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A convex function satisfying the Lojasiewicz inequality
but failing the gradient conjecture both at zero and infinity.

ARIS DANIILIDIS, MOUNIR HADDOU, OLIVIER LEY

Abstract. We construct an example of a smooth convex function on the plane with a strict
minimum at zero, which is real analytic except at zero, for which Thom’s gradient conjecture
fails both at zero and infinity. More precisely, the gradient orbits of the function spiral around
zero and at infinity. Besides, the function satisfies the Lojasiewicz gradient inequality at zero.

Key words. Gradient conjecture, gradient conjecture at infinity, Kurdyka-Lojasiewicz inequal-
ity, convex function, convergence of secants.
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1 Introduction

Answering a question of Whitney, Lojasiewicz [20] showed that every analytic variety f~1(0),
where f : U € RY — R is real-analytic (i # (), open), is a deformation retract of its open
neighborhood. The deformation was given by the flow of the Euclidean gradient —V(f?). The
main argument of Lojasiewicz was based on a famous lemma, nowadays known as the Lojasiewicz
(gradient) inequality, which asserts that for some 9 € (0,1) and ¢ > 0 we have

IVf(@)] = ¢lf(2) = f(a)]” (1.1)

for all z sufficiently close to a € f~1(0). The above inequality ensures that every bounded
gradient orbit t — ~y(t) (i.e., ¥ = Vf(7)) has finite length and therefore converges to a singular
point veo with V f(75) = 0.

Some years later, Thom conjectured that in this case, up to a change of coordinates that
identifies 7 to 0, the spherical part of the orbit also converges. In other words, the limit of
secants

i )~ Vs

t=oo ||7(t) — Yool|

For decades, this has been known as the (Thom) gradient conjecture, see [1,30]. (For the

more general problem of non-oscillation of trajectories, we refer to [4,12,25].) The gradient

conjecture makes sense for any gradient dynamics for which bounded orbits converge. Partial

results revealed that (1.2) should hold in the real-analytic case, see [13,19,28], fact that was

eventually published in full generality by Kurdyka, Mostowski and Parusiriski [16] in 2000. The
proof was based on (1.1) together with concrete analytic estimations.

exists. (1.2)

Lojasiewicz showed that the gradient inequality (1.1) remains valid also for C! semialgebraic
(respectively, globally subabalytic) functions, see [21]. In 1998, Kurdyka [17] generalized (1.1)
for C! functions that are definable in some o-minimal structure, an axiomatic definition due to
van den Dries [31,32] which encompasses semialgebraic and globally subanalytic functions, but
also larger classes that include the exponential function [24]. More precisely, Kurdyka showed



that for every definable function f and critical value ro, (which is necessarily isolated) there
exists § > 0 and a continuous function ¥ : [re, 7o + 0) — R which is C! on (re, 70 + ) with
U’ > 0 such that

IV(¥o f)(a)]] =1 (1.3)

for all z € RY such that ro < f(z) < 7o + 6. In addition, Kurdyka’s proof showed that the
function ¥ can be taken in the same o-minimal structure as f. Consequently, if f is semialgebraic
or globally subanalytic, then so is ¥ and thanks to Puiseux’s theorem we may take W(r) = r'=7,
for 9 € (0,1). It is then straightforward to see that (1.3) actually yields (1.1) for ¢ = (1 — )~ 1.

We refer to (1.3) as the Kurdyka-Lojasiewicz (in short, KL) inequality and we call KL-
function any function with (upper) isolated critical values that satisfies the KL-inequality around
any of them. Similarly to the gradient inequality (1.1), bounded gradient orbits of a KE-function
have finite length. There are well-known examples of C* functions in R? with isolated critical
values that are not KL-functions (they have bounded gradient orbits which fail to converge),
see [10,26]. Bounded gradient orbits of convex functions have finite length [7,23] and therefore
converge, but there are also examples of C2-smooth convex functions failing KL-property, see [3,
§4.3] or [2, §5.1]. In [3] we characterized the class of KL-functions (among the ones with upper
isolated critical values) and gave criteria for a convex function to be KL.

