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LOCAL L' SUB-FINSLER GEOMETRY IN DIMENSION 3: NON-GENERIC
CASES

FAZIA HARRACHE, FRANCESCA C. CHITTARO, AND MOHAMED AIDENE

ABSTRACT. We study the local geometry of the sub-Finsler structure induced by a sub-Riemannian
metric on a 3-dimensional manifold. We provide a description of the upper part of the cut locus
for short geodesics, in some non generic cases.

1. INTRODUCTION

Consider a pair of smooth vector fields f,g on R? such that f,g and their Lie brackets [f, g]
are linearly independent at every point of R3. For every q € R3, define on span{f(q), g(q)} some
norm hg, smoothly depending on g. This norm endows the whole R3 with a distance function,
defined in the following way: given two points qg, q; € R3, their distance is defined as

! v € AC([0,1],R?)
(1) d(qo,q1) =inf{/ hoyy ((2))dt - { Y(t) € span{f(v(t)),g(~())} a.e. t }
0 7(0) = g, 7(1) = q;.

If the norm h, is the restriction to span{f(q),g(q)} of some Riemannian norm on R?, the
optimal control problem (1) is the well known sub-Riemannian problem (see for instance the
books [4, 19] and references therein). If instead hq is not related to a scalar product on the span
of f and g, we are in the more general case of sub-Finsler geometry.

Sub-Finsler geometry is a rather new research fields, and few publications are now available.
We mention the paper [11], in which the authors study the unit sphere of left-invariant sub-Finsler
metrics on Lie groups, and the papers [13, 14], where hq is a positive homogeneous function on the
distribution, smooth outside the zero section; the generic three dimensional case and the FEngel
group in dimension four are studied.

In the papers [6, 7, 8, 9, 18], the sub-Finsler problem is approached from the viewpoint of
geometric control; in particular, thanks to a suitable time reparametrisation, the problem of
finding the shortest path between two endpoints can be reformulated as a minimum-time problem
for a control system linear in the control, with some suitable constraints on the set of admissible
controls. In particular, in [9] the time-optimal synthesis (from the origin) is provided for three
celebrated distributions in dimension 2 and 3, that is, the Grushin, Heisenberg and Martinet
distribution. In [8], the Pontryagin extremals for a free nilpotent distribution of rank 2 and step
3 in R® are analysed.

The papers [6, 7] deal with generic distributions in dimension 2 and 3. In particular, in [7] the
authors consider a generic rank 2 step 2 distribution in R3, endowed with a maximum norm, and
study the local time optimal synthesis from the origin, that is, the structure of the small spheres
and the local cut locus; the Heisenberg system studied in [9] corresponds to the nilpotent part of
such distributions. The analysis is carried out by means of a perturbative expansion in terms of
a small parameter, linked to the final time, in the spirit of the results [2, 10, 12] obtained for the
conjugate locus of the contact sub-Riemannian case in dimension 3 (see also [22] for an analogous
result in dimension 5). In the cited paper, the authors identify two invariants of the distribution
(called respectively Cy and C3) and provide a complete characterization of the cut locus of short
geodesics in the case in which C;Cy # 0.

In this paper, we are concerned with the sub-Finsler L' problem, that is, we assume that the
norm of any vector X = af(q) + Bg(q) is defined by hq(X) = |alhq(f(q)) + |Blhq(g(q)). The
induced metric structure is called a sub-Finsler L' metric. Up to a change of variables in the set
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2 FAZIA HARRACHE, FRANCESCA C. CHITTARO, AND MOHAMED AIDENE

of controls, this problem is completely equivalent to the one studied in [7], where the L> norm is
instead considered.

We are also restricting ourselves to L' sub-Finsler structures which are compatible with a sub-
Riemannian metric (according to Definition 2); loosely speaking, we require that the manifold
is endowed with a Riemannian structure, and that the vector fields f and ¢ are obtained from
an orthonormal frame by applying a constant non-singular linear transformation. Thanks to this
choice, we can take advantage of the Agrachev-Gauthier normal form of the vector fields f and g
(see [5, 12]), which permits us to considerably simplify the computations. The choice of focusing on
such structures has also other advantages: first of all, thanks to the symmetries of the vector fields,
it is sufficient to compute the analytic expression of a rather reduced number of trajectories, and
recover the other ones by applying suitable coordinate changes and permutations in the invariants;
the same can be done for several other computations (such as the computation of Maxwell points
and of wavefronts). Moreover, we can single out six main invariants (called A,C4,Cs, D1, Eq,
where C; and Cy are equivalent to their homonyms in [7]), linked to the geometric invariant of
the sub-Riemannian structure, and provide a complete characterisation of the upper part of the
cut locus based on the values of these invariants. Finally, it can be proved ([16]) that, restricting
to this particular class of sub-Finsler structures, it is possible to obtain the same results of [7],
at least for what concerns the upper part of the local sphere (that is, for final points such that
|z| > |xy|/2). Therefore, in this paper we are concerned with the special case the invariant C}
is null, while Cy # 0 (thanks to the symmetries of the problem, the case in which Cy # 0 and
C5 = 0 can be recovered by a suitable change of variables and rearrangement of the invariants
of the distribution). As in [7], we are interested in the local problem, that is, we are studying
the optimality of short geodesics; following the cited papers [2, 7, 12], we analyse the jets of the
trajectories of the control system with respect to some small parameter (linked to the final time),
and provide a detailed description of the upper part of the cut locus of the jets of the geodesics,
in the case in which the invariant C; is null, but both invariants E; and D, are nonzero.

Adapting the same techniques of [12], it is possible to prove that the condition C; # 0 is
generically true (in the sense specified in Section 2.1.1); in particular, for a generic L' sub-Finsler
structure compatible with a sub-Riemannian structure, the set of points g € M such that C; =0
has codimension 1 in M. We can also prove that the subset characterised by D; = E; = 0 has
codimension 2 in the set of points for which C; = 0. The assumption D; E; # 0 is thus generically
true in the subset of degenerate cases.

The structure of the paper is the following: in Section 2 we state the problem under concern,
we provide the normal form of the vector fields f and g and we start the investigation of the
time-optimal synthesis, by applying the Pontryagin Maximum Principle (PMP); finally, we recall
the structure of the optimal trajectories of the nilpotent case, already studied in [9]. In Section 3
we compute the jets of the bang-bang extremals and of the switching times; we also briefly discuss
the notions of local and global optimality, and we provide a definition for the cut and the conjugate
locus. The short Section 4 contains a summary of the methods used to locate the cut locus of the
geodesics; the analysis is thus carried out Sections 5-6-7.

In Section 8 we discuss the problem which are still left to analyse.

The Appendices contain the results of some useful computations and the analysis of the inter-
sections of the fronts.

2. STATEMENT OF THE PROBLEM AND PRELIMINARY ANALYSIS

Let us consider a smooth 3 dimensional connected sub-Riemannian manifold (g, D, M), where
D C TM is a smooth 2-dimensional distribution of constant non-holonomic degree 2 ([4, 17]), and
g: D xD — R is a positive definite quadratic form, smoothly depending on q € M, that defines
a scalar product on Dy for every g in M.

In the paper [12], the authors construct a suitable change of variables that provides normal
coordinates and a normal form for the sub-Riemannian structure (g, D, M). More precisely, [12,
Theorem 3.1] states that for every g € M there exist local coordinates (x,y,%) centred at g and
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an orthonormal basis £, g for gq that can be written as

1 +y-26(w?y-7%) _my-ﬁ(way.a%)
(2) f=| —oyblx,y,x) g=|0+a®)B(x,y,%) |,
7%(1+’Y(m7y-7%)) %(1+7(m7y_v%))
where 3,7 : R* — R are two smooth functions satisfying
(3) £(0,0,%2) =v(0,0,2) =0 Vx €R
0y oy
(4) agc(0,0,%) 9y (0,0,2)=0 Vx €

Remark 1. The jets of the functions B and ~y are closely connected with some geometric invariants
of the sub-Riemannian manifold (g, D, M), such as the curvature (see [5, 12]).

We now endow D with a smooth L' norm, in which the vector fields £, ¢ still play a special
role; such a L' metric will be said compatible with the sub-Riemannian structure.

Definition 1. Let U be a neighbourhood in M. Consider two vector fields f,g on U such that
f(q) and g(q) are linearly independent and belong to Dy for every g € U. The pair (f,g) defines
a local L' norm, in the following way: the L' norm of both f and g is set to 1 and, for every
vector X € Dy, the L' norm of X is defined as

[ X1 = [A] + [Aa],
where A1 and Ay are the unique real numbers such that X = A1 f(q) + A2g(q).

Definition 2. We say that the L' metric associated with (f,g) is compatible with gq there exists
a constant non-singular two dimensional square matrix M such that

()-w(2)

Up to rescaling the L' norm, we can always assume that det M = 1. The most particular case
of a compatible L! metric is the one in which f = f and g = g.

As in the sub-Riemannian case, the norm || - ||; endows U with a distance function. Indeed,
given two points x¢ and x; € U, their distance is defined as the minimum of the functional

J(u) = /0 lu (8)] + [ua (£)] dt

over all measurable L! functions w = (uy,us) : [0, 1] — R? such that the trajectories of the control
system

(6) E(t) = (ur(t)f +ua(t)g) o &(1)

satisfy £(0) = xo and £(1) = x; (if the minimum does not exist, the distance is set to +00).
Thanks to the fact that D is a non-holonomic distribution and to Rashevsky-Chow Theorem
(see for instance [3, 17]), a solution of the control system (6) connecting xo with x; and completely
contained in U always exists.
Applying a suitable time reparametrisation, the problem under investigation can be rewritten
as the following minimum-time problem:

minimise 7" subject to

(7a) &(t) = ur (1) F(€(1)) + ua(t)g(&(1)),
£(0) =xo, &(T)=x1,
(7b) u:[0,7] - @ measurable,

where Q = {(u1,u2) € R? : |uy| + |ug| < 1} and the final time T is free. A straightforward
application of Filippov’s theorem (see for instance [3]) guarantees that the minimum is attained for
every pair (Xg, X1) belonging to U. Without loss of generality, in the following we set xo = (0,0, 0).
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2.1. The normal form. In this section we perform a coordinate change that allows us to obtain
a nice symmetric form of the two vector fields f, g defining the sub-Finsler structure of M.

Proposition 1. Let (x,y,%) be the normal coordinates in which £ and g assume the form (2).
There exists a change of coordinates ® : (x,y,%) — (x,y, z) such that = = z and

0 0
(8) =571y 9=7g, "W
where W is a smooth vector field of the form
Lyyz + Loy
Loyz + Lazy

—3 + Ls1z + Lsay

and L;j : R® — R are smooth functions satisfying Li;(0,0,z) =0 for every z.

Proof. The proofs relies on straightforward computations. Let

© = 1)

be the matrix appearing in equation (5), and assume without loss of generality that det M = 1.

Set
()-s(). o
Yy Yy

Then it is immediate to verify that
0 _ 0 _
f:%_FyH((I) 1(SC,y,Z)) gzaiy_IH((I) 1(1’,y,2)),
where H(x,y,x) = 5(w7y7%)(g% - m%) L1+, y,%) 2.
From (3) and (4), it is easy to see that

B(®71(0,0,2)) =v(®1(0,0,2)) =0 VzeR

o(70071) o(r0071)
= = R
5 (0,0, 2) 9 (0,0,2) =0 VzeR,

and the proposition is proved. U

Remark 2. By straightforward computations it is easy to prove that, possibly shrinking U, the
vector fields f,g and [f,g] are linearly independent on U.

The functions L;;, i =1,2,3, j = 1,2, can be written as

1 Werij Weyij Wezij X
Lij(w,y,2) = axjjo + ay;;y + By (95 Y Z) Wygij Wyyij Wyzij y | +oij(x,y, 2),
Wexij Wayij Wzzij z
where ¢;; are smooth functions vanishing at all points (0,0, z), together with all their first and
second order derivatives with respect to z,y.

Remark 3. The constants ax;j,ay,;;,w..;j are called the invariants of the metric.

Remark 4. Without loss of generality, in (9) we can choose ps = 0, so that p; = i # 0. This
correspond to apply a rotation around the z axis, which makes f collinear to f. This operation
does not impact the structure of the small spheres.

We finally remark that the control system (7b) inherits some symmetry properties from the
vector fields (8), as the following Lemma shows.
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Lemma 1. Let 0 = %”, k € 1,2,3, denote with Ry (respectively, Ry) the matriz of the (coun-

terclockwise) rotation of angle 0 in the two dimensional Euclidean space (respectively, around the
azis z in three dimensional Fuclidean space). Consider the vector fields

B 1+ y(@Lii (x) + yLia(x)y) —a(xLy (x) + yLia(x))
(10) f= y(zLa1(x) + yLoz(x)y) 9=| 1—a(zLa(x) + yLaa(x))
—4 +y(zLsi(x) + yLs2(x)y) 5 — x(xLs1(x) + yLs2(x))
where
Ell(x) §12(X) Lii(Rex) Lii(Rex)\
(11) L21(X) LQQ(X) = R0_1 Lgl(RQX) L22 (RQX) Rg.
zgl(X) ZgQ(X) L31(R0X) L32 (ROX)

Letw : [0,T] = Q be some measurable function and E() denote the solution of the Cauchy problem

{§<t> — (@  +T129)) 0 E(1),
£(0) =(0,0,0).

Then Rg€(t) is the solution of the Cauchy problem (7a) corresponding to the control u(t) = Rgtu(t)
with initial condition equal to (0,0,0).

The proof is just a straightforward computation, and is thus omitted. A summary of the
transformations undergone by the main invariants is provided in Appendix B.1.

2.1.1. Genericity. In this section, we briefly discuss the notion of genericity we are considering,
thus clarifying the statements done in the introduction. The whole section relies on the results of
the article [12].

Let SubR(M) denote the set of all sub-Riemannian structures on the manifold M, endowed with
the Whitney topology ([15]). The set of all the sub-Finsler L! structures compatible with some sub-
Riemannian structure on M, that we denote with SF;(M), can be identified with R? x SubR(M)
(see Remark 4), endowed with the product topology.

Following [12, Theorem 1.3, Corollary 1.4, Corollary 2.8], we write the function v in (2) as
y(x,y,%) = cix? + coy? + 2czxy + V(a,y) + ¢(x,y,%), where V is a cubic function and
©, together with its partial derivatives with respect to «,y of order less than 4, vanishes at
(0,0,%). By easy computations, we can see that axsy = Z—%? aysy = clug + ﬁ—% — 2c3p1 3 and
axgg = ays) = —Cii1p3 + C3.

Therefore, we can adapt the proof of [12, Theorem 1.5] and conclude that, for a generic sub-
Finsler L' metric compatible with a sub-Riemannian structure, the set of points g € M such that
the normal form (8) has axg; = 0 (respectively, ay;, = 0) form a 2-dimensional submanifold of
M. Therefore, asking axsjays, # 0, as done in [7], is a genericity assumptions.

In this paper, we are interested in sub-Finsler structure for which axs; = 0, but some other
invariants (called Dy and E; and defined in equation (16)) are non-zero. By easy computa-
tions, it can be proved that F; and D; are linear combinations of the invariants of the original
sub-Riemannian metric (more precisely, the terms called V' and I in [12]). Adapting again [12,
Theorem 1.5], we get that, for a generic sub-Finsler L' metric compatible with a sub-Riemannian
structure, the set of points ¢ € M such that the normal form (8) has ax3; = D; = E; = 0 has
codimension 3 in M.

In other words, the assumption we are doing is generically true if we restrict ourselves to the
non-generic set of points g for which the normal form has axz; = 0.

2.2. Pontryagin Maximum Principle. Let us now focus on problem (7); we fix some q, € M
and we restrict ourselves to a neighbourhood U of g, in which the normal coordinates centred at
qo are well defined; we then we perform the change of variable described in Proposition 1.

To find the optimal trajectories of problem (7), we apply the Pontryagin Maximum Principle
(PMP) (see for instance [3, 4]) : we denote with p = (ps, py, p-) the adjoint vector (or costate, or
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covector) and we write the control-dependent Hamiltonian
h(pa X, u) = ulF(pv X) + u2G(pv X)»
with F(p,x) = (p, f(x)) and G(p,x) = (p, g(x)). Pontryagin Maximum Principle states that, if

£ :[0,7] — M is an optimal solution for the minimum-time problem (7), and @ is its associated
control function, then there exists a nowhere zero Lipschitz curve p(¢) such that

8hA

(12a) p(t) = — ~ 5y () u(?) £ = ap( (), u(t)) vt
(12b) h(A(t),6(t)) = gleagh(x( ),v)  ae t
(12¢) hAA®),a(t) =v Vi,

where X(t) = (ﬁ(t),g(t)) and v € {0,1}. With a little abuse of terminology, when we say that a
trajectory satisfies the PMP we mean that it is an admissible trajectory for the control system (7a)
and that it satisfies equations (12), for some nowhere zero Lipschitz curve p(-). Analogously, given
a pair A(-) = (p(),&(-)), where £ is an admissible trajectory for the control system (7a), the
adjoint covector is nowhere zero and A satisfies equations (12), we say that A(-) is an extremal.
The trajectories that satisfy the PMP (that is, the projections of extremals) are called geodesics.

Remark 5. Thanks to Remark 2, it is straightforward to prove that v cannot be zero, therefore we
set v = 1. In particular, for every extremal associated with a trajectory starting from the origin,
at least one between |p,(0)] and |p,(0)] is equal to 1.

