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Exceptional Point Enhances Sensitivity of Optomechanical Mass Sensors
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We propose an efficient optomechanical mass sensor operating at exceptional points (EPs), non-
Hermitian degeneracies where eigenvalues of a system and their corresponding eigenvectors simulta-
neously coalesce. The benchmark system consists of two optomechanical cavities that are mechanically
coupled, where we engineer mechanical gain (loss) by driving the cavity with a blue-detuned (red-detuned)
laser. The system features an EP at the gain and loss balance, where any perturbation induces a frequency
splitting that scales as the square root of the perturbation strength, resulting in a giant sensitivity-factor
enhancement compared with conventional optomechanical sensors. For nonidentical mechanical res-
onators, quadratic optomechanical coupling is used to tune the frequency mismatch to get closer to the
EP, extending the efficiency of our sensing scheme to mismatched resonators. This work paves the way
toward new levels of sensitivity for optomechanical sensors, which could find applications in many other
fields, including nanoparticle detection, precision measurement, and quantum metrology.
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I. INTRODUCTION

Owing to rapid progress in microengineering and
nanoengineering of mechanical resonators, tremendous
advances have been made in mass sensing with the
view of achieving ultrasensitive detection [1,2]. Resonant
mass sensors are widely used in diverse fields of sci-
ence and technology. For instance, they are actively used
to detect single biomolecules, viruses, nanoparticles, and
other nano-objects. Because of these interesting applica-
tions, nanomechanical mass sensors have attracted much
attention over the last few years. This has led to detection
ranging from femtograms (10~'° g) [3] though attograms
(10~'8 g) [4] and zeptograms (107! g) [5] to yoctograms
(107 g) [6].

Besides these sensors based on electrical excitations,
all-optical mass sensors have been proposed as well, with
the aim of reaching new levels of sensitivity and to break
through the limitation of frequency restriction (Ref. [7]).
Optomechanical sensors have been revealed as excellent
candidates for mass detection due to their simplicity and
sensitivity and because the optical field serves both as
an actuator and as a probe for precise monitoring of the
mechanical frequencies. Single optomechanical sensors,
exploiting nonlinearities of the systems, were proposed
in Refs. [8—-10], whereas coupled optomechanical cavities
were used for sensing in the work reported in Refs. [11,12].
A mechanical resonator was inserted inside one of the
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coupled optical cavities in the work reported in Ref. [11],
while a hybrid optoelectromechanical system consisting
of optical and microwave cavities coupled to a common
mechanical oscillator was used in the work reported in
Ref. [12]. It was found that sensors based on coupled
systems perform better than their counterparts based on
a single cavity. This conclusion remains the same even
for coupled mechanical resonators driven by a common
electromagnetic field as shown in Refs. [13,14]. The main
reason of such performance lies in the fact that sensitivity
in coupled structures is determined through the splitting of
eigenmodes, and therefore it can be significantly increased
even without entering the strong coupling regime. This
is not the case for electromechanical mass sensors or for
the aforementioned single optomechanical mass sensors,
where the sensing process tracks the frequency shifts of the
mechanical resonator due to mass changes induced by any
added tiny object [1,2]. Moreover, the simple multimodal
response of a mechanical resonator enables mass sensing
at much higher levels of accuracy than what is typically
achieved with a single frequency-shift measurement [15].
It goes without saying that mass sensor performances are
enhanced in coupled systems that feature a strong coupling
regime or those exhibiting very narrow splitting in their
eigenmode structure.

Recently, sensitivity enhancement of more than three-
fold in particle detection was theoretically demonstrated
with a sensor operating at exceptional points (EPs) [16].
Owing to the complex square-root topology near an
EP, any perturbation lifts the degeneracy, leading to a
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frequency splitting that scales as the square root of the
perturbation strength. This splitting is therefore larger for
sufficiently small perturbation than the splitting observed
in conventional sensing schemes, where the linewidth
or frequency shift or splitting is proportional to the
strength of the perturbation. Later, these theoretical results
were validated by two experimental studies, at an EP in
a whispering-gallery-mode microtoroid cavity [17] and
with a higher order EP in a parity-time-symmetric (P7 -
symmetric) photonic laser molecule [18]. Along the same
line, the performance of cavity-assisted metrology, where
a cavity is coupled to the device under test, was enhanced
near an EP in P7 -symmetric microcavities [19]. It follows
that an EP is a useful tool for the next generation of sensors
for reaching new levels of sensitivity.

