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Abdelamin LAOUAR *  Isma BOUCHEMAKH *  Eric SOPENA T
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Abstract

An independent broadcast on a graph G is a function f : V. — {0,...,diam(G)} such
that (i) f(v) < e(v) for every vertex v € V(G), where diam(G) denotes the diameter of
G and e(v) the eccentricity of vertex v, and (i) d(u,v) > max{f(u), f(v)} for every two
distinct vertices w and v with f(u)f(v) > 0. The broadcast independence number £,(G) of
G is then the maximum value of ) . f(v), taken over all independent broadcasts on G.

We prove that every circulant graph of the form C(n;1,a), 3 < a <[5, admits an
optimal 2-bounded independent broadcast, that is, an independent broadcast f satisfying
f(v) <2 for every vertex v, except when n = 2a + 1, or n = 2a and a is even. We then
determine the broadcast independence number of various classes of such circulant graphs,
and prove that, for most of these classes, the equality 5,(C(n;1,a)) = a(C(n;1,a)) holds,

where a(C(n;1,a)) denotes the independence number of C(n;1,a).

Keywords: Broadcast; Independent broadcast; Circulant graph.
MSC 2010: 05C12, 05C69.

1 Introduction

All the graphs considered in this paper are undirected and simple. For such a graph G, we
denote by V(G) and E(G) its set of vertices and its set of edges, respectively. Let G be a
nontrivial connected graph, that is, a connected graph with at least one edge. The distance
from a vertex u to a vertex v in G, denoted dg(u,v), or simply d(u,v) when G is clear from
the context, is the length (number of edges) of a shortest path from u to v. The eccentricity of
a vertex v in G, denoted e (v), is the maximum distance from v to any other vertex of G. The
minimum eccentricity in G is the radius of G, denoted rad(G), while the maximum eccentricity
in G is its diameter, denoted diam(G). Two vertices u and v with dg(u,v) = diam(G) are said
to be antipodal.

A function f : V(G) — {0,...,diam(G)} is a broadcast on G if f(v) < eg(v) for every
vertex v € V. For each vertex v, f(v) is the f-value of v, or the broadcast value of v if f is
clear from the context. Given such a broadcast f, an f-broadcast vertex is a vertex v for which
f(v) > 0. The set of all f-broadcast vertices is denoted Vf+(G). If v is a broadcast vertex and
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u a vertex such that d(u,v) < f(u), then the vertex v f-dominates the vertex u. The cost of a
broadcast f on G is the value o(f) = ZUerJr f(v).

A broadcast f is independent if no broadcast vertex f-dominates another broadcast vertex,
or, equivalently, if d(u,v) > max{f(u), f(v)} for every two distinct broadcast vertices u and v.
The maximum cost of an independent broadcast on G is the broadcast independence number of
G, denoted F,(G). An independent broadcast with cost ,(G) is referred to as a f,-broadcast.

A subset S of V(G) is an independent set if no two vertices in S are adjacent in G. The
independence number of G, denoted «(G), is then the maximum cardinality of an independent
set in GG. Note that the characteristic function fg of every maximal independent set S in a
graph G is an independent broadcast and, therefore, a(G) < 5,(G) for every graph G.

Broadcast independence and broadcast domination were introduced by Erwin [9] in his
Ph.D. dissertation, using the terms cost independence and cost domination, respectively. He
also discussed several other types of broadcast parameters and gave relationships between them.
Most of the corresponding results are published in [8,[10]. Since then, several papers have been
devoted to the study of these broadcast parameters, but there were not so many results concern-
ing the broadcast independence number [68] until recently (see [IH5L[7]). In particular, Bessy
and Rautenbach discussed the algorithmic complexity of broadcast independence in [3] and
the links between girth, minimum degree, independence number and broadcast independence
number in [415].

In this paper, we study the broadcast independence number of circulant graphs. Recall
that for every integer n > 3, and every sequence of integers ai,...,ax, k > 1, satisfying
1< << < L%J, the circulant graph G = C(n;ay, ..., a;) is the graph defined by

V(G) = {vg,v1,...,0,1} and E(G) = {viviﬂj | a; € {ay,... ,ak}}
(subscripts are taken modulo n). Note that, in particular, C'(n;ay,...,a;) is 2k-regular and

vertex-transitive (see [12] for a survey on properties of undirected circulant graphs).

Our paper is organized as follows. In Section [2] we give some preliminary results and de-
termine the broadcast independence number of circulant graphs of the form C(2a;1,a) and
C(3a;1,a). In Section 3l we prove that almost all circulant graphs of the form C(n;1,a) admit
an optimal independent broadcast all whose broadcast values are at most 2. General upper and
lower bounds on the cost of independent broadcasts on circulant graphs of the form C(n;1,a)
are proposed in Section 4l We then determine the value of the broadcast independence number
of various classes of circulant graphs in Section [l We finally propose a few concluding remarks
in Section [l

2 Preliminary results

Let (@) denote the maximum cardinality of a set of pairwise antipodal vertices in G. Dunbar
et al. proved the following lower bound on the broadcast independence number of a graph.

Proposition 1 (Dunbar et al. [§]). For every graph G,
Bo(G) > pu(G)(diam(G) — 1) > 2(diam(G) — 1).
Moreover, this bound is sharp.

In addition to grid graphs Gy, = P,, 0 P, with m € {2,3,4} and m <n [6] and paths [9],
the relation f5,(G) = 2(diam(G) — 1) also holds for cycles of order at least 4 [7].
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Figure 1: The circulant graph C(2a;1,a).

It can also be observed that the value 2(diam(G) — 1) is an upper bound on the cost of some
independent broadcasts.

In order to compare the values of the independence number and of the broadcast indepen-
dence number of the graphs we will consider in Section Bl the following observation will be
useful.

Observation 2. For every graph G, B,(G) > «(G). Moreover, B,(G) = a(G) if and only if
there exists a Py-broadcast f on G such that f(v) =1 for every broadcast vertex v € Ver.

Indeed, the fact that the characteristic function fg of every maximal independent set S
in a graph GG is an independent broadcast on (G, as noticed in the previous section, gives the
inequality and the necessity of the condition for the second part of the statement, while the
sufficiency follows from the fact that Ver is always an independent set.

Before considering general cases in the next sections, we will determine in the following the
independence number and the broadcast independence number of circulant graphs of the form
C(n; 1, a) for two particular cases, namely when n = 2a or n = 3a.

Lemma 3. For every integer a > 2,

a, if a is odd,

a(C(2a;1,a)) = { .
a—1, 1ifa is even.
Proof. Since C(4;1,2) = K4 and «(K4) = 1, we can assume a > 3.

If a is odd, then the set S = {v;| i is even} is an independent set of C(2a;1,a), and thus
a(C(2a;1,a)) > |S| = a. Since Cy, is a subgraph of C'(2a; 1, a), we get a(C(2a;1,a) < a(Cy,) =
a and the result follows.

If a is even, then the set S" = {v;| 0 < i < a—2, i is even}U{v;| a+1 < i < 2a—3, i is odd} is
an independent set of C'(2a; 1, a), and thus «(C(2a; 1,a)) > |S’| = a—1. Note that the odd cycle
C = vov1 . . . Va0, With a(C') = §, is a subgraph of C'(2a; 1, a). Therefore, for every independent
set I of C'(2a;1,a), there are at least two consecutive vertices v;, v;11 with v;,v;41 ¢ I. This
implies a(C(2a;1,a)) < 251, which gives a(C(2a;1,a)) = a — 1. O

Theorem 4. For every integer a > 2,

a(C(2a;1,a)) = a, if a is odd,
Bp(C(2a;1,a)) =< a(C(2a;1,a)) =a—1, if a=2P for some integer p > 1,
a otherwise.

