N

N

Higher degree Davenport constants over finite
commutative rings
Yair Caro, Benjamin Girard, John R. Schmitt

» To cite this version:

Yair Caro, Benjamin Girard, John R. Schmitt. Higher degree Davenport constants over finite com-
mutative rings. 2021. hal-03139286v1

HAL Id: hal-03139286
https://hal.science/hal-03139286v1

Preprint submitted on 11 Feb 2021 (v1), last revised 14 Feb 2022 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03139286v1
https://hal.archives-ouvertes.fr

Higher Degree Davenport Constants over Finite
Commutative Rings

Yair Caro', Benjamin Girard? and John R. Schmitt?

' Department of Mathematics
University of Haifa-Oranim
Israel.

2Sorbonne Université and Université de Paris
CNRS, Institut de Mathématiques de Jussieu - Paris Rive Gauche
F-750006, Paris, France.

3 Department of Mathematics, Middlebury College
Muddlebury, VT 05753, USA.

February 11, 2021

Abstract

We generalize the notion of Davenport constants to a ‘higher degree’ and obtain
various lower and upper bounds, which are sometimes exact as is the case for certain
finite commutative rings of prime power cardinality.

Two simple examples that capture the essence of these higher degree Davenport
constants are the following.

1) Suppose n = 2¥, then every sequence of integers S of length 2n contains a subse-
quence S’ of length at least two such that Zai,ajeS’ a;ja; =0 (mod n) and the bound
is sharp.

2) Suppose n = 1 (mod 2), then every sequence of integers S of length 2n — 1 contains
a subsequence S of length at least two such that 3_, a;es @it =0 (mod n).

These examples illustrate that if a sequence of elements from a finite commutative
ring is long enough, certain symmetric expressions have to vanish on the elements of a
subsequence.

Keywords: Davenport constant, zero-sum, elementary symmetric polynomial
MSC: 05E40 (Primary), 11B30, 13M10 (Secondary).
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1 Introduction

Throughout this paper, let p denote a prime number and ¢ = p® a prime power.

Let G be a finite abelian group. A finite sequence S = (g1, ..., gs) of elements of G is
called a sequence over GG, where order is disregarded and repetition is allowed. Its length,
denoted |S|, is the number of elements therein, counted with multiplicity. A sequence of G
is said to be zero-sum if the sum of its elements is zero in G. A sequence S of G is said
to be zero-sum free if every non-trivial subsequence of S has sum different to zero. For a
group G, the Davenport constant of G, which we denote by D(G), is the smallest positive
integer ¢ such that every sequence S over G of length |.S| > ¢ contains a non-empty zero-sum
subsequence. That is, we seek the smallest ¢ for which there is a non-trivial solution of

€191+ +eg =0,

where each ¢; is 0 or 1.

Study of this number intensified in the 1960s with K. Rogers [16] in 1963, and later with
H. Davenport in 1966 as explained by J.E. Olson in [14] and has continued unabated since;
see, for example, a useful survey by W. Gao and A. Geroldinger [8].

The cyclic group with n elements will be denoted Z,,. Further, it is well-known that by
the Fundamental Theorem of Finite Abelian Groups that for any finite non-trivial abelian
group G there exist integers ny,...,n, where 1 < ny | ... | n, so that G can be written
uniquely as

G2l @ ® L.

The integer r is called the rank of G and denoted r(G). We use d*(G) to denote the value
> i (ni = 1),

The value of D(G) was determined independently by J.E. Olson [14] and D. Kruyswijk
[7] when G is a p-group, and by J.E. Olson [15] when G has rank at most 2.

Theorem 1.1. [J.E. Olson [14], [15], and D. Kruyswik [7]] If G is a p-group or r(G) < 2,
then D(G) = 1+ d*(G).

The value of D(G) is unknown in general. For a survey of results, see the work of
A. Geroldinger [9] and the work of A. Geroldinger and F. Halter-Koch [10]. Recently, B. Gi-
rard [11] has shown that for all integers » > 1, D(Z!') ~ rn as n — oo.

We now introduce our object of study. Let (A,+,-) be a finite commutative ring. For
any positive integer m and any sequence S = (ay,...,a;) over A, we set

em(S) = Z Ha,-j.

1<ip <<y <L j=1

We say that S is an m-zero sequence whenever e,,(S) = 0, and that it is an m-zero free
sequence whenever, for every subsequence S’ of S such that |S’| > m, one has e, (S") # 0.
We denote by D(A, m) the smallest positive integer ¢ such that every sequence S over A of
length |S| > ¢ contains a subsequence S’ of length |S’| > m for which e,,(S") = 0.
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Notice that when m = 1 we recover the classical Davenport constant discussed above.
As a result, we may consider D(A, m) as the m'*-degree Davenport constant.