Equations (12b)-(12c) imply that the control associated with an extremal takes values on the
boundary of @), i.e., internal control are not admitted. The value of the control is determined by
the relative values of F and G along the extremal: let I C [0,7] be some interval, and X : I — R®
an extremal of (7); then

o if |[F(A(1))] # |G(A(t))| Vt € I, then, on I, the control takes value on one of the vertices
of @ (for instance, if F'(A(t)) > |G(A(¥))], then w = (1,0)). In this case, Al; is said to be
a reqular bang arc.

o if |[F(A(t)| = |G(A(t))| Vt € I, then the control takes values on one of the sides of @, and,
in particular, it is not uniquely determined. Indeed, assume for instance that F(A(t)) =
G(A(t)) > 0Vt € I: then any control of the form (a,1 — a),a € [0,1], realizes the
maximum in equation (12b). In this case, Al is a singular arc.

When an extremal crosses transversely one of the surfaces {F = G} or {F = —GY}, the control
switches, that is, its value jumps from one vertex of () to another one; in particular, by continuity
of the extremals and from the fact that F' and G cannot be both zero along an extremal, a control
satisfying PMP can switch only from one vertex of @ to a neighbouring one. For these reasons, F’
and G are called the switching functions, and the graphs of F'— G and F + G are called switching
surfaces. The derivatives of the switching functions along an extremal are given by

d
T (1) = —uz()OM()),

where O(p,x) = (p, [f, g](x)).

The symmetric properties of the normal form (8) are inherited also by the extremals, as the
Lemma here below states.

LG0) = m(HOAD),

Lemma 2. Assume that (p(t),&(t)) is an extremal of the optimal control problem (7), associated
t

t
with the control function u(t)
Then the triple (p(t),€(t)) = (R, 'p(t), Ry'&(t)) satisfies the PMP for the minimum time
problem associated with the system
&(t) = (@] +T29) 0 €(1),
where f and § are the vector fields defined in (10) and u(t) = ﬁ;lu(t).



LOCAL L' SUB-FINSLER GEOMETRY IN DIMENSION 3: NON-GENERIC CASES 7

2.3. Optimality of geodesics. It is rather clear that, if an admissible trajectory is time-minimising
between its two endpoints, it is time-minimising also between any two intermediate points of its.
On the contrary, in general a geodesic is not time-minimising on its whole length, but at some
point it ceases to be optimal; the point where a geodesics loses its optimality is called a cut point.
More precisely, following [4, 7], we can define the cut time and the cut point as follows:

Definition 3. Let € be an admissible curve of the control system (7a). Define
teut (&) = sup {t > 0: &|jo,4 is time-minimising} .

If teut(€) < +o0, we say that E(teut) is the cut point to £(0) along €.
Moreover, we call the cut locus (to x¢) the set of all cut points of geodesics starting from a
point xo € R3.

Definition 4. Using Arnold’s terminology, the points reached in the same time by more than one
geodesic (with same initial point) are called Mazwell points.

The set of all Mazwell points of geodesics starting from a point xo € R? is called the Mazwell
set to xgq.

In Sub-Riemannian geometry and, in general, optimal control, it is worth investigating also
the local optimality of geodesics, with respect to some suitable topology; in this paper we are
interested in optimality in the strong (i.e. C°) topology: we say that an admissible trajectory
¢ is locally optimal if there exists a neighbourhood U of its graph in R? such that £ is time
minimising among all trajectories with graph contained in U. This notion of optimality is referred
to as strong-local optimality (see for instance [4, 20]), in opposition to weak-local optimality, where
other topologies (e.g. C1, W) in the space of trajectories are considered.

In sub-Riemannian geometry and in some optimal control problems, a usual method to detect
the loss of local optimality is to look for the points of non invertibility of the exponential map (see
for instance [3, 4]). For the problem under concern, the exponential map is well-defined only locally
around regular bang-bang extremals, and it is piecewise smooth. Indeed, consider a quadruple
(py, T) € R* such that the solution of the Hamilton equation (12a) with initial condition (p,Xo)
crosses the switching surfaces only a finite number of times in the interval [0, T], and that all these
intersections are transversal (that is, the extremal is not tangent to the switching surface). More
precisely, we assume that there exist m times 0 < ¢; < --- < t,,, < T such that the extremal A
with A(0) = (p%, pC, p2, 0,0, 0) satisfies [F(A(£))] # [GO®)| ¥t € [0,61\ {t1,- -, s [FAE))] =
|G(A(ty))| for every k, and & (F — G)(A(tx)) # 0 whenever F(A(tx)) = G(A(t)) (respectively,
4 (F+G)(A(tr)) # 0 whenever F(A(ty,)) = —G(A(tx))). We denote with w!, ..., u™ ! the controls
associated with the extremal X on the subintervals (0,%1), ..., (t;m,T). Thanks to the structure of
the extremal, we have that w!,..., 4™t € {(1,0),(0,1),(—1,0),(0,—1)}. A straight application
of the implicit function theorem yields the following result.

Lemma 3. There exist a neighbourhood U of p° in R3 and m smooth functions t, k=1,...,m,
such that t(p°) = tx and, for every p € U, there exists a bang-bang extremal Ay, with initial point

equal to (p,Xo) such that the control associated with Ap|(tk—1(P),tk(P)) is u®.

Proof. Without loss of generality, assume that p) = 1, |p)| < 1 and p) > 0 (recall indeed that
|F(X(0))] # |G(A(0))]). Define the map ¢ : R® x R — R as

p1(p,t) = (F — G) o exp(tF)(p).
By assumptions, ¢1(pg,t1) = 0 and %gpl(po,tl) # 0. We can then apply the implicit function
theorem to prove the existence of a neighbourhood ¢ and a t; : I/ — R as in the statement of the
lemma.

Without loss of generality, assume that %gpl(po,ti) is negative; this, together with the as-
sumptions on the extremal A, implies that A(t) = G(X(t)) for ¢ € (t1,t2). Define pa(p,t) =
(F+ G)oexp ((t — t2(p))G) o exp (t1(p)F) (p). By assumptions on X, we see that ¢ (pg,t2) = 0
and %@Q(I)O,tg) # 0, so that we can again apply the implicit function theorem and deduce the
existence of ty as in the thesis.
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We proceed in the same way for all other switching times. O

Possibly shrinking U/ and taking a smaller T', we can define the exponential map on U x [0,T]
as follows

exp((u1f + ugg)t)(xo) if t € [0, t1(p)]
(13)  Exp(p,t) = { exp((uf f + u59)(t — t.(p))) o Exp(p, tr—1(p))(%0) if t € [tx—1(P), tr(P)],
2<k<m.

The exponential map (13) is smooth on U x [0,T], except at the points (p, tx(p)), k =1,...,m.
Indeed, for every (p,t) of this form, the plane {(dp,dt) € R3 x R} is divided into two semi-planes
by the straight line {0t = (dt;(p)dp)}, and the differential of the exponential map has different
analytic expressions on the two semiplanes.

Let us compute the differential of the exponential map outside these points; as explained in
Remark 5, and thanks to the hypothesis that |F(py)| # |G(py)|, we know that one (and only
one) between |p?| or |p2\ is equal to 1; without loss of generality, we can assume that p? = 1
and |p8\ < 1. In particular, to compute the differential of the exponential map, we consider only
variations along ¢, p, and p,.

It is easy to see that the differential of Exp(p, t) is singular when ¢t < ta(p). Indeed, if t < t;(p),
then Exp(p,t) does not depend explicitly on p. If instead ¢ € (t;(p), (t2(p)], then

DExXp,, [0t, 6p, 6p=] = g(Exp(p, t))dt+(dt1 (p), op) (—g(Exp(p, t))+exp((t—t1(p)g)« f (exp(t1(p))) (X0)).

Let dp be a non-trivial variation (in (py,p.)) such that (dt;(p),dp) = 0, op # 0; it is immediate
to see that the variation (6p,0) , belongs to the kernel of DExp,, ).

However, the singularity of DExp, ) for ¢ < t2(p) does not reflect a proper loss of optimal-
ity. Consider indeed a sufficiently small neighbourhood (in the space of p, and p,) of the point
(1,p2,p2), with \p2| < 1, and compute

oo L dnipt) 5 1
o) = om0 = gy |

If we consider short times, we can then apply the implicit function theorem again, to prove that
there exists a locally defined smooth function 7 : R — R such that 7(p?) = pg and t,(1,py,p.) is
constant if p,, = n(p,). In other words, the set U N{p, = 1} is foliated by level curves of t;. Then,
all geodesics associated with the extremals emanating from covectors belonging to one of these
curves coincide up to their second switching point. This is due to the fact that there are several
extremals associated with the same trajectory: the singularity of the exponential map does not
reveal a loss of local optimality of the geodesics !.

In order to obtain information on when the geodesics cease to be locally optimal, we then focus
on the differential of the exponential map after the second switching time. Since local optimality
cannot be lost along a bang arc (see [20]), we concentrate of what happens at the switching points.
We recall the following fact.

14 O(z)).

Lemma 4. Le v € R" and consider two matrices Ay, A_ such that det Ay > 0, det A_ < 0 and
Ajbv=A_v

Define the two semi-planes IIy ={w e R" :w-v > 0} and II_ = {w € R" : w-v < 0} and
the piecewise defined linear map A : R™ — R" as

Aw — A+w lfw € H+
A w ifwell_.

The map A is not invertible.

Motivated by this Lemma, we adopt the following definition of conjugate time (let us remark
that it is the same proposed in [7]).

11t is indeed typical of bang-bang extremals that the exponential map is singular along the first arcs, without
direct implications on the loss of optimality, which requires the use of other tools, such as the second variation, to
study their local optimality (see for instance [1, 20])
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Definition 5. Let A be a regular bang-bang extremal for the optimal control problem (7). The
first conjugate time along X is defined as

teonj(A) = inf {t >0:3t <t <ty such that JExp(p®, t1)JExp(p°,t2) < 0} ,

where JExp(p°,t) denotes the Jacobian * of Exp(pg,t) and X = (p°, xo).

The first conjugate point along X is the point reached by the projection of A at first conjugate
time. The set of all conjugate points associated to extremals with initial condition equal to xq is
called the first conjugate locus.

2.4. The Heisenberg system. The simplest case of the optimal control problem (7) corresponds
to the nilpotent approximation of the vector fields f and g (also known as Heisenberg group, see
for instance [4, 17]), that is

1 0
f=ft=1 0 g=g=1|1
—y/2 z/2

The time-optimal problem for such a system has already been studied in [9, 11, 18]. Since it
constitutes a starting point for the study of the generic cases, it is worth recalling the main
properties of its time-optimal synthesis from the initial point xq = (0, 0, 0).

First of all, we notice that the control system does not depend on z, so that the adjoint vector
p. is constant along every extremal; moreover, ©(p,x) = p,. This fact has two consequences:

— Singular arcs are characterised by p, = 0; therefore, if an extremal contains a singular arc,
then the whole extremal is singular.

— Given any bang-bang concatenation, the sequence of its associated controls is uniquely
determined by the initial one and the sign of p,: indeed, if p, > 0 (respectively, p, < 0),
the controls follow the vertices of @ in the counterclockwise (respectively, clockwise) sense.

We notice moreover that the problem exhibits a discrete symmetry: it is invariant for rotations
of kn/2, k € Z around the vertical axis (z); moreover, it turns out that the unit sphere (that
is, the set of all points reachable in time 1 from the origin) is symmetric with respect to the
ay plane, and that the geodesics that reach positive (respectively, negative) z are projections of
extremals with p, > 0 (respectively, p, < 0). For these reasons, we discuss only the extremals
whose initial adjoint vector p(0) = (p2, p9, p.) satisfies p) = 1, p) € [-1,1] and p. > 0; indeed, all
other extremals can be recovered from these ones applying a suitable transformation.

First of all, consider any extremal with pj € [~1,1) and p. > 0: then, since F(A(0)) =1 >
P9 = [G(X(0))], PMP implies that there exists some T; > 0 such that on the interval [0,T)
the control associated with the extremal is (1,0); in particular, Ty is the smallest (positive) time

0
satisfying F(A(T1)) = G(A(Ty)), which, by computations, turns out to be Ty = 1;fy.

For t € (Ty,Ty), where Ty = Ty + 2/p., the control associated with the extremal is equal to
(0,1); Ty is indeed the smallest time greater than T; such that F(A(Tg)) = —G(A(Ty)). For
times greater than Ts, the control switches every AT = 2/p,, following the vertexes of @ in the
counterclockwise sense.

In the special case p) = p) = 1, explicitly integrating the Hamiltonian system and applying
equation (12b), it is easy to see that the control associated with such extremals is equal to (0, 1)
on the interval (0, AT), and then it switches every AT, following the same sequence as above.

Let (f),E) be an extremal such that p(0) = (1,p}),p-), with ;52 € [-1,1); integrating the system,
we see that, for ¢ € [Ty, 8/p,], the expression of the geodesic is given by

x(t) =t —4AT
y(t) =0
2(t) = AT?,

2we stress that we consider the variations along the time and two components of the covector, that is, we do

not consider variations along the component of the covector between pg and pg that is equal to +1. If both have
absolute value equal to one, we must consider one-sided variations along only one of them.
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_/\O -~
that is, its value depends only on ¢t and on p,, but not on ]32 In particular, at t = T4y = %, I3

meets all geodesics with p(0) = (1,py,ﬁz) and ]’52 < pg < 1, and coincides with them up to the
time 8/p,. Moreover, for every € > 0, we can always find some pg > ﬁg such that the graph of the

corresponding trajectory is e-close in the C° norm to the graph of E In other words, at t = Ty
the trajectory E loses its local optimality.

To verify if a geodesics loses its global optimality before its fourth switching time, we must
look for intersections of the trajectory under study with some geodesics trajectories whose graph
does not belong to a neighbourhood of its graph, that is, whose initial control is not (1,0). By
computations, it is possible to prove that such intersections occur either at the fourth switching
time, either at 8/p,. Therefore, for every trajectory, the fourth switching time Ty is the cut time.

To complete the analysis, we now consider a singular extremal with p0 = pg =1 and p, = 0.
As already said, every control of the form («(t),1 — a(t)), with «(t) € [0,1] V¢, satisfies PMP.
First of all, we notice that «(T) + y(T) = fOT u1(t) + ug(t) dt = T, so that a singular extremal is
necessarily optimal (as every point x; cannot be reached in a time less than |z1|+|y1|). Moreover,
it is possible to prove that z(T) < x(T)y(T)/2, and, conversely, that every point (z1,y1,21) € R3
with |z1] < |z1y1]/2 can be reached by a singular trajectory. In particular, the minimum time for
reaching such points is |z1| + |y1].

Applying suitable rotations in the zy-plane and/or a reflection in the z-coordinate, we recover
all optimal geodesics for the Heisenberg system.

3. GENERIC CASE: BANG-BANG GEODESICS WITH CONTROLS SWITCHING IN
COUNTERCLOCKWISE SENSE

3.1. Local developments. As already anticipated in the introduction, we are interested in the
local geometry of the sub-Finsler metric associated with { f, g}, or, equivalently, in the local optimal
synthesis for the minimum time problem (7). Indeed, if we consider any possible endpoint, many
issues concerning the completeness of the vector fields, the existence of the minimum, the validity
of the normal form, together with major difficulties in the integration of the system, may arise.
Concerning the structure of the extremals, differently from the nilpotent case, where the only
possible geodesics are regular bang-bang (with control switching from vertex to vertex of @ always
in the same sense) and singular (with p, = 0), many other behaviours are possible, such as bang-
singular concatenations or bang-bang extremals with controls switching several times between the
same two vertices of @ (see for instance Section 8 and [7]).

On the other hand, as in the sub-Riemannian case ([2, 12, 22]), it is interesting to see how a
small perturbation of the nilpotent system affects the shape of the conjugate and the cut locus. We
then study the optimal synthesis from some initial point x¢ (corresponding to the origin in local
coordinates) for small times. By straightforward computations, it is possible to prove that, for
T small enough, every admissible trajectory of the control system (6) with controls in @ satisfies
lz(t)], |y(t)],|2(t)] < 1, t € [0,T]. In particular, for T small enough, the nilpotent part in f,g
dominates, and the trajectories are close to those described in Section 2.4.

Moreover, when we restrict to short times, we reduce the possible behaviours of the extremals.
Indeed, by computations we can prove that

O(A()) = p:(t) + (1 +p=(1) Oz (1), y(1)*, 2(t)),

which implies that the sign of © is constant in the time interval [0, 7], unless we have p? = O(T?).
In the first case, the corresponding extremals are associated with controls that switch from vertex
to vertex of @ following the same sense (determined by the sign of ©), as for the nilpotent system.
In the second case, as F' and G vary very slowly along the extremal, the associated control is
constant or may vary only on one side of ) (for instance, if both F' and G are positive along
the extremal, we have wuy(t) + ua(t) = 1 on [0,T1]), see Section 8 for a brief description of such
situations.
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By straightforward computations, we can prove that the geodesics associated with extremal
of the first kind satisfy the bound |z(t)| > M + O(x(t)*,y(t)*) (as for the Heisenberg sys-

tem), and that those associated with extremals of the second kind the bound |z(t)| < M%iy(t)‘ +
O(z(t)*, y(t)*). As already said in the introduction, in this paper we focus on these extremals or,
equivalently, we study the upper part of the sphere, that is, the part with |z(¢)| > ‘z(t) Uiy

In short times, these geodesics are characterised by very large values of p,(0) (that is, of the
same order of magnitude of the inverse of the final time). In order to (approximately) compute
such extremals, we derive an asymptotic expansion of the solution of the Hamiltonian system in
powers of the small parameter pg = 1/p,(0).

Let (p(t),&(t)) be an extremal of (7) with p,(0) > 1, and let u(t) be its associated control
function. Following the same techniques used in [2, 7, 12], we perform the time reparametrisation

(14) 7(t) :/0 p.(s) ds,

and we define the new variables

~ P R p 1 ~ @
Po =" by =" p=— 0=
Pz Dz D=z pz

Notation. In the paper we are dealing with two time-scales: the real time t and the reparametrised
time T, which are related by equation (14). In order to avoid ambiguities, we will use normal
fonts (t,T,T,...) to denote the real time, and script or Greek fonts (1,7, ,9) to denote the
reparametrised time. In particular, the symbol T) denotes the k-th switching time, and the symbol
Ty is devoted to the k-th reparametrised switching time.

