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URN MODELS WITH RANDOM MULTIPLE DRAWING
AND RANDOM ADDITION

ABSTRACT. We consider a two-color urn model with multiple drawing and random time-dependent
addition matrix. The model is very general with respect to previous literature: the number of
sampled balls at each time-step is random, the addition matrix is not balanced and it has general
random entries. For the proportion of balls of a given color, we prove almost sure convergence
results. In particular, in the case of equal reinforcement means, we prove fluctuation theorems
(through CLTs in the sense of stable convergence and of almost sure conditional convergence,
which are stronger than convergence in distribution) and we give asymptotic confidence intervals
for the limit proportion, whose distribution is generally unknown.
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1. INTRODUCTION

Reinforcement (see [34] for a review) means the tendency of a stochastic evolution to increase (or
sometimes decrease, so called, negative reinforcement) the occurrence of an event in relationship
with the number of time this event took place in the past. The Polya urn stochastic process is the
fundamental and paradigmatic example. It led to several generalizations.

The original evolution rule of the Pdlya urn is based on picking one ball in an urn filled with
colored balls and replacing that ball in the urn together with one or more balls, according to
some ”updating matrix”. More generalized samples have been considered, leading to multi-drawing
based updating rules. In these models, many balls are selected at each time and returned before
adding some new ones according to a reinforcement rule. Bi-color and multi-color models have
been considered, as well as models where the extraction of the balls is with or without replacement.
The number of sampled balls is always a fixed constant and the “replacement matrix” is in general
assumed to be balanced, that is, the number of added balls to the urn is constant along time (e.g.
[9,10L19,21,123.[2528,31]). In particular, in [20,28.[31] the number of added balls is a deterministic
function of the composition of the extracted sample. Results deal with the asymptotic behavior,
evolution of moments, almost sure convergence and Central Limit Theorems (CLTs) for the fraction
of balls of a given color in the urn. In the model considered in [29], m balls are sampled at a
time, with replacement, and the distribution of the increment of one color follows, given the past,
a binomial distribution with parameters m and p, where p depends on weights associated to the
drawn colors. Results mainly deal with regimes where “fixation” happens, which is more interesting
for reinforced random walks applications. Moreover, different urn models with multi-drawing were
considered in relationship with some specific applications. See for instance [15,24}26,27].

Other urn models merge multi-drawing and random replacement matrix. The paper [2] is a
generalization of [1] and it deals with a constant sample size and a random replacement matrix.
This matrix can be of Pélya (diagonal) or Friedman (anti-diagonal, reinforcement of the non chosen
color) type and its entries have time-homogenous distribution. In particular, we point out that CLTs
are not proven for the Pdlya type case. As we will see later on, we here fill in this gap.

The papers [3,[12] study a multi-drawing model (called HRRU, hypergeometric randomly rein-
forced urn model) with a random number N, of sampled balls and a random replacement matrix of
rank 1 (bicolor case). The number of added balls of a given color is proportional to the number of
balls of the same color in the sample, but the random reinforcement factor is the same for both col-
ors. Note that this model generalizes the one recently given in [§]. The almost sure convergence of
the color proportions toward a non degenerate random variable is proven. Necessary and sufficient
conditions for no-atoms in the limiting distribution are given.

In this paper, we consider a two-color urn model, with multiple drawing and random time-
dependent addition matriz. The model is very general with respect to previous literature: the
number of sampled balls at each step is random, the addition matrix, defining the number of
additional balls, has general random entries. More precisely, for both colors, the random number
of added balls is proportional to the number of balls of the same color in the sample, with possibly
different random coefficients A,,, B,, (which may be correlated and their distribution may depend on
timen). The model studied in [3/12] corresponds to the particular case A,, = B,,. The reinforcement
rule we consider is not balanced (thus the long-run behavior of the total number S, of balls in the
urn at time n needs to be studied). We prove almost sure convergence results for the proportion as
well as fluctuation results, through central limit theorems in the sense of stable convergence and of
almost sure conditional convergence, by suitably extending some approaches employed in the urn
model literature without multi-drawing (see [4,/5,32]). Specifically, we consider two cases. If the
factors A,, and B,, have the same mean (equal reinforcement means case), the limit proportion Z is
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random without atoms. In the case of unequal limit reinforcement means, the proportion converges
almost surely to 1 (or 0). When the limit proportion Z is random, the proven central limit theorems
are employed in order to obtain asymptotic confidence intervals.

Some applications of the urn models with multi-drawing are described in [26]. Moreover, like
explained in [3|]12], the present model may be applied in the context of technology adoption to model,
for example, the evolution of the choice between different operative systems by companies. Below
we illustrate other possible interpretations in the contexts of opinion dynamics and propagation of
contagious diseases (epidemic models).

Applications to opinion dynamics could be developed as follows. Assume to be before an election
between two candidates. People decide who they are going to vote for. People who have already
decided are represented as the colored balls already in the urn, the color meaning the choice for
one candidate. One assume this is a not evolving choice. At each iteration, a group (with random
size Ny,) of people is sampled (without replacement) and each one is given the opportunity to
convince a group of other people. The new-comers will adopt the same choice as the person who
convinced them. The heterogeneity of this reproduction mechanism is modeled through the time-
dependent randomness of the factors A, and B,. The assumption of equal reinforcement means
would mean that in the long-run no advantage is given to any party. We can also consider the
evolution of the diffusion of a binary opinion through social networks, like Twitter. Each agent
inside a connected community has an un-changing opinion (for instance, a vote or a purchased
product). This community will grow dynamically through immigration of followers. At each step,
a subset (with random size N,,) of agents is chosen. Each agent of this committee is allowed to
call into the community of followers sharing their opinion. Once again, the heterogeneity of this
growth mechanism is modeled by allowing the multiplying factors A, and B,, for each opinion to
be random. Correlation between these growth coefficients are possible. If one of these coefficients
is eventually larger in mean, then the associated opinion will dominate eventually (but may take
some time). If both coefficients are equal in mean then some random equilibrium takes place.

In the original paper [17], where the Pélya urn model was first defined, smallpox epidemy was
the context it was applied to (see for instance |22}30] and references therein). Therefore, a second
application of our model one could have in mind is the diffusion of genetic variants of viruses
(see for instance [33] for a review on epidemic models on networks). We do not pretend to do
any modeling study here but want to illustrate the potentialities of our model as a “toy model”.
Assume one want to model the propagation of a virus, existing in two forms. Assume to consider a
time scale such that there are infinitely many persons to be possibly contaminated and that once
a person is contaminated, he/she remains contagious “for ever” (no recovering, no dying). Balls in
the urn represent the contaminated persons by one of the two variants of the virus (corresponding
to the two possible colors of the balls). We do have in mind the initial exponential regime of the
propagation of two competing variants of one virus. Each discrete time-step of the urn’s evolution
means a contagion step. People that are contaminating are assimilated to the sample made without
replacement in the urn. This is a random number N,, and this randomness may depend on time
and on the total number of contaminated persons. One chosen contaminating person diffuse the
same variant. Each variant has its own amplifying factor A, (resp. Bj): one assume that each
selected person, contaminated by a given variant, is contaminating the same number of people. This
somewhat unrealistic hypothesis is compensated by the fact that the number of individuals infected
by one person is random, with a time-dependent and variant-dependent randomness. Moreover,
A, and B, could be correlated. This model gives insights: if the limit means (time-asymptotic
reproduction means of each variant in this context) are unequal, one kind of virus will eventually
dominate. If they are equal, there is a limiting genuinely random proportion, for which we provide
confidence intervals.
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Finally, another application context could be population dynamics in case of competitive or
cooperative growth. As before, the flexibility of the model lies in the choice of N,,, A,, and B,,. The
joint distribution of [A,, By] is important to model competition or cooperation. One may think to
bacterial populations and the evolution of their respective proportions in the microbial gut.

