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Abstract We are exploring the idea of data pruning via hyperreduction mod-
eling. The proposed algorithm preserves data driven modeling capabilities
while reducing storage resources. High resolution crystal plasticity finite el-
ement simulations demand huge computational and storage resources, espe-
cially in cases where hundreds of grains are interacting under cyclic loading.
The development of image-based modeling via computed tomography high-
lights the problem of long-term storage of simulation data. The present paper
focuses on modeling cyclic strain-ratcheting as an example of numerical mod-
eling that the proposed algorithm preserves. The size of the remaining sampled
data can be user-defined, depending on the needs concerning storage space.
The pruning algorithm can be supplemented by data compression, but con-
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2 Harris Farooq et al.

trary to usual compression algorithms large data reduction is obtained for
the price of reasonable approximation errors. The proposed data pruning pro-
cedure is deeply linked to hyperreduction techniques. As a result, a pruned
microstructure equipped with latent variables is generated. The data outside
the pruned microstructure are either deleted or encoded with reduced bases.
The approximate recovery of the original data follows the physical equations
involved in a hyperreduced model. It fosters extrapolation of pruned data.
In this paper the extrapolation is conducted over 190 cycles for input data
covering 10 cycles only over a pruned microstructure. Because of the cyclic
strain-ratcheting nature of the problem, approximation errors may be accu-
mulated over cycles. The relevance of the pruned data is tested afterwards
for statistics on the predicted strain field, as if full finite element data were
available.

Keywords Model order reduction - CPFEM - Ratcheting - Data
compression - Pruning algorithm - Material database

1 Introduction

With the development and the generalization of Computed Tomography (CT),
the volume of data acquired has drastically increased. This raises new chal-
lenges, such as data storage, data mining or the development of relevant
experiments-simulations dialog methods such as model validation and model
calibration. When material microstructures are under consideration, contin-
uum models can be an attractive approach to assess mechanical properties.
Coupling micro-mechanical laws with complex geometries has in present times
gained massive popularity [I6,[17]. This is followed by a numerical procedure
to solve the boundary value problem. One of the most popular methods to dis-
cretize the weak form of constitutive equations is the Finite Element method,
which is also employed in this article. Using this method, the constitutive equa-
tions can be integrated at each material point and huge insight can be gained
as to what is happening locally at certain geometric locations for various pa-
rameter variations. In this context, of particular interest are strain-ratcheting
simulations where plasticity accumulates at certain locations during cycling
loading. Analyzing such a problem is crucial for lifetime assessment of engi-
neering components. This requires considerable computational and storage re-
sources for direct numerical simulations. The current state of computer science
is considerably advanced, with numerous parallel as well as high performance
computing strategies available [39.[43]. But, full resolution simulations are now
related to massive microstructural data. As a result, finite element simulations
using X-ray CT data or synthetic microstructures [37] lead to an explosion of
the volume of data to store.

Recently, databases of simulation data have demonstrated their viability
and computational advantages for facilitating crystal plasticity predictions [IJ.
Obviously, much more can be expected from a database for crystal plasticity.
It should foster: reproducibility as in other scientific domains [2], the training
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A pruning algorithm for polycrystalline data in high performance computing 3

of artificial neural networks [I14] or Bayesian network [32], the exploration of
new physical parameters or new assumptions, the detailed comparison between
various materials, and additional model updating [I91[38] when new observa-
tional data are available. Therefore, the long-term storage of a database in
crystal plasticity is nowadays an issue.

Data compression/decompression schemes are already available in the frame-
work of high performance computing [25]. Lossy compression allows the pre-
cision of the data to be reduced in a way that has an insignificant impact on
the data. In [25], when applying their proposed compression scheme to data
produced by the CHIME experiment, the data are compressed to 28% of their
original size. The present paper aims to explore the idea of data pruning via
numerical modeling in order to release more storage space when needed, as a
complementary approach to data compression. It is based on feature extraction
from data, which is an other way for lossy compression. It can be performed via
clustering [23], linear dimensionality reduction or via autoencoders [14]. In [19],
data pruning via linear dimensionality reduction and hyperreduction is shown
to preserve simulation capabilities while reducing the storage resources. In the
present paper, this data pruning strategy is evaluated for polycrystalline mate-
rials. Data outside a reduced domain are deleted. Full strain field are recovered
via hyperreduced predictions supplemented by a Gappy POD procedure [9].