In this paper we examine this higher degree Davenport constant. This line of investigation
that we follow is suggested by the work of A. Bialostocki and T.D. Luong [4], [5], and
T. Ahmed, A. Bialostocki, T. Pham and Le Anh Vinh [1].

We proceed as follows. In Section 2 we examine the higher degree Davenport constant
in the case that A = Z,,. Of particular use is a result of R. Baker and W. Schmidt [2] (and
see also [3]). We obtain a precise result in the case that n is a prime power and m is power
of the same prime. In Section 3 we give an upper bound for the higher degree Davenport
constant in the case that A is of the form Zpe, @ - -+ @ Zyo, and a lower bound for any A
of the form Z,, @ --- @ Z,, from which we deduce a sharp value of the higher Davenport
constant for rings of the form Zpje, @ --- @ Z,or when m is also a power of p. In Section 4
we show how to use the classical Girard-Newton formulae, which allow one to express the
elementary symmetric polynomial of degree k by a combination of power sum polynomials,
to obtain upper bounds. In Section 5 we present some open problems.

2 Bounds for cyclic groups

First, we note an easy lower bound on D(Z,,m). Consider the sequence 1 := (1,...,1) of
length ¢t. If ¢ = m, then the only subsequence of length at least m is the given sequence
itself and e,,(1) = 1 # 0 (mod n). Further, suppose that for each ¢ with ¢ > ¢ > m we
have (ﬁb) # 0 (mod n). Then there exists no subsequence of 1 of length at least m which
evaluates to zero modulo n. Thus, we define L(n,m) to be the smallest integer ¢ > m + 1
such that (') =0 (mod n). We have

D(Zy,m) > L(n,m). (1)

Throughout the remainder of this section, let n = p" = q.

An s-tuple (eq,...,&5) with each ¢; = 0 or 1 will be called idempotent. Whenever ¢, +
-+ + g4 is even (respectively, odd), an idempotent s-tuple will be called even (respectively,
odd). Further, for a fixed m, an idempotent s-tuple will be called m — artificial (or just
artificial when m is clear) whenever €1 + - - - +¢e5 < m — 1, i.e. the number of ¢; that take on
the value 1 is strictly less than m.

We will apply the following theorem of R.C. Baker and W.M. Schmidt [2, 3].

Theorem 2.1. [R.C. Baker, W.M. Schmidt [2, 3]] Suppose that Fi,...,Fy are polynomials
in x = (x1,...,x5) with coefficients in respective p-groups Gi,...,Gy, and of respective
degrees dy, . ..,d;. Write A or B, respectively, for the number of even or the number of odd
idempotent solutions of
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then
A=DB (mod p).

To facilitate an application of Theorem 2.1 to our specific setting, we define for integers
g = p" and m the function U(q, m) to be the smallest integer ¢t > m(q — 1) + 1 such that

2 (23')7& 2 (2jt+1) (mod p).

0<2j<m—1 1<2j+1<m—1

Furthermore, for integers n and m we denote the set of all m-artificial idempotent n-tuples

with €1 + - -+ + &, equal to an even (odd) integer by E(n,m,even) (E(n,m,odd)). Clearly,

we have |E(n,m, even)| = ocoicpm 1 (23) and [E(n,m,odd)| = 3| coi i 1cm 1 (2jt+1).

Theorem 2.2. Let r be a non-negative integer, ¢ = p" and m > 1. We have
L(g,m) < D(Zg,m) < U(g,m).

Proof. The lower bound was established above. We establish the upper bound.

For a sequence S = (ay,...,ay) as opposed to seeking subsequences S’ of length at least
m such that e,,(S") = 0 (mod ¢), we may seek idempotent solutions that are not m-artificial
to the following polynomial equation,

Z ﬁ ai;z;; =0 (mod q).

1<i1 <<t <L =1

To prove the upper bound, consider this degree-m polynomial equation when the number
of variables is U(¢,m) > m(¢—1)+ 1, i.e. £ >m(¢—1)+ 1.

