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QUANTUM AND SEMIQUANTUM PSEUDOMETRICS AND

APPLICATIONS

FRANCOIS GOLSE AND THIERRY PAUL

ABSTRACT. We establish a Kantorovich duality for he pseudometric &, intro-
duced in [F. Golse, T. Paul, Arch. Rational Mech. Anal. 223 (2017), 57-94],
obtained from the usual Monge-Kantorovich distance distyk,2 between classi-
cal densities by quantization of one side of the two densities involved. We show
several type of inequalities comparing distyk 2, €, and M Kp, a full quantum
analogue of distyk 2 introduced in [F. Golse, C. Mouhot, T. Paul, Commun.
Math. Phys. 343 (2016), 165-205], including an up to h triangle inequality
for M Kp. Finally, we show that, when nice optimal Kantorovich potentials
exist for &, optimal couplings induce classical/quantum optimal transports
and the potentials are linked by a semiquantum Legendre type transform.
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The Monge-Kantorovich distance, also called Wasserstein distance, of exponent

two on the phase-space T*R? ~ R?¢ is defined, for two probability measures by

(1)

((g=4")*+ (¢-p")*)m(dgdp, dg'dp’)

2d  R2d

distyk 2(u, l/)2 = inf [R

mem[p.v]
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2 F. GOLSE AND T. PAUL

where [, v] is the set of couplings 7 of p,v, i.e. the set of probability measures
7 on R?? x R2? such that for all test functions a,b € C.(R2%) we have that

Lo (@@ 2)b(a' P ) (dgdp. dq'dp) = [ | (alq.p)i(dadp)+b(q',p')(dd'dp)).

Among the many properties of distyxk 2, let us mention the Kantorovich duality
wich stipulates that

(2)
distar 2 (11, v)? = max f (alq,p)u(dqdp) + b(q, p)v (dgdp),
a,beCy(R?) R2d
a(q,p)+b(q’,p)<(q-a')*+(p-p')?
and the Knott-Smith-Brenier Theorem which says that, under certain conditions
on f, v, any coupling m,, satisfying

(3)  distuk2(p,v)? = /dewa((q ~d')*+ (¢-9")*)mop(dadp, dg'dp’)

is supported in the graph of the convex function %(q2 +p?) = aop(q,p) where a,p is
an optimal function such that a,p, bop provide the max in (2) for some b,,.
Finally, £(q*+p?) - aop(q,p) and 5(q*+p?) —bop(q, p) are proven to be the Legendre
transform of each other.

A quantum version of distymi,2 was proposed in [6] following the general rules of
quantization consisting in replacing

e probability measures j.v on phase-space T*R? by quantum states R, S, i.e.
density operators, i.e. positive trace one operators on L?(R%)

o [pepa by tracerz(ga)

e couplings of p, v by density operators IT on L?(R?) ® L?(R?) such that, for
any bounded operators A, B, trace 2(rd)gr2(re) (A ® I)II) = trace 2 (gay AS
and tracep2(rd)pr2(re) (I ® B)I) = trace »ga) BR.

e the cost function (q—q’)? + (¢ - p')? by its Weyl pseudodifferential quanti-
zation C' = (z - 2")? + (=ihV, +ihV,)? on L?(R? x RY).

These considerations lead to the definition, for two density operators R,S on
L*(R?),
(4) MKh(R,S)2 = _inf traCeLZ(Rd)®L2(Rd) C1TI.
11 coupling r and s
The pseudometric M K}, has been extensively studied in [6], with applications
to the study of the quantum mean-field limit uniformly in %, used in [2] for quan-
tum optimal transport considerations and applied in [3] for the quantum bipartite
matching problem. In particular, a Kantorovich duality was proven for M K} in [2]
expressed as the following identity
(5) MKy(R,S)* = sup trace (AR + BS)
A=A* B=B*<L(L*(R%))
A®I+I®B<C
and the supremum was proven to be attended for two oparors A, B defined respec-
tively on two Gelfand triplest surrounding L?(R%) (see [2])
Though M K}, is symmetric in its argument, it is not a distance as one can easily
show ([6]) that MK} > 2dh. Nevertheless, one of the main result of this article
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will be to prove the following (approximate) triangle inequality, valid for density
operators R, S,T (see Theorem 8.1 (4ii) below)

(6) MEn(R,T) < MKn(R,S) + MKy (S,T) + dh.

Actually, (6) is proved by using a kind of “semiquantum” generalisation of
distpk 2, defined in [7] and constructed by, roughly speaking, applying the quanti-
zation rule aforementioned to only one on the two parts involved in distmk 2 (@, v):

for f probability density on R?? and R density operator on L?(R?) we define
(7)

En(f, R)? = HS(UP) fmd traces2(raar) ((q—2)° + (p+ihV,)*)1(q, p)dgdp.
9P
density operators

such that

traceIl(q,p)=f(q,p)

and [g2a T(g,p)=R
The pseudometric £, has been used in [7] in order to derive several results concern-
ing the quantum, uniform in A, mean-field derivation and in [7, 8] for semicalssical
propagation estimates involving low regularity of the potential and the initial data
(in particular with respect to the dimension, i.e. also to the number of particles
present in the quantum evolution).

In the present paper, we prove a Kantorovich duality for &, (Section 6, Theorem

6.1), namely

(8) &n(f.R)* = sup fm a(q,p)f(q,p)dqdp + tracerzra) BR,
acCy(R2?), BeL(L2(RY)) YR
a(g,p)+B<(q-2)? +(p+ihV.)?
and then apply this duality to derive inequalities, such as (6), involving M K, &,
and distyik 2, Theorems 7.1 and 8.1.
In the last section of the paper, Section 9, we investigate the semiquantum
analogue of the Knott-Smith-Brenier Theorem and a semiquantum analogue of the
Legendre transform: if

Sh(f,R)2=fR2d aop(q;p) f(q,p)dqdp + tracerz(ra) Bop R,

then a(q,p) := %(p2 +q* = anp(g,p)) is the semiquantum-Legendre transform of
B:=1(-V2 + 2% - B,,), in the sense that

a(g,p) = sup  (q-(o|z[@) +p- (| - ihV.|¢) - (| B|¢)).

¢peDom(B)

2. PRELIMINARIES

We have gathered together in this section some functional analytic remarks used
repeatedly in the sequel.

2.1. Monotone Convergence. We recall the analogue of the Beppo Levi mono-
tone convergence theorem for operators in the form convenient for our purpose.
Let H be a separable Hilbert space and 0 < T = T* € L($)). For each complete
orthonormal system (e;);»1 of H, set
tracey (T) = |T[1 := D> (e;|Te;) € [0, +o0] .

j>1
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See Theorem 2.14 in [13]; in particular the expression on the last right hand side of
these equalities is independent of the complete orthonormal system (e;);»1. Then

TeLl'($) < |T|1<oo.

Lemma 2.1 (Monotone convergence). Consider a sequence T, = T7 € L*(H) such
that

0<Th <Tp<... T, <., and sup{x|T,|z) < oo for all z € H.

nx1
Then
(a) there exists T =T € L(H) such that T,, - T weakly as n — oo, and
(b) tracey (T,) — tracey (T') as n — oo.

Proof. Since the sequence (x|T,,|z) € [0,+00) is nondecreasing for each = € H,

(|T|z) = sup(z|T,|z) =: q(x) € [0,+00) for all z € H
nx1

as n — oo. Hence

(2|Tuly) = (YITula) - (a(z +y) - a(x ~y) +ig(z —iy) —iq(z +iy)) = b(z,y) € C
as n — +oo. By construction, b is a nonnegative sesquilinear form on H.
Consider, for each k >0,
Fy:={x eH s.t. (z|T,,|z) <k for each n > 1}.

The set Fj is closed for each k > 0, being the intersection of the closed sets defined
by the inequality (z|T,|z) <k as n > 1. Since the sequence (z|T},|z) is bounded for
each x € H,

UF.=H.

k>0
Applying Baire’s theorem shows that there exists N > 0 such that Fn # @. In other
words, there exists r >0 and zg € ‘H such that
|z —xo| <r = |(z|T,|z)| <N foralln>1.
By linearity and positivity of T;,, this implies
[(2|T|2)| < 2(M + N)|z|* for all n>1,  with M := sup(zo|T}|z0) -
n>1
In particular
2
sup 9(2) <2 (M+N), o that [b(z,y)| < =(M + N)[[] ]yl n
z|<1

for each z,y € H by the Cauchy-Schwarz inequality. By the Riesz representation
theorem, there exists T € L(H) such that

T=T">20, and b(z,y)={(zT]y).
This proves (a). Observe that T' > T,, for each n > 1, so that

sup tracey (T,,) < tracey (7).
n>1
In particular

sup tracey (T),) = +oo == tracey(T) = +o0.
nx1

Since the sequence tracey (7T),) is nondecreasing,

tracey (T),) — suptracey (T,) asn —>oco.
nx1
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By the noncommutative variant of Fatou’s lemma (Theorem 2.7 (d) in [13]),

sup tracey (T),) < oo = T e L'(H) and tracey (T < suptraceH(T ).

n>1

Since the opposite inequality is already known to hold, this proves (b). O

Here is a convenient variant of this lemma.

Corollary 2.2. Consider a sequence T, =T); € L*(H) such that

0<T1<To<...<T <., and sup tracey (T),) < oo.

n>1

Then there exists T € L() such that T,, » T weakly as n — oo, and
T=T">0, and tracey(T) = lim tracey(T),).

Proof. Since any x € H \ {0} can be normalized and completed into a complete
orthonormal system of #, one has
sup(x|T|x) < )3 suptraceH(T ) < o0.

n>1 nx

One concludes by applying Lemma 2.1 (a) and (b). a

2.2. Finite Energy Condition. In the sequel, we shall repeatedly encounter the
following typical situation. Let A = A* > 0 be an unbounded self-adjoint operator
on H with domain Dom(A), and let E be its spectral decomposition.

Let T € £'($) satisfy T = T* > 0, and let (ej);>1 be a complete orthonormal
system of eigenvectors of T with Te; = 7je; and 7; € [0, +00) for each j > 1.