Hyperreduction methods belong to projection-based model order reduction
methods (PBMORs) via linear dimensionality reduction. PBMOR methods
pertain to problems where the simulation data that we wish to produce be-
longs to a small vector space (i.e. having a small dimension) and when the
quantity of interest is not well establish prior doing any numerical prediction,
and may require more data extrapolation or exploration. Several authors [20]
have proposed model reduction techniques for the approximation of plasticity
problems. For instance [30] proposed to use the LATIN method to iteratively
approximate the solution, without using simulation data forecast by any finite
element model. [I5] use a space-time technique where a low number of non-
linear equations is solved in the reduced setting but full spatial information
can be recovered at any given time. Access to recovered data enables to define
quantities of interest as if finite element simulation had been performed. [28]
have proposed to use the nonuniform transformation field analysis (NTFA)
approach where they consider nonuniform plastic strain fields with the aim
of reducing the number of macroscopic internal variables. Another model or-
der reduction technique used frequently is proper orthogonal decomposition
(POD), first proposed by [21] and [24] developed initially for statistical anal-
yses. This POD basis comprises of the state subspace which are related to
different time steps of a simulation or even different mechanical problems al-
together. Using POD bases to predict mechanical models was first done by [29]
for weather forecasts. In the above PBMOR. methods, the reduced equations
are setup on the full finite element mesh.

In PBMOR, a reduced basis is substituted for the usual finite element
shape functions. Therefore dedicated numerical cubature schemes have been
developed and named hyperreduction methods [33/[I0]. In hyperreduction PB-
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4 Harris Farooq et al.

MOR methods, the original mesh is sampled either at the level of integration
points or at the level of elements. In [I§], integration points are sampled for
hyperreduced multiscale homogenization problems. In [33[34], the cubature is
restricted to a reduced integration domain (RID). The RID is a subdomain of
the original domain where the finite element equation are setup. This original
domain can also be the one observed via CT. In [19], the reduced integra-
tion domain method have been used to prune tomographic data and related
simulation data in the framework of model calibration for homogeneous mate-
rials undergoing strain localizations. The pruning procedure simply consists in
deleting the data outside the RID, where the RID contains the finite elements
connected to interpolation points computed by the discrete element interpola-
tion (DEIM) [7] algorithm by considering the primal (displacement) reduced
basis as well as the reduced basis generated using the strain field.

In this paper, it is shown that this pruning procedure preserves the capabil-

ity of the ratcheting modeling in crystal plasticity. We restrict our attention to
representative volume elements (RVE) where a virtual microstructural realiza-
tion is generated and appropriate boundary conditions are prescribed [3T1/45]
224T]. These boundary conditions usually represent an average stress or strain
state of the material, which conforms to the macroscopic averaged response of
the material.
The paper is organized in the following manner. In Section 2 the hyperreduc-
tion framework is explained. Section 3 presents the crystal plasticity material
model, the finite element mesh description as well as the material model pa-
rameters used. Section 4 shows the setup of a cyclic simulation and Section
5 states the results and discussions. This is followed by the conclusions in
Section 6.

2 Hyperreduction method for data pruning in computational
mechanics of materials

In Finite Element (FE) models, the displacement field is decomposed over a
set of vector functions ¢;(x) which correspond to the shape functions of the
FE model defined on domain (2.

Ng
u(x,t) = Zai(t)%(w) Vel (1)

where Ny corresponds to the number of degrees of freedom of the mesh, ¢ the
time instant introduced for the solution of constitutive equations and a; the
i*" nodal degree of freedom of the FE model.

