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Abstract. In this paper we consider the two-dimensional stochastic Gross-Pitaevskii equation, which
is a model to describe Bose-Einstein condensation at positive temperature. The equation is a complex
Ginzburg Landau equation with a harmonic potential and an additive space-time white noise. We study
the well-posedness of the model using an inhomogeneous Wick renormalization due to the potential, and
prove the existence of an invariant measure and of stationary martingale solutions.

1. INTRODUCTION

The paper is concerned with the mathematical analysis of the two-dimensional Gross-Pitaevskii
equation, which is a model for Bose-Einstein condensates in the presence of stochastic effects,
e.g. temperature effects arising around the critical temperature of condensation. Interactions of
the condensate with the “thermal cloud” formed by non-condensed atoms need to be taken into
account in this situation. Those interactions should preserve the principles of the fluctuation-
dissipation theorem, which ensures formally the relaxation of the system to the expected physical
equilibrium (see [2, 10, 12]), leading to the so-called Projected Gross-Pitaevskii equation.

Neglecting the projection operator on the lowest energy modes, and setting the chemical
potential to zero, the equation for the macroscopic wave function @ may be written in its
simplest dimensionless form :

O = (i +7) (A — V(2) — gloo[v) + W, (L, z), (1.1)

where V() is a confining, generally harmonic, potential, and W7 is a two-dimensional space-time
white noise that is a Gaussian field with delta correlations in time and space :

<W;(svy)v ny(t,x)) = 29650z —y-
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The constant g is a positive physical constant. When v = 0, one recovers the standard Gross-
Pitaevskii equation for the wave function 1, and in this case the hamiltonian

1 1
Hw) =5 [ IVi@Pde+ 5 [ vl@Pda+d [ )i
2 R2 2 R2 4 R2
is conserved. It follows that for v > 0, a formal Gibbs measure for (1.1) is given by

p(dip) =T exp [-H ()] dvp,

for some normalizing constant T'.

In this article we consider the harmonic potential V(z) = |z|>. Equation (1.1) has been
studied in space dimension one in [3], and the existence of global solutions for all initial data
was proved. The convergence to equilibrium was also obtained in [3], thanks to a Poincaré
inequality, and to the properties of the invariant measure previously proved in [4], where its
support was in particular shown to contain LP(R) for any p > 2.

The aim of the present paper is to extend part of those results to the two-dimensional case.
Note that nothing was known in this case about the Gibbs measure, which has to be built. A
first remark to be done is that the Gaussian measure generated by the linear equation is only
supported in W™4 with s > 0, ¢ > 2, and sq > 2 (here, W™ is a Sobolev space based on
the operator —A + V', see Section 2 below). Hence, as is the case for the stochastic quantization
equations, the use of renormalization is necessary in order to give a meaning to the solutions of
(1.1) in the support of the latter Gaussian measure.

Renormalization procedures, using Wick products, have been by now widely used in the
context of stochastic partial differential equations (see e.g. for the case of dimension 2 considered
here [5, 6, 8, 17, 22] and references therein), in particular for parabolic equations based on
gradient flows. The complex Ginzburg-Landau equation driven by space-time white noise, i.e.
(1.1) without the confining potential, posed on the three-dimensional torus, was studied in [13]
and for the two-dimensional torus in [16, 21]. The main difference in our case is the presence
of the harmonic potential V. It is thus natural to use functional spaces based on the operator
—H = —A +V, rather than on standard Sobolev or Besov spaces; we chose to work on Sobolev
spaces based on —H since it is enough for our analysis, but we need to prove all the necessary
product rules in these spaces.

Several difficulties arise when trying to adapt the previous methods to the present two-
dimensional case. First, the diverging constant in the definition of the Wick product is no
more a constant, but rather a function of the space variable x; This is already the case for
SPDEs on manifolds for instance and does not imply many difficulties. However, up to our
knowledge, Wick products corresponding to the Gaussian measure associated to the operator
—H considered here have never been constructed. An essential tool in the definition of the
Wick products is the kernel K (z,y) of the operator (—H)~!, and in particular its integrability
properties. It appears ([19]) that K is never in LP(R, x Ry), for any p > 1, but we only have
K € L"(Ry; LP(Ry)) for r > p > 2 (see Proposition 5 below).

Using these properties of the kernel K, we construct the Wick products with respect to
the Gaussian measure with covariance (—H)~! and use the method of [6] to construct local
solutions. Then using ideas from [17], we are able to prove that the solutions are global when ~y
is sufficiently large. Moreover, we prove that (1.1) has an invariant measure which is the limit of
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Gibbs measures corresponding to finite dimensional approximations of this equation. This can
be seen as a construction of the infinite dimensional Gibbs measure p.

Since the kernel K is not in L*(R, x Ry), we strongly believe that, contrary to the space
dimension one, this Gibbs measure is singular with respect to the equilibrium Gaussian measure
of the linear equation.

It is expected that (1.1) has a unique invariant measure. Strong Feller property of the associ-
ated transition semigroup can be proved using similar arguments as in [22] or [7]. Unfortunately,
irreducibility seems to be much more difficult. This question will be the object of a future work.

Another problem we encounter is that we are not able to prove global existence for any v. We
cannot use the same argument as in [3]. This would need a better understanding of the Gibbs
measure p. Instead, we construct martingale stationary solutions when ~ is small.

2. PRELIMINARIES AND MAIN RESULTS.

Writing equation (1.1) in a more mathematical form, we will consider in what follows the
infinite dimensional, stochastic complex Ginzburg-Landau equation, with a harmonic potential:

dX = (m+in)(HX - [XPX)dt + /211dW, ¢>0, z€R? (2.1)

where H = A — |z|?, * € R%2. We consider a more general equation with parameters v > 0,
and 72 € R, in order to clarify the effects of the dissipation induced by 1. Let {h}pen2
be the orthonormal basis of L?(R?,R), consisting of eigenfunctions of —H with corresponding
eigenvalues {\?}cnz, i.e. —Hhg = A2hy. It is known that A2 = 2|k| + 2 with k = (k1, k) € N2,
and the functions hy(z) are the Hermite functions. The unknown function X is a complex valued
random field on a probability space (2, F,P) endowed with a standard filtration (F;)¢>o.

We take {hg,ihg}r>0 as a complete orthonormal system in L?(R?, C), and we may write the
cylindrical Wiener process as

Wit z) = (Ber(t) +iBri(t) (). (2.2)

keN2

Here, (B r(t))i>0 and (B 1(t))i>0 are sequences of independent real-valued Brownian motions,
on the stochastic basis (Q,F,P, (F;)t>0). In all what follows, the notation E stands for the
expectation with respect to P.

For 1 < p < 400, and s € R, we define the Sobolev space associated to the operator H:
WP (R?) = {v € 8'(R?), [vlyerre) = [(—H)**v|n(ge2) < +00},

where S and &’ denote the Schwartz space and its dual space, respectively. If I is an interval of R,
E is a Banach space, and 1 < r < oo, then L" (1, E) is the space of strongly Lebesgue measurable
functions v from I into E such that the function ¢ — |v(¢)|g is in L"(I). We define similarly the
spaces C(I, E), C*(I,E) or L"(Q2, E). For a complex Hilbert space F, the inner product will be
understood as taking the real part, i.e., for u = u® +iu! € E and v = v® 4 iv! € E, then we set
(u,v) g = (uf, o) g + (u!,v!) g that is we use the identification C ~ R?. The bracket notation
is used for the meaning (f) := (14 |f|?)'/2. We denote by E%; the complex vector space spanned
by the Hermite functions, E}% = span{hg, h1, ..., hn'}. If we write E- this means the real vector
space instead.
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In the course of the proofs, we will frequently use an approximation by finite dimensional ob-
jects. In order to clarify the convergence properties of a function series of the form
U = ) cne Ckhi, we define, for any N € N fixed, for any p € [1,00], and s € R, a smooth
projection operator Sy : L?(R?, C) — E}% by

sv[ X am] = 3 3]s =[S ][ 3 am]. (23)

keN2 keN2 keN2

where x > 0 is a cut-off function such that y € C§°(—1,1), x = 1 on [—%, %] Note that here
and in what follows, we denote by Ax the value A(y ), for simplicity. The operator Sy, which
is self-adjoint and commutes with H, may easily be extended by duality to any Sobolev space
W92(R2; C), with s € R, and thus by Sobolev embeddings, to any space W*P(R2; C), with p > 1.

We will use of the following lemma, whose proof is similar to Theorem 1.1 of [14].
Lemma 2.1. For any ¢ € S(R) and any p € [1, 00|, there exists a constant C = C(¢)) > 0 such
that
[V(=0H)|z(ze,1ry < C,
for any 0 € (0,1).

This lemma implies that Sy is a bounded operator from LP to LP, uniformly in N, for any
p € [1,00]. Note that the usual spectral projector,

HN[ Z Ckhk} = Z crhu,

keN? keEN? |k|<N

does not satisfy this property.

As was pointed out in the introduction, due to the space-time white noise, the solution of
(2.1) is expected to have negative space regularity, and thus the nonlinear term —|X|2X is ill-
defined. In order to make sense of this term, we use a renormalization procedure based on Wick
products. This amounts to “subtract an infinite constant” from the nonlinear term in (2.1).
More precisely, writing the solution X = u + ZJ"7? with

t
2 = [ ) (24
which is the stationary solution for the linear stochastic equation
dZ = (1 +iye)HZdt + \/2v1dW, (2.5)

we find out the following random partial differential equation for wu:
Opu = (1 + ive) (Hu — |u+ Z272 2 (u+ Z2072)),  w(0) = ug := X(0) — Z2172(0). (2.6)

We are therefore required to solve this random partial differential equation. However, using
standard arguments, it is not difficult to find that the best regularity we may expect for Z2'"?
is almost surely: Z227? € W*4(R?) for s > 0, ¢ > 2, sq > 2, see Lemma 3.6 below. Developing

et 2P+ 227 = [Pt 2?28 + w227 4 P2

20 ZE T+ |2 P2, 27)
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we are led to multiply functions having both negative Sobolev regularity, which cannot be defined
in the usual distribution sense.

We need some preliminaries before we introduce the renormalization procedure. Let us recall
a few facts about Hermite polynomials H,(z), n € N, These are defined through the generating
functions

42 ot n
oGt Z ﬁHn(az), z,t € R,
n=0 :

where 1)
—1)" 22 " 2

ez —- (e 2), n>1 (2.8)
vn! dx™

and Hy(z) = 1. The Wick products of Z3}'" are defined as follows. We write Zp oo = ReZ3"™"

H,(z)=

and Z oo = ImZX'". For any k,l € N, we define
(Zro)* (Z1 o) = (SNZRoo)® : (SNZ100)':, in LI(QW™5UR?)),

where s > 0,q > 4 and sq > 8. In the right hand side, the notation : (Syz)" : (z) for n € N,
N €N, z € R?, and for a real-valued centered Gaussian white noise z, means

D (Sn2)": (@) = pn(x)"VnlH, L)Nl(x)SNz(x)] , x€R?

lim :
N—oco

with

A2\ 1
)= | 3 ¥ (A;) S ut)?

More details about the Wick products will be given in Section 3.1, where the above convergence
will be proved, and we will see that the Wick product is indeed well-defined in W54, as soon
as s > 0, ¢ > 4 and gs > 8 (see Proposition 4).

We thus consider the following renormalized equation in the space W~*4(R?) (in the weak
sense):
dX = (y+iy)(HX— | X[2X )dt +/2vdW, t>0, zcR? (2.9)
X(0) = X,
in the sense that we solve the shifted equation (2.6) with |u + ZX7?|?(u + ZZ7?) replaced by
s+ Z37? | (u + ZE7?) ¢ defined by replacing in (2.7) all the terms involving Z3'7® by the

corresponding wick products (see (3.24) for a more precise definition).
Hence we consider

Ou = (71 + iy2) [Hu— lu 4 Z£’72|2(u + Z17?) :] , (2.10)
supplemented with the initial condition

u(0) = up = Xo — Z2172(0).