Proof. The case a = 2 directly follows from Lemma 8l We can thus assume a > 3. The graph
(C'(2a; 1, a) can be viewed as the Cartesian product graph P, [0 Ky with two additional edges (see
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Figure [Tl where the two additional edges are drawn as dashed lines). Recall that a(C(2a; 1, a))
is given by Lemma B and let f be any independent [,-broadcast on C'(2a;1,a). If |Vf+| =1,
then

a—+1

o(f) = diam(C(2a;1,a)) = L J < a(C(2a;1,a)),

which gives o(f) < £,(C(2a;1,a)) by Observation 2, a contradiction. Therefore, [V, > 2.
Since each vertex v € Vf+ f-dominates exactly 4f(v) vertices, each f-broadcast vertex v is
f-dominated exactly once, each non-broadcast vertex is f-dominated at most three times, and
at most |V;"| vertices can be dominated three times (namely the vertices vy, when v; € V1),
we get

AF(VE) BV + IV +2 (20 — 2)V/]|) = 4a, (1)
and thus
B(C(2a;1,0)) = o(f) = Y fv) = f(V}) <a. (2)
vEVf+

We now consider the three cases of the statement of the theorem separately.

1. a is odd.
Let g be the mapping from V(C(2a;1,a)) to {0,1} defined by g(v;) = 1 if and only
if 4 is even. Since a is odd, g is an independent broadcast on C(2a;1,a). This gives
Br(C(2a;1,a)) > o(g) = a and, since g satisfies [2)), 5,(C'(2a; 1, a)) = a. By Observation 2]
we then get 5,(C'(2a;1,a)) = a(C(2a;1,a)) = a.

2. a = 2P for some integer p > 1.
By Observation [2 and Lemma Bl we have 3,(C(2a;1,a)) > a(C(2a;1,a)) = a — 1, since
a is even. Let g be any independent f,-broadcast on C'(2a;1, a).

Suppose first that not all g-broadcast vertices have the same g-value, and let v; and v;
be any two vertices with g(v;) < g(v;) such that the distance d(v;, v;) is minimum among
all g-broadcast vertices with distinct g-values. Without loss of generality, we can assume
i < j. We consider two subcases, depending on whether v; and v; are on the same side of
the “ladder” (refer to Figure []) or not.

(a) 7 —i>a (v; and vj are not on the same side of the ladder).
Since no g-broadcast vertex lies on a shortest path linking v; and v;, v;4, is not g-
dominated by v; and is thus g-dominated at most twice. Therefore, the inequality ()
becomes

4g(V.H) <3V =D+ [V +2 (2a — 2|V, +1) = 4a — 1,

which gives

B(C0 L) =ole) = 3 o) =91, < | “ | =a- 1

(b) j—i<a (v; and v; are on the same side of the ladder).
If there exists a g-broadcast vertex vy with i + a < k < j + a then, since no
g-broadcast vertex lies on a shortest path linking v; and v;, we necessarily have
Uk € {Vitat1,Vjta1}. By considering either v; and vy, or v; and vy, instead of v; and
v;, we are back to the previous subcase.
If no such vertex exists, then both v;;, and vj;, are g-dominated at most twice and
thus, using the same argument as before, we get 5,(C(2a;1,a)) < a— 1.
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We thus get 5,(C(2a;1,a)) = a — 1 in both subcases, as required. Suppose now that
g(v) = k for every vertex v € V;r and let v; be any such vertex.

I viyqrr & Vg+, then the vertex v;,, is g-dominated at most twice and thus, as previously,
we get 3,(C(2a;1,a)) = 0(g) = a — 1. The same conclusion arises if v; 1 ¢ V"

Suppose finally v; 41k, Vi—a—r € V;r for every vertex v; € V;r and assume, without loss of
generality, vo € V7. We thus have (recall that indices are taken modulo 2a)

Vg+ = {0, Vak> Vok, Vat3ks - - -}
== {U()y Voky Vaky - - - 7va+k7 Ua+3k‘a Ua+5l€a .. }
Hence, every g-broadcast vertex v; with 0 < < a satisfies ¢ = 2kt for some ¢, 0 <t < .
Since v_q_r = U,k is a g-broadcast vertex and 0 < a — k < a, we get a — k = 2kt’, for
some t', 0 < t' < gr. This gives a = (2t' 4 1)k, contradicting the assumption a = 27, so
that this last case cannot appear.

3. a is even and a # 2P for every p > 0.
This implies a = (20 +1)2* for some positive integers k and /. Let g be the mapping from
V(C(2a;1,a)) to {0,2*} defined by g(v;) = 2F if and only if i = 0 (mod 2**!), which
gives V" = {vyoen| 0 < p < 20}

For any two g-broadcast vertices v; = vyor+1 and v; = vgorr1, 0 < p < g < 2¢, we have
d(vi,v;) = min{(q —p)2*, |(p — )2"" +a| + 1, (p — ¢)2""" + 24},
which gives, since a = (2¢ + 1)2*,
d(vi,v;) =min{(q — p)2" ", 2(p — g+ ) + 1|12+ 1, (p — ¢ + 20 + 1)25+1} > 2F 4 1.

Therefore, g is an independent broadcast on C(2a; 1, a), with cost o(g) = 2F (2211) = a,

which gives £,(C'(2a;1,a)) > o(g) = a and thus, since g satisfies [2)), 5,(C'(2a;1,a)) = a.

This completes the proof. 0
We finally consider the case n = 3a.
Theorem 5. For every integer a > 3,
BGp(C(3a;1,a)) = a(C(3a;1,a)) = a.
Proof. Let f be an independent [-broadcast on C'(3a;1,a)). For each vertex v; € Vf+, we let

C} = {vi - Vikpn-1} U {Vigar - Vitarfw)—1F U {Vit2a, - - Vig2at f()-1}-

We clearly have |C}| = 3f(v;) for every v; € V7, and C4NCY = 0 for every two distinct vertices
v; and vy in Vf+, since otherwise we would have d(v;,vy) < max{f(v;), f(v#)}, contradicting
the fact that f is an independent broadcast. This gives

= > 0| < 3a,

’UiEVf+
and thus 3
Bp(C(3a;1,a)) Z f(v V+) < Ea = a.
U€V+

Consider now the mapping f from V(C(3a;1,a)) to {0,1} defined as follows, depending on
the parity of a.
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Figure 2: The set Dy(v;) (black vertex and grey vertices), with a = 6 and f(v;) = 2.

1. If a is odd, then f(v;) =1 if and only if 7 is even and i < 2a.
2. If a is even, then f(v;) =1 if and only if (i mod a + 1) is odd and i < 2a.

In both cases, f is clearly an independent broadcast on V(C(3a;1,a) with o(f) = a This
implies 3,(C(3a;1,a)) > a and thus, thanks to Observation2 3,(C(3a;1,a)) = a(C(3a;1,a)) =
a. UJ

3 2-bounded optimal independent broadcasts

Recall that we denote by vg, vy, . .., v,_1 the vertices of C'(n; 1, a) and that subscripts are always
considered modulo n. We will say that an edge v;v; is a k-edge for some integer k, 1 < k < L%J,
if j =i+ k ori=j+ k. Therefore, every edge in C(n;1,a) is either a 1-edge or an a-edge.

Let f be an independent broadcast on C'(n;1,a). For every f-broadcast vertex v; € Vf+, we
denote by Dy(v;) the set of vertices that are f-dominated by v;, that is

Dy(vs) = UL oy li= (fo) —k)a =k < j <i— (f(vi) — k)a+ k}
U UL oy i+ (F) = Bla—k < j < i+ (f(vi) — k)a+ kY.

Figure 2l illustrates this definition on a circulant graph of the form C(n;1,6) (with n > 26)
for a vertex v; with f(v;) = 2.

Let us say that an independent broadcast f is ¢-bounded, for some integer ¢ > 1, if f(v) <
¢ for every vertex v. In particular, a 1-bounded independent broadcast is the characteristic
function of an independent set. This implies that such a broadcast always exists for every
graph, and thus that every graph admits an /-bounded independent broadcast for every ¢ > 1.