By following the Gappy POD method [9], any vector a belongings to col-
umn space of V' colspan(V'), can be recovered by using few entries of a de-
noted by alF], if V[F,:] is a full column rank matrix. colspan(V') is a linear
latent space. It is usually obtained via the Snapshot POD [40] or a truncated
singular value decomposition of a snapshot matrix containing training data.
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A pruning algorithm for polycrystalline data in high performance computing 5

Let’s denote by Q € RN4X™ the snapshot matrix of finite element predic-
tions: Q;; = a,(t;) where snapshots are selected at computational time instant
{t;}jL,. It’s truncated singular value decomposition reads:

Q=VSWI'+R VIV=W'W=1Iy, VIR=0 (2)

where S is a diagonal matrix than contains the Ny largest singular values in
decreasing order, V. € RNaXNr and W € R™*N& are orthogonal matrices,
and Iy, is the identity matrix of size Ng. R € RN¢X™ is the residual of the
decomposition.

The recovery procedure related to the Gappy POD reads:

a® =V (VIF " VIF,)) ' VIF | alF] 3)

where a[F] are pruned data, i.e. data restricted to a given subset of indices
F. When F = P, where P is the set of interpolation points for the columns
of V by following the discrete empirical interpolation method (DEIM) [7,3],
then V[P,:] is a square invertible matrix and the recovery procedure can be
simplified as:

aPEIM — v V[P, |7 a[P] (4)

When F contains interpolation points, P C F, the sub matrix V[F,:] is full
column rank [12].
Property The Gappy POD recovery is the following oblique projection:

aeRY, o=V (Z2"'V)"'Z%, Z'=V[F|"In[F] ()

Therefore, if a € colspan(V') the recovered vector a® is exact: a® = a. There-

fore the Gappy POD enables data pruning. The related pruned data are the
reduced basis V, the subset of indices F and the data restricted to this subset
a[F]. But this pruning algorithm does not enable data extrapolation.

The hyperreduction method proposed in the framework of crystal plastic-
ity in [36], is a convenient preprocessing step prior using the Gappy POD. It
aims at predicting a[F] by using physical governing equations and a projec-
tion on a vector subspace related to displacement field. This approach allows
data extrapolation when predicting a[F]. Therefore, the pruned data via hy-
perreduction are V', the subset of indices F, and the data required to forecast
a[F]. In the propose pruning algorithm, the recovery procedure start with the
hyperreduced prediction of a[F] and it is followed by the Gappy POD.

In essence, to set up the hyperreduced equations for a given FE model, this
approach accounts for a low rank of the reduced approximation. For the sake
of simplicity this can be elaborated using a linear elastic finite element model,
or the linear step of a Newton Raphson algorithm, where the FE balance
equation reads:

Ka"P(t) = ¢(t) (6)

where af? € RNe, and K € RN+*Na ig the tangent stiffness matrix of the
FE model, whereas ¢ € R the right hand side term of the FE equation. For
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a given reduced basis of rank Nr, V € RMeXNr_ the approximate reduced
solution of the balance equations is denoted by a'* as follows:

a®® = Vbl (7)

where b® € RV% are reduced order model variables. In order to find a unique
solution b® the rank of KV needs to only be Ng. Since Ny is usually larger
than Ng, a few rows of KV can be selected to preserve the rank of the sub-
matrix. As proposed in [35], the hyperreduced balance equations are restricted
to the RID using convenient test functions such that:

(VIF,DTKF VLT = (VIF,]) el F] (8)

The hyperreduced solution is denoted by af’®, aff = Vbf. The RID is
denoted by 2z C 2. It is the support of the finite element shape functions ¢;,
fori e F:

2r = Ujersup(p;) 9)

Also, the RID must be large enough to have rank(K|[F,:]V) = Ng; hence
cardinality of the number of degrees of freedom in the RID should be greater
than or equal to Ng.