We will first prove the following local well-posedness result of equation (2.10).
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Theorem 1. Fiz any T > 0. Let y1 >0, o € R and ¢ >p > 3r, r > 6. Assume 0 < s < 3 <
2/p, qs>8, f—5> %—ﬁ and S+2(% —B) < 2(1— %) Let ug € W™4(R?). Then there exists a
random stopping time T (w) > 0, which depends on ug and (: (ReZL7*)*(ImZL ") )o<rri<s,
and a unique solution u of (2.10) such that u € C([0,Tg), W=*9(R?))NL" (0, T, WFP(R?)) a.s.
We have moreover almost surely Ty =T or limygy [u(t)|yy-s.a = +00.

When the dissipation coefficient ~y; is sufficiently large, an energy estimate allows to get a
bound on the L4 norm of the solution, and to deduce a global existence result, as is stated in
the next Propositions and Theorem. This method of globalization has been widely used for the
complex Ginzburg-Landau equation (see [1, 9]) and has been adapted in the renormalized case
(113, 17)).

Proposition 1. Let v1 > 0, v2 € R and ¢ > p > 3r, r > 6. Assume 0 < s < 8 < 2/p satisfy
the assumptions of Theorem 1 and that we have in addition s < % - [ < %, with 2(% -p)<p
and 3(% —fB) <2(1—- %) Let ug € LY(R?). Then the solution u of (2.10) given by Theorem 1
satisfies : u € C([0,Ty), LY(R?)).

In the next Proposition we give the L? a priori bound.

Proposition 2. [L? a priori estimate]. Let 3 > 0 and ¢ > p > 3r, r > 6. Assume 0 < s <
B < 2/p satisfy the assumptions of Theorem 1 and we have in addition s < % - [ < %, with

2(%—@ < B and 3(%—6) < 2(1—%). Moreover assume 2 = 0, or g < 2+2(k2+KV1 + k2) with
K ="1/Y if 2 #0. Let ug € L4(R?), and let u be the unique solution constructed in Theorem

1. Then, there exists a constant C > 0 depending on v1,%2,q and (: (ReZZ"?)*(ImZ"?)!
Jo<k-+i<3, such that for any t with 0 < t < T,

_1td
[u(t)|Te < e "1 |uglfq + C,

where T is the mazimal existence time given in Theorem 1. The coefficient 0 is given by 6 =1

. . 1 q—2 .
ife=0 and =1 Wiy ITeD) if v2 # 0.

Gathering the previous results and using the smoothing properties of the heat semi-group, we
finally obtain the global existence of solutions in the case of large dissipation.

Theorem 2. Let v1 > 0 and ¢ > p > 3r, r > 6. Assume 0 < s < B < 2/p satisfy the
assumptions of Theorem 1 and we have in addition s < % -pB < %, with 2(% —B8) < B and

3(% - B) < 21— %) Moreover assume 2 = 0, or ¢ < 2 + 2(k? + k1 + Kk2) with k = %
if v2 # 0. Let ug € W™9(R?). Then there exists a unique global solution u of (2.10) in

C([0,T),W==9) N L™ (0, T; W5P) a.s. for any T > 0.

Now that we have at hand a global flow, for 1 large enough, the next step is the construction
of a Gibbs measure. The Gibbs measure is formally written as an infinite-dimensional measure
of the following form:

p(du) = De™ Wy,
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where ) ) )
H(u) = / \Vu(z)|?ds + / |zu(z) |2 dx + / |u(x)|*dz,
2 Jpe 2 Jpe 4 Jp2
and I' is a normalizing constant. We will make sense of this infinite dimensional measure as
follows. Using (2.2), it may be easily seen that (2.4) can be written as

ZRR () =Y \fgk(w, t)h (), (2.11)
keN?

where {gr(w,?)}renz is a system of independent, complex-valued random variables with law
Nt(0,1). Thus, the projection onto ES of the stationary solution Z337%(¢) has the same law as
the Gaussian measure py induced by a random series

oxon) = Y o)

kEN2 |k|<N

defined on (Q, F,P) where {gx(w)}ren2 is a system of independent, complex-valued random
variables with the law Ng(0,1). Thanks to the same argument as Lemma 2.1 in [3], combined
with Proposition 5 below, the series converges in LI(Q,W~%9) if s > 0, ¢ > 2 and sq > 2 (see
Lemma 3.6 below), and the limit defines the infinite-dimensional Gaussian measure p on W~51.
However, although the above Gibbs expression may be formally written as

p(du) = Te~ 1 Je2 W) ey gy,

we cannot make sense of it, since L4(R2) is not in the support of u. For that reason, we should
also renormalize the L* norm in the Gibbs measure. However, it is not clear how this can be
done in a compatible way. This fact leads us to define the Gibbs measure for (2.9) as a limit of

uty) =Twesp {~ [ (JIswuol* = 2 @ISwu(@) + 20 () ) de it v € 5.

where 'y is the normalizing constant. We can indeed prove the tightness of the family of
measures (pn)NeN-

Theorem 3. Let v1, v2, q,s be as in Theorem 2. Then, there exists an invariant measure p
supported in W59(R?), for the transition semi-group associated with equation (2.9), which is
well-defined according to Theorem 2. Moreover, p is the weak limit of a subsequence of the family
(pN)N defined above.

Note that the measure py does not depend on 7 or 73, but the tightness (pn)nen is not
induced by a L? bound as in Proposition 2, which does not a priori hold for the finite dimensional
approximations of equation (2.10). We thus have to prove an alternative bound (see Proposition
7 in Section 4) and, unfortunately, this latter bound does not provide higher moment bounds on
the measures py, preventing us to obtain global strong solutions in the small dissipation case, as
would be expected. Nevertheless, the bound in Proposition 7 allows us to construct a stationary
martingale solution for any dissipation coefficients:

Theorem 4. Let v1 > 0 and v2 € R, and let 0 < s < 1, ¢ > 8, sq > 8. Then, there exists a
stationary martingale solution X of (2.9) having trajectories in C(Ry, W) and such that for
any t >0, L(X(t)) = p, the measure constructed in Theorem 3.



8 ANNE DE BOUARD, ARNAUD DEBUSSCHE, AND REIKA FUKUIZUMI

The paper is organized as follows. Section 3 consists of three parts. In Section 3.1, we begin
with the definition of Wick products suitable to our equation, and study the regularity of the
Wick products. In Section 3.2, we list up the properties of the heat semigroup (et(%HW)H )t>0-
Section 3.3 is devoted to the proof of Theorem 1 introducing a polynomial estimate to deal
with the nonlinear terms. In Section 4.1, we pay attention to the global existence of solutions
in the case of large dissipation. We derive the L? a priori bound and prove that the solution
exists globally in time by the smoothing properties of the heat semigroup. Furthermore, in
Section 4.2, we consider a finite-dimensional approximation to (2.9), and the associated finite-
dimensional Gibbs measure. The tightness of this finite-dimensional family of measures is proved
and the limit is obtained to be an invariant measure for the case of large dissipation concluding
Theorem 3. Finally, using moment bounds and a compactness argument, we prove in Section 5
the existence of a stationary martingale solution without restriction on the dissipation parameter.

3. LOCAL EXISTENCE

3.1. Preliminary results on the regularity of Wick products. We begin with introducing
some useful tools in the space W*P(R?).

Proposition 3. (1) For any p € (1,00) and s > 0, there exists C > 0 such that

1
6’f|WW(R2) < |<D:r>sf|LP(R2) + |<l‘>sf|Lp(R2) < C|f‘W~‘/‘7P(R2)-
(2) Let a > 0. Then the following estimates hold.
[fglwea < C(|f|Lalglwea + [flweaz|glre ),
where 1 < ¢ < 00, q1,q2 € (1,00], ¢1,¢2 € [1,00) with % = qil—l—q% = q%—i— q%.
Proof. The norm equivalence (1) was proved in [11], and for the interpolation estimate (2), see
Proposition 1.1 of [20]. O

Let us now give some details on the construction of the Wick products. Let {(z,w) be a
mean-zero (real-valued) Gaussian white noise on R? defined by

aw) = 3 gn(w)ha(@).

neN2

where {g,(w)}, is a system of independent, real-valued random variables with A/(0,1) law. For
f € L?*(R% R), we define the mapping Wiy : L*(R?) — L*(Q), f — Wy, by

Wiw) = (£,6@)2 = Y (f,hn) 1290 (w).

neN?
Then, W; is a mean-zero Gaussian random variable with variance |f |2L2 (R2)" and
E(WfWg) :(fv.g)L27 f,gELZ(RQ,R).
This implies that W(.) is an isometry from L*(R? ,R) to L*(€2). Moreover we have the relation
E(Hp(Wy)H(Wy)) = 05K\, 9)12, (3.1)
for any f,g € L*(R?) with |f|z2 = |g|z2 = 1, with the use of the Hermite polynomials (2.8).
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Let us define for n > 0, the Wiener chaos of order n as

Hy = {Hn(Wf) : f € LQ(R2)7 ‘f|L2 = 1}:

where the closure is taken in L?(9). It is known that

2(Q,G,P) = @H

where G is the o-algebra generated by {Wy, f € LQ(RQ)} (see Theorem 1.1 of [18]). We shall
denote by P, the orthogonal projection of L*(Q,G,P) on H,,. Then (W;)" € L?(2, G, P) for any
f € L*(R?) with |f|;2 = 1, and the following holds.

Lemma 3.1. Let f € L*(R?) satisfying |f|;2 = 1. Then we have,
Pu((Wp)™) = VnlHy (Wy).
Lemma 3.2. For any F € H,, and p > 2,

E(|FIP) < (p — 1) 27E(|F|*)%. (3:2)
Let us now define )
1 A hk(.’L')
a(@)() = (3) g, (33
pN(JZ) k%Q /\?V )\k
for a fixed z € R?, with
2 2 TEAN
Py =rpxl() = > X %)% (hi())?, (3.4)
keN?
so that [nn(7)|z2R2) = 1. Then if 2(w, x) is of the form
2
2(w,x) = Z \/\[kgk(w)hk(x), we zeR? (3.5)

keN2

with a real-valued Gaussian system {gi(w)}r with law A(0,1/2), we note that Syz(z) makes
sense in L2(Q) for any x € R? and we may write

Snz(x) = Y V2gr(pn (@)nn (), he) 12 = o (€)W 2)-
keN2?
We can thus, by Lemma 3.1, define the Wick product of (Syz)™ as follows.

F(Snz(@)" = Pa((Snz())") = pn (@) Vil Hy (W), P — acs.
For the reader’s convenience, we give hereafter the expressions of the first three Wick products.
(Sy2)t: (z) = Snz(2),
H(Sn2)? : (2) = (Sw2)?(2) — pn(a)?,
c(Sn2)?: (z) = (Sn2)3(z) — 3pn(x)2Snz(x).
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Note that the renormalization factor px(x) depends on x € R2, this is different from the torus
case (see for ex., [5, 17, 22]). Since it is known from [15] that for any k € N2,

Bkl o2y S AP (3.6)

with
;-4 if 2<p<
9(])): 2 . 10
3 if 3 <p<+oo,

we have for any p € [2, +o0],
2 | pimay < NI=0GP) 55 N & 0.
lpnlL R2)
Note that 0(p) is at most % so that p?\, may diverge a priori faster than in the torus case.