Clearly, all m-artificial idempotent U(q, m)-tuples are solutions to this equation since
each monomial of the polynomial is a product of m variables (and so at least one variable in
each monomial evaluates as 0 and so each monomial evaluates as 0). From these solutions,
we know that the number of even idempotent solutions A is at least E(U(q, m), m, even) and
the number of odd idempotent solutions B is at least E(U(q, m), m,odd). By the definition
of U(gq,m), we have that |E(U(q, m), m,even)| # |E(U(q,m), m,odd)| (mod p). Thus, by
Theorem 2.1, there exists an idempotent solution that is not m-artificial. O

2.1 Properties of U(q,m) and L(q, m)

The lower bound L(g, m) and upper bound U(q, m) provided in Theorem 2.2 motivate us to
a numerical understanding of these functions in order to make them effective.

We begin with an investigation of U(q, m).

Using Pascal’s Identity and induction, one may show that

t t t—1
> () 2 () oL
0<25<m—1 ‘7 1<25+1<m—1 ‘7



Thus, an alternate definition of U(q, m) is the smallest integer t > m(q — 1) + 1 such that
(;__11) # 0 (mod p). The former definition naturally arises in the proof of Theorem 2.2 while
the latter we use below.

We recall some classical results in number theory from the 19th-century.

Let p be a prime number and n > 1 an integer. The p-adic valuation of n, denoted
vp(n), is the exponent of p in the canonical decomposition in prime numbers of n (and
if p does not divide n, then v,(n) = 0). The base-p expansion of n is written as such,
n=ap® + ap_1p" 7 + -+ a1p + ag. Let s,(n) = ap + ax_1 + - - + a1 + ao.

Theorem 2.3 (A.-M. Legendre, 1808 [13]). Let p be a prime and let n be a positive integer.
Then

Legendre’s Theorem was used to establish the following.

Theorem 2.4 (E. Kummer, 1852 [12]). The p—adic valuation of the binomial coefficient
(Z) 1s equal to the number of ‘carry-overs’ when performing the addition in base p of n —m
and m.

When one uses Legendre’s Theorem to prove Kummer’s Theorem, an intermediate step
gives

() = ) = wymt) = (= ) @)

o Sp(m) + 3p<n —m) — Sp(”)
= p— ) (3)

We repeatedly use this identity in the proofs given below.

Proposition 2.5. For an integer m > 1, a prime p and q a power of p, we have the following.
1. m(g—1)+1<U(g,m) < mg.
2. Forp>2m—1,U(q,m) =m(q—1)+ 1.
3. Form <p<2m-—2,U(q,m)=mq+m—p.
4. For p > m, the roots of (7';__11) € Zylt] are 1,2,...,m — 1.

Proof. 1. The lower bound is by the definition. Assume that U(q,m) > m(q — 1) + 1.
Consider the largest integer " > m(q — 1) + 1 such that (7;__11) = 0 (mod q) for all
integers m(q — 1) +1 < ¢ < T. The integer T is well-defined by assumption, and we
have U(q,m) = T + 1. For the sake of contradiction, we assume that 7" > mgq. By
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definition, we have (ZL 11) =...= (m;q__ll)) = 0 (mod p). By Pascal’s Rule, we obtain
2= = ) 2o

(mod p). We may iterate the application of Pascal’s Rule
m m(qg—1 m(qg—1 m(qg—1
m—1 times to obtain 0 = rff )) ( mq—2)) =...= ( (ql )) = ( (qo )) =1 (mod p),

a contradiction.

~—

. By the definition of U(g,m), we must show that (™ (qml - ") # 0 (mod p). We use
Equation 3 to show l/p((mygf__ll))) = 0.

Note that the base-p expansion of mg—m = (m—1)p*+(p—1)p*t+---+(p—1)p+
(p —m). The base-p expansion of m —1 = (m — 1) since p > 2m — 1. Subtracting, we
find the base-p expansion of m(¢g—1)—(m—1) = (m—1)p*+(p—1)p* 1 +-- -+ (p—
)p+ (p—2m+1). By Equation 3

Vp(<m(q - 1))) _ spm =1 +sp(mlg = 1) = (m = 1)) = s(m(qg = 1))

m—1 p—1
_m-D+[m-1)+p-—D(a-1)+(p—2m+1)]
p—1
Am =D+ p-D(a=1)+(p—m)
p—1
=0.

. We begin by noting that the difference between the claimed value and the smallest
U(q,m) allowed by the definition is 2m — p — 1. Thus, by the definition of U(g,m),
we must show that (mq;’L’fT_l) # 0 (mod p) and that (mq_’;:ﬁ_l_j) =0 (mod p) for
1<57<2m —p—-1.