The RID construction follows the heuristic rule: the extent of the RID
must enable the recovery of the finite element displacement fields and the
finite element strains when they both belongs to colspan(V') and colspan(V )
respectively, where V¢ is a reduced order basis for strain approximation. The
set of interpolation points related to V¢ is denoted by P¢. The number of
interpolation points is equal to the number of empirical modes in the reduced
basis. By following the k-SWIM algorithm proposed in [19], the set P and
Pe<, are not restrained to interpolation points of reduced bases. The number
of points in this set is extended by a factor k. The k-SWIM points are more
spread on {2 than the DEIM points. This algorithm is in the appendix[I]} When
k = 1 the k-SWIM points are the DEIM points. In addition, for each set of
points P and P¢ build by k-SWIM, we extract from the finite element mesh the
degrees of freedom of the elements that contains the points in P and the points
in P¢. These sets of degrees of freedom are denoted P and P¢T respectively.
In many practical situations, F also includes the degrees of freedom of a zone
of interest. These degrees of freedom are denoted by F,. Therefore, we obtain
the following set of degrees of freedom:

F=F,UuPtupt (10)
2\ 2R is is counterpart of 2z. We denote by I'! the interface between 2z and

£2\2R. Let’s introduce, Z, the set of degrees of freedom indices related to the
interface I'!:

7= {z e {1l,...,Na} | /FI ol dl’;«éo} (11)
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A pruning algorithm for polycrystalline data in high performance computing 7

The matrix K is sparse. In the sequel, we assume that non zero entries in
K|[F,:] are only in the submatrix K[F, F UZ] and these entries can be com-
puted by using solely the reduced mesh that covers {2r. This assumption is
too strong in case of contact problems as shown in [12]. So we restrict our
attention to contact less problems for the sake of simplicity. More details on
the hyperreduction of contact problems are available in [12].

Property If the hyperreduced matrix (V[F,:|)T K[F,:]V is full rank, the
hyperreduced prediction a”® is the following oblique projection of af'F:

af'R = v (ATV)~L AT oF'F (12)

where AT = (V[F, )T K[F,:].

Obviously, this projection is performed via hyperreduced balance equa-
tions, without knowing a™?. It is a model that allows data extrapolation.
The proof is straightforward because ATV is the hyperreduced matrix and
AT aF® = (V[F,:])Tc[F]. This projection is consistent because, if af® €
colspan(V'), it exists bY'F such that a’F = VbI'F therefore b = bF'F and
aHR — oFE.

Once the hyperreduced prediction is known, we have access to local strain
tensors for points in 2g:

1

e(x,t) = 5

(VIu B4 vu) wf B )= Y afP(t)pi(x), Vo€ p

K3

i=FUT

(13)
These strain tensor are usually evaluated at Gauss point of the reduced mesh
that covers (2z. Let’s denote by a the vector of all Gauss point values of
strain tensor for the original finite element mesh. The hyperreduction predicts
only few rows of this vector: a[F¢] where F¢ contains the indices of strain
components at Gauss points of the reduced mesh. The reduced bases V€ is
obtained by the truncated singular value decomposition of a snapshot matrix
that contains a collection of full vectors a for the same selected computational
time instants {¢;}2, introduced for displacements. This snapshot matrix is
denoted by Q°. It reads: Qf; = a;(t;). The Gappy POD recovery of the full
strain field, at Gauss points of the original finite element mesh, reads:

o = Ve (VAF T VFL )T VST alF ] (14)

Such kind of rule can be obtained for all variable equipped with a reduced
basis.

The reduced variables b® can be seen as latent variables in which unnec-
essary complexity has been removed. Therefore, the data pruning via hyper-
reduction is the deletion of simulation data and all input data outside the
RID, i.e. related to £2\2g. The solution of the hyperreduced balance equation
requires to save V[F UZ]| which is the restriction of the reduced basis to the
RID. The recovery of the full strain field over {2 by using the Gappy POD
requires to save the full strain modes V¢ and F¢. Once the full strain field is
recovered, the solution of the constitutive equations gives access to all mechan-
ical variables. In practice, the memory size required to save the strain modes
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8 Harris Farooq et al.

V¢ is one order of magnitude larger than the mechanical data required for
the setting of the hyperreduced equations. The smaller the number of strain
modes the higher the data pruning, but the larger the approximation error of
the recovering procedure.