Our goal in this section is to prove that almost all circulant graphs of the form C(n;1,a),
2 <a < 3, admit a 2-bounded optimal independent broadcast. Considering the f-broadcasts
used in the proofs of Theorems [ and [, we already have the following result.

Proposition 6. For every integer a > 2, the following holds.
1. C(2a;1,a) admits a 2-bounded By-broadcast if a is odd or a = 2P for some p > 1.
2. C(3a;1,a) admits a 2-bounded By-broadcast.

We will now prove that every circulant graph of the form C(n;1,a), a > 3 and n > 2a + 2,
admits a 2-bounded fj-broadcast. We first consider the case when 2a + 2 < n < 3a.

Lemma 7. Ifn, a and r are three integers such that n =2a+1r, 3 < a < ng and 2 <r < a,
then C(n;1,a) admits a 2-bounded By-broadcast.
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(e) Item 3: f(v;) =5, a =12 and r = 3 (so that d = 1 and n = 27)

Figure 3: Construction of the mapping ¢ in the proof of Lemma [7]



Proof. Note that it is enough to prove that for every independent broadcast f on C(n;1,a),
there exists an independent broadcast g on C(n;1,a) such that o(g) > o(f) and g(v) < 2 for
every vertex v € V'

Let f be any independent broadcast on C(n;1,a), and g be the mapping from V(C(n;1,a))
to {0,1,2} defined as follows (the construction of the mapping ¢ is illustrated in Figure Bl
where the value of f(v;) is indicated in brackets; not all a-edges are drawn, but the missing
a-edges are parallel to the drawn ones; note also that v;_, = v;144,, and thus v;y, and v;_, are
separated by r — 1 vertices).

1. If v; is an f-broadcast vertex such that 2 < f(v;) < r, then we let
0 ifj =1,
1 ifj=1—a,
ori—1<j3<i+p+1andj—1i+1iseven,
ori+a<j<i4+a-+pandj—i—aiseven,

where p = f(v;) — 3 if f(v;) is odd, and p = f(v;) — 4 if f(v;) is even (see Figure B(a,b)).

2. If v; is an f-broadcast vertex such that {gw > f(v;) > r+1 and r is even, then we let

0 if j =1,
glvj))=¢ 1 ifi—1<j<i+p+1andj—i+1iseven,
ori+a<j<t4+a-+r+pandj—i—aiseven,
where p = f(v;) — 3 if f(v;) is odd, and p = f(v;) — 4 if f(v;) is even (see Figure Bl(c)).
3. If v; is an f-broadcast vertex such that f(v;) > r 4+ 1 and r is odd, then we let
(0 ifj =1,
d+2

1 ifi—2<j<i+ L%Jr—l—(d mod 2)
g(vj) = and (j —i+4+2) mod (r + 2) is odd,

d+2
ori+a<j<i+a+ %—‘r—l—l—(d mod 2)

\ and (j —i—a+3) mod (r+2) is odd,
where d = f(v;) — (r + 1) (see Figure B(d,e)).
4. For every other vertex vy, we let g(vx) = f(vg).

Note that, in particular, g(v;) = f(v;) for every f-broadcast vertex v; with f(v;) < 2.
Moreover, all vertices set to 1 in the above items are distinct from v; and at distance not
greater than f(v;) from v;, which means that their f-value was 0.

We now prove that ¢ is an independent broadcast on C'(n;1,a). For that, we first prove the
following claim.

Claim A. For every vertex v; whose g-value is set to 1 in Item 1, 2 or 3 above, we have
d(vi,vj) < f(v;) — 2.



Proof. In Item 1, every vertex whose g-value is set to 1 is at distance at most p+1 < f(v;) —2
from v;. In Ttem 2, every vertex whose g-value is set to 1 is at distance at most max{p+1,r—1} <
f(v;) — 2 from v;.

Consider now a vertex v; whose g-value is set to 1 in Item 3 and whose distance to v; is
maximal (see FigureB{(d,e)), and suppose first that i —2 < j < i+ [%2]r+ (d mod 2). Since

r >3 and r is odd, v; is at distance d(v;,v;) = 2| 42| + |£] — 1 from v; (going to Uiy | 222 ],
using (2 |%£2]) a-edges, and then back to v; using (|5] — 1) 1-edges). Since d = f(v;) —r — 1

and r > 3, this gives

r
2

r+1

Avi0y) < F0) —r 414 T8 1= F) =T < pw) -2

Suppose finally that i +a < j <i+a+ (%w r+1—(d mod 2). In that case, v; is at distance
d(vi,v;) =1+ Q(L%J 1)+ L%J — 1 from v; (going to Vitat [442]r using (1 + 2(L%J - 1))
a-edges, and then back to v; using (|%| — 1) 1-edges). As before, since d = f(v;) —r — 1 and
r > 3, this gives

d(m,wg”Q%J_1)+r;1_1:2qMJ_1>+T;1

<2(f(vz‘);7“—|—1>+r—1_2:f(vi)_r—1_2

2 2

< f(vl> - 27
which concludes the proof of the claim. 0

Thanks to this claim, and since f was an independent broadcast on C'(n; 1, a), no g-broadcast
vertex v; with g(v;) = f(v;) € {1,2} g-dominates a vertex whose g-value has been set to 1.
Therefore, in order to prove that g is indeed an independent broadcast on C'(n; 1, a), it remains
to prove that the set of vertices whose g-value has been set to 1 is an independent set. Moreover,
thanks to Claim [Al Items 1, 2 and 3 can be considered separately. This is readily the case for
vertices whose g-value has been set to 1 in Item 1 and 2. In Item 3, thanks to the parity of
their subscript, no two such vertices are linked by a 1-edge. Moreover, any two such vertices
cannot be linked by an a-edge since (j —i+2)—(j—i—a+3)=a— 1.

In order to finish the proof, we only need to show that we have o(g) > o(f). Indeed, in
Item 1, the number of vertices set to 1is n; =1+ 1%4 + 1%2 = p+ 4, which gives ny = f(v;) if
f(v;) is even, or ny = f(v;) +1 > f(v;) if f(v;) is odd.

In Item 2, the number of vertices set to 1 is ny = p—J2F4 + p_erz +5 = %Zﬁ, which gives
ny = w > f(v;) (recall that r» > 2) if f(v;) is even, or ny = W > f(v) if f(v;) is
odd.

Finally consider Item 3. Observe that, since r+2 is odd, in every sequence of r+2 consecutive
vertices lying between v; o and v, 2] or between v;,, and v

r+1
2

r+(d mod 2)’ i+a+(%—‘r+1—(d mod 2)’
vertices are set to 1. Therefore, the number of vertices set to 1 in Item 3 is either

= [ai s (55 +9) |+ e (572

e [ ()] [y (5 )]

9

exactly

if d is even, or




f 5,6
g9 1 1 1 1 1 11

(a) Ttem 1: f(v;) € {5,6} and a =7 (so that p = 2)

(b) Item 2: f(v;) =7 and a =5 (so that d = 1)

PO Zo Y oo
g 1 1 1 1 1 1 1 1 1

(c) Item 3: f(v;) =7 and a =4 (so that d = 2)

Figure 4: Construction of the mapping ¢ in the proof of Lemma [§

if d is odd. In both cases, we get

r+1

ny > (dr+1)(r+1)
—2(r+2)

(d+2)r+5)=r+1+

Since r > 3, we have r(r + 1) > 2(r + 2), and thus

n32r+1+d:f(vl)

We thus have o(g) > o(f), as required. This completes the proof.

We now consider the case n > 3a.

Lemma 8. If n and a are two integers such that 3 < a < L%J and n > 3a, then C(n;1,a)

admits a 2-bounded [y-broadcast.

Proof. Again, it is enough to prove that for every independent broadcast f on C'(n;1,a), there
exists an independent broadcast g on C(n;1,a) such that o(g) > o(f) and g(v) < 2 for every

vertex v € V;r.

Let f be any independent broadcast on C'(n;1,a), and g be the mapping from V(C(n;1,a))
to {0, 1,2} defined as follows (the construction of the mapping g is illustrated in Figure @], not

all a-edges being drawn).