The paper is organized as follows. In Section 2] we formally define the model. In Section[3|we state
and prove the main results. In Subsection we prove the almost sure convergence towards a limit
proportion Z. Different behaviors occur according to equality /unequality of the limit reinforcement
means. In particular, in the case of equal reinforcement means, we provide precise asymptotic rates:
indeed, in Subsection we establish central limit theorems for the proportion Z,, of the balls of
a given color in the urn and for the empirical mean M,, of the proportion of the balls of a given
color in the samples. Moreover, in the case of equal reinforcement means, in Subsection we
prove that the distribution of the limit proportion Z has no atoms and, in Subsection we
provide asymptotic confidence intervals for Z, centered in Z, and M,. We then present in Section
more specific examples, illustrated with some numerical simulations. The paper is enriched with
an appendix in three parts which collects some more technical lemmas and general results, in
particular about stable convergence and its variants.

2. THE MODEL

An urn contains a € N\ {0} balls of color A and b € N\ {0} balls of color B. At each discrete
time n > 1, we simultaneously (i.e. without replacement) draw a random number N, of balls. Let
X,, be the number of extracted balls of color A. Then we return the extracted balls in the urn
together with other A, X, balls of color A and B,(N,, — X,,) balls of color B. More precisely, we
take a probability space (£2,.A, P) and, on it, some random variables N, X, A,, B, such that,
for each n > 1, we have:

(A1) The conditional distribution of the random variable N,, given
[N1, X1, A1, By, Npo1, Xpo1, Ap—1, Bn1]

is concentrated on {1,...,S,_1} where S,_1 is the total number of balls in the urn at
time n — 1, that is

n—1 n—1
Sn—1 :a—i-b—i-ZAij-i-ZBj(Nj—Xj). (1)
j=1 j=1

A2) The conditional distribution of the random variable X,, given
(A2) g
[N17X17 Ala 3 Bl e 7anla anlyAnfh anla N’n]

is hypergeometric with parameters N, S,_1 and H,_1, where H,_1 is the total number of
balls of color A at time n — 1, that is

n—1
H,_4 :CL-FZA]‘X]‘. (2)
j=1

(A3) The random vector [A,, By,] takes values in N\ {0} x N\ {0} and it is independent of
[NleaAlvBl? .. 'aanbanlaAnflaanlaNn;Xn] .

According to the above notation, the random variable X, corresponds to the number of balls
having the color A in a random sample without replacement of size IV,, from an urn with H, 1 balls
of color A and K,_1 = (Sp,—1 — Hy—1) balls of color B. The reinforcement rule is of the “multiplica-
tive” type: indeed, each time n, we add to the urn A4, X, balls of color A and B, (N,, — X,,) balls
of color B. Therefore, the total number of added balls to the urn, that is A, X,, + B, (N, — X,,),
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is random and depends on n.

Note that we do not specify the conditional distribution of the random variable N,, (the sample
size) given the past
[N1, X1,A1,B1..., Np1, Xpo1, Ap1, Bri]
nor the distribution of [A,, By] (the random reinforcement factors A, and B, may have different
distributions, they may be correlated and their joint and marginal distributions may vary with n).

It is worthwhile to remark that this model include the Hypergeometric Randomly Reinforced
Urn (HRRU) studied in [3,/12] (take A, = B,, for all n), which in turn include the model recently
given in [8]. In particular, two special cases are the classical Pélya urn (the case with NV, = 1 and
A, = B, = k € N\ {0} for each n) and the 2-colors randomly reinforced urn with the reinforce-
ments for the two colors equal or different in mean (the case with N,, = 1 for each n and [A,,, By]
arbitrarily random in N\ {0} x N\ {0}). Moreover, as told in Section [1| previous literature (we refer
to the quoted papers in Sec. deals with the case when the sample size N,, is a fixed constant,
not depending on n, and/or the balanced case (constant number of added balls to the urn each time).

We set Z,, equal to the proportion of balls of color A in the urn (immediately after the updating
of the urn at time n and immediately before the (n + 1)-th extraction), that is Zy = a/(a + b) and

H,
Zn:S—n forn > 1.

n

Moreover we set
Fo=1{0,Q}, F,= U(Nl,Xl,Al,Bl, e ,Nn,Xn,An,Bn) forn>1,
and
Gn=FuV0(Npt1), Hn=G,Vo(Ant1,Bny1) forn>0.
By the above assumptions and notation, we have
E[An—f—l ‘ gn] = E[An—i—l] ) E[Bn-i-l ‘ gn] = E[Bn—&-l] (3)
and
E[Xn-H ’Hn] = E[Xn-i-l ’gn] = Np+1Zn,
E[Nn—H — Xnt1 ’Hn] - E[Nn-i-l — Xnt1 ‘ gn] - Nn+1(1 - Zn) .
Finally, we set X, = {0V N, — (Sp—1 — Hp—1),..., No A H,—1} and, for each k € X,,,

) e

(v

3. ASYMPTOTIC RESULTS

Pn k :pk(NnaSn—laHn—l) = (5)

In this section we prove some convergence results for the model described in Section [2| by
suitably extending some approaches employed in the urn model literature without multi-drawing
(see [45,132]).

Set E[A;] = may and E[B),] = mp,, for all n. We will assume that the two sequences (man)n
and (mp p)n respectively converge to my € (0, +00) and mp € (0, +00). Moreover, we will consider
the following cases:

1) mg > mp.
2) may, =mpy, =my and so my =mp =m € (0, +00).
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For simplicity, throughout the paper, we will assume
A,V B,VN, <C for some (integer) constant C.

We will signal when this assumption can be easily removed. Sometimes it may be replaced by an
assumption of uniformly integrability, but we will not focus on this fact.

We start with proving a result valid for both cases.
Lemma 3.1. We have
H, %% +00 and K, = (S, — Hy,) 2% b0,
As a consequence, we obviously have S,, =% 4o0.

Proof. First suppose a Ab > C so that N; < H;_; for each n. Let T' = inf{n : X, # N,,} = inf{n :
(N, — X)) > 0}. For each k > 1, we have

y H;, |- (Nz — 1)
Sic1—(N; — 1)

tk:P{T>]€}:P(X1:NZ,Z:1,,k):

k Ni—l . 1—1
- HH a—3j+> - 1AhNh
i1 joo atb—j + 3002 AnNy,
We recall that, given ¢y, ca,c3 > 0, we have

o+ < 1+ ¢
co+c3+x " i+t

r<c &

Therefore, applying the above inequality with z = 2;11 ApNp < (i—1)C? =¢1, ca =a—7, c3 = b,
we get,

k . N;
a—j+(i—1)C? a+(i—1)C? ’
<FE <F
b 21_[1}1] at+b—j+(—-1)C?| ~ 1;[ a+b—N;+1+ (i—1)C?

k
+(i—1)C? ( - 2
H 5 = exp Elnl— b-C)(a+b—-C+1+(0—-1)C%) | —0 ask— +oo.
sratb— C+1+(z—1

This fact means that P(T' = 4+00) = limi t, = 0, i.e. P(T" < 4+00) = 1. By the strong Markov’s
property, we can conclude that P(N, — X,, > 04.0.) =1, i.e. > (N, — X;,) = 400 almost surely.
Since K, = S, — H, = b+ > ;- Bi(N; — X;) > > " (N; — X;), we get K, = S,, — H, — +0
almost surely. Similarly, we can obtain that H,, — +oco almost surely.

In the general case, we have

tk:P(T>l{3):P(XZ:Nl,Z:1,,/{7)
—P(X;=N;,i=1,...,k|N; < Hi1,i=1,....,k)P(N; < Hi_1,i=1,....k),

where P(X; = N;,i=1,...,k|N; < H;—1,i=1,...,k) is equal to the product studied before and
so it converges to 0. |
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3.1. Almost sure convergence.
Theorem 3.2. Assume to be in case 1) (i.e. ma > mp). Then Z, *> 7 = 1.