In [18], Kurdyka and Parusinski used KL-inequality together with a quasiconvex cell decom-
position of o-minimal sets and concrete estimates to show that the gradient conjecture holds
for C' o-minimal functions provided either N = 2 (planar case) or the structure is polynomially
bounded (in particular if f is semialgebraic or globally subanalytic). On the other hand, mere
convexity is not sufficient to guarantee (1.2): there exist examples of convex functions whose
orbits either spiral [8, §7.2] or oscillate between two secants [2].

In [11], Grandjean considered the behavior of the secants at infinity: he showed that if f is
a C! semialgebraic function and t + v(t) is a gradient orbit satisfying ||y(t)|| — oo, as t — +o0,
then the limit of secants at infinity

i @
t=+oo [[y(t)]

exists (gradient conjecture at infinity). (1.4)

The proof is based on a Lojasiewicz type gradient inequality at infinity previously obtained by
the author together with D’Acunto in [6].

The behavior of secants at infinity has recently become relevant in Machine Learning. If a
deep network model is unbiased and homogeneous (max-pooling, ReLu, linear and convolutional
layers), then minimizing the cross-entropy or other classification losses forces the parameters
of the model to diverge in norm to infinity [22]. In this setting, convergence of the secants
at infinity is important. In [14] the authors manage to establish that for a certain type of
prediction functions (L-homogeneous and definable in the log-exp structure) (1.4) holds. For
the time being, no further results have been reported.

In a nutshell, proving the gradient conjecture (respectively, the gradient conjecture at infin-
ity) seems to require at least the KL-inequality (1.3) together with other properties of o-minimal
functions, but it is still unknown if these conjectures are true for general o-minimal functions.

In this work we present an example of a smooth convex function in R?, which is real-analytic

outside zero (its unique critical point), it satisfies the Lojasiewicz inequality (1.1) and fails the
gradient conjecture both at zero and at infinity. In particular, all gradient orbits spiral both



at zero and at infinity, underlying in this way the two failures of o-minimality of the function,
despite the fact that the function is convex and satisfies the Lojasiewicz gradient inequality.

Theorem 1.1 (main result). For every k € N, there exists a Ck-convex function f : R> — R
with a unique minimum at O := (0,0) such that:

- f is real analytic on R?\ {O} ;
- f satisfies the Lojasiewicz inequality at O and

- every mazimal gradient orbit v : (—oo,T) — R? of f spirals infinitely many times both
when t — —oo (around the origin O) and t — T (at infinity). As we show in Lemma 4.1,
T < 400, i.e., mazimal orbits blow up in finite positive time.

Throughout the manuscript, by gradient orbits (or gradient trajectories) we refer to maximal
solutions of the ordinary differential equation:

7(t) = V(1)

In our example, the function f will be convex, with unique critical point (global minimizer)
at O, where we tacitly assume that v(0) # O (avoiding stationary orbits).

Let us briefly describe our strategy for the construction of this example: in Section 2 we
prescribe a family of convex sets, all being delimited by ellipses, centered at the origin, and
obtained via rotations and size adjustments of a basic ellipse F(0). This is done in a way that
convex foliation is obtained, which can be represented by some (quasiconvex) function.

In Section 3, we further calibrate the parameters so that we can apply a criterium due to
de Finetti [9] and Crouzeix [5] that guarantees that the aforementioned quasiconvex function
is in fact convex. The construction yields that the function is real-analytic on R? \ O, which
of course cannot be further improved to real analycity on the whole space, due to the proof of
Thom’s gradient conjecture [16]. Instead, we are able to show that the function can be taken
CF-smooth at O for arbitrary large k € N. Still our construction fails to ensure C*°. Finally,
applying a result of [3] which gives conditions for a convex function to satisfy (1.3), we show
that our function satisfies KL-inequality and in fact even (1.1) (the Lojasiewicz inequality).

Gradient orbits are perpendicular to the foliation and explicit calculations, conducted in
Section 4, show that the orbits turn around both at the origin and at infinity, which disproves
the conjecture. An additional difficulty to establish spirality is that the evolution of the spherical
part of the orbit (the rotation angle «(t) of v(¢) in polar coordinates) is not monotone in time,
so that the decrease rate is established in average, see Figure 3 and Figure 4. For a study of
monotonic spiraling of orbits of general analytic vector fields in dimensions 2 and 3, we refer
to [29].