3 Crystal plasticity model and finite element mesh description

Data pruning is very relevant for complex physics-based computational mod-
els. In the present work a small strain crystal plasticity formulation is used for
the computation as most local strains remain below 5%. Each grain is consid-
ered as a single crystal and the displacement fields are supposed to be con-
tinuous at the grain boundaries whereas stress can be discontinuous. To ease
the interpretation of the numerical results, a rate independent single crystal
plasticity model recently proposed by [13] is used. Also, the model exclusively
uses kinematic hardening because it governs ratcheting effect. In Nickel-baed
superalloys for instance, kinematic hardening dominates isotropic hardening
under cyclic loading conditions [§]. Face centered cubic (FCC) single crystal
metallic materials comprising of N plastic slip systems, each having a slip
system direction I° and the normal to the slip plane n® are considered. The
partition of the strain tensor introduces an elastic and a plastic part, denoted
by €° and €? respectively:

e=g°+¢€f (15)

The Hooke law relates the stress tensor to the elastic strain tensor. For cubic
elasticity, a fourth rank tensor of elastic moduli C, involving three independent
parameters, governs the elastic behavior.

o =CEe"° (16)

The plastic strain rate results from the slip processes with respect to all active
slip systems,

N
= y'm’ (17)
s=1
with m?® being the orientation term

s len+nel®

m 2

(18)
The amount of slip rate on each slip system is denoted by the variable ~°.
The driving force for plastic slip on slip system s is the resolved shear stress,
computed using Cauchy stress (o) according to:

P =0 :m’= Uijmfj (19)
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The yield criterion is a generalization of Schmid’s law involving scalar hard-
ening variables r® and z° according to [27].

fs(o_7xs,rs):|7_s_xs|_rs (20)

Here, r® denotes the radius of the elastic domain in terms of the resolved
shear stress and z° is a scalar back-stress characterizing the center of the
elastic range in the one-dimensional space of resolved shear stresses. In slip
based crystal plasticity, there are N such elastic ranges. Plastic slip can occur
only if the function f* becomes positive. In [I3], the rate of slip on each slip
system follows a rate-independent formulation of the form:

45 = ¢ <J;> sign(r* — ) (21)

where P is a positive constant having the units of stress and € is a non-negative
homogeneous function of order one in the total strain rate. The Macauley
brackets (o) = Max(0,e) are used to distinguish the elastic range from the
plastic one, depending on the sign of the yield function f°. In this model, € is
taken to be the total equivalent distortional strain rate:

€= gé’ (g, € =é-— 1(tr(é))I (22)
3 3

where &' is the deviatoric part of the total strain rate tensor € and : is the
inner product for second order tensors. Since the rate of inelasticity is linear in
the total equivalent strain rate &, all the evolution equations in the proposed
theory are homogeneous of order one in time, characterizing a rate-independent
response. Also the rate of inelasticity is used for all states entailing no need
for special treatment of loading and unloading conditions. Also the functional
form of f and the evolution equations for isotropic (r¥) as well as kinematic
(z®) hardening remain unchanged. The cumulative slip variable v*® is defined
for each slip system by the following evolution equation:

¥ = || (23)

Evolution equations for the kinematic hardening variables are taken from [27]
and [6]. The nonlinear kinematic hardening evolution law

2% = Cy° — Dviz® (24)

depends on two material parameters, C' and D. In the present paper, there is
no isotropic hardening so that the variable r® has a constant value ry, which
is the value of the initial resolved shear stress.

The finite element balance equation reads:

/e(cpi):advf/ @, Fdl' =0 VYie{l,...,Ng} (25)
(9 Op 2
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where F' are the Neumann boundary conditions imposed at the boundary 0g {2
and where ¢ is estimated via the finite element approximation of the strain

tensor:
Ng

ER ZE(QDZ) a; (26)
i=1

Literature findings show that the macroscopic representation of a micro-
heterogeneous metallic material can be achieved with as few as one hundred
grains [20], but matching macroscopic properties is not the goal here. Rather,
the aim here is to have a large enough statistical pool of information so that
local material response can be analyzed. Of course computational limitations
have to be acknowledged and extremely large polycrystals cannot be used.
The crystal plasticity parameter set employed in this paper is given in table
[[] This is the same parameter set as the one used in the statistical analysis

performed in [IT] for Nicke-based superalloy IN718.