Proof. Let e € (mp/ma, 1) and set @, = K, /H, for all n. Then, using that (1 —z)¢ <1 — ex for
0<z<1, H, < Hpy1 < Hy + C? and ({]), we have:

Kn + Bn+1(Nn+1 - Xn+1) Hn ¢
‘Hn -1

EWMM%fUHAZE[

Kn Hn+1
Hn >e :| |:Bn+1(Nn+1 - Xn+1) < Hn >e :|
=F —1|Hp| +F H
[(Hn+1 ‘ " Kn Hn+1 ‘ "
A1 X B Npi1 — X
S _¢E |: n+1AAn+1 |,Hn:| + B [ n—H( n+1 n+1) |an:|
Hn+1 Kn
Ant1Xn41 Bpt1(Not1 — Xnt1)
< —eb | ———+ E
= [fﬂf+02'H" * K, |
_ An+1Nn+1 Hn Bn+1Nn+1
Sh H, +C? Sn '
Taking the conditional expectation with respect to G,, and using , we get

Nn-‘rl m —em Hn
Sn B,n+1 An+1 Hni‘}‘ 2 .

Since H,, goes to +o0o (see Lemma [3.1)), lim, mapnt1 = ma > mp = lim, mppi1 and e €
(mp/ma, 1), we obtain that the above conditional expectation is smaller or equal than zero for n
large enough. It follows that, for large n, we have

E[Qn—i—l - Qn ‘ gn] - QnE[Qn+1/Qn -1 | gn] S 0

This means that (@), is eventually a positive (i.e. non-negative) G-supermartingale and so it
converges almost surely to a finite random variable. In order to conclude, it is enough to observe
that, since H,, < Sy, Sy, =2 400 and e < 1, we have

ElQnt+1/Qn—1]Gy] <

K HE
1= Zp == =Qp=2 <Q,5,179 250,
Sn S
that is Z,, =3 1. ]

Theorem 3.3. Assume to be in case 2). Then, we have
2
n

N,
| B[Zu11/Ga] = Zn| < El(Ans1 + Bua)?] =25 (6)

and so the process (Zy,) is a G-quasi-martingale and it almost surely converges to a random vari-
able Z taking values in [0, 1].

It is easy to see that, in order that (Z,) is G-quasi-martingale, it is enough to require the condition

3 EltAu + Bt 2owt) < oo, )

which is obviously satisfied when A, V B, V N,, < C for some constant C. Moreover, as we will
see, for the proof of the above lemma it is sufficient to assume only ma, = mp, = m, for all n
(it is not necessary to have (m,,) convergent).
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Proof. After some computations, we get
(1 - Zn)An+1Xn+1 — ZnBn1 (Nn—i-l - Xn+1)

Dyt — Zy =
- Sn-i—l

: (8)

Therefore, by the model assumptions, the conditional expectation E[Z,,11 — Z,|H,] is equal to

Ant1k Brni1(Npy1 — k)
Z [(1 - Zn) - Zn ]pn—i—l,kz ;
T Sn + Ant1k + Bnp1(Npg1 — k) Sn+ Ant1k + Bpi1(Npv1 — k)
where X, 11 = {0V Npy1 — (Sn — Hyn), ..., Npp1t A Hy} and ppg1x = pe(Npg1, Sn, Hy) is given
by . We observe that X, and p,11 are G,-measurable and so the conditional expectation
E[Zy+1 — Z,|Gy] is equal to

AnJrlk :| |: Bn+1(Nn+l — k) :| }
Y (- Z)E Go| — ZoE o\,
KEXni1 {( ) {Sn T Atk + Buyi(Var1 — K) ST Anrk + Buga(Nugs — ) 07 f Dot

Now, we consider the above quantity and we add and subtract the quantity A,1k/S, in the first
conditional expectation and the quantity B,,+1(Ny+1—k)/Sy in the second conditional expectation,
so that the two conditional expectations can be rewritten respectively as

E |:_A$z+1k2 — An+1Bn+1k(Nn+1 - k) ’gn:| mnk

Sn[Sn + An+1k + Bn+1(Nn+1 - k)] Sn
5 |:_372L+1(Nn+1 — k)? = Ans1Bni1k(Nog1 — k) G ] 4 M (Nogr = K)
Sn [Sn + An+1k + Bn—l—l(Nn—i-l - k)] " Sn ’

where we have used and the fact that m4 , = mp, = m,. Finally, we observe that

(1= Zp)mpk — Zpymyp(Npt1 — k) Mp,
Z Sn Pn41k = Si Z (k - Nn+1Zn)pn+1,k = 07

k€X,11 " kEXni1

because ), X1 kpp41k is the mean value of the hypergeometric distribution with parameters
Np+1, Sp, Hy, and so it is equal to N1 H, /S, = Npi1Z,. Summing up, the conditional expecta-
tion E[Z,4+1 — Zn|Gx) is equal to

Z B |:ZnBT2L+1(Nn+1 — k)2 — (1= Z,) A2 K? + (22 — 1) Api1 By k(Npgr — k) ol
Sp[Sn + Api1k + Bpyi1(Npy1 — k)] n| Prtk -

keXn 11

Therefore, using assumption (A3), we have

Aps1 + Bpy1)?N2 Ny
( n+ S?;-&- ) n+1 |gn = E[(AnJrl + Bn+1)2} g;l
2 n

and, since A, A B, A N, > 1 by definition, we finally get @ When condition is satisfied (as
when A, V B, V N,, < C for some constant C'), the process (Z,) is a G-martingale taking values in
[0,1] and, hence, it almost surely converges to some random variable Z taking values in [0,1]. &

|E[Zn+1|gn] - Zn| < E

Remark 3.4. From , we immediately get that, if A, = B,, for all n, then
An+1 (Xn—i-l - ZnNn-l—l)
Sn + An+1Nn+1

and so (Z,) is an H-martingale, because of assumptions (A1) and (A2). Therefore, for its almost
sure convergence, it is not necessary condition (7). This is the case considered in [3}12].

Z’n—l—l - Zn =
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Remark 3.5. Lemma (with Y, = X,,/N,,) immediately implies that, in both cases 1) and 2),
the sequence

1 = X
M, ==Y -2 9
P (9)
Jj=1
which is the empirical mean of the proportion, in the samples, of balls of color A, also converges
almost surely to Z.

Proposition 3.6. Assume to be in one of the previous two cases 1) and 2) and let Z “ lim, Z,.
Moreover, assume

E[Nn|]:n71] E) Nv (10)
where N is a (strictly positive finite) random variable.
Then H K Sn— H
BB muNZ, =" T YN e N(1 - Z).
n n n
and so
S’n a.s.

Pl maNZ +mpN(1 - Z).
Proof. It is enough to apply Lemma with Y; = A;X; (resp. Y; = B;(N; — X;). Indeed, we
have Y; < A;N; (resp. Y; < B;N;) for each j and so E[YJQ] < E[(A; + Bj)Q]E[sz]. Moreover
ElA;X;|Fja] = EE[E[A; X;|Hj]Gj1] | Fj] = E[E[A;N; Z;1|Gj ]| Fj-1]
= E[ma;N;jZj1|Fj-1] = ma;E[Nj|Fj1]Zj—1 == maNZ
and
E[B;(Nj — X;j)|Fj—1] = E[E[E[B;j(N; — X;)[H;-1]1Gj-1] | Fj-1]

= E[E[BjN;(1 = Zj1)|Gj-1]|Fj-]

= E[mp,;N;(1 — Z;_1)|Fj1]

=mpE[N;|Fj—1](1 = Zj—1) <3 mpN(1 - Z).

Therefore, we have H,, /n %% maNZ and K,,/n “> mpN(1—Z) and so S, /n = H,/n+K,/n *>
maNZ +mpN(1—2). n

Remark 3.7. When we are in case 1), then Z = 1 almost surely and so we have H,, and S,, go to
+oo with rate n. Moreover, we observe that, for each e € (mp/ma, 1), we have

K n l1—e H e
l—erq _ — pl-etn _ [ % n

where (), is defined as in the proof of Theorem Since n/Sy, H,/S, and @, converge almost
surely to suitable finite random variables, we get that n'=¢(1 — Z,,) converges almost surely to a
finite random variable. Since e is arbitrary, we necessarily have n'=¢(1 — Z,) £ 0, that is, for all
e € (mp/ma, 1), we have 1 — Z,, = o(n=(1=9)) and so K,, = Sp(1 — Z,) = o(n®).