Lemma 2.3. Assume that

(9) ZTJ [ Mej|E(dN)]ej) < oo

j>1
Then 0o
VATV = S le/2T;/2(/ ,\(ej|E(dA)|ek))|ej)<ek|
jike1 0
satisfies
0<TYV2ATY? = (T2 ATV?)* € LY ()
and

tracey (T2 ATY?) = Zij Aej|E(dN)le;) .

7=1
Proof. For each Borel w c R and each x,y € 52, one has
(@ E()ly)| = (E(w)2E(w)y)] < |B(W)z || Ew)y] = (@l B(w)|z) "> (y| E(w)]y) '/
since E(w) is a self-adjoint projection. In particular, for each « > 0, one has
2/(z| BE(w)ly)] < afz|E(w)la) + S {ylB(w)ly) -

Hence -

= fo Mes | E(dN)]ex) € C
and satisfies

2lajil® < oaj; + Lage
for all a > 0, so that
lajil* < ajjan
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for all j,k>1.
Since (7ja;) ;51 € £*(IN*) by (9) and since

(e T2 AT 2 |e) = 77 a5 = (4| TR AT e )
one concludes that T2 ATY? = (T2 AT'Y?)* ¢ £L2(A). Moreover, for each x €

(@[T2ATP12) = 5 7272 (e la)(exl) ]O Me;|E(dA) lex)
j,k>1

> [ ) A( > 7 ejlx)es BN Y T;/2<ej|x>ej)

g1 j=1

- / MTY22|E(dN)|[TY?2) > 0,
0

so that TY2ATY? > 0.

Finally

Sllr AT ) < 5, 5 2P (7 Mesle( d)\)|ek)))el|ej)(ek|el)

I>1 11 0

-5 ¥ APa ([ M E@ e dn = X n [T MelE@Vler) < o0

121 j,k>1 0 l>1 0
so that
| T2 ATY2 |y = tracey (T2 ATY?) =>7 / Meg|E(dN)|er) < oo
i>1

and in particular TY2ATY? ¢ LY (). O

Corollary 2.4. Let T € L($) satisfy T =T* >0 and (9). Let ,: Ry > R, be a
sequence of continuous, bounded and nondecreasing functions such that

0<D(r) <Po(r)<...<Pp(r) > asn—oo.
Set -
B, (A) = fo B, (N E(dN) € L(H).

Then ®,(A) = ®,(A)* > 0 for each n > 1 and, for each T € LY(H) such that
T=T">0, the sequence T1/2<I>n(A)T1/2 converges weakly to TY?AT? as n - oo.
Moreover

traces, (T®, (A)) — tracey (T2 AT/?) asn — co.

Proof. Since E is a resolution of the identity on [0, +00), and since ®,, is continuous,
bounded and with values in [0, +00), the operators ®,,(A) satisfy

0<P,(A)=D,(A)" < (sup @n(z)) Iy
220
and
0<P(A)<Pr(A)<... <D (A)< ...
Set R, := T'2®,,(A)T"/?; by definition 0 < R,, = R} € £() and one has
0<KRi<Ry<...<R,<...
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together with

tracey (R erf D, (M) {e;|E(dN)]e;) < erf Me;|E(dN)|e;) <

3>1 71

by (9). Applying Corollary 2.2 shows that R,, converges weakly to some R € L*(H)
such that R = R* > 0. Finally

TYRATY R, = ¥ le/lei/z (/()“(A_ (I)n()\))<ej|E(d)\)|ek>) lej ekl

jk>1
so that
(2|TV2ATV? ~ R, |z) = f = @n(x))< S 7P ejle)es| E(N)] Y ek|x)ek>
0 j>1 k>1
- f (A = D ONTY22| E(dN)|T22) > 0.
0
Hence
0<TY2ATY? — R, = (TY2ATY? - R,)* € L*(H)
so that

|TY2ATY? — R, |, =tracey (T2 ATY? — R,)
% [T 2Ol E@N ;) >

j>1

as n — oo by monotone convergence. Hence R,, - T2 AT"/? in £L'(#) and one has
in particular

tracey, (T®, (A)) = tracey (T/2®, (A)TY?) — tracey (T2 ATY?)
(I

2.3. Energy and Partial Trace. Let H; and Hy be two separable Hilbert spaces.
Let A= A* >0 be an unbounded self-adjoint operator on H; with domain Dom(A),
and let E be its spectral decomposition. Let S € £L}(H;) satisfy S = S* > 0, and
let (ej);>1 be a complete orthonormal system of H; of eigenvectors of S, with
eigenvalues (o;);>1 such that Se; = oje; for each j > 1. Assume that

o [, Nl B <

Lemma 2.5. Let T € L'(H, ® Ha) satisfy the partial trace condition
trace(T|Hz2) = S.
Then TY?(A ® I3, )T? € L' (Hy © Ha) and
tracey, o, (T2 (A ® I)TY?) = tracey, (512 ASY?).
Proof. For all m> 1, set A, = ®,(A) € L($), with

@, (r) ::#lr’ for all 7> 0.

By construction, one has

Ap=A;>0 and Aj<As<...<A,<...
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Hence TY?(A,, ® I3,)T? = (TV?(A,, ® I;1,)T"/?)* > 0 for all n > 1, and
TY2(Ay @ Iy, )TY? < TY%(Ay @ I, )TY? < ... < TY? (A, ® I, )T <
and since
traces, @, (T(An ® Ipy,)) = tracey, (SA,) — tracey, (512 AS?)

as n — oo by the partial trace condition and Corollary 2.4, we conclude from
Corollary 2.2 that

TYV2(A® I, ) TY? = (TY?(A® I;,)TV?)* > 0

and that
traces, g, (T2 (A ® I)TY?) = traceqy, (SY?ASY?) .

3. COUPLINGS
Let $:= L?(R%). An operator R e £($) is a density operator if
R=R">0 and trace(R)=1.
We denote by D($)) the set of density operators on ), and define
Dy($) = {Re D(H) s.t. trace(RY*(Jy|* - A,)RY?) < oo}

The set of Borel probability measures on R? x R? is denoted by P(R% x R?). We
denote by P2 (R? x R?) the set of Borel probability measures x on R x R¢ such

that
[fRdXRd(Iﬂcl2 + €2 p(dad€) < oo

The set of Borel probability measures on R? x R? which are absolutely continuous
with respect to the Lebesgue measure on R? x R? is denoted P**(R% x RY) c
P(RYxR?). We set P3¢(R? x R?) = P°(RY x R?) n P (R x R?), and we identify
elements of P*(R¥xR?) with their densities with respect to the Lebesgue measure.
Let Ry, Ry € D($); a coupling of Ry and Ry is an element R € D($ ® ) such
that
tracegen ((A® I +1® B)R) = traces (R A) + traces (ReB) .

The set of couplings of Ry and Ry will be denoted by C(R;, R2). Obviously the
tensor product Ry ® Ry € C(R1, R2), so that C(Ry, Ry) # @.

Let f be a probability density on R% x R%, and let R € D($)). A coupling of
f and R is an ultraweakly measurable operator-valued function (x,&) — Q(x,&)
defined a.e. on R% x R? with values in L($) such that

Q. =@ >0, [[  Q@.edrde=R
and traces (Q(z,€)) = f(x,€) for ae. (z,6) e REx R,

The set of couplings of f and R will also be denoted by C(f,R). Since the map
(z,8) = f(z,)R (henceforth denoted f ® R) obviously belongs to C(f, R), one has
C(f,R) +@.

In general, one does not know much about the general structure of couplings be-
tween two density operators. However, the case where one of the density operators
is a rank 1 projection is particularly simple.



QUANTUM AND SEMIQUANTUM PSEUDOMETRICS 9

Lemma 3.1. Let P =P* € L(9) be a rank 1 projection. Then
(i) for each probability density f on RY x R%, one has C(f, P) = {f ® P};
(i) for each R € D($), one has C(P,R)={P® R} and C(R,P) ={R® P}.

This is in complete analogy with the following elementary observation: if u €
P(RY) and yo € R?, the only coupling of ; and 0y, is 1t ® 0y,. In other words,
self-adjoint rank-1 projections are the quantum analogue of points in this picture.

Proof. Let Q € C(f,P); one has
ffRdXRd traceq ((1 - P)Q(z,§)(I - P))dzd§

- traces, ((I -P) [[[ - Qa.&)dude(l - P)
= tracen ((I - P)P(I - P)) =0.
Since (I - P)Q(z,&)(I - P) 20 for a.e. (x,&) e RYx R%, this implies that
(1-P)Qr,&)(I-P)=0 forae. (1,6) eR%xRY.

Since Q(z,¢) = Q(x,£)* 20 for a.e. (z,£) e R x RY, we deduce from the Cauchy-
Schwarz inequality that, for all ¢, € §

(PIQ(z, I = PY)I* = (I - P)y|Q(x,€)|Po)?
< (Pe|Q(, ©)IP)' (1 = PYv|Q(x, )| - P))'* = 0.
Hence (I - P)Q(z,£)P = PQ(x,&)(I - P) =0 for a.e. (z,£) e RYxRY, so that
Q(z,8) = PQ(z,6)P  for ae. (2,6) e RExRY.
Writing P as P = |u)(u| where u € § is a unit vector, we conclude that
Q(z,6) = (u|Q(z,O)u)P  for ae. (x,6) e RT xR,
Finally

trace(Q(w,€)) = f(2,) = (ulQ(z,Olu)  for ae. (x,€) e R x R,

This concludes the proof of (i).
As for (ii), let Q@ e C(R, P). Then

tracepen ((I ® (I - P))Q(I ® (I - P))) =traces(I - P)P(I-P))=0.
Hence
(Ie(I-P)Q(Ie(I-P)=0.
Since Q = Q* > 0, the Cauchy-Schwarz inequality implies that, for all ¢, @', 1, 1" € H
(pev|(IeP)Q(I e (I-P))¢' ey)=|(¢'®y[(Ie(I-P))Q(IeP)éei)
<(¢ovlIeP)Q o P)oev) (¢’ y/|(I® (- P)Q® (- P))d @)
so that
(IeP)QU®(I-P))=(Ie(-P)Q(IeP)=0.
Hence
Q=(I®P)Q(I®P).
Writing P = |u)(u| with u € $) and |u| = 1 as above, we conclude that

(@@ Y|Qlp" ® ') = (¢ ®ulQl¢’ ® u){uly) ) (uly)’).
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This shows that Q = L ® |u){u| = L ® P, where L = L* is the element of £()) such
that

($ILI¢") = (¢ © ulQld" ® u)
for each ¢, ¢’ € $. (Observe indeed that (¢, ¢") = (¢ ® u|Q|¢’ ® u) is a continuous,

symmetric bilinear functional on $), and is therefore represented by a unique self-
adjoint element of £($)).) We conclude by observing that

tracepen ((A® I)Q) = traces (AR) = traceq (LR)

for each finite rank operator A € £($)), and this implies that Q= R® P.
The case of Q' € C(P, R) is handled similarly. O

Next we explain how to “disintegrate” a coupling with respect to one of its
marginals when this marginal is a probability density.