Our proposal is based on two optomechanical cavities
mechanically coupled through their moving mechanical
resonators. This benchmark system has the advantage that
it enables one to get an effective coupled mechanical sys-
tem, where mechanical gain (loss) can be easily engineered
by driving the cavity with a blue-detuned (red-detuned)
laser. At the balance between gain and loss, the system fea-
tures an EP in its mechanical spectrum [20], which is the
key point of our EP-based optomechanical mass sensor.
The proposed sensor differs from known sensors [16—19]
in at least three points: (i) it operates at an EP generated on
its mechanical spectrum (instead of the optical spectrum),
(ii) the gain and loss are self-engineered while the cavities
are driven, and (iii) it does not needs the P7 -symmetric
requirement. In the vicinity of the EP, our proposed sensing
scheme exhibits a giant enhancement of the sensitivity fac-
tor compared with conventional opto(electro)mechanical
sensing schemes. This efficiency comes from the topo-
logical complex square root near the EP, and is highly
pronounced for small perturbations. Bearing in mind the
laborious microfabrication or nanofabrication task of engi-
neering two identical mechanical resonators, we extend
our results to nonidentical mechanical resonators, where
their frequency mismatch can be tuned through quadratic
coupling, which is well known in optomechanics [21].
This work is organized as follows. In Sec. II, the model
and its dynamical equations up to the EP features are
described. The sensitivity enhancement, in the vicinity of
the EP for degenerate mechanical resonators, is presented
in Sec. III. Section IV is devoted to the sensitivity assisted
by quadratic coupling for the nonidentical case. The exper-
imental feasibility of our proposal is presented in Sec. V,
while Sec. VI concludes the work.

II. MODELING AND DYNAMICAL EQUATIONS

The system we propose is sketched in Fig. 1(a). It con-
sists of two optomechanical cavities mechanically coupled
through their moving mechanical resonators. The first cav-
ity is driven with a red-detuned laser, while the second
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FIG. 1. (a) Generic setup. Two optomechanical cavities, one

with gain (blue) and the other generating losses (red), are
mechanically coupled. The yellow dot represents a deposited
mass that acts as a perturbation. (b),(c) Real and imaginary parts
of the eigenvalues versus the driving strength o™, which depict
the EP feature.

one is excited with a blue-detuned driving field. By sym-
metrically driving the cavities at the sidebands mentioned,
we can engineer either mechanical gain or mechanical
loss. In the rotating frame of the driving fields (w)), the
Hamiltonian (h = 1) describing this system is

H= HOM + Hint + Hdrive» (1)
where
1 i tooopt
Hom = iju wib; b — Aja;a; — ga;a; (b; + by),
Hiy = _J(blb; + bibz),

Hyve =iEY | (@] —a)). )

In this Hamiltonian, a; and b; are the annihila-
tion bosonic field operators describing the optical and
mechanical resonators, respectively. The mechanical dis-
placements x; are connected by b; as x; = xzpr(b; +

bjT), where xzpr is the zero-point fluctuation ampli-
tude of the mechanical resonator. The mechanical fre-
quency of the jth resonator is w;, and A; = @) — Weay
is the optical detuning between the optical frequency
and the cavity frequency (i ). The mechanical cou-
pling strength between the two mechanical resonators
is J, and the linear optomechanical coupling is g.
By using the well-known optomechanical input-output for-
malism [22], one can derive from the above Hamiltonian
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the quantum Langevin equations (QLEs) for both the cav-
ity field amplitudes a; and the mechanical amplitude b;. In
the limit of large photon number, the mean values of the
operators can be treated as classical variables. Hence, after
our setting the mean values of the operators as (a;) = o;
for the optics and (b;) = B; for the mechanics, the classical
set of nonlinear equations of our system yields [22]

o = fifa e (B +5)]) - 5)a + vRan
3)
By =iy + 5 ) B + By +isgafes,

where optical («) and mechanical (y; = y,,) dissipations
have been added, and the amplitude of the driving pump
has been substituted as £ = /ka'™ to account for losses.
In this form, the input laser power P;, acts through o™ =
V/Pin/hw,, which is the same power used to drive sym-
metrically both mechanical resonators. Without loss of
generality, the parameters y,,, g, and « are assumed to
be degenerate for the whole system. Moreover, they fol-
lows the hierarchy y,,,g < ¥ < wy,, as encountered in
resolved-sideband-regime experiments [23,24].