We use Equation 3 to first show l/p((mq_n{zf;”_l)) = 0. Note that the base-p expansion
ofmg—p+m—1=(m-—1p*+ (p—1)p* '+ -+ (p—1)p+ (m—1). The base-p
expansion of m — 1 = (m — 1) since m < p. Subtracting, we find the base-p expansion
ofmg—p+m—1—(m—1)=mg—p=(m—1p*+(p-1)p* "+ -+ (p—1)p+0.
By Equation 3

Vp((mq—p—l—m—l)): sp(m —1) 4+ s,(mq —p) — sp(mg —p+m — 1))

m—1 p—1
_m=D+[m-1)+p-1(a-1)]
p—1
Rm-1)+(p-1)(a—-1)
p—1
=0.

We now use Equation 3 to show Vp((mq_p+m_1_j)) #£0for1 <j<2m—p—1.

m—1
First note that since m < p, we have j < m — 1. Note that the base-p expansion of
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mg—p+m—1—j=(m—1)p*+(p—1)p*'+---+(p—1)p+(m—1)—j. The base-p
expansion of m—1 = (m—1) since m < p. Subtracting, we find the base-p expansion of
mq—p+m—1—j—(m—1) =mg—p—j = (m—1)p*+(p—1)p* '+ -+(p—2)p+(p—J)-
By Equation 3

Vp(<mq—p+m—1—j)): sp(m —1) + sp(mg —p —j) — sp(mg —p+m—1-j))

m—1 p—1
_m=D+[m-D+{p-1)a-1)-14+(p—Jj)
p—1
Cm -1+ (p-1)(a—1) -]
p—1
=1.

4. Consider (;L__l

) as a polynomial in Z,[t]. Since

(t—l) t—1t—2)...(t—(m—1))

m—1) (m — 1) !

this polynomial clearly is of degree m — 1 with roots 1,2...,m — 1.
U

We now give the value of L(g,m) in the case that ¢ and m are powers of the same prime
.

Proposition 2.6. For a prime p and integers r and s, we have L(p", p®) = p"**.

Proof. By definition, we must show that the smallest integer ¢ > p® + 1 for which (pts) =0
(mod p") is t = p"™*. We must show that l/p((;s)) <rforpP+1 <t < p't and that
Vp((p;is)) =r.

We first show that Vp((p;rs)) = r. Note that the base-p expansion of p"** = 1p"+ +
Op 51+ .- 4 0p+0and p* = 1p* + 0p*~ ' + - - - + Op 4 0. Subtracting, we find the base-p
expansion of p"™ —p* = (p— D)p™ 4.+ (p—1)p* +0p*t +--- 4+ 0p + 0. By Equation
3,

o (prﬂ)) sp(P°) + Sp(pr:_—lps) — s,(p’ )
IL+r(p—1)—1
p—1

= 7
We now show that yp((pts)) < rforp®P+1<t < pts. Write the base-p expansion of

t =t T b tpt+toand p* = 1p®+0p* L+ +0p+0. Subtracting, we find the
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base-p expansion of t —p* =t/ p T ot T H S+t T b+ tip o,
By Equation 3

V( t ) Sp(ps)_'_sp(t_ps) _Sp(t>
S\ p—1

I+t g+ttt +- -+t +to) — (brps1 + -+t + 1)

p—1 '

After cancelling like terms, we obtain

((t)) 1+4¢H_f—n:jz+”.+@;—u)

By the rules of subtraction and as t > p®+1, there exists an index ¢ with s <7 <r+s—1
for which t; —t; = —1. Thus,

Vp(<t>) B Gt [

p° p—1

= r—1
O

Theorem 2.7. For integers r and s, and a prime p, for ¢ = p" we have D(Z,, p*) = p"**.

Proof. We apply Theorem 2.2. From Part 1 of Proposition 2.5, we have D(Z,,p°*) <
U(gq,p®) < qp® = p"**. From Proposition 2.6, we have D(Z,,p*) > L(q,p*) = p"**. Thus,
equality holds. O

3 More general lower and upper bounds

We now provide a generalization of Theorem 2.2 to products of the form Zpje @ - -+ @ Zyor.
We proceed in a similar manner as in the set-up and proof of Theorem 2.2.
Define U((p™,...,p* ), m) to be the smallest integer t > m > ;_ (p® — 1) + 1 such that

t) '
> AEY ( . ) (mod p).
0<2j<m—1 (2] 1<2j+1<m—1 2j+1

As before, an alternate definition of of U((p*',...,p* ), m) is the smallest integer t >
m > (p* — 1) + 1 such that (") #0 (mod p).

Theorem 3.1. D(Zye1 @ - -+ @ Zper ,m) < U((p™, ..., p*),m).