Lemma 3.2. Let f € P*(R% xR?), let R € D($) and let Q € C(f,R). There
ezists a o (L1 (9), L(H)) weakly measurable function (z,£) w Q(z,&) defined a.e.
on R x R with values in L*($) such that

Qf(il?,f):Q}(fL'7f) 20, tI‘aCG(Qf(I',f)) =1, and Q(x,ﬁ) :f(xvg)Qf(xag)
for a.e. (z,¢) e R4 xR

Proof. Let f1 be a Borel measurable function defined on R? x R? and such that
f(x,6) = fi(x,€) for ae. (x,6) e R? x R%. Let N be the Borel measurable set
defined as follows: N := {(z,¢) e R x R¥ s.t. f(z,£) = 0}, and let u € § satisfy
|u| = 1. Consider the function
Q(,8) + Ly (z, lu)(ul
=g =
N T E S T EXS R

defined a.e. on R? x R?. The function f; + 1o > 0 is Borel measurable on R? x R¢
while (x,€) = (¢|Q(x,€)[¢) is measurable and defined a.e. on R% x R? for each
b, €H. Set A: L(H) % (0,+00) 3 (T, \) = A"1T € L($); since A is continuous, the
function Q = A(Q + 1x ® [u){(ul, f1 + 1) is weakly measurable on R% x R?%. Since
f1+1x >0, and since Q(=,£) = Q*(x,&) 2 0, one has (Q(x,£) + 1y ® |[u){u|)* =
Q(x,8) + 1y ® [u)(ul > 0 for a.e. (2,€) € R x RE. On the other hand, for a.e.
(2,€) e R x R?, one has trace(Q(xz, &) + 1n ® [u)(u]) = f(x,&) + 1n(,§), so that
trace(Qs(z,¢)) = 1. Finally

_ f(l',f)Q(ajag)
H@ Qs (x.8) = 2o 51 (.6

since f = f1 a.e. on R¥xR? and 1p(z,€) = 0 for a.e. (2,&) € RY x RY such that
f(z,€) > 0. Since @ satisfies trace(Qs(z,£)) =1 for a.e. (z,€) e R? x R? and is
weakly measurable on R? x R?, it is o(L£'($)), £($)) weakly measurable. O

=Q(z,&) forae. (z,€)¢ R?xR?,

4. TRIANGLE INEQUALITIES
The following “pseudo metrics” have been defined in [6] and in [7] respectively.
Definition 4.1. For all R, S € Dy($) and all f € P3¢(R? x RY), we set
MEn(R,S):= Cil(qlg 5 tracesgs (AY2CAY?)1/2

s
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where
C:=O(x,y,hD,,hD,) = |z —y|* + |hD, — hD,*.
Similarly, we set
1/2
en(rR)= ot ([[L, | traces(a(e, &)o@ ala. &) ) dude
where
o(,€) = e(x,&,y,hDy) = |z —y[* + € ~ hD,[*.

The above “pseudometrics” satisfy the following inequalities.

Theorem 4.2. Let f, g e PS¢(RYxR?), and let Ry, Ry, R3 € Do(). The following

inequalities hold true:

(a) En(f, R1) < distmi 2(f,9) + En(g, R1);
(b) MKh(R17R3) < gh(f? Rl) +gh(f7 RS)}
(c) if rank(Rz) = 1, then

MKp(R1,R3) < MKp(R1,R2) + MKy(Ro, R3),
(d) if rank(Ry) =1, then
distmi ,2(f, 9) < En(f, R2) + En(g, R2),
(e) if rank(Rz2) = 1, then
En(fyR3) <En(f,R2) + MKp(R2, R3).
The proofs of all these triangle inequalities make use of some inequalities between
the (classical and/or quantum) transportation cost operators. We begin with an

elementary, but useful lemma, which can be viewed as the Peter-Paul inequality for
operators.

Lemma 4.3. Let T,S be unbounded self-adjoint operators on $ = L?(R™), with
domains Dom(T) and Dom(S) respectively such that Dom(T) n Dom(S) is dense
in $. Then, for all « >0, one has

(v|T'S + ST|v) < alv|T?|v) + l(v|S2|v) , for all v € Dom(T) nDom(S).
!
Proof. Indeed, for each a >0 and each v € Dom(7T) nDom(S), one has
alv|T?v) + é(v|52|v) —{(v|T'S + STv)

= VaTv* + |ﬁ$v|2 - <\/&TU|%S’U) - (ﬁSvh/ETv)

= ‘\/ETU - ﬁSvr >0.

Lemma 4.4. For each z,£,y,1n,% € R? and each a> 0, one has
c(w,&2,hD;) < (L+a)(|z —yP + 1€ =n*) + (1 + L)e(y,m: 2, hDz) |
C(xz,z,hD;,hD,) < (1+a)e(y,n;x,hD,) + (1 + é)c(y,n;z,th) ,

C(z,2,hDy,hD,) < (1+a)C(z,y; hRDy, hD,) + (1 + é)C(y,z;hDy,th) ,
@ —2” + |6 = ¢[* < (1 + @)e(@, &y, hDy) + (L + a)e(z, Gy, hD,)
c(z,&2,hD;) < (1+a)ce(x, &y, hDy) + (1 + é)C’(y,z;hDy,th) .
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All these inequalities are of the form A < B where A and B are unbounded
self-adjoint operators on L?(R") for some n > 1, with

W= {¢e H'(R") s.t. |z|t) e H} c Doms(A) nDom;(B),

denoting by Dom(A) (resp. Dom(B)) the form-domain of A (resp. of B) — see
§VIIL.6 in [9] on pp. 276-277. The inequality A < B means that the bilinear form
associated to B — A is nonnegative, i.e. that

(w|Alw) < (w|Blw), for all we W.

Proof. All these inequalities are proved in the same way. Let us prove for instance
the third inequality:

C(x,2,hDy,hD.) =lx —y +y - 2| +|hD, — hD, + hD, - hD_|?
=C(z,y;hDy, hDy) + C(y,z;hD,, hD,)
+2(z-y)- (y-2)+2(hD,y - hD,) - (hD, - hD.) .

Observe indeed that the multiplication operators by (z—vy) and by (y—2z) commute;
likewise (hD,, — hD,) and (hD, —hD,) commute. By Lemma 4.3

2(x-y)-(y—-2)+2(hDy - hDy) - (hD, - hD.)
1
<aC(z,y;hDy, hDy) + —C(y,z;RDy, hD.),
e}
which concludes the proof of the third inequality. [

Proof of Theorem 4.2 (a). By Theorem 2.12 in chapter 2 of [14], there exists an
optimal coupling for W>(f,g), of the form f(z,{)0ya(se)(dydn), where ® is a
convex function on R% x R%. Let Q € C(g, R1) and set

P(‘ra 67 dydﬂ) = f(:l?, §)5v<1>(x7§)(dyd77)Qg(y, 77) )
where @ is the disintegration of ) with respect to f obtained in Lemma 3.2. Then
P is a nonnegative self-adjoint operator-valued measure satisfying

traceyj(P(x, E; dydn)) = f($a€)5v¢>(x,g)(dyd77)

while

f Pdxdg = (VO#[)(y,n)dydnQq(y,n) = 9(y,n)Qq(y,n)dydn = Q(y,n)dydn .
In particular
(10) [ Pl dydn) = £(2,Qu(VO(2,6)) €C(f, 1) .
Therefore
En(f R1)? < [ traces(Qy(V(w, ) 2en (2, €)Qy (VO (2, €))/2) f () dude .
By the first inequality in Lemma 4.4, one has
cn(w,&2,hD.) < (1+a)(x,€) = Vo(, ) + (1+ 2)en(VE(2,); 2, hD)

for a.e. (7,6) e RYxR% and all a > 0. Since g € PS(R? xR?) and R; € D2(H) and
Q € C(ng1)7 then

[traC%(Q(y,n)”%h(y,n)Q(ym)m)dydn

= [ traces (Qu(VO(w,€)) 2en (VO(2,€))Qy (V(, ) /*) (w,€)dadg < o0 .
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For each € > 0, set
cs(x,&2,hD,) = (I +ecp(x,&2,hD.)) Fen(x, & 2, hD.,) < en(z, & 2,AD,) .
Then, for a.e. (z,€) e R? x R? and each € > 0, one has
Qy(VE(w,€))2en(VO(2,6);2,hD.)Qy(VE(,€))? € L1(8),
and
Qe(VO(2,) 265 (2,6 2,hD.)Qy (VO(2,£))V?
<(1+a)|(z,8) = Vo, )PQqy (VE(,€))
+ (14 1)Qy(VO(2,8)) Pen(VD(x,€); 2, D) Qq (VE(w, £)) /7.