When we are in case 2), since mN > 0 almost surely, the above limit result implies that S,, goes
to +o0o with rate n; while it is not sufficient in order to get some information on the asymptotic
behavior of H,, and K,, because Z may assume the value 0 or 1. In the sequel, we will prove that
both H, and K, go to +oo at rate n.

Theorem 3.8. Assume to be in case 2) and assume condition (10). Then we have P(Z = 0) +
P(Z =1) =0. (Consequently the rate at which H,, and K, go to +o0c is equal to n.)
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Proof. Set Y,, = In(H,/K,), A, = E[Yai1 — Yn|Gn] and Q, = E[(Yny1 — Yn)?]. If we prove
YonAp < 400 and Y, Qn < +oo almost surely, then Y, converges almost surely to a finite
random variable (see Lemma 3.2 in [35]). This fact implies that H, /K, converges to a random
variable Y with values in (0, 4+00). It follows that Z,, = S—" = % converges almost surely to
Y/(Y + 1), which is a random variable with values in (0,1). Then P(Z =0)+ P(Z =1) =0.

The rest of the proof is devoted to verify that ) A, < +oco and ), @, < +oo almost surely.
To this regard, we recall that, by Lemma[A.3]| we have 1/K,, = O(1/n?) and 1/H, = O(1/n") with

v > 0. Moreover, using the notation (5, we have
Elln(Hp+1) — In(Hy) | Hy] — ElIn(Kpt1) — In(Kp)|[Hn] =

Z {(In(Hy, + Aptrk) — In(Hy)) — (In(Ky + Bpg1 (No1 — k) — In(Kn)) } ppt1p =
kEXns1

Apt1k 1 Bnt1(Nny1—k) 1
dt — dt
Z /0 H, +t /0 K, +1 Prn+1.k

keXn+1
Since 1/(H,, +t) <1/H, and 1/(K,, +t) > 1/K, —t/K2 for each t > 0 and each n, the last term

of the above equalities is eventually smaller or equal than

Appik Bari(Nap1 —k) | Bry (Mo — k)°
Z - tc 5 DPn+1,k
H, K, K2

kEXn 41

Now, we observe that

H, K, -

An lkj By, l(Nn 1_k5) Mp+1Nn+1 Mp+1Np+1
1Y < = Prt1 | Gn] = *Sn - *Sn 0.

kEXn+1
Therefore, we have for n large enough (using (1 — Z,,) = K,,/Sy)
cC? Sp — Nnt1 2 2 1+
< — — _ = = v .
N {znu Zapu 2N N2 1 2 } O(1/(KnS0)) = O(1/n+)
Similarly, we have
E[(tn(Hys1) — (Hy) — 10Ky i1) + In(5))? M) <
2 {B[(In(H, n+1) In(Hn))?[Hu] + E[(In(Kp41) — In(Kp))?Ha]} <
k2 B Npi1 —k)?
2 3 (Al Brallent Z0) L 00 (Hus)) + 001/ ) = 01 /0.
k€Xy 11 n

The last statement (into the brackets) immediately follows from Proposition n

3.2. Central limit theorems for the case of equal reinforcement means. Since in case 2),
the limit proportion is a random variable Z, in the sequel we provide results in order to get some
information on it.

Theorem 3.9. Assume to be in case 2) and assume condition . Moreover, suppose to have
E[NZ|Fo1] =5 Q, (11)
where Q is a (strictly positive finite) random variable, and

qan = E[A2] = qa, qpn=FE[B2 = a5, qan=FE[A.B,] — qas, (12)
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where qa, qp and qap are (strictly positive finite) constants.
Then \/n(Z, — Z) converges in the sense of the almost sure conditional convergence with respect
to F = (Fn) to the Gaussian kernel N'(0,V), where

V= 2(1-2) (1—2Z)qal(1 — Z)N + ZQ] + ZqB[(ZNNng(l —2)Q| —2Z(1— Z)qap(Q — N)
2 2 " (13)
i AN = 2)°qa+ 2% +2Z(1 = Z)qap] + Z(1 — Z2)Qlga + g5 — 2q45]
=Z(1-2) N _

Before the proof, we premise some remarks.
Remark 3.10. Regarding formula , recall that N > las.,Q>1las.,qga>1qgg>1,qap>1
and qa + B — 2qap = lim, E[(A, — B,)? > 0. Moreover, we have proven that P(Z =0) = P(Z =
1) = 0 (see Theorem [3.8). Therefore, we have P(V > 0) = 1. In addition, we note that V is
not degenerate provided P(Z = z) < 1 for all z € (0,1). For this last fact, we refer to the next
Theorem which states that we also have P(Z = z) =0 for all z € (0,1).

Remark 3.11. When A, = B, for all n, we have g4 = g = qgap = ¢ and so we get V =
Z(1—Z)q/(m?N), that does not depend on Q. Indeed, in this case the above assumption can
be deleted (see [12]).

Remark 3.12. When N,, = k for each n, with k a fixed constant, we have
(1-2)%qa+ Z%qp +2Z(1 — Z)qap + Z(1 = Z)k(qa + 4B — 2q4B)
(mk)?

(1—2Z)2qa+ Z%qp+ Z(1 — Z)[k(qa + qB) — 2qa(k — 1)]
m2k )
In particular, for £ = 1, we observe that V does not depend on ¢g4p.

Proof. Setting X! = X,,/N,, for each n, the sequence (X)) is G-adapted and bounded. Moreover,
we have

V=kZ(1-2)

(14)
— Z(1-2)

E[X;H-l’gn] = E[N;-&an-&-l‘gn} = Nn_-i}lE[Xn+1’gn] = Nn_-&an-ﬁ-lzn =Zy. (15)

We want to apply Theorem to Y,, = X,,. By Theorem we have
0’ E [ (E[Zp11|Gn] — Zn)? ] — 0.
Therefore, in order to prove Theorem 3.9} it suffices to prove that the following conditions are
satisfied
2) nY s, (Zj1— Zj)? =3 V.
In the following we verify the above conditions.

Condition c1). We observe that, by and recalling that A; AB; AN; > 1and A;V B;VN; <C,
we have

(4 + B)N; _ 2C? .

|Z;—1 — Z;| < .
j j ; ;

(16)

Therefore condition cl) is obviously verified.
Condition c2). We want to apply Lemma with Y; = j2(Z;—1 — Z;)?. By the assumptions and
inequality , we have ) j>1J —2F [YJQ] < 400. Moreover, by equality , we have

(27, = (1-— Zj_l)QAJQ.N]?(X;)?+Z§_1B§Nf(1 - X§)2_2Zj_1(1 — Z;1)AjBiN; X)(1 — X})
JmimA) = 52 52 52 :
J J J

Therefore, we study the convergence of the following three terms:
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o | (1=2Z;_1)2AZN2(X")?
o Ty =B |52 1)S]2J L Ifj—l},
[ 2 2N72(1_ x/)2
o Ihj1=j5°E Zj_lBj];jg(l a |]:j1:|>
L J
) Zj—1(1-Zj_1)A;B;N?X"(1- X/
o Ty, =2 |20ty . i ])\J-'j—1}
Consider the first term T} ;1. By assumption (A3), we get the two inequalities:
2
J 2 2 20 v/\2
Ty 12 m(l — Zj—1)"E[A}|E[N; (X;)"|Fj-1]
J
2
Tyjmr < (1= 21 EAJBIN (X1 Fj].
j—1

Since S,/n <% Nm > 0, Zj—1 <3 Z and E[A?] — qa, it is enough to verify the almost sure
convergence of E[N JQ(X ]’-)2\]:]-_1]. To this purpose, we observe that we can write

B[N} (X})?|Fj-1] = E [NE[(X})*|Gj-1] | Fj-1]
and, by (A2), the conditional expectation E[(X J’.)?|gj,1] coincides with

N2E[X?Gj 1] = N2 [Zi1(1 = Z;1)(Sj-1 — 1) 7 Nj(Sj-1 — Nj) + Z;_ N7
= Zj (1= Zj1)(Sjo1 = D)7INSH (S0 = Ny) + Z5y.