Recall that Z227? can be written as (2.11). In order to consider a renormalization for the
nonlinear term in (2.9), we decompose Z33""? = ZR oo + 12100 Where Zg oo = Re(Z33?) and
Z1 0o = Im(Z327*) are independent, each of the form (3.5) and thus equal in law. Note that
all the terms in (2.7) are products of powers of Reu, Imu, Zr o, and Zj o,. Applying the above
construction to Zg o and Zr ., we may then define, for any integers k,l € N, the real valued
Gaussian random variables : (SyZ Rm)]C cand : (SNZ1.00)! :, which are still independent. It is
then natural to define, for all integers k,l € N, the Wick product : (ZR,OO)’“(ZLOO)Z : as the limit
in N of the product : (S]\/ZR@O)’C : (SNZI’OO)Z :. The next proposition indeed shows that this
limit is well defined in LI(Q; W—49(R?)) for ¢ > 4, s > 0 and sq > 8. It would not be difficult
to prove that this definition coincides with the Wick product that would be obtained with the
use of an R2-valued white noise measure.

Proposition 4. For any k,l € N, the sequence {: (SNZRQO)'C : (SNZI,OO)Z Iven is a Cauchy
sequence in LI(Q, W54(R?)), for ¢ > 4, s > 0 with qs > 8.

Moreover, defining then, for any k,l € N,
(ZRoo)*(Z1o0o)' s = Jim_ (SNZRoo)® = (SNZ1o0)' sy in LIY(QW™5YR?)),
—00
where s > 0,q > 4 and sq > 8, there exists a constant M, 1 such that

E || : (ReZ2172)k(Imz172)t % < Mg g hi- (3.7)

—s,q

Higher order moments may also be estimated thanks to Nelson formula. The following corol-
lary will be useful later.
Corollary 3.3. Let s >0, m > q >4 and sq > 8. Then there is a constant M 4 . 1.m such that
E [| : (ReZ2)k (ImZ2202)! - m_s,q} < My g ptm. (3.8)
Proof. First, for m > q we apply Minkowski inequality to obtain

IE[| t (ReZZ17?)H(Imz272)! - m_s,q} :/ [(—H)™*/%: (ReZ21"2)F (ImZ22) < |7y dP
Q

I3

< ([ [ 1102 ez tmzze ) s ) )
R2 Q
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Here we use Nelson estimate (3.2), and the right hand side is bounded by
O

(m=1) g%zEU(—H )2 (ReZZ ) (ImZL72) )2 du)

Again, we apply Minkowski inequality to obtain

E|[|: (ReZZ™) (ImZL7) : [foova| < CE(l: (ReZ17) (ImZL2) : [yea)?
< CpE(| : (ReZZ ™ (ImzL02) c [0 )5 < Cn? ),
thanks to Holder inequality and (3.7). O

For the proof of Proposition 4, the key ingredients are estimates on the kernel K of the
operator (—H)~!, which is defined by (—H) ™! f(z) = [z2 K(z,y)f(y)dy, and may be written as

K(z,y) = Z Mgk(y), z,y € R (3.9)
keN? k

The kernel K has the following regularity properties.
Proposition 5. For any n € N*, we have K" € LQW;’Q foranyr>2and a <1— %

For the proof of Proposition 5 we will need the following lemmas.
Lemma 3.4. Let r,r1,79 > 1, p > 2, and 0 < a < o with % = % + % and 75* = %. If the
functions f(z,y) and g(z,y) (v,y € R?) satisfy f,g € L*LY N L;QWZ‘/T’Z, then fg € LZJW;Q.
Moreover,

|fg|LgW§“’2 N |f|L;1L§|g|L;2WZ’2 + |f’L;2W§’2|g|L;1LZ'

Proof. Set ¢ := 25%, and choose q1 = p = @2, (1 = @2 = ﬁ in Proposition 3 (2). Then, we
obtain

Fa@, Yy S 1@ iglo(e ) s + 1@ oz loe ). (310)
By Sobolev embedding, W?2(R?) C Wa’ﬁ (R?). Thus, the right hand side above is majorized
by

C(1f (2, )eplg (@, )yye2 + 1 (@) |ye2lg(@, ) rp)-
Now we take the L! norm of both sides of the inequality, and use Holder inequality with % =
% + %, to get the result. O

Corollary 3.5. Letn € N, r,ri,ro > 1, p > 2, and 0 < & < o with % = f—l—l—% an~d “;26‘ = %. If
the function f(x,y) (z,y € R?) satisfies f € LI LN L;QW{,T’Q, then frtl e LQW;’z. Moreover,

‘fn+1|L;W?‘f72 S |f|z;1L§|f|L;2W52

Proof. We prove the result by induction on n. The case n = 1 is straightforward from the
inequality (3.10) setting f = ¢, combining with Holder inequality. We now assume that the
inequality
E+1 k
P yea S 171 Flypee
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holds for any o, satisfying 252 = £. Applying again Proposition 3 (2) with a = &, p = 2,
2 p
q1 = p and (k+ 1)¢@ = p, we have
k+1 k+1 k+1
75 g S U gl Ly + 1 |ysae 175" (3.11)
Note that this choice of parameters implies q% = % - % and q% = % - %. Now choose ¢ such

thato=1+a— 2 =a+ %, and &%" = %. By Sobolev embedding W72 ¢ W% and by the

q1
induction assumption,

’karl’WyD“w’l f, |fk+1|wg72 5 |f|IZZ‘f|W52

Next, the relation 95% = ®£1 implies § — 1 = @ — 2, thus by Sobolev embedding, |f]. aa <
2 P p 92 W, 2~

|f|W5,2. In summary, we estimate the right hand side of (3.11) by C|f]’2‘§1 ]f\wg,z with 252 = %,
this proves the n = k + 1 case. Finally, as in Lemma 3.4, we use Holder inequality to conclude
the statement. ([l

Proof of Proposition 5. First of all, we consider the L? norm in z3 of the kernel K(x1,x5),
2

x1, T2 € R?, on which we apply the cut-off Sy; denoting xr n = X )‘—2’“ , We may write
) 9 ) AN

hk(xl)hk(xﬂ'

SNK(1,22) = > Xk 2
K

keN2
We have

N

2 g, (1)
[/R? ‘SNK($17$2)|2d372} =Y X%,NT

keN2

Next we take, for ¢ > 2, the L? norm in xq,

5}
SN

2
(1)) |hel7
|SNK|%;1. L2, = / Z X%,NT dep| < Z X%,N >\4an
b B2 | pene k kN2 k

where we have used Minkowski inequality. It follows from (3.6) that |hg|pe(me) < )\lze(q) for some

0(q) > 0 if ¢ > 2, thus
2 ’hk’%q 1
> Xiw oS > )
keN? k kEN2 |k|<N "k

which converges as N — oo. Namely K € L%1L§2 for any ¢ € (2,+00]. On the other hand,
for 2 < ¢ < 400, by Sobolev embedding Wl_g’Q(RQ) C L(R?), and by duality L9*(R?) C
Wl_q%‘g(]Rz), where %+ q% = 1. We also know that the operator (—H)™! = (—A+|z|?)~! maps
Wlfql*’Q(]R% into ngql*’Z(]l@) C L°°(R?). Therefore, we have

sup
1 €R2

K (21, 22) f(x2)daa| = |(—H) " floee SIH) | a2 SIFL o2 0 S Iflper
R2 W~ a W 4
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This means that there exists C' > 0 which is independent of z; such that |K (z1,-)|rs < C for
any 1 € R?, ie. K € L LY,. Thus, by interpolation between Li, L2, for ¢ € (2,+00], and
LY LE,, for g € [2,400), we have

2

KeLyL!

iR

for any a > 8 > 2. (3.12)
The same idea as above can be used to prove that

K € LWZ?, forany o < 1. (3.13)

xro ?

Indeed, for any 0 < e < 1,

sup K (w1, 22) f(x2)daz| = |(=H) ™" flre < CO|f|y-14202.

l‘leRQ

R2
By interpolation between (3.12) and (3.13), we have for all 0 < 1 — %, and ¢ > 2,
K € LI WJ2.
Now, the use of (3.12) and Corollary 3.5 allows to obtain the statement of Proposition 5. U

We note that, as a simple consequence of Proposition 5, we obtain the following regularity
results for Z272.

Lemma 3.6. Fiz any T > 0. Let v1 > 0,9 € R;s > 0,¢ > 2,5g > 2 and 0 < a < %(s—%).

The stationary solution Z37 of (2.5) has a modification in C*([0,T], W~*%). Moreover, there
exists a positive constant Cp such that

E[sup 123672 W) w-sa | < Cr.

te[0,7]

Proof. Since the computation is almost the same as in Lemma 2.1 in [3], we note only the points
in the arguments. In order to apply the Kolmogorov test, consider, for ¢, 7 with 7 <t < T,

ZU(ta) — ZU (m) = 27 ) / ROt dgy (o) ()

ken2 -7
+/T (eﬂ\k(vﬁiw)(t*a) — e*/\i(vﬁiw)(ffcr))dgk(a)hk(x)]'

with B = Br.r + iBk,r. Denote by fi;, the first term in the right hand side above, and by
fa,t,r the second term. For any « € [0,1], and m € N\ {0}, since f+, is Gaussian, we have the
moment estimate:

B[t S 0= nE | T A

keN?
We take the L norm and write the right hand side using the kernel K (x1, ) (see (3.9)):

L
2m:| 2m

< (t—7)2|K]

2 s+(a—1),2-

E U(—H)‘Sfl,t,T

Li, W
1
Lg
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By Proposition 5, the above norm is finite if ¢ > 2 and 1 — s+ o < 1 — 2/¢. Finally, using
Minkowskii inequality for 2m > ¢, we obtain

E (Ifierlipted) S (8 —1)"

for 2m > ¢ > 2,0 < a < s — 2/q. The second term can be estimated in a similar way and we
obtain the same estimate for fo; .. Applying the Kolmogorov test then gives the result. O

We now use Proposition 5 to prove the convergence of the Wick products.

Proof of Proposition 4. In order to lighten the notations, we write in all what follows Z x
for SNZR oo and Zy v for SyZroo. We show below that the sequence {: ZfN 5 Zé’N I nven is
Cauchy in LY(Q, W~*4(R?)) for any k,l € N, and any q > 4, s > 0 with ¢gs > 8. Let M, N € N
with M < N. Then

E <| : ZﬁN i ZQN t— ZﬁM $ Z&M : |;]/V*5!‘I) < CE (\( ZfN P— ZfM E Zé,M : |;]/V*5!‘1)

+CE (| : ZfN :(: Zé,N = Zé’M :)‘g/v—sﬂq>
— M+

We only show the estimates for (I) since (II) can be treated similarly. Using Fubini Theorem
we may write

0 = /Q|(—H)5((: Zyn =t 28y ) Dy ¢ |]adP

= //|Z((:ZﬁN:—:Z{“’M:):ZéM:,hm)Lg/\,_nshm(:p)‘qd}P’dx. (3.14)
R2 JQ

meN2

We set for € R?,

_s 2
A(z) := /Q ‘ Z ((: ZfN D— ZfM ) Zé’M S hm) 2, hm(:p)| dPp,

meN2
and for any fixed N, M € N,
2 X2\ hy(z)he(z
KN7M(CU17$2) = Z X <)\2k> X <)\2k> k(l/)\2k(2)7 xr1,T2 € R2, (315)
N M k
keN?

and Ky (z1,x2) := Ky n(x1,22). Then, by the Nelson estimate (3.2), and since

Z ((: ZﬁN D Zf’M ) ZQM Shi) 2 A hn () € Hiyr,

meN2

the right hand side of (3.14) is bounded above by Cq,k+l|A|§%(R2)- Let us first check that A(z)

can be written as

Ax) = KN (= Hy) )™ (=Hyy) (K — 2K% 3 + KK (2,2), 2 € R (3.16)
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Indeed,
_ .7k . . 7k A . o7l . —s
Ax) = /ﬂ ST Sy = 2 ) s Tt ) 2N o (2)

m1 €N2Z myeN2
X ((: Z{C,N P— ZfM ) : Zé,M 5 P ) L2 A oy () dIP

= [ ] 62— 2 ) B @) @0 @)
Qm17TTL2€N2 Rzl RIZ
X (: ZfN D= ZﬁM D(x2) : ZéyM 2 (@2) Py (22) A5 homy () dz 1 dodP. (3.17)
The fact that Z1 » and Za )y are independent allows us to compute the integrals on €2 separately.
Recalling the definition,

1 20y (3) = pN(xl)k\/HHk(WgN(xl))’

where we use the (obvious) notation W} (resp. Wf) to denote the Gaussian random variables

associated with the white noise corresponding to Z; = ReZy, (resp. Zy = ImZ,), we apply
(3.1):

=12,

E(H (W) ooV HEW) ) = Kl nv (1) mar (22) 52, 5 = 1,2 (3.18)
Then we have, by (3.17),

Aw) = w3 [ e - i) o). ma)hs

m1,ma€N?