2 Construction of a convex real analytic foliation in R*\ {O}.

Let us first consider two smooth increasing functions a,b : R — (0, +00) for which we assume:

lim a(t) = lim b(t) = +o0

t——4o00 t—+o0
tlil_nooa(t) = tEHloob(t) =0 and (2.1)

a(t) > b(t), forallteR.



The exact definition of the functions a(t) and b(¢) will be given in Lemma 3.1 (Section 3). We
also consider the rotation matrix by an angle ¢ denoted by:

ro= (o o) (22
Fort € Rand 0 € T :=R/277Z we set
m(t,0) := (z(t,0), y(t,0)) = (a(t) cos b, b(t)sinh),
and
M(t,0) :== R(t)m(t,0) = (X(t,0),Y(t,0)). (2.3)
Therefore
{ X(t,0) = x(t,0) cost — y(t,0)sint = a(t)costcosd — b(t) sintsin b 2.0
Y(t,0) = x(t,0)sint +y(t,0) cost = a(t)sintcosd + b(t) costsinf.
The subset
E(t) = {M(t,0):0 €T} (2.5)

is an ellipse with major axis of length a(f) and minor axis of length b(t) (see Figure 1 for
illustration). Notice that £(t) is the rotation by angle ¢ of the ellipse

72 2
E(t) == {m(t,0) : 0 € T} = {(:L‘,:IJ)GR2I a2(t)+b§/(t) :1}.

Under an additional condition on the functions a, b, the family of ellipses {£(¢) }+er defined
in (2.5) is disjoint with union equal to R?\ {O}. More precisely, denoting by a’, b’ the derivatives
of the functions a, b respectively, we have the following result:

Lemma 2.1 (Convex foliation by ellipses). Let a,b: R — (0,+00) satisfy (2.1) and assume
4a(t)bt)d )V (t) > (a(t)® —=b1)H?,  forall t€R. (2.6)

Then (E(t))ter defines an analytic convex foliation of R?\ {O}.

Proof. The proof is divided in three steps:

Step 1. The map M : R x T — R?\ {O} is a local analytic diffeomorphism.
Indeed, let us first notice that the map M, defined by (2.3)—(2.4), is real-analytic as composition

Y oY

ot a0
is invertible at each point (t,0) € R x T, the assertion follows from the local analytic inverse

function theorem [15, Theorem 2.5.1]. To this end, we shall prove that

9X  9X
of analytic functions. Therefore, if we show that the Jacobian matrix JM = < ot 00 )

0X 9Y 0Y 90X oM
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Figure 1: The ellipse £(t) and the map (¢,0) — M (t, )

where n(t,0) = (g) 5 = (%’g, —%) is the outer unit normal to the convex set conv &E(t)
(convex envelope of £(t)) at M(t, ). Recalling that M(¢,0) = R(t) m(t,0) (see (2.3)) and that
the rotation matrix (2.2) satisfies
R(t) = R(t + g), R(t)"' = R(t)T = R(—t) and R(t)R(s) = R(t + s),
we deduce
oM 0 w, 0
() = (g (ROm),~R() oL (Riym))
om 0 om
— / _ _
= (R(m+ROD, R R() O
om m, Om
om T om Om
= (Rt - TRt + Dym, <2 t— DTRHZL, I
(R(t=5) Rt +5)m, 57) + (R(t = 5) R(t) 5 57)
om . 0m Om

= ~{m ) + BG)50 59

Plugging
om om o /o
20 = (—asinf,bcos ) and 5= (a’ cos@,b sin )
into the above equality, we end up with the expression:
det(JM) = <aé\f, n) = a'beos® O + ab’ sin? 0 + (a* — b*) cos O sin 6. (2.8)



This is a quadratic expression with respect to cosf and sin#, which is positive for all 8 € T if
and only if the discriminant (a? — b%)? — 4aa’bl’ is negative. The result follows in view of (2.6).

Step 2. The map M : R x T — R?\ {O} is injective.

Fix t € R. From (2.7)-(2.8), using compactness of £(f) and smoothness of M, we deduce the
existence of &, py > 0 such that, for all s € [t,t + d;], 6 € T,

oM
<W(S>9)an(t>9)> Z Pt > 07

which yields
(M(s,0) — M(t,0),n(t,0)) > p(s—t) >0, for t<s<t+6 and §€T.
It follows that conv &(t) C intconvE(s) for all s > t. Therefore, the family (conv&(t))icr is
nested and the map M is injective.
Step 8. The map M : R x T — R?\ {O} is surjective.