Therefore we obtain

BN} (X)) Fj—1] = Zj—1(1=Zj-1)(Sj-1—1) 1 (Sj1 E[Nj|Fj—1] = EINF|Fj1]) + 251 EINF|Fj-a],

which converges almost surely to Z(1 — Z)N + Z2?Q (since E[N]-Q]]-'j,l] is bounded by C? and

S; 1 % +o00). Hence Ty j_1 converges almost surely to Ty = Z(1—Z)2qa(mN)2[(1—- Z)N + ZQ).
Similarly, we get

E[N; (1 = X})*|Fj-1] = E[N}|Fj-1] + BNF(X})?|Fj-1] — 2E[N; Xj| Fj1]
= E[N?|Fj—1] + B[N} (X})?|Fj-1) — 2Z; B[N} | Fj1)
— Q+Z(1-2)N+2°Q-2ZQ=2(1-Z)N + (1 - 2)*Q.

and so Ty j_1 converges almost surely to T = Z?(1 — Z)gg(mN)72[ZN + (1 — Z)Q). Finally, we
have

E[N;X}(1 = X})|Fj1] = E[N;X}|Fj1] — BIN;(X})?|Fj1]
= Z; 1 E[N}|Fj_1] — EIN;(X})?|Fj-1]
—ZQ—-Z(1—Z)N-27°Q=2(1—-2)(Q — N).
and so T3 j_1 converges almost surely to 73 = Z*(1 — Z)?qap(mN)~%(Q — N). By Lemma
condition ¢2) is satisfied with V' = Ty + T — 2T5. The proof is so concluded. [ |
Theorem 3.13. Under the assumptions of Theorem[3.9, suppose also that
EIN, Y Foaa] “5 L, (17)

where L is a (positive bounded) random variable.
Then
V(M Z,), Va2, — 2)] 5 N(0,U) © N0, V),
where M, is defined in (9), V is defined in and U =V + Z(1 — Z)[L —2N1].
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In particular, we have that /n(M, — Z,) converges stably to N'(0,U) and v/n(M,, — Z) converges
stably to N'(0,U + V), with U 4+ V > 0 almost surely (see Remark [3.10]).

Remark 3.14. Regarding the limit random variance U, we note that, by Jensen inequality, we
have (E[N,|F,-1])? < E[N2|F,_1] and E[N,|F,_1]"' < E[N, }|F,_1] and so we have N2 < Q
and 1/N < L. Therefore, we get

N[(1—2)%qa+ Z%q +2Z(1 — Z)qap) + Z(1 — Z)N?[qa + qB — 2qaB]

V>Z1-2) (mN)2 and
2 1

L—2>_—
N~ N

Moreover, since N, > 1 for each n, we have N > 1 and so N2 > N. It follows the relation

V>Z(1—-2)(1—-Z)qa+ Zqg]/(mN)? and hence

201-2) [(L-Z)ga+ Zas
N m?

Since g4 > m? and qg > m? and P(Z = 0) = P(Z = 1) = 0, the quantity in the right side of

the last inequality is always greater or equal than zero almost surely and it is equal to zero if and

only if g4 = ¢g = m?. Summing up, the rate of convergence of (M,, — Z,) to zero is 1/2 whenever
qa > m? or qg > m? and, otherwise, it could be even greater.

U> 1

Proof. Thanks to what we have already proven in the previous proof, it suffices to verify that the
following condition is satisfied (see Theorem applied to Y,, = X)):

- n . 2 P
C3) n~! Zj:l [X], — Zj_l +j(Zj_1 — Zj)] — U.

To this purpose, we apply Lemma with

. 2
Y =[Xj—Zja+35(Zi - Z;)] .

Indeed, by the assumptions, we have >, j —2F [YJZ] < +o00. Moreover, from what we have already
seen in the previous proof, we can get
FPE((Zj-1 — Z;)*|Fja] =5 V.
Moreover, leveraging the above computations, we have
E((X} — Zj-1)*|Fj-1] = BIX))*|Fj—1] - Z7_,
=Zj1(1 = Zj-1)(Sj-1 — 1) (Sj—lE[Nj—l\fj—l] - 1) =% Z(1-Z)L.
Finally, we observe that

1—27Z: VAN X' —Z:. {B:N.(1 - X"
X = 2, (Zyr — 25) = —3(X — 2,y L 2 AN /AL ;1 -X))
J

(= Z0) AN, (X5)? 2= 2 )ANGG 52 BiNXG( = XG) iZ7 4 BiN;(1 - Xj)

Sj Sj Sj Sj
—U1j+Us;+Usj—Usj.
With the same techniques adopted in the previous proof, we can get
Ty -1 = EU;|Fja] “5 Ty = Z(1 - Z)?/N + Z*(1 - 2)
E[Us j|Fj1] == Ty = Z*(1 - Z)
Ts -1 = E[Us | Fjo1] 53 Ty = 22 — Z*(1 - Z)/N — 23 = - Z*(1 — Z)/N + Z*(1 - Z)
E[Us 4| Fj1] =5 Ty = Z°(1 - 2)

Ioj-1 =

Tyj1=
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Summing up, we obtain the almost sure convergence of E[Y;|F;_1]toU =V +Z(1-2)L+2(-T1+
To+T5—Ty) =V +Z(1—-2Z)(L—-2N"1). N

3.3. Probability distribution of the limit proportion in the case of equal reinforcement
means. When we are in case 2), the distribution of the limit proportion Z is unknown except in a
few particular cases (see [3]). What we are able to prove in the general case is that it is diffuse (see
Theorem below) and to leverage the above central limit theorems in order to get asymptotic
confidence intervals for Z (see Subsection below).

Theorem 3.15. Assume the same assumptions as in Theorem then P(Z = z) = 0 for all
z € [0,1].

Proof. We already know that P(Z = 0) = P(Z = 1) = 0 (see Theorem In order to prove
that P(Z = z) = 0 for all z € (0,1), we can argue exactly as done in |12, Cor. 4.1] or in Th. 3.2
in [14]. Since the key issue on which the proof is based is the almost sure conditional convergence of
/n(Z,—Z) with respect to F = (F,,) to a Gaussian kernel N'(0, V'), for some V' > 0on {Z € (0,1)}.

|

3.4. Asymptotic confidence intervals for the limit proportion in the case of equal re-
inforcement means. Suppose to be in case 2). By means of Theorem and Theorem
(together with Theorem , we can construct asymptotic confidence intervals for the limit pro-
portion Z. More precisely, assume A,V B,V N, < C for each n and conditions , , and .
Then, by Lemma the random variables

S~ Z?:l Aj ~ Z?:l AJQ‘ ~ Z?:l sz
n n n

> =1 4;B;
M, . Gan= dBn == -

” (18)

) (/]\AB,n =

are strongly consistent estimators of the constants m, g4, gg and g4p (supposed unknown), respec-
tively. By Lemma again, the random variables

R S N R S N?
Hn = %7 dNn = %a (19)

are strongly consistent estimators of the random variables N and (). Hence, the random variable
Vo =2,(1-2,)x
(1 - Zn)(/]\A,n[(l - Zn)ﬁn + ZnZ]\N,n] + ZnZ]\B,n[Znﬁn + (1 - Zn)(/]\N,n] - 2Zn(1 - Zn)(/]\AB,n((/]\N,n - ﬁn)

(mnﬁn)2
results a strongly consistent estimator of the random variable V (defined in Theorem[3.9)). Recalling

that V' > 0 almost surely (see Remark [3.10), by Theorem together with Theorem we obtain
that a confidence interval for Z is
v
Zntq o ;” , (20)

where q-g is the quantile of order 1 —  of the standard normal distribution.