—phr (1) PN (m2) (nar (1), v (22)) 2 + Py (1) Py (2) (aa (1), 77M($2))]£2}

Py (1) Pl (2) (g (1), 101 (22)) 12 oy (1) Py (22) At Ay B (2) oy () dey g (3.19)
Again by the definitions (3.3) and (3.15),
1

k = k X1, .
(nN(x1>7nN<$2))L2 - (,ON(«Tl)PN(CUQ))kKN( 1, 2) (3 20)
1
(o (@)mae2)ie = oo RN a2)

We thus have by (3.19)
A(z) =K1Y DY A h, ()

m1 GNZ
X /
R

note that the term in square brackets is equal to
(_Hﬂ%)i%(K]]if(xl?x) - 2K]]i7,M(x17x> + K]I&(xlvw))Ké\/l(xlax)

Using the same computations for the z; variable leads to (3.16).
Now, let

/R (K (21, 2) — Kp(z1,22)) Ky (21, 22) hing (22)d22 A5 By (2) | iy (1) dan ;

2 2
1 [ moeN2 ¥ Tza
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. s
By the Sobolev embedding W' *22(R?) C L>(R?), we have

|A(n, )| S 1(—Hy) "2 (KK — 2KF oy + K3 Kbyl (n, )’

/RQ(A(x))de = /R%(Zl(x,x))gdx

< /R2 (—Ho) 2 [(K — 2K o + K5 K] (=, ')lwl_g,Qd:):
3

[ SIS

q
< (BN — 2K + K Ky|?

I ,2

Sk
w\ o

1—
We
k k I3 kg |3
SIS e LS ML (L VR S AT LM )
n Ve more

by the embedding L? (R2) C W3 (R2). Since

o
—

k1
KN KNM (KN KNM) KfVKN,MJ’

[
Il
o

applying three times Lemma 3.4, and thanks to the Sobolev embeddings W12 c P W52 ¢
L?P, and W'—162 ¢ L*, with p= %, we may estimate the first term in the right hand side of
(3.21) by

k—1 g
k—1 l 2
[|KN — KN’M’L% s o ‘ L2q 1-2 Q‘KNM J’L4qW§_1$6’2’KM’L%qW§_1SG’2:|
J=0
N 2+2 q 2 k—1 q
< Z - }2 [Z j ., k—1—j s l s }2
< |/ [‘ ) I D T =

=2
Choose § > 0 such that § < 7, and we have

2

q 5q
2 2 2
LS wtiots] st

£

Thus, recalling A\y; = O(v/M), using Proposition 5, and estimating the second term in the right
hand side of (3.21) in the same way, we conclude to the convergence of (I) as N, M tend to
infinity, provided d may be chosen such that 1 — 7 +6 <1 — 7, ie. qgs > 8, ¢ > 2, s>0. This
shows that the sequence {: ZfN : ZQN :}nven is a Cauchy sequence in L4(2, W~%9(R?)) for
any k,l € N. The bound (3.7) is obtained by estimating E[| : (SN ZRr.c0)* 1 (SNZ1.00)" : Yy—s.a)
uniformly in N, using the same arguments as above. O
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3.2. Properties of the semigroup. The purpose of this section is to give some lemmas listing
useful properties of the semigroup (et(“*”?)H )t>0, that will later be used in the course of the
proofs of the theorems.

Lemma 3.7. Let y; > 0 and 2 € R. There exists a constant Cy = Cy(v1,72) > 0 such that for
t > 0 satisfying 11t, |yot| << 1,

et H g < Cot | f| s,

for any f € L*(R?), with

1 1 1 1
0<-<-+-=-<1
r—r S
Proof. The proof of Proposition 3.1 of [3] can be applied with minor modifications. (]

The proof of the next lemmas will be given in Appendix 1.

Lemma 3.8. Let y1 > 0, 2 € R, 1 < p < 00 and s € (0,2]. Then there exists a constant
C1 = C1(v1,72) > 0 such that ,

et H g1 < C1E 3| f o, (3.22)
for t > 0 satisfying yit, |2t| << 1, and for any f € LP(R?).
Remark 3.1. In the purely dissipative case, i.e. the case vo = 0, the above estimate holds for

all s > 0.

Lemma 3.9. Let v1 >0, %2 € R, p>2 and 8 > % — =. Fort > 0 satisfying y1t, |y2t] << 1,

1
P

|6t(’y1+i’72)Hf‘L2 S C,yl’»YQt_B|f’Lpa
for any f € LP(R?).

The following lemma is a consequence of Lemmas 3.7 and 3.9, and an interpolation argument.

Lemma 3.10. Let v >0, v € R, g >p > 2 and o > ]% — %. Then there exists a constant

Cy = Co(v1,72) > 0 such that for t > 0 satisfying y1t, |y2t] << 1,
| Ot f < Cot ™| f 1o,

for any f € L1(R?).

We still need some preliminaries before proving Theorem 1. Let T > 0 be fixed so that the
above semigroup estimates are valid in the time interval [0,7]. Let s, 3 > 0 and r,p,q > 1. We
consider the function space

Er == C([0, T; W9 N L™ (0, T; WHP).
Lemma 3.11. Letv,8,s >0, €R,g>p>2ando > %—é. Assume e := —a—%Jr% > 0.
Then, there exists a constant Cs = C3(y1,72,T) such that for any f € W™,
VN et(71+i72)Hf €eér,

and .
|€'(71+172)Hf|gT < O3 f s
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Proof. First, by Lemma 3.7, for any ¢ € [0,7],
[ D flyy 0 < Col flpy-sa.

Moreover, the strong continuity of the semi-group ¢ — et(+72)H jp L?(R?) and the above
bound easily shows that ¢ — e!(+12)H £ ig continuous with values in W54, Using Lemmas

3.10 and 3.8, we have
- 1/r
ClCQ |:/ |: ’f‘wfs,qi| dt:|

< CiCT™ | flw-sas
which ends the proof. O

|€t(71 +”2)Hf|LT

IN

(0,T;WF-p)

Lemma 3.12. Let y1,s > 0, PyQER,leN,q>p>2,O<ﬁ<2/p,a>%—l, andr>14+1
be such that € := —a—%+%>0 and § = %(5—%)—”71+1>0. LethLl+1((),T,W 1),
whereoz:erl(% — ). Then,

t
t— / e(th)('”H'me(T)dT cér
0

with .
(t_T)(’71+i’72)H d ‘ < C T5
and
~—7)(y1+iv2)H 2 €+§
‘/ J(r)dr LTOTWﬁp)SC ‘f|Ll+1(0TWQ‘1)'

Proof. By Lemma 3.8, if t € [0, 7],

t t
| [etnoimiipmar] < [ =) s
0 0

W-sa
0
< O o roy-eay

where we have used the Hoélder inequality with 1, + Hl = 1 in the second inequality. The
continuity in time with values in W% follows from the strong continuity of the semi-group and
the above estimate. Also, applying Lemma 3.8 and Lemma 3.10,

t t
’ / e(t_T)(’Yl+i'yg)Hf(7_)d7_ < él/ (t _ T)_»’JHLTO‘ |6%(t_7—)(71+m2)Hf(7')|W—a,pd7'
0 W8.p 0

t
< G [ (-7 ) SOy,
0
Haussdorf-Young inequality with 1 + % = % + HTl implies
t
’ / e(t—T)(%-l—in)Hf(T)dT
0

wherewenotethat—a—g’g—a+%:5+5>0. O

_ﬁ_
< Cl o+

7\fl

L7 (0,T;WW8:) (0,73 —a)’
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3.3. Local existence. In order to handle the nonlinear term, we will need the following estimate
on W*P norms of products of functions.

Lemma 3.13. Letq>p>2,0< s < < 2/p, and m € N*. Suppose ﬁ—s—(m—l)(%—ﬁ) > 0,
and s + m(% —f) <2(1— %) Then, there is a constant C > 0 such that

‘hfm‘wf(s+m(%fﬁ)),q S C‘h‘W*S»q‘f’%B,w

The proof of Lemma 3.13 will be found in Appendix 2.

Remark 3.2. The conditions on the parameters are typically satisfied for q very large, s small
and B close to 2. By Holder inequality, we infer from Lemma 3.13 that

s .

We will use this estimate to control the nonlinearity, the cubic nonlinear power corresponds to
the case m < 2 in Lemma 3.135.

< C|h’LT(0,T;W*qu)|f’?r(0,T;Wﬂ,p)-

5T (0, (G A0

Remark 3.3. Let us show that we can find parameters satisfying the conditions in Lemmas 3.11
to 8.18 when we consider more general polynomial nonlinearities with an even integer m € N*:

AX = (1 +ing)(HX — ¢ [X]"X )dt + /27,dW.

Let p > 3r, withr > 2(m~+1). Then, %—% <0< % < %—I%. Since %—% < % E < m—_H—— <0,

2 1 2 _1 1 2
wecanthentakesandﬁsuchthat];—ﬁ<0<s<6<5<;—5.T S, 5 — B < 4 - o that
m 2 m+1 m 2 m+1 1 m+41
— (B2 "4 1=1—"2(Z2_— — > — — > 0.
2(5 p) T + 2(p /8> r 2 r
Next, takeaz%. Thenwehavesz%—%—’8+s>f—f—ﬁ>0. In addition, 8 and s should

satisfy the conditions in Lemma 3.13, and q should satisfy gs > 8, but this is possible if we take
s very small, B8 close to 22? and q > p very large. Note that the assumptions in Theorem 1 allow
us to use Lemmas 3.7 to 3.13 when m = 2.

We now have all the estimates in hand to solve equation (2.6) in the mild form: for any fixed
T > 0, we consider for ¢ € [0,7] :

u(t) = "ty (71+m)/ =)oty 4 Z092) 2y + Z02) (1) - dr. (3.23)
0

By the definition of the Wick product, we may write, using again the notation Zg o, = Re (Z3'"),
Z1co =Im(Z37"), up = Reu, and uy = Imu,

DluAd ZR2 P (ut Z00?) = F (u, (: 2L, :)1SZS3) =Fy+ F1+ F> + F3 (3.24)
with Fy = |u/|?u, and
n = Zoo|u|2 +2ZR coURU + 22 sourU,
Fy = :Zpot(Bur+iu)+: 27 (ur +3iur) + 2 ZpooZi oo : (ur + iug),

;s = Z;’%,Oo A Z%OO t 4 ZR,ooZ%oo E Z%OOZ[,OO T
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Proof of Theorem 1. We fix all the parameters appearing in lemmas 3.9 and 3.10, as in Re-
mark 3.3 (with m = 2). Let us fix any T > 0, and take Ty < T' A 1 small enough so that the
estimates in Lemma 3.11 and Lemma 3.12 hold. We consider the closed ball in €7, with radius
R>0:

Bg(Tp) = {u € &r, ’u\Loo(O,TO,W*qu)mLT(O,TO,WBm) < R},
where R is such that
R
3
Here, the constants Cy and C are the constants appearing in Lemmas 3.7 and 3.12. Note that
R is random, but a.s. finite, as follows from Proposition 4 and Holder’s inequality. Consider the
mapping, for ¢t < Ty, and u € Br(Tp),

Cslug|yy-sa + (71 + |72])(Co + Co) | F3| pr (0,7 w-s0) =

. t .
(Tu)(t) = et(’h-i-%’)/z)HuO —(nm+ i’72)/ e(t=T)(n+iv2)H . lu + Zgol’72\2(u + Z072) (1)« dr.
0

First of all, we estimate the linear part. By Lemma 3.11, we have
"2 g, < Caluglyy—s.a.