Fix (z,y) € R?\ {O} and set, for t € R and D(t) = ( a(t) 0 >7

p(t) = |ID@®)TIRE) T (z,y)|* = (zcost 4 ysint)? + (—xsint +ycost)?.

1 1
a’(t) b*(t)
We claim that p is a smooth decreasing function with lim p = +o00 and Em p=0.

—00 [e.9]
Indeed, since (z,y) # (0,0), we get R(t)"(z,y) # (0,0) and either xcost + ysint # 0 or
—xsint +ycost # 0. Recalling that a(t),b(t) — 0 as t — —o0o, we deduce lim p = +00. We also
—00
observe that Emp = 0 is a direct consequence of the fact a(t),b(t) — +oo as t — +oo.
oo
It remains to prove that p’ is negative. To this end, set ¢(t) := x cost + ysint and notice that
p=a"2¢>+b"%(¢)% Using that ¢" = —¢q, we infer
p/(t) — _2a/a—3q2 + 2a—2q/q o 2b/b—3(q/)2 + 2b—2q/lq/
— _2a72b72 (a/a71b2q2 + ((12 - b2)qq/ + b/bflaQ(q/)Q) .
The quadratic expression a’a=1b?¢>+ (a® —b?)qq’ +b'b~1a?(¢')? with respect to q and ¢ is positive

if and only if its discriminant is negative, which is equivalent, once again, to assume (2.6). Thus
p is strictly decreasing and the claim follows.

Using the claim, we infer that there exists a unique ¢ € R such that
p(t) = IDE) T RE ™ (2, )| = 1.

Therefore, there exists a unique 6 € T such that D(#) 1 R(f)"!(x,y) = (cosf,sind). It follows
that M(%,0) = (z,y), which proves that M is onto. O

A typical instance where Lemma 2.1 applies is to take ¢ = ub for some constant pu > 1.
2
Then for b(t) = ! with v > ”’2;1, it is straightforward to check that a, b satisfy (2.1) and (2.6).
Figure 2 represents the explicit choice u = 2 and v = 1 leading to a(t) = 2¢' and b(t) = €.




40 A

—40

-40 -20 0 20 40

Figure 2: The convex foliation (£(t))er for a(t) = 2b(t) = 2¢'.

3 Defining the convex function and regularity properties

In this section we shall show that for a more precise choice of the functions a(t),b(t) we can
construct a convex function whose level sets are exactly the foliation {£(¢)}1er. Moreover, we
shall show that this convex function is smooth, real-analytic on R? \ {O} and satisfies (1.1).

Concretely, let us denote by ¢ : R — R a smooth strictly increasing function satisfying
p(—00) = . lim ¢(t) = 0 (the concrete definition of the function ¢ will be given in (3.2), see
——00

Lemma 3.1) and let us set for all M € R?
0, if M=(0,0),
f(M) = : (3.1)
p(t), it M e £(t),

where £(t) is the ellipse given in (2.5). We shall now show that we can adjust the parameters
and choose ¢ in a way that (3.1) gives a well-defined convex function.

Lemma 3.1 (Construction of the convex function). Setting for t € R
a(t) = V2 exp(t), b(t) =exp(t) in (2.4),
p(t) = exp(t/T), T€(0,15), n(3.1),

the function f defined by (3.1) is convex, with level sets the ellipses E(t) and argmin f = {O}.

(3.2)



Proof. Since the functions a, b satisfy (2.1) and (2.6), we deduce by Lemma 2.1 that conv(E(t))er
is a convex foliation. In particular, the function f is well defined from (3.1) with sublevel sets

[f <N :={M eR?: f(M) < \} =conv [E(¢ }()\))] = conv [E(T log \)]

compact and convex. Therefore f is a coercive, quasiconvex function.

