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SPACE-TIME EULER DISCRETIZATION SCHEMES
FOR THE STOCHASTIC 2D NAVIER-STOKES EQUATIONS

HAKIMA BESSAIH AND ANNIE MILLET

ABSTRACT. We prove that the implicit time Euler scheme coupled with finite elements
space discretization for the 2D Navier-Stokes equations on the torus subject to a random
perturbation converges in L2 (©), and describe the rate of convergence for an H'-valued
initial condition. This refines previous results which only established the convergence
in probability of these numerical approximations. Using exponential moment estimates
of the solution of the stochastic Navier-Stokes equations and convergence of a localized
scheme, we can prove strong convergence of this space-time approximation. The speed of
the L?(Q)-convergence depends on the diffusion coefficient and on the viscosity parame-
ter. In case of Scott-Vogelius mixed elements and for an additive noise, the convergence
is polynomial.

1. INTRODUCTION

Numerical schemes and algorithms have been introduced to best approximate and con-
struct solutions for PDEs. A similar approach has started to emerge for stochastic models
and in particular SPDEs. Many algorithms based on either finite difference, finite el-
ement or spectral Galerkin methods (for the space discretization), and on either Euler
schemes, Crank-Nicolson or Runge-Kutta schemes (for the time discretization) have been
introduced for both the linear and nonlinear cases. Their rates of convergence have been
widely investigated. The literature on numerical analysis for SPDEs is now very exten-
sive. In [1] the models are either linear, have global Lipschitz properties, or more generally
some monotonicity property. In this case the convergence is proven to be in mean square.
When nonlinearities are involved that are not of Lipschitz or monotone type, then a rate
of convergence in mean square is more difficult to obtain. Indeed, because of the stochastic
perturbation, one may not use the Gronwall lemma after taking the expectation of the
error bound since it involves a nonlinear term which is often quadratic. One way to get
around this problem is to localize the nonlinear term in order to get a linear inequality,
and then use the Gronwall lemma. This gives rise to a rate of convergence in probability,
that was first introduced by J. Printems [19].

In this paper, we focus on the stochastic 2D Navier-Stokes equations. Our goal is
to implement a space-time discretization scheme, prove its L?(€2) convergence, and get
appropriate rates of convergence.

Our model is given by

ou—vAu+ (u-V)u+Vr =Gu)dW in (0,T) x D, (1.1)
divu=0 in (0,7)x D, (1.2)
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2 H. BESSAIH AND A. MILLET

where D = [0, L], T > 0. The process u : Q x (0,7) x D — R? is the velocity field with
initial condition ug € WH2(D), periodic boundary conditions u(t,= + Lv;) = u(t,z) on
(0,T)x D, where v;, i = 1,2 denotes the canonical basis of R?, and 7 : Qx (0,T)x D — R
is the pressure. Here G is a diffusion coefficient with global Lipschitz conditions. Let
(Q, F, (Ft),P) denote a filtered probability space and W be a Wiener process to be precisely
defined later. Unique global weak and strong solutions (in the PDE sense) for (1.1) are
constructed for both additive and multiplicative noise, and without being exhaustive, we
refer to [6, 10].

Various space-time numerical schemes have been studied for the stochastic Navier-
Stokes equations with a multiplicative noise (1.1). We refer to [8, 13, 6, 9, 7], where
convergence in probability is stated with various rates of convergence. As stated previously,
the main tool to get the convergence in probability is the localization of the nonlinear
term over a space of large probability. Our previous paper [3] describes most of the results
contained in these papers. The first result on an strong, that is L?(Q)-convergence, rate is
proved in [3] for an H'-valued initial condition. The method is based on the fact that the
solution (and the scheme) have finite moments (bounded uniformly on the mesh). When
the noise is additive, the solution has exponential moments; we used this property in [3]
to get an explicit polynomial strong rate of convergence. Let us mention the result by
Duan-Yang [12], where strong convergence results are stated, and proved using semi-group
techniques; in that paper the initial condition ug € H?(D) is more regular than in our
setting.

In our previous paper [3], only a time discretization scheme for the model (1.1) was
studied. In the current paper, we implement a space-time discretization. More specifically,
we have an implicit time discretization coupled with a finite elements spatial discretization.
A similar algorithm has been studied in [9], where convergence in probability was proven.
Using the tools introduced in our previous paper [3], which are formalized in some general
framework, we improve these results by proving rates of L?({2)-convergence for a space-
time scheme.

This paper deals with the fully implicit time Euler scheme with constant time mesh %
and the finite elements discretization with space parameter h used in [9]. For general finite
elements, in order to ensure stability, we have to deal with the velocity and the pressure
which satisfy the discrete LBB condition. As in the results on convergence in probability
proved in [9], we compare the space-time discretization U’ and the fully implicit time
discretization u' in L2 := L2(D) uniformly on the time grid {l%}lZOV...VN. The strong
speed of convergence we obtain for the velocity includes a term containing the pressure.

The proof relies first on a L?(2) convergence result of max;<;<y 1Ql71(M)|ul — Ul\ig

localized by a set QI(M) On that set, some power of the W' 2-norm of the time dis-
cretization u' is controlled. However, due to the fact that the classical non-linear term
[u.V]u has to be coupled with 3[div u]u, for general finite elements the localization set is
QM) = { max;—.... s |[u’|[§.. < M}. Since we can control moments of the L%-norm of
both discretizations u! and U', choosing the bound M (N, h) in an appropriate way, we
can prove a strong speed of convergence. In general, the error contains a term including
the pressure and its discretization. To get more precise results, we have to make some as-
sumptions either on the pressure or on the relation between h and T'/N, or to strengthen
the assumptions on the diffusion coefficient. In case of a multiplicative stochastic per-
turbation, for a constant divergence-free W'2-valued initial condition (or more generally
for a Gaussian W'2-valued initial random variable), the strong speed of convergence of
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max; [u' — U'|2, is any negative power of In(h? + T/N). If the noise is additive the speed
of convergence is C'exp(cy/In(h? +T/N)). The fact that the convergence is much faster
is related to the existence of exponential moments of maxo<;<y [|[u’[|%,, .. However, the
speed is not polynomial due to the fact that the localization involves the fourth power of
the W12 norm of the time scheme {u'};.

In the particular case of divergence-free finite elements, such as the Scott-Vogelius
mixed elements [20, 23] the localization set is Q;(M) := {maxj—_g...;|[u/ |3, < M}. If
the speed of convergence is similar to that in the case of general finite elements (with a
higher power of In(h? +T/N)), the situation is different for an additive stochastic pertur-
bation. As it was already observed in [3], where the existence of exponential moments for
sup,<7 ||lu(s)[|3,1.2 was used, the localization by the square of |u!|lwr.2, and the existence
of exponential moments for the time scheme provide a “polynomial” speed of convergence
of maxj<<n [u' — U'2, in terms of h? + T/N. The exponent depends on the viscosity
v and on the “strength” of the noise. If the strength of the noise converges to 0, this
exponent converges to 1.

In all cases, coupling the above results with the strong convergence of max;<;<n ‘u(%) —

u' ‘iQ from [3], we deduce the strong speed of convergence of our space-time Euler scheme.

Note that due to the parabolic feature of the Navier-Sokes equations, the coupling of h?
and T/N is to be expected.