When N,, = k, with k& a known constant, for V,, we can employ the simpler formula with
qAns @B and By instead of ga, gp and gap.

. n o NTL

If condition is also satisfied, then, again by Lemma [B.1| 7, = ZJ*% is a strongly

consistent estimator of the random variable L (defined in Theorem [3.13) and so, setting

Wi = 2V + My (1 — M) (G, — 2(fin) 1.
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where V! is equal to V;, but with M,, instead of Z,,, is a strongly consistent estimator of the random
variable W = U + V. Since U + V > 0 almost surely, by Theorem together with Theorem
, we get that
W,
M, + q1-4 n (21)
is a confidence interval for Z. Note that this second interval does not depend on the initial com-
position of the urn, which could be unknown.

A remark useful for applications follows.

Remark 3.16. The estimators of m, g4, ¢p and gap defined in presuppose that we can observe
both A; and Bj for each j = 1,...,n. Actually, in applications, we can observe A; (respectively,
Bj) only when X; > 0 (respectively, X; < N;). Therefore, it makes more sense to use the following
estimators:

i1 (AjI{Xj>0} + BjI{ijo})

n — )
n

Gy = il Alogen o Zim BI{x,<n;)
T Yiadxsg T Xiapgany
> i1 AjBilo<x;<nyy
Z?:l I{0<Xj<Nj} .

Note that @, —5 m by Lemma (applied with Y; = Ajlix; >0y + Bjl{x;=0y < C and F; = gj).
Indeed, we have

~

(22)

Y

Z]\AB,n =

E[A;jI x>0y + Bjl{x;=0|Gj-1] = & [E[Ajf{xjw} + Bjlx;=0y|Hj-1] |Qj_1}
= E[A;P(X; > 0[H;-1) + B P(X; = 01H;-1) |Gj-1] = my,

where the last equality is due to the fact that the conditional distribution of X; given H; 1 de-
pends on Nj;, S;_1 and H;_ (and so coincides with the one given Qj,l) and to relation . The
o~ a.s.
convergence g4, — ga also follows from by Lemma m Indeed, we have
(57
2 _ A2 j
ElAG x50 Hj1] = AT 11— (sjfl)
Nj

Then, conditioning with respect to G;_1 and using (3)), we get E[AJQ.I{XPO}]gj_l] =qa,;p(N;j,Sj—1,Hj—1)

S—H
with (N, S, H) = [1 - (({;’))] . Finally, conditioning with respect to F;_1, we find
N

C
BIA (x, sy Fj-1] = qa; > (k. Sj—1, H;_1)P(N; = k| Fj_1).
k=1
Assuming that P(N; = k|F;_1) =% v(k) (with v(k) possibly random), as a consequence of Propo-
sition [3.6] and the above equality, we have

C
a.s. H;_4
E[AH x50 Fj-1] % qa5 ) [1 —(1- :
k=1 J—

C
| Py = b1F0) 25 a3 [1 - (- 26wt
k=1
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Similarly, we have E[I{x,~oy|Fj—1] 2 Zgzl [1— (1= 2Z)*] v(k) and so, by Lemma we obtain
G = i A x50y /0 as, 04 SO 1= (1= 2)Mu(k)

T Yia g/ Skl = (1= 2)Ku(k)

Exactly with the same argument, we get ¢g ., 2% ¢p. For the almost sure convergence of JABn
to gap, we can argue in the similar way, but we need P(v(1) < 1) = 1 in order to guarantee that
chzl [1—(1-2)F — ZF] v(k) > 0 almost surely.

= gA

4. EXAMPLES AND NUMERICAL ILLUSTRATIONS

Before considering special cases as illustration through numerical simulations, let us formulate
some general remarks.

Remark 4.1. ([A,, By| identically distributed) If all the random vectors [A,, B,] (that are inde-
pendent by assumption (A3)) are also identically distributed, then we simply have m = m, =
E[A,] = E[B,] and condition is satisfied with g4 = qan, = F[A42], ¢ = qn = E[B2] and
dAB = 4qABn = E[Aan])

Remark 4.2. (N, independent of the past)

If, for each n, the random variable N, is independent of F,,_1, then we simply have E[N,|F,_1] =
E[N,], E[N2|F.-1) = E[N?2] and E[N,!|F,_1] = E[N,']. Therefore, conditions (L0,
and are satisfied whenever the above sequences of mean values converge to suitably con-
stants N, Q and L. For instance, this happens when all the random variables N,, are identically
distributed. More precisely, in this last case, assuming N,, < a + b (so that We are sure that
N, < S,_1 for each n), with mean value p and varlance o2, conditions , and . are

satisfied with N = E[N,] = u, Q = E[N?2] = qn = 0% + pi? and L — E[N;1

Remark 4.3. (N,, dependent on Z,_1) When N,, depends on the urn proportion at time n — 1,
i.e. Z,_1, in such a way that, for each n, we have

E[Nn+1|]:n] = f(Zn)7 E[Nngl‘}_n] = Q(Zn)a E[N;-&ﬂfn] = h(Zn)v

where f, g and h are continuous functions, then conditions , and are satisfied with
N = f(Z), Q@ = g(Z) and L = h(Z). Note that, if the functions f, g and h are known, we can
obtain asymptotic confidence intervals for Z replacing ji,, and gy in the expression for V;, by f(Zy)
and g(Z,), respectively, and replacing fin, gn, and 7, in the expression for W,, by f(M,), g(M,)
and h(M,,), respectively.

Remark 4.4. (N,, almost surely convergent)

If (N,) is a sequence of integer-valued random variables with 1 < N,, < C and converging almost
surely to a random variable N, then (by Lemma conditions , and are satisfied
and Q@ = N? and L = N~!. See, for instance, Example 4.2 in [12], where (N,,) is a symmetric
random walk with two absorbing barriers.

The following examples regard the case 2) (that is the case of equal reinforcement means) and
they deal with the different situations described in the above general remarks.
Example 1a
Take each N, independent of F,,_1 and uniformly distributed on {1,...,5}. Moreover, take A,
and B, satisfying assumption (A3), independent and uniformly distributed on {1,...,5}. We set
a=0b=>5. See Fig. [I] for samples.



MULTIPLE DRAWING AND RANDOM ADDITION 17
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FIGURE 1. Case la. Time-horizon 1500. On each picture, one sample plot of (Z,),
(black) and (M,), (red) with the corresponding confidence intervals for Z with
a = 0.05 (resp. grey and red).

Example 1b

Take each N,, independent of F,,_; and uniformly distributed on {1,...,5}. In particular, assump-
tion (i) in Section is satisfied. Moreover, take [A,, By] satisfying assumption (A3) and such
that

A, 214y, and B 214Ys,

where Y7 and Ys are, respectively, the first and the second component of a multinomial distribu-
tion associated to the parameters: size= 12, probabilities= (4/15,4/15,7/15). Thus the random
variables A, and B, are negatively correlated. We set a = b = 5. See Fig. [2| for samples.

Example 1c
Set (N,)n be a sequence of random variables such that

Nn|Fn—1 4 1+ B("ﬁZn—l)~

Moreover, take A,, and B,, satisfying assumption (A3), independent and uniformly distributed on
{1,...,5}. In particular, we are in the situation described in Remark Indeed, we have:

E[Nyy1|Fol =1+ k2, Y53 N =1+kZ
EIN2 | Fpl = 6Z0(1 = Zp) + (14 £Z0)% 25 Q = kZ(1 — Z) + (1 + kZ)?
1—(1—2Z,) g5 1—(1—2)H
—
(k+1)Zy (k+1)Z

(recall that P(Z = 0) = 0 by Theorem [3.15). We set k = 10 and a = b = 6. See Fig. |3/ for samples.