We shall now use a result due to de Finetti and Crouzeix [5,9] which asserts that the quasiconvex
function f is convex if and only if

A= o<y (p) is concave for every p € R?,

where o4(p) = Argllgﬁ (p, M) is the support function to the subset A. Without loss of generality,

we may restrict to unit vectorss p € R?, which results in assuming that p = (cosa,sina), for
some « € T. Therefore, we are led to prove that the function

Ga(V) 1= sup{((z.y), (cosa,sina)): f(z.y) <A}
— sup {<M(t, 9), (cos a, sin a)> L F(M(t,0)) = o(t) < A}
— max {<M(t, 0), (cos a, sin a)> 0eT,t=t(\) = gfl(x)}
is concave. To this, end, after straightforward calculations we obtain
<M(t, 9), (cos a, sin a)> - <R(t) m(t,8), (cos a, sin a)>
- <(a(t) cos 0, b(t)sind), R(—t) (cosa, sin a)>
- <(cos€, sin @), (a(t) cos(a — t), b(t) sin(a — t)) >
whence we deduce
Ga(A) = [at(V) cos(a = t(N)), bt(N) sin(a — 1) || = Vgal (3.3)
with
ga(N) = a(t(\)? cos?(H(A) — a) + b(t(N)2sin2(t(\) — a). (3.4)

Calculating the second derivative of G, in (3.3) yields

o — 29090 — (9)°
o 4 3/2 :
Ja

Therefore, the functions {G, }qeT are concave provided we establish:
20100 — (gh)? <0, forallacT. (3.5)
At this step, we replace in (3.4) the choice for a, b and ¢ given in (3.2):

at) =v2e, bt)=¢ and A=(t)=¢e/T, forall t R,



and we seek for the values of 7 > 0 that ensure inequality (3.5). In particular,

t:=t(\) =7log), whence t'(\) = ; and t"(\) = —% < 0.
After tedious computations, we get
g = € (cos?(t—a) + 1), gh =2t (cos*(t—a) + 1 — cos(t—a) sin(t—a))
and

g = 2% <(t’)2(3 — 4 cos(t—a) sin(t—a)) +t (COSQ(t—Q) +1—cos(t—a) sin(t—a)) )

Hence

1

2gagof - (951)2 =
4e4t(t')2{(c082(t—a) +1)(3 = 4cos(t—a)sin(t—a)) — (cosQ(t—oz) +1—cos(t—a) sin(t—oz))2
+ 4t (cos®(t—a) + 1) (cos*(t—a) + 1 — cos(t—a) sin(t—a))}

1 27(107 — 1)et
< et (5(t/)2 + it//) < 2

which is negative provided we choose 7 < 1/10. O

We fix M : R x T +— R?\{O} under the choice made in Lemma 3.1, that is,

M(t,0) = (X(t,0),Y(t,0)) = € (ﬁcostcos@ —sintsinf, v2sint cosd + costsin@) . (3.6)

Setting B
f:RxT—R
5 (3.7)
f(t,0) = o(t) = exp(t/7)
we observe that the convex function f defined in (3.1) satisfies:
(fo M )(w,y), if (x,y)# O,
fla,y) = . (3-8)
0, if (z,y) = O.

With the next couple of lemmas we show that the function f, apart from being convex, enjoys
several other good properties.

Lemma 3.2 (Properties of the convex function). Let f : R? + [0, 4+00) be the convex function
defined by (3.6)—(3.8) for 0 < 7 < 1/10. Then

(i). f is strictly positive on R?\ {O} with f(O) =0.
(ii). For all (z,y) € R?, it holds
/T T T
(1v2) @l < fw) < w7 (3.9)

In particular, f is coercive.



(iii). f is real analytic on R?\ {O} and f € C*(R?).

(iv). f satisfies the Lojasiewicz inequality (1.1) with ¥ = 1—71, ¢ =7/v/2, a = O and f(O) =0,
that s

IR (ﬂ) Fay)' T, for all (zy) € B. (3.10)

Proof. (i). It is straightforward from the definition of f in (3.1) and the choice of .
(ii). From Lemma 2.1, for every (x,y) € R?\ {O}, there exists a unique ¢ € R such that
(z,y) € £(t) and we have

x2+y2

. 2
2) < 2(0) (—zsint+ycost)” =1 <

(zcost +ysint)? +

1
b3(t)
whence

¢ =b(t) < |z, y)ll < alt) = v2e".
We deduce easily that
27VCD | (2, )1V < flany) = o) = €T < ()T

(iii). It follows from (3.1) that f = ¢ o p; o M1 on R?\ {O}, where p; : R x T +— R with
p1(t,0) = t. By Lemma 2.1, the map M : R x T +— R2\ {O} given in (3.6) is a real analytic
diffeomorphism. Since p; and ¢ are analytic, the first part of the assertion follows. In particular,
the function f is C*°-smooth on R?\ {O}.