To investigate the sensitivity performance of the pro-
posed sensor, we need to compute the eigenvalues of the
effective mechanical system to identify the EP feature. One
can obtain this effective system by integrating o; (¢) out
of the full set of Eq. (3). This can be straightforwardly
done by approaching the mechanical oscillations with the
ansatz B;(¢) = Bj + A4; exp (—iwioek?) (see Ref. [20] for
more details), where Bj is a constant shift in the origin of
the movement, 4; is the slowly-time-dependent amplitude,
and wyock 18 the mechanical degenerate frequency when the
resonators experience frequency locking. This leads to the
following mechanical effective Hamiltonian:

1
a)éﬂ — iy%ﬁ —J
Hey = v | 4)
—J a)f:ff - i%ﬁ

having the eigenvalues

a)el +w§ I o
e = % 7 (ver+ ven) = 7 (5)

with

o = 1672 + 2@}y — o2 + iyl — P (6)

Here w{:ﬁ = w, + (Sa){)pt and ){ﬁ = Y+ ;{,-pt are the effec-
tive frequencies and dampings, respectively. Furthermore,
8wy, and v, are the optical spring effect and the optical

damping induced by the optical fields, respectively. These
terms are given as

5 2™ (ZJn+1 (—Fj)va(—Ej)) -

vt Wiock€; P h/,,j_lhln
and
o 2gka™? o~ uit (=€) S (=€)
ot = > —®)
€; fx 1]
! " h1n+1hln

where €; = 2gRe 4; /wiock is a normalized amplitude, J,
is the Bessel function, h’,', =i (na)lock - Aj> +x/2, and

Aj =A; + 2g(,5j) is the effective detuning [20]. The
eigenfrequencies and the dampings of the system are
defined as the real (w+ = ReAi) and imaginary (y+ =
Im A ) parts of A, respectively.

At the EP, both these pairs of frequencies and dampings
coalesce, w_ = w4 = wjoeck and y_ = y4. From Eq. (5),
this is equivalent to o = 0, which requires control of the
real and imaginary parts of ¢ through the driving fields
(a}n) and detunings (A;) [25]. For a proof of concept of
the proposed sensor, we assume in the next section that the
two mechanical resonators are degenerate (w; = w,,). The
nonidentical case, where there is a frequency mismatch due
to microfabrication or nanofabrication imperfections, for
instance, is discussed in Sec. IV.

III. SENSITIVITY AT THE EXCEPTIONAL POINT

The eigenvalues of our effective mechanical system
undergo a singularity (known as an EP) in their spectrum
as shown in Figs. 1(b) and 1(c). The efficiency of the pro-
posed sensor depends on this EP, which emerges from
the eigenvalues given in Eq. (5), instead of tracking the
resonant-frequency shift induced by mass deposition on
the surface of the resonators [8—13]. For an ordinary mass
sensor, the relationship between the frequency shift §w and
the deposited mass §m is given by [1,2]

2
sm="sw=R"50, 9)
Wy

where R = w,,/2m stands for the mass responsivity and
m is the mass of the resonator supporting the deposition.
The induced frequency shift is proportional to the strength
of the perturbation. At the EP, both frequencies (w+) and
dampings (y+) coalesce [see Fig. 1(b)], and any external
perturbation will split these eigenvalues, leading to high
sensitivity (see Fig. 3). To gain insight into this feature, we
assume that a mass [see the yellow dot in Fig. 1(a)] has
been deposited on the mechanical resonator driven by the
blue-detuned field (m, = m), which will induce its reso-
nance to shift according to Eq. (9). As the resonators are
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coupled, this localized shift will affect the whole system,
resulting in a splitting at the EP. For degenerate resonators,
and for the weak driving regime, one has <3co’opt < wp, and
Eq. (5) simplifies to

i Ayeff 2
b o = 7 (ven+ ver) £107 = (T) . (10)

where Ayer = ¥54 — ¥y As the second resonator experi-
ences a small perturbation §m (or shift dw), this affects the
eigenvalues as (see Appendix A)