Integrating both sides of this inequality with respect to the probability distribution
f(x,€), one finds

[ traces (Qy(ve(x, )76 (2, €)Qy (VO (2,€)) V) f (. ) dud

<(1+0a) [ I(2,) - Vo(a, P f (2, dad

#(1+ 1) [ traces (Qu(VO(,6) 2en(V(,)Qy (VO(w,€) /) (2,€)dad
< (1+a)distuk 2(f,9)°

+(1+i)/trac%(Qg(y,n)”QCn(y,n)Qg(ym)m)g(y,n)dydn

< (1+ ) distanca(f.9) + (14 2) [ traces (Q(u.m)"en(y. mQy.m)"/*)dydn.

Minimizing the last right hand side of this inequality in @ € C(g, R1) shows that

[ traces (Qq(VO(2,€)) 26 (2, )Qy (VO(w, £)/2) f (w, )

< (1+a)distux 2(f,9)° + (1+1)E(g, Br)*.

Passing to the limit as e — 0" in the left hand side and applying Corollary 2.4 shows
that

En(f, R1)? g/ traces (Q, (VO(x, €))2en (2, )Qy (VO (x, €))/2) f(z, € ) dudg
S(1 + Oé) diStMK,Q(fvg)2 + (1 + i)g(ga R1)2 )

the first inequality being a consequence of the definition of &, according to (10).

Finally, minimizing the right hand side of this inequality as « > 0, i.e. choosing
a=En(f,9)/distax 2(f, g) if f# g a.e. on R x RY, or letting v — +o0 if f = g, we
arrive at the inequality

En(f, R1)* <distark 2(f,9)* + Enlg, R1)? + 2En (g, Ry ) distux 2(f, 9)
=(distak 2(f,9) + En(g, R1))?,
which is precisely the inequality (a). d

Proof of Theorem 4.2 (b). Let Q1 € C(f,R1) and Q3 € C(f, R3). Let Q1,5 and Q3 s
be the disintegrations of ()1 and @3 with respect to f obtained in Lemma 3.2. For
each € > 0, set

(11) Ch(z,2,hDy,hD, ) = (I+GCh(l'vZ>th,hDZ))7lch(x,ZahDacath)
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and observe that
0<Ci(z,2,hDy,hD,) = Cs(z,2,hD,,hD,) e LIH® H).

By the second inequality in Lemma 4.4, for all (y,7) € R x R? and all o > 0, one
has
Cy(z,2,hDy,hD.) < Cp(z,2,hDy, kD)

<(1+a)en(y,myz, hDg) + (1+ 2)en(y,m; 2,hD..) .
Therefore, for a.e. (y,7) € R?x R%, one has
(Qu7(y,m) ® Q3,7 (y,m)*C(w, 2,h Doy, hD. ) Q11 (y,m) ® Qa1 (y,m)) 2
<(1+a)(Qus(y:m) ® Qs £ (y,m)*en(y, m; 2, hD2 ) (Qu.(y,m) ® Qs (y,m)) '/
+(1+ 1) ( Q1,1 (y.m) ® Qa5 (y, )2 en (v, 2, hD2) Q1,1 (3. 1) ® Q3,1 (y, 1)) 2
= (1+a) (Qu s (y,m)en(ysm; 2, 0Dy ) Q1,5 (y,m)'?) ® Qs (y:m)
+(1+2)Q1, 4 (y.m) ® (Qs.r (v, 1) Pen(y,m; 2,hD2)Qu 4 (y,m)'/?) .
Taking the trace in $ ® $ of both sides of this inequality shows that
tracenes ((Q1,7 ® Q3,7 (y,n))Ch(z, 2,hDy, hD>))
= tracenes ((Q1.r ® Qs.4(y,1))*Ch (2, 2,hDs, hD:)(Q1 1 © Qs ¢ (y.1))'?)
< (1+a) traces (Qu.¢(y,n)"*en(y, m2,hD2)Q1 5 (y,m)'/?)
+(1+ L) traceg (Qs,7(y,n)2en(y, n; 2, hD.) Q1 ¢ (y.m)"/?)

for a.e. (y,m) € R? x R, Integrating both sides of this inequality in (y,7n) with
respect to f shows that

tracenss (( [ (@17 ® Qas () (v 0)dydn) Ci (s, AD,..hD.) )
S(1+a)ftracesa (Qu,7(y, ) P en(ysmy 2, kD) Q1 p (v, ) ?) £ (y,m)dydn
+(1+1) ftracera (Qa,1(ysm) en(y,m; 2, D) Q1 y (v, 1) ?) £ (y,m)dydn
= (1+0a) [ traces ((£Qu.p(y,m)"2en (.52, D) (FQu.4(9,m)2) dydn
+(1+ 1)ftraceﬁ (fQs,7(ym) 2 eny,m; 2, AD2) (FQu, ¢ (y,m)) /) dydn
= (1+a)ftracesa (Q1(ym)en(y,m; 2, hD.) Q1 (y, ) ?) dydn

)

+(1+ 1)ftrace:3 (Qs(y.m)en(y,m; 2,hD.)Q3(y,m)?) dydn .

By construction

Pi= [ (Qur®Qup(y.m)f ((y.m)dydn € C(Ry, Ry):
on the other hand

f traces (Q1(y, ) 2en(y, m; 2, hD,) Q1 (y,n)"?) dydn < oo

/ tracef) (Q3(y7 77)1/20}1 (y7 n; 2, th)Q3(ya 77)1/2) dydﬁ < oo
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since Ry, R3 € D2(H) while f e P3¢(R? x R?). By Corollary 2.4
tracepgn (PCh(x,2,hD,, D)) — tracegsgs (Pl/QCh(m, z,hD,, hDZ)P1/2)
as € — 0%, so that
MEn(R1, R3)? < tracegeg (P?Ch(x, 2,hDy, hD,) P'?)
<(l+a) ftracesa (Q1(y, ) en(y, 2, hD)Q1 (y,n)?) dydn
+(1+ é)ftrace:a (Qa(y,m)*en(y,m; 2, hD.) Qs (y,m)?) dydn .

Minimizing the right hand side of this inequality in Q1 € C(f, R1) and in Q.C(f, R3)
shows that

MEp(R1, R3)® < (1+a)&n(f, R1)? + (1 + 2)En(f, Rs)®.
Minimizing the right hand side of this inequality over a > 0, i.e. taking

Q= Eh(fa R3)/Eh(fa Rl)
(we recall that E,(f, R1) > Vdh > 0), we arrive at

MEKp(Ry, Rs)? <En(f,R1)? + En(f, R3)? + 2En(f, R1)En(f, R3)
=(5h(fa Rl) + gh(fv RS))27

which is inequality (b). O

The proofs of inequalities (c)-(e) are simpler because of the rank-one assumption
on the intermediate point Rs.

Proof of inequality (¢). According to Lemma 3.1 (ii)

MEKp(Ry, Rp)? = traceges (R ® R2)'/*C(2,y,hDy, hD,)(R; ® Ro)'/?)
MKh(RQ,R3)2 = traceyj@;)((Rg ® Rg)l/QC(y,Z,hDy,th)(RQ ® R3)1/2)

since Ry is a rank-one density. Applying the third inequality in Lemma 4.4 shows
that

Ci(z,z,hDy,hD,) < Cy(x,y,hDy, hD,)
<(1+a)Ch(x,y,hDy, hDy) + (1 + 2)Ch(y, 2, hDy, hD.)
so that
(R, ® Ry ® R3)Y2C5(x,2,hDy, hD.) (R ® Ry ® Rs)'/?
<(1+a)(Ry ® Ry ® R3)Y?Ch(z,y, hD,, hD,) (R, ® Ry ® R3)/?
+(1+a)(Ry ® Ry ® R3)"/*Ch(y,2,hD,,hD.) (R, ® Ry ® R3)'/*
= (1+a) ((R1® R2)*Ch(x,y,hD,,hD,)(R1 ® R2)"?) ® Ry
+(1+ )Ry ® (B2 ® R3)'/*Ch(y, 2, hDy, hD.)(Rs ® R3)'/?).
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Taking the trace of both sides of this inequality in £ ® H® H
traceses ((R1 ® R3)Cr(x,z,AD,, hD.))
= tracepgnen ((R1 ® Ry ® R3)Cr(x,2,hD,,hD,))
= tracegenen ((R1 ® Ra ® R3)'/2C (2, 2,hD,, hD. ) (R ® Ry ® R3)'?)
< (1+a)traceqes ((R1 ® R2)*Ch(x,y,hDy, hDy)(Ry ® Ro)'/?)
+(1+ 1) traceges ((R2 ® R3)?Ch(y, 2,hDy, hD.)(R2 ® R3)'/?)
= (1+ )M Kp(Ry, Re)? + (1+ L) MKy (Ra, R3)*.
Passing to the limit as € — 0" in the left hand side implies that
MEn(Ry, R3)? < traceges ((Ri ® R)/*Ch (2, 2,hD,, hD,)(Ry ® R3)'/?)
= 6lijr(r)l+ tracegsesn ((R1 ® R3)Cr(x,z,AD,, hD.))
<(1+a)MKn(Ry, Ro)? + (1+ 2)MKn(Ry, R3)?,

where the first inequality follows from the definition of M K} and the fact that
Ry ® R3 € C(Ry1, R3), and the equality from Corollary 2.4.
Setting o := M Kp(R2, R3)/M Kn(R1, Rz), we arrive at

MKp(Ry,R3)?> <MKp(Ry,Ry)* + MKp(Ry, Rs)? + 2M Ky (Ry, Ro) M K (Rs, Rs)
:(MKh(Rl,RQ) + MKh(RQ,Rg))2
which is the inequality (c). O
Proof of inequality (d). According to Lemma 3.1 (i)
En(f. Ra)? = [ traces (Ryfen (e, ) RY/*)f (z,€)dod

En(g.Fa)* = [ tracen(B3/on (2, )Ry ) (=, O)d=dC

since Ry is a rank-one density. Applying the fourth inequality in Lemma 4.4 shows
that

[z =2 +]€ = (P < (L +a)en(x, &y, hDy) + (1 + LYen(z, Gy, hDy)
so that
(Jr = 22 + 1€ = () Ro < (1 + a) RY e (2, ) RY? + (1 + YRy en(2,C) Ry

for all z, z, &, ¢ e R%. Taking the trace of both sides of this inequality, and integrating
in z,¢, z,¢ after multiplying by f(z,&)g(z, () shows that

districa(£,9)° < [ (ko= + 1€ = (1) f (2,9 =, ¢ dudgdzdC
- (1+a)ftraceg(R;pch(a:,{)R;/z)f(x,ﬁ)dxdg