Ch111 = 259600 MPa,

Cubic elasticity Ch122 = 179000 MPa
Ch212 = 109600 MPa,
Critical resolved shear stress Ro = 320 MPa
. . . C = 100000 MPa
Kinematic hardening D = 1000
Overstress P =9 MPa

Table 1: The crystal plasticity parameter set being used

An implicit finite element code [44] is used to solve the problem where the
global equilibrium is solved using a Newton-Raphson algorithm. Integration
of constitutive equations at the Gauss points is performed using the second
order Runge-Kutta method with automatic time stepping [5].

X is the spatial average of tensor o:

1
Y == ds? 2
/e (21)

{2 is a cubic representative volume elements. The six faces of the RVE are
denoted F ace;“, Face; , for i=1, 2, 3. F acej and Face; are opposite faces.
Load controlled mixed boundary conditions were imposed on the geometry
such that the traction vector: g.n is prescribed such that:

Y11 = constant on Facel+

u; =0 Ve € Face

Trivial boundary conditions (free boundary conditions) are imposed on all
opposing faces i.e.
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o91n1 = o311, =0 VYV € FaceiF U Face]
012N = 099Ny = 030N = 0 VYV € Faceér U Facey

013N3 = 093ng = o3zng =0 Va € Faceér U Faces

These boudary conditions are complemented by suitable additional Dirich-
let condition to fix the overall rigid body motion.

4 Example of data extrapolation from pruned data in cyclic crystal
plasticity

4.1 Feature selection for data pruning

A thousand grain polycrystal was chosen as an example where figure [1| shows
a meshed finite element geometry with mixed traction boundary conditions.
This finite element mesh was generated using the Voronoi tessellation tech-
nique with the help of the software VORO++ [37]. The mesh consists of
1174719 nodes and 859848 reduced C8D10 quadratic tetrahedral elements.
Each element consists of four Gauss points. The crystallographic orienta-
tions chosen were randomly distributed throughout the polycrystal. The stress
loading X1 follows a triangular signal where max; 213 = 1000 MPa and
Ry = g){;im = —0.85. These boundary values have been chosen care-
fully in order to simulate strain-ratcheting, which is a strain accumulation
during loading cycles.

Fig. 1: A 1000 grains meshed microstructure with the inverse pole figure.
Colors are related to grain orientations.

In order to show the extrapolation capabilities of the pruning algorithm
via hyperreduction, the reduced bases are trained with simulation data related
to the first ten loading cycles only. In the sequel, we show the ability of these
reduced bases to predict up to 200 cycles. Figure [2] shows the local Euclidian
norm for each displacement mode vazdl pi(x) Vi, for k = 1,...6. Figure

. . ) 3
shows for each strain mode, the local von Mises strain e,y = 1/ <€, € where

2

/
50
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€’ is the deviatoric part of the local strain tensor. As anticipated, the magni-
tude of singular values exponentially decreases with the number of modes. For
displacement 9 and for strain 20 modes are considered do get projection error
of simulation data on reduced bases around 2%. This cutoff is arbitrary and
dependent on the user. By looking at the contour plot of the modes in both
cases it can be seen that the first few modes are homogeneously distributed
while the later ones are high gradient modes. Also the modes of displacement
decrease in magnitude more rapidly as compared to the modes of strain.

Fig. 2: Six first POD modes for displacement among 9 selected (N = 9) for
the reduced basis V. Here, the norm of local displacement vectors have been
plot for each mode.
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Fig. 3: Six first POD modes for strain field among 20 selected for the reduced
basis V€. Here we have plot the local von Mises strain of each modes.

