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ON THE INJECTIVITY OF FROBENIUS ON p-ADIC PERIOD RINGS

We prove the injectivity of the Frobenius endomorphism on B cris , Bmax and Bst.

Let p be a prime number and K a complete discrete valuation field of characteristic 0, with perfect residue field of characteristic p. To state comparison theorems between the étale cohomology of (proper and smooth) varieties over K and (refinements of) their de Rham cohomology (cf [START_REF] Fontaine | p-adic periods: a survey[END_REF], [START_REF] Tsuji | p-adic étale cohomology and crystalline cohomology in the semi-stable reduction case[END_REF], [START_REF] Tsuji | Semi-stable conjecture of Fontaine-Jannsen: a survey[END_REF]), Fontaine constructed various period rings (cf [START_REF] Brinon | CMI summer school notes on p-adic Hodge theory[END_REF], [START_REF] Fontaine | Le corps des périodes p-adiques[END_REF], [START_REF] Fontaine | Représentations p-adiques semi-stables[END_REF], [START_REF] Caruso | An introduction to p-adic period rings[END_REF]). These rings are topological Q p -algebras equipped with an action of G K = Gal(K /K) (where K is an algebraic closure of K) and extra structure. In particular, the period rings B cris and B st (that are used to define crystalline and semi-stable representations) are endowed with a Frobenius operator ϕ. It has been stated (see [START_REF] Brinon | CMI summer school notes on p-adic Hodge theory[END_REF]Theorem 9.1.8]) that the latter is injective, but to the author's knowledge, no proof of this fact has been published: the aim of this short note is to provide one. An immediate consequence is the bijectivity of the Frobenius operator on the invariants D cris (V ) and D st (V ) attached to a p-adic representation V of G K .

We use old fashioned notations: R = O C (where C is the completion of K ) and p = p = (p, p 1/p , p 1/p 2 , . . .) ∈ R is a compatible sequence of p n -th roots of p). The reader is referred to [START_REF] Fontaine | Le corps des périodes p-adiques[END_REF] for the construction of the objects used hereafter. Recall that A max is the p-adic completion of W(R) ξ p = W(R)[x] where x := [ p] p (as usual p = p ∈ R). Being a subring of W(R)[p -1 ] which has no p-torsion, the ring W(R)[x] is p-torsionfree, and A max is p-torsionfree as well. Every element in A max can be written as a series

n=0 p n α n with α n ∈ W(R)[x] = W(R) + x W(R)[x] for all n ∈ N: as W(R) is p-adically separated and complete, this implies that A max = W(R) + x A max . The map X → x induces an isomorphism W(R)[X]/([ p] -pX) ∼ → W(R)[x] hence A max /p A max (R/ pR)[x]
is a polynomial ring with coefficients in R/ pR, where x denotes the image of x.

We have ϕ(x) = [ p p ] p = p p-1 x p so that ϕ(x) = 0. This implies in particular that the image of ϕ in A max /p A max lies in R/ pR.

Lemma 1. We have ϕ -1 ([ p], p) W(R) = ([ p 1/p ], p) W(R) and ϕ -1 (p A max ) = ([ p 1/p ], p, x) A max = ([ p 1/p ], p) W(R) + x A max .
Proof. The Frobenius induces an isomorphism R/ p 1/p R ∼ → R/ pR, proving the first equality. The second follows. For the last one, we write ([

p 1/p ], p, x) A max = ([ p 1/p ], p, x)(W(R) + x A max ) = ([ p 1/p ], p) W(R) + x A max . Lemma 2. We have ϕ -1 (p p-1 A max ) = ([ p 1/p ], p) p-1 W(R) + x A max . Proof. Let a ∈ A max be such that ϕ(a) ∈ p p-1 A max . As A max = W(R) + x A max , we can write a = α -xb with α ∈ W(R) and b ∈ A max . We have ϕ(α) ∈ ϕ(xb) + p p-1 A max = p p-1 A max (since ϕ(x) = p p-1 x p ): the image of ϕ(α) in A max /p A max (R/ pR)[x] is zero, i.e. ϕ(α) ∈ ([ p], p) W(R) : by lemma 1, we have α ∈ ([ p 1/p ], p) W(R). Let i ∈ {1, . . . , p -2} be such that α ∈ ([ p 1/p ], p) i W(R): write α = i j=0 p i-j [ p 1/p ] j u j with u 0 , . . . , u i ∈ W(R). We have ϕ(α) = i j=0 p i-j [ p] j ϕ(u j ) ∈ p p-1 A max , i.e. i j=0
x j ϕ(u j ) ∈ p p-1-i A max after dividing by p i . Reducing modulo p, this implies that ϕ(u j ) ∈ ([ p], p) W(R) for all j ∈ {0, . . . , i} (since 1, x, x 2 , . . . , x p are linearly independent over R/ pR). By lemma 1, we have u j ∈ ([ p 1/p ], p) W(R) for all j ∈ {0, . . . , i}, hence α ∈ ([ p 1/p ], p) i+1 W(R). By induction, we thus have α ∈ ([ p 1/p ], p) p-1 W(R).