Sw i
A~ om+ — — = (Ve + Yair)

24
Aver\®  Sw? + idwA
ﬂ/ﬂ—(—f‘*) f T ROTYA +’4w T

This perturbation generally affects also the optical damp-
ings, but for the sake of a qualitative discussion and since
the corresponding variations are very small [see Figs. 6(a)
and 6(b) in Appendix A], we do not include them in
Eq. (11). However, it is worth noting that these effects
are fully accounted for in our simulated results. We define
sensitivity as the frequency shift of a supermode rela-
tive to its reference signal; that is, the frequency splitting
of these two pairs of supermodes Re AL, = Re()»‘_sf’ —
A4) and Re AA_ = Re(A%” — A_) as shown in Figs. 2(a)
and 2(b). Significant splitting is experienced at the EP [see
Fig. 2(a)], resulting in high sensitivity [Re AA| as depicted
in Fig. 2(b). This feature can be approached through our
aforementioned analytical investigation. Indeed, the sys-
tem has an EP when 4J = Ay, [see Eq. (10)]. At this
degeneracy point, and from Egs. (10) and (11), the split-
ting of the two pairs of supermodes can be deduced as (see
Appendix A)

1
ANEP = 3 ((Sa) + /8w? — i(Sa)Ayeff) . (12)

As expected, Eq. (12) shows that there is no splitting at the
EP for w = 0. For any perturbation however (8w 5# 0), it
reveals that the two pairs of supermodes experience differ-
ent splittings, Re AL, # Re AX_, as shown in Fig. 2(b).
This asymmetry depends on which resonator the extra
masslike perturbation has landed. By adding the mass on
the other resonator instead, we verify that the sensitiv-
ities of the supermodes are reversed. For small-enough
landed mass (|6w| << |Avyeg]), both pairs of supermodes
experience the same amount of splitting, approximately
VBwAvye) /8 (see Appendix A). The splitting at the
EP scales as the square root of the strength of the per-
turbation (approximately Sw!/?), in stark contrast with
the linear dependence for the conventional sensors [see
Eq. (9)]. Owing to this complex square-root topology near
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FIG. 2. (a) Frequencies of the effective mechanical system
before perturbation (full lines) and after perturbation (dashed
lines) by a mass deposition corresponding to a frequency shift of
8w =2 x 1073 w,,. (b) Gap difference between the perturbed and
reference frequencies shown in (a). These quantities are plotted
versus the driving strength ™. Note the difference in the units on
the y axis in (a),(b).

the EP, the EP sensors perform better in detecting small
mass deposition than the conventional sensors. In this
weak-perturbation limit, the splitting at the EP can be
expressed in terms of the deposited mass as approximately
N (@p8mAyer) /16m. From this expression and Eq. (9), we
can define the sensitivity enhancement factor as

Re AAEP AYefr MA Vet
n= = = , (13)
dw 8dw 4w,,6m

which again highlights the square-root dependence on §m,
instead of a linear dependence, for small-mass deposition.
Figure 3(a) shows the expected square-root-like evolution
of the sensitivity versus perturbation (|Re AAFP| o §!/?),
which is revealed through the log-log-scale representation
in the inset. Hence, a slope of % is shown for weak pertur-
bations, which evolves toward a 1-minus-slope behavior
as the perturbation increases. This simply reveals that the
sensitivity of the EP sensor scales linearly with the strength
of the perturbations when they are large enough. This is
confirmed through the enhancement factor n depicted in
Fig. 3(b), where it evolves toward the limit n ~ 1 for
strong-enough perturbation. It can also be seen that 7 is
greatly increased for weak perturbation strength [see the
inset in Fig. 3(b)], proving the efficiency of the EP sensor
in detecting small particles, mass, or objects.