The paper is organized as follows. In section 2 we define precisely our model, the
stochastic perturbation, and recall classical results for the solution u to the stochastic 2D
Navier-Stokes equations. Section 3 describes the fully implicit time Euler scheme; it recalls
some bounds for moments proved in [8] and [9], as well as the strong speed of convergence
of this time scheme proved in [3] for multiplicative and additive stochastic perturbations.
It also recalls some results about averages of the time discretization of the pressure proved
in [9]. In section 4, we introduce the finite elements, recall the definition of U’ from [8, 9],
as well as various bounds of moments for U'. Some technical estimates about the non-
linear terms are proved, among which terms using some localization on abstract subsets of
Q. Choosing these subsets in an appropriate way and using a discrete version of Gronwall’s
lemma, we prove the localized L?(2)-convergence of the error between space-time Euler
scheme U and the fully implicit time scheme u’ in section 5. In section 6 we introduce
a general framework to deduce the strong speed of convergence from localized L?(Q)
estimates and moment bounds. We then apply the general results to deduce the strong
speed of convergence of maxj<;<y [U' —u(IT/N)|?, in the case of general finite elements,
and then in that of divergence-free ones in section 7. Finally the existence of exponential
moments for maxj<;<y |[u'[|Z,,, is proven in the Appendix, both for a deterministic and
random initial condition.

As usual, throughout the paper, C' will denote a constant which can change from one
line to the next, and we let C'(a) denote a constant depending on some parameter a.

2. NOTATIONS AND PRELIMINARY RESULTS

In what follows, we will consider velocity fields that have mean zero over [0, L]?. Let
LP := [Lher(D)]? (resp. WP = [W,fe’f(D)]Z) denote the usual Lebesgue and Sobolev
spaces of periodic vector-valued functions with mean zero over [0, L]? endowed with the
norms | - [» (vesp. || - |lyr»). To ease notations, we will denote by || - ||z the W*P-norm.
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Let
H:={uel?:divu=0 weaklyin D}, V:=HNW?

these are separable Hilbert spaces. The space H inherits its inner product denoted by
(-,+) and its norm from 2. The norm in V, inherited from W2, is denoted by || - ||y .
Moreover, let V' be the dual space of V' with respect to the Gelfand triple, (-,-) denotes
the duality between V' and V. Let A = —A with its domain Dom(A4) = W2 N H.

Let b: [W!2]3 — R denote the trilinear map defined by

b(ui,ug,us) := / (u1(z) - Vua(z)) - us(z) du,
D
which by the incompressibility condition satisfies
b(ul,ug,u?,) = —b(ul, usz, UQ), b(ul, ug, UQ) =0, Yu; €V, Vug,usg € wh2, (2.1)
There exists a continuous bilinear map B : V x V +— V’ such that
(B(u1,u2),us3) = b(uy,uz,uz), forall u; €V, i=1,23.

Furthermore, the Gagliardo-Nirenberg inequality implies

~ C
lullfs < C fulee [Vulre < §HUH§W1,2 (2.2)

for some positive constant C. Recall some well-known properties of b, which easily follow
from the Holder and Young inequalities: given any 8 > 0 we have for X := H N1L*(D)

1
(B(u,u2), ug)| < Bllusli, + @Hmllx [[uall x, (2.3)

[(B(u1,u1) — B(ug,uz), u1 — u2)| < Bllur — uslly + Calur — ualfa|luall, (2.4)

foru; € V,i=1,2,3, and C is defined by (2.2). Finally, recall that the Poincaré inequality
implies the existence of a constant C' > 0 such that if we set |||u[||?> =: |[Vu|p2 + | Au|p2 for
u € Dom (A), then

lullf = |uff2 + [Vulf2 < Cffull[*. (2.5)
Finally, recall that since the domain D is the torus with periodic boundary conditions,
the following identity involving the Stokes operator A and the bilinear term holds (see e.g.
[21] Lemma 3.1):

(B(u,u), Auy =0, Yu € Dom(A). (2.6)

Let K be a separable Hilbert space and ) be a symmetric, positive trace-classe operator
on K. Let (W(t),t € [0,T]) be a K-valued Wiener process with covariance operator @,
defined on the probability space (Q, F, (F;),P). Let {e;};>1 denote an orthonormal basis
of K made of eigenfunctions of @ , with eigenvalues {g;};>1. Then
o0
W)=Y i B(t)e;,  Vte(o,T],
j=1

where {3} ;>1 are independent one-dimensional Brownian motions defined on (92, F, (F),P).
For technical reasons, we assume that the initial condition ug belongs to LP(£2; V') for some
p € [2,00], and only consider strong solutions in the PDE sense. Given two Hilbert spaces
Hy and Hj, let L(H7, H2) denote the set of linear operators from H; to Hy. The diffusion
coefficient G satisfies the following assumption:
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Condition (G1) Assume that G : L? — £(K, W'?2) is Lipschitz-continuous with linear
growth. More precisely, there exist positive constants K;, ¢ = 0,1 and Ly such that

1G22y < Ko+ KalufZa, Vu € L2, (2.7)
HG(U)H%(K,Wlﬂ) < Ko+ K1|U|%w1,2, Yu € Wh2, (2.8)
|G () = G0) 2 pzy < Lalu—vffa, Va0 € L2 (2.9)

We also consider the following variant of the assumptions on the diffusion coefficient G
in terms of divergence-free fields.
Condition (G2) Assume that G : H — L(K,V) is Lipschitz-continuous with linear
growth. More precisely, there exist positive constants K;, ¢ = 0,1 and L; such that

|G e pry < Ko + Kilully, Vue H, (2.10)
1GW)cv) < Ko+ Kaluf}, VueV, (2.11)
IG(w) = G2 em) < Lilu—vl}y,  Vu,v € H. (2.12)

Let Py denote the Leray projection. Note that the conditions (2.7) and (2.8) imply a
linear growth of the trace of PG (u) Q G*(u)Py and A%PHG(U)QG*(U)PHA%. A similar
result holds under condition (G2).

We define a strong solution of (1.1) as follows (see Definition 2.1 in [9]):

Definition 2.1. We say that equation (1.1) has a strong solution if:
e u is an adapted V -valued process,
e P a.s. we have u € C([0,T];V) N L?(0,T; Dom(A)),
e Pa.s.
t

(u(t),¢)+u/0 (Vu(s),V@ds—i—/O ([u(s) - V]u(s), )ds
~ (0.0 + [ (&Clu(s)aw (s)
0

for every t € [0,T] and every ¢ € V.