As the relation (14) 1s invertible, sometimes we will write t as a function of T, obviously satis-

fying t() = [§ p(

In these new variables, Hamiltonian system (12a) can be rewritten as

dx dp Us _

% —U1P+P\I’1(mayaz) E — _p?+p‘~4(xuy>z7piv7py7pz)

dy dq Uy

- = 14 - = P = T y Pz

3, = 2P+ pPa(z,y,2) gy = Py T P55y, 2,00,y )

d d

dij = p\IIB(xayvz) ﬁ = —p2(U2$ - uly)E6(xvy7zvpzvpyapz)

where, for every k, ¥y and = are functions satistying ¥(0,0, z) = 0 and =(0,0, 2, ps, py, p-) = 0.
In order to compute the jets of the extremals we now write (p(7),€(7)) as a power series in
po = p(0), as follows:

() = Y-y phaw(r) + Xo(7, po)p} Pa(T) = Shey PEDuk(T) + Pus(7, p0) 08
4 4
(15) S y(7) = Y4y PEy(T) + Yo(7, po) 0} py(T) =>4y PEDPyR(T) + Pys(7, po) 0§
2(1) = S0, phar(T) + Z(7, po)pS p(1) = S0 _, pEpk(T) + Re(7, po)pS,

where the functions here above are smooth in their variables. Plugging (15) into the Hamiltonian
system, we obtain the corresponding differential equation for each of the functions in the devel-
opment here above. We can then integrate term by term, in order to obtain the expression of the
functions of 7 in (15).

The power series for the switching times are computed analogously. Consider, for instance, an
extremal with p,(0) = 1 and |p,(0)| < 1. The switching (reparametrised) time 71 is determined
by the condition F'(t(.71)) = G(t(71)) = 1. Plugging the developments for (p(7),&(7)) into o,
we can compute the coefficients @k in the expression

0= 1+(:)1,00+@ng +@3p8+
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Developing .71 in powers of py and imposing, at each order in py,
T

~

1=G(t(T1)) = py(0) + ) O(p(7),x(7))dr

*710 +po k711

7 R
:py(0)+/ (1—|—p0@1—|—--~)d7—|—/ (14 po©O1 + -+ )dr + -+,
0 TP

we can identify all the coefficients .7;* of the development of .7;. We proceed in the same way for
the other switching times.

Based on Lemmas 1-2, there is no need of computing the switching times for the geodesics
with p,;(0) # 1, as they can be easily recovered from those just computed, by application of the
permutation of the invariants (equation (11)).

We end this section by classifying the four different kind of bang-bang geodesics associated
with extremals with large positive p,(0), according to their initial velocity. For every py > 0 small
enough, we define the set

A = (p, &) satisfies PMP for the problem (7) with control w

£(0) = (0,0,0)

p(0) = (1,p9,p%) with p) € [-1,1) and p? > p%) -1

I = ¢ £:[0,10pg] — R : ulo,7,) = Ul(7,,75) =
ul(7,,7, = (0,1)
ul(7, 7, = (~1,0)
ul(7,,7.) = (0,-1)

J0< T <+ < T5<20py such that

1"?0 is actually a formal definition for the set of bang-bang geodesics with p.(0) large enough and
that behave qualitatively as the bang-bang geodesics of the nilpotent case with initial velocity f
and switch at least five time in the time interval [0, 10pg]. In an analogous way, we can define also
I’ Uf I'fo and Fp ° . Since in the following pg will always be fixed, we will drop the super-script pg
from the deﬁnltlon of these sets.

In the following, we will sometimes shorten the expression “a geodesic belonging to the set I'.”
by saying “a I'. geodesic”.

3.2. First considerations on local optimality. As already remarked in Section 2.3, the Ja-
cobian of the exponential map gives information about the local optimality of geodesics with at
least three bang arcs, as it is null for geodesics with one or two arcs.

For what concerns geodesics with constant bang control (i.e., only one bang arc), it is easy to
see that all of them are optimal: indeed, if for instance w = (1,0), then £(¢) = (¢,0,0), and ¢ is the
minimum time for reaching the point (¢,0,0). On the other hand, using, for instance, the criterion
given in [20], it is possible to see that regular bang-bang geodesics with large p,(0) and two bang
arcs are locally optimal (see [20, Remark 3.5]). Finally, in [23] it has been proved that regular
bang-bang geodesics with large p.(0) and more than five bang arcs cannot be locally optimal.

Summing up, we can concentrate on the computation of the Jacobian of the exponential map
for bang-bang geodesics with 5 bang arcs. By long but simple computations, it is possible to
compute the power expansion of the Jacobian, which turns out to be constant (with respect to
time), at least up to the order we computed, along each bang arc. For extremals corresponding to
geodesics in the sets 't ¢, we obtain

0 € [0, 2(py7pz))
4p3 4+ O(pd) € (Fa(p)), p2), T30y, p2))
JExDl0 0 = 8p5 + O(p5) € (Z3(0),12), 7403, p2))
s 256axs1 05 + 32(Dipy £ B )pf + O(ph) 7 € (Ta(0f,12), 751y, p2))
—8pp € (Ts0),02), 76 (0, p?))
—8p5 + O(p5) € (T, p2), T6(p), p2)),
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where
(16) D1 = 93X21 — 15OJII31 E1 = 3ax11 — 3aX22 — 3&}721 + 5(«0;53332 + 5wwy31 + 5wy$31.

Analogously, for extremals corresponding to geodesics in the sets I'1,, we obtain

0 7€ [0, 7a2(pY, p?))
4pg + O(p5) 7 e (Z23,12), T3P0, p2))
_ ) 805+ O(pp) 7€ (T30, p2), Ta(0,1?))
(17)  JExp|(po p0,r) = 9564 5 32(D 0+ F,) 0 7 0
Y3200 2P F Ea2)pb + O(pg) 7€ (Ta(0,p2), 7502, p2))
—8pf 7€ (502,02, T6(0%,02))
—8p3 + O(p5) 7€ (Ts02, 1Y), 7602, p2)),
where
Dy = —9ay 5 — 15wyy32 Ey = —3ax1 — 38y, — 3ay9y — OWay32 — DWyes2 — DWyy31.

We this obtain the following results.

Proposition 2. If ax3; < 0, then J4 is the conjugate time for all extremals corresponding to
geodesics in the sets I'1y¢; if axgy > 0, the conjugate time for these extremals coincides with Ts.

Analogously, the conjugate time for all extremals corresponding to geodesics in the sets I'yg
coincides with T 4 if ayqs < 0 and with T5 if ays, > 0.

Proposition 3. Assume that axs; =0 and |E1| # |D1|. If E1 < —|D1| (respectively, E1 > |D1]),
then the fourth (respectively, fifth) switching time is the conjugate time for every geodesic in the
set Ty. If |[Eq| < |D1|, then the switching time of all geodesics of the kind Ty with Dlpg +FE; <0
(respectively, Dlpg + Ey > 0) is their fourth (respectively, fifth) switching time.

Remark 6. Proposition 8 can be suitably adapted to describe the conjugate times of geodesics in
the sets I'_y and 'y, in the degenerate cases ax3; = 0 and aysy, = 0.

Remark 7. If axg; =0 and 0 < |Ey| < |D1/|, to detect the conjugate times for the geodesic with
initial covector pg = —%, a higher order development of the Jacobian is needed; in particular, it
involves the functions ¢;; in the normal form of the vector fields. As it is only one trajectory, and

since we are interested in the cut points, we neglect this analysis.

Remark 8. As stated in Proposition 2, if axz; # 0, there is a symmetry in the behaviour of the
geodesics belonging to the set I'y and those belonging to the set I'_;. If instead axs; = 0, this
symmetry is broken: assume for instance that E1 > |D1|. Then, for the trajectories of the set I'y,
JExp does not change sign at 7 4, whereas it does for trajectories of the set I'_¢, for which the
fourth switching time is the conjugate time.

As will be detailed in the following, this fact appears also in the shape of the cut locus, which is
no more symmetric, as it is when both axzy and aysy are nonzero (see for instance [7, 16]).

For the purpose of future computations, in analogy with [7] we set
Cl = 8&X31 CQ = 8&}732,
A = 4axszy + 4ayq;

Together with E1, Fo, D1 and D5, these are the main invariants that provide a complete classifi-
cation of the cut locus. We also define the following constants
© = 4axis + Taxa1 + 4ay; — 12ay99 + 15wzz31 + 20w;y32 + 20wy 232 + 20wy, 31
d = 4axgy + ay o + 4ayy; + 15wyy32
¢ = 12ax11 — 4axgg — Tay o — 48y, + 20wez32 + 20wy31 + 20wy 231 + 15wWyy32
do = 4axi2 + axo1 + 4ay; — 15waa31,

which do not affect the classification of the cut locus, but often appear in the computations.
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As already anticipated, the invariants C and Cy play the same role as their homonyms in [7],
where the case in which C1Cy # 0 has been studied in details. In this paper, we are pushing
further the analysis, setting C; = 0 (thanks to Lemmas 1-2, the case in which C; # 0 and Cy =0
is completely analogous). To avoid more degenerate cases, and based on the genericity properties
stated in Section 2.1.1, we thus assume that Dy E; # 0.

Summing up, these are our assumptions on the invariants.

Assumption 1. The invariants A,Co, D1 and E; are non zero. Moreover, we assume that |A| #
|Ca| and |Dy| # [Ex|
The invariant Cy is null.

Remark 9. As already pointed out in Section 2.1.1, asking an invariant to be nonzero boils down
to avoid a codimension one set in M.

The cases we neglect are surely interesting (for instance, if A = 0 there may be some remarkable
differences in the part of the cut locus closer to vertical azis); however, the assumptions on A do
not affect the value of the Jacobian of the exponential map, and asking |E1| = |D1| can be seen as
a limit situation of the case |Eq| > |D1].

Therefore, in this paper we concentrate on the cases for which Assumption 1 holds true.

3.3. Suspension of the fronts. In the spirit of [7], to characterise the Maxwell locus we look
for the self intersection of the front at some fixed time T'; in particular, we can restrict the study
to the suspension of the front, that is, the intersection of the set Exp(-,T) with the plane where
the vertical coordinate z is equal to some prescribed constant (that we usually set to be equal to
4¢?, where ( is some positive constant of the same order of magnitude of py)

We focus on I'y geodesics, as the behaviour of the others can be recovered applying suitable
rotations and permutations of the parameters, as explained in Lemmas 1-2.

We fix a small positive parameter ¢ and a time T = Ty ¢ + To¢2 + T3¢3 + Tu¢* + O(¢®), then we
look at the intersection of the front at time T" with the plane z = 4¢? . Inspired by the nilpotent
case, we see that self-intersections of the front that cause a loss of optimality may occur near the
fourth switching time or between the fourth and the fifth switching times. Therefore, we choose
Ty € (6,10) and we consider only the geodesics that are projection of extremals with p? = 1/po,
where pg = ¢ + O(¢?): for such trajectories, T lies between the third and the fifth switching time.

The details on the computation of the suspensions are given in Appendix A.1; here below, we
just analyse the results.

As the geodesics are defined by piecewise functions (the analytic expression is different on each
interval between two switching times), to compute the suspension of the front we must distinguish
between the trajectories whose control at time T has already switched four times from those whose
control has not yet. First of all, we focus on trajectories for which T is smaller than their fourth
switching time, which means to restrict to pg € [-1,7—Ty]. We call the set containing the value
at T of all such geodesics the fourth bang front.

By a simple computation , we can see that, at the first order in (, the suspension of the fourth
bang front on the plane {z = 4¢?} is given by the curve

{(s¢, (— 35+ 2v/25% +2sT1 + 16)() : s € [T1 — 8,0}
In particular, for the purpose of detection of Maxwell points, the interesting part of this front is
the one near the origin (in the affine plane z = 4¢?), that is, for 77 ~ 8 and pg ~ —1; therefore,
we set 77 = 8 and pg =—-14> k>1 ukplg . For such parameters, the intersection of the front with
the plane z = 4¢? is given by

(18) o(T) =—-m¢?— (402 +4A+ )3 + O(¢Y)
y(T) =—(To+m)¢* = (Ts + £(8Cy — 16Cy + 3(Topy + pf + 212))) ¢ + O(CH).
In particular, at the leading order in ( it is segment of slope equal to +1.

We now compute the suspension of the part of the front made by the value at time T of
trajectories of the set I'y for which T is greater than the fourth switching time and less than the
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fifth one. We call this set the fifth bang front. Its suspension to the plane {z = 4¢?} is given by
(19)
o(T) = (Ty—8)¢+Tal*+ (T3 + (2(p9)? +2(Ty — 8)py — 2)Cy — 3Co — 2(T — 8)A)(3
+ (T4 + 3D1(p))? + 2E1(p9)? + 215C1p), — 2AT, + (Ty — 8)(D1(p)? + 2E1p), — +0)
— (B 2d))Ct 4 O(C)
y(T) = (A Clpy)C?’ ( < — 2D1(py) 4E1p2)C4 +O(¢®).
As already observed in [7], if C; # 0 this front is at the leading order an arc of parabola of length
O(¢?). If instead C; = 0, the lowest order term not constant with respect to pj is of order four.

In particular, y(T") is, up to some constant, an arc of parabola with vertex in pg = —%. Then,
if ’ | > 1, we have that 6y T) # 0 for every p) € (—1,1), so that z(T) can be written as a
smooth function of y(T). If 1nstead ‘ ’ < 1, then y(T) is not monotone on the interval [—1,1].
In particular, from
ooT) Ty
ap) Py==Dy opy Py==Dy

0%x(T) 0%y(T)

— =—4F; +2(Ty — 8 = —4Dxq,

D(p?)2 =5 1+ 2T —8) (p?)2 lpg=- £ !
and the fact that we assumed D; # 0, we deduce that the front has a cusp for pg = —g—ll (see

[21]). For pj # — gl we have

dx 1 d*x 1
A T R ¥ R A
We can then distinguish six main cases.
A . These are the cases in which |E1| > |D;| and E; > 0 (respectively, E; < 0). As remarked
before, the front of the fifth arc is a smooth curve. In particular, 4 o 22 has the same sign as E; for
qgo € [—17 1].
B_ . These are the cases in which Dy > |F1| and E; > 0 (respectively, E; < 0). We have

9y(T) P . Ey
o >0 d—y2<0 1f(J0€{ 1, D—l)
oy(T) d*z . Ey
— f - —,1].
9o <0 dy2>0 IQOE( Dl,}

An example of such a front (for 7} = 8) is plotted in Figure 2.
C. These are the cases in which D; < —|E4| and E; > 0 (respectively, F; < 0). We have

oy(T) d*x ) E;
0 —>0 f -1,——
8q0 < dy2 ~ "€ { ’ D1>
y(T) d*x ) E;
0 — <0 f - —,1].
6q0 - dy2 < "€ ( _D17 }

An example of such a front (for 7} = 8) is plotted in Figure 3.

To recover the front of the trajectories of kind I'_ ¢, we apply a rotation of m around the axis z
and a suitable permutation of the invariants. Notice that this permutation, that leaves A, C; and
C5 unchanged, sends D7 into —D; and Ej into —FE;. The suspension of the front thus is
(20)

o(T) = —(Ti—8)¢—To? — (T3+<2< 0 = 2(T1 — 8)p — 2)C1 — §Ca — 2AT1 — 8)A) (P
+ (—-Tu- 4D1(py) + 2E1(p)? 4 2T5C1pl) + (T1 — 8)(D1(p)? — 2E1p5 — 2¢)
+ 24T, — 2(E; + OL))C4 + (&%)

y(T) = —4(A+C1py)<3 (3¢ —2D1(p)* + 4E1p)) ¢t + O(CP).
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g =—1
g =1

q =1 q =-—1

FIGURE 1. Suspensions of the fronts (fifth arc) of the kind Ay (on the left) and
A_ (on the right), at the time T = 8¢ + 6(¢?). In green: the tangents at
qo = 0, 1, —1.

g =1

FIGURE 2. Suspensions of the fronts (fifth arc) of the kind By (on the left)
and B_ (on the right), at the time T" = 8¢ + 6(¢?). In green: the tangents at
go = 0,1, —1. In purple: the tangent at gg = —% (the cusp).

FIGURE 3. Suspensions of the fronts (fifth arc) of the kind C;. (on the left) and C_
(on the right), at the time T = 8¢ +6(¢?). In green: the tangents at g = 0,1, —1.
In purple: the tangent at gy = —% (the cusp).

The comparison between equations (19) and (20) highlights the phenomenon described in Re-
mark 8, that is, the breaking of the symmetry between trajectories of the sets I'y and I'_; for
order higher than the third one.
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Notation. In the following, we will use the following notations :

o F4(T) (respectively, F4(T),Ga(T),G4(T))) denotes the fourth bang front at time T of
the trajectories of the set I'y (respectively, I'_;,T',T'_), that is, the set

£ el
{g(T) : Tr(s,z&) I <146 }

where T3(€) and T4(€) denote the third and fourth switching times of the geodesics €.

o F5(T) (respectively, F5(T),Gs(T),Gs(T))) denotes the fifth bang front at time T of the
trajectories of the set I'y (respectively, I'_;,T'y,I'_g). The definition is analogous to the
previous one.

To avoid heavy notations, in the following we are omitting the dependence on the time T from
the symbols denoting the fronts.