1. If v; is an f-broadcast vertex such that 2 < f(v;) < a, then we let

0 if j =1,
1 ifi—1<j<i+p+1andj—1+1iseven,
ori—a<j<i—a+pandj—1+aiseven,

ori+a<j<it+a+pandj—i—aiseven,

where p = f(v;) — 3 if f(v;) is odd, and p = f(v;) — 4 if f(v;) is even (see Figure [l(a)).

10
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2. If v; is an f-broadcast vertex such that f(v;) > a+ 1 and a is odd, then we let
0 ifj=4,
9(v;) = o o . :
1 ifi—a<j<i+(1+d)aand j—i+aiseven,
where d = f(v;) — (a+ 1) (see Figure d(b)).
3. If v; is an f-broadcast vertex such that f(v;) > a+ 1 and a is even, then we let
» 0 ifj=i
vj) =
I 1 fi-a—1<j<i+(2+daand (j—i+a+1) mod (a+ 1) is odd,
where d = f(v;) — (a+ 1) (see Figure [f(c)).
4. For every other vertex vy, we let g(vx) = f(vg).

Note that, as in the proof of the previous lemma, g(v;) = f(v;) for every f-broadcast vertex
v; with f(v;) < 2. Moreover, all vertices set to 1 in the above items are also distinct from v;
and at distance not greater than f(v;) from v;, which means that their f-value was 0.

We now prove that ¢ is an independent broadcast on C'(n; 1,a). For that, we first prove the
following claim.

Claim B. For every vertex v; whose g-value is set to 1 in Item 1, 2 or 3 above, we have
d(vi,vj) < f(v;) — 2.

Proof. In Item 1, every vertex whose g-value is set to 1 is at distance at most p+1 < f(v;) —2
from wv;.
Among the vertices whose g-value might be set to 1 in Item 2, the vertex whose distance to

v; is maximal is, since a is odd, the vertex v; with j = da + “TH, which gives
a+1 a—+1
d(vi,v;) = d + 5 = f(vi) — 5 < flv) =2

(recall that, in that case, we have a > 3).
Similarly, among the vertices whose g-value might be set to 1 in Item 3, the vertex whose
distance to v; is maximal is, since a is even, the vertex v; with j = (d + 1)a + §, which gives

a

5= f(0) =5 < f(v) 2

d(UZ',’Uj):d—Fl—l— 5

(recall that, in that case, we have a > 4).
This concludes the proof of the claim. 0

Thanks to this claim, and since f was an independent broadcast on C'(n; 1, a), no g-broadcast
vertex v; with g(v;) = f(v;) € {1,2} g-dominates a vertex whose g-value has been set to 1.
Therefore, in order to prove that ¢ is indeed an independent broadcast on C'(n; 1, a), it remains
to prove that the set of vertices whose g-value has been set to 1 is an independent set. Moreover,
thanks to Claim [Bl Ttems 1, 2 and 3 can be considered separately. This is readily the case for
vertices whose g-value has been set to 1 in Item 1. It follows from the parity of their subscript
in Item 2 (neither a 1-edge nor an a-edge, since a is odd, can link any two such vertices), and
from the value modulo (a + 1) of their subscript in Items 3 (which, again, implies that neither
a l-edge nor an a-edge, since a is even, can link any two such vertices).
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In order to finish the proof, we only need to show that we have o(g) > o(f). Indeed,
in Item 1, the number of vertices set to 1 is n; = 1%4 + 1%2 + p—J2r2 = 3p—2+8, which gives
ny = % > f(v;) if f(v;) is even (in that case, f(v;) > 4, and equality holds only when
f(v;)) =4), orny = % > f(v;) if f(v;) is odd (in that case, f(v;) > 3).

In Item 2, the number of vertices set to 1 is ny = [(2”2)““} = [2etlda] If d = 0, since a

is odd, we get ny = P“—;’W =a+ 1= f(v;). Otherwise, that is, if d > 1, since a > 3, we get
ng = [2HEN] > g+ L+ U > a4 d+ 1= f(v).

Finally, in Item 3, note that, for every sequence of a + 1 consecutive vertices, 5 of them are
set to 1. Therefore, the total number of vertices set to 1 is

3a® + da® + 2a N da? N a?
=a .
2(a+1) 2(a+1)  2(a+1)

ng = [ﬁ ((d+3)a+2)—‘ >

Since a > 4, we have Q(Sil) > 1, which gives n3 > a+d+ 1= f(v;).

We thus have o(g) > o(f), as required. This completes the proof. O

From Proposition [6] and Lemmas [7l and 8, we directly get the following theorem.

Theorem 9. Every circulant graph of the form C(n;1,a), 3 < a < L%J, admits a 2-bounded
By-broadcast if none of the following conditions is satisfied: (i) n = 2a and a is even, or (ii)

n=2a+ 1.

The following example will show that when a = 2 or n = 2a + 1, not all circulant graphs of
the form C'(n;1,a) admit a 2-bounded f,-broadcast. Consider the circulant graph C'(21;1,2),
and let f be the mapping from V(C(21;1,2)) to {0,3} defined by f(vg) = f(v7) = f(v14) = 3
and f(v;) = 0 otherwise. Since 2 is even, f is clearly an independent broadcast on C'(21;1,2),
with cost o(f) = 9, and thus 9 < 3,(C(21; 1, 2)). Now, suppose that there exists a 2-bounded f3-
broadcast g on C'(21;1,2). If [V,F| < 4, we immediately get o(g) < 8, since g is 2-bounded. Sup-
pose now |V,F| > 4. Each vertex v; € V,* dominates at most three vertices among {vi, viy1, vit2}
(subscripts are taken modulo 21), and none of these vertices is dominated more than once.
Therefore, since g is an independent broadcast, we get

Y (L+2g(v)) = |V, +29(V;) < 21,
Uiqu+
which gives (recall that [V | > 4)

21 — |V+
a(g) = g(V;") < 2 <38

In both cases, we get a contradiction to the optimality of g. Finally, since C'(21;1,10) is iso-
morphic to C(21;1,2), we get that there also exist circulant graphs of the form C'(2a + 1;1, a)
that do not admit any 2-bounded [,- broadcast.

4 General bounds on the independence broadcast num-
ber of C(n;1,a)

In this section, we will provide some general upper and lower bounds on the cost of independent
broadcasts on circulant graphs of the form C(n;1,a), 2 < a < L%J, that will be useful in the
next section.
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00 } 0101010 (I)
Ay
The vertices of the set Ajc ,a=17

2

The vertices of the set B; (the black vertices) , a =7

Figure 5: The sets A% and B?.

We first introduce some notation and a useful lemma. Let f be an independent broadcast
on C'(n;1,a). We then let

Vi={ve Vi | flv) =1}, VP ={v; € V;" | f(v;) =2} and V72 = {v; € V] | f(v) > 2}.

In particular, if f is 2-bounded, we then have Vf+ = Vf1 U sz .

Consider now a 2-bounded independent broadcast f and any vertex v; € Vfl such that
f(vi—1) = f(vi—2) = 0. Since f is an independent broadcast, we necessarily have f(v;y1) = 0.
Moreover, we then have either f(v;19) = 0 or f(v;42) = 1. Therefore, the broadcast values of
the sequence of vertices v;v;11V;14 ... is of the form either 100, 10100 or 1010. .. 100.

For each vertex v; € V}! such that f(vi_1) = f(vi_z) = 0, we then let

Al ={vige, 0<E<2p+2}
be the set of vertices satisfying (i) f(viyor) = 1 and f(vijor+1) = 0 for every k, 0 < k < p, and

(ii) f(vz‘+2p+2) =0.
Now, for each vertex v; € V7, we let

B} = {vj_as1} U{0), 0541, 0542} U {vj a1}

The definition of these two sets is illustrated in Figure Bl These sets have the following
properties.

Lemma 10. For every 2-bounded independent broadcast f on C(n;1l,a), 2 < a < L%J, the
following holds.