As usual, by projecting (1.1) on divergence free fields when dealing with the velocity,
the pressure term can be disregarded and the velocity is implicitly in the space V. Lemma
2.1 in [9] (see also [2], Theorem 4.1) shows the following:

Theorem 2.2. Assume that ug is a V-valued, Fo-measurable random variable such that
E(Huoﬂf/p) < oo for some real number p € [2,00). Assume that the condition (G1) or
(G2) is satisfied. Then there exists a unique solution u to equation (1.1). Furthermore,
for some positive constant C' we have

2 r 2 1 2
E( sup Jul? + / Au(s)2 (14 [u(s)[;77)ds) < C[1+E(luol}P)].  (213)
te[0,7) 0

3. TiME EULER DISCRETIZATION SCHEME

In this section, we describe the fully implicit time Euler scheme of the stochastic 2D
Navier-Stokes equations introduced by E. Carelli and A. Prohl in [9], and recall the strong
convergence proved in [3]. Fix N > 1, let k = % denote the constant time mesh, and let
t = l%, [=0,---,N, denote the time grid.
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Fully implicit Euler scheme Let ug be a V-valued, Fo-measurable random variable; set
u’ =wug. Fizr N>1 and forl=1,---,N, find pairs (u 7T) eV x L or Such that P a.s.

for all ¢ € W2 and ) € Lpew

(o' —u! ¢ + %[”(Vula Vo) + ((u' - vu'), M - %Wdiv ¢) = (Gu'™) Alwg)lv)
(div u', ) =0, (3-2)

where AW =W (t;) — W(ti—1).

In this section, our aim is to recall bounds for the strong error of this Euler time scheme.
Since we are looking for a V-valued process, we define the scheme for the velocity projected
on divergence free fields and reformulate the algorithm as follows (see [9, Section 3]).

+£[1/(Vul,v¢) + (' vu'),0)| = (G AW, 0), VoeV. (33)

(ul . ul*lj ¢) ¥

The following result proves the existence and uniqueness of the solution {u’, I = 0,--- , N}
of (3.3); it provides moment estimates for this solution. Note that here only dyadic mo-
ments are computed because an the induction argument which relates two consecutive
dyadic numbers (see step 4 of the proof of [8, Lemma 3.1]).

Lemma 3.1. [9, Lemma 3.1] Let ug € L*(; V) for some integer q¢ € [1,00) be Fo-
measurable, such that E(|luol|}') < C. Assume that G satisfies condition (G1). Then
there exists a unique solution {ul}{io to (3.3) with u® = ug. The random variables u! are
F,-measurable and belong to L*(Q; V) a.s. Furthermore,

E( max [|u'[%

N
0<I<N Z Ly ‘Aulth?) < Cu(T, q), (3.4)

T
N
N
(Z ol u MR ) < Co(T,2), (3.5)

E[(i”ul —ul_1||2)2q + (UTi|Aul|2 )2] < (T q), g=1,2,  (3.6)
=1 v N =1 v - ’ ’ o ‘

where fori=1,2,3, C;(T,q) = C; (T7 q, Tr(Q),KO,Kl,Ll,E(HuOH%f)) is a constant which
does not depend on N.

The following result about the pressure term will be used in the study of space-time
discretization.

Lemma 3.2. [9, Lemma 3.2] Let q € [2,00) and {u!,7'};—q... n be the solution to (3.1)
and (3.2).
(i) Suppose that G satisfies the growth and Lipschitz conditions (G1). Then

N
E(% 3 \W\?m) < C(T)N. (3.7)
=1
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(ii) Suppose that G satisfies the growth and Lipschitz conditions (G2). Then

T N
IE(N 3 |v7rl|i2) < O(T). (3.8)
=1

The following theorem gives the strong rate of convergence for a multiplicative noise
with linear growth. If wg is deterministic or Gaussian, then the speed of convergence is
any negative power of In(N).

Theorem 3.3. [3, Theorem 4.4] Let ug be such that E(|luo||?) < oo for some ¢ > 3, G
satisfy assumption (G1) or (G2). Then the fully implicit scheme {u'}; solution of (3.3)
converges in L?(2) to the solution u of (1.1). More precisely, for N large enough we have

N
E( max fu(t) - ul2, + ]7\;; IV (u(t;) — ) \52) <c[m@m)]™® . (3.9

The next result proves a better rate of convergence when the noise is additive. This is
due to the existence of finite exponential moments for sup,c(o 7y [lu(?)[v-

Theorem 3.4. [3] [Theorem 4.6] Let ug € V, G satisfy assumption (G1) with K1 = 0.
Let u denote the solution of (1.1) and {u'}; be the fully implicit scheme solution of (3.3).
Then for N large enough, C (resp. C) defined by (2.2) (resp. (2.5)),

T & p T8
112 l
E(lrgnlaguj(v fu(t) =2 + ?_1: |V [u(ty) — u'] \M) < c(fN) , (3.10)
where for &g 1= m we have
1 Qg
== —= - A1
8 < By 2<a0+6‘;f> (3.11)

In reference [3], we had different assumptions for the splitting scheme and the Euler
one. The exponential moments were proven for the splitting scheme setting and when
applying the result for the Euler scheme, we forgot to insert the trace of (). Furthermore,
using Proposition [3, Proposition 4.3], Theorem 8.2, Theorem 6.1 and Corollary 6.2, we
can change ag given in [3] to the above constant.

4. SPACE-TIME DISCRETIZATION

4.1. Description of the finite elements method. When studying a space time dis-
cretization using finite elements, one needs to have a stable pairing of the velocity and
the pressure which satisfy the discrete LBB-condition (see e.g. [9], page 2469 and pages
2487-2489). Stability issues are crucial, and the pressure has to be discretized together
with the velocity.

Let 75 be a quasi-uniform triangulation of the domain D C R?, using triangles of
maximal diameter h > 0, and set D = Uge7, K. Let P;(K) := [P;(K)]? denote the space
of polynomial vector fields on K of degree less than or equal to i. We define finite elements
function spaces

Hy, :={U e C%D)nW.2(D): UeP(K), VK E<T},

per

Ly ={1€ L}, (D): 1€ P(K), VKET,},
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which satisfy the discrete LBB-condition
(div ®,1I)
ocH, |V

with a constant C' > 0 independent of the mesh size h > 0. Here C%(D) denotes the set
of continuous vector fields on D.
Define the subset Vj, C Hj, of discrete divergence-free vector fields

V= {® €H, : (dive®,A)=0, VA€ Ly} (4.2)

Note that in general Vj, ¢ V.

A way around this problem is to choose a space approximation such that V, C V,
such as the Scott-Vogelius mixed elements (see [20] and [23]). This particular case yields
a better approximation. Indeed, on one hand the pressure will not appear in the upper
estimate, and on the other hand a different localization will provide a polynomial error in
the case of an additive noise.

Let QY : L2 +— V}, (resp. PP : L2, (D) — Ly) denote the orthogonal projection defined

> C [z, VI € Ly, (4.1)

by per
(z— Qlz,®) =0, V®cV,, (resp. (2 — PPz, A) =0, VA€ Ly). (4.3)

The following estimates are standard (see e.g. [15])
1z — QVz|i2 + h|V(z — Qhz)|12 < Ch%|Az|2, Yz €V NW»3(D), (4.4)
|z — Qpzl2 < Ch|Vzl2, VzeV, (4.5)
|z — PRzl < Ch|Vz|e,  Vze Wyi(D). (4.6)

Using the Gagliardo-Nirenberg inequality (2.2), we deduce from (4.4) and (4.5) the
following upper estimates for z € V N W22(D)

1 1
Iz — QQzls < Ch?|Azl 2, and |z — Q)zllLs < Ch|Az|2, [Vz|2,. (4.7)

4.2. Description of the space-time schemes. Unlike the time discretization, we will
need to approximate the initial condition ug and replace it by an Hyj-valued random
variable U°. As in [9], we suppose that

E(jug ~ U’2) < C 12, E(VU) <C (4.8)

for some positive constant C. As it is usual in this framework, to ease notations we let
k= % denote the constant time mesh.