3.3.1. Self-intersections of the front of geodesics of the set I'¢. In the cases Bi and C., cor-
responding to the cases when |E;| < |Di|, a peculiar phenomenon arises: the self-intersections
between the fourth and the fifth bang front of bang-bang geodesics with the same initial control
(that is, belonging to the same set I'y), which do not happen when C;Cy # 0. Here below,
we explain in details the case B, that is, 0 < E; < Di, which is illustrated in Figures 4-5 3;
the other cases can be easily derived by applying the suitable symmetries and the corresponding
permutation of the invariants.

FIGURE 4. Suspension of the front of geodesics of the set I'y, for D; > Eq > 0.
In orange, the fourth bang arc (F4); in red, the fifth bang arc (F5). From left to
right: T=7.5¢, T =77¢, T =7.9C and T = 7.99C.

Consider two geodesics £ and Ef of the set I'y, and assume that their adjoint covectors at
time ¢ = 0 are respectively (1,7,1/po), with v = 79 + Y .~; Wpl, and (1,7,1/p0), with n =
10+ Y1 M6 and po = po + X iy axpi. We assume that v < 7o.

We evaluate both £, and Ef near the fourth switching time of £, that is, at some time T' =

(7T—"0)po+ O(p3). Whenever vy < 19, then, we can choose (higher order terms in) T and a small
enough pg such that T" is smaller than the fourth switching time of £ ; and greater than the fourth

switching time of Ef.
We now solve the equation &;(T') = £;(T) by equating the jets at each order. We find that 7o
and 7y must satisfy one of these equations:
Yo = "o

(21) Yo+ 2m9 = —3—=

3We stress that these and the following pictures are illustrating the phenomena only qualitatively, as proportions
between the length of the arcs are not fully respected.
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If 9 = 1o, carrying on the computations we find also o = 0 Vk < 3 and T equal (up to the third
order in pg) to the switching time (higher order are not inspected): indeed, &£, and Ef are (up to
higher order terms) the same trajectory, and we are evaluating it at the switching time between the
fourth and the fifth arc. If instead g + 219 = 735—1, combining the equality with the constraints

M0,%0 € [—1,1] and 9 < 19, we obtain that this intersection may occur for vg € [— ,—%] and
Mo € [75—1,% - ;’gﬂ We also find
20
T = (T—"0)po — npg + (302 - 8A70>P(?3 +O(pp)
~ 9 Ey
_ 7A< 7) 3 4
po=po— 1A%+ D, )70 + O(pp)
The suspension at z = 4¢? of this intersection is given by the equation
(22)
z=—(1+7)¢ —71¢+ (70 —3)Ca + (1 + 127 — 573) 4 — 72)¢* + O(¢h) e [_1 _Q]
y =4A¢ + O(¢*), T Db

which is, up to fourth orders in (, a horizontal segment of length (1 — %)C +O(¢?).

We now focus on the geodesics of the set I'_ ;. From equation (17) we can see that, along the
fifth bang arc, the Jacobian of the exponential map is negative if p € [ — 1, %) and positive for

pg € (%, 1]. In this case there is no intersection between the fourth and the fifth front of the
same strategy, as can be seen in Figure 5.

C4
¢ ¢’

¢! :

FIGURE 5. On the left (right): self intersection (suspension) of the front of tra-
jectories of the set T'y (I'_¢). Purple: front of the fourth bang arc; lavanda: front
of the fifth bang arc.

The same computations hold also for the case B_ (only the picture is different, as in this case
the interval [ -1, —%] is longer than the interval [— %, 1] ).

The cases C1 are completely analogous (in particular, the case C corresponds to the case B_,
to which a rotation of m around the z axis, and the corresponding permutation of the invariants,

are applied. Same for the case C_ with respect to B.).

4. LOCAL STRUCTURE OF THE CONJUGATE AND CUT LOCUS FOR SMALL SPHERES

In order to detect Maxwell points, we must look for the intersections of a geodesic with other
ones with a different initial control (that is, belonging to another set I'.). To reduce the set in
which we carry out the research, we get inspired by the behaviour of the geodesics in the nilpotent
case: consider for instance, in the nilpotent case, a bang-bang geodesic with initial control (1,0),
that is, associated with an adjoint covector (1,p,p?), with p) € [-1,1). We recall that, at time
Ty, this geodesics meets the geodesic associated with the adjoint covector (1,1,p?) (whose initial



LOCAL L' SUB-FINSLER GEOMETRY IN DIMENSION 3: NON-GENERIC CASES 19

control is (0,1), see Section 2.4); at time ¢ = 8/p?, all geodesics with p,(0) = p2 meet at the point
(0,0,4/(p?)?). This suggests that, in the generic case, geodesics in the set I'y may lose global
optimality near their fourth switching time by intersection with geodesics in the set I'y, or, near
the time 8/p,(0), by intersecting also geodesics belonging to the sets I'_; and T'_,.

In order to reduce the number of eventual intersections to study, we will rely on the following
facts. First of all, we neglect intersections involving arcs that are surely not optimal (for instance,
if Cy < 0, we do not consider the fifth bang fronts of geodesics of the set I'14). Then, we exploit
the information given by the invariants A and C5 to locate the fifth bang fronts: roughly, the
front Fs (respectively, Fs) is contained in a horizontal strip of width O(¢*) centred around 4A¢>
(respectively, —4A¢?), and the front G5 (respectively, Gs) is contained in the vertical strip of width
4C5¢3 + O(¢*) centred around 4A¢? (respectively, —4A(?), see equations (19)-(20)-(50).

Once the intersections among geodesics with different initial velocity are detected, we must
identify, for each geodesic, which intersection occurs before the other ones; this intersection (if
it occurs before the conjugate point) is the cut point. In order to determine which intersection
occurs before the others, we will explicitly compute the time or we will rely on some geometric
considerations (for instance, that the suspension of some front is constrained in a strip in the plane
and is translating in a specific direction as time increases).

Based on this analysis, we can give a detailed description of the upper part of the cut locus, under
Assumption 1. With respect to the generic case C; # 0, we highlight the following differences:

e the intersection of the cut-locus with the plane {z = 4¢?} is no more symmetric with
respect to the origin (or the point (4c110¢?, —8¢200¢?) in [7]);

e when |D;| > |E1|, there are some pieces of the cut locus that have a length of order O(¢*);

e the suspension of the cut locus is no more C! (but is is piecewise C1);

e the (suspension of the) upper part of the cut-locus could be disconnected.

In the following, we analyse the following three cases: Ey < —|D;| (case A_), D1 > E; >0
(case B4) and —Dy < Eq < 0 (case B_). The other three cases can be obtained from these ones,
just exchanging the behaviours of the part of the front made of trajectories of the class I'y with
the one made of trajectories of the class I'_y; at this order of jets, this corresponds to a rotation
of an angle m with respect to the vertical axis.

Notation. For the sake of readability, in the following we will sometimes omit to specify that
we are providing only the leading terms in the development with respect to (; in particular, this
will be done in two cases: when we specify the intersection points (for instance, the value of the
intersection between the fronts F4, G4 and Gy is given by equation (28) up to fifth order terms in
¢); when we describe the behaviour of the geodesics according to the value of the initial adjoint
vector (for instance, when we say that the geodesics with pg € [-1,—1 + ¢¢?] behave in some
particular way, we mean p) € [-1, -1+ ¢¢* + O(¢?))).

5. E1 < —|D;| (CASE A_)

From Proposition 3, the conjugate time of all geodesics belonging to the set I'; coincides with
the fourth switching time, whereas the conjugate time of geodesics belonging to the set I'_
coincides with the fourth switching time. For what concerns the geodesics in the sets 'y, it
depends on the sign of C;. We are analysing these two cases separately.

5.1. C3 < 0. Let us first look for the intersection of geodesics of the set I' with those of the set I'.
We fix pg > 0 small enough, v € [-1,1) and a time T > 0. Let & be the geodesics associated with
an extremal with initial covector (1,7v,1/po), and £, be some geodesic (of I'y) with initial covector
(B,1,1/po), where B = Bo + Y 1>, Brpk and po = po + 3 psq aps. We define the reparametrised
times

(23) g:50+51p0+5gp(2)+"' and §:go+3\1p0+ggpg+"'
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such that

(24) T = / " p(s)ds = / 7 o).

Since, from the analysis of the nilpotent case, we know that these intersections occur close to the
fourth switching time of £, we set o9 = go = 7 —y. Then, plugging the expansion of py in powers
of pp and equations (23) into equation (24), imposing the equality at each power of pgy, we obtain
the expression of S\k in terms of the coefficients d; and oy, for k& > 1.

Using equations (51)-(52)-(53), we compute the jets of the trajectories £, and £, at the
(reparametrised) times I and ‘PJA', and we impose the equality, up to the fourth order in pg for z,y,
and to the fifth one for z, for each of the three coordinates. Thanks to this, we recover the values
for the coefficients ay, Bx, Ik, as functions of the invariants and of y. In particular, we obtain

Y +2
B =1+2(1-v)Cipj+2(1 = ¥)(Er + —5—D1)pj + Op)-
As |B] < 1, this intersection occurs only if C; < 0 and, if C; =0, if Ey + y?+2D1 < 0. We obtain
also
1+ 2y

T1—T =2(y—1)Cipg +2(y — 1)(Er + D1)pg,

where 7 4 is the (reparametrised) fourth switching time of the trajectory & ;; then, this intersection
happens only if C7 < 0 and, if Cy =0, if

1+2y

(25) By + Dy <0.

Finally, we fix some ( ~ pg, and we compute the suspension of the intersections to the plane
{z = 4¢?}. If C; = 0, we obtain

(26) z=—(1+y)¢+ ((1+12y =5y*) 4 + (v = 3)C2)¢* + O(¢Y)
y =4A¢ = 3(D1y? + (31 + D1)(1 +7) — ¢)¢* + O(¢Y).

At its leading order in ( it is a horizontal segment of length ~ 2(.

By computations, it is easy to prove that in the case A_ the intersection between the arcs F,
and G4 cannot occur (see Appendix A.2-) for details).

The intersections of the geodesics in the set I'y, (near the fourth switching time) with those of
the set 't are analysed in Section A.2. The suspensions of these intersections are given by

27) r=4(4A+2(1+v)C2)C3 + O(¢h)
y=FA+V)CF ((L+12y =5y g — 515 = 9y = 9y* +5v*)C:) ¢* + O(¢Y),

where y = —p? for the geodesics in I'y and y = p? for the geodesics in r_,.

Computing the limits of equations (26)-(27) as y — —1, that is, near the origin, we see that the
reciprocal position of the intersections depend on the sign of the invariant A. Indeed, if A > 0,
then the three fronts Fy, G4 and G4 meet at the point

(28) ( —4A¢ - %(2)51 +d)¢* 4AC — %(zE2 + dg)g‘*),

as can be computed using equations (18)-(49). This suggests that, near the origin of the plane of
the suspension, the cut locus is made the intersections between the trajectories I'y and those in the
set I'_,. To study them, we proceed as above: we consider a geodesic of the set I'y, associated with
an extremal with initial adjoint vector equal to (3, 1,1/p¢), and geodesic in the set I'_, associated
with an extremal with initial adjoint vector equal to (u,—1,1/pg), where p = >, weph and

po = po+O(p3); since we are close to the origin, also we set B =Y, Brpf and T = 8py+ O(p3).
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Equating the jets of the two geodesics, we find the following constraints

Ho=-1 Po=1
p=p1=0
U'Q_BQZSAa

that implies that this intersections occur only for A > 0; its suspension is given by

(29) T = (414 + HQ)C3 + O(C4)
y=—(44+ )+ 0(¢h).

We are left to analyse the behaviour of the geodesics in the set I'_;. As we must neglect their
intersections with the geodesics from I'y (which may occur only after the conjugate time of the
I't geodesics), and they cannot intersect the geodesics from I'_, (because of (41)-(42)), we shall
investigate their intersection with the trajectories of the set I';. More precisely, for py and T fixed,
we consider a trajectory of the set I'_; with initial covector (—1, pg, 1/po) and a trajectory of the
set T'y with initial covector (B,1,1/pp), where as usual B = >, <, Brph and po = po+ Y poo WkPL-
We recall that, in the nilpotent case, such intersections occur only for 4 ~ 1 and T < 8pg + O(p3);
this suggests us to consider the fifth bang arc of the geodesics of the set I'_ ;. Imposing the equality
of the jets of the two trajectories, we find the constraints

BO = 17 Bl = 0) BQ = _8Aa

so that this intersection occurs only if A > 0. The suspension of the intersections to the plane
{z = 4¢?} is given by

{w =4AC* + (= §D1(p))* + (Br + D1)(py)* — 2E1py) — 5(D1 +5E1 +4d))¢* + O(¢Y)
y = —4AC* — (2D1(p))? — 4E1pY) — 2¢)¢* + O(CP).
In particular, the tangent to this curve is given by
dy _yy) 2
dz  x/(pf) 1—p)

+ O(Q).

Computing its limits for pg — +1, we see that junction of this curve with the other ones composing
the suspensions of the cut locus is C'.
Summing up, we can say that

— all geodesics of the set I'y lose their optimality during the fourth arc, intersecting the
trajectories of the sets ', if p) € [-1, =1 — 4Cyp5] and Ty, otherwise.

— all geodesics of the set I'_; lose their optimality after the fourth switching time, by inter-
secting the trajectories from I'g;

— the geodesics of the set I'y lose their optimality during their fourth bang arc, when inter-
secting the fourth arcs of 'y (for p§ € [1+4(F; + %)p%, 1]), T—y (for p2 € [1 —84p3, 1+
4(Ey + B1)p2,1]) and the trajectories of the set T'_;.

— the geodesics of the set I'_; lose their optimality during their fourth bang arc, when
intersecting the fourth arcs of I'y and T',.

The suspension of the cut locus has three branches, each of that is C'. Its graph is shown in
Figures 6-7.

If A <0, the trajectories of the set I'; do not meet the trajectories of the set I'_, before the
conjugate time (see Appendix A.2-§)); on the other hand, using the expressions (18), (49) and
(20), we can prove that the three fronts Fy, G4 and F5 meet at the point

( —4AC — %(2E1 +d)Ct, —4AC — 2(2E, + Dy — %0)44).

Reasoning as above, we thus look for the intersections of the trajectories I'y with those I'_; (see
Appendix A.2-y)-A.2-¢)). We conclude that, as in the preceding case, the cut locus has three
branches and each branch of the cut locus is C1. This case is shown in Figure 6.
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FIGURE 6. Suspension of the cut locus for the case A_ with C3 < 0. On the
left, A > 0, on the right, A < 0. Red: F4 N Gy; green: G4 N Fy and Gy N Fy;
sugarpaper: G4 N Gy; purple: G4 N Fs; orange: Fu N Fy; yellow: Fyu N Fs.

FIGURE 7. The formation of the cut locus in the cases A_ with Co < 0and A >0
(on the left) and A_ with A > Cy > 0 (on the right). In red (respectively, blue,
orange, purple) the front F (respectively G, F, Q)

5.2. Co > 0. When C5 > 0, the conjugate time of the trajectories of the sets 'y, is the fifth
conjugate time. Moreover, the intersections between the fourth bang front of T'; (respectively,
I'_,) geodesics with the fourth front of geodesics of the set I'_; (respectively, I';) do not occur.
We thus focus on the part of the wavefront made by the geodesics in I', that have already passed
the fourth switching time. From equation (50), we can see that the front is constrained between
the vertical lines {x = (A — C5)¢3} and {z = (A+ C2)¢?} (up to fourth order terms in ¢). For the
fifth bang front of I'_, geodesics an analogous bound holds. Then, to understand how the fronts
coming from different strategies may intersect, we must look at the relative values of A and Cs;
in particular, as in the case in which C; # 0, we have four cases.
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A > Cs. The cut locus has one branch and is given by the concatenation of the following intersec-
tions:

FiNGs, GiNGs, GiNGs, GiNGs FsNGs.
In order to prove this, first of all we notice that all geodesics of the set I'y lose their optimality
during the fourth bang arc, by intersections with the geodesics of I'y (as Co > 0 forbids the
intersection with the front G4 and A > 0 forbids those with the fronts F,; and Fs).

From (46), we can see that the intersection G4 N G5 is, up to higher order terms in ¢, an
arc of parabola (with concavity —Cy) connecting the points (—4(A + C3)(3,4A¢3) and (—4(A —
C5)(3,4(A — C3)(¢?); moreover, the tangent at the curve is given by

y/(pg) _ pa—1

z/(p3) 2

(here p refers to the first component of the adjoint vector at time 0 of the trajectory I'_,).
Analogously, the suspension of the intersection G4 N G5 can be recovered by applying to the
intersection G4 N G5 a rotation of 7 around the z axis and its corresponding permutation of the
invariants. In particular, it is an arc of parabola of concavity Cy joining to the intersection
G4 N Gy at the point (4(A + Co)¢3, —4A¢3). Recalling that the intersection G4 N Gy is a segment
of slope —1 (see equation (44)), we get that the junctions at the points (—4(A + C2)¢3,4A¢3)
and (—4(A — C3)¢3,4(A — C2)¢3) are C'. We thus conclude that the geodesics of the set I, lose
optimality in the following ways:

— if p > 14+ 4(F; +1/3D1)C 4+ O(¢*), the geodesic loses its optimality by intersecting Fj.

— if 1 —40%¢% < p < 1+ 4(E; + 1/3D1)¢3, then the geodesic loses its optimality by
intersecting Gs (see equation (46)).

— for 1 —8A¢? < pY <1 —4C5(¢? then the geodesic loses its optimality during its fifth bang
arc, by intersecting G, (see equation (44)).

— finally, all geodesics of the kind I'y with —1 +& < p! <1 —8A¢* + O(¢?), where € > 0
is going to be determined here below, lose their optimality during the fifth bang arc, by
intersecting the fourth bang front of I'_,.