+1+1) f traces, (RYen (2, O)RY)g (2, ¢)dzdC

= (1+a)&n(f, R2)* + (1+ 2)En(g, R2)?,

since

traceg (R2) = / f(x,&)dxdE = [g(z,()dzd( =1.
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The first inequality comes from the definition of the Monge-Kantorovich-Wasserstein
distance distyk 2 and the fact that f ® ¢ is a (nonoptimal) coupling of f and g.
Choosing

a=En(g, R2)/En(f, R2)
shows that

diStMK,2(f7g)2 Sgh(f7 R2)2 + gh(g7 R2)2 + 28h(f7 RQ)gh(ga RQ)
:(gh(fa R2) + gh(gv RQ))2
which is the inequality (d). O

Proof of inequality (e). According to Lemma 3.1

En(f, R2)? = [ traces (RY%en (e, €5, D) BY®) f () dudg
MEp(Ry, R3)” = tracegeq ((Ra ® R3)'/*Cn(y, z,hDy, hD.)(Ra ® R3)'/?)

since Ry is a rank-one density. Applying the fifth inequality in Lemma 4.4 shows
that

cn(z, & 2,hD,) < (1+a)en(x, &y, hDy) + (1 + é)C’h(y,z,hDy,th)
so that, for each € >0
0<ch(x,&2,hD.) < (1+a)en(w,&y,hDy) + (1+ 2)Ch(y, 2, hDy, hD.)

i s (x, & 2,hD,) =(I + ecp(x,&; 2, hD.)) Fen(x,& 2, hD.,)
=cj,(x,&2,hD,)" € L(H)
for all z,¢ e R%. Hence
Ry ® (Ry/* ¢ (,& 2, D, ) Ry/*)
<(1+ a)(R;/Qch(x,g;y,hDy)Ré/z) ® R3
+(1+2)(Ro ® R3)?Ch(y, 2, hDy, hD.)(R> ® R3)'/?
for all z,¢ € R? and, taking the trace of both sides of this inequality leads to
12) traceﬁ(R;/Qc;(x,f;z,hDZ)Ré/Q)
< (1 +a) traces (Ry *cn (2, &y, D) Ry*) + (1 + L) MKp(Ra, R3)?.

Multiplying both sides of this inequality by f(z,&) and integrating in (z,£) shows
that

[ traces (R3¢ (2,652, D) RY?) f (1, ) dud
<(1+a)én(f,R2)? + (1+ )M Kn(Ry, R3)?
= (Sh(fa RQ) + MKh(R27 R3))2 ’
with the choice
o= MKnp(Ra, R3)[En(f, R2) .
Since the right-hand side of (12) is integrable with respect to f(z,&)dzd§, and
therefore finite for f(x,&)dzdé-ae. (x,€) e RY x R%, one has

traceg (R;/Qc;(:ﬂ, &; 2, th)Ré/Q) — traceg (R;)/Qch(:c, & 2, th)Ré/Q)
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for f(z,&)drdé-ae. (z,€) e R?xR? by Corollary 2.4. By Fatou’s lemma, observing
that f ® R3 € C(f, R3), one has

En(f.Re) < [ traces (RY en(a, € 2,hD2) RYf*) (2, ) dadg

<lim [ traces (Rycj(x,& 2, hD.)RY®) f(w, €)dudg

e—>0*

< (En(f, Ro) + MEn(Ry, Ry))®,
which is the inequality (e). O

5. APPLICATIONS

One satisfying consequence of the triangle inequalities proved in the last section
is the following statement, which confirms that M K} can indeed be thought of as
a quantum deformation of the quadratic Monge-Kantorovich-Wasserstein distance.

Theorem 5.1. Let Ry, Sy, be families of density operators in Da($9), and let f,g €
Pe(RY x RY). Assume that

En(f,Rn) ~0 and &En(g,Sh)—0

as h - 0. Then
}llil(l) MKh(Rh, Sh) = diStMKQ(f,g) .

This statement is to be compared with the lower bound
MKh(Rh, Sh)2 > diStMKyz(Wh(Rh),Wh(Sh))z - 2dh,

which is Theorem 2.3 (2) in [6], and with the upper bound obtained in the special
case of Toplitz operators

MK (OPL((2rh)? ), OPF ((27h)?w))? < distak 2 (p, v)? + 2dh,
stated as Theorem 2.3 (1) in [6].
Proof. By Theorem 4.2 (a)-(b),
MK (Rp, Sh) <En(f, Rn) + En(f, Sh)
<En(f,Rp) + distmx 2(f, g) + En(g, Sh) -

Hence o
Jim MKn(Rn,Sh) < distuik 2(f, 9) -

By Theorem 2.4 (2) in [7]
distaric 2 (f, W (Rn))? < En(f, Rn)* + dh

(notice the slight change of normalization in the definition of &, between [7] and
the present paper), so that our assumption implies that

distmi,2(f,W(Rp)) >0 and  distami,2(g, W(Sh)) = 0
as h - 0. From the inequality
distari 2 (Wa (Rn), Wa(Sh))? < MEp(Rn, Sn)* +2dh
(Theorem 2.3 (2) in [6]), we deduce that
distmi 2(f, 9) < }%MKh(Rh, Sh) .
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Notice that this last lower bound is a variant of the last inequality in Theorem
2.3 of [6], except that in the present case the assumption on Ry, and Sp, is slightly
different (in other words, we have assumed that & (f, Rp) — 0 instead of assuming
that Wx(Rs) - f in S’(R% x R%).) O

6. KANTOROVICH DUALITY FOR &,

Theorem 6.1. Let S € Dy(9) and let p = p(x,€) be a probability density on R
such that

[l + Py, €)dode < oo
Then

Enp.8)? = min [ tracen(Qr,6)e(w. Q(r,6)"*)dud

QeC(p,S)

= sup (/R?d a(m,{)p(x,{)dwdf+trace;3(BS)) .

aeCy(R24), B=B*eL($)
a(z,€)1g+B<c(x,€)

Notice that the duality theorem implies in particular the existence of at least
one optimal coupling @ € C(p, S).

Proof. The proof is split in several steps.
Step 1: the functions f and g. Consider the Banach space E = Cy(R2; L($)),
with

I T = sup |T(x,&)],

(z,£)eR24

and set

0 if T(x,6) =T(x,6)" > —c(x,€) for all (z,6) e R*,

f(T) = .

+ 00  otherwise,

while
[R2d ap(x,&)dxdé+traces (BS) if T(x,8)=T(x,¢)"=a(x,&)I+B
g(T) = for all (z,&) e R*?,

+ 0o otherwise,

The constraint T'(z,¢) = T(x,&)* > —c(x, &) means that, for each (z,¢) € R??, one
has

(D(@,OIT (2, 8) + c(x,&)d(x,£)) 2 0
for all ¢ € Form-Dom(c(x,£)). On the other hand, the nullspace of the linear map

Co(R*) x L(H) 3 (a,B) » T'(a,B) = a(z,6) Iy + Be E
Ker(£) = {(t,~tlg), teR}.

Since

g((a+t)Ig+(B-tlg))=g(als+B)+t /R2d p(x,&)drdE—ttraces (S)=g(aly+B),
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the prescription above defines g on Ran(T) = (C,(R24) x £($))/Ker(T'). Observe
that

g((als + B)") = g(aly + BY) :/R2d a(z,&)p(x, €)drde + traces (B*S)
:fde a(z,&)p(x,&)dxdE + traces ((SB)™)

:fRZd a(z, €)p(x, &) dade + traceg (SB)
=g(als + B),

so that (alg + B)* = alg + B = g(aly + B) € R. Thus the definition above
implies that g takes its values in (—oco,+00].

The functions f and g are convex. Indeed, g is the extension by +oo of a R-linear
functional defined on the set of self-adjoint elements of Ran(T"), which is a linear
subspace of E. As for f, it is the indicator function (in the sense of the definition
in §4 of [11] on p. 28) of the convex set

(T eEst. T(x,&) =T(x,6)* > —c(x,£) for all (z,€) e R*?}

and is therefore convex. Besides f(0) = g(0) =0, and f is continuous at 0. Indeed,
by the Heisenberg inequality

o(z,€) >dhly  for all (z,6) e R*,
so that, for each T € E
T(,€) =T(2,€)" and |T(2,€)| < Ldh for all (z,€) e R
— T(z,8) > —c(x,€) for all (z,&) e R* — f(T)=0.

In particular f is continuous at 0.

Step 2: applying convex duality. By the Fenchel-Rockafellar convex duality theorem
(Theorem 1.12 in [1])

inf (F(T) + 9(T)) = max(~f* (=) - g7 (A)) .

Let us compute the Legendre duals f* and g*.
First

fT(=A) = sup({(-A,T) - f(T)) = sup (-A.T).
el T(2,6)=T (2.6 2-c(2.6)
If A € E' is not a nonnegative linear functional, there exists Tp € E such that
To(x,€&) = To(x,€)* > 0 such that (A, Tp) = —a < 0. Since
nTy(z, &) = nTy(x,€)* 20> —dhly > —c(x, &) for all (z,&) e R*

one has
fT(=A) 2 sup(-A,nTp) = sup(na) = +oo.
nx1

n>1
For A € B’ such that A >0, we define
(hey= s (AT)e[0,+o0].

TeE
T(x,8)=T(z,8)*<c(z,€)
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(Observe indeed that T' = 0 satisfies the constraints since c¢(z,§) = ¢(x,£)* > 0 for
each (z,¢) e R*\.) With this definition, one has clearly
. (A, c) iftA>0,
Jr=A) = {O otherwise.
Next

g (A) =;telg((A7T) -9(T))

= sup ((A,T) - fde a(z,&)p(x,&)drdé - traceg(BS)) .