For general finite elements satisfying the discrete LBB condition (4.1), one has to change
the tri-linear term b(U;, Uy, Us) = (U - V]Ug2, Us) to control the nonlinear effect in the
presence of discretely divergence-free velocity iterates, and thus to allow stability of the
scheme. Thus, we set

1
b(Uy, Uy, Us) := ([U; - V]Uy, Us) + 5([ouvUﬂ Uy ,U;), VU, Uy, Us e Wh2 (4.9)
Note that this trilinear term is anti-symmetric with respect to the last two variables, i.e.,
b(Uy, Uy, Us) = —b(Uy, U3, Uy), YU, Uy, Uz € WH2, (4.10)

Therefore,

b(U,®,®) =0, VU, ® e Wh2,
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Algorithm 1. Let U° be an Fy-measurable, Hy,-valued random variable. For every | =
1,---, N, we consider a pair of Hy, x Ly, random variables (U',II') such that for every pair
(®,A) € Hy, x Ly, we have a.s.

(U' - U1 @) + kv (VU,V®) + k(U VU, @) + g([div U Ul )
—k(I, div ®) = (G(UHA,W, @),  (4.11)
(divU', A) = 0. (4.12)

The following result, which states the existence and uniqueness of the pairs (Ul, I ) =1 N

and provides moments of the solution, has been proven in [8, Lemma 3.1] when U is
deterministic (see also [9, Lemma 4.1] for a random initial condition). Once more the
exponents are dyadic numbers because of an induction argument which enables to deduce
results when doubling the exponent.

Lemma 4.1. Let q € [1,00) and U° be an Fy-measurable, Hy-valued random variable
which satisfies (4.8), and such that E(|U°|25) < C for some positive constant C indepen-
dent of h > 0. Suppose that the coefficient G satisfies condition (G1). Then for every
l=1,---,N, there exists a unique pair (U' II') of Fip-measurable, Vy, x Ly,-valued random
variables which satisfy (4.11)-(4.12). Furthermore,

N
E( max [U'Z +vk Y (U [VU'EL) < Cu(Tq), (4.13)
- =1
N 9a-1
E[(1Iv0R) " | < cuTa), (4.14)
=1
N
E(Y U - UML) < Cy(T ), (4.15)
=1

where the constants C;(T,q) = CZ‘(T,(],TI‘Q,Ko,Kl,Ll,E(’UO‘%;)), 1 = 1,2,3 do not
depend on N and h > 0.

We can reformulate the algorithm (4.11)-(4.12) as follows, using divergence-free test
functions (see [9, (4.4)]).
Algorithm 2. We have a.s. forl=1,--- N

(U' - U @) + vk (VU, V®)+k([UT! - VIU, @) + g([dile_l] U, ®)
= (GUHAW, ®), V& e V). (4.16)

As in [9], we will compare the space-time scheme U’ and the fully implicit time scheme
ul. For 1 =0,---,N, let Ef :=u! — U!. Foreveryl=1,---,N and ® € Hj,

(B! —E'"1 &) + vk(VE', V®) + kb(u',u!, ®) — kb(UL, U, @)
—k(r' =1, div®) = ([G'™!) — GUH]A W, ).
Since Ut € V), for I =1,--- , N, we have Q%Ul = U!; in the above identity, choose

®:=Q)E' =E' - (u' - Q)u').
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Then, since Q%El €V, and ITI! € Ly, using (4.2) we deduce that (Hl,div Q%EZ) = 0 for
I=1,---,N. Since (a,a —b) = 3 (|al?s — [b]22 + |a — bJ2,), we deduce
[m%%r«%ﬂﬂ%+m% 1¥1]+%Wﬂm

+ kb(u' —u'"t u!, QUE!) + kb(u' T !, QUE!) — k(UL UL QUEY)

= vk(VEL, V(u' — Q)u')) + (7', div QUE") + <[G(ul*1)) - GuUhHaw, Q?LEZ>.
(4.17)

DO |

4.3. Intermediate results. In this section, we will prove a series of estimates that will
be crucial for the convergence results later on.
For 1 =0,---,N, let £; C Q2 be a decreasing family of F;,-adapted sets, that is
Ql+1CQl,l:0,--',N—1, and QIG.F,:Z,ZZO,"',N. (4.18)
Part 1: Estimate of the error term |(VE!, V[u' — Q) u'])|
Using the Cauchy-Schwarz and Young inequalities, and then (4.4), we obtain for € > 0
(VB V(' - Qfu))| < [VE'|, [V(u' - Qfu')|.
< c|VE'[}, + 00 [V(u' - QQu)[},
< ¢|VE', + C(e) h? | Au! 2.
This implies for e >0 and m =1,..., N
n
l l 0..1
E( max vk ; 10, , (VE', V(u' - Q)u'))|

N

eyE(k‘i 19171 |VEZ‘H%2> + C(E) Vk‘hQE(Z v |Aul‘i2>

=1 =1

IN

IN

euE(k S la yVEl\iz) + C(v,e) B2 Cy(T 1), (4.19)

where in the last upper estimate we have used (3.4) in Lemma 3.1 with ¢ = 1.
Part 2: Estimate of the term b(u' —u'~!, u’, Q%El)
Using the antisymmetry properties (2.1) and (4.10), the Holder inequality and the inequal-
ity ||ullpa < C |Vu|]Lz coming from the Sobolev embedding theorem, we deduce
(' —u'~! ul, QYEY| + [b(ul —u't, W, QUED)

< 2‘b(u —ul_l,QhEl,ul)‘—i-%‘(dlv(ul—u D] QYE!, )‘

IN

. 1 _
2[ju’ — ' ps [VQRE'|L2 [u'[lLs + S[V(0' = u™ o2 |QRE|Ls [[u'[|es
ev |VE'[f2 + C(v, e)fu’ — a5 u’[I}.

IN

Therefore, the upper estimate (3.5) in Lemma 3.1 imply

( max kZlgl L[]oc u —ult Q%EZ)} + ‘i)(ul —ut Q?lEl)H)

1<n<m
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m

<e yE(k 3 1o, \VEZﬁQ) + C(v,€) Co(T, 2) k. (4.20)
=1

Part 3: Estimate of the term —b(u/"!, u/, Q)E') + b(U"!, U, Q)E")
For every [ =1, ---, N, we have

—b(u'™!, v, QRE!) + (U, U, QRE)
= —b(u !, u' - U, QJE") —b(u' — U, UL QIE).