1. For every vertex v; € Vi, |AY| = 2f(A}) + 1.
2. For every vertex v; € V7, \B}| =5.
3. ZviEVfl |A3‘| + ZUjEVfQ |ij| < n.

Proof. The first two items directly follow from the definition of the sets A} and B}. It also
follows from the definition that A} N A}, = () for every two distinct vertices v; and vy in Vfl.

13



Similarly, we necessarily have B} N Bj; = () for every two distinct vertices v; and vj in VfQ,
since otherwise we would have d(v;,v;) < max{f(v;), f(vy)} = 2, contradicting the fact that
f is an independent broadcast. The same argument gives A} N B} = () for every two vertices
v; € Vfl and v; € VfQ. All together, these three properties imply that Item 3 also holds. U

The next result provides a general upper bound on the broadcast independence number of
circulant graphs of the form C(n;1,a), with 3 <a < L%J and 3a < n.

n

Proposition 11. If n and a are two integers such that 3 < a < bJ and 3a < n, then, for
every 2-bounded independent broadcast f on C(n;1,a), we have

o(f) < V‘ i ’J

Proof. Let f be any 2-bounded independent broadcast on C'(n; 1, a) (it follows from Theorem [
that such broadcasts exist). From Lemma [0, we get

S JAR+ > B =2f (V) + [V +3f(VF) = [VP] <,

UiEVf ’UJEVf
which gives
2f (Vi) =2f (V) +2f(V7) <n— [V} + [VP| = F(VF) <n+ VP = F(VD).

Now, since f(v;) = 2 for every v; € V7, we have f(V7) =2 }Vf2 ,

o(f) = f(V) < V‘—WJ .

2

This completes the proof. 0
When a is even, the upper bound given in Proposition [Tl can be improved as follows.

Proposition 12. If n and a are two integers such that 2 < a < L%J and a is even, then, for
every 2-bounded independent broadcast f on C(n;1,a), we have

R ]

Proof. Let f be any 2-bounded independent broadcast on C(n;1,a). Observe first that we
necessarily have |A3c| < a+ 1 for every vertex v; € Vfl, since otherwise this would give f(v;) =
f(vira) = 1, contradicting the fact that f is an independent broadcast. This implies f (A}) <.
Using item 1 of Lemma [I0] we then get

Ayl 2f(Ap) +1 1 2 2a+1)
R R A
and thus 2( N 1)
Ay > S (A,

From Lemma [0} we then get

n> YA+ > |BJ|>$f(Vf)+3f (Vi) = V7l

vZGV UJEV

14



(a + 1 vertices) (a + 1 vertices)

(a) two consecutive sequences of a + 1 vertices

U; m Vita E Vit+2a

(a + 1 vertices) (a — 1 vertices)

(a) two different sequences of vertices

U; m Vita @ Vit+2a

(a — 1 vertices) (a — 1 vertices)

(a) two consecutive sequences of a — 1 vertices

Figure 6: Construction of the mapping f in the proof of Proposition [[3] (a = 12) .

which gives
2 1 -2
n> Mf(v) L@

a
Finally, since f(VfQ) =2 ’VfQ}, we get

FOVE) = VE|.

2(a+1 2(a — 2 a—4
20D py <t g - 2D vp - Ty,
and thus A
a a—
- < |—(n—-——=V?|)|.
o(f) f(W{MH) (n . WA)J
This completes the proof. ([l

Proposition 13. If n, a, k1 and ke are four integers such that n = ki(a + 1) + ks(a — 1),
6 <a< L%J , and a is even, then, for every independent broadcast f on C(n;1,a), we have

a

o2 (3) ks (31,

Proof. Let n = ky(a + 1) + ka(a — 1). The circulant graph C(n;1,a) consists of k; sequences
of a + 1 vertices and ko sequences of a — 1 vertices. Let f be a mapping from V(C(n;1,a) to
{0,1}, defined as follows (see Figure [@ for the case a = 12). For every sequence of a + 1 or
a — 1 vertices, we let the broadcast values of the form 1010...10100. Since a is even, for every
two consecutive sequences, the f-broadcast vertices are pairwise non adjacent and then, f is

an independent broadcast on C'(n;1,a), with cost o(f) = k; (g) + ko <g — 1). Hence,
a a
> Z Z_
o(f) z k (2) ke <2 1)'
This completes the proof. ([l
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5 Some exact values

We determine in this section the broadcast independence number of circulant graphs of the form
C(n; 1, a), for various values of n and a. In several cases, we prove, thanks to Observation 2], that
the independence number and the broadcast independence number of these graphs coincide.

In [IT], Liancheng, Zunquan and Yuansheng determined the exact value of the independence
number of some circulant graphs of the form C(n; 1, a).

Proposition 14 (Liancheng et al. [I1]). For every two integers n and a with 2 < a < [%], we

have
1. a(C(n;1,a)) = 5, for even n and odd a,
2. a(C(n;1,a)) = 2, for odd n and a € {3,5},
3. a(C(n;1,2)) = | %],
4. a(C(n;1,4)) = | 22].

Several of our results in this section will thus extend the results of Proposition [14l

We first consider the case of circulant graphs of the form C'(n;1,2), n > 4. It is not difficult
to check that, for every n > 4, antipodal vertices in C'(n; 1,2) are at distance {”—_lw apart from

1
each other. We thus have the following.

-1
Observation 15. For every integer n, n > 4, diam(C(n;1,2)) = {n 1 -‘ .

The broadcast independence number of circulant graphs of the form C'(n;1,2) is given by
the following result.

Theorem 16. For every integer n > 4,

a(C(n; 1,2)) =1, if n € {4,5},

-3
Be(C(n;1,2)) = ng ) ifn=9 (mod 12),

2(diam(C(n; 1,2)) — 1) = 2 q” . 1} - 1) . otherwise.

Proof. Since C(4;1,2) and C(5;1,2) are both complete graphs, the result obviously holds for
n € {4,5}.

Suppose now n > 6. By Proposition [ 5,(C(n;1,2)) > 2(diam(C(n;1,2)) — 1) holds for
every n. We will prove that we have 3,(C(n;1,2)) < 2(diam(C(n;1,2))—1) if n #9 (mod 12),
and S3,(C(n; 1,2)) = 252 otherwise.

Let f be an independent [y-broadcast on C(n;1,2). Each vertex v € VfJr f-dominates
4f(v) + 1 vertices. Moreover, each f-broadcast vertex is f-dominated exactly once, and each

non-broadcast vertex is f-dominated at most twice. This gives
4f(Vf+) + |Vf+| <2 (" - |Vf+|) + |Vf+|a
and thus N

BuC(n1,2) =o(f) = Y f(v) = F(V]) < —

+
UEVf

We now consider three cases, depending on the value of |Vf+\.
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L Vi <2
If [V;"] = 1, then V" = {v;} for some vertex v;, and thus

o(f) = f(v) <e(v;) = diam(C(n;1,2)) < 2(diam(C(n; 1,2)) — 1).

If |Vf+| = 2, then Ver = {v;,v;} for some distinct vertices v; and v;, and thus

o(f) = f(vi) + f(v;) < 2(diam(C(n; 1,2)) = 1).

VI > 4

In that case, we get

o(f) < {%VJHJ < V;ﬂ gz([";ﬂ —1)

and thus o(f) < 2 ([22] — 1) = 2(diam(C(n;1,2)) — 1) by Observation 5

Let VfJr = {Viy, Viy, Vin }, with 0 < 4y < i3 < i3 < n — 1. We consider two subcases,
depending in the parity of n.

(a)

n is even.
Since f is a [,-broadcast, we have

f(vg;) = min {d(v;,, vi, ,) — 1,d(vs;, vi,,,) — 1}

for every 7, 0 < j < 2 (subscripts are taken modulo 3).

Moreover, since min{z, y} < x—;y for every two integers x and y, we get
U(f) = f(vio) + f(vzi) + f(viQ) < d(vioa Ui1) + d(viu UiQ) + d(viQa Uio) - 3.