TeE
T(x,8)=T(z,§)*=a(z,{)I5+B

If there exists a = a(z,€) € Cp(R??, R) and B = B* € £L($) such that either

(A,alg+ B) > /R (@, ©)p(a, ) drdg + traces (BS)
or

(A,aly + B) < LM a(x,&)p(x,&)dxde + tracen (BS)
one has either

g(A) > sntgl) ((Am(a[;a +B))-n /de a(z,&)p(x, &)drdé - ntraceﬁ(BS)) =400,

or

g(A) > ilill)((A,n(—aI;) -B))+ n/;tzd a(x,&)p(x,&)dxde + ntraceg (BS)) =+00.

Hence
0 if (A,alg+ B) = [R?i a(x,&)p(x,&)dxde + tracey (BS)
9 (A) = for each a = a(z,€) € C,(R**,R) and B = B* € L($),
+ 00 otherwise.

Notice that the prescription
(A,alg + B) = fde a(x,&)p(x, &)dxdE + tracey (BS)

defines a unique linear functional on the set of T' € RanT" such that T'(z,£)* = T'(z,£)
for each (x,€) € R?? by the same argument as in Step 1.

Therefore, the Fenchel-Rockafellar duality theorem in this case results in the
equality

e )=t ([ G Opednde + traces(SB))
a(z,€) g +B2-c(z,£)
=max(f*(-A) +g7(A)) = oenepBX —(A,c)
=/ a(z,&)p(w,&)dzdé+trace(S B)

or, equivalently

sup ([de a(x,f)p(x,f)dxd§+tracey3(SB))

aeCy(R24 R), B=B*
a(m,&)Iﬁ-#Bsc(z,&)

= min (A, c).
0<AeE’, (A,alg+B)
=/ a(z,&)p(z,&)dadé+trace(S B)
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Step 3: representing the optimal A. Define a linear map Fi : Cp(R2??) - L1($) by
the formula

traces (K Fa(a)) = A(aK), for each K € K(5).

Indeed, since K ~ A(aK) is a linear functional on K($)) which is continuous for
the norm topology, and since K($)" = £1($), this linear functional is represented
by a trace-class operator F(a). Since A is linear, the map Fj is linear.

Since A > 0, one has Fp(a) = Fa(a)* > 0 for each a € C,(R?) such that a(z,£) >0
for each (,¢) € R??. Indeed, for a € Cy(R?%; R), set

T = %(FA(a)wLFA(a)*), Ty ::—%i(FA(a)—FA(a)*).
Then, for each K = K* € K($), one has
A(aK) = traces (T1 K) + i traceq (T2 K)
with
Tro(T;K) =Tra((T;K)") = Tro (K™T}) = Trg (KTj) = Tre (1K)
for j =1,2. Since a € Cy(R?%;R) and K = K* € £L($), one has
—lallz= | K|Is < aK < flaf = | K| Lg
so that
“laf= K] < A(aK) < [laf L= | K] since A(I5) = mep(%é)dl‘dﬁ =1.
In particular, A(aK) € R, so that traces(T2K) =0 for each K = K* € K($). Since

Ty = Ty € LY(H), specializing this identity to the case where K is the orthogonal
projection on any eigenvector of T» shows that 75 = 0. Thus

aeCy(R*;R) = Fy(a)=Fy(a)".
Moreover
aeCy(R®*;R) and a >0 = traces (Fi(a)K) >0 for each K = K* >0 in K($)

and specializing this last inequality to the case where K is the orthogonal projection
on any eigenvector of Fj(a) = Fy(a)* € £1($) shows that all the eigenvalues of
F(a) are nonnegative, so that Fy(a) > 0.

Next we deduce from the defining identity for Fj, i.e.

A(aK) = traceg (Fa(a)K) for each a € Cp(R?*%; C) and K € K($)

that

1Fa(a)ln < [Allalpe(raa) -
Next we specialize this defining identity to the case where a > 0 on R?*? while K =
IT,, is the orthogonal projection on span{ey,...,e,}, with (e1,es,...) a complete
orthonormal system in §). One has

A(all,,) = traceg (Fa(a)Il,) — traceg (Fa(a)) = |[Fa(a)|1  asn— oo
while
a(Iy —1I,) 2 0 so that A(all,,) < A(aly) = /I;Qd a(z,§)p(x,&)drdE
so that
aeCy(R*) and a2 0 = |Fp(a)|; < [R?d a(z,&)p(x, &)dzde .
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More generally, for each a € C,(R2%; R), one has —|a| < a < |a| so that

| traceq (Fa(a)le;)(e;))] = [A(ale; )(e;])] < A(lalle;)e;))
for each j > 1, where (e1, ea,...,) is a complete orthonormal system of eigenvectors
of Fa(a) = Fa(a)* € £'($). Hence

i1|traceﬁ<FA<a>|ej><ej|>| <A (|a| 5 |ej><ej|) < A(lalls),

J=1

and since
n

2. Itraces (Fa(a)le;)e;D) = [Fa(a)|r  asn— oo

j=1
we conclude that

1P < Aalls) = [ la(a, ©)lp(r, €)dude .

Since Cy(R2?) is dense in L'(R?¢, pdxd¢), this inequality, applied to the real and
the imaginary part of a, shows that F) is a continuous linear operator from L' (R>2?
to £1($). Since £1($) is separable and is the dual of the Banach space K(£) (the
norm closure in £($)) of the set of finite rank operators), we conclude from the
Dunford-Pettis theorem (Theorem 1 in §3 of chapter III in [5]) that £($) has the
Radon-Nikodym property. By Theorem 5 in §1 of chapter III in [5], the operator
F) is Riesz-representable: in other words, there exists ¢ € L*°(R2¢, pdxd¢; £L1($))
such that

Fx(@) = [, a(e,Oa(@ Op(e,€)dede,  for all a e L' (R, pdade)
R2
Step 4: defining the optimal coupling. We have seen that

aeCy(R*) and a 20 = Fj(a) = de a(z,&)q(x,&)p(x,§)dxde > 0.

This implies that q(x,&) = g(z,£)* >0 for a.e. (z,£) e R%%.
Next, one has

A(K) = traceg (FA(1)K) = traceg (KS), KeK(®),

so that
Fa(D) = [, a(@.O)p(a.§)duds = 5 € £1(5) = K(5)'.
On the other hand, for each a € Cy(R2?) such that a > 0, one has

traces, (Pn [R?d a(x,ﬁ)q(m,f)p(w,{)dmdﬁ) = traceg (Fa(a)P,) = A(aPy)

< Malg) = fR a(x,&)d(x, &) duwde

where P, is the orthogonal projection on span{es,...,e,}, with (e1,es,...) being
a complete orthonormal system of eigenvectors of

.., (@ Oa(a. Op(a. ) dudg < £1(5).

Letting n — oo, one has

traceg, (Pn [R2d a(x,{)q(x,f)p(x,ﬁ)dmdf)
> traces ( [ a(e.©a(e.Op(r.dod).
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so that
..., o€ traces (g(w,€)p(a, )dads < [ al@.)d(w,¢)dods.
Since this holds for each a € Cp(R?? such that a > 0, we conclude that
traceg (q(x,€)) <1 for p(z,&)dzdé-a.e. (x,€) e R?.
Moreover
.1~ traces (a(w. €)))p(w, §)dads = 1~ traces () =0

so that
traceg (q(x,€)) =1  for p(z,&)dzdé-a.e. (z,€) e R*?.

In other words, we have proved that (x,&) —» Q(z,&) = p(z,£)q(x,€) defines an
element of C(p, S).

Step 5: extending the representation formula for A. For each B € F, we define

(L,B):=(A,B) - fde traceg (B(z,£)Q(x, &))dxde .
Let us prove that
BeE and B(z,€) = B(z,€)* 20 for all (z,6) e R* — (L,B)>0.
Pick € > 0, and let Q. be a simple £!($)-valued function on R2? such that

[ 10 - Qe Ol <.
Write

N
Qe(,8) =Y 1g,(2,8)Q;, 0<Q;=Q; L' () for each j=0,...,N,
j=1

where €); are bounded, pairwise disjoint measurable sets in R?* for j =1,...,N.
Foreachj=1,...,N,let (ej1,€;2,...) designate a complete orthonormal system of
eigenvectors of @, and let P;,, be the orthogonal projection on span{e; 1,...,€jn}.
Define

N
I, (z,£) = lenj (@, £)Pjn -
£

One easily checks that II,, (z,€) = I, (z, €)* = IL,, (z, €)? for each (z,¢) € R??. Then,
for each B € E such that B(z,¢) = B(z,£)* >0 for all (z,¢) € R??, one has

0 <(A, (I ~T1,) B(Is ~T1,)) = (A, B) - (A, T1,, B + BII,, - I1,, BIL,,)
(A, B) - fde traceq (I, B + BIL, - 1, BIL,)Q) (z, ¢ )dzde
~(A,B)~ [ traces (1L, B+ BL, ~ 11, BIL,)Q.) (. )dude

+fR2d traces, (1L, B + BIL, - I1, BIL, ) (Q. - @))(z, €)dxde .

By construction, keeping € > 0 fixed, one has

fde traceg ((I1,, B + BII,, - I1,, BI1,,)Q. ) (x, £ )dxd¢

:/RM traceﬁ(BHnQGHn)(;v,g)dxdg—>/R%traceﬁ(BQE)(x,g)dmdf
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as n — oo, so that
0< T (A, (I ~IL)B(Is ~11,)) = (A, B) - [ tracen(BQ)(.€)dude
+ lim o traceg ((I1,,B + BII,, - I1,,BIL, ) (Q. — Q) ) (=, &) dzdE

v [, traces (B(Q - Q0)(a,€)dude .
On the other hand
’[R?d traceg ((I1, B + BIL,, - 11, BII,, ) (Q. - Q) ) (, &) dxd§

< fde | traces, (11, B + BIL, — II,, BIL, )(Q. - Q))(x, &)|dxd¢
ngM |(1I, B + BIL, - IL, BIL, ) (x, &) | |(Q« - Q)(x, &) | 1ddé

<3 swp |B@O| [ 1(Qc- Q). O)ldeds

(z,§)eR24
<3¢ sup ||B(x,8)]
(z,£)eR24

while, by the same token,

L2dtraceg(B(Q—Qe))(x7§)dxd§ <e sup |B(z,9)].