The antisymmetry properties of b (resp. b) in (2.1) (resp. (4.10)) implies for [ =1,--- , N

4
—b(u'!, u!, QUEN) +5(U, UL QUEN) =D Th(D), (4.21)
i=1
4
—b(u'!, u!, QUEY) + 05U, UL QUEY) = > T, (4.22)
i=1
where
Ti(l) =b(u", EL E' - Q)E), T()=bE"", E, QE - E),
T3(l) = —b(E, o' QUE), Ty(l) =bE"!, QUE', u' —u'™),
and the terms T;(l), i = 1,--- ,4 are similar to the corresponding terms Tl(l) replacing b
by b.
Terms T1(1) and Ty(1). The antisymmetry of b and the identity

E' - QIE' = u' - Q' (4.23)

imply that Ty (1) = —l;(ul_l, ul — Q%ul, El). Using the Holder and Gagliardo-Nirenberg
inequalities, (2.2) and (4.4), we deduce
b(u' !, u' — QYU EY)| < a7 14|V (1’ — Qhul)[p2]| B4
_ 1 1
< VO |VE'|% B2 [’y b |Au'
< @[ VE'R, + B + Ol 12 [ul = [} Au 2,

where the last upper estimate is deduced using Young’s inequality. Furthermore, using
once more the Gagliardo-Nirenberg inequality, (4.7) and then Young’s inequality, we obtain

|([diva = (u — QYul), BY)| < [Val e ut — QYulpa ||z
— 1 1 . 3
< VC|VE' 2, [E' 2, [u~ [y h?|Aul|y
< w|VE'2, + [E'2 + Cv, €) B3 [ul 2| Aut 2.

Therefore, the Cauchy-Schwarz inequality, the upper estimates (3.4) with ¢ = 2 and (3.6)
with ¢ = 1 imply for m=1,--- | N

E( max k> 1o, , [T0)]) < 20E(kD 1o, IVER: ) + 2E(k Y 1o, ,[E'2:)
=1

1<n<m
=1 =1

0t {2 g 1) {3 )}
o =1
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< 261/IE</€ f: 1QH|VEl|i2> +2E (k:i lo, | \El\ig) + O, €) h2. (4.24)
=1 =1

A similar computation implies

<II<I}Ia<Xm/€21Ql 1)) <eVE<kZlgl IVE'2) +E(k219, JE)

=1
+ C(v, €) h2. (4.25)

Terms Ty(1) and Ty(1). Using once more (4.23), we can replace the difference E! — Q)E!
by ul — Q?Lul. The Gagliardo-Nirenberg inequality, (4.7) and Young’s inequality imply
BELE, ' - Q)| < VOIVE 2, B2, VE ;o — Q)|
< ew|VET 2, + ev|VE'Z, + C(v,e) b BT 25| AW 2. | VU 2,
< ev|[VE'E, + e|VE' |22 + C(v, ) h* ([ulH2e + (U, |Ad 2, [Vl 2.
Furthermore, the Holder and Gagliardo-Nirenberg inequalities together with (4.7) and
Young’s inequality yield
[([divE B, ol - QRu')| < VOIVE o VB! B fu' — Qiul s
< ew|VET 2, + ew|VE! 2, + C(v,€) h* B2, | Au' 2, | Va2,
< e|VE"' 2, + ev|VE, + C(v,e) h* ([u' 72 + [U'[2) | A’ 22| V' 2.
Since the family of sets €; is decreasing, we have 1Qlil|VEl_1|i2 < 1Ql72|VEl_1|i2 for

[ =2,---,N. Therefore, using (4.8), the Cauchy-Schwarz and Young inequalities, (3.4)
and (4.13) with ¢ = 3, and (3.6) with ¢ = 1, we deduce

( max kZlgl Ta(D) >§ ek E(|VE? i2)+4yeE(/€ilgl_l\VEl\i2>

1<n<m
=1

 Clone) W[ g (s + 10'E23) g 1) (3 )
- =1

1<IKN

S 2V€Ck + 4V€E (k; Z ]'Ql—l |VEI|]%2>
=1

N

({2 g, )} + (2 0 ] (3w}
=1
< 4yeE(kglgl_l|VEl|i2) O, €) [k n hﬂ. (4.26)

A similar computation yields

( max kZlgl 1) )g 2V6E(k§:1gll|VEl|i2) +Cvye)(k+ hY).  (4.27)

1<n<m
=1



STRONG CONVERGENCE FOR 2D NS SPACE-TIME EULER SCHEMES 13
Terms Ts(1) and T(1). The Gagliardo-Nirenberg inequality (2.2) implies

_ 1 1 1 1
b(E, u'™h, QUEY| < CIVE! 2, B, [Vul 2| VE! 2, [EY 2,

If [ = 1, Young’s inequality implies
_ 1 1 1 1 1 1
[b(E®, u’, QREY)| < C(IVE®|Z [u®PE°(2,) (u®I3IEY2) [VE!|?,
< e |VE'[F2 + [[0°|FE . + C(v,€) [l [[Vu|2 + [VUP|La] [E°|La.

Hence Holder’s inequality, the upper estimates (4.8), (3.4) for ¢ = 2 and (4.13) for ¢ = 2
and imply

KE (1o, | T3(1)]) < kev B (10, |VE!|2,) + C/{{E(HuoHv) HE(u! P, + [U'2)) 2
(

}
0 {E(E ) V(R (1)} {2 (i) + 2B (Ui )

<kevE(1o,|[VE'}:) + C(v,e)k(1 + h), (4.28)
for some constant C(v, €) depending on C, ¢, v, C1(T,2) and Cy(T,?2).
For l =2,---, N, using (2.2), the Holder and Young inequalities we obtain for €,e; > 0

_ 1 1 1 1 1 1
[B(E' ™, u' QREY| < CIVE'™ 2, VE'Z, ('~ F B2, ) (' =21 1B 2, )

_ 1 1 1 1 1 1
+ CVE L [VEZ, (' ZE2, ) (I~ - o =22 B2,

62
—1,2 12 1-12 112 1—212 1-12
< v VE s + e VE' R + g o' BB + 5 a2 B s
~4
— l - l - —
+ | VB, | VE, + BB + sl — w2 R,

We next use the upper estimates (3.4) and (4.13) with ¢ = 2, and (3.6) with ¢ = 1 and
the inequality 1o, , < 1, ,. This yields form =2,--- | N

( max kZlgl T3 ) <2(e1 +¢) VE(kZlQl—I‘VElh%z)

2<n<m
=1

02
o Bl S )
1 N 1
+C(€,V)k{E<1gllax [, +1mla<u]<V|Ul|L2>}2{E[<ZHul_ul—1||%/>2”2
=1

<2er+)v (kzlgHNEl!Lz) E 22;}151@521Ql_luul‘1|r%rElh%2)

=1
+ C(v, ) k. (4.29)

The upper estimates (4.28) and (4.29) imply for €,e; > 0 and h € (0, 1]

E(k max Zlgl T5(D) ) < (261+36)VE<I§2191_1’VE1‘]%2>

1<n<m
=1

02 - 1—12 112
+[1+ 2361V]E(k; T, Ju' ™ R IE' R ) + C, ) k. (4.30)
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Furthermore, the Gagliardo-Nirenberg (2.2) and Young inequalities imply for e > 0

[(faiv B ', QYY) < \f\VEl e ol v [ VE 2 B,

_ ct _
< €2V|VEl 1|]?42 + 621/‘VE1|]%2 + WHUZ 1H4\1/|El|i2'

Using once more the inequality 1o, ,|[VE'™!?, < 1g, ,|[VE"!?,, we deduce for any
m=1,-- N

E( max k:znjlglfl‘([divEl_l] '~ QUEY|) < 262VIE<I€§:1911|VE1|1%2)
=1 =1

1<n<m

ct Ul B
+ i PE (2 e B ). (431)
=1
The upper estimates (4.30) and (4.31) imply for h € (0,1], €, €1, €2 > 0,
1<n<m

~2 ~4
+E{k;1m_l[( ) 0+ gl B a2

Terms Ty(1) and Ty(1). The Gagliardo-Nirenberg and Young inequalities imply

E( max kZlgl UTs()]) < (261 +26+ 3 vE(KY 1o, [VE2 ) + Ck
=1

9 =13 |gl—1|(3 0l P
< 5 IVE T IEIET LI VQIE e o’ — 'y
4

< | VE' s+ ev|VE' s + Cle, ) [E Laful —ul = [
< @ ([VE 2, + [VEZ) + Cle,v) (jul ™ 22 + (U2 (a2 + ul =12 fu’ — o2
For [ =1 the inequality (4.8) imples

kevE(|VE"|2,) < Ckve.