Next, we estimate the nonlinear part, using the formulation (3.24), and we start with the term
involving F3. It follows from Lemma 3.7 that, for all ¢ € [0, Tp],

t t
n+in2) [ B | <t paCo [ 1F)bysads
0 ’ 0

1—-1
< (m+1eDCTy "I Lrormmw-sa)-
We next apply Lemma 3.12 with [ = 0, then with §g := —# +1-— % > 0, we have,

t
‘(71 +i72)/0 el By (7) dr < (11 + ) CoT | Bl Lro,ripv-sa)-

Lr(0,To;Wh-p)

Let us now turn to the estimate of the term containing F>. Applying Lemma 3.12 with [ = 1,
we have

t .
‘(’71 +i’}’2)/ e+ py (1) dr
0

A g
< (M +heDC + Cl)Tol‘FﬂLg(o To;w~ S+ =Ry’

L2 (0,To; W=9)N\L7 (0,To; Wh-)

with 0 :==1—2 — %(% — /) > 0; the use of formula (3.24) and Lemma 3.13 with m = 1 allows

then to bound the above term by

2
5 N6 -1
3C(71 + |72]) (C1 + Cl)To1 Z ’u|LT(0,To;W54’)| : le’%,ooZ%oo : |LT(0,TO;W*S»‘1)
1=0

2
< 3Cm A+ ) (CL+ COTS R |+ 2 o 275k < 10—
=0
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In the same way, the term involving F) is estimated thanks to Lemma 3.12 and Lemma 3.13,
respectively with [ = 2 and m = 2; we obtain

t
‘('71 + i’YQ)/ e(t—T)(%Jriw)HFl(T)dT
0

< (1 + ) (C1 + Co) T | Fy(7)]

Lo2(0,To;W==:9)NL" (0,To; WA-P)

L5 (0T~ cH2G Ay

5\
< 3CMn + 2]) (C1 + Co) T (| ZR oo (0, 10w—s0) + | Z1,00| 70,0510 [l 0 1y s
< 3C(m + al) (Cr + Co) R T0?| Zoo| (0 w29,

with &9 := 1—3 — (2 - ) > 0. Finally, using again Lemma 3.12 and Lemma 3.13 with [ = m = 2

t
‘(vwm) / e+ H (1| 20)) (7)dr
‘ Le2(0,Tp;W—#:9)NL7 (0,Tp; W)

IN

(71 + [2))C(C1 + C~12) ngyu’Lr(O,To;W*S’q)‘u’%T(()?TO;WB,p)
(71 + |72])C(Cr + Co) T3> R3.

A

Gathering all the above estimates, and since Ty < 1, we have for some constants C' > 0,
R 5 2 L ok
|TU|5TO S 5 + CTOQR(l +R ) Z | . ZR,OOZI,OO : |LT(0,T;W_S"1)'
0<I+k<3

By Proposition 4 and Hélder’s inequality, it follows that the right hand side is smaller than R
provided Ty is chosen such that

[y

CTgQ(l + R2) Z ‘ : Zﬁ%,ooz}ﬂ,oo : ’LT(O,T;W*SV‘J) <
0<I+k<3

5 (3.25)
and T maps the ball Br(Tp) into itself. Estimating in the same way as above the difference
|Tur — Tuzley, , it can easily be checked that 7 is a contraction on Br(Tp) under the condition
(3.25).

By classical PDE arguments, the continuity of the solution u with respect to the initial data
ug, and the following alternative also hold: Let T be the maximal time Tjf(w) := sup{Tp >
0, 3 unique solution u € &, }. Then, almost surely, T = +o00 or T < +oo and

1. t —s,q — .
fm [u(t)yy—s.a = +00

4. LONG TIME BEHAVIOUR IN THE LARGE DISSIPATION CASE

When the dissipation parameter 1 is sufficiently large compared to 72, an energy bound
allows us to globalize the solution. This is the object of the first part of the section. In a second
part, we use another energy bound to prove the existence of an invariant measure, still in the
large dissipation case.
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4.1. Global existence. Before proving the global existence result, we start with the proof of
Proposition 1, which gives another version of local existence result for initial data in L9(R?),
under slightly more restrictive conditions on the parameters.

Proof of Proposition 1. Let ug € LY(R?), and u € C([0,T5); W=*9) N L"(0,T;~; WFP) be the
solution of (3.23) given by Theorem 1. First, it is clear from Lemma 3.11 that ¢ s et(1+92)Hy,
is in C([0,T¢); LY(R?)). On the other hand, applying Lemma 3.12 with s = % — [, an integer [

such that 1 <1 <3, and a = (I+ 1)(% —f3), and noticing moreover that the condition é(,@ - %) -

Bl 41 > 0 is satisfied for r > 6 since 2 — 3 < 2, we obtain, for all f € LHLI(O T, Wﬁl(%fﬁ)’q)
T p 9 ’ 9 I 9
with 7' < T and all ¢ € [0, 77,

t
/ (DA f( 1)

t
/0 (—H)zelt=nn+i)H £(2yqr

0 La W—5s4
< ar|(-mif . 4.1
S OT(HPF| o map-an (4.1)
&
< GiT ’f‘ T(OTW l(——B)q)
It remains to estimate the right hand side above taking f =: |u + ZX'|?(u + ZX7?) =

Fy+ Fy + F5 + F5 as in (3.24). Applying Lemma 3.13 with m = 2, and s = % — B (it is easily
checked that the conditions are satisfied under the assumptions of Proposition 1), we have

Bl sz 510 < Clubw—salulys,,
then Holder’s inequality implies

2
| Fol < OT+ [ul oo (0,050) [l T (0 sy (4.2)

L£(07T;W—3(%—6),q)
In the same way, applying, for £ = 1,2,3 Lemma 3.13 with m = 3 — k leads to

F T 2
| k‘Lﬁ (O, MG =Py

k—
<CTr Z | : Zf%OOZ —J |W5q]u|LT0TW6,,)
0<j<k

Combining the above estimate with (4.2) and (4.1), we deduce that the second term in the right
hand side of equation (3.23) is in L°°(0,T; LY(R?)) for any T' < Tj. Again, the continuity in
time with values in LI(R?) follows from the strong continuity of the semi-group and the above
estimate, and this concludes the proof. O

Proof of Proposition 2. Here, we assume that v1, 72 and ¢ satisfy the assumptions of Proposition
2, that is the dissipation is sufficiently large. All the formal computations below to estimate
the L? norm of the solution may be justified as in [17] (see also Remark 4.1 below). Let u be
solution of

dpu — (1 +ie) Hu = —(1 + im2)|ul*u + O(u, Z), ¢ € [0, T} AT, (4.3)
where we have denoted simply Z = ZZ"7? and

@(U’Z) = - (’71 +i72)(F1(u’Z) +F2(uv Z) +F3(u’ Z))v
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with F}, j = 1,2,3 defined as in (3.24). Multiplying equation (4.3) by |u|9"2a and integrating
the real part of the result over R?, we obtain:

1d q . 2 q—2
5£|U|Lq = ((n +ive)Hu — (71 +72)|ul*u+ O(u, 2), [u|?"u) 2

= ((m +i2)Au, |u]"?u) 2 — (2w, [u]%u) 2

—(Ju?u, [u|9%u) 2 — (71 + iv2) (FL + Fo + F), [u]9%u) 2.
The first term in the right hand side can be written by integration by parts as follows.
((n +iv2)Au, [u|"Pu)2 = —((n1 +i72) Vu, V(jul " %u)) 2

= —71/ \u|q2]Vu\2da;—’yl(q—2)/ (Re(ﬂVu))2|u\q*4dx
R2 R2

+72(q — 2) / Im(aVu) Re(aVu)|u|74dz. (4.4)
R2
Writing
[u|?72|Vul? = |u|?*[Re(aVu)? + Im(aVu)?],
the above term may be bounded, for any ¢ € (0,1), by

—715/ |Vu2|uq_2da:—71(q—1—5)/ (Re(@Vu))2[ul? 4 dz
R2 R2

—y1(1 = 9) /R2 (Im(aVu))?|u|itdz + v2(q — 2) /R2 Im(aVu) Re(aVu)|u|™tdz.

Let, for 6 € (0,1),
_(ma=1-9) —p({- ))
A= <—72 (3-1) m@-9) )’
then trAs > 0 since ¢ > 2. On the other hand, detAs > 0 if and only if : either v = 0, or 2 # 0
and ¢ — 2 < 2(1 — 6){k? + kV1 + k2} with k = 71 /72. Thus, choosing from now on § such that
the previous condition is satisfied (which is always possible under the assumptions of Theorem
2), we obtain

1d
|u]%q+'yl§/ |u]q_2|Vu|2dx+’yl/ \x|2\u|qd:c+71/ |u\q+2d9:
th R2 R2 R2

< —((m1 +iv2) (F1 + Fa + F), [u|7%u) 1, (4.5)

where we recall that

n = Z|u|2 + 2Zpupu + 2Z5usu,

Fy = :Z%:Bup+iur)+: 2% : (ug + 3iur) + 2: ZpZy : (ug + iug),

F; = :Z%:—i—i:Z?:—F:ZRZ%:—F@':Z]%LZ]:.
In what follows, we will use the space

W (R?) = {f € 8 (D)*f € '(R?), (2)°f € L' (R*)},

which is equivalent to W*"(R?) for any r € (1,00) by (1) of Proposition 3. We begin with
an estimate for the term containing Fj in the right hand side of (4.5). We take a > 0 and
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4 < py < +oo satisfying apg > 8 and % > 1 — 5%, Then by duality, (1) of Proposition 3, and
Sobolev embedding, we have

((Fus [l ?u) 2] S (ul®url, e + [[u]%ur]) a1 Z e
S (ulurlgpa + [lulfurlsp. )1 2w -ar-
Using the interpolation
o < Wl 50,0 s €10,1), 7€ [1,00), (4.6)

the right hand side of the above inequality may be bounded by
el 2 (ul T o+ [V (ul ) g+ el £) | Z e,

and then, by Young inequality, we obtain for any ¢ > 0,

_1
—s

1
o Ul e (4.7)

_ 1 __s_
(Fu [l ?u) 2] < e(lulfhs + IV(ul®) g2+ lul T ) + 67752 Tat1-

In order to absorb the terms involving |u\%ﬁ1 into the left hand side of (4.5), we fix r > 0, and
split the integral to get, thanks to Holder Inequality,

T, < /| P / el fu] @D e
z|<r z|>r

g+1
1 a2 1/2 1/2
(7r7“2)qi2 / lu| T2 da " —1—7’_1[/ ]m\Q\u\qda:} {/ \u!q+2dm} . (4.8)
R? R? R?