(z,£)eR24

Finally
(A, B) - [ traceq(BQ)(w,)dds > ~de sup |B(x,6)|

(z,€)eR
and since this holds for each € > 0, we conclude that
BeE and B(z,€) = B(z,€)* 20 for all (z,6) e R* — (L,B)>0.

By a classical argument, this implies that | L|| = (L, Iy).
On the other hand

(L) = (LIo) = [ traces(q(a.€))p(a, ) dud

= traceg (S) — fde p(x,&)dzdé =0

so that L = 0. In other words, the representation formula

(A,B):fRMtraceﬁ(B(a:,g)Q(x,f))dxdg

holds for each B € E, and not only for B € Cy(R2%K(8)).
Step 6: computing (A, c). As explained in Step 2
(A, c) = sup (A, T).
TeE

T(2,6)=T (2,6)* se(w,€)

For each n > 1, set
en(@,8) = (I + e(@,6)) e(,€) € L(9)

so that

O<cr(z,8)=c1(z, &) <...<en(x, &) =cn(z,8) <. < e, €) = ez, 8)".

25
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Thus, by definition

(Ayea) = [ traces (Qa,O)en(a,€))dadg < (A, c)
for each n > 1, so that, by Corollary 2.4

., traces (Qa,€)V2e(w,€) Q. ) 1) dadg

= lim o traceg (Q(x, &) ey (2, €))dade
<(Ac).

On the other hand, let (e1(x,£),ea(x,£),. .., ) designate a complete orthonormal
system in $) of eigenfunctions of ¢(z,§), with ¢(z,&)e;(z,€) = A\je;(x,§) for j > 1.
Since c(z,€) is a phase space translate of the harmonic oscillator H := 1 (|z[?~h2A,),
the eigenvalues \; are independent of (z,&). Set

tri(2,€) = {ex(2, Q. ) Pler(x. ), k121
Since (z,€) = Q(z,£)Y? € L>(R*%; £%($)), one has

vp(2,€) = Y tu(w, §)er(w, ) € Form-Dom(c(z,€))  for ae. (z,) € R?

1>1

and

traces (Q(z,€)c(2,6)Q(x,€)"?) = 3 Nltw(z, &)

k,i>1

= Y (orl@, Ole(x, Ol (2, £)) < 0o

k>1

for a.e. (x,€&) e R%?, since

... traces (Q(w, &) 2e(w,)Q(w, &) 1) dadg < oo .

Taking this last inequality for granted, we conclude as follows. Let a = a(z,£) €
Cy(R2?) and B = B* € L($) satisfy the constraint

a(z,&)I5+B<c(x,€), (x,6) e R™
in the sense that
a2, ) |812 + (GBI} < (plc(z, £)[) for each ¢ € Form-Dom(c(x,£)).
Since v, (, &) € Form-Dom(c(z,&)) for a.e. (x,€) e R?? and each k> 1
a(z,§)p(x,§) + traceq (Q(,£) B)
= a(w,€) traces (Q(x, €)) + traces (Q(2,€) " BQ(x,€)'7?)
= a(%f)g(vk(wvf)lvk(%f)) + > (o (@, )| Bluk(,£))

k>1

< Y (on(, &)le(w, O)lvr (@, €)) = traces (Q(, ) Pe(w, £)Q(w,€)'?).

k>1

Integrating in (x,&) shows that

[RM a(x,&)p(x,&)dxde + traces (SB)

< /R?d traceﬁ(Q(ﬂC,ﬁ)l/Qc(LS)Q(x,ﬁ)l/z)dxdg
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since, by construction,

|, Q. &)dadg = .
Thus
(A, c) = sup (fde a(x,&)p(x,&)dxde + traceg,(SB))

aeCy (R24), B=B*eL($)
a(x,§)Ig+B<c(w,8)

< [R?d traces (Q(z, €)Y2c(x, )Q(x,€)Y?)dxde < (A, ¢),

where the first equality follows from convex duality as explained in Step 2, while the
last inequality has been obtained above at the beginning of Step 6. This completes
the proof.

It remains to prove that

[, traces(Q(. ) (2. )Q(w, ) 1) dd < oo.

Since
o(,8) < (Jf* + |¢*) o + H
one has
vg(z,€) € Form-Dom(H) = wvi(x,¢) € Form-Dom(c(z, £))
and

(o (2, O)le(@, O)lvr(@, ) < (|2 + [€*) [vr (2, 5 + vk (2, &) Hlvr(,6)).

Let (hq,hs,...) be a complete orthonormal system of eigenvectors of H in §) (the
Hermite functions), with eigenvalues ;. Since

> tem (2, )tk (2, €) = {em (2, £)|Q(x, &) len(2,€))
lex1
by definition of tg;(x,&), one has

Z |<’Uk($,f)|hj>|2 = Z Z tkm(xvé)tkn(x’§)<em(x7£)|hj>(hj|en(xa€)>

k>1 k>1m,n>1

= 2 {em(@,9)lQ(@, &) len(, &) )em (2, )y ) (hjlen(x, €)) = (h;|Q(x,€)|hy) -

m,n>1

Hence

Jro Z or o OHlon e, ) = S [ Q2 E))
>1 j=
= > wi(hi|S|h;) = traces (SY2|H|SY?) < o0,
j=1
and since

Y- vk (@, ) = traces (Q(z,€)) = p(a,€),

k>1
one concludes that

[RM tlrauceﬁ(Q(gg,5)1/20(%’5)@(%,75)1/2)d%df
< fde(lfcl2 + [€[*)p(a, €)dwde + traces, (SYPHSY?) < oo
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7. APPLICATIONS OF DUALITY FOR &p I: INEQUALITIES BETWEEN M K}, £, AND
diStMKvg.
Theorem 7.1. Let R, S € Dy(9) and p be a probability density on R2?. Then
En (Wh(R), 5)2 diStMK’Q(Wh [R], Wh[S] —dh,
MEKy(R,S)® 2 E(Wh(R),S)*-dh,
MEKn(R,S)? distyi 2 (Wr[R], Wh[S] - 2dh..

VoIV

v

Proof. The first inequality and the third inequality (also a consequence of the two
others) were proved in Theorem 2.4 (2) of [7] and Theorem 2.3 (2) of [6] respectively.

The second inequality is proved along the same lines as Theorem 2.3 (2) of [6].
Let a = a(x,€) in Cp(R?*%R) and B = B* € L($) satisfy

a(z,&)Is + B < e(x,§) for a.e. (z,£) e R,
Then
a(z, )|z, ez, &l @ I + |z, )z, & @ B < |z,&)(x, | @ c(, §)
for a.e. (z,¢) e R* so that
OPE ((2rh)"a) ® Iy + I ® B < s fR . €) (2, €] ® (x, €)dde
=C + dhlges -
Thus, for each Q € C(R,S), one has
traceses (QY2CQY?) + dh > traceg s (QY2(OPL ((2rh)%a) ® Iy + I ® B)QY?)

= traceg s (Q(OP; ((2h)%a) ® Iy + I ® B))
=traces (ROP; ((2rh)%a) + SB)

= /R?d a(z, &)Wh(R)(xz, €)drde + traces (SB) .
In particular

MKy(R,S)>+dh= inf t 12002y + ah
n(R,S)" + oM ) raceges (Q/°CQ77) +

> sup ( Ji a(z,f)Wh(R)(x,f)dxdg+trace5(SB))
aeCy(R2d R), B=B*er(n) \J R
a(w,6) T 5+ Bse(w,8)

= &,(Wh(R),S)?.

8. APPLICATIONS OF DUALITY FOR &p II: “TRIANGLE” INEQUALITIES

Theorem 8.1. Let R,S,T € Dy(H) and let f,g € Po(R24). Then
(i) one has

distyk 2(f, 9) <V ER(F,S)2 +dh +/En(g, S)? + dh
<En(f,S) +En(g, S) + dh;
(ii) one has . .
En(f,T) <distyi 2 (f, Wa(S)) + En(Wi(S),T)
<NEn(f,8)2 +dh +\/MKy(S,T)? +dh
<En(f,8) + MKx(S,T) +dh;
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(iii) one has
MER(R,T) <Ep(Wn(S), R) + En(Wa(S5), T)
</MEKn(R,S)?+dh +\/MK(S,T)? + dh
<MKn(R,S) + MKx(S,T) +dh.

Proof. The triangle inequality for distyi 2 implies that

(hS'E]\/[}(Q(f7 g) < diStMK’Q(f, Wh(S)) + diStMKQ(Wh(S), g) .
Then, Theorem 2.4 (2) of [7] implies that

distyx 2 (f, Wa(S)) < VEu(f,S) +dh,
diStMKQ(Wh(S),g) <Vé&n(g,S) +dh.

This implies the first inequality in (i). As for the second inequality, for each X,Y >
0, one has the obvious elementary inequality

VX+Y<X+1ily.

This inequality obviously applies to the present case since En(f,S) > dh and
En(g,S) = dh by Theorem 2.4 (2) of [7]. This proves (i).