Another interesting feature of EP sensors is that they
have improved linewidth performance as well. As the
linewidths are also degenerate at the EP, adding extra
mass will also lift this degeneracy. This is depicted in
Fig. 4(a), and the corresponding sensitivity is shown in
Fig. 4(b). In contrast to Fig. 2(b), here both sensitivities
given by the pairs of supermodes are the same. This can
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FIG. 3. (a) Sensitivity at the exceptional point versus the
strength of the perturbation dw. The inset shows a log-log-scale
representation. (b) Enhancement factor n versus dw. It can be
seen that for weak perturbation (see the inset) the EP sensor per-
forms better, and it has the same performance as the conventional
sensors as the perturbation increases.

be expected by referring to the imaginary part of Eq. (12)
as given in Appendix A. By further driving of the sys-
tem, the linewidths move out of the vicinity of the EP, and
one of them grows, whereas the other decays. This sim-
ply means that one supermode experiences gain, while the
other experiences loss.

IV. ENHANCING SENSITIVITY THROUGH
QUADRATIC COUPLING

In the previous section we dealt with an EP-based
optomechanical sensor, where the coupled mechanical
resonators are degenerate. However, engineering such
identical resonators is not often a simple task with micro-
fabrication and nanofabrication technologies. Therefore,
any mismatch between the mechanical resonance frequen-
cies will lift the EP degeneracy, impairing the performance
of the proposed sensor. It could be interesting to extend the
detection process studied in the previous section to a sys-
tem composed of nonidentical resonators. This can break
through the limitation of microfabrication and nanofabri-
cation restriction, and will pave the way toward EP sensors
that are robust to defects or fabrication imperfections.
One way to go beyond this technological limitation is to
engineer nonlinearities to control and compensate the fre-
quency mismatch. Such optical control of frequency was
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FIG. 4. (a) Dampings as reference (full lines) and perturbed

(dashed lines), with the associated splittings in (b). These plots
are versus the driving strength o™,

recently investigated to enhance energy transfer between
two nonidentical mechanical resonators [26,27]. Duffing
nonlinearity was used in the work reported in Ref. [26],
whereas an optical trapping coupling was used in the
work reported in Ref. [27] to trap the mechanical motion.
Although these techniques resulted in an efficient transfer
around the avoided crossing level, this was still not enough
to induce an EP feature in the system. The reason is that
the strong coupling observed in these studies leads to level
repulsion, gap opening between two modes due to cou-
pling, while the EP arises from a level-attraction process
instead [28]. To reach our goal, we propose a position-
squared coupling where the optical mode is coupled in a
quadratic fashion to the mechanical motion [21]. This can
be engineered by optically trapping the second resonator
(B2) inside the cavity driven on the blue sideband, which
could have been achieved in the work reported in Ref. [27]
as well. The resulting cross-Kerr-interaction is described
by the Hamiltonian H.g = —cha;azb;bz, which has to be
accounted for in Eq. (1) for a full corresponding model.
From the corresponding full Hamiltonian, we follow the
same input-output formalism as before to derive the QLEs
for the cavity field a; and for the mechanical amplitude b;.
In the limit of large photon number, the classical variables
are deduced ({a;) = «;, (b;) = B;), leading to the opti-
cally tunable mechanical frequency w; = wy — gkt
(see Appendix B for more details). By assuming that the
coupled mechanical resonators fulfill the condition w, >
w1, and for a given cross-Kerr-term g.x > 0, one can opti-
cally adjust the effective frequencies to satisfy wly ~ @2,
which is a good requirement for the EP as presented above.
Therefore, cross-Kerr-coupling is useful not only to engi-
neer an EP in nonidentical coupled resonators, but it also
enables one to enhance the performance of an EP-based
optomechanical sensor for a mismatched set of resonators,
regardless of their technological imperfections. Figure 5(a)
shows the frequency-control strategy in (™™, gcx ) space for
a given frequency mismatch v = w, — w; =2 x 10w,
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FIG. 5. (a) The control strategy in (™™, g.x) space at a fixed

frequency mismatch v =2 x 103w,,. (b),(c) Eigenvalues cor-
responding to the green dot in (a), where we see an EP feature
induced by the control strategy. The dashed lines correspond to
the case without control (gcx/g = 0), whereas the control has
been applied (gck /g = 4.545 x 107 for the solid lines.