Lemma 3. If n ∈ N >0 , we have ϕ -1 (p (p-1)n A max ) = ([ p 1/p ], p) p-1 A max +x A max n .
Proof. We use induction on n, the case n = 1 follows from lemma 2. Assume

ϕ -1 (p (p-1)n A max ) = ([ p 1/p ], p) p-1 A max +x A max n = n k=0 ([ p 1/p ], p) (p-1)k x n-k A max
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and let a ∈ ϕ -1 (p (p-1)(n+1) A max ): we have a ∈ ([ p 1/p ], p) p-1 A max +x A max n by the induction hypothesis.

Let i ∈ {0, . . . , p -2} be such that a ∈ p (p-1)k+i-j [ p 1/p ] j u k,j with u k,j ∈ A max . We have

ϕ(a) = n k=0 p (p-1)(n-k) x p(n-k) (p-1)k+i j=0 p (p-1)k+i-j [ p] j ϕ(u k,j ) + p (p-1)(n+1) x p(n+1) ϕ(b) ∈ p (p-1)n+i n k=0 (p-1)k+i j=0 x p(n-k)+j ϕ(u k,j ) + p (p-1)(n+1) A max which implies that n k=0 (p-1)k+i j=0 x p(n-k)+j ϕ(u k,j ) ∈ p p-1-i A max , i.e. pn+i d=0 x d ϕ 0≤k≤n 0≤j≤(p-1)k+i p(n-k)+j=d u k,j ∈ p p-1-i A max .
Again, lemma 1 implies that for all d ∈ {0, . . . , pn + i}, we have

0≤k≤n 0≤j≤(p-1)k+i p(n-k)+j=d u k,j ∈ ([ p 1/p ], p, x) A max . Thus a ∈ n k=0 x n-k (p-1)k+i j=0 p (p-1)k+i-j [ p 1/p ] j u k,j + x n+1 A max ∈ pn+i d=0 0≤k≤n 0≤j≤(p-1)k+i p(n-k)+j=d p (p-1)n+i-d [ p 1/p ] d u k,j + x n+1 A max ∈ pn+i d=0 0≤k≤n 0≤j≤(p-1)k+i p(n-k)+j=d p (p-1)n+i-d [ p 1/p ] d ([ p 1/p ], p, x) A max +x n+1 A max ∈ n k=0 x n-k (p-1)k+i j=0 p (p-1)k+i-j [ p 1/p ] j ([ p 1/p ], p, x) A max +x n+1 A max ∈ n k=0 ([ p 1/p ], p) (p-1)k+i+1 x n-k A max +x n+1 A max . By induction we have a ∈ n k=0 ([ p 1/p ], p) (p-1)(k+1) x n-k A max +x n+1 A max = ([ p 1/p ], p) p-1 A max +x A max n+1 .
Proposition 1. The map ϕ : A max → A max is injective.

Proof. Let a ∈ A max be such that ϕ(a) = 0. By lemma 3, we have

a ∈ ([ p 1/p ], p) p-1 A max +x A max pm ⊂ [ p] p-1 A max +x p A max m + p A max = x pm A max +p A max for all m ∈ N >0 : the image of a in A max /p A max (R/ pR)[x] belong to ∞ m=1 x pm (R/ pR)[x] = {0}, hence a ∈ p A max .
As A max has no p-torsion, this implies by induction that a ∈ p n A max for all n ∈ N >0 , i.e. a = 0 since A max is p-adically separated.

Theorem 1. The Frobenius map is injective on B cris , B max and B st .

Proof. If b ∈ B cris , there exist r, s ∈ N and a ∈ A max such that p r t s b = a, so p r+s t s ϕ(b) = ϕ(a): the injectivity on B max follows from proposition 1. As B cris ⊂ B max , the Frobenius is injective on B cris as well. As B st B cris [u] with ϕ(u) = pu, we deduce the injectivity of ϕ on B st .

  1/p ], p) (p-1)k+i x n-k A max +x n+1 A max (this holds for i = 0 by what precedes). Write a = n k=0x n-k α k + x n+1 b where α k ∈ ([ p 1/p ], p) (p-1)k+i A max and b ∈ A max . For each k ∈ {0, . . . , n}, we can write α k = (p-1)k+i j=0