Since 1/7 > 1, the function (z,y) — ||(z,y)||'/™ is C! over R? and (3.9) yields that f is differ-
entiable at O with Vf(O) = 0. Therefore f is differentiable everywhere in R? and, since it is
convex, it is C! (see for instance, [27, p. 20]).

(iv) Since S := argmin f = {O}, we have distg(M) = ||M]|| for all M = (z,y) € R?. Therefore,
the first inequality in (3.9) can be written

f(M) > m(distg(M)) for all M € R?,
where m(r) = 271/C7) /7 Since

m™~(s)

we deduce from [3, Theorem 30] that the KL-inequality

V(e /(M) =1,
holds for all M € [f > 0] := R?\ {O}, where

smflo_
w(s):/o U<)da = @87.

T

= V25771 € Lige((0, +00)),

A straightforward calculation shows that (3.10) holds. O
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Lemma 3.3 (CF-smoothness of the convex function). Let f be the convex function defined
by (3.7)~(3.8) for 0 < 7 < 1/10. Let k € N be the biggest integer such that k < L. Then
f € CFR?) and f ¢ CF1(R?).

Proof. Recalling that f is real analytic in R? \ {O} with f(O) =0 and Vf(O) = 0, in order to
prove that f is C*, it is sufficient to show that all the partial derivatives

al1+12f

W’ l]_ + l2 S k;, (311)

which exist in R? \ {O}, converge to 0 at O. To this end, it is more convenient to start by
computating the partial derivatives of f defined in (3.7). We have

f(t’ 0) = f(M(t,0)) = el = f(z,y) for (z,y) = M(t,0) = (X(t,0),Y(t,0)),

and by differentiation, we obtain

of 1 ¢t/7 oX oY of

ot _ 7€ _ ot ot Ox (3.12)
of - 0 o 9x oy af |- ’

5 o0 00 dy

We can compute explicitely the partial derivatives of X and Y, see (3.6), to obtain

0X 9y 0X oY
ot’ot’ o0’ 0o
where P(t,0) denotes generically a smooth periodic (hence bounded) function with respect to ¢
and 6. More generally, in what follows, P, ,,(t,0) (respectively By, (t,6)) denotes a n x m

matrix, the coefficients of which are smooth and periodic with respect to ¢ and 6 (respectively
bounded in (—oo, 1] x R). It follows that

of )4 _ oY 1 ¢
ar | _ 1 56 ot et/
of | T axay _avax | _ax  ax 0
Jy ot 00 ot 00 00 ot

9 1 8X9Y 9y ax
Iy 27 T
0<e®(V2=3) < 5r 50 ~ 50 a9

e'P(t,0),

Since
1
= (V2 + cosfsinh) < e2(V2+ 5),

we obtain
ﬂ 1
( o ) = VP (1,9), (3.13)
Oy

from which we infer that %, %gjj — 0 as (z,y) — O or equivalently as t — —o0, since % > 1. We
then recover the fact that f is C!, with Vf(O) = (0,0).
To prove that f is C? (when 1 > 2), we differentiate again (3.12) to obtain

*f *f
ez Lell 92 af
rs 2
g:af@ = 0 = e2tP373(t, 9) aigy + etng(t, 9) < gj’; > , (3.14)
o°f 0 2f 9y
0672 dy?

11



where the coefficients of €?! P 5(t, 0) are of the form

0X Y 0X 8Y}
ot’ ot’ 90’ o0

and the coefficients of e'Pss(t,0) are second derivatives of X, Y. The matrix Ps3(t,0) is
invertible since (¢,0) € R x T + M(t,0) := (z,y) € R?\ {O} is an analytic diffeomorphism.
Finally, we get

7175, with Z1,Zy € Dy = {

2f
Oz?
885028]; = 6(%_2)tP3,1(t, 0) + 6(%_1”33,1(& 0),
22f
Oy?

which proves that the second derivatives of f converge to 0 as (z,y) — O if % > 2. Therefore f
is C% with V2£(0) = 0axa.

