EHTS(6W,)F.

— EHTS(F.)sW, = EHTS(F.,)GTE"sd,
— EHTRTSf. = EHTRT <Kf65d + Cfcad) .

(E.18a)

(E.18b)

(E.18c¢)
(E.18d)

Finally, using the results in (E.18) into (E.4), the different tangent terms in (E.3) are given by

lo .
K!=—- | ESH!F.)G"E" ds,

0

K? = / (];7 EATF - EGS(]-'C)PlPET) ds,
0

lo

K}= | EH!S(F.)G"E" ds,
0
lo
K!= | EH[R!'K; ds,
0
lo
C.= | EH{R!Cy, ds.

0

Appendix F. Supplementary data
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Video 1: Beam against sphere. Comparison of the solutions obtained using 3 different voxel mesh discretizations.

14=0,00 15=0.30
N a

Video 2: Contact between a cable and a rigid cylinder. Comparison of the solutions obtained using p = 0.00 and
@ = 0.30.
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