Proof. Let S = (a1, ..., ar) be asequence over Zpa @- - - @ Zyor. For each 1 <i < {, we write
a; = [aiq,...,a;,] where a; € Zp for all 1 < k < r. As opposed to seeking subsequences
S’ of length at least m such that e,,(S") = 0, we may seek idempotent solutions that are not
me-artificial to the following system of r polynomial equations,

Z Haij7k55ij =0 (mod p**) Vk where 1 <k <.

1<y <o i <€ =1

To prove the upper bound, consider this system of polynomial equations, each of which is of
degree m, when the number of variables is U((p™',...,p*),m) >m> . (p* — 1)+ 1.
Clearly, all m-artificial idempotent U ((p*, ..., p*"), m)-tuples are solutions to this system
of equations since each monomial of each polynomial is a product of m variables (and so
at least one variable in each monomial evaluates as 0 and so each monomial evaluates as
0). From these solutions, we know that the number of even idempotent solutions A is
at least E(U((p™,...,p* ), m), m,even) and the number of odd idempotent solutions B is
at least E(U((p*,...,p"),m), m,odd). By the definition of U((p™,...,p* ), m), we have
that |[E(U((p™,...,p*),m),m,even)| # |EU((p*,...,p*),m),m,odd)| (mod p). Thus,
by Theorem 2.1, there exists an idempotent solution that is not m-artificial. O

T

Corollary 3.2. D(Zpos @ -+ @ Zper,m) < m (Z(pai —-1)+ 1) = mD(Zyor @ -+ - © Zipeor).

i=1

Proof. The same argument as in the proof of Proposition 2.5.1 implies that

U™, ....p)m) < mz D41)+m— 1
=m (Z(p“i -+ 1) :
i=1
The result then follows from Theorems 1.1 and 3.1. O

Lemma 3.3. For every integer z such that (?) = 0 (mod n), we have z < m orz > L(n,m).
Proof. This follows immediately from the definition of L(n,m). O

Theorem 3.4. Let A be the ring Z,, ® - - - ® Ly,,. We have
b
D(A,m) EZ (nj,m) — (b—1)m.

Proof. We show that the following sequence S is m-zero free over Z,,, ® -+ - ® Zy,.

Let S be a sequence over Z,, & --- @ Z,, with elements ¢; = [1,1,...,1] repeated
L(ny,m) — 1 times, go = [0,1,...,1] repeated L(ny,m) —m times, ..., g = [0,...,0,1]
repeated L(ny, m) — m times. (Notice that the number of times that g; is repeated is
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different in format to the number of times than the others.) The sequence S has length
|S| = (L(ny,m) —m)+ ...+ (L(ny,m) —m) +m — 1.

For the sake of contradiction, let S” be a m-zero subsequence of length at least m. For
t=1,...,b, let s; > 0 be the number of times g; appears in S’. Since S’ is a subsequence,
we have s; < L(ny,m) — 1,80 < L(ng,m) —m,..., sy < L(ny,m) —m. Since S’ is a m-zero
sequence of length at least m, we have |S'| = s1 + ...+ s > m. We also have

<81) = 0 (mod ny)
(81+82) = 0 (mod ny)

<51+$2+...—|—$b) — 0 (mod ).
m

We now prove by induction on i € [0,b — 1] that S” has the following property: P(i) :
S1+ ...+ 8_; > m.

BASE cASE: When ¢ = 0, we have that since S’ is a m-zero sequence of length at least
m, ‘S,| :81+...—|—852m.

INDUCTION STEP: Assume that P(i) holds for some ¢ € [0,b — 2]. That is, assume that
$1+ ...+ Sp—i > m for some i € [0,b — 2]

Since (s”“y‘:sb*i) =0 (mod my_;), Lemma 3.3 implies that s; + ...+ sp; > L(ny_;, m).
If S1+ ...+ Sbh—(i4+1) <m, then L(nb_i,m) < S1+ ...+ Sp—y = (81 + ...+ 3b—(i+1)) “+ Sp_; <
m—14(L(np—i, m) —m) = L(ny—;, m) —1, a contradiction. Therefore, s1+...4+s_(41) > m.

In particular, we have established that s; > m. Since (2) = 0 (mod nq), Lemma 3.3
yields s; > L(ny, m), contradicting the fact that the number s; of copies of g; contained in
S" is at most L(ny,m) — 1.