E[Nn_—&l‘fn] =
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(Zn)n (black/grey) and (M), (red)

(Zn)n (black/grey) and (M,), (red)
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FIGURE 2. Case 1b. Time-horizon 1500. On each picture, one sample plot of (Z,),
(black) and (M,), (red) with the corresponding confidence intervals for Z with
a = 0.05 (resp. grey and red).
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FiGure 3. Case lc. Time-horizon 1500. On each picture, one sample plot of
(Zn)n (black) and (M,), (red) with the corresponding confidence intervals for Z
with a = 0.05 (resp. grey and red). The confidence intervals are the ones given
in Remark taking parameter x known (that is with the functions f, g and h
known).
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FIGURE 4. Case 1d. Time-horizon 1500. On each picture, one sample plot of (Z,),
and (M,,), with the corresponding confidence intervals for Z with o = 0.05 (resp.
grey and red).

Example 1d
Take each NN,, independent of F,,_1 and such that

N L2+ B(k, pn),

with k = 10 and p,, = 1/y/n. Moreover, take A,, and B, satisfying assumption (A3), independent
and such that

Ap £ By £ 14 B(, qn),
with ' = 5 and ¢, = min(1, 1 + 2=). We take a = b = 6. See Fig. for samples.

n

B

Example le

This example is associated to Remark [1.4] Following Example 4.2 in [12], take (N,,),, be a sequence
of random variables defined through a symmetric nearest neighbors random walk with absorbing
barriers. Given h € N, with 3 < h < a + b, let N7 be a random variable with distribution
concentrated on {2,...,h — 1} and set

n
anﬁl+21/j forn > 2,
j=2
Ty = inf{n : N, = 1}, Ty, = inf{n: N,, = h}
and
N, = Nrp, forn>1, withT =T, AT},

where each Y; is independent of []Vl, X1,A1,B1,Y1,X9,49,Bo, ..., Y1, X;_1,A;_1, Bj_l]jmd such
that P(Y; = —1) = P(Y; = 1) =p € (0, 3] and P(Y; = 0) = 1 — 2p. Then N,, % N = Np where
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FIGURE 5. Case le. Time-horizon 1500. On each picture, one sample plot of (Z,),
and (M,),, with the corresponding confidence intervals for Z with o = 0.05 (resp.
grey and red).

N = Nyr—py + hlyp_r,y. We take A, and B, satisfying assumption (A3), independent and such
that

AL By 214 B(, qn).

We consider specifically a = b = 30, h = 50, M uniformly distributed on {2,...,h — 1}, p = 1/4,
k' =5 and g, = min(1, 3 + %) Note that also in this case it is possible to contruct confidence
intervals for Z (see Remark . See Fig. |5 for samples.

In the following example, the random variables N,,, A, and B,, are not bounded, but condition
is satisfied.

Example 2 B B B
For each n > 1, take N,, independent of [Ny, X1, A1, B1,..., Np—1, Xn—1, An—1, Bn—1] and such that

]\anil—i-B(/i—F {n%-‘,p)

with k = 3 and p = 1/10. Set N,, = Nn A Sp_1 for each n > 1. Take A, and B, satisfying
assumption (A3), independent and such that

Ap L By L1+ negB(r, p,)

where negB(r, p,) means the negative binomial distribution with parameters r = 3 and p, =
1/v/n+ 1, that is with mean value equal to rp,/(1 — p,) and variance equal to rp,/(1 — p,)%.
Condition is satisfied because

E[(A,+B,)*=0(1) and  E[N?] < E[N?] = O(n?*/?).
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FIGURE 6. Case 2. Time-horizon 1500. On each picture, one sample plot of (Z,),
and (M), (resp. black and red).

We set a = b = 5. See Fig. [6] for samples.

The last two examples below are related to the case m4 > mp. Note that the time of the almost
sure convergence to 1, proven above, depends on the difference my — mp. Thus, when this dif-
ference is small, it may be difficult to guess the right asymptotic behavior only through simulations.

Example 3a

Take each N,, independent of F,,_; and uniformly distributed on {1,...,5}. Take [A,, B,] sat-
isfying assumption (A3) and taking values (1,1), (3,1), (1,3), (3,3) with respective probabilities
%, %, %, % It holds m4 = 2.5 and mp = 2.125. We set a = b = 5. See Fig.for samples.
Example 3b

Take each N,, independent of F,_; and uniformly distributed on {1,...,5}. Take [A,, B,] satis-
fying assumption (A3) and taking values (1,1), (10,1), (1,3), (10,3) with respective probabilities

%, %, %, % It holds m4 = 6.4 and mp = 1.8. We set a = b = 5. See Fig.for samples.
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FIGURE 7. Case 3a. Time-horizon 5.000 (left), 20.000 (right). On each picture, one
sample plot of (Z,), and (M,), (resp. black and red).
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F1curE 8. Case 3b. Time-horizon 5.000. On each picture, one sample plot of (Z,),
and (M,,), (resp. black and red).
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APPENDIX A. TECHNICAL RESULTS

Consider the model and the assumptions described in Section

Lemma A.1. Suppose A,V By, VN, < C for some (integer) constant C. Let ppy1k = pi(Nn+1, Sn, Hp)
be the values of the hypergeometric distribution with parameters Ny11, Syp and H, (see ) Then,
we have

Ky

Sn

Proof. If N1 = 1, we simply have 1 — p,11 n,, = K,/S,. By Lemma we have H,, > C for
n large enough (and so H,, > N, for n large enough). Therefore, for n large enough, we have

L= pns1Ne = o (1+0(1) = O(Kn/Sn) .

Nn . Nn .
I p :1_ﬁlHn—]+1:Hn+Kn_ﬁlHn—y+l
Lot Pt Sn—jtl Sn i Sn—jtl
Ny .
_ B Hy |, g7 Hemitd
n n j=2 Sn_j+1

Ko | Ho It ™ (S0 —3) = T2 (Ha — )
Sn [ (S = 9)
Ky Hy (Sp— Hy) f(Sn, Hn) Kn<1+ H f (S, Hy)
Il

Sn T NS —j)  Sn NS, — )

j=

Il
+

where f(x,y) = 1 when N1 =2and f(z,y) = Z;V:"fl_Q a;x? +bjy’+c when Ny41 > 3. Therefore,
since H,, < S, and S,, — +00 almost surely (by Lemma, we have Hy, f(Sp, Hy)/ ij:"flfl(Sn —

j) =0(1). |
Lemma A.2. Suppose to be in case 2). For e > 1, H,/K{ and K, /HE are eventually (positive)
supermartingales and so they converge almost surely to a finite random variable.

Proof. The proof used in order to prove that Q,, = K,,/Hf, is eventually a positive supermartingale
in the proof of Theorem does not work now, because we have e > 1 and the inequality (1 —z)¢ <
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1 — ex is not true. Therefore we need a different proof. We observe that

H H H H H
B n+l |H n+l  tin + nt+l  tin+4l ‘/Hn _
K¢, Ke K¢ K¢ ' K&, K¢
Hy+Ank  H, 1 1
S Hy + Apyrk - )=

n+1k 1 1
> Dnprp—— + > Prt1,k(Hp + Apgak) ( - ) :
k€ X1 kEXp i 1\{Nns1} (Kn + Bn+1(Nn+1 - k’))e K?’el

Using the Taylor expansion of the function f(z) = 1/(c+z)¢ with ¢ = K,, and © = Bp41(Npy1 — k),
we can choose a constant 6 such that eventually

1 1 € 0
K, + — e ) < et ( Bunt (Naia — k) — .

Therefore the last term of the above equalities is eventually smaller or equal than

H, Anyik Bpy1(Npg1 — k)
Ke 2 (Hn ¢ K,

Pn+1,k

Z (1 + An+1k/Hn)

) Pn+1,k +ef KrQL

keXni1 kEA%+1\{Nﬁ+1}

Now, we observe that

An—l—lk Bn+1(Nn+1 - k) Nn+1
E E — = 1-—
WL H, € K, Pn+1,k | gn Mp+1 Sn ( e)
n+1

and (using lim,, m, = m > 0, N, 41 > 1 and Lemma [A.1))

K2 TS K2

E Z (1 JrAnJrlk/I—In)

1—p, n+1Nn
. (= Pri1Nu) | Mot = 0(1/(80Ky)) -

pn—l—l,k ’gn S
keXn+1\{Nn+1}

Therefore, we have

Hy Hy, Npia
[KSLH - = !gn] < mn+1Ke 5 [—(e—1)+ O(1/K,)]
and so, since e > 1 and K,, T +oo (by Lemma , we can conclude that the above conditional
expectation is definitely negative. |

Lemma A.3. Under the assumptions of Theorem we have 1/K, = O(1/nY) and 1/H, =
O(1/n) for some v > 0.