Observe that the first inequality in (ii) is inequality (a) in Theorem 4.2 with
g=Wh(S) and Ry = T. Then Theorem 2.4 (2) of [7] implies that

distaic o (f, Wi(S)) < VEn(f, )% + dh,
while Theorem 7.1 implies that

En(Wi(S),T) < /MEKx(S,T)? +dh,
and this implies the second inequality in (ii). The third inequality is obtained as
" gzl.lally, the first inequality in (iii) is inequality (b) in Theorem 4.2 with Ry = R,
while Rz =T and f = Wp(S). Then, Theorem 7.1 implies that

En(Wi(S),R) </ MKy(R,ST)? +dh,

En(Wi(S),T) < /MKx(S,T)? +dh,

which gives the second inequality in (iii). Finally, the third inequality is obtained
as in (i). O

Remark. It is interesting to compare the inequality (iii) above with the “genere-
liazed triangle inequality” in [4]. Let us recall that DePalma and Trevisan have
constructed a pseudo-distance on density operators on £ which is similar to ours
to some extent. The DePalma-Trevisan distance D is defined through a different
notion of coupling than in [6]; specifically, their notion of couplings is based on
“quantum channels” (completely positive linear maps on the set of density oper-
ators): see Definition 1 in [4]. While the transport cost in formula (19) of [4] is
in some sense reminiscent of the transport cost used in [6], these two costs are in
fact significantly different. For instance, the transport cost used in the definition
of MK}, in [6], and in the present paper, has compact resolvent, and therefore its
spectrum consists of eigenvalues only. On the contrary, the cost operator in [4] in
the case of Gaussian quantum systems has continuous spectrum on [0, +00).
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In Theorem 2 of [4], DePalma and Trevisan prove what they call a “triangle
inequality” for their distance D, of the form

D(R,T) < D(R,S) + D(S,S) + D(S,T)

(inequality (35) in [4]). Of course, if D was a real distance, D(S,S) =0, and the
inequality above coincides with the usual triangle inequality. In [4], there is an
explicit formula for D(S,S) in terms of the canonical purification of S (Corollary
1, formula (34) in [4]).

With the distance M K}, defined in [6], one has

MK} (R,S) > 2dh, for all R, S € D2(H),
so that Theorem 8.1 (iii) implies that
MK (R,T) < MKp(R,S)+ MKp(S,S) + MKy(S,T).
In other words, M K} satisfies the same “generalized triangle inequality” as the
DePalma-Trevisan distance D, with a strict inequality.
9. APPLICATIONS OF DUALITY FOR &, ITI: CLASSICAL/QUANTUM OPTIMAL

TRANSPORT AND SEMIQUANTUM LEGENDRE TRANSFORM

9.1. A classical/quantum optimal transport. Let r be a probability density
on R?? and S a density operator on L*(R%).

We suppose that an optimal operator B and an optimal function @ exists for
the Kantorovich duality formulation of &(r,.S), as in Theorem 6.1, and that @ €
Cy(R??) and B e £($). That is to say that

@(qp) + B < (Z-2)% and & (r, S)? = f a(2)r(2)dz + traceys ro) (BS).
R2

Here we have used the notation z = (¢,p), dz = dgdp, and Z = (Q, P).
Let us denote by II(z) an optimal coupling of r,.S and let us define

a(z) = (2 -a(2))
B = L(7P-B).
One has
(a(z) + B-2-7) >0 and tracep>ga) / g H(z)%(a(z) +B-=z- Z)H(z)%dz =0,
-
Therefore, since I1(z)2 (a(z) + B -z - Z)II(2)2 >0
(=)} (a(2) + Bz 2)U()! = 0 ae,.
In other words,
M(2)% (a(2) + B~z 2)} (I(2)¥ (a(2) + B~z 2)}) =0
which implies that
(a(z)+ B-z-2)?T1(2)? =0 a..

and (forgetting the “a.e.” in the sequel)
(13) (a(z)+ B-z-Z)II(z) =0.

Hence, the range of II consists in functions R?¢ 5 z + 1, € L2(R?) such that

(14) (a(2) +B-2-2Z)p. =0 <= (B -2z Z)p. = —a(2)y. :
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the vectors 1, are the eigenvectors of B — z - Z with eigenvalue —a(z).
But B+a(z) —z-Z > 0. Therefore
—a(z) is the lowest eigenvalue of B -2z - Z.
From now on, we will suppose that the fundamental of B—z-Z is non degenerate.
This means that II(2) is proportional to |¢,){(1,| and therefore, since II(z) is a
coupling between r and S,

1(2) = 7(2)[¢= {1

and
S= [, ).z
We just prove the following result.

Theorem 9.1. Let B be a bounded optimal Kantorovich operator of Ep(r,S). Let
moreover, for each z € R?*¢, 1, be the ground state of B—z-Z.
Then S admits the following representation

S= [Tz,

Theorem 9.1 suggests to associate to any probability density p the following
operator

(15) p—> OP [l = [ ) walu(dz).

The arrow in (15) can be seen as the “optimal transport”, from classical proba-
bility densities to quantum density matrices, transporting r to .S.
Note that, for any density u,

traceOP;’S[,u] = de u(dz).

Finally, using (13), we easily show, by analogy with the proof of Theorem 2.6
(b) in [2], that, when a € C*(R??), (Va)r € C,(R??) and, e.g., 1. ¢ Dom(;;[Z, B])
for all z € supp(r),

0 = I(2):+[Z (a(z) + B-2z-Z2)[I(2)] =.+[Z,a(z) + B - z- Z]1I(z)
- T(:)(Z, B] - 2)TI(2)
and
0 = T(2)|Z,(a(z)+B-z-2)I(2)} =U(2){Z,a(2) + B-z- Z|II(2)

(z)(Va(z) - Z2)I(2).

Therefore the (classical and quantum) “gradient” aspect appears in the following
expressions

(V2] Z1-)

z

va(z)
(1| 2|V By.)

where V@ := %[JZ,-] with J the symplectic matrix defined by {f,g} = Vf-JVg,
as introduced and motivated in [2, Section 1].
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Let us finish this section by an example. Suppose that
S = OP} ((2mh)%r).
In this case, one knows, [7, Theorem 2.4 (1)] (note a difference of normalization: in
(7). Ej = 388);
En(r,8)? = dh = f @(2)r(2)dz + trace( BS) with @ =0, B = dhl,.
R L

Since (¢ - )2+ (p+ihV,)? > dhls =a(z)Ig + B, @ and B are optimal and
a(q,p) = 3|2* and B = 3(|2]” - dh).
Hence
a(z)+B-z2-Z= %(—V:,; +x-(q+ip)) (Ve +x—(q-1ip)),
the solution of (14) is

BT

@-9? paz
2h e’ R

’ll)z — (ﬂ_h)fd/zle,
and Theorem 9.1 expresses back that S = OP} ((27h)%) and

OPLOPR () _ op]

for any probability density pu.

9.2. A semiquantum Legendre transform. As we have seen, —a(z) is the fun-
damental of the operator B — z- Z. Therefore, by the variational characterization
of the lowest eigenvalue,

~a(:)= it (@61Bl0) - = (612]6)).
lélls=1

to be faced to the classical definition of the Legendre transform
a(z) =sup(z-2" - b(2)).
Z,
Let us define the semiquantum Legendre transform by

B = sup  (2-(¢Z]¢) - (¢]B|¢)).
¢peDom(B)
lélls=1
Theorem 9.2. Let a(z) = 3(|2* -@(z)),B = +(|1Z]* - B) where @(z) and B are
bounded optimal Kantorovich potentials for Ep(r,S). Then

a= B,

Proof. We just recall the variational argument.
Let A >0 and A|pg) = 0. Then,

(¢olAldo) < inf  (d]A]¢)

<
$peDom(B)
I#lls=1

and

(@0 + do| Al + d0) = (d¢|Ald¢).



S

[10]
1]
[12]
[13]

(14]

QUANTUM AND SEMIQUANTUM PSEUDOMETRICS 33

REFERENCES

Brezis, H.: “Functional Analysis, Sobolev Spaces and Partial Differential Equations”,
Springer Science + Business Media 2011.

Caglioti, E., Golse, F., Paul, T.: Toward Optimal Transport for Quantum Densities, preprint
arXiv:2101.03256 [math-ph].

Caglioti, E., Golse, F., Paul, T.: Quantum Optimal Transport is Cheaper, J. Statist. Phys.
181 (2020), 149-162.

DePalma, G., Trevisan, D.: Quantum optimal transport with quantum channels, preprint
arXiv:1911.00803 [math-ph].

Diestel, J., Uhl Jr, J.J.: “Vector Measures”, Amer. Math. Soc., Providence, RI, 1977.
Golse, F., Mouhot, C., Paul, T.: On the mean-field and classical limits of quantum mechanics,
Commun. Math. Phys. 343 (2016), 165-205.

Golse, F., Paul, T.: The Schridinger Equation in the Mean-Field and Semiclassical Regime,
Arch. Rational Mech. Anal. 223 (2017), 57-94.

Golse, F., Paul, T.: Semiclassical evolution with low regularity, preprint arXiv:2011.14884
[math.AP], to appear in J. Math. Pures et Appl..

Reed, M., Simon, B.: “Methods of Modern Mathematical Physics I. Functional Analysis”
Acad. Press., Inc., 1980.

Reed, M., Simon, B.: “Methods of Modern Mathematical Physics IV. Analysis of Operators”
Acad. Press., Inc., 1978.

Rockafellar, R.T. : “Convex Analysis”, 2nd printing, Princeton University Press, 1972.
Rudin, W.: “Functional Analysis”, 2nd ed., McGraw Hill, Inc., 1991.

Simon, B.: “Trace Ideals and their Applications”, 2nd ed., Amer. Math. Soc. Providence,
2005.

Villani, C.: “Topics in Optimal Transportation”, Amer. Math. Soc., Providence, 2003.

(F.G.) CMLS, ECOLE POLYTECHNIQUE, CNRS, UNIVERSITE PARIS-SACLAY , 91128 PALAISEAU

CEDEX, FRANCE

E-mail address: francois.golse@polytechnique.edu

(T.P.) CNRS & LJLL SORBONNE UNIVERSITE 4 PLACE JUSSIEU 75005 PARIS, FRANCE
E-mail address: thierry.paul@upmc.fr



	1. Introduction and statement of some main results
	2. Preliminaries
	2.1. Monotone Convergence
	2.2. Finite Energy Condition
	2.3. Energy and Partial Trace

	3. Couplings
	4. Triangle Inequalities
	5. Applications
	6. Kantorovich duality for E
	7. Applications of duality for E I: inequalities between  MK, E and distMK,2. 
	8. Applications of duality for E II: ``triangle'' inequalities
	9. Applications of duality for E III: Classical/quantum optimal transport and semiquantum Legendre transform
	9.1. A classical/quantum optimal transport
	9.2. A semiquantum Legendre transform

	References