Taking r = 1, and using Young Inequality we obtain

IN

3 1
ffh <5 [ eitde s 5 [ folPluftda (4.9)

Noting that V(Ju|fu) = $u?|u[7?Va + %‘UVIVU, the second term in (4.7) can be estimated
thanks to Cauchy-Schwarz inequality:

1 1
— 3 3 - 2
IV (Jul®a) 1 < (g + Dlul Va2 [ul 7270 < (q+ Dllel® | Vul?[21 + [ul 7). (4.10)

As for the third term in (4.7), again, we split the integral and use Hoélder and Young Inequalities:

g+1
1 q+2
zfuT* < wee / lu|t2dx +/ ][] 2] 922 I
|lz|<1 |z|>1
3 1
< wog [ g [ jaupds, (111)
2 Jr2 2 Jr2
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Let us finally estimate the last term in (4.7). We use (4.8) with r = 3¢~ = \Z\ * wpg» and Young
Inequality to obtain
+1 T\ 7z - 1 (s+-25) (H%) 9 =
2 it < (5) eI | [ i
4 R2
+5[/ ]:L“|2]u|qu—|—/ |u|q+2dx}
R2 R?
: 1+-2; _
< (E>q P q+2)\Z\ ipoq“) [81/ lu|T2dx + ¢, (qﬂ)}
4 2
—l—e[/ 2| ]u\qu—i—/ \u|q+2dx}
R2

for any £; > 0. Choosing then
A\az g2 (+72 )
= | — 1 s +2 Z a+2

we obtain

s(a+2)+a%+5q+6 g+d

€ 1s|Z| am]u@ilge[/ y$|2yu|<1dx+2/ |U|q+2d$:|+£57 @+ (d—>s) |Z| Capo- (4.12)
R2 R2

Gathering (4.9), (4.10), (4.11) and the above inequality, the right hand side of (4.7) is bounded
as follows:

(Pl ?u) 2] < 2eq U IUIq_z\VUFder/ !m\2IU\qda:+/ W”zd@“]
R2 R2

q+4

+C€57Q(]‘+|Z|W apo) (413)

for some constant C; s 4.
Next, we estimate (F3, |u|?"2u)z2. For s € (0,1] with s¢ > 8 and 2 < ¢ < 400,

(B, [l 2u) o] = [ |ZPZ =, Jul "2 u)| < |Fsly-sallulT%ulype or

Similarly to the estimate for (F, |u|?"2u);2, by interpolation (4.6), (1) of Proposition 3 and
Young inequality, we obtain for any € > 0,

|(F3, Jul?2u) 2| < 5(‘u|q71+|v(’u|q_2u)’L4*+|‘T|u|q_1|Lq*)
A (4.14)
1

Since = % + %, it follows by Holder, Cauchy-Schwarz and Young inequalities that

_ — q=2 9=2
IV(jul"uw) e < (q = DIl V| < (g = D)l[ul = Valgz|lul = | 2
La—2
—2
< (g =) [l = Vulda + Julf, +1]. (4.15)
Moreover, splitting the integrals as above, we obtain on the one hand

_ 3
0 < Juft, +1< 2 / |+ 4 / 2l + 2, (4.16)
2 Jr2 R2
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and on the other hand,

—2
afuft e < / |75l + / P =
lz|<1 |z[>1
< /|uyq+2+/ @ 2lul? + 2. (4.17)
R2 R2

Let us estimate the last term in (4.14). We proceed as in (4.12) : choosing r > 0 such that

2 / 2,
|z|>r

_ s o _ _ s =
e T Pyl 0, Jult < e T Bl (Juld, + 1)

. 1
g 1-s ]F3|;\jfs,qr_2 = ¢, then by the inequality

2
ull, < (wr2)7E / o+
|z|<r

we have

q

2 a+2
1+ (nr?)a2 [/ \u|q+2] ’
R2
Applying then the Young Inequality

P
+2 q
[/ ’u‘q+2r SEQ/ |2 + ¢
R2 R2

with a well chosen e, results in the following bound, for any € > 0 :

s e
g 1-s |F3’;\;fs q

IN

4 g/ 2 2ue.
R2

-(2+19)
£ lsIFg\ Too T < e 1S\F3IW sq+Ces,qu3!

+5U |uyq+2+/ |xy2|uyq]. (4.18)
R2 R2

Plugging (4.15), (4.16), (4.17) and (4.18) into (4.14), we thus may bound the right hand side of
this later inequality as follows:

_ — 2
(Fault el < 2o [0+ alfis + [ o]

_gqt4

+€ 1= S|F3|W sq+CES,q|F3|2(1 9) (419)

We use again, in order to estimate (F, |u|?72u)z2, an auxiliary pair a > 0 and py € [4,0)
such that apg > 8 and % > 1— 5%, By the same arguments as above, for any € > 0, we obtain

as in (4.7)-(4.11),

(B [ul " Pu) | S lullenl = 2 [y

< |+ / ru\q+2+q L 519 + (a4 3) [Pl + (g +-2)m

e T 22 Ju|?
W apo La-
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Estimating the last term in the right hand side of the above inequality as in (4.18), we finally
get, using Young’s inequality once more,

(B, Jul*2u) o] < 2m[/ wmvm2+/"mﬁww+l/|MWﬂ
R2 R2 R2

_g+a_

+Cepg(l+1: 2% [15500,)- (4.20)
Gathering the estimates (4.13), (4.19) and (4.20) and plugging them into (4.5), choosing € > 0
small enough so that 6eq(|y1| + |72]) < %5, with 0 = 1if 7o = 0, and § = 1 — ——L2___ if

2(k2+kV1+k2)
9 # 0, finally leads to

1d
Sttty + g [ i valde+ 3 [ jePjuitdn+ 3 [t
]RQ

= 2 200 2, . 209
<C’Ylv'72: 5,4 |:1+|Z|W apo+| Z W—Po |:’Z‘ Z: W—s,q:|

At last, using (4.16) again, the following more precise inequality holds :
1
+ E\UFLQ + 71(5/ lu|?2|Vu|2dx + 71/ || |u|9dx + 71/ lu|92dx
RQ 4 R2 4 RQ

o 2 2(q1+4> 2(1Jr4
<@mw@+mwwor2:_s+\mz ﬂ

7@|u’%q

WP W54
from which we deduce

_mat
[u(®)|Te < e85 Juol7, (4.21)
+4 q+4

t q+4
,l s s
R Pﬂm e H1 22T L 2P g 1ﬂ.

The result follows. U

Remark 4.1. These computations may be justified as in [17]. Indeed, it is not difficult to
prove, using similar estimates as for the proof of Proposition 1, that the solution u is in
CY2H(0,7; LY(R?)), for any 7 < T*, a.s., provided the initial state ug is sufficiently regular.
Now, the local solution of Theorem 1 being obtained thanks to a fized point argument, it is con-
tinuous with respect to the initial state, so that proving the estimate for regular initial data is
actually sufficient.

Finally we show the global existence result.

Proof of Theorem 2. Here again, we assume that 7, 2 and ¢ satisfy the assumptions of
Proposition 2, that is the dissipation is sufficiently large. Let u be the solution of (3.23) given
by Theorem 1, and let 0 < To < 1 AT§ AT, then

. ) To
w(Tp) = Tty (y) 1) / eTo= Oty 7w 2(y 4 Z287%2) ¢ (7)dr.
0

Thus, using Lemma 3.8 and the same estimates as in the proof of Proposition 1, it is not difficult
to see that u(Ty) € L4(R?); we may then solve equation (2.10) starting from Tj using Proposition
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1, and the combination of Theorem 1, Proposition 1 and Proposition 2 shows that the solution
is global in time, concluding the statement of Theorem 2. O

4.2. Galerkin approximation and tightness of the Gibbs measure. In order to get an
invariant measure for equation 2.1, we will use Galerkin approximations, and show that their
family of Gibbs measure is tight in a certain function space.

Let us consider the Galerkin approximation to (2.9):

dX = (71 + i) (HX — Sn(: [SNX|2Sn X 2))dt + /27 1IndW, X (0) = X € ES.  (4.22)

This finite dimensional system has a unique invariant measure of the form:

dpn(y) = Tve VN ay -y e EY,

where Ty = fe*ﬁN(SNy)dy, and

i 1 1 1
Hn(y) = 5IVylis + S leyli: + /RQ [4\?;(96)\4 = 2p% (2)|y(2)” + 2px(2) | dz,

pn being the normalization function defined in (3.4). Note that

~ 1 1 1
Hn(y) = 5Wy|%z + §|$y’%2 + 1 /]12{2 y(@))? - de,

and V,Hn(y) = —Hy+ : |y[?y . The shifted equation associated with (4.22) is

du .
o= (y1 + iy2) [Hu — Sn(:|Sn(u+ Z£7’]7\,2)|25’N(u+ ZLN) )} , (4.23)

where
t
ZLR () = v/2m / =) Hp g (7).

We may of course apply Theorem 1 to equation (4.23) and prove, using the same arguments as
in [3], Proposition 3, that the solution uy is globally defined. We deduce the following result
for equation (4.22) by Proposition 4:

Proposition 6. Fiz any T > 0. Let v1 > 0 and ¢ > p > 3r, r > 6. Assume 0 < s < 3 < 2/p,
qs > 8, (B — s) > (% — B), and s + 2(% — 5) < 2(1 — é) Then there exists a unique global
solution in C([0,T), ES), denoted by Xy, of (4.22). Moreover, if Xn(0) converges to X a.s.
in W=54(R?), then Xy converges to X in C([0,T]; W=59(R?)) a.s. as N goes to infinity, for
any T < Tg, where X = u+ Z3", u being the solution of equation (2.10) given by Theorem 1
and T being its maximal existence time.

Define the Feller transition semigroup PN¢(y) = E(¢(Xn(t,y))), for y € ES;, associated
with equation (4.22). The finite-dimensional measure py is an invariant measure for (P} );>o,
according to the same argument as in Proposition 4 of [3]. We now wish to prove the tightness
of the family of measures (pn)n. Note that we cannot directly use the L%-bound provided by
Proposition 2 due to the presence of the cut-off Sy in front of the nonlinear term in (4.23).
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Alternatively, considering the coupled evolution on E}(\j, given by

% = (n+ive) [Hu—Sn(:[Sy(u+ Z)PSn(u+Z) )]

dZ = (y1+iy)HZdt + /27 I NdW,

one may easily prove, using e.g. similar estimates as in the proof of Proposition 7 below,
together with the Gaussianity of Z, and a Krylov-Bogolyubov argument, that (4.24) has an
invariant measure vy on ES x ES. Moreover, by uniqueness of the invariant measure of (4.22),
we necessarily have for any bounded continuous function ¢ on IE(%, :

| e@intan = [ [ e P ()

The next proposition will imply the tightness of the sequence (py)n in W9,

Proposition 7. Let (uy, Zn) € C(Ry; ES x ES) be a stationary solution of (4.24). Then, for
any m > 0, there is a constant C,, > 0 independent of t and N, such that

E(|(—H)wun[22) < Cp. (4.25)

Corollary 4.1. The family of finite dimensional Gibbs measures (pn)n is tight in W51 for
any q > 8 and8>§.

(4.24)

C
N

Proof of Proposition 7. Taking the L?-inner product of the first equation in (4.24) with uy and
using (3.24) yields
1d 1 .
§@IUN(t)I%2 +ml(—H)Zuy(6)[72 +n[Svun(®)|7a = —Re(v1 +in2) /R2 [Fi(Snun, SnZN)
+F2(SNUN,SNZN) —}—Fg(SNZN)] SN’LLN(t)dx. (4.26)

We first estimate the term containing F3 in the right hand side above. Thanks to Proposition 4,
taking 0 < s < 1 and g > 8 such that sq > 8, we may bound

/2 F3(SNZN)SNuNd:L' g ’FS(SNZN)’W*S’Q‘SNUN|Ws,q’
R

with % + % = 1. Interpolating then W% between L” and W2, with % 5+ %, we get
1 _
[Snun |y S [(—H)ZSnun |72 Snun|".