Figure[dshows the reduced meshes constructed using the selected POD modes.
A small RID have been obtained by the k-SWIM algorithm with £ = 1 in
Algorithm [1] With this setting P and P¢ are the interpolation point of the
DEIM algorithm. A large RID, with & = 3 in Algorithm [I} have been also
generated. It contains more spread elements in {2. The part of the finite element
mesh provided in the zone of interest depends on which part of the mesh is
the most critical according to the user. In the case being presented, a small
central part of the boundary where pressure is being applied is included in
the zone of interest, because this region experiences the most strain under a
tensile load. Then it is a zone of interest.
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RID restricted to 9300 finite elements large RID restricted to 17400 finite elements

Fig. 4: On the left a small reduced integration domain restricted to 9300 finite
elements, on the right a larger one involving 17400 finite elements. The orig-
inal FE mesh is shown in transparency behind the RIDs. It contains 859848
elements. Colors are related to grain orientations.

The data to save in a storage system are summarized in Table [2], for three
approach: the original data set, the Gappy POD, the hyperreduction. The
data pruning using hyperreduction consists in saving a physical model. No
FE simulation data is stored, only reduced bases. These reduced bases can
obviously be supplemented by saving the reduced coordinates b related to
displacement and also the one related to the strain field. These coordinates
occupy a negligible memory size.

- Data to save for m time steps
FE {a"E (1)},
Gappy POD {aF B () FPL,, Ve

Hyperreduction Table grain orientations in 2r, V¢, V[FUZ, ]

Table 2: Data Pruning summary

4.2 Data extrapolation over 200 cycles

After constructing the reduced basis and the RIDs using an offline learning
phase of just 10 cycles, recovery computations were performed via hyperre-
duction for two hundred stress controlled cycles. Let 7 denote the number of
time steps involved in the recovery of the strain field for two hundred loading
cycles. Here, . = 20 m, which represents an extrapolation of the original FE
data over 190 loading cycles.

To compare the results, the original full field simulation was also run for
two hundred cycles. Figure [5] shows recovered macroscopic data. It shows the
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usual plot of macroscopic stress (X71) vs the average strain (FEq1) response
of the three cases, hyperreduction using a small RID, hyperreduction using a
large RID and the original data for comparison. To avoid clutter, responses
are plotted only at cycles 1 and 200. It can be seen that the large RID is much
better than the small RID at cycle 200. The pruning is more or less exact for
the first 10 cycles for both RIDs, with error below 1% for all simulation data.

Cycle 1 Cycle 200
1000 { —— FOM
—— HR small RID /f
750 1 ——- HRlarge RID
500 + /
250 1
0 -
—250 A
=500 1 Zoom
—750 A
0.000 0.005 0.010 0.015 0.020

Fig. 5: Recovered macroscopic data. Macroscopic stress vs macroscopic strain
response for cycle 1 and cycle 200 for the original FE prediction as well as the
HROM for both the small RID and the large RID.

Statistics have been performed on local results that pertain to the time step
taken at the tensile peak of cycle 200, after the recovery step of the full strain
field by using: the Gappy POD applied to FE strains, the small RID, the large
RID and the original FE data. The Gappy POD applied to FE strains requires
to save the strain field in {2z over the 200 cycles as pruned data. It is more
memory demanding. Figure [6] shows the kernel of the probability density func-
tion for €11, estimated from Gauss point values by using the method proposed
in [4]. This method is available in Scipy [42]. The strain distribution plots show
that locally the recovery of the full strain field via hyperreduction over a large
RID is much better than using a small RID or the Gappy POD. The oblique
projection involved in hyperreduction appears to be more accurate than the
oblique projection performed by the Gappy POD. The former include phys-
ical equations the latter does not. Average values of local strain €17 and the
standard deviation are reported in Table [3]
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Kernel density for local strain 11
60 -

— FE
—— HR small RID
- HR large RID
—— Gappy POD

50 1

40

30 A

20 A

10 A

T T T T T = y
0.00 0.01 0.02 0.03 0.04 0.05 0.06
Local strain 11

Fig. 6: Kernel of the probability density function for Gauss point values of €11
and o171 at the tensile peak of the 200th cycle.