Continuing along the same lines, when differentiating [ times, the invertible matrix in front
of the [-th order derivatives of f has coefficients of the form Z175---Z; with Z1,--- ,Z; € D,
and, after tedious computations, we obtain

af
ox!

[ 1_ 1_ (-
o | =TT P (1,0) + DB L (8,0), (3.15)

which converges to 0 as (x,y) — O as long as % > [. Therefore f is C' and all the I-th order
derivatives of f are zero at O and we conclude that f € C¥(R?), where k is the biggest integer
such that k£ < %

Let us now assume, towards a contradiction, that f is C¥*!. Then we can write a Taylor
expansion of f up to the order k + 1 at O. Since V! f(O) = 0 for | < k, we obtain that

flz,y) = O(H(w,y)HkH) in a neighborhood of O, (3.16)

where O(r**+1) /rk*1 is bounded near 0. If % ¢ N, then k+1 > %, and we obtain a straightforward
contradiction with the first inequality in (3.9). If now k+1 = 1 € N, then (3.16) is not anymore
contradictory with (3.9). But writing (3.15) with | = k + 1, we get

8k+1f
Oxk+1

: = Ppi21(t,0) + €' Bryai (¢, 0).
8k+1f
T

The second term above converges to zero as t — —oo, or equivalently as (z,y) — O, but
Pyi21(t,0) is a periodic nonconstant matrix with respect to ¢ and 6 so cannot converge as
t — —oo, contradicting our assumption. This ends the proof. O
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4 Oscillating gradient trajectories

Let us start by showing that maximal gradient orbits blow up in finite positive time (and
converge to the unique minimum O of the convex function f as t - —c0).

Lemma 4.1 (Gradient trajectories of the convex function). Let f be the convex function defined
in Lemma 3.1. Then the ordinary differential equation for the gradient orbits

{ Y (t) = VI(v(t), teR,
7(0) =0 € R*\ {O}.

admits a unique mazimal solution ~y defined in (—oo,T') such that

(4.1)

tlgr—noo’}/(t) =0
and v blows up in a finite time
21/27‘ 1
T< (0 <7< —= s introduced in (3.2)),

— 1_
(7 = 2) ol =~ 10

1.€.,
lim t)|| = 4o0.
tlfTH’Y( |

Proof. Since f is C¥ with k > 2 (Lemma 3.3), there exists a unique maximal solution of (4.1),
denoted by v € C¥((S,T)), where —o0o < S < 0 < T < +o00. The function f being convex and
coercive with a unique minimum at O, we infer that S = —oo and v(t) - O as t - —oo. In
particular, v(t) # O for every t € (—oo0,T') and consequently the function t — z(¢t) := [|y(¢)|| is
differentiable. Using the convexity of f and (3.9), we deduce:

d oy @) v(t) fO®) -1 1
GOl =00, ) = (VIO00), D 2 o 22 = hol
It follows that
)] > ! ,

_1 =37
(Ioll>= =272 (2 —2)¢) ™

where the %bove 11"ight-hzmd side is the exact solution to the scalar ordinary differential equation
2/(t) = 2727 2(t)= 1, 2(0) = ||70]|. We conclude that the maximal solution v blows up in finite
positive time. ]

In fact, finding gradient orbits is a geometric problem. We seek the unique curve v passing
through ~g, which is orthogonal to the level sets of f. It is convenient to parametrize v as

V(s) = M(t(s),0(s)) = (X(t(s),0(s)), Y (t(s),0(s))), s € R (4.2)

(s)), for every s € R

using the notations (2.3)-(2.4). Under this parametrization v(s) € £(¢
< f(v(s)] = conv E(#(s)).

and 7/(s) is a normal vector at y(s) to the (convex) sublevel set [f
Therefore:

7' (s) L OgM(t(s),0(s)), for all s € R. (4.3)

13



We define the rotation angle s — «a(s) as the angle between the z-axis and the secant %
(spherical part of the orbit) varying in a continuous way. Therefore
X(,0)
X(t,0)2+Y (1.0)%
. . Y (¢,0)
SH“KS)_’VXUﬂP+YGﬂP'
In particular, according to the notation used in (2.3)—(2.5), if ¢(s) is the angle in polar coordi-
nates of the point m(t, #), then we have (see Figure 1):

cosa(s) =

a(s) =t(s) + ¢(s), forall seR.