To understand what happens for p? € [—1, —1+¢), we must study the intersection the front G
with the front Fs: let us consider their expressions at some time T' = T1¢ + To¢? 4 T3¢ 4 Tu¢* +
O(¢®) (equations (20) and (50)). By naively imposing the equality of the jets of both coordinates
up to the fourth order in (, we obtain the constraints

4
T1 = 8, T2 = 0, T3 = —4A — 502, go = —1
and the two pairs of solutions
4
qo = 1, T4 = 4(E1 — EQ) — g(Dl + Dg)

1 3E 3 D2 D,
— Sy :—<E —) —4(E —).
o="5% 5p 4+ =g9p, 1T 3 2t 3

The first pair is not surprising: consider indeed the Iy geodesics associated with the initial covector
(p2,1,1/po) at its fourth switching time (9+p2)po+O(po). Its limit for p — —1 is indeed the I'_;
geodesics (with initial covector (—1,1,1/pg)) at its fifth switching time 7 + p). This in particular
tells us that, fixing go = —1, ¢o = 1 and T} in such a way that T' corresponds to the fifth switching
time for the first trajectory (or the fourth switching time for the second one), then the system
(20)=(50) is satisfied at each order in (.

Since there are only two pair of solutions, it seems that the fronts intersect only in two points
(that is, only two pairs of geodesics intersect); this would mean that the geodesics of the set I'_ ¢
have no Maxwell points before the conjugate time (as other intersections do not occur). A finer
analysis is thus in order: to do so, we set go = —141(qo, ¢) and T = 8¢+ (—4A4—3C2)3+T(qo, (),
where 1 and T are functions, that we assume bounded for gg € [—1,1] and ¢ sufficiently small; we
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then substitute these expressions in Gs. The system (20)=(50) becomes

4C5(1+ go) — T(qo,¢) + ( — 3 D14} + 2E1q3 + 2E1 — 2D2g3 + 4E2g0 4+ 2D2)¢ = O((?)
202(1 — g3) — T(qo, ) + (3 D293 — 2E29% — 2F» — 2D1q3 + 4E1qo + 2D1)¢ = O(¢?),

where the right-hand sides of the equations here above depend on 7, ¢y and T'. Summing the two
equations and factorising the result, we obtain the equation

(30)

(g0, €)* (3C2 + (3D2 +3E> — 2D2n(qo, €))¢) + (1 —q0)*(—2D1go +3E1 — D1)( — R(n, T, 90, ¢) = 0,

where
R(O,T4 —8C— (— 44— gcg)gfi —1,() — 0V,

R ) T7 Y
lim (1,7, q0,¢)

¢—0 ¢2
(here T4 denotes the fourth switching time of the I'y geodesics). Let us now neglect higher order
terms in (, that is, let us study the equation

(31)  n(q0,¢)*(3C2 + (2D2n(qo,¢) — D2 + 3E2)¢) + (1 — qo)*( — 2D1go + 3Ey — D1)¢ =0,

which is a cubic equation for 7. For gy = 1, the equation (31) has the double root {n = 0} and
the simple one {n = —3 — % — %Z} where the latter is not an admissible value for the adjoint
vector if ¢ is small enough. Since (—=2D1q9 — D1 4+ 3E1) < 0 for every qo € [—1,1], we can see
that, for go # 1, the constant root of (31) splits into two distinct roots, one strictly greater and
one strictly smaller than 1, continuously depending on qo; it is easy to prove that, if ¢ is small
enough, then the latter is always greater than -1.

This argument holds also for equation (30). Indeed, R is null for g9 = —1, ¢o = 1 and T equal

to the switching time; then, for every gy € [—1, 1) there exists ¢ such that
(1 —q0)*(=2D1go + 3E1 — D1) — R(n, T, qo,¢) > 0

for ¢ < ¢, |n| < 1/2 and T close enough to the switching time. Then the graph of the function
defined in the right-hand side of (30) is close to the one of the function defined in the right-hand
side of (31); possibly further shrinking ¢, we can say that equation (30) has the root

=0

(32) (g0, ¢ (\[\/C g, E2)< + O(C)) (1—q0) + O((q0 + 1)%).

This also provides the following expansions for 7"

Co(D1 — E1) (1 — q0)v/C + O(C)

which gives an estimate for the parameter ¢ = 2+/¢ DlC;QEl + O(0).

The suspension of the intersection between the fronts Gs and Fj is thus obtained by substituting
the values of T into equation (20)
z(T) =4(A+ C)(® —4y/Co(Dy — E1)(1 — qo)¢"/? + O(¢Y) e 1]
y(T) = —4A¢ +0(¢Y), T

Remark 10. The usual procedure of developing the component p of the covector of the trajectory
of the set T'y in powers of ¢ (or po, which has the same order of magnitude) in this case does not
work. Indeed, as equation (32) shows, pO should be rather developed in powers of \/C.

This is due to the fact that we are studying the intersection of a front of length O(¢?) with one
length O(¢*), differently from the other cases.

We can conclude that all geodesics of the set I'_; lose their optimality during the fifth bang
front, by intersecting the fifth bang front of I'y, and that the intersection G5 N Fs participate to
the cut locus. We notice however that its junction with the part of intersection G5 N G4 belonging
to the cut locus is not C*.
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Finally, the lost of optimality of the geodesics of the set I'_, is analogous to the one of the
trajectories I'y (with the difference that they do not meet other trajectories than those of the set
ry).

The shape of the cut locus is depicted in Figure 8.

0 < A < (5. This case is very similar to the precedent one, with one major exception: if A < Cos,
then the intersection between the fourth arcs of the geodesics of the sets I'; and I'_; does not
occur; on the other hand, the front Gs meets the front Gs.

Moreover, the arc of parabola G4 N G5 is the intersection of optimal geodesics only when those
of the set I'y are associated with an initial covector Y < % — 1. This can be proved by comparing
the intersection times and taking into account that the intersection G5 N 55 requires pg > % -1
to exist (see Appendix A.2-()-n) for details). The arc of parabola contained in the cut locus joins
the points (—4(A + C3)¢3,4A¢3) and (4(A — Co)(3,(—4A?/Cy + 4A)¢3). Analogously, the arc of
parabola given by G4 NGs participates to the cut locus connecting the points (4(A+C3)¢3, —4A¢3)
and (—4(A — C)(3, (4A2/Cy — 4A)C3).

The points (4(A—Ca)(¢3, (—4A? /Ca+4A)(3) and (—4(A—C3)(3, (4A%/Cy—4A)(3) are connected
by the intersection Gs N Gs, which is a segment of slope —A/Cy (see Appendix A.2 -n)).

Thus, the cut locus has one branch and is given by the concatenation of the following intersec-
tions:

FinGs, GainGs, GsNGs, GiNGs, FsNGs.

It can be easily verified that all junctions are C'', except the one involving Fs N Gs.

FI1GURE 8. Suspension of the cut locus for the case A_ with Co > 0 and A > 0.
On the left, A > C, on the right 0 < A < Cy; red: F4 N Gy; blue: G4 N Gs and
G4 N Gs; sugarpaper: G4 N Gy; purple G5 N Fs; cyan: Gs N Gs. The circles denote
the points where the junction is not C!.

—Cy < A < 0. We will show here below that the cut locus has one branch and is given by the
concatenation of the following intersections:

FanGy, FangGs, GsnGs, FinGs, FsnGs.

First of all, we recall that, when A is negative, the geodesics of the sets I'; and I'_; meet (eventu-
ally) after the fourth switching time of both. Then, to detect the loss of optimality of the geodesics
of the set I'y, we study their intersections with those of the set I's. Consider the geodesics of the
set Ty associated with the initial covector (p2,1,1/¢). If pd > 1+ 4(Ey + D1/3)¢% + O(¢Y),
then it loses its local optimality before the fourth switching time, by intersecting a geodesic
of Ty. If p2 € [1 + %, 1+ 4(Ey + D1/3)¢?], then it loses optimality after the fourth switch-
ing time, by intersecting a geodesic of the set I'y with initial adjoint vector (1,]32, 1/po), with
Py < —1—8A¢* and py = ¢ + O(¢?) (see Section A.2-)); from (48), we see that this in-
tersection is an arc of parabola; in particular, the arc joining the points (4(A — Co)(3,4A¢3)
and (—4(A + C2)(3,4(A + A?/C5)(¢3) belongs to the cut locus. We can repeat the same rea-
soning for the fronts 4 and G5 and see that the symmetric arc of parabola joining the points
(—4(A — C2)¢3, —4A¢3) and (4(A + Co)¢3, —4(A + A%/C3)(?) belongs to the cut locus.

Finally, all trajectories of the set I'y with pde-1,1+ %] lose their optimality along the fifth
bang arc, by intersecting the fifth bang front Gs.

It is left to prove how the trajectories of the set I'_; with initial covector (—1, pg,g), for
pg < 14 8A(3, lose optimality. By geometric considerations on the position of the fronts, the only
possibility is an intersection with the front G5. To find such intersection, we proceed exactly as in
the case A > Cy, that is, we impose equality of the jets of the fronts F5 and Gs. This gives rise
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to the following system

(33) (1+90)%(3Cy — (32 + (290 — 1)D2)¢) + (qo + 1)2(=2D1q0 + 3E;y + Dy1) = O(¢?)
T(q0,¢) +2(95 — 1)C2 — 2(D1g5 + (1 + 93) B2 + 3Da2gj — 2E1q0 — $D1)¢ = O(¢?),

where we recall that gy denotes the second component of the initial covector of the trajectory of
the set I'_r, and go the first component of the initial covector of the trajectory of the set I'_,. If
we neglect the higher order terms in (, we see that the first equation has an evident solution at
go = —1, qo = —1. Proceeding as we did above, we substitute go = —1 + 7(qo, ) in the equation,
thus obtaining a cubic equation for 1, with constant term (qo +1)?(—2D1qo +3E; + D). Since the
constant term is negative for every ¢o € (—1, 1], then the double root {n = 0} splits into two, one
of which is always strictly greater than -1 and strictly smaller than 1 for go € [-1,1) and ¢ small
enough. As in the precedent case, choosing ¢ small enough we obtain the following asymptotic
expansion for the solutions of (33)

90(d0, Q) = =1 + v/ | —=——(1+ ) + O()

(QO,C)—4A—*C2+4\/\/—C2 Dy + E1)(1+ q0) + O(),

which gives the following expression for the suspension:

” x = —4(A— Cy)C® — 4(qo + 1)\/=Ca(D1 + E1)C/? + O(¢Y)
y = —4A¢ + 0O(¢h)

As above, we can prove that all the junctions, except the one with (34), are C!, up to higher
order terms. The shape of the cut locus is shown in Figure 9.
A < —C5 < 0. This case looks alike the precedent one, with two differences: first of all, the arc
of parabola (48) (as well as its symmetric) participates to the cut locus for every ¢y € [—1,1];
then, part of the cut locus closer to the origin of the plane {2 = 4n?} is given by the intersection
Fu N Fy, which is studied in Section A.2-7).

The cut locus has one branch and is given by the concatenation of the following intersections:

FinGy, FanGs, FanFs, FanGs, FsNGs.

The shape of the cut locus is shown in Figure 9. As above, we can prove that all the junctions,
except the one with (34), are C*.

o 7 |sag P /T 843

FIGURE 9. Suspension of the cut locus for the case A_ with Cy > 0 and A < 0.
On the left, —Cy < A < 0: red: F4 N Gy; purple: F4 N Gs and Fy N Gs; cyan:
Gs N Gs; dark green: F5 N Gs. On the right A < —Cy: red: Fu N Gy; purple:
F1NGs and Fy N Gs; orange: Fu N Fy; dark green: Fs N Gs. The circles denote
the points where the cut locus fails to be C?.

6. 0 < By < Dy (caSE By)
When Il o ‘I < 1, the cut locus does not depend on the values of the two invariants C and A
only. Indeed, we notice that the fourth bang front F4 may intersect G4, as condition (41) is always

verified, and (42) holds for every po < 3E1 + =. In particular if 3E1 > 1, then every pg [-1,1]
3E1

satisfies the condition, whereas if 3 Ei < 1 then —1— < 1 and only some I'_ ¢ geodesics intersect
a I'_, geodesic before their fourth switching tlme Then the last invariant that determines the
shape of the cut locus is the ratio 3E1 . We now study all the cases in details.

6.1. Cy <O.
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A > 0. As usual, we first concentrate on the geodesics of the set I'y. As observed in Sec-
tion 3.3.1, for every pg € |- ,——) the geodesic with initial covector (1, py,l/po) intersects,

at the (reparametrised) time Jj,,; = 7 — §py + S’gll + O(po), the geodesic (of the set I'y) with

initial covector (1, —ggi — %pg, 1/po), where py = po + %A(py + E1D1)pg + O(pg). This inter-
section belongs to the cut locus, and is, up to higher order terms, a horizontal segment of length

~ (1= 577)¢
D)1
Fix some ¢ = po + O(p3). By comparing the expression of suspensions of the fronts (equa-
tions (18)-(19) and (49)), it is possible to verify that, at time
3(E1 + Dy /3)?
2D,

8
T =8+ (502—4A)C3— ¢+ 0(¢%)
the three fronts Fy, F5 and G4 meet; more precisely, the intersection involves the I’ ¢ geodesic with
initial covector (1,7,1/po), the I'y geodesic with initial covector (1,7,1/po) and the I'_, geodesic
with initial covector (u, —1,1/pp), with

3
v =—1+4Co(* + 4(E2 + D2/3)¢* + O(¢Y) po=C = (C2+ 54)C° +0(Ch)
1 3E; ~ 3
_ - — — —ZA 3 4
=3 2D1+O(C) po=¢C—(Co 5 n) ¢+ O(¢h)
3E? 3D N 3
p=—1+8A¢*+ (5E; + ﬁ + —1)4“3 +0(C")  po=C—(Ca—54)¢ +0(¢h.
Summing up these elements, we can describe the cut locus of the geodesics of the set I'y.
— the geodesics with pg -1, % — 3E1 ) lose global optimality due to the intersection of F,

with F3, as described in Section 3 3 1.
— the geodesics with py (l — ggl , 1] lose global optimality during their fifth bang arc, by
intersecting with the fourth bang of geodesics of the set I'_,. The suspension (and the

value of the intersection time) of this intersection are provided in Appendix A.2-6).

As anticipated before, the form of the cut locus of the geodesics of the set I'_; depends on
the value of %. If % > 1, then all v € [—1,1] satisfy equation (42); this means that every
geodesic in I'_y intersects the fourth front of the geodesics in I'_,4, and the suspension of the
intersection is, up to the third order in {, a horizontal segment of vertical coordinate equal to
—4AC+O(CY) (see equation (43)). For what concerns the geodesics of the sets I'y g, we can adapt
the reasonings done in Section 5.1: more precisely, the geodesics of the set I'; lose their global
optimality when intersecting the fourth front of geodesics of the sets I'_ or I'_;. The suspension
of such intersections are respectively provided in equations (27) and (44). The geodesic of the set
I'_, lose their global optimality when intersecting the geodesics of the sets I'y (equations (27) and
(47)), T'y and T'_# (equation (26).

By direct computation of the tangents to the curves, we see that junction between the inter-
sections F5 N G4 and G4 NGy is C'. The form of the cut locus is illustrated in Figure 10 (right).

3E1

< 1, which implies that equation (42) is satisﬁed only for yg >

+ = < 1. All geodesics Wlth initial covector (fl,pg, 1/Q), py < 2E1 + 5, intersect, at the

(reparametrlsed) time I = 7+ p) + O(¢?), the fourth bang arc of I'_; geodesics. On the other
hand, the geodesics with p) € [144C5¢?,1] lose their global optimality by intersecting the fourth
front of G4, as shown in Section 5.1.

To find the cut locus for the geodesics with initial covector pg [ ;’gl , 1+ 405¢?), we must
study the front F5. Indeed, the front F, cannot intersect F, or Fs, because A > 0, and we can
neglect eventual intersections with the fronts G5 and Gs, which are not optimal.

Equation (20) shows that the suspension of the front F5 is contained in a horizontal strip of
width O(¢*) centred around {y = —4A(3}. This suggests to study its intersection with the fourth
bang front of the trajectories I'y (see Appendix A.2-¢) for details). In particular, comparing the
expressions of the fronts Gy, ]—"5 and G4, we can show that the I’y geodesic with initial adjoint

Let us now assume that
3E1
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vector (,1,1/po), the I'_; geodesic with initial adjoint vector (—1,7,1/po) and the I'_, geodesic
with initial adjoint vector (v, —1,1/pp), with

B=1-8AC%+0O(¢?)

_ 3B 1
"=5p, T2
3(E, + D;)?
y=—14 SEED ey o
2 D,

and po, po, po = ¢ + O(¢?), meet at the time T = 8¢ + (—4A4 + 8/3C2)¢® + O(¢P).

By straightforward computation, we can see that the junction of this part of the cut locus with
the intersection G4 N Fy is C*, but this is not the case for the one with G4 N Ga.

Summing, up, differently from the case % > 1, the suspension of the cut locus is disconnected,
with one connected component made by only one branch, and the other one made by three
branches, one of which is not C!. Its shape is illustrated in Figure 10 (right). The formation of

the cut locus in this last case is shown in Figure 11.

k—
| |
E
(1-5r)¢ —_—

1 |

1

! (3 - 2p7)¢
1

FIGURE 10. Suspension of the cut locus for the case By with Cy < 0 and A > 0.
On the left, % > 1, on the right % < 1: pink: F4 N Gy. Pink: Fyu N Gy; red:
Fun 94; green: G4 N Fiand G4 N Fy; sugarpaper: G4 N Q4; dark green: F5 N G
and F5 N G4. The circle shows the point where the suspension is not C.