It can be seen that any mismatch (v # 0) requires a corre-
sponding cross-Kerr-value to reach the minimal splitting
Awy [see the color bar in Fig. 5(a)], which is depicted
by the dashed magenta line for a given couple of param-
eters (o™, gx). The eigenvalues that correspond to the
green dot in Fig. 5(a) are represented in Fig. 5(b), where
we can see the efficiency of the strategy control as well
as the EP feature. The dashed lines correspond to the
case without control (g.x/g = 0), whereas the control is
applied (g /g = 4.545 x 10™*) for the solid lines. The
observed large splitting in the case without control reveals
the absence of an EP together with the fact that a small
object cannot be efficiently detected. Therefore, a position-
squared coupling is a useful tool to tune nonidentical
mechanical resonators closer to their EP. Hence, detection
of an EP-based optomechanical sensor can be enhanced
through quadratic coupling, resulting in a giant sensitivity
factor compared with the conventional sensors.

V. EXPERIMENTAL FEASIBILITY

Owing to recent progress in nanofabrication, our pro-
posed EP-based mass sensor can be experimentally tested.
An optomechanical circuit consisting of two optomechan-
ical crystal cavities connected by a phonon waveguide

7 — —
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& /o
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om (m) x10°
FIG. 6. (a) Eigenfrequencies before perturbation (full curve)

and after perturbation (dashed curve) by a mass deposition
inducing a frequency shift of s = 3 x 10~*w,,. (b) Gap dif-
ference between the perturbed and reference frequencies shown
in (a). (c) Enhancement factor n versus dw. (d) Frequency split-
ting at the exceptional point (full line) and frequency shift for
a conventional sensing scheme (dashed line) versus the mass
deposition §m. These results correspond to the experimental
parameters in Ref. [29].

was recently investigated [29]. Such a circuit that has
been used both for optical transduction and for routing
of phonons constitutes a nice benchmark to test our pro-
posal. Moreover, this system can be used to store phonons
among different nodes under the control of driving laser
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fields, providing various platforms for phonon informa-
tion processing. To bridge the theoretical proposal and
experiments, we use the following practical device param-
eters [29]: w,,/2m = 6 GHz, y,,/2m =3 MHz, g/2n =
0.8 MHz, «/2m =2 GHz, and J/27 = 10 MHz. Using
these parameters for the degenerate case of optomechan-
ical cavities, as we showed in Sec. III, our aim is to
reveal the feature of the EP and to demonstrate the sens-
ing enhancement at this EP. Figures 6(a) and 6(b) faithfully
reproduce the eigenfrequencies and the corresponding sen-
sitivities, respectively, when the experimental values from
Ref. [29] are used. One can identify the EP feature
that appears for low driving strength o™ &~ 2.2 x 102w,/
while comparing with the driving strength at which EP
happens in Fig. 2(a). We also highlight that the dashed
line in Fig. 6(a) results from a perturbation of dw = 3 x
10~*w,,, which is a reasonable value to be observed exper-
imentally. This perturbation leads to the sensitivity shown
in Fig. 6(b). For practical purposes, the detected perturba-
tion must be quantified in terms of the deposited mass §m
rather than the induced frequency shift w. To this end, one
refers to Eq. (9), which sets a clear relationship between
the induced frequency shift and the deposited mass as
dw/w, = §m/2m. Both the sensitivity and the enhance-
ment factor can be easily represented versus either dw (wy,;)
or 8m (m). A given frequency shift of sw =3 x 10w,
for instance, as used in Figs. 6(a) and 6(b), corresponds
to a mass deposition of 8m = 6 x 10~*m. Therefore, for
a femtogram (m ~ 10~'3 g) mechanical resonator [30],
a mass deposition (8m) of about 107107 g can be
detected, which is around attogram mass sensing perfor-
mance. Moroever, the enhancement factor (of more than
10) depicted in Fig. 6(c) shows that our sensing scheme
can detect up to a few-zeptogram mass (m ~ 1072 g)
[see the inset in Fig. 6(c)]. Furthermore, Fig. 6(c) confirms
the performance of our proposal for small mass, since n
is large for weak perturbation [see the inset in Fig. 6(c)]
and evolves toward 1 for strong perturbation. This reveals
that our proposal reaches the same sensitivity as the con-
ventional mass sensors when the perturbation is strong
enough. The performance of our proposed scheme is fur-
ther revealed in Fig. 6(d), where the frequency splitting
or shift is represented versus the mass deposition. The
dashed magenta curve is the induced frequency shift from
the conventional mass sensor [Eq. (9)], while the full black
line represents the frequency splitting resulting from our
scheme [Eq. (12)]. It can be clearly seen that the EP-based
optomechanical mass sensor performs better, and provides
a way toward new levels of sensitivity for optomechanical
Sensors.