Now, since

o0, = [58] < =l
7 2 2

for every two distinct vertices v;, and v;,, we get

2 2

Finally, since n is even, we get

o(f) < V;?’J - ";4 <2 U";ﬂ - 1) = 2(diam(C(n; 1,2)) — 1).

n is odd.
If every non-broadcast vertex is f-dominated exactly twice, then we necessarily have
f(vi,) = f(viy) = f(vi,) = £ for some value £. Moreover, since each vertex v;,,

0 <j <2, f-dominates 4f(v;;) + 1 = 4¢ + 1 vertices, we get 12{ +3 = 2(n — 3) +3
(each vertex in VfJr is f-dominated only once), and thus ¢ = ”T_?’. This implies n = 3
(mod 6) and o(f) = 2532,

2
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Now, we have

a(f):”;3:3£:2d

if ¢ is even, that is n =3 (mod 12), while we have

n—1

W - 1> = 2(diam(C'(n; 1,2)) — 1)

n—3 n—1

o(f) == :3£>3£—1:2d

W . 1> = 2(diam(C(n; 1,2)) — 1)

if £ is odd, that is n =9 (mod 12).

Suppose now that at least one non-broadcast vertex is f-dominated only once, which
implies 4f(Vf+) +3<2(n—4)+4=2n—4 and thus

4

o) =507 < | 2

Since n is odd, we get

o(f) < f”; 7J - f”; SJ <2 dn - 1} - 1) = 2(diam(C(n; 1,2)) — 1).

In all cases, we thus get £,(C(n;1,2)) = o(f) < f(V;") < 2(diam(C(n;1,2)) — 1) if n # 9
(mod 12), and 3,(C(n; 1,2)) = o(f) = %52 if n =9 (mod 12), which completes the proof. [

Comparing the value of a(C(n;1,2)) given in [I1] with 5,(C(n;1,2)), it is clearly seen that
a(C(n;1,2)) < Bp(C(n; 1,2)) is almost always true.

Since the circulant graphs C'(2a+1;1,a) and C(2a+1; 1,2) are isomorphic for every integer
a, a > 2, Theorem [16] admits the following corollary.

Corollary 17. For every integer a > 2,

a—1, ifa=2,ora=4 (mod 6),

B(Cat1iLa) =4, ([5]-1). otmeruise

We now determine the broadcast independence number of circulant graphs of the form
C(n;1,a) when n is even and a is odd.

Theorem 18. Ifn and a are two integers such that n is even, n > 6, a is odd and 3 < a < ng ,
then n
BGp(C(n;1,a)) = a(C(n;1,a)) = 5

Proof. From Proposition [[Il we get that o(g) < %V‘ﬂ
broadcast g on C'(n;1,a), which implies 3,(C(n;1,a)) < 5. Consider now the mapping f from
V(C(n;1,a)) to {0,1} defined by f(v;) = 1if and only if i is even. Since a is odd, f is clearly an
independent broadcast on C'(n;1,a). This implies 5,(C(n;1,a)) > o(f) = § and thus, thanks
to Observation 2, £,(C(n;1,a)) = a(C(n;1,a)) = §. This completes the proof. O

J for every 2-bounded independent

We are now able to determine the broadcast independence number of circulant graphs of
the form C(n;1,3).
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Theorem 19. For every integer n > 6,

g, if n s even,
A(C(n; 1,3)) = a(C(n; 1,3)) = _

——, otherwise.
2
Proof. If n is even, the result directly follows from Theorem [18
Suppose now that n is odd and consider the mapping f from V(C(n;1,3)) to {0, 1} defined
by f(v;) = 1 if and only if ¢ is even and ¢ < n — 5. Since all broadcast vertices have an even
index not greater than n — 5 and 3 is odd, f is clearly a 1-bounded independent broadcast
on C(n;1,3) with o(f) = 22 and Vi = 0. We thus get £,(C(n;1,3)) > 223 and, thanks to

2

Observation 2 5,(C(n;1,3)) = a(C(n;1,3)).
From Proposition [[Il we get that o(g) < Vﬁ |2V“’ |J for every 2-bounded independent broad-

cast g on C(n;1,3). If }V;’ > 2, then o(g) < [%52] = %52 =o(f). If }VQI =1, say V> = {v;},
then we necessarily have g(v;_1) = g(vj—2) = g(vj_3) = g(vj_ 4) = 0 and thus v;_q and vj_9 do
not belong to any set Aic for any v; € Vgl. Using this remark together with Lemma [I0, we then

get

STIAN+ > B =2f(V,) + |V, [ +3f(v;) —1<n—2,

v €V} v EVZ
which gives, since f(v;) > 2,

n—Q—yv;}—f(vj)+1<n—3
2 = 2

a(g) = f(Vy) + flv) <

Finally, if ‘Vf} = 0 then, since n is odd, there necessarily exists a vertex v; € Vg1 such
that g(vi12) = 0, which implies g(v;11) = g(viy3) = 0. This implies that v;;3 does not belong
to any set Ag for any v; € Vgl. Using this remark together with Lemma [I0 we then have
2f (V) + ’Vgl} <n —1, and thus

Hence, in all the previous cases, we have o(g) < o(f) = "773, which completes the proof. [

We now determine the broadcast independence number of circulant graphs of the form
C(n;1,4).

Theorem 20. For every integer n > 8,

B(C(n;1,4)) = a(C(n; 1,4)) = F_”J .

)
Proof. From Proposition 12, we get that

o< ey (550

for every 2-bounded independent broadcast g on C'(n;1,a), which gives o(g) < L%”J, and thus
B(Clni 1,0)) < |2].

We now construct a mapping f from V(C(n;1,4)) to {0,1}. Let n =5k +r with 0 <r < 4.
We consider five cases, depending on the value of r.
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1. r=0.
We let f(v;) =11if (i mod 5) is odd, and f(v;) = 0 otherwise.

2. r=1.
We let f(v;) =11if (i mod 5)isodd and i <n—7, f(v,_2) = f(vn_5) =1, and f(v;) =0

otherwise.

3. r=2.
We let f(v;) =11if (i mod 5) is odd and i <n — 3, and f(v;) = 0 otherwise.

4. r=3.
We let f(v;) =11if (i mod 5) is odd, and f(v;) = 0 otherwise.

d2. r=4.
We let f(v;) = 11if (¢ mod 5)is odd and i < n —7, f(vn_2) = f(vn-s5) = f(ns5) =1,
and f(v;) = 0 otherwise.

Clearly, in each of the previous cases, f is a 1-bounded independent broadcast on C'(n;1,4)

such that o(f) = | 2] and V7 = 0. Hence, 3,(C(n;1,4)) = | 2] and, thanks to Observation 2]

Bp(C(n;1,4)) = a(C(n;1,4)). This completes the proof. O

Thanks to Proposition[I12] we are now able to determine the broadcast independence number
of circulant graphs of the form C((a + 1)k;1,a) with @ > 5 and k > 2 (the cases a = 2, 3 and
4 are already covered by Theorems [I6] [[9 and 20, respectively).

Theorem 21. If a and k are two integers such that a > 5 and k > 2, then we have

ak o

o> if a is even,
B(C(a+ ki 1,a)) = a(Cl(a+ ks 1,0)) =

(a+ 1)k :

5 otherwise.

Proof. If a is odd, then (a + 1)k is even and the result directly follows from Theorem [I8
Suppose now that a is even, which implies a > 6. From Proposition [[2] we get that

g (2520 < e e -

for every 2-bounded independent broadcast g on C((a + 1)k;1,a), which implies G,(C((a +
k;1,a)) < 2.