Furthermore, the Cauchy-Schwarz inequality together with the upper estimates (3.4),
(4.13) for ¢ = 3, (3.6) for ¢ = 1, and the inequality 1o, , < lg, , imply

‘b(Elil, Q%Ela ul . ul*l)‘

(k max Zlgl AT (1) ) < 2€VE(kilgl_l‘VEl|I2L2> + C(v,e)k
=1

1<n<m
HE l —12 2 % E Ul 2
V)| (‘;”" —u ) B, I+ max U |

< 26VIE<I<: Y 1., |VEl|]2L2) + (v, e)k. (4.33)
=1

=

On the other hand, the Holder, Gagliardo-Nirenberg and Young inequalities imply
|([divET] QUE", u' —u'1)| < |VE 2B |Lalu’ — u" |

_ 1 1 1 1
< C|VE" o [VE'|2 (B2 V(o' —u')JE max u?)
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l71H2

< W|VE, + | VE!Z, +C(V,6)[Or<nlax [u[[& + max [U[4, ]||u ul 2.

0<I<KN

A similar argument as for the upper estimate of T4(l), based on (4.8), (3.4) and (4.13)
with ¢ = 3, (3.6) with ¢ =1, and 1, , < 1, yield

E( | max k) 1o, |([divE" QIE, ul - u'™)])
=1

1<n<m

<2aE(kY 1o, ,[VE'2:) + eCRE(|VE"2,)
=1

et I0)} {5y ) (S )}
=1

<2aE(kY 1o, ,IVE'2:) +Clw,e)k. (4.34)

The upper estimates (4.33) and (4.34) imply
m
<lgla<xmz 1o, |Ta(l ) < 4euE<k; 1Ql_l\VEl|§L2) +C (v, Ok (4.35)
The upper estimates (4.24), (4.26), (4.32) and (4.35) imply that for any m =1,--- | N,

E( ,max kZlgl Jo' =l QREY) — B(U', U, QRE')|)

1<n<m

< C(v,e) (k +h% 4 h4) + (261 + 2€2 + 13¢) yIE(k: Zm: lo, . |VEl|[2L2)
=1

- 02 -1 04 —14 112
BleY 10, {24+ (1 g )R+ e IR (430)
=1
Similarly, the upper estimates (4.25), (4.27) and (4.33) imply that for m =1,--- | N,

(1g13xmk21al b1, u!, QUEY - b(U', UL, QOE)))

< C(v,e) (k +h?+ h4) + (2€1 + 8¢) VE(k Em: 1o, , |VEl|i2)
=1

+E[EY 1o, {1+ (14 %Mul ) (4.37)
=1
Part 4: Estimate of (7!, div Q\E!)

Since QYE! € V, and P,gwl € Ly, using (4.2) we deduce (7!, div Q)E!) = (x!—P7!, div QIE").
Therefore, the Cauchy-Schwarz and Young inequalities coupled with (4.6) imply

m m 1
E(kY to,| (', divQIE)|) < E(kY 10, [ev [VE' R + —|n' = Pin[3.] )
=1 =1
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m m

<e VE(k‘ 3 1o, |VEl|]2L2> + O, e)h2E<k 3 1o, |le|§2). (4.38)
=1 =1

5. CONVERGENCE IN PROBABILITY

This section contains results on strong convergence localized on a subset of Q due to
the non linear term for both algorithms 1 and 2. This is classical when dealing with a
non linear term. However, unlike [9], our bound in the localization only involves the time
discretization {u'};. In the general case, it will require an upper bound of the fourth power
of its V norm. Arguments similar to that used in [9] or [2], we could deduce a rate of
convergence in probability. We do not provide this rate since our paper focuses on L?(£2)
rates of convergence.

The following proposition is one of the main results of this section.

Proposition 5.1. Let G satisfy the growth and Lipschitz conditions (G1). Let ug €
L3(Q;V) and U° € L¥(Q;H},) be Fo-measurable random variables such that (4.8) holds.
For every M >0 and 1l =0,--- N, set

0) - . J4 <
(M) - {w €+ max [} < M}. (5.1)

There exists Cy > 0 such that for k = % > 0 small enough to have kM < Cy, we have for
any 6 >0andm=1,--- N

E(1mel(M) max \Enyﬁg) < O(v) 1007 [k + B2 + R E(k i \wl\;)}, (5.2)
=1

1<n<m

for some constant

~ c4
Cr(M) = (1+8) 15 M + C(v, L Tr Q)
o4
=(1+ 6)WM for “large” M. (5.3)

Furthermore,
m N m
E(kz 19171(M)|VEZ|]2L2) < O(v)Cy(M)TeCrNT [k + 12+ hE (k:z WH@)] (5.4)
=1 =1

Proof. Note that the definition of Q(M) clearly implies that for fixed M > 0, | =
0, ,N—1, Q1 (M) C Q(M). Hence, as proved in [9] (see also [3]), we have

n
> To,on (|QRE'E: — IQRE' ' 2:) = (14, an) | QRE" -
=1

+ Z (1Qz—2(M) B 1Ql—1(M))‘Q?IEl71|I2LQ> o 1520(]\/[)‘Q(';JIEO’]%A2
=2

ZlQn_l(M)’QI[’)LEn’[ZLQ - 1QO(M)|Q2EO‘]%2, vn = 17 o 7N. (5.5)
This inequality and (4.17) imply forn=1,--- | N
1

1 n 9 m

0 2 0 l -1 112

31, an|QRE" 2 + 5D 1a, | QRE =BT+ vk Y 1g o) [ VE'E
=1 =1
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(n, k, h, M), (5.6)

||Moo

where

Ry(n,k,h, M) = Lo \QhEO 2, + kzlﬁz y )‘l;(ul —u !, Q%EZ)|
+ ’fZ Lo, o b(u' L, v, QUEY) — (UL, U, QR
+k21Ql N VEl u)) ‘4_]{;21 an (!, div QVEY),

Ro(n, k,h, M) = Z 1Qz N ( (ul) — G(Ulfl)]AlVV, Q(}JLEzq)’

Ra(n, k, h, M) = Z1Ql § ( (w1 — GUIH] AW, QY(E! —El_1)>. (5.7)

The upper estimates (4.8), (4.20), (4.36), (4.19) and (4.38) imply for any €;, €2,€ > 0 and
small A > 0

E(Ri(n.k.h, M)) < C(v,€)(k +h?) + C(w, ¢) B*E (kZ1Ql (anl VT 3:)
=1

+ (261 + 22 + 166 v Bk Z 1Ql71(M)|VE’|i2)