VI. CONCLUSION

We propose an EP-based optomechanical mass sen-
sor. The benchmark system is a mechanically coupled

optomechanical system, where gain (loss) is engineered by
our driving the cavity with a blue-detuned (red-detuned)
electromagnetic field. Degeneracy known as an EP shows
up in the system when the gain balances the losses, and
any perturbation leads to a frequency splitting that scales as
the square root of the perturbation strength, which greatly
enhances the detection compared with the conventional
optomechanical sensors. To break through the limitation of
microfabricatiuon and nanofabrication technology restric-
tion, we extend the performance of the proposed sensor
to nonidentical mechanical resonators by using quadratic
optomechanical coupling to tune the mismatch of the
mechanical frequencies. Therefore, our sensing scheme is
robust regardless of the technological limitation related
to the engineering of mechanical resonators, and can be
applied to a versatile set of resonators. Moreover, this
scheme does not require a P7 -symmetric prerequisite,
and can be extended to a plethora of systems, includ-
ing, hybrid optoelectromechanical and superconducting
microwave resonators.
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APPENDIX A: CALCULATION DETAILS
RELATED TO THE SENSITIVITY AND ITS
ENHANCEMENT FACTOR

In the main text [see Egs. (5) and (6)] we give the
eigenvalues of our effective reduced mechanical system as

1 2 .
W+ W i o
)":t = —eff eff —_ = (]/elﬁ-i- )/esz) :i: —,

2 4 g @Ab

where

o = /1672 + 2k — ol + ivd — 7iDPs (A2)

where @ = @ + 8wy and y; = yim + Vo are the effec-
tive frequencies and dampings, respectively. Any perturba-
tion (6m) of the second mechanical resonator (without loss
of generality) induces a frequency shift (Sw) that affects the
eigenvalues as

di12® T Sy + S

A = 7
i L
2 (ver + vem) £ 2 (A3)
where
o0 = 1602+ 20 + 12— vl (A%)
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FIG.7. (a),(b) Real and imaginary parts of the eigenvalues ver-

sus the driving field for a perturbation 8w = 2 x 10 3w,,. The
dashed lines are the numerical results, while the dotted lines rep-
resent the analytical approximation given in Egs. (11) and (AY).
This validates the approximations made in our calculations.
(c),(d) Eigenfrequencies and the corresponding sensitivities for
a weak perturbation §w = 10™>w,,. Both frequencies experience
the same sensitivity as predicted in our calculations.

L - Sw), and we

where x = <w1 —w) + o}
have localized the effect of Sw only on the frequen-
cies since it weakly affects the dampings [see Figs. 7(a)
and 7(b)]. However, the full effect is accounted for in our
numerical results given in the main text. For degenerate
mechanical resonators (w; = wy) and in a weak driving

regime(Sw/ opt K @m), EqQ. (A3) can be simplified as

Y Sw i
22 = wp + > "2 (yelff+ yesz)
1
+ Z\/16J2 + [-280 +i(yi — yelff)]2
Sw i
= wy, + 7 - Z (ye]ﬁ+ yezﬁ)

(A5)

+ \/Jz _ <Ayeff)2 n Sw? — iBwAyeq
4 4 '

The sensitivity is measured by the detected change
between the perturbed and the nonperturbed eigenvalues.