A < 0. We recall that, if A < 0, the intersection of the fronts F5 and G, is no more possible.
Our first concern is then to understand how the geodesics of the set I'y with pg > % — ggi lose
optimality. Studying the expression of the fronts, we can verify that the I'y geodesic with initial
covector (1, 3,1/pg), the I'y geodesic with initial covector (1,qo,1/po) and the I'_; geodesic with

initial covector (—1,—v,1/po), where
B=—1-(4Cs +8A)(* + (3/2E} /Dy + Ey — 4F> + 1/6Dy — 4/3D5)¢?
_1osm
©=57 9D,

v =—1-4Co(* — (3/2E} /Dy + Ey — 4E> +1/6Dy — 4/3D5) >

meet at time 8
T =8(+ (502 + 4A)C3 (+0¢*) + O(¢%)

It is easy to verify that the first and the third geodesics have not passed their fourth switching
time yet, while the second one has already. This suggests to investigate the intersections of the
front Fs corresponding to geodesics with pg >1- ;’gi with the front Fy (see Appendix A.2-¢)).

This intersection is indeed part of the cut locus.
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N

FI1GURE 11. The formation of the cut locus in the case By with Co < 0, A > 0
and % < 1. The arrows show how the fronts deplace as time increases.

Again, for other intersections involving the fronts of the geodesics of the set I'_;, we must
distinguish the two cases 3511 > 1 and % <1.
In the first case, the cut locus is connected and made of five C' branches. More precisely:

— the I'y geodesics with p(y] € [—1,—1—4(2A + C3)(?) lose their optimality before the fourth
switching time, by intersecting the fourth bang arc of some I'_y geodesics; those with
initial covector pg € (-1 — (4Cy +8A4)(%, 1 — ngﬂ) lose optimality by means of the self
intersection Fy N Fs; finally, those with p2 € (% — ggi , 1] lose optimality after the fourth
switching time, intersecting the fourth bang arc of the I'_; geodesics.

— the geodesics of the set I'_; with pg € [1 4+ 4C5¢?,1] lose optimality by intersecting Fs;
those with p)) € (1 —|—4(2A+C22C2, 144C5¢?), by intersecting Fy; for p)) € [-1,14+4(2A+
C5)(?], intersecting the front G,.

— the geodesics of the kind I'y, lose optimality during the fourth bang arc, by intersecting,

respectively, the fronts F, and Fj.

The cut locus is depicted in Figure 12 (left).

In the case 3[],51 L < 1, the suspension of the cut locus is disconnected and made by two connected
components. With respect to the preceding case, there is no difference in what concerns the
geodesics of the set I, those of the set I'y with pg > —1—4(2A+ C5)¢?, and those of the set I'_,,.

The geodesics of the set I'_; with initial adjoint covector pg < % + ggi lose optimality by
intersecting the fourth arc of geodesics I'_,; the suspension is given by (43) and constitutes one
connected component of the cut locus. The geodesics with pg € [% + Sgi , 1] lose optimality by
intersecting the geodesics with strategies I'y (whose second component of the initial covector lies
in the interval [—1—4C5¢? +4(E; + %)C?’, —1-4CC? +4(Ex + % —Ei+ %)C?’] ); in particular,
those with p2 € [1 +4(2A4 + C2)¢?, 1] lose optimality before their fourth switching time, the other
ones after the fourth switching time.

The suspension of the intersection 4N Fj is given in equation (45) . In particular, its tangent

3E;

for pg = % + 2D1) is —ﬁ, which shows that the junction with F4 N Fy is not C1.

6.2. Cy > 0. To describe the cut locus when C; = 0, D; > E; > 0 and C5 > 0, we can rely on the
analysis carried out up to now. Indeed, the main differences with the cases studied in Section 5.2
involve the cut locus of the geodesics of the sets I'y .

As could be easily guessed, the shape of the cut locus depends on the relative values of the
invariants A and C5 and on the value of %.

A > (. As already proved, the geodesics of the set I'y with initial covector (1,p),1/po) and

pe—-1,5—- %] lose their optimality because of the intersection of the fronts F,; and Fs.
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FIGURE 12. Suspension of the cut locus for the case B, with Cy < 0 and A < 0.
On the left, % > 0: pink: F4NFs; purple: FsNFy; red: F4NGy; green: GoNFy
and G, N Fy; orange: F4 N F4. On the right % < 0: : pink: F4 N F5; purple:
FsNFyand FsNFy; red: Fy4NGy; green: G4 N Fy and G4 N Fy; orange: FqNFy.
As usual, the circle indicates non-smooth junctions.

As A > 0, it is likely that the other geodesics of the set I'y lose optimality when they meet the
fifth front of the trajectories of the set I'_g; recall indeed that the three fronts Fy, F5 and G

meet at the point ( —4A¢% — 3(2E1 + d)¢*, 4A + (By + gg? - % + 2¢)¢*) (see page 27). In
order to analyse such intersection, we proceed as done before, by imposing the equality between
equations (19) and (50), obtaining the system
(35)
4A +490Cy + Ts — §C3 ) (® — (2D2g3 + 4E290 — 3D1(p9)® — 2B (p))? — 2B, — 2D, — T4) ¢'=0(")

Ty — 205 + 20595 +4A) 3 — (§D298 + 2E293 4 2D (p))? + 4E1(pY) 4+ 2E2 — 2D — T4)C4 = 0(¢®).

(we recall that go is the first component of the initial covector of the geodesics of the set I'y). As
already seen when studying the intersections G5 N F5 and F5 N G4, simply equating the jets of
order three and four, and neglecting higher order ones, we obtain that the system is satisfied for
go =1, Ts = —4A — 4C5, and the two pairs of solutions

0 1 3 E1 3 ( Dl

2 4

4
py=-1 Ti=4(E;— Er)+ (D1 + Do),

that is, it seems that the suspension of the intersection between the two fronts is composed by
two points. Differently from the preceding sections, here we are interested in finding a solution of
the system for values of pg greater than or equal to % — Sgi

We proceed as we did before: subtracting the two equations in the system (35) and setting

go =1+n(p%.¢) and T =8¢ — (44 + 3C2 + T(p, ¢))¢* + O(¢*), we obtain the equation
(36) n(py,¢)*(=3C2 + (3D2 + 3Ea + 2Dan(py, ¢))¢) + ¢ (1 + p3)*(3E1 + D1 (2py — 1)) + (*R =0,

where R is some continuous function of the variables pg, go,T and ¢ (in particular, uniformly

bounded for go,pg € [-1,1], T in some sufficiently small neighbourhood of f% (E1 + %)2 +4F, +
3D, and ¢ small enough).
The polynomial y%(—3C5 + (3D3 + 3FE> + 2D>y)() has a double root in y = 0 and a simple root

iny = 23D022§ -3- ggz Since the function ¢(1 + p))*(3E1 + D1(2p) — 1)) is increasing with p§
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2 7 2D,
1) + CZR > 0 for 0 < ¢ < ¢ and go,T belonging to a small open neighbourhood of the point

(1, —% (E1 + %)2 +4F, + %Dg). In particular, for every pg € E — ggl , 1] there exists ¢ > 0 such
that equation (36) has a solution n(pg,g) for every 0 < ¢ < (. It is easy to find an asymptotic

expansion for 7; this provides the following asymptotic expansion for gy and 7"

for p§ > — £+, for every pf) € € [§ — 2E1 1] there exists > 0 such that ¢(1 +pY)?(3E1 + Dy (2p) —

2@@ +ﬂ7+0 2

B 3Cy(Dy — Ey)? 3B, o 1 3B
ey e e ***ﬁi*o@r“* 25,

The suspension of the intersection can be recovered by substituting these values into equation (50):

3E; 1 3E1 ’ C)

q 3 CQ(Dl — E1)2 3E1
—4(A+ Co)(B 472y 222 U 0— 4
(A4 Ca)? 46712 [P 2 TE s o(¢t)
y =4A¢C +0(¢Y)
Summing up, we can conclude that the geodesics of the set I'; with pg € [— 1,5 — g’gl] lose
their optimality at the self-intersection between Fy and F5, and those with py (% — ggl , 1] lose

optimality after their fourth switching time, by intersecting with the (fifth front) of the geodesics
of the set I'_
For what concerns the cut locus of the geodesics of the set I'_¢, it depends on the value of

%; indeed, if 3E1 > 1, then all I'_; geodesics lose their optimality before the fourth switching

time; if instead 3E1 < 1, then only the geodesics with p € [— 1, é + 3E1
by intersecting Wlth (the fourth arc of) the geodesics of the set I'_g, Whereas those with pg €

] lose their optimality

( + ggl , 1] lose their optimality after the fourth switching time, by intersecting the geodesics of
the set I'g, as already seen in Section 6.1.
The remaining part of the cut locus is completely analogous of the one studied in Section 5.2,

therefore we do not repeat its description. We can conclude that, if % > 1, the cut locus is
connected and composed by a single branch, whereas if % < 1, the cut locus is composed by two
connected components. In both cases, it is piecewise C'. The cut locus is shown in Figure 13.
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FIGURE 13. Suspension of the cut locus for the case By with Co > 0 and A > Cs.
On the left, ‘3E1 > 1, on the right °% ‘3E1 < 1: pink: F4 N Fs; magenta: Fs N Gs;

red: F; N Ga; blue. GiNGs and G4 ﬂ Gs; sugarpaper: G4 N Gy; purple Gs N Fs.
The circles point out the non-smooth junctions.

0 < A < (. This case is very similar to the precedent one, with the sole exception that, as already
remarked in Section 5.2, the fronts G4 and G4 do not intersect, while G5 and G5 do.
Thus, if 3[])511 > 1, the cut locus is made by the concatenation of the following intersections

FiNFs FsnNGs GiNGs GsNGs GinGs FinGy

and it is piecewise C*.
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It % < 1, the suspension of the cut locus is disconnected; one connected component is made
by the concatenation of the intersections

FinFs FsnNGs GanGs GsNGs GanGs FrnGs

It is piecewise smooth; the other connected component is the intersection F4 N G4. The two cases
are illustrated in Figure 14.
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FI1GURE 14. Suspension of the cut locus for the case By with Cy > 0 and A > Cj.
On the left, % > 1, on the right % < 1: pink: F4 N Fs; magenta: Fs N Gs;
red: F; N Gy; blue: G4 N Gs and G4 N Gs; sugarpaper: G4 N Gy; purple Gs N Fs.
The circles point out the non-smooth junctions.

—Cy < A < 0. As usual, we first investigate the geodesics of the set I'y. As already studied in the
preceding sections, those with initial covector pg € [~1,—1—8A¢?] lose optimality by intersecting

the front Gy (see Appendix A.2-k)), and those with pg < % — g’gi lose optimality because of the

self intersection between F4 and F5. What about the I'y geodesics with pg > % - %? First of
all, we notice that the point

8 .4, 4 2
(44— Co)¢* = (4Bz + 2By + 5d = SD2)C" 4AG = (20163 + 4E1q0 — )¢

is the intersection of the geodesic with initial covector (1,,1/pp), the one with initial covector
(1,40,1/po) and the one with initial covector (y,1,1/pg), with

B = —1—8AC + O(CH) Fo=C—(Cot 34 +0(C)
1 3F 3
w=5- 55 po =+ (g5 AD = 3E1) = 8C2)¢" + O(CY)
3B + D)’
y=1- (13%43 +0(Y  Po=C—(Co— ZA)CQ’ +0(¢h).
1

The former two belong to the set I'y, the latter to the set I'y. The intersection time is T =
8¢+ (4A — %C’g)gg’. This suggest us to investigate the intersection between the fronts F5 and Gs.
To do so, as usual, we impose the equality between the jets of the front F5 (equation (19)) and
the jets of the front G5 (equation (50)), where in the latter we substitute go with the power series
> k>0 Yipk. We find that, for the equalities to hold true, it must be

4 . 2
Yo =1, Y1 =7v2=0, Y3 = —§D1q8 —2E1q{ +2D1qo — 2E7 — §D1-

In particular, if gy > % — 35 then y3 < 0andy < 1.

2D’
The suspension of the int(larsection is given by
(37) z=4(A—C)®+ (3(D2 — ¢) — 8B, — 4Ex) !
y =4A¢% — (2D1¢3 + 4E1q0 — 30)¢*

which is a vertical segment, up to fifth order terms in . The intersection time is T' = 8¢ + (4A —
3C2)(® — (2E1 + §D1q} + 2F1q3 + 4E> — §D2)¢* + O(¢P).
Concerning the geodesics of the set I'_;, we still must distinguish the two cases % > 1 and

% < 1. In the first one, all geodesics lose optimality before the fourth switching time: those
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with pg € [~1,1 4 84p?] by intersecting G4, the ones with pg € [1 + 84p3, 1] by intersecting G5
(see Appendix A.2-5) ). If % < 1, then the geodesics with pg < % + ;lb;i lose optimality before
the fourth switching time, intersecting G4; for pg € [% + Sgi 1+ 8Ap(2)], they lose optimality
after the fourth switching time, intersecting the fifth arc of some I'_, geodesic. The suspension of
this intersection can be recovered by applying a suitable transformation and permutation of the
invariants to (37), and gives

z=—4(A-C2)+ (3(D2 4 ¢) — $E, — 4F5) ¢
y = —4AC — (2D (p)? — 4E1pY) + 5¢)¢*
The rest of the cut locus is, as in the case Ay, —Cy < A < 0, given by the intersection of
GaNGy.
Summing up, if % > 1, the suspension of the cut locus is connected and given by three C!

branches; if % < 1, the cut locus is composed by two connected components. The two cases are
depicted in Figure 15.

- L

| |

FIGURE 15. Cut locus for the case By with —C7 < A < 0. On the left, % >1,
on the right % < 1: rose: FyN Fs; purple: F4 N Gs and Fy N Gs; lilac F5 N G5
and F5 N Gs; red: Fy N Ga; cyan: G5 N Gs.

A < —C5 < 0. This last case can be deduced by gathering the arguments used to study the
precedent ones. In particular, the only difference with the case just analysed (—Cy < A < 0)
involves the “central part” of the (suspension of the) cut locus, which is made by the concatenation
of the intersections F4 N G5, F4 N Fy and Fy N Gs. More precisely:

— the T'y geodesics with p) € [~1,—1 — 8(A + C5)¢?] lose optimality by intersection with
the fourth bang arc Fy; those with pg € [-1 —8(A + C3)¢?,—1 — 8A(?], by intersection
with the fifth bang arc Gs; for pg € [— 1—8AC?, % — g’gi ], because of the self intersection
between Fy and Fj; finally, those with pg € [% — ggi , 1] lose optimality after the fourth
switching time, by intersection with Gs, as described above.

— analogously, the I'_y geodesics with pg € [1+8(A+C5)(¢?, 1] lose optimality by intersection
with the fourth bang arc F,4, and those with pg € [1+8A¢%, 1+8(A+C3)¢?] by intersection
with the fifth bang arc Gs. For pg < 1+ 8A¢?, we must distinguish the cases: if % >1,
then all geodesics lose optimality by intersecting G4, whereas, if % < 1, only the geodesics
with pg < % + ;’gi lose optimality in this way; thoge with pg € [% + 351 1+ 8AC2] lose
optimality after the fifth bang arc, by intersecting G5 (see equation 6.2).

—

] |

FIGURE 16. Cut locus for the case By with —C7 < A < 0. On the left, % >1,
on the right % < 1: rose: F4N Fs; purple: Fy N Gs and Fu N Gs; lilac Fs N Gs
and F5 N Gs; red: Fy N Gy; orange: Fy N Fy.
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7. =Dy < E; <0 (CASE B_)

At last, we consider the case in which Dy > —F; > 0. As already remarked at the beginning
of Section 6, the cut time of the geodesics of the set I'y with pg < —% must be less than or equal
to the fourth switching time, which actually is the conjugate time. The same happens for the
geodesics of the set I'_y with pO > E1 .

A coarse analysis reveals that the major differences between the case B_ and the case By
involve the geodesics of the set I'y, as, if SE 221 < —1, then a part of the front F, intersects the front
G4. Assume indeed that 3E1 < —1,and con51der the self intersection of the front of the geodesics of
the set I'y (equation (21)) from the fact that Yo < 1Mo, we see that vy must be greater than or equal
to f% — 2 (which is strictly greater than —1): the geodesics with initial covector p < 351 L2
are not involved in the self intersection. On the other hand, (41) states that the intersection
between the fourth bang fronts of I'y and I'y trajectories may occur only if vy < 3‘[)@ — 2. From
equation (22), we see that the intersection JF, N Fj is, approximately, a horizontal segment joining
the points ((—i —1)¢,4A¢?) and ((3[])”11 +1)¢,4A¢?), while the intersection F4 NGy is a horizontal
segment joining the points ((%—l—l)@7 4A(3) and (_4(A+CQ)<3, 4AC3). This suggests to consider
only the fourth bang arc front of I'y trajectories when studying the cut locus close to the origin
of the plane {z = 4¢?}.

In instead ?’Dﬂ > —1, then the behaviour of I'y trajectories is not much different from the one
described in Section 6.

The other difference with the precedent cases is that 3E1 —|— s < 1, which implies that the

intersection between a I'_y geodesics (of initial covector (— 1, py, 1 / po)) with a I'_, one is possible

only if pg € [— 1, ggi + %], as already seen in Section 6, the suspension of this intersection is, up

to higher order terms in ¢, a segment of length %(1 + %)C and constitutes a connected component
of the cut locus. Then, in the case B_ the suspension of the cut locus is always disconnected.

A detailed analysis of the cut locus in the 12 different sub-cases of the case B_ is not necessary,
as it can easily be deduced from the preceding cases. For the sake of completeness, we just give,
here below, a brief description.