+E<k21 2+ (14 2361 )W+2833 M |E2,). (5.8)

Since 1@171(M), w1, U1 and EI-! are independent of A;W, we have E(Rg(n, k, h, M)) =

0.
Using the Lipschitz property of G' (2.9), the Cauchy-Schwarz and Young inequalities,

we obtain

E(Rs(n, k, h, M)) < E[Z1Ql L (G@ITY = GUY) AW L | Q) — El—l)yL2]
=1

<y (& (1, l08E - B}
=1
B (10, G0 — GO T Q) }

n—1
=5 E(Zlgl Lon|QLE El_l)’?@) , 2 ZrQE<klz:1§zl_l(M)|El|i2> +CP’k, (5.9)
=1

N|—=

where in the last upper estimate we have used the inequalities 157;_1 (M) < 1Ql—2( M) for
[=2,--- N, and (4.8) for = 0.
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Fix A € (0,3), let ¢ = %, €= 3(1—2)) and e = 2% Then 2¢; + 2¢e2 + 16e = 1 — %
The upper estimates (5.6) — (5.9) yield

E (1o, | QUE"E:) + WE(kD 16, | VE' )
=1
n n—1
<C(v) (k + hz) +2h°E (k" Z 1(21_1(M)W7Tl’]%2> +LiTr@Q E(k Z 1(21_1(M)’El’1%2)
=1 I=1

+2E(k21 [2+0(u O\ VM + a(v, G, \) ]yEl\;@), (5.10)

where a(v,C, \) := m Using (4.5), we deduce that
[QUE" —E"[f: = |Qu" —u"|}, < Oh* [Vu"[f..
Hence, (3.4) with ¢ = 1 yields for A > 0
E(1a, ,onE"2) < (1+ N E(1g, ,an | QIE"E:) + COOR. (5.11)

Plugging this upper estimate in (5.10), we deduce that for N large enough (that is & small
enough) to ensure

2(1 +A)k[2+0(u, C, VM +a(v, C, )\)M] <A (5.12)

we have

E(1QH_I(M)\E”1§2> +A E(k Zlﬁl_l(M)WElyﬁQ) < O, \) (k + h?)

<kZ]le\L2)+E(l€ZL o Ca(M, A)|EI|L2) (5.13)

where using the Young inequality, we set
(1+1C?
24 (1=XN)(1—=2))308
(1+2))C*
T20(1 =) (1 =2)1)303
Neglecting the gradient term and using the discrete version of Gronwall’s lemma, we
deduce for A € (0, %)

Cy(M, \) = M +C(v,C,\)VM + C(L1 TrQ, \)

M+ C(L1 TrQ,v,C, \).

s 1, on ) 0 (000 001018+ (63 ).

Plugging this upper estimate in (5.13), we obtain for n < N

E(k lz:; 1Ql_1(M)‘VEl‘i2> < C(v) |:1 + OQ(M’ /\)Teé'z(M,A)T}

x [k+h2+h21a(k§:\wl\;)] (5.14)

=1
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We next study E(maxi<p<m lg 1(M)|E 2,). Using (5.6), we deduce

éE( max lg |QhEn|L2) —i—E(ZlQl N )[%‘Q%(EZ_EZ_l)Ez+Vk|vEl|H%2})

1<n<m
<2 Y E(Ri(m,k,h,M)) —I—ZE(lmax Ro(n, k,h M)) Vm=1,---,N. (5.15)
i€{1,3} snsm

We rewrite Ro(n,k,h, M) as a stochastic integral. For every s € [t;_1,t;) with | =
1,---, N, set s =1, and write accordingly u(s) = u'~!, U(s) = UL E(s) = E-! and
Q ( ) Q_1(M). Then

tn
Ra(n, b, h, M) = /0 1, 0n ([G(u(s)) — G(U(s))JdW (s), QVE(s))
The Davis inequality implies for m =2,--- | N
E( max Ry(n, k, h M))

1<n<m
1

= 3E<{ /Otmlfzs(M) 1G (u(s)) = G(U ()7 w12y Tr Q |Q2E(g)|i2ds} 2)

(see e.g. [11, Theorem 3.14]). Using the Young inequality together with the upper esti-
mates 10171(M) < 152;71(M) for [ =2,--- /N, and (4.8), we deduce for any \ > 0,

E( max Ry(n, k, h M))

1<n<m

m 1
< 3E< max lg )|Q2EZ_1|]L2{ Z Lllﬁl,l(M)|El_1|i2k Tr Q} 2)
=2

2<n<m
+3vLiTr QVEE(E®2,)
9L1TI'Q
<)\IE<1 max 1o )|Q2El|]2L2> (k;Zlﬂl y )|El|{i2)+0h2\/%. (5.16)

Using the above upper estimates of E(max1<n<m R; (n,k,h,M)),i=1,2,3, an argument
similar to the previous ones yields for A € (0, ) and N large enough

1<n<m

E( max ]. Qe 1(M)|En|L2> <E<k21ﬂl 1 )él(M,)\)|El|]%2>
=

S

+ O N[k + 0+ WE (kY 1g, 0 V' 2 )]
=1

where ~
(142104
24 (1 =243

Using once more the discrete Gronwall lemma, we obtain

C1(M,\) = M + C(L; TrQ, A\, v, \).

E(lgnax lg, 1(M)|En’i2) < C(v,\) [k+h2+h2 (kZ\W\L )] TCL M)
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Let § € (0,1); one may choose A € (0, 1) small enough to have % < (14 6). Since
the sets {Q;(M)}; decrease, (5.2) holds with C; (M) defined by (5.3).

The upper estimate (5.4) is a straightforward consequence of (5.14) for A € (0, 3) small
enough. )

Finally, observe that for “large M”, we may replace Cy(M) by (1 + 5)%M , provided
that the constraint (5.12), which enables us to use the discrete Gronwall lemma, is satisfied
for some constant A\ defined in terms of §. This completes the proof. O

A similar argument proves the following localized convergence result for Algorithm 2.

Proposition 5.2. Let (UY); be solution of Algorithm 2, that is Vi, C V, and G satisfy
the growth and Lipschitz conditions (G2). Let ug € L3(Q; V) and U° € L¥(Q;H},) be Fo-
measurable random variables such that (4.8) holds. For every M > 0 andl =0,---, N,
set

(M) = {w € ¢ max [ < M}. (5.17)

There exists Cy > 0 such that for k = % > 0 small enough to have kM < Cy, we have for
every § > 0 and for everym=1,--- N

E (g, max [B"2:) < C(0.6)(k -+ b?) 00T, (5.18)

where
C_VQ
(1+96) [E + 1}M+C(L1 T Q, §)

C3(M) :

2
(1+9) [E + 1}M for “large” M, (5.19)

and C' is the constant appearing in the Gagliardo-Nirenberg inequality (2.2). Furthermore,

E(k > 1Ql_1(M)\VEly§2) < C(v,6)(k + h?) TCy(M) 5T (5.20)
=1

Proof. We briefly sketch the argument. The identities (4.17) with b instead of b and
div QYE! = 0, the estimates (5.5) and (5.11) imply for n,m =1, ,N

E (1o, () |QRE" 2. ) + 20E( Y klo,_, | VE'[2:) < 2E[Ri(n. k. by M) + Ry(n, b, b, M),
=1

0pn |2
E(lg}%xmlﬂnfl(M)\QhE \lz) < 9E [Rl(n,k,h, M)+ Ry(n, k. h M) + max Ra(n,k.h. M)},

where R;(n,k,h, M) is deduced from R;(n,k, h, M) replacing Q;_1(M) by @;_1(M) for
j =1,2,3 (and where in Rgo(n, k, h, M) the term containing the pressure is omitted).