Proof. This proof is essentially the same as the one of Lemma A.1(iv) in [32]. However, for
the reader’s convenience, we here rewrite it with all the details. Since S,/n = (H, + K,)/n
converges almost surely to mN, we have that eventually S, = (H, + K,) > nmN3/4 almost
surely. Let Fy = {H, > nmN/4 eventually} and Fx = {K, > nmN/4 eventually}. Since
(Zy,) converges almost surely to Z with values in [0,1], then H,/K, = Z,/(1 — Z,) converges
almost surely to a random variable with values in [0, +00]. It follows that P(Fy U Fx) = 1. In-
deed, on (Fy U Fk)¢ = Ff; N Ff,, we have liminf H,/n < mN/4, liminf, K,/n < mN/4 and
H, + K,, > nmN3/4 almost surely and so, since we can write K,,/H,, = (H, + K,,)/H,, — 1 and
H,/K, = (H, + K,)/K, — 1, we have liminf,, H,/K, <1/2 < 2 < limsup,, H,,/K,. This means
that on (FgUFk)¢, H,/K,, does not converge and hence P((FyNFk)¢) = 0. In order to conclude,
it is enough to prove that on Fy (resp. Fi), K, (resp. H,) is eventually greater than n” for v > 0
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(up to a multiplicative constant).

Now, by Lemma[A.2] H,/Kf is bounded and we know that K, 1 +oo (see Lemma [3.1). There-
fore, for each € > 0, we have H,,/ K¢ — 0 almost surely and so H,/ K£T¢ < 1 eventually. Therefore
on Fy, we eventually have K¢+¢ = (H,/K:T€)" H,, > nmN/4 > nm/4, i.e. K, > n" eventually
(up to a multiplicative constant) with v = 1/(e +€) > 0. Similarly, on Fg, we have H, > n”
eventually (up to a multiplicative constant) with v = 1/(e +¢€) > 0. |

APPENDIX B. SOME AUXILIARY RESULTS
For reader’s convenience, we state here some general results:

Lemma B.1. (Lemma 2 in [5])
Let (Yy) be a sequence of real random variables, adapted to a filtration F. If ijl j_zE[YjZ] < 400

and E[Yj|F;_1] =3 Y for some real random variable Y, then

ij a.s, 1 a.s,
Lemma B.2. (Th. 2 in [7] or a special case of Lemma A.2 in [11)])

Let F be a filtration and set Foo = \/,, Fn. Then, for each sequence (Y;) of integrable complex
random variables, which is dominated in L' and which converges almost surely to a complex ran-
dom wvariable Y, the conditional expectation E[Y,|F,] converges almost surely to the conditional
expectation E]Y | Fx).

APPENDIX C. STABLE CONVERGENCE AND ITS VARIANTS

This brief appendix contains some basic definitions and results concerning stable convergence
and its variants. For more details, we refer the reader to [11,/13,/16.{18] and the references therein.

Let (2, A, P) be a probability space, and let S be a Polish space, endowed with its Borel o-field.
A kernel on S, or a random probability measure on S, is a collection K = {K(w) : w € Q} of
probability measures on the Borel o-field of S such that, for each bounded Borel real function f
on S, the map

W Kf(w) = / f(2) K(w)(dz)

is A-measurable. Given a sub-o-field ‘H of A, a kernel K is said H-measurable if all the above
random variables Kf are H-measurable.

On (2, A, P), let (Y;,)n be a sequence of S-valued random variables, let H be a sub-o-field of A,
and let K be a H-measurable kernel on S. Then we say that Y,, converges H-stably to K, and we
write Y,, — K H-stably, if

P(Ype-|H) Y E[K()|H  forall He H with P(H) >0,

where K (-) denotes the random variable defined, for each Borel set B of S, as w — Klp(w) =
K(w)(B). In the case when ‘H = A, we simply say that Y;, converges stably to K and we write
Y, — K stably. Clearly, if Y,, — K H-stably, then Y,, converges in distribution to the probability
distribution E[K (-)]. Moreover, the H-stable convergence of Y;, to K can be stated in terms of the
following convergence of conditional expectations:

Bl (o) | ] "8 Ky (23)
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for each bounded continuous real function f on S.

in [16] the notion of H-stable convergence is firstly generalized in a natural way replacing in ([23))
the single sub-o-field H by a collection G = (G,,),, (called conditioning system) of sub-o-fields of A
and then it is strengthened by substituting the convergence in o(L!, L*°) by the one in probability
(i.e. in L', since f is bounded). Hence, according to [16], we say that Y;, converges to K stably in
the strong sense, with respect to G = (G, ), if

E[f(Ya)|Ga] 25 Kf (24)

for each bounded continuous real function f on S.

Finally, a strengthening of the stable convergence in the strong sense can be naturally obtained
if in we replace the convergence in probability by the almost sure convergence (see [11]): given
a conditioning system G = (G, ),, we say that Y;, converges to K in the sense of the almost sure
conditional convergence, with respect to G, if

E[f(Ya)|Gn] &2 Kf

for each bounded continuous real function f on S.

We conclude recalling two results. In particular, for the second one, we denote by N (11, 0%) the
Gaussian probability distribution with mean u and variance o2 > 0 (where N (11, 0) means the Dirac
distribution 6, concentrated in p). Therefore, when U is a positive random variable, the symbol
N(0,U) denotes the Gaussian kernel {N(0,U(w)) : w € Q}}.

Theorem C.1. (Lemma 1 in [5])

Suppose that C,, and D,, are S-valued random variables, that M and N are kernels on S, and that
G = (Gn)n is a filtration satisfying o(Cy)CGy and o(Dy,)Co(UnGn) for all n. If Cy, stably converges
to M and D,, converges to N stably in the strong sense, with respect to G, then [Cy, Dy] — M QN
stably. (Here, M & N is the kernel on S x S such that (M ® N)(w) = M(w) @ N(w) for all w.)

This last result contains as a special case the fact that stable convergence and convergence in
probability combine well: that is, if C), stably converges to M and D,, converges in probability to a
random variable D, then (C,, D,,) stably converges to M ® dp, where dp denotes the Dirac kernel
concentrated in D. In particular, if M is the Gaussian kernel (0, D), we have C,,/v/D,, — N(0, 1)
stably.

Theorem C.2. (See Th. 1 together with Prop. 1 in [5] and Th. 10 in [0])
Let (Y,,) be a bounded sequence of real random variables, adapted to a filtration G = (G,). Set

1 n
Z,=FE =-> Y
o Ynt1|Gn] and M, - Y;
Jj=1
Suppose that n>E [(E[Zn—i-l’gn] - Zn)Z] — 0.

Then, Z, <% Z and M, +% Z for some real random variable Z. Moreover, \/n(Z, — Z)
converges in the sense of the almost sure conditional convergence with respect to G toward the
Gaussian kernel N'(0,V') for some real random variable V', provided

cl) E [sup;>, Vi lZj-1 — Zj| | < 400,
a.s.
(32) anZn(Zj_l — Zj)2 — V.
If condition
_ : 2 P
c3) n YN Y = Zia +§(Zj — Z)]T — U
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also satisfied for some real random wvariable U, then
[Vn (M, — 2,),vVn(Zn — 2)] 2% N (0, U) @ N(0, V).
In particular, we have \/n (M, — Z,) — N(0,U) stably and \/n (M, — Z) — N(0,U + V)

stably.
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