7.1. Cy <O.
A > 0. As already anticipated at the beginning of the section, if % > —1 the cut locus is very
similar to the one shown in Figure 10 (right). Indeed, all geodesics of the set I'y with initial

covector pg €[-1,-3E o %] lose optimality because of the self-intersection Fy N Fs, as already
[ 3E1

seen before; those with pg € + 2, 1] intersect the fourth bang arc of I'_, geodesics (see
A.2-0)). The suspension of the cut locus in this case is shown in Figure 17 (left).

The geodesics of the set I'_; whose second component of the initial covector belongs to the
interval [—1, % + 2] lose optimality when they intersect the fourth bang front G4 (equation (43));
the suspension of this intersection is, up to higher order terms in (, a segment of length %(1 + %)C

and constitute one connected component of the cut locus. On the other hand, the I'_; geodesics
3E1

with pg +5 1 Jose optimality after the fourth switching time, by intersecting the front G,.
Finally, the geodesms of the sets I'+, lose optimality during their fourth bang arc. The cut
locus is shown in Figure 17 (left).

As already remarked, when % < —1 only the I'y geodesics with initial covector pg [— 35311 —
2,1] are involved in the self-intersection Fy N Fs; those with pf) € [—1 + 8A4pg, —& — 2] lose

optimality when intersecting the front G4. The cut locus is depicted in Figure 17 (rlght).

A < 0. As when % > —1 the cut locus is almost identical to the one shown in Figure 12, we
describe in details only the case in which 3E1 < —1. Nevertheless, both cases are illustrated in
Figure 18. Consider a geodesic of the set Ff, we have that

— if py € [— ggi + 5, 1], then the geodesic loses optimality during its fifth bang arc, by
intersection with the front F, (see Appendix A.2-¢));
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FIGURE 17. Cut locus for the case B with C; < 0 and A > 0. On the left,
—% < 1, on the right, —% > 1: pink: Fy N Gy; red: F4 NGy and Fyu N Gy;
green: G4NFy and G4NFy; sugarpaper: G4NGy; dark green: F5NGy and F5NGy.
The circles denote the points where the junction between two intersections is not
Cl.

— if pg € ( -1, ggi + %], the geodesics loses optimality because of the self intersection of the

fronts F4 and Fs5.
For what concerns the geodesics of the set I'_ ¢, they lose optimality in the following way, according
to the value of the initial covector:

— if pg € [ -1, g’gi + %], during their fifth bang arc, by intersection with the front Gy;

— for pg € [ggi + %, 1+4(2A+ CQ)C2]7 during their fifth arc, by intersection with the front
Fu;

— for p) > 14 4(2A+ C3)¢?, again by intersection with the front 7, but before their fourth

switching time.

The geodesics belonging to the sets 'y, lose optimality during their fourth bang arc, as shown in
Figure 18 (right).

7.2. Cy > 0.
A>Cy If % > —1 the cut locus is very similar to the one shown in Figure 13 (right), and is
given by the concatenation of the following intersections

FinFs, FsnGs, GiNGs, GanNGs, GiNGs, FsNGs

plus the connected component Fy N Gy.
On the other hand, if % < —1, then the geodesics of the set I'y may eventually intersect
those of the set I'_; only after their conjugate time; in particular, those with initial covector

pg € [f% — 2,1] lose their optimality at the self intersection F4 N F5, while those with pg €
-1, —% — 2] lose optimality when intersecting the front G4. The cut locus is thus given by the
concatenation

FinNFs, FainGs, GiNGs, GiNGs, GiNGs, FsNGs,

plus the connected component Fy N Ga.

The cut locus (for % < —1) is shown in Figure 19 (left).
0 < A < Cs. The only difference between this case and the precedent one is that the intersection
G4 N Gy does not participate to the cut locus, and that the intersection of the fronts G4 and Gs
is optimal only if the initial momentum of the I'; geodesic involved satisfies p? < % — 1 (see for
instance page 31).
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!

F1GUurE 18. Cut locus for the case B_ with Co < 0 and A < 0. On the left,
—% < 1, on the right, —% > 1; red: F4N Gy and Fu N Gy; pink: Fu N Fs;
green: G,NFy and G, N Fy; orange: FyNFy; yellow: F4N Fs. The circles denote
the points where the junction between two intersections is not C*.

Then, if % > —1, the suspension of the cut locus is analogous to the one shown in Figure 15
(right), and given by the concatenation of the intersections

FinFs, FsnGs, GinGs, GsnNGs, GiNGs, Gs N Fs

plus the connected component Fy N Gy.
If % < —1, the geodesics of the set I'y with initial momentum pg € [—% — 2,1] lose their
optimality at the self intersection F4 N F5, while those with pg €[- ,f% — 2] lose optimality

when intersecting the front G4. The cut locus is thus given by the concatenation
FanFs, FaNGs, GiNGs, GsNGs, GanGs, F5NGs,

and the connected component F4 N G4. This last case is shown in Figure 19 (right).
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FiGURE 19. Cut locus for the case B_ with C5 > 0, A > 0 and % < —1. On
the left, A > Cj, on the right A < Cy: pink: F4 N Fs; purple: F5 N Gs; red:
FiN Gy and Fy N Gy; blue: Gy N Gs and G4 N Gs; sugarpaper: G4 N Gy; cyan:
G5 N Gs. The circles show the points where the junction is not C*.

—Cy < A <O If % > —1 the suspension of the cut locus is disconnected and completely
analogous to the one depicted in Figure 15 (right): one connected component is made by the
intersection of the geodesics of the set I'_y with initial momentum p$ € [—1,-% — ggi] with

the front G4; the other connected component is made by 3 branches, meeting at the point (4(A —
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C5)(3,4A¢3): the self intersection JF; N Fs, the intersection F5 N G5 and the concatenation of the
intersections

FinGs, GsNGs, FsNGs.

If % < —1, as seen above, then the self intersection F4 N F5 involves only the geodesics with

initial momentum pg € [— % -2, 1]; moreover, the intersection between the fifth front of the

geodesics of the sets I'y and I'y does not occur. The cut locus is thus made by two connected
components: one is the intersection F4 N Gy; the other one, the concatenation of the intersections

FiNFs, FinGs, FanGs, GsNGs, FanGs FsNGs.

This last case is shown in Figure 20 (left).
—A<—-Cy<0.If % > —1 the cut locus is completely analogous to the one depicted in Figure 16
(right).

If instead % < —1, then the cut locus is thus made by two connected components: the
intersection F4 N G4 and the concatenation of the intersections

FsnFs, FaNGs, FanGs, FinFs, FanNGs F5NGs.
This last case is illustrated in Figure 20 (right).

- . g

F1GURE 20. Cut locus for the case B_ with Cy > 0, A < 0 and % < —1. On
the left, —Cy < A, on the right A < —Cy; rose: FyNF5; red: Fy NGy and F4NGy
purple: F4 NG5 and F4 N Gs; lilac F5 N Gs; orange: Fyu N Fy.

8. OPEN PROBLEMS AND FINAL REMARKS

In this paper, all results hold true for the jets of the geodesics with respect to the small
parameter pg, up to the fourth order for the coordinates x,y and the fifth order for the coordinate
z. Once the cut locus for the jets of the dynamics has been described, the natural question to be
answered concerns the shape of the cut locus for the original system. As already observed in [7]
for the generic case (in which Cy # 0), all cut points of geodesics with initial covector (p?, pg, p?)
with [p] # |p9| correspond to transversal self-intersections of the wavefront (in the case of the
cut locus) or to switching locus that are transversal to the wavefronts (for the conjugate locus),
and are therefore stable. In the case considered in the present paper, this fact is still true for
all geodesics with [pd| # |py| and for those with [p)| = 1 and p) # —%: for these values of the
adjoint vector, indeed, the front of the jet of the dynamics has a cusp.

Therefore, the cut loci computed above represent a good approximation for the cut loci of
the true dynamics, except for the extremals with those particular value of the initial covector.
To understand what happens in these cases, a stability analysis is in order. The question is
particularly tricky, as the class in which study the stability of these singularities is not completely
clear, as it is, for instance, for the caustics in sub-Riemannian geometry, which are stable in the
class of Lagrangian maps (see [2, 12, 22]).

Another open problem concerns the study of the cut points of geodesics with final point
(1,91, 21) satisfying |z;| < =, We recall that, for the Heisenberg system, such points are
reached in optimal time |z1| + |y1| by means of a trajectory with at most two bang arc and/or by
a singular trajectory; the “lower part” of the unit sphere is thus made by the surface {(x,y, z) :
2| + |yl =1 and z < [2y|/2}.

To study the “lower part” of the sphere in the generic case, some remarks are in order. First of
all, we notice that, under some generic assumptions, there is no singular extremal; indeed, singular
extremals are characterised by the constraint |F'(A(t))] = |G(A(t))| = 0 along the whole singular
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interval. In particular, this implies that ©(A(¢)) = 0 and that all time derivatives of © along the
extremal are null on the interval, i.e.

(38) (A(®),adt, 1 F, 9 (€(8) = 0V € 1, Yk > 0.

In particular, (38) gives a list of orthogonality constraints that the singular extremal and its
associated control must satisfy; for a generic pair of vectors f, g, these constraints have maximal
rank and thus impose that the covector is null, which is prohibited by PMP.

On the other hand, differently from the nilpotent case, the sign of © is allowed to change along
an extremal, which could lead to controls switching several times between two particular controls
sharing the same side of @ (see [7]). In order to have such a behaviour in short times, we must
have ©(X(0)) < 1. Indeed, if ©(A(0)) ~ 1, then © cannot change sign in small time, because © is
bounded (and close to 0 at the initial time). This in particular shows that bang-bang extremals
with several switches in small times may have only two behaviours: either the control switch from
vertex to vertex of () always in the same sense (that corresponds to © of constant sign along the
extremal, and to the situation we analysed throughout the paper), or it switches several times
between two vertices of @ sharing the same side (which correspond to the fact that both |F| and
|G| stay close to 1).

A preliminary analysis (carried on for geodesics with three bang arcs) shows that the behaviour
of such geodesics is dominated by the value of the invariants ax;;, ay;; with 4,7 = 1,2, and their
combinations, and that the invariants A, C7,Cy, D1 and E; are not involved. It thus seems that
the behaviour of the upper part and the lower one of the cut locus are not related (that is, we
could have almost every possible combination). The question is surely interesting and will be the
subject of future analyses of the authors’.

APPENDIX A. SOME USEFUL COMPUTATIONS

A.1. General scheme of computation of the suspensions. In this section we give some more
details on the method used to compute the suspensions of the fronts, that is, the analytic expression
of sets of the form Exp(p, T) N {z = 4¢?}, for some fixed parameters T, ¢ and p belonging to some
suitable domain in R3. In particular, we are detailing the computation of the fifth bang front of
trajectories of the set I'y (that is, we fix p = (1, p, p?) with p) € [~1,1) such that Ty(p),p?) < T,
T, denoting the fourth switching time of the geodesic with initial momentum (1, pJ, p?)).

Fix a small positive parameter ¢ and some time T'= )", ., Ti( k. Thanks to equation (14), the
reparametrised time 7(T') along the geodesic with initial momentum (1,pY,p?) satisfies

(39) T = por+ | pu(r)of+ ps(r)ef dr + O,
0

where py = 1/p2. We develop 7 as 7 = T4+ Y5 Okph, T4 denoting the (reparametrised) fourth
switching time of the considered geodesic, and the coefficient d; being smooth functions of pg and
po; to find them, we develop pg is powers of ( as follows

(40) po=C+ral®+r3¢3+ -,

then we solve equation (39) at every order in ¢. This provides the expressions for dj as functions
of the switching times 7 (that is, of pg) and the coefficients 15,13, 79,73, . . ..
Afterwards, we compute z(7), where we substitute pg with its development (40), and we set
2(7) = 4¢?+O((7). Solving this equation at every order in ¢, we obtain the expression of r, k > 2.
The suspension of the front is thus obtained by computing z(7) and y(7), where pg is written
as a polynomial in {, with the coefficients ry just computed.

A.2. Intersections between regular bang-bang geodesics with different initial control.
In this Section, we just provide the existence conditions, the intersection times and the expression
of the suspensions on the plane {z = 4¢?} of the intersections between bang-bang geodesics.

These results are obtained following the same procedure described for the intersection between
a fourth bang arc of a I'y geodesics with the fourth bang arc of a I'y geodesic (page 20).
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F4NG, may be easily recovered from the computation at page 20, by applying suitably Lemmas 1-
2. In particular, we deduce that such intersections may occur only if C; < 0 and, if C; = 0, if

92— 0

(41) Eq + Py Dy >0
1—2p°

(42) B+ Py D, >0,

where pg is the second component of the initial momentum of the trajectory with initial velocity
equal to —f. The intersection occurs at (reparametrised) time I such that

1—2p)

Ti—F = =201+ pY)Cipf — 201+ p) (Er + D1) 5 O(oi),

and the suspension of the intersection at z = 4¢? is given by

{x — (1= p)¢ — (1= 12p° — 5(p%)2) A — (p? + 3)C5)C® + O(CY)

(43) y = —4AC + (2D1(p9)? — 2(B1 + B1)ph + ¢) ¢t + O(¢5).

G4 N F, This case can be obtained from the precedent one, by a rotation of 7/2 around the z—axis
and a suitable permutation of the invariants. We consider a I'y geodesic with initial covector
(p2,1,1/po), and a I'_; geodesic with initial covector (—1,3,1/py), where B and py are power
series in pg. Fix T = (7+ p2)po + O(p?) and look at the intersection of the two geodesics at time
T. As we find

B =1+2(p; +1)C2p5 + O(p}),

this intersection occurs only if Co < 0. The intersection occurs at (reparametrised) time I =
Ty +2(1 = p)Capf + O(p})-

FiNFy In general, the intersection among geodesics with opposite initial velocity occur only close
to the the vertical axis, that is, at a time T ~ 8/p,(0); since we are considering fourth arcs, this
means that the second component of the initial momentum must be close to +1. We then set
pg =-1+4 Zk21 wpph for the trajectory of the set Iy, pg =1+ Zk21 Brok for the trajectory of
the set I'_;. Equating the jets as usual, we find that the intersection occurs if 5, = p; = 0 and
o — By = —8(A + Cs), which is admissible only if A4+ Cs < 0.

The intersection occurs at (reparametrised) time

T = Ty + (40 + 8A + p2) pj

where 9 is the (reparametrised) fourth switching time of the first trajectory. As this makes sense
only if § < 7, this imposes o < 4(Cy + 2A). The suspension of the intersection is given by

x=—(4A+4Cs + 1p)¢% + O(¢Y)
y=—(4A+4Cy + ) + O(¢H).

G4 N G4 Repeating the same procedure as above, this intersection occurs only if A > 0, and the
suspension of the intersection is given by

z=—(44 - 2)* + O((Y)
y=(4A —2)® + O(¢Y),

where the initial momentum of the I'_ trajectory is (p2, —1, po), with p = —1 + y2p2 + O(p3).
The intersection occurs at (reparametrised) time

T =9+ (4C’2 78A772)pg.

(44)

Fs N Fy For po and T fixed, we consider a trajectory of the set I'_; with initial covector
(fl,pg, 1/po) and a trajectory of the set I'y with initial covector (1, 3,1/p), with p = Zkzo Brpk
and po = po + Y o @kph. We assume that T is greater than the fourth switching time of the
first geodesics, but smaller than the fourth switching time of the second one.



40 FAZIA HARRACHE, FRANCESCA C. CHITTARO, AND MOHAMED AIDENE

Imposing the equality of the jets at each order, we find that

Bo=-1, B1=0, Ba=—4Cs+ (p)+1)2Cy,
Ty — T = —8(A+ C1)pi + O(pd),

where T4 denotes the fourth switching time of the trajectory belonging to the set I'y. This implies
that, if C; = 0, the intersection occurs only if Co < 0 and A < 0.
If C; = 0, the suspension of the intersections to the plane {z = 4¢?} is given by
(45)
x = —4AC + (= 5D1(p))* + (Ex — D1)(p))* + 2E1p) + 5(D1 — 5E1 — 4d))¢* + O(¢°)
y=—4A¢ — (2D1(p2)2 — 4E1p2 — %0)44 +O(CP).

Applying a rotation of m around the axis z (and p, in the adjoint space) and the suitable
permutation of the invariant, we obtain the expression of the suspension of the intersection F5NFy:

x =4AC + (3D1(p))? + (Er — D1)(p9)? — 2E1p) + (D1 — 5E1 — 4d))¢* + O(¢P)
y =4A¢ — (2D1(p))? + 4E1p) — 2¢)¢t 4+ O(¢P),

where pg denotes the second component of the initial momentum of the geodesic belonging to the
set I's. The existence conditions for such intersection are the same.
G4NGs For py and T fixed, we consider a trajectory of the set I'_, with initial covector (p2, —1,1/po)
and a trajectory of the set I'y, with initial covector (B,1,1/p0), with B = >, <, Brpk. We assume
that T is greater than the fourth switching time of the first geodesics, but smaller than the fourth
switching time of the second one (denoted with Ty in the following).

Imposing the equality of the jets at each order, we find the constraints

[?)0 = 17 (31 = 07 [32 = _(1 _pg)2027

so that this intersection occurs only if Cy > 0. On the other hand, since Ty, — T = 4A4p% + O(p}),
then this intersections occurs only if A > 0.
The suspension of the intersections to the plane {z = 4¢?} is given by

(46) 477 —4(A+ plC)C3 + (2D(pY)? + 4E2p) + 3¢)¢* + O(C°)
y= (44— (1 —=p0)2Ca)¢® + (3D2(p2)? + (B2 — D2)(p2)* — 2E5p) + ¢/)¢* + O(¢P),

The leading term (O(¢?)) is an arc of parabola with vertex for pd = 1.

The intersection G4 N G5 can be easily recovered from this one, by changing all signs in the
suspension and applying a suitable permutation of the invariants. As, under such permutations,
A and Cy are unchanged, at the leading term the suspension is the symmetric of (46) with respect
to the origin.