The upper estimates (4.8), (4.19), (4.20), (4.37) and (5.9) with ;_1(M) instead of
Q1 (M) imply for ¢, € (0, $)and e >0

E (1o, o QRE"2: ) + 2E (kY 1o, o[ VE'R:) < Clve.e1)(k +h?)
=1

+ C(v,er, MIE(k 1o, ) |E" 2 ) +2(10e + 26 VE (kD 1o, | VE'[2:)
=1
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n—1 =
CQ 112
+E<k; Lo, )] [C(LlﬂQ) n (1 2361V)M}E |L2).
Let \ € (0,1); set €1 = %(1 —A) and € = 20, then 2¢; 4+ 10e = 1 — % Using (4.23), we

deduce for A € (0,1) and N large enough (that is k small enough)

E(1q, ,n)E"2:) + A E(k 2191_1(M)WEZ\£2) < O\ (k+ 1)

(kZl L Ca(M, v, )\)|El|L2), (5.21)

where

2
22(1—=)N)2v
Using the discrete version of Gronwall’s lemma, we obtain an upper estimate of E (19%1 (M) \El \iQ) .
Plugging this result in the above upper estimate (5.21), we deduce

Cu(M, v, ) = (1+/\)< +1>M+C(L1 TrQ, \).

N
E(k Elgl_l(M)WElﬁg) < Cw, \)(k + )T Cy(M, v, \) exp (Té4(M, v, A)). (5.22)
=1

On easily sees that the upper estimate (5.16) holds for Ra(n, k, h, M) and ;1 (M) instead
of Ra(n,k,h, M) and €;_1(M) respectively. Hence, we deduce that for A € (0, %) and k
small enough, we have

m—1

E( max 1o, ,ap|E"E:) < Cw A+ 52 +E(Cs(MA) kY- Lo, an[E' ),

1<n<m
=1
where
oL
22(1 -2\ (1= MNv
The discrete Gronwall lemma implies for m=1,--- | N

E( max lo M)\E"@Q) < C(v, N)(k + h2) exp (TCs(M, N)).

1<n<m

Cs(M, ) = (1 +A)[ + 1}M+0(L1TrQ,A).

Fix § > 0; one can choose A € (O, %) small enough to ensure m <1+ 4. Since

the sets {€2;(M)}; are decreasing,, this concludes the proof of (5.18). The proof of (5.20),
which is similar to that in the proof of (5.4), is omitted. O

6. A GENERAL FRAMEWORK FOR STRONG CONVERGENCE

This section is devoted to a very general setting to prove L?(Q)-convergence for a real-
valued family {X(n)}, of random variables with a specific rate of convergence. These
results will be applied in the next section to obtain rates of convergence of |Ey,|r2.

We first prove that the speed of convergence of {X(n)}, can be deduced from localized
L?(9) estimates of X (n) in terms of another family {Y (1)}, and from a control of moments
of X(n) and Y (n) uniformly in 7.

Theorem 6.1. Let {X(n)}, and {Y(n)}, be families of non-negative random variables
indexed by some parameter n € (0,m0], and let ¢ : (0,m0] — R be a function such that
©(n) = 0 as n — 0. Suppose that for some exponents a > 1 and p € (1,00), we have
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e Given positive constants My, Cy there exist positive constant C7 and n; € (0, 0]
such that if M(n) > My and o(n)M(n) < Cq for n € (0,m1] , we have

E<X(n)1{Y(n)a§M(n)}> < p(n)exp [C1M(n)], 1€ (0,m]; (6.1)
sup E(X(n)?) = C(p) < oo. (6.2)
n€(0,m0]
(i) Suppose that
sup ]E(Ym)q) =C(g) < (6.3)

for some exponent q > 0. Then for n small enough

g(p—1)

E(X(n) < Clln(em)| = . (6.4)
If condition (6.2) holds for any p € (1,00), the upper bound of (6.4) can be replaced by
C‘ In (4,0(77)) ‘_M for any y < £
(ii) Suppose that a > 1 and that for some positive constant ¢y

Elexp (oY (n))] = C(a) < oo, for a € (0,dp) (6.5)

Then for n small enough

E(X(n)) < C exp (— 2| In (o(n))

Furthermore, if (6.2) holds for every p € (1,00), then the upper estimate (6.6) holds for
1

1 —1 _1
") foryp < pT&o o (6.6)

Yo < 540C;E.
(#i) Suppose that a =1 and that (6.5) holds. Then for n small enough we have

E(X(n) < g@) forg < — 0@ =1 (6.7)

aog(p—1)+Cip’

Furthermore, if (6.2) holds for every p € (1,00), then the upper estimate (6.7) holds for
73 <

510?;?01 :
Proof. For n > 0 and M(n) > 0, let Q(n) :={Y(n)* < M(n)}.
(i) Using (6.3) we deduce
P(Q(n)) = B(Y (n)* > M(n)=) < Clg) M(n) "%
Furthermore, (6.2) and Hélder’s inequality with conjugate exponents p and p%l imply

_a(p=1)

E(low: X(0) < {E(X@0)?) 1 {PQm))}T <CoaMm) "w .  (68)

Let 11 be small enough to have ny My < Cy, M (n) > My and ¢(n)M(n) < Cy for n € (0,n1].
Using (6.1) we deduce

E(laa)X (1) < @(n) exp [C1 M(n)]. (6.9)

Choose M (n) such that, up to some bounded multiplicative term, the right hand sides of
(6.8) and (6.9) agree. Taking logarithms, this comes down to

C1 M(n) — |In (@(n))| = —c In (M(n)) + &(n)
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where ¢ = M, and ¢; < ¢(n) < ¢ holds for some constants ¢1,¢2 and any n € (0,n1].
n n

Set v
M) = g [|n (o) | = etn ([ 1n () )] ~ €1 ()|

for some positive constant C' as 7 — 0. Then ¢(n)M(n) — 0 as n — 0; furthermore, for
some constant C' we have

M _
C1M(n) —|In (gp(n))‘ +cIn (M(n)) =cln (M’%) —C asn—0.
Hence, for n small enough, both upper estimates (6.8) and (6.9) agree - up to some
a(p—1)
N

(bounded) multiplicative term - with |In (¢(1)) »; this concludes the proof of (6.4).
If (6.2) holds for any p € (1,00), the bound on ~; is a straightforward consequence of
(6.4).

(ii) Using (6.5) and the Markov inequality, we deduce for o € (0, &p)

P(Q(n)c) = P[exp (aY(n)) > exp (on(n)%)] < C(a)exp ( — on(n)%).
Using again (6.2) and Holder’s inequality, we deduce

E (Lo X(n) < C(p,0)exp ( —a ple(n)i). (6.10)

We next choose M (n) = %| In (@(n))’ for some constant C' > Cy. Then ¢(n)M(n) — 0 as
n — 0; thus for > 0 small enough, we have M