Consider now the mapping f from V(C((a+ 1)k;1,a)) to {0,1} defined by f(v;) = 1 if and
only if (i mod a + 1) is odd. Since a is even, f is clearly a 1-bounded independent broadcast

on C((a+1)k;1,a) with o(f) = 4 and V7 = (). This implies 3,(C((a 4+ 1)k;1,a)) > % and
thus, thanks to Observation @ 5,(C((a+1)k; 1,a)) = a(C((a+1)k;1,a)) = %. This completes

the proof. ([l

We now consider the case of circulant graphs C'(n; 1, a) when a divides n. We first introduce
two new sets of vertices, slightly modifying the definition of the sets A} and B} defined in
Section [2 using a-edges instead of 1-edges. Let f be any 2-bounded independent broadcast
on C(n;1,a). Now consider any vertex v; € V} such that f(vi_a) = f(vi—ga) = 0. Since f
is an independent broadcast, we necessarily have f(v;1,) = 0. Moreover, we then have either
f(Vitea) = 0 or f(viz2s) = 1. Therefore, the broadcast values of the sequence of vertices
ViVt qVit2q - - - 18 of the form either 100, 10100 or 1010. .. 100.
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For each vertex v; € Vf1 such that f(v;_s) = f(vi—2a) = 0, we then let
A’y = {Virr, 0< < 2p+2}

be the set of vertices satisfying (i) f(viyore) = 1 and f(viy(2k41)a) = 0 for every &k, 0 < k < p,

and (i) f(vi+(@2p+2)a) = 0.
Now, for each vertex v; € VfQ, we let

B = {v;} U{vj1a-1,Yj1a, Vjrat1} U {Vjs2a}-

These sets satisfy the same properties as those of the sets Aic and B}' given in Lemma [I0l
The proof is similar to the proof of Lemma 10 and is omitted.

Lemma 22. For every 2-bounded independent broadcast f on C(n;1,a), if any, the following
holds.

1. For every vertex v; € Vfl, \A’}| = Qf(A/}) + 1.

2. For every vertex v; € VfQ, |B’§c| =b.

3. ZviEVfl | ,Zf| + ZUJ'EVf2 ‘B/§| s n.

We are now ready to determine the independent broadcast number of circulant graphs of the
form C(qa;1,a), a > 5 and g > 4. Recall that the cases a = 2, 3 and 4 are already covered by
Theorems [16], 19 and 20, respectively, while the cases ¢ = 2 and ¢ = 3 are covered by Theorems
[] and [ respectively.

Theorem 23. If a and q are two integers such that a > 5 and q > 4, then we have

BGp(C(gqa;1,a)) = a(C(qa;1,a))

( %7 if a is odd, and q is even,
-1
%, if a and q are odd,
B ga’ |
m ; if a and q are even,
2 —1

min { L qa J , (g )a} , otherwise.

L 2(a+1) 2

Proof. We consider the four cases separately.

1. a is odd and q is even.
In that case, ga is even and the result directly follows from Theorem I8

2. a and ¢ are odd.
In that case, ¢ > 5 and we know by Lemma [ that C(ga;1,a) admits a 2-bounded -
broadcast. Let f be any 2-bounded independent broadcast on C(qa;1,a). Observe first
that, since ¢ is odd, we necessarily have |A’ 30| < q for every vertex v; € Vfl, since otherwise
this would give f(v;) = f(Viy(g-1a) = f(vi—a) = 1, contradicting the fact that f is an
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independent broadcast. Therefore f (A’i) < qT and thanks to Item 1 of Lemma 22 we
get

A 2f(A%) +1 1 2 2
R A R I

which gives

. 2q .
A > ———f(A").
4] = o pA)

Now, using Item 2 and Item 3 of Lemma 22 we get

ga> Y |AY+ Y B 2 =5 (Vi) + 5 f(vf>

vZEVf U7€Vf
which gives
2q q—> 2 2q
P V) >
00> =o(f)+ s ) = ha(r),
and then ( 0
q—1)a
o(f) € =5

Consider now the mapping g from V(C(qa; 1, a)) to {0,1} defined by g(v;) = 1if 7 is even
and i < (¢ — 1)a — 1, and g(v;) = 0 otherwise. Clearly, g is a 1-bounded independent
broadcast on C'(qa; 1, a). Moreover,

qg—1)a
5,(Clga 1) > ofg) = L1
and thus, thanks to Observation [2]
(¢—1a

Gp(C(gqa;1,a)) = a(C(qa; 1,a)) = 5
. a and ¢ are even.

Note first that if a + 1 divides ¢, say ¢ = ¢(a + 1) for some integer ¢ > 1, which gives
ga = la(a + 1), the result directly follows from Theorem 21] for k£ = la, since

ak  la? qa® qa®
2( '

22 2a+1) [20@+1)

Assume now that this is not the case, so that k(a+1) < ¢ < (k+2)(a+ 1) for some even
integer k > 2. Let ¢ = k(a + 1) + 2¢ (recall that k£ and ¢ are even) for some integer ¢,
1 < ¢ < a. From Proposition 2, we get that

e P G ) IR Prer]

for every 2-bounded independent broadcast f on C(ga;1,a). Moreover, we have

{z(jcfl)J - (a_zl)q * {2(a11)J - (a_21)q +§’

which implies




qa-1 -1 O O

a+i
2a-+i

3a+i

v : 4a+i C(a—l)

(i+1)a

ia

Figure 7: The circulant graph C(qa;1,a) (only subscripts of vertices are indicated)

Since ga = (ka + ¢)(a + 1) 4+ ¢(a — 1), and thanks to Proposition [[3], we get
(ka+€)a+f(a—2)_ka2 k:_a2+q—k(a+1)

— +{l(a—1)=

Fr(Claas 1,0)) 2 — 5 = (a—1),

2 2

which gives

Finally, by Observation 2l we get

Br(Clga;1,a)) = a(Clga; 1, a)) = {ﬁJ ~

4. a is even and ¢ is odd.

The graph C(qa;1,a) can be seen as a copies Cy,...,C,q1 of a g-cycle, with Cy =
{Vk, Vkga, Vkg2a - - - s Vi (g—1)a ), for every k, 0 < k < a — 1, cyclically connected as de-
picted in Figure [7

We consider three subcases.

(a) g=a—1.
Since ¢ is odd, similarly to Case 2 (¢ and a odd), we have

(g —1a
o(f) < =5
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v10

V40

20

q+ 1 cycles 20 cycles

Figure 9: Construction of the sets S; in the proof of Theorem 23] (a = 10, ¢ =5, £ = 2)

for every independent broadcast f on C'(qga; 1, a). Consider the sets S, 0 < k <a—1
defined as follows (see Figure [§ for the case a = 6 and ¢ = 5).

SO = {Uo, V24, V4as « - - s V(g—5)a> U(q73)a}7

Sl = {Ul-i-aa V1+43a5 V1+5a - - 5 Vi4-(g—4)a>s U1+(q72)a}a

Sy = {U2+2a7 V244a5 V246as - - -y U24(g—3)a>s U2+(q—1)a}7
Sa—l - {Ua—la V3q—15Usa—15 - - -y Un—4a—1, Un—Za—l}-

From this definition, we clearly get that Uz;é Sk is a independent set in V(G). This

gives
a—1
s
k=0

Thanks to Observation 2 we then get

q_
2

= a

! < a(C(qa; 1,a)) < B(C(qa; 1,a)).

(¢—1a

By(C(qa;1,a)) = a(C(qa; 1,a)) = 5

(b) ¢g<a—1
Let a = ¢+ 1 4 2¢ (recall that a and ¢ have different parity) for some integer ¢,
¢ > 1. For every cycle Cy, k =0,1,...,q, let S; be the set defined as in the previous
subcase and, for every cycle Cy, k = q+1,...,q+ 2(, let (see Figure [d for the case
a=10,g=05and { = 2)

Sk = {Uka Vk+2as Vk+4ay - -+ Vk+(g—5)as Uk;—l—(q—?))a}a if k is even,

Sk = {Vk+a> Vkt3a> Vkt5as - - - y Uk+(g—4)as Uk+(qf2)a}a if £ is odd.