From Eq. (A5), one can deduce such quantities, providing

ISWA Ve

Veff Sw? —i
2

_|_
\/ 4
/ Ayeﬁ

As we seek to evaluate the sensitivity of our sensor at the
EP where the quantity given in Eq. (A6) has the optimal
value, we use the condition 4J = Ay,g, which leads to

AP = ()Law _a ) EP _ S + Se? — ibwAyer
8 2 =V 4

1
=3 (8a) + /302 — iawAyeff> .

(AT)

AP —hy =

(A6)

To ease our qualitative interpretations of the physics
behind Eq. (A7), it is convenient to explicitly split it into
real and imaginary parts. The square root of the complex
term in Eq. (A7) can be found by first converting it to
polar form and then using de Moivre’s theorem. After a
few calculations, we straightforwardly get

1 Sw?  Sw
Z /802
> (&o:i: > + > Sw?* + Ayeff) (AB)

ReAy =

and

1 [dw
ImAL = :l:z\/j,/&oz + Ayh— —

From Egs. (A8) and (A9), we can straightforwardly
deduce the sensitivities |Re AE?| and [ImA%P|, which are
depicted in Fig. 2(b) [or Fig. 3(a)] and Fig. 4(a), respec-
tively. Moreover, Eq. (A8) reveals that the sensitivities
given by the two eigenfrequencies are not equal in gen-
eral, whereas the dampings result in the same sensitivity
through Eq. (A9). Furthermore, Eqs. (A8) and (A9) show
that the sensitivity resulting from the dampings is gen-
erally less than that coming from the eigenfrequencies
(|Jim 25| < |ReAEP|). These qualitative explanations are
revealed through Figs. 2(b) and 4(b).
In the weak-perturbation limit (|§w| < |Ayer]), Egs. (AS8)

and (A9) are further simplified and result in approx-
imately the identical sensitivity through approximately

+((wAyer)/8 and approximately =i/ (SwAyer)/8,

respectively. In this limit, the sensitivity enhancement

(A9)
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Diagrams showing the control strategy in (o™, gcx) space, at the frequency mismatches v = 1 x 103w, v =2 x 103w,

and v =3 x 103w, for (a),(b),(c) respectively. A large frequency mismatch requires a large cross-Kerr-term to reach minimal

splitting.

factor 7 is given by

Re ALEP A A
n= + Yet _ [ yeff. (A10)
Sw 8dw 4w,,dm

For a given weak perturbation o = 10~>w,,, Figs. 7(c)
and 7(d) show the eigenfrequencies and their correspond-
ing sensitivities. It can be seen that the resulting sensitivi-
ties are similar for both eigenfrequencies as expected from
our analysis. We underline that in the main text we used
AEP = AEP to simplify our notation.

APPENDIX B: FREQUENCY CONTROL
THROUGH QUADRATIC COUPLING

By our accounting for the quadratic coupling in the
model, the Hamiltonian becomes

H = HOM,CK + Hint + Hdrivea (Bl)
and
HOM,cK = Z [w]bjb] - Ajajaj
j=12
—ga]a (6] +b))| — gkalarblps,
(B2)

Hipe = —J (byb} + bl by),

Hyive = IE Z (aj - aj)-

j=12

As for the case previously discussed, here we still use the
input-output formalism to derive the QLEs from the full
Hamiltonian given in Eq. (B2). From these QLEs, together
with the requirement of large photon number in the cav-
ities, one can treat the mean values of the operators as

classical variables. This leads to the following classical set
of nonlinear equations:

@ = {i[Al +8 (,BT +131):| - g} o + \/Eain,
= {i [A2+g (B + B2) + gk B3Bs] — 5} o + JKa™,

2
B = (lw1 + = )ﬂl +iJ By +igajay,
B

— (i + ) B2 + 0y + igarjen,
(B3)

where @, = wy — gk is the optically tunable mechan-
ical frequency mentioned in the main text.

For an overview of the cross-Kerr-effect, we extend
Fig. 5(a) to a large-scale parameter space and for different
frequency mismatches as shown in Fig. 8. The cross-
Kerr-term required both to reach minimal splitting and
to get closer to the EP increases as the frequency mis-
match increases. This comes from the tuned frequency
Wy = wy — gk 5z, which reveals the usefulness of cross-
Kerr-coupling not only in frequency control but also in
sensitivity enhancement.
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