U

Remark 3.5. When m = 1, Theorem 3.4 recovers the well-known lower bound for the
Davenport constant. That is, D(Zy, & -+ & Ly,) > > ._,(n; — 1) + 1, which Theorem 1.1
shows to be sharp for p-groups and groups of rank at most 2. Theorem 3.4 shows that it is
sharp whenever A is a product of the form Zpey @ - -+ @ Zpar and m is a power of p.

Remark 3.6. We wish to emphasize that Theorem 3.4 is for any direct product of cyclic
groups. That is, say, for example, we consider Zg, which is isomorphic to Zy ® Zs. The
theorem applies to both representations and we may choose the one for which the theorem
provides the best bound.

Theorem 3.7. For a prime p and s > 0, we have

T

D(Zpo‘l &P me,ps) = (Z(pai - 1) * 1) - psD(Zpal S Zpar)-

i=1
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Proof. By Corollary 3.2, we have D(Zye1 @ - -+ @ Zpor,p°) < p° (3;_;(p* — 1) +1). On the
other hand, Theorem 3.4 gives D(Zper & -+ @ Zpor, p*) > p*(>_i_,(p* — 1) +1). The last
equality follows directly from Theorem 1.1. O

4 Improved bounds for D(Z,, m) using the Girard-Newton
formulae

We now state a historical set of relations between the elementary symmetric polynomials
and the power sum polynomials. These 17th-century relations are independently due to
Albert Girard and Isaac Newton and known as the Girard-Newton formulae (or sometimes
Newton’s identities).

The symmetric functions that will be of interest to us consist of the following. For k > 0,
the elementary symmetric polynomial of degree k is the sum of all distinct products of k

distinct variables. Thus, eg(z1,...,2,) = L,e1(xq, ..., xn) = 21 + -+ + Ty, (21, ..., Ty) =
Zl§i<j§n z;x; and, so on, until, e, (x1,...,x,) = 122 . .. 2,. The k-th power sum polynomial
. . n k
is pe(@1, ..., 2,) = >0 a7

Theorem 4.1 (Girard-Newton formulae). For alln > 1 and 1 < k < n, we have

ker(rr, .. xn) = Y (=1 lepi(@r, . w)pil@n, .. x). (4)

=1

We may rewrite Equations 4 in a manner that is independent of the number of variables,
that is, we may rewrite Equations 4 in the ring of symmetric functions as

k
/{;ek = Z(—l)i_lek_ipi. (5)
i=1
One may use the Girard-Newton formulae to recursively express elementary symmetric
polynomials in terms of power sums as follows.

o= (T R ()
' el ’

where the sum extends over all solutions to j; + 272 + - - - + kji = k such that j1,..., 5. > 0.
For example, we have e; = py, e = £pi — 3p2, €3 = ¢} — Sp1po + 3ps, €4 = 5701 — 1PiD2 +
ép% + %plpg — ip4. If we multiply both sides of Equation 6 by k!, then we obtain on the right
side integer coefficients.

Notice that for Equation 6, each term in the sum of the right side is a product that
contains at most k distinct power sum polynomials. For a fixed k we call a set T' of power
sum polynomials a dominating set for ey, if each term in the sum contains at least one member
of T. Let t(k) denote the size of the smallest dominating set. For k = 1, the only dominating
set is {p1}, and so t(1) = 1. For k = 2, the only dominating set is {p1,p2}, and so t(2) = 2.
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For k = 3, any dominating set must contain both p; and p3 and {p;, p3} is a dominating set,
and so t(3) = 2.

Lemma 4.2. We have t(k) = 52 when k is even, t(k) = 52 when k is odd.

Proof. We may determine the size of the smallest dominating set by examining the solutions
to the equation j; + 275 + - -+ + kjr = k such that j;,...,jr > 0. There are solutions of
the form (where we only specify the non-zero terms): j; = jp; = 1 for 1 < i < k/2 —
1; jk2 = 2; and, jp = 1. Thus selecting one element from each of the following sets

{p1,pe—1}, - APrs2-1, Prj211 }5 {Pk/2}s {Pk} 1S necessary to form a dominating set. Thus,
t(k) > k/2+ 1. Also, whenever k/2+ 1 < i < k there is no solution with j; > 2 and for any
solution there is at most one index i, where k/2 + 1 < i < k, so that j; = 1. This implies
that for any solution where for k/2 +1 < ¢ < k — 1 we have j; = 1, we also have j; > 1
for 1 <4 < k/2—1. Thus, {p1,...,pr/2, P} is a dominating set of size k/2 + 1. When k
is odd a similar argument allows us to claim that {pi,...,px-1)/2,Px} is a minimum-sized
dominating set. O

Theorem 4.3. Let n = 22™m with m >3, and b := L%J We have
1. D(Z,,2) < 2n —1 when vy(n) =0 (i.e. when n is odd), and
2. D(Zy,2) < (2+ 55)n — 1 when va(n) > 1 (i.e. when n is even).