On the other hand, noticing that r € (1,2), we have for any v € WhH2:

/|z21 lv(x)|"dx

2—r

5 . 55
/ 2 o(x)|2dz / 2|~ da
|x|>1 |z|>1

1
S [(=H)2v[pe,

~

so that |v|rr S \(—H)%v\p. It follows that

/ F3(SnvZn)Snyundz
R2

IN

1
S ’F3(SNZN)’W*S#1|(_H)§SNUN‘L2

IN

ClF3 (SN ZN)Pysa + — |~ H)3 Syun|?s. (4.27
| 3( N N)|W 7Q+4(,71+|72|)|( ) NUN|L2 ( )
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Next, we consider the term containing F5 in the right hand side of (4.26). First, by (3.24)
and Proposition 3,

M)

/ FQ(SNUN, SNZN)SNuNd:U
R2

’ : SNZ§V7RSNZ]2VTIZ : lwfs,q‘(SNuN)z‘Ws,q’

=0

o |l

S | SNZNRZR ] ¢ lw-salSnun|pa[Snunlwer
=

o

with % = % + }%. Note that p € (1,2) and we may use the same procedure as before to obtain

1
|Snun|wse S [(—H)2Snun|p2,

so that

Fy(Snun, SNZN)Snun

R2
2
_ g 4
< C ZSNZZ SN22 l: 4 s+ o/ Snun 4.28
; | N,R N,I |W q 2(71 + |72|)| |L4 ( )
1 1 2

O (—H)3 Syun .
101+ D) 12

We finally turn to the term containing Fj in the right hand side of (4.26). We easily get,
thanks again to Proposition 3,

Fi(Syun, SNZN)Snundz
RQ

S ISNZNIw-sal Snun|Fal Snun s

where r > 2 is Suchthat%:%+%. Letm>2with%:%+l_s so that

1
|Snunlwsr < [(—H)2 Syun|je | Svun| b

If m > 4, we interpolate L™ between L* and L?>™, then use the Sobolev embedding W12 c L?™.
If 2 < m < 4, we interpolate L™ between L? and L?, then use W2 C L%. In both cases we
obtain, using in addition the Poincaré inequality for (—H):

1 _
ISvunlwer S |(—H)2Syun|%2|Syvun|;:®

for some constant « € (0,1). We deduce that

/2 Fi(Snun, SNZN)SNUN’
R
1
S 1SN Zn|w-salSvun] 3 (= H) 2 Syun|$s

s g0
< CISNZnN|py2aq + 5

1
2 + a)) [!SNUN!A&L +S|(—H)2 Syun2 | | (4.29)

2
by Young inequality.
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Gathering (4.26)—(4.29), and noticing that ’(—H)%SNUN|L2 < |(—H)%uN|L2, leads to
3

d 1
v + SlHrun@®: S D | SwZlaSnZhr: [,
k+i=1

for some integers my;. Now, let m > 0. We multiply by |uN(t)|%T_2 both sides of the above
inequality to get

1d Y 1
L O + L Oy O € wORE? 3 1+ SvZhuSnZhs - [t
k+l=1
Applying the interpolation inequality
m—1

1
[(=H)2mun|p2 < Cnl|(-H )ZUN\LQ\UN!LQ

to the second term in the left hand side, and using Young inequality in the right hand side, we
obtain

3
1 d 1 m
g lun(t )7 + scam | (—H) muy(OF S elunFF +Ce Y | SN2 rSNZE 1 [
m k+i=1

for any € > 0 and constants C. > 0 and mkl > 0. We choose ¢ = Zé;‘}n after using Poincaré

inequality so that the first term of the right hand side is absorbed in the left hand side,
1d mi

" L ,
E&hw(m%? + WK—H)?’"UN@)@? S Z |+ SNZN RINZN 1+ Iy
m k+1=1

Integrating in time, taking expectations on both sides and using the stationarity of uy and of
the Wick products, together with Corollary 3.3, yields

3

1
E(|(—H)mmunl¥) £ Y Mogrim,
k+1=1

and the conclusion. O

Proof of Corollary 4.1. Let s’ with 0 < s’ < 1 and ¢ > 8 such that s'q > 8. Let (uy, Zy) be a
stationary solution of (4.24) in E}(\j, X E}(\jf. Applying Proposition 7 with m = 1, we deduce that
for some positive constant C' not depending on N, and for any ¢ > 0,

1
E(lun(t)fy-v.) SE(lun(t)Ze) S E(|(—H)Zunliz) S C,
where we have used the embedding W12 C L9, for any ¢ < +o0. Thus,

/WS' . |SC‘12/\;73/7qﬁN(d$) = //(WS/ 0o |u + Z‘?/V*S/,qVN(du’ dz)
<2E(lun () vrg + 12N -ora)s

and the right hand side above is bounded indepently of N and ¢, since uy converges to a
Gaussian measure p on W™=, The tightness of (pn) N follows from Markov inequality and the
compact embedding W7 ¢ W54, for any s > . O
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Proof of Theorem 3. Assume now that 71, v2, s and ¢ satisfy the hypothesis of Theorem 3, so
that the solution X of equation (2.9) with Xg € W~%9(R?) is globally defined. The tightness
of pn ensures in particular that there exists a subsequence weakly converging to a measure
p on W59 Let P, be the transition semigroup associated with equation (2.9) defined by
Pip(Xo) = E(¢(X(t, Xp))). Since PN¢(SyXo) converges to Pyp(X) for any Xo € W™54(R?),
by Proposition 6, it is not difficult to prove that the limit measure p is an invariant measure for
P, O

5. EXISTENCE OF A STATIONARY MARTINGALE SOLUTION FOR ANY DISSIPATION

The aim of this section is to construct a stationary solution of (2.9) for any values of 77 > 0 and
v2 € R. We have seen in the previous section that the system (4.24) has a stationary solution
(un, Zn) where Zy = IyZ37?. Moreover, it is clear that (uy, Z37?) is then a stationary
solution of

du .
il (1 +iv2) [Hu— Sy (: [Sn(u+ Z)*Sy(u+ Z) : )]
dZ = (1 +iye)HZdt + /2y dW.

In this section we will denote ZZ'" by Z for the sake of simplicity. Using Proposition 7, we
first prove that the the law of this sequence {(un, Z)}nen is tight in an appropriate space to
construct a martingale solution.

(5.1)

Lemma 5.1. Let v1 > 0, 72 € R, 0 < s < 1, and q > 8 such that gs > 8. Let also p >
max{q,96}, and 0 < § < ¢. The sequence (uy, Z)nen is bounded in

L¥™(Q, L2™(0, T, Hw)) N L3 (Q, WY3 (0, T, W™2P)) x C*([0, T], W™ 1 WP)

for any m >0, and o > 0 satisfying a < min(35 — Lo _ %)

Proof. 1t suffices to check the bound in Ls (Q, Whs (0, T, W=2P)), since the other bounds follow
from Proposition 7, the stationarity of uy, and Lemma 3.6 for Z. We write the equation for
UN;
t
un(®) = un(0)+ (31 + i) / Huy (0)do
0
t
i m)/ S (: [Sn(un + Zx)[2Sw (un + Zn) 2)(0)do.
0

In the right hand side, the first term is constant and clearly bounded in L3 (Q, Whs (0, T, W=2P))
by Proposition 7 and Hélder inequality. For the second term, we have

4
. 4 A
E / Hupy(o)do < CrE <|HuN\34 )
0 WL3 (0,7,W—2.) L3(0,T,W=27)
< CrE <‘UN|%2(O,T,W1’2)> )
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where we have used Sobolev embedding and Hélder inequality in the last inequality. To estimate
the nonlinear terms, we decompose as in (3.24),

SN(Z ‘SN(UN —i—Z)\zSN(uN —I—Z) :) = SN<F0(SNUN) +F1(SNUN,SNZ)
—I-FQ(SNUN,SNZ) +F3(SNZ)).

The terms in F3 are simply estimated thanks to Proposition 4 as follows.

“

For the term Fjy, using Sobolev embeddings L5 C W=2P and W32 C L*, we obtain

4

4

3 4 4
< CrE(|SnF3]3, ) < CrMg,.

Wh3(0,7,W-27) L

3(0,T, W)

/0 S Fy(s)ds

4 T 4
3 _ 2 3
E(SNEOI 4 ) 1opmam) /O E([|Svun|"Snunlyy-2,)ds

4
< CTE(HSNUN\QSNUle%) = CrE(|Snun|z4) < CTE(WN‘?/V%,Q)?

which is bounded independently of N by Proposition 7. To estimate the Fj-terms, we fix s’ > 0
such that s’ < % and s’p > 8, and apply Lemma 3.13 to get

§ (SIS
|

4 4 8
E (‘SNFI‘;/ < CTE <‘F1’ (S,+14)’p> < CTE (‘SNZ’%S’,p’SNUN‘ng,L?,) .

§<0,T,w2vp)>
Using then the Sobolev embedding W22 ¢ Wi and Hélder inequality, the right hand side is
majorized by

1

1 48 17
CrE(|SnZ )30 ,) E(lSvun| ¥y )T

and is thus bounded independently of N thanks to Propositions 4 and 7. Finally, for the terms
in F5, we apply again Lemma 3.13:

4 4
E e < TE|(|F|?
<|SN 2L%(o,T,vv—%p)) B <| 2|w<5’+é“’>
4 4
. k L3 H
< CrE( Y |: (SnZr)*(Snzr) lyy-srolSvunl’ 4 )
k+1=2
. k 1.3 4 2\
< Cr k%:zE(l H(SNZR)T (SN2« [y ) BlJun] 25 )0,

which is bounded again by Propositions 4 and 7. Note that in the last inequality we have used
5 1
the Sobolev embedding W52 ¢ W3** and Hélder inequality. ([l

Remark 5.1. We note that by Lemma 5.1, (un)nen is bounded in

L3(Q,L3(0,T, W%vQ)) N L%(Q7W17§(07T7 W‘Q’p))
C L%(Q, L3(0,T, W%z)) N L%(Q, WTIQ?S(O’T’ W—2,p))7
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and L3(0,T,W%’2) N W11*2’3(0,T, W™2P) is compactly embedded in L3(0,T,L%). On the other
hand, (un)neN s also bounded in
L2(Q, L2(0, T, W' 2)) N L5 (Q, W3 (0, T, W=2P))
C L3(Q, L0, T, W) n Wiz2(0, T, W~2P)),
and L*(0, T, W?)n Wﬁ’Q(O,T, W2P) is compactly embedded in L?(0, T, W*?) for any s with
0 < s < 1. In particular, since wWe? W%A, the embedding is compact in LQ(O,T,W%A).
Finally, we note that Wl’%(O, T, W~=2P) is compactly embedded in C([0,T], W3P).