2000

ooooo

Figure 3: Gradient orbit v(s) with initial point v(0) = (2,0), then zoom and extra-zoom.

Lemma 4.2 (Spiraling around the origin). Let f be the convex function defined in (3.1) under
the assumption (3.2) and let s — y(s) be a mazimal orbit of the convex foliation (E(t))ier. Then
the rotation angle s — «(s) satisfies

lim a(s) = +oo. (4.4)

s—+oo

See Figure 3 for a generic numerical simulation of the maximal orbit of the function f associated
with the convex foliation of Figure 2.

Proof. We use the parametrization given by (4.2). Since

lim [ly(s)| = +oo and  lim 5(s) = O

s——+00

we can assume that the function s — ¢(s) satisfies

t(s) >0 and lim t(s) = +oo. (4.5)

S—00

The goal is to compute «a(s) using the orthogonality condition (4.3), which is equivalent to
(7'(s), 0pM(t(s),0(s)) ) =0, forall s € R. (4.6)

Using the notations of Section 2, we have

v (s) = %M(t(s), 0(s)) = t'0;(Rm) + 0'9p(Rm) = t'(R'm + ROym) + 0' ROym

14



and JpM = Jg(Rm) = RIpm. It follows
(7'(s),06M) = t'(R'm, R9ym) + t'( Rdym, Rdym) + 0'( Rdgm, ROym.)
_ t’<R(g)m,8.9m> +/(0ym, Bgm) + 0| Dgm |2
= t'(ab+ (bV — ad) cosOsinf) + 6 (a®sin® O + b? cos* 0) .
By (4.3), we have (7/(s),99M) = 0 and after substitution a(t) = v/2e! and b(t) = e’ we get
t'e?(v/2 — cos Osin 0) + 0'e** (1 + sin® 0) = 0
whence we deduce the following relation between ¢(s) and 6(s):

oy 1 +sin?6(s) (s
t(s) = V2 — cos f(s) sin 0(3)9 (8). (4.7)

Since for every 6 € R we have

0 < 1 < 1 +sin%6 < 2
\@—1-% = V2 —cosfsinf — \f—%’
we get
1 2
— (s t'(s) < — 0'(s).
N e LCEHCERE a0
Therefore, from (4.5) we deduce
/
0'(s) <0, 0(s) L oo 0(s) Tl T (4.8)

Next, we establish the relation between 6(s) and ¢(s), see Figure 1. We have

acosf V2 cos 6
cos ¢ = = )
VaZcos2 0 + b2sin20  \/2cos26 +sin2 0
. bsind sin 0
sin ¢ =

Va2 cos? 6 + b2sin 0 a \/200829+sin20.

Differentiating cos ¢ and plugging the result in the second expression, we end up with

V2
/ /
_ _ 4.
¢ 1 + cos? 99 (4.9)
Assembling (4.7) and (4.9), we obtain
V2 1+ sin%46
"=t +¢' = - 0 =: h(6)0'. 4.10
@ ¢ <1—|—c0520 V2 — cosfsin @ (6) (4.10)

The function h is analytic and 27-periodic, see Figure 4. We can expand it in Fourier series
and integrate (4.10) to obtain

als) = %e(s) +0(1), (4.11)
where O(1) is a bounded function and
1 2w
ag = / h(6)dh ~ —0.84 < 0.
T Jo
We finally conclude from (4.11) and (4.5) that (4.4) holds. O
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V2 1+ sin? 6
" 14cos?20 /2 —cosOsinf’

Figure 4: Plot of h(0)

5 Proof of Theorem 1.1

Consider the convex foliation by ellipses {€(t) }+er given by Lemma 2.1. Let & > 1 be any integer
and f be the convex function defined by Lemma 3.1 for 0 < 7 < min{1/10,1/k}. Then, by
Lemma 3.2, the function f is coercive, has its unique minimum at the origin O, is real analytic
in R?\ {O} and satisfies the Lojasiewicz inequality (1.1). Further, Lemma 3.3, ensures that f is
CF-smooth. Finally, Lemma 4.2 asserts that all nontrivial gradient orbits spiral infinitely many
times both near the origin (bounded part) and at infinity. g
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