Proof. 1. Let n be an odd integer, n > 3. Let S be a sequence (ay,...,as,-1) in
Z,. We may assume that all the elements in S are non-zero. Consider the fol-
lowing elements of Z, ® Z, : [a1,d3],...,[as,_1,a3, ;]. Recall Theorem 1.1, which
gives here D(Z, & Z,) = 2n — 1. That is, there exists a non-empty subset J C
{1,...,2n — 1} such that y°._[a;,a}] = (O 0), and necessarily |J| > 2. As a re-
sult we have that > . ;a; x > .c;a; = 0 (mod n) and that Y, ;a; x > . ;a; =
D @ 23 ey 010 = 23 s ey 00y Thus, 237, iy aia; = 0 (mod n),

and as n is odd we have >, ; i ;a;a; =0 (mod n). Thus, D(Z,,2) < 2n — 1.

2. Let n = 2"2("m be an integer such that v»(n) > 1,m > 3, and, for convenience, let
b= L%J > 0. Let S be a sequence (aq, .. "a(2+2%)"—1) in Z,. We may assume
that all the elements in S are non-zero.

CASE: 15(n) 1S ODD

In this case, we have v,(n) = 2b 4+ 1. Consider the following elements of Z,,qu,m) - @
Lypyrsir = Lipavsr ® Loy = Lz @ Loy lay,a], ..., [a(2+2%)n—1’ a?2+2lb)n_1]. Recall
Theorem 1.1, which gives here D(Z ® Zsn) = (2+ 55)n — 1. That is, there exists
a non-empty subset J C {1,...,(2 + 55)n — 1} such that > jeslaj, a3l = (0,0), and
necessarily |J| > 2. That is, we have ».;a; = 0 (mod 2b*1m) and dies 0 =
0 (mod 2n) . As a result, we have that Z]EJ a; X Y ic;a; = 0 (mod 26+tm) x
0 (mod 2°*'m) = 0 (mod 2****m?) = 0 (mod 2n) and that Y. ,a; x Y. a; =
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D jes @ +2 Doing ijes @ilg =23 e yaia;. Thus, 235, . ;aa; =0 (mod 2n),
and so we have > a;a; =0 (mod n). Thus, D(Z,,2) < (2+ 5)n — 1.

%], 1,J€J
CASE: 15(n) IS EVEN
In this case, we have v,(n) = 2b 4 2. Consider the following elements of Z,,qu,m) -6 @
Lypyrsir = Lipgvsz ® Loy = Lz @ Loy [ay,a], ..., [a(2+2%)n—1’ a?2+2lb)n_1]. Recall
Theorem 1.1, which gives here D(Z n B7Zon) = (243 )n—1. That is, there exists a non-
empty subset J C {1,...,(2+ 2b)n 1} such that 3. [a;, a3] = (0,0), and necessarily
|J| > 2. That is, we have > jesa; =0 (mod 2°"*m) and 37, ;a7 = 0 (mod 2n). As
a result, we have that . ;a; x 3., a; = 0 (mod 2°%*m) x 0 (mod 2°"*m) = 0
(mod 2*™m?) = 0 (mod 4n) = 0 (mod 2n) and that 37, a; X Y. a5 =, a5+
22#].7 i jey Qi = 222#’ ijes Qidy. Thus, 221#7 ijes @it =0 (mod 2n), and so we
have >, icyaia; =0 (mod n). Thus, D(Z,,2) < (2 + Z)n— 1. .
Remark 4.4. From Theorem 2.2 and Proposition 2.5, we only obtain that D(Z,,2) < 2n.
Thus, Theorem 4.3 provides an improvement of 1 in the case that n is odd. Notice that

Theorem 4.3 does not include the case that n is a power of 2 and in that case we have from
Theorem 2.7 the exact value of D(Zgr,2) = 2(27).

Theorem 4.5. Let n > 2 and ged (n,m!) = 1. We have D(Z,,m) < D(ZX™) +m — 1.

Proof. Let n > 2 be an integer such that ged (n,m!) = 1, and let M = D(Zt(m )+ m— 1.
Let S be a sequence (aq,...,ay) over Z,.