Proof of Theorem 4. Let a > 0 satisfy the condition in Lemma 5.1. We deduce from Lemma
5.1, Remark 5.1 and Markov inequality that the sequence {(un, Z)nen} is tight in

L3(0,T, L*) N L2(0, T, Ws2) 0 C ([0, T], W=3P) x CA([0, T], W1 A W™P)  (52)
for any 8 < aand s’ > s. Fix such 8 and s’. By Prokhorov Theorem, there exists a subsequence,
still denoted {(un,Z)nen} which converges in law to a measure v on the space (5.2). By
Skorokhod Theorem, there exist (Q, F,P), (an, Zn)nen and (@, Z) taking values in the same
space (5.2), satisfying L((un,Z)) = L((an,Zn)) for any N € N, £((u Z)) = v, and Uy
converges to @, P-a.s. in L3(0,T,L*) N LQ(O,T,WG’ ) N C([0, T), W=3P), Zn converges to Z,
P-a.s. in CA([0,T], W= N W~%P). Moreover, by diagonal extraction, it can be assumed that
this holds for any 7' > 0. It is easily seen that (ﬁ Z ) is a stationary process thanks to the
convergence of (iiy, Zy) to (i, Z) in C([0,T], W=3P) x C?([0,T], W=*"9). This convergence
also implies £(Z) = L£(Z). Note also that if we extract from the subsequence used in the proof
of Theorem 3, we have that for each t € R, L(X (t)) = L(a(t) + Z(t)) =

Write then,

dn(t) — in(0) = (1 +iv) /0 Hiin (o)do

t ~ ~
—(71 +1i72) / Sn(: |[Sn(an + ZN)|QSN(Z~LN + Zn) :)(o)do.  (5.3)
0
It remains us to show that the right hand side of (5.3) converges, up to a subsequence, to
¢ t ~ ~
(n i) [ Hio)do ~ (n+iv) [+ |@+ 2P+ 2): (0)do
0 0

P-a.s. in C([0,T], W~2P). This can be checked as follows. First, the convergence of the linear

term follows from the convergence of @y to @ in LQ(O,T,W%’2) C LY0,T,W~%P). In order to
prove the convergence of nonlinear terms, we again decompose the nonlinear terms into the four

terms Fp, ..., F3 as in (3.24) and estimate them separately, i.e.,
t t
sup / o+ Z2(a+ Z) : (0)do —/ Sn(: |Sy(in + ZN)|*Sn(ay + Zn) :)(0)do
te€[0,T] 0 W—2.p

IN

3 T
> / |Fy (@1, Z) — Sn Fr(Sniin, SN ZN) | yy—2pdo
_ /0

= '+ + i+ 1.
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We begin with the convergence of I(])V .

T
Iy = / |Sn(ISnan [*Syin) — |al*dlyy-2rdo
0

T T
< / HSNQNFSNﬂN_ |fL|2fL|L§dU—|—/ ’(SN—I)|fL|2fL|L%dO'.
0 0

Since iy converges to @ a.s. in L3(0,7,L%), by dominated convergence, the same holds for
Sy, thus |Syiy|2Sniiy converges to |@|%a a.s. in L%(O,T,L%). Similarly, the second term
converges to zero by dominated convergence, therefore, IéV converges to 0. Next, we use Lemma
3.13 to obtain

T
N < / (Fy(@, 2) = Sy Py (Sniin, SNZN)] v pdo
0

S 12 = 5S82Nleqomw-on) <|SNﬂN|i2(o TWh + |a|iQ(0 TWfli"‘))

+ (15w 2Znleqomw-sn) + | Zloqomom-sm) (I8N g pophay + 1820 b))

x| Sy = 7“~L|L2(0,T,W%v4)'
Hence, I}V converges to 0 since SnZn converges to Z in C([0,T], W=%P) and, by Remark 5.1,

Sy converges to @ in L2(0, T, W%A). Concerning F5, we proceed as for F7, and we use Lemma
3.13 in the same way;

Iév = Z (E Z}’%Z} : ‘LQ(O,T,W*‘S!P) + [Sn(: (SNZN,R)k(SNZN,I)Z :)‘LQ(O,T,W*&P))
k+1=2

x| Sy a‘LQ(OTW%A)

+ > 12521 =SNG (SNZNR) (SN ZND) ) 2o w-on)
k=2

('SNUN|L2 orwhay T @ |L2 0,T,W3 ))

Note that Proposition 4 implies the convergence to zero of the second term in LP(f2), thus

extracting a subsequence, P-a.s. The first term goes to 0, too since, again, Syt converges to
1

@ in L?(0,T,W31). The term IV can be treated similarly. We deduce from this convergence

result that « satisfies

a(t) —a(0) = (y1 + m)/O Hu(o)do — (1 + 2‘72)/0 Na+ 2) P (a+ Z) :)(o)do.

Since it is clear that Z satisfies the second equation in (5.1), we easily deduce that X=u+2
is a stationary solution of (2.9) on (Q, F,P). Moreover, it is not difficult to prove that @ is
continuous with values in W™%4, which ends the proof of Theorem 4. O
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6. APPENDIX 1

Proof for Lemma 3.8. It suffices to show (3.22) for the case s = 2. Indeed, all other cases
s € [0,2) follow by the interpolation

[Flwer < £l | f1ysrn
with s = (1 —6)sp 4+ 0s1, and 0 < 0 < 1, since Lemma 3.7 gives the inequality in the case s = 0.
Due to the Mehler formula, the expression of the kernel of ¢!+ H for d = 2 is given by

et H ) = /R? Ei(z,y)f(y)dy, t>0, zeR?

with

cosh(2t(vy1+iv2)) 2 2 L
exp [_WM(WI + 1P + st Y

2msinh (2¢(y1 + iv2))
= Dexp(—(8 — )l ) exp(—dlz — ) exp(—(3 — 9)luf?),

Et(xay) =

where we have set
5— 1 ~ cosh(2t(y1 +iv2))
2sinh(2t(y1 + iv2))’ 2sinh(2t(y1 + iv2))

Note that Re(d) > 0 for 0 < ¢t < ﬁ if v9 # 0, and for all t > 0 if v9 = 0. Also, Re(8 —9§) >0

for any t > 0. Here we rewrite the kernel of et(1112)H 49

(et )1y = =Bl (D78 g) (), g(a) = e~ Bl f(a),

where we denoted ¢ 2 the evolution operator associated to the kernel %e“;‘x_mz; thus
1A J —5\x—y|2
(e Zg)(x)= [ —e 9(y)dy = (U * g)(x)
R2 T
with the notation
0
U(z) = S0l

7r
2
Remark that F(U)(§) = =55 since Re(d) > 0, where F denotes the Fourier transform.

Thanks to the norm equivalence in Proposition 3 (1), we shall estimate for any 1 < p < oo,
|(D)2e+0v2)tH £ and |(z)2e(1 92t £| 1, and show that these terms are bounded by Ct~!.
First,
<D>2€(“/1+i72)tHf(x) — f*l‘/—_-{ <D>2€7(576)|x|2 (65_1Ag)}

12

= L2 T« F(&Ag)))
eix{(f}Q[/R e‘fﬂ;(m(n)dn]di

T
- — 0 Jp2 2
Rg o

i) + (ii) + (iii) + (iv), (6.1)

3

®
>,

Il
RS
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where, using the Fubini theorem, the change of variables &' = £ — n, and developing the bracket
(€ 4+ )2 = (Y2 + (n)? — 1+ 2¢" - 1 in the last equality,

W = e Jig el €40 T 3 ()’

(i) = ) (26T O 2 g e
(i) = i€ ()25 5 g )iy
0 = g [, fyeeme e S 03 ()’

Note that (i) may be written as —e~(3=9I2* (U7 x ¢)(z), thus
|Der < |U*glee <|Ulp1lgle < [f]Le,

by Young inequality. On the other hand, (i) equals ((D)Ze~=9=1*)(U « g)(x), therefore we
have

. (B—8)|x|2
i) [zr < (D)2 =T 1o | U 5 gl 1o < Oy (1418 = 6] f 1o,

for t > 0 with y1t, |y2t| << 1, since

(D)2 @0 e < Oy (1418 = 6))
for t > 0 with v1t,|y2t| << 1. Here we used the fact that |§n§ §)| < Oy, for t > 0 with
Yit, |y2t| << 1. Next, (iii) = e~ (B=91=*(D)2(U « g)(z), thus we obtain

(i) |z < [((D)?U) * gle < C(L+10])[f -
Similarly as above, we estimate

(V)| < CUDYe B=IF | (D)(U * g)| 1
< Coump(1+18—=3))2(1+16)7| f|rs

for t > 0 with ¢, |yot| << 1.
The other term may be estimated as follows using the notation

|f|1£g = /11%2 |f(2)P{x)°dx, o >0:

. . —(B—6)|z|2 -
L (P e L e G117
< sup ("R (1)) g
z€R2
C

<

S Re(p o)l
The proof is completed by the fact that Re(8 — 8) ~ %t and |6 ~ Cy, .t for t > 0 with

Tt [y2t] << 1. O
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Proof of Lemma 3.9. Let § > 0; by Hoélder inequality, for any g € W% with ép* > 1 and
1,1

=4+ 5 =1,

pp

9172 =/ (L4 |21+ [2f*)|g () *de < C [/ (1 + 2% |g() | dar |
R2 R2
By (1) of Proposition 3,
24 2 Z $
R2(1 + [2[)Plg(@)[Pdr| < Cl(—H)Zglr2».

Writing f = (~H)2g, we then deduce |(—H) ™2 f|z2 < C|f|r2, if 6p" > 1, 0. if § > 1~ 1L
Then we get

ety -a H) 0 () < Ol () s
)
< Ct3|(=H) 3 f|12 < CE2|f| 120,
where we have used Lemma 3.8 in the fourth inequality. Replacing 2p by p and writing 8 = g
we have for p > 2, ¢t > 0,
‘et(vﬁm)HﬂLQ < Ct’ﬁ|f|Lp
for 5 > % — %, which gives the expected result. ]

7. APPENDIX 2

In this section we give a proof of Lemma 3.13. Before proving Lemma 3.13 we need two
preliminary results.

Lemma 7.1. Let 8,7 > a >0, v < p%, b < p%, 1< q,p1,p2 < 400, and
1 1 o' 1
p e

pmop 2 2 2 ¢
Then, for any f € WPPL(R?), g € WYP2(R2),

[fglwesa S 1 f s lglwree.
Proof. Under the condition on the parameters, we may find, by the Sobolev embedding, ¢; with

1< p1 < q1 < 400 such that i = pil - ﬁ , so that |f|ra S |f|ysp: - On the other hand, we have

p21 > 2 o —(B—a) >0, thus there exists ¢ such that 1 < p; < g2 < 400 and 1 = p% - ﬁ_Ta ie.,
|flwaaz S | flywee - Similarly, we may find ¢ with 1 < ps < g2 < 400 such that % = p% 3,
ie. |g|pa S lghwree, and we may find ¢ Wlth l<p<qi < +oo such that q11 = p12 - 152 ie.
19l yeir S lglwrre. At last, the relatlon = + o= g -I+5= 5 implies 1 ot qT = qi + ql = %

Therefore, applying Proposition 3 (2) and obtam
[fglwea < C(f|Lalglyea +1flweeglre).

Combining with the above inequalities leads to the desired result. O

With the use of a duality argument, we obtain the following lemma.
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Lemma 7.2. Let 3,7 > a >0, 7<2(1—%), B < p%, 1 < q,p1,p2 < 400, and

1 1 o 1
1. 1 B8 vy e 1
P p2 2 2 2 q

Then, for any f € WHP2(R?), h € WP (R?),
|fh|W*WI S ’f‘wﬁmz ‘h‘wfa,pl-
Proof. By duality for f € WPP2 g € WY@ and h € W~*P! with %—i—% =1

(hfa g) = (ha fg) S |h‘|W_°‘7pl |fg|W0‘vP~1 .
In order to use Lemma 7.1, let us check the conditions on the parameters : by the assumption,
2 2 1,18 _ 1 1_8 ;
we have § < = and 7 < 2. On the other hand, .- 3—5—%—#% = 172+1_§_§_%+%’ which
/p%. Thus it follows from Lemma 7.1 that | fg|yyem S | flwsms |9lwas

which implies |B.f|yy-q < [2lyy—aes | flypes- 0

11
v or T a 1, we have

Q!

in turn is equal to 1 — Pil

N

Proof of Lemma 3.13. It suffices to apply Lemma 7.2 with

7_s+l(2—6>zs+(l—1)<2—ﬁ>—a, PL=q DpP2=Dp
p p

to obtain
! -1
\hf ‘W—(s+z<%—6>),q <Clhf ’W—(H—(l—l)(%—/ﬁ)),q|f’W54" (7.1)

Repeating recursively the argument gives the result. O
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