GsNGs For py and T fixed, we consider a trajectory of the set 'y with initial covector (p2,1,1/p)
and a trajectory of the set I'_, with initial covector (B, —1,1/py), with B = >, <, Brpf-

These two trajectories intersects only if p) — By = %; in particular, this imposes |A| < Cs.
The intersection occurs at time T = 8pgy + C% (C’%(p?c)2 — 2AC,pY — A% + %C%)pg + O(p3). The

suspension of the intersections to the plane {z = 4¢?} is given by

z = 4(A - Cop)¢* + O(¢Y)
y = —4& (A= Capl)® + O(¢H).

The leading term is a segment of slope —A/Cs.

F5NGy For pg and T fixed, we consider a trajectory of the set I'y with initial covector (1,p),1/po)
and a trajectory of the set I'_y with initial covector (B,—1,1/po), with B = Y., Brpf and
Do = po + Dpsg akpl. We assume that T is greater than the fourth switching time of the first
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geodesics, but smaller than the fourth switching time of the second one. Equating as usual the
jets of the two geodesics, we find

602_17 Bl :05 [32:814_4(1"‘]?2)017
Ty —T = (2A(1+p)) + (L +p))C1 + ((p9)? + 2p) — 3)C2) pj + O(pj),

where T4 denotes the fourth switching time of the I'_, trajectory. We can verify that, for C; =0,
A > 0 and Cy < 0, this expression is always negative. Indeed, it is a concave parabola in pg,
which is positive for pg =1 and pg = —1, so positive on the whole interval. This implies that, for
C7 = 0, the intersection occurs only if Co < 0 and A > 0.

For Cy = 0, the suspension of the intersections to the plane {z = 4¢?} is

(n) 7= —4AC + (3D1(p))? + (B + D1) (1) + 2E1p) — 5(D1 + 5E1 +4d))¢* + O(¢P)
y =4AC — (2D1(p9)* + 4E1p) — 2¢)¢* + O(CP).

]:'5 N G4 The existence conditions, the intersection times and the suspension of the intersection at
z = 4¢? can be obtained exactly as the precedent one. If C; = 0, it is given by

x=4AC + (= 2D1(p))*® + (B1 + D1)(15)? — 2E1p) — £(D1 + 5E1 +4d))¢* + O(¢P)
y = —4AC* — (2D1(p))? — 4E1pY) — 3¢)¢* + O(CP)

(here pg denotes the second component of the initial covector of the I'_; geodesics). It is a small
curve of length O(¢*).
F1N G5 We consider a trajectory of the set I'; with initial covector (p2,1,1/po) and we intersect
it with a geodesic of the set I'y with initial covector (1,B,1/pg), where B = Y, o, Brph and
ﬁO =po+ Zk22 O‘kpg

The existence conditions, the intersection times and suspension of the intersection at z = 4¢2
can be obtained by applying to the result of #) a rotation of 77/2 around the z and the p, axes and
the suitable permutation of the invariants. In particular, we obtain that such intersections occur
only for p > 1+ %.

If C; = 0, the suspension on the plane {z = 4¢?} reads
(48)

{37 = 4(A—pSC2)* + (2D2(p))? — 4E2p) — 24d2)¢* + O((P)

y=(4A+ (1 —p2)2C)¢% + (= 2D2(p%)? + (B2 — D2)(p)? — 2Eop) + £(Ds + 5B, + 4d2)¢* + O(¢P)

A.3. Analytical expression of the fronts of the geodesics of the sets I';,. For the sake
of clarity, we write here the expression of the suspensions of the part of the wavefront of the
geodesics of the sets I'1.;. They can be easily recovered from the corresponding expressions for
the geodesics in the sets I'; (equations (18)-(19)) , by means of the usual rotation around the z
axis and permutation of the invariants.

We fix a small ( >0, T =8C+ >+, T3C* and pg =+14+> 4 ukplg. For such parameters,
the intersection of the fronts G4 and G4 with the plane z = 4¢? are respectively given by

(49) o(T) = £(To F w1)¢? £ (Ts + £(8C1 — 16Cy + 3(FTom + ui F 212))) ¢ + O(¢H)
y(T) = wi¢? £ (4A £ up — 401 + O(¢Y)).

On the other hand, if T' is greater than the fourth switching time and less than the fifth one,
we have
(50)

x = 4(£A — goC2)(® + (2D2g8 F 4E290 — 302)¢* 4+ O(CP)

y = +(Ty = 8)C + T(? & (T — 3C3 + 2Cag8 +2(T1 — 8)(AF Cago) — §C1)C* + (£ Ty

F2Dogd + 2F293 + 2T (A F Cogo) — 2(T1 — 8) (£6E290 — 3D2g3 + 02) — 2(Es + 242))44,

where gy denotes the first component of the initial covector (i.e, go = p?).



42 FAZIA HARRACHE, FRANCESCA C. CHITTARO, AND MOHAMED AIDENE

APPENDIX B. USEFUL FORMULAS

B.1. Permutations of the invariants. Thanks to Lemma 1, we see that I'_; and I'y, tra-
jectories may be recovered from the I'y ones, by applying a rotation around the z axis and a
suitable permutation of the invariants. For the sake of clarity, in this section we provide these
permutations, for the main invariants.

I'; to obtain a I'y geodesic from a I'y one, we must perform a rotation of 7/2 around the
vertical axis, and apply the following transformations:
A —A
01 — CQ CQ — 01
D1 — D2 D2 — —D1 E1 — E2 E2 — —E1
I'_; to obtain a I'_; geodesic from a I'; one, we must perform a rotation of 7w around the
vertical axis, and apply the following transformations:
Dy +— —D; Dy +— — Do FEi— —F; Ey+— —Fo
c— —C d— —d
I'_, to obtain a I'_; geodesic from a I'y one, we must perform a rotation of 37/2 around the
vertical axis, and apply the following transformations:
A —A
01 — OQ CQ — 01
D1 — _D2 D2 — D1 E1 — —E2 EQ — E1

B.2. Jets of the geodesics. Consider a geodesics of the set I'y, with initial adjoint covector
(1, pg, 1/po). Let 7 and 3 denote, respectively, the reparametrised time and the reparametrised

third switching time, and set 7 = 7 — Z3. Then the jets of the geodesics are given by the following
expressions:

(51) o(#) = —(1+p9)po + (Apg - %01(1 +p9)? — 402)p3 + i ( — 17(py)*axz1 — 36(py)>axa:
— 12ax12 ((pY)*(F — 2)% +2(p0) (7% — 47 — 8) + (7 — 2)?) — 6(p)axa1 + 144(pY)axaz
— 8ax11 ((py)* (37 — 2) + 3(pY)? (37 + 4) + (p)) (97 — 6) + 37 + 4) + 28(p))axa1 + 15ax2;
— 80axzz — 12(py)*#%ay 1y + 48(py) Fay1; — 48(py)%ay1y + 144(p)) ayar — 8(pj) 7 ay s
— 24(py) 2 ay 1y + 48(p)) P2 ay 1o + 96(p))Fay1y — 96(py)Fay 1o + 192(py)ay 1y + 64(py)ay 12
— 288(py )ayqn — 87%ay s — 127%ay,; + 487%ay |, + 487ay,; — 967ay,, — 48ay,;
— 256ay 5 — 80ayq; + 15(p))  waast + 60(p)) warst + 90(p))  wazs1 — 240(pY)  waas2
— 240(p0)2ways1 — 240(p))2wyas1 + 60(p))wazs1 + 480(pY))ways2 + 480(p))wyz32

+ 480(p) )wyys1 + 15wrz31 — 80wrrs2 — 80way31 — 80wye31 — 960wyy32>p3 + O(pd)

62 ¥ ==+ (O~ 0?2465 = 1)+ 502+ ¢ (-5 = DAEF(Y + Daxan
+ (P + Dayy, — dayss) + 6(2(2ay20 — (p) + 1)(axaz + ays;)) + (p) + 1)%axa1) + 27%ays,)
— 18(py — 1)%axo1 + 18(p) — 1)%ax11 + 48pj (p) — 1)%axa1 — 24(pY) — 1)%axa;
+ 18(p2 — 1)2aXQ2 - S(pg — 1)axi2 — 48(p2 — 1)axa1 — 48p2(p2 — 1)axa2
+ 48(p2 — 1)axoo — 32ax21 + 48ax22 + 18(p2 - 1)23y21 - S(pg — 1ayq,
— 48py (py — D)aya; +48(p)) — Dayy,
- 24(?2 —1ayag + 641)2&)’22 + day o + 48ayy — 96ayqy — 30(172 —1)3wags1
+30(p) — 1)%waas2 + 30(p) — 1)ways1 — 40(p) — Dwaysz + 30(p) — 1)%wyas1

4002 — Dwyesr — 40(0 — Dwyyst + 60wyy32)p3 L0
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(53)
2(7) = %(6 +py(F —2) +7)pg + % ( — 3axs2 ((p)? (72 — 47 — 4)
+2(p)) (72 + 47 +20) + 72 — 47 — 20)
— 2ax31 ((p))* (7 4 10) + 3(p)>(+ — 22) 4 3(p)) (F + 26) + 7 — 38) — 3(p))*#ay,,
+ 12(1030,)2%3)’31 + 12(192)233’31 - 2(192)%333’32 - 6(1’2)?2%’31 + 12(102)‘?26\)’32

— 24(pY)Fays; — 24(p)Faysy — 120(p))ays, — 16(p)))aysy — 273ayg, — 372ays,

+ 1272ay4, + 127ays; + 727ay5s + 60ays; + 176ay32) o

+ g (17+a><21<p2)4 — 106ax21 (p)* + 9waa31(p))* + 102waas1 (p)? + 367axa1 (p))*

+ 552ax21 (p))® + T2ax22(p))* + 72ay51 (09)% + 367waa31(p))® — T92waas1 (09)* + 1272wees2 (p))*

— 48T wz232 (p2)3 — T2wee32 (p8)312'?2wzy31(p2)3 — 487 wqey31 (pg)3 — T2wzy31 (p2)3 + 1272wy 231 (p2)3

— 48’Fwy131(p2)3 — 72wy131(p2)3 + 67ax21 (pg)2 — 300ax21 (pg)2 — 1447axa2 (pg)2 — 552ax22 (p2)2

+ 4723&3’11(?2)2 - 24‘7'233’11(1’2)2 + 4872&3’11(?2)2 - 144723}’21(172)2 - 5523}/21(?2)2 - 963}’22(?2)2

+ 547 waa31 (p))? + 1332we231(p))° + 3672 wees2(p))? + 967warsa(p))? + T44waas2 (p))? + 367 ways1 (py)°
+ 967 wey31 (102)2 + 744w;cy31(p2)2 + 8723"-’901132(172)2 — 48‘7'2wxy32(p2)2 + 96‘7'wxy32(p2)2 + 96wzy32 (p2)2

+ 367 %wya31 (pg)2 + 96’?wyz31(p8)2 + 744wy131(p2)2 + 873wyms2 (p2)2 — 48%2wyz32(p8)2 + 967wy 32 (pg)2

+ 96"%/232(172)2 + 8+3wyy31(p2)2 - 48%2"-’141431(192)2 + 96’}Wyy31(p2)2 + 96wyy31(l’2)2 - 287:3)(21(172)

- 4403X21(P2) + 120ax22(1’2) + 87:33}’11(?2) - 48722&)’11(?2) —1927ay,, (Pg) + 128&}’11(1’2)

+ 27%ay 5 (p)) — 167%ay 1,5 (p))) + 4872ay 1, (p))) — 647ay 5 (p)) + 16ay,,(p) + 120ay,; (py)

+ 2887ayqyy (pg) + 832ayq, (pg) + 36‘?‘wx$31(p2) — 1272wx$31(p2) + 3672wae32 (pg) — 1447 we 232 (pg)

— 696wa232(pY) + 367 ways1 (p)) — 1447way31 (Py) — 696way31 (PY) + 167°waya2(py) — 967 ways2(py)

— 288Fway32(py) — 1088ways2(p)) + 367°wyas1 (py) — 1447wyw31(py) — 696wya31(p)) + 1672 wyas2(py)

— 9672 wye32(py) — 288Fwyes2(py) — 1088wyas2(pY) + 1673wyys1(pY) — 9672wyy31 ()

— 2887wyy31(py) — 1088wyy31 (py) + 67 wyysa(p)) — 4872wyys2(p}) + 1447%wyy32(py) — 1927wyys2 (pY)

— 144wyy32(py) + 4((3%2 — 47 —22)(p))? + 3(372 + 87 + 26)(py)” + 3(37° — 47 — 46)(p)) + 37> + 87 + 50) axi1
+4 (7% =672 4+ (py)? (72 — 67 + 12) 7 + 127 4+ 2(p}) (7° — 672 — 247 + 16) + 16) ax12 — 157axa;

+ 262ax21 + 80Faxag + 360axgg + 47%ay,; — 247%ay ; + 48Fay,; + 6day,; + 27 ay,, — 167%ay,, + 4877y,
+ 2567ay 5 — 368ay9 + 807Tayy; + 360ayy; — 32ay9y + ITwaz31 + 342wsz31 + 12?20.11132

+ 32Fweea2 + 408wag32 + 127%weya1 + 32Fwey31 + 408weya1 + 873wyy32 — 487 weyas + 96Fway32

+ 416way32 + 127%wy231 + 327Wyas1 + 408wy31 + 873 wyrs2 — 4872wy 232 + 967wy3e + 416wyrs2 + 873wWyy31

— 4872wyy31 + 967 wyya1 4 416wyy31 4+ 67 wyyse — 4873wy a0 4 1447%wy 30 + T68Fwyy32 + 1776wyy32> oo
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Consider a geodesics of the set I'¢, with initial adjoint covector (1,p2, 1/po). Set now 7 = 7— ;.
Then

a(7) = 2(J4) + 7po + O(pg)
y(7) = y(Ta) + O(p3)
2(7) = 2(J4) + 27(Cupy — A)py + 7((py))* D1 + 2Eapy) — %c)pg +O(p))
B.3. Switching times.
T =(P) —py) + gwm(pg NG
+ ipo (15ax21 (ph — p9)* + 32pQaxi1(pd — pJ)® + 32p)axa1 (P2 — py)° + 15waas1 (P2 — py)*)

24

To =T +2p) + = (12 p))%axza(p) — pY) + 12pQaxs1 (p) — py)? + 16(p))%ayss + 12(p9)%ays: (09 — pY)) £5

+ 5 (32(:01) ax12(p) — py) + 72(p3) ax11 () — py)® + 120(p)ax22(pg — py)°
+192(p)*paxaz (p) — py) + 120p)axar (p) — py)* + 192pxpyaxz1(pz py)” + 16(p2) ay ;o
+32(p2)3ay,, (P) — Pg) +160(p2)3ay 4 (ph — py) +256(p2)* py%’m +120(p2) ay; (P9 — p2)2

+ 192(p))*pYaya1 (09 — pY) + 240(p2) *wyyaz + 160(p)) way32 (P) — py)

+160(p2)Pwyasa (09 — 1) + 160(p2)>wyys1 () — pY) + 120(9)*waas2 (09 — p9)? +120(p2) *weys1 (P9 — pY)?

+120(p3)2wyaar (0 — PY)? + 120p0wrasr (02 — p)* ) i

8
Tz =T +2p0 + (g(pg)SaXM — 16(p9)*pYaxss + 8py () axa1 + 32(p)) ayzy — 16(p2)2p2ay31> I

1
+ 508 (= 200 axa1 +10(p9) axaz +12(60)* () axiz — TpY) P — 6(62)° (b)) ax11
)% (p))%axaz + 9(p2) (p))2axa1 — 24(p)) ay 15 + 10(p)) ayay + 12(p3)° (P))ay 11 + 36(p3)° (p))ayas
)2(p2)QaYQ1 + 10(1795)4“&132 + 10(p2)4wzy31 + 10(p2)4wyz31 + 120(p905)4wyy32 - 15(p905)3p2wzz31
)’ Pywayaz — 60(1%) PYwyasz — 60(p0)>pwyys1 + 30(p2)2 (P)) *wawsz + 30(p2)? (p))2waya1
)

M
—~

Th = T3 +2p0 + (8(p2)3a)<31 — 8(p2)axaz + 16(py)*phaxa1 — 8(p))*phaxaz + 8p) (p)) *axa — 8(p%) ays,

32
+ E(Pg)ga}’m - 8(1’2)2?8&}’31)&2)
1
+t3 (9(172)480(11 — 4(p)*axi2 — 15(pQ) axa1 + 15(p7) *axaz + 18(p3)* (p))ax11 — 4(pg) *plaxiz

— 21(p) pyaxa1 + 6(p3)°pyaxaz + 9(p9) (p)) *ax11 + 3(p))* (py)*axa1 — 9(p2)*(py) axaz
+9p2 (py)®axa1 — 4(p9) ay 1 + 2(p9) ay o + 15(p0)  aya; — 20(p)) *ayan — 4(p9)°PYay 1
+6(p2)%(p9)ayar + 12(p2)*pYayas — 9(p2)%(0))*aya; — 15(p2)  wawsr + 15(p2) waas2 + 15(p)) ways1
—20(p))*ways2 + 15(p2) *wyas1 — 20(p7) wyesz — 20(pY) wyya1
(P2) *wyyz2 — 45(pQ)> (py)wzziil +30(p2)* (PY)waas2 + 30(p)*Pywaysr — 20(p))*pYwayaz
+30(p2)3pywyast — 20(p2) 3 pYwyasz — 20(p9)°pYwyyst — 45(p2)? (p))2waas1 + 15(p2)% (PY)*waas2
()

+ 15(p2) (py) *wayar + 15(p)% (py) *wyas1 — 15p (pg)swmm)pg
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