CASE: m IS EVEN. Recall that for m even, we have that {pi,...,pn/2,pm} is a minimum
size dominating set for e,,. Consider the following M elements of V/RE
2 2 2
[alvalv" agn/ agn]v[a27a27” agn/ a;n]v"'v[aMuan" aﬁ/ 7aM]

Obviously, M = D(Z ) +m-1> D(Zt(m ). That is, there exists a non-empty subset
J C{1,..., M} such that
t(m)
m/2 m

> lag, .. o.al ar) =10, 0]

j€J
Now, choose J such that |J]| is largest. From Equation 6, we have that m!e,, may be written
as a sum of terms where each term is a product that contains at least one element from
the above dominating set and each term has an integer coefficient. As a result, we may

conclude that e, evaluates to zero modulo n over J. If |J| > m, we are done. So, assume
|J| < m — 1, and consider the complement of J, J¢ = {1,..., M} \ J. By the assumptions,

|Je| > D(Zfl(m)). Therefore, there exists a non-empty subset J’ C J¢ such that

t(m)

m/2  m ——N—
> laj.....a)"?ar =10,...,0].

jeJ’
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As a result, we may consider J U J’ which has size strictly larger than J and the same
property as J, contradicting the choice made above.

CASE: m 1S oDD. We proceed in a similar manner to the previous case, save that we have
that {p1,...,Dm-1)/2,Pm} is a minimum dominating set for e,,. a

5 Concluding remarks and open problems

The most natural candidate for further research is the case of D(Z,, 2), which in our opinion
preserves the combinatorial number-theoretic flavor of the m = 1 case.

It is already known from Theorem 2.7 that D(Zyr,2) = 2"*!. Further upper bounds are
obtained in Theorem 4.3.

We have computed D(Z,,2) for 2 < n < 16 and n = 18. The results are presented in the
list of following pairs (n, D(Z,,2)) : (2,4),(3,5), (4,8), (5,6), (6,7),(7,10),(8,16), (9,9), (10,9),
(11,13),(12,12), (13, 14), (14, 13), (15,12), (16, 32) and (18, 13).

We arrange this list as such:

1. (2,4),(4,8),(8,16),(16,32): This is the case that n is a power of 2 and is already
known from Theorem 2.7 that D(Zy-,2) = 27+,

2. (9,9),(12,12): In this case we have D(Z,,2) = n.
Problem 5.1. For which n does D(Z,,2) = n hold?

3. (10,9), (14,13), (15,12),(18,13): In this case we have D(Z,,2) < n.
Problem 5.2. For which n does D(Z,,2) < n hold?

4. (3,5),(5,6),(7,10),(11,13),(13,14): This is the case when n is a prime.

We claim that D(Z,,2) > p+ 1. For p = 2, this is established by Theorem 2.7.
For p > 3 consider the following sequence of length p, S = (1,...,1, p—;l) Any 2-
zero subsequence must contain at least two elements. For a subsequence S’ we have
ea(S') = @ + 72 = 1(j +p) # 0 (mod p) where j counts the number of 1’s in S’

for 1 < j7 <p—1. Thus, no 2-zero subsequence exists.

Problem 5.3. For a prime p with p=1 (mod 4), does D(Z,,2) = p+ 1 hold?

We claim that D(Z,,2) > p+ 2 for p = 3 (mod 4). For p > 3, consider the following
sequence of length p+ 1, S = (1,...,1, 7%1, 2Ly From the above, the only case that we

2
need to consider is when S’ contains two copies of ’%1. For any such subsequence S’ we have

i(j—1 p+1 +12 P+ +1)+pAdj+p+2
e(S) = 9(92 )+2]p2 +(p4) U )4]9(] p+2)

where j counts the number of 1’sin S” and 1 < j < p—1. Note that j2+(j+1)*+p(4j+p+2) =
72+ (j+1)% (mod p). However, a prime is expressible as the sum of two squares if and only
if congruent to 1 (mod 4), a fact first observed by A. Girard in 1625 (and later by P. de
Fermat).
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Problem 5.4. Given a prime p, let ¢ = p" and m = p° be two powers of p. Is it true
that every m-zero free sequence S of length D(Z,,m) —1 = mq — 1 over Z, has the form
S =(a,...,a), where a generates the additive group of Z,?

Problem 5.5. Determine an upper bound for D(Z,, & --- & Z,,, m).

Problem 5.6. In light of Theorem 4.5: determine an upper bound for D(Z,,m) when
ged (n,m!) > 1.

Acknowledgments: We give thanks to BIRS-CMO 2019 and Casa Matematica Oaxaca,
Mexico for supporting and hosting the event Zero-Sum Ramsey Theory: Graphs, Sequences
and More 19w5132.
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