From this definition, we clearly get that UZ;(IJ Sk is an independent set of C'(qa; 1, a).
We then have

a—1
U sk = a7 < a(Claa 1,0)) < (g1, )
k=0

and, since ¢ is odd, we get
q—1
Br(C(ga; 1,a) < a — )
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Thanks to Observation 2 we finally get

(¢—1a

Bi(C(qa; 1,0)) = a(C(ga; 1,)) = =

qg>a+1.
Note first that if a + 1 divides ¢, say ¢ = ¢(a+ 1) for some integer ¢ > 1, which gives
ga = la(a + 1), the result directly follows from Theorem 2]] for k£ = la, since

- E(saj 1>J |

Suppose now that this is not the case, so that k(a + 1) < ¢ < (k+ 2)(a + 1), for
some odd integer k > 1. Let ¢ = k(a+ 1) + 2¢ (recall that k and ¢ are odd) for some
integer ¢, 1 < ¢ < a. From Proposition [12] we get

qgla—1)(a+1)+ qJ
2(a+1)

la? qa?
2(a+1)

By(C(qa; 1,a)) < {2(5(—15 1)J _

lele=1)(a+1)+ (a+1) q—(a—l—l)J
B 2(a +1) 2(a+1)

_ Q(a—l)(a+1)+(a+1)+(k—1)(a+1)+2£J
2(a+1) 2(a+1)

_(a—=1)¢g+1 k-1
- 2 + 2

Moreover, we have ga = (ka+¢)(a+1)+{¢(a—1) and, thanks to Proposition [I3] we
get

ka? ka? —k 1
Bh(Claai 1,0)) = (ka+ O +0(5 —1) = = +t(a—1) = %—FW(@— D),
which gives
—1 1 k-1

5(Clga 1)) > CZDEEL B

Therefore, by Observation 2 we finally get
' B ' _(a—-1)¢g+1 k-1 qa®
ﬁb(c(qav 17 a)) - Q(C(qa, 17 a’)) - 9 + 9 2(& + 1) :

This completes the proof.

Our last general result is the following.

Theorem 24. Let n, a, q and r be integers such that n = qa + r, a is even, a > 6 and
q > max{2,r}. If either ¢ and r have the same parity, or q and r have different parity and

q+r>a—1, then we have

Gp(C(n;1,a)) = a(C(n;1,a)) = {

2(a(zr 1)”J
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Proof. From Proposition [I2] we get that

s (507 <

for every 2-bounded independent broadcast f on C(n;1,a). We consider two cases.

1. q and r have the same parity.
Note first that if a + 1 divides ¢ — r, say ¢ — r = {(a + 1) for some integer ¢, which gives
ga+1r = (q—{)(a+1), the result directly follows from Theorem 21l for k = g — ¢, since

ak _ a(q— ) _ (qa +1)a _ {(qa+7")aJ
2 2 2(a+1) 2(a+1) |

Suppose now that this is not the case, so that k(a+1) < ¢—r < (k+2)(a+ 1), for some
even integer k. Let ¢ —r = k(a+ 1) + 2/ (recall that k and ¢ —r are even) for some integer
l, 1 </¢<a. We have

oo = |t ne) e fa=re)

2(a+1) 2(a+1)

Since —¢ < —(alfl) < =0+ 1, we get
(g=r)a| | (kla+1)+20)a __@+ _tla —_@_g
20a+1)| 2(a+1) 2 (a+1)] 2 7
which gives
a aq ak (¢ —k)a
Bo(C(ga+1;1,a)) < {2(a+ 1)(qa+r)J 5 5 5
Furthermore, since
— k(a —1
qa+r:¥(a+1)+%(a_1):q+r+2(a )(a+1)—|—€(a—1),
and thanks to Proposition [13] we get
qg+r+k(a—1) sa a qg+r+kla—1)+2¢ a
. > - - — —) =2
Bu(Claa+ri1,a) = 2= (D) 405 - 1) ; (5)-¢

Again, since ¢ — r = k(a + 1) 4+ 2¢, we have

g+r+q—r—2%k (9>_g:(q_k)a

B(Clqa; 1,a)) > 5 5

and thus, thanks to Observation [2 we finally get

(a—Uq+1+k—1:L qa’ J'

Bb(C(qa—I—r;l,a)) :OZ(O(qa—}—r;l’a)) = 5 .
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2. q and r have different parity.
Similarly to the previous case, if a 4+ 1 divides ¢ — r, then

Suppose now that this is not the case. We consider two subcases, depending on whether
q — r is greater than a + 1 or not.

(a) g—r<a+1.
In that case, we have

ﬁdC@a+nLa»§\_ ma+mJ:{

qda+1%—@—TMJ

2(a+1) 2(a+1)
_aq (g—r7)a
2 {‘WJ '

Since ¢ —r < a+ 1, we get

qg—r+1l (g—r)a  qg—r+1

— 1
2 2at1) ;b
and thus 1
a —r
B(Clga+ri1,a) < TF - T=L7
2 2
1-—- — 1
Since qa +1r = q—|—r+—a(a +1)+ w(a — 1), and thanks to Proposi-

2
tion [[3] we have

1 1
By(Clga+r;1,a)) > (Wfa) g+ (W) <g . 1),

which gives

aq q—r+1
G(Clqa;1,a)) > — — ———.
2 2
Finally, thanks to Observation 2] we get
ag gq—r+ 1

Bo(C(gqa;1,a)) = a(C(qa; 1,a)) = Y 5
(b) g—7>a+1.
In that case, we have k(a +1) < ¢—r < (k+2)(a+ 1), for some odd integer k£ > 1.
Let ¢ — r = k(a + 1) + 2¢ (recall that k and ¢ — r are odd) for some integer ¢,
1 < ¢ <a. Since

k@;ﬁq:{JMmHHJ&ﬁ:_@+{_EaJ

2(a+1) 2(a+1) 2 (a+1)

and —¢ < — -9 < 0 +1, we get

(a+1)
g0 [t -2 -3
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This implies

a(qa + ) aqg ak (q—k)a
BulClaatr, ’a>)—L2(a+1)J 2 2 2
1— — 1
Moreover, since ga + r = qu704_#&((1—%1) + %(a— 1)and ¢ — 7 =

k(a+ 1)+ 2¢, we get

k(a —1
qa+r:q—|—r+2(a )

(a+1)+{l(a—1).

Hence, we have

kla—1 k(o — 1)+ 2
BClaatrit,a)z L EMeZ 0 o gy gtriMo- D2t e ,
which gives

Po(Clga+1;1,a)) = q+r+q2—r—2k'g_£:@_ﬁ

Finally, thanks to Observation 2l we get

By(Clga+1;1,a)) = a(C(qa+r;1,a)) = {%J .

This completes the proof. 0

6 Discussion

We proved that every circulant graph of the form C(n;1,a), 3 < a < [ 5], admits a 2-bounded

Bp-broadcast,except when n = 2a + 1, or n = 2a and a is even. Using this property, we

determined the exact value of the broadcast independence number of several classes of circulant

graphs of the form 5,(C(n;1,a)), 2 < a < |5]. In several cases, we showed that 3,(C(n; 1, a))

reaches one of its lower bounds, namely a(C(n;1,a)) or 2(diam(C(n;1,a)) — 1). In particular,

whenever 5,(C(n;1,a)) = a(C(n; 1,a)), we get that C'(n; 1, a) admits a 1-bounded [,-broadcast.
We finally mention a few open problems that seem worth to be investigated.

1. Determine the value of 5,(C(n;1,a)) for the remaining unsolved cases namely:

(a) For odd integers a and n, with @ > 5 and a / n.

(b) For integers n, a, ¢ and r, with n = ga + r, a > 6 is even, n is divisible neither by a
nor by a + 1, and either

i.g<r,or
ii. ¢ > r, ¢ and r have different parity, ¢ +r < a — 1.
2. Determine the broadcast independent number of other classes of circulant graphs.
3. Characterize the classes of graphs G for which 5,(G) = a(G) or 5,(G) = 2(diam(G) — 1),

respectively.
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