The computational requirements to recover the strain field over 200 cycles
can be viewed in table [3] where the numbers related to the original full field
data have been also reported. The original FE simulation takes 1034 hours. It
should be noted that the number of parallel processors utilized in this study
have been arbitrarily chosen. For the full field simulation 24 processors were
selected because that is the maximum number available on each cluster node.
For the HROM and Hybrid simulations, four processors were used each. The
computational time for the recovery of the full strain field via hyperreduction
was 27 hours for the small RID while for the large RID it took 38 hours.
Although the time to run the hyperreduction on the large RID was 40% longer,
much better prediction in strain was achieved. The storage requirement for the
pruned data is almost the same for both RIDs. It is less than 7% of the original
storage space. This storage space is occupied by the reduced bases V' and V.
Therefore, by deleting the data outside the larger RID we save 93% of storage
space, the recovery of the full strain field takes 38 hours and its accuracy
is higher than 99%. The recovery based on FE strain over the RID and the
Gappy POD is the fastest recovery procedure. But it does not enable data
extrapolation.
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- Original FE data  Gappy POD Small RID Large RID

Nodes 1174719 19942 19942 35893
Elements 859848 9286 9286 17381
Computation time x processors 1034 h x 24 0.08hx1 27hx4 38h x4
Storage memory Gbs 101. 5. 3.5 3.5
E11 (error) 0.019 0.02 (5%)  0.017 (10%) 0.019 (< 1%)
Std deviation for 11 (error) 0.84 0.88 (5%) 0.86 (2%) 0.84 (< 1%)

Table 3: Finite element mesh details and the resources needed to run the full
field, hyperreduced and Gappy POD, predictions.

5 Conclusion

Crystalline plasticity modeling is fed by experimental data and large volumes
of simulated data. Erasing simulation data to free up memory space becomes
necessary as more and more mechanical tests are performed. But there is a
risk in erasing data: the risk of not being able to investigate modeling issues
further once the data has been erased. In the present paper, we show that the
data pruning we have developed allows to reduce the volume of data saved in
storage system while keeping the possibility to evaluate the strain-ratcheting
phenomenon. It is a very complex phenomenon, depending on the loading
conditions applied to a polycrystal and the mechanical behavior of each grain.
The recovery procedure of strain fields involves physical governing equations.
It is nevertheless 27 times faster than the original FE simulation and it uses 8
times less computational resources. Simulation data in crystal plasticity have
been compressed to 3% of their original size with approximation error lower
than 1%. Results show the capability of choosing the size of the pruned data
via the extent of the reduced integration domain involve in the hyperreduction
method. This pruning method has extrapolation capabilities. In this paper,
the input data of the pruning algorithm are related to 10 cycles of a cyclic
simulation. After the data pruning, the recovery procedure has accurately
extrapolated the pruned data up to 200 cycles.

The hyper-reduction scheme involved in the data pruning procedure has
shown its accuracy when considering various parameter variations such as
loading parameter or constitutive coefficients. The method can be applied to
even more complex loading conditions, including multiaxial mechanical testing,
and to other microstructures of composite materials. In the related works
in progress we investigate the insertion of defect in the reduced integration
domain in order to evaluate stress variations due to defects.
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6 Appendix

Algorithm 1: k-SWIM Selection of Variables with Emplrical Modes

W N =

o N O oA

©

10

Input : integer k, linearly independent empirical modes v; € R?,

l=1,....,.M
Output: variables index set P(¥)
set Po:=0,7=0,U; =[] ; // initialization

for/{=1,...,M do

ri v = U (G[P;,:))" Ui[Py, )~ (Ui Py, )T wi[Py]
// residual vector
forn=1,...,k do
j+—j+1; // add the k largest value of the residual
ij < argmax;eq1,.. ay\p,_, [rrli]| ; // index selection
rifij] 0 // variable already selected
Pi—Pi—1U{ij}s // extend index set
| Uiy1 < [v1,...,01] // truncated reduced matrix
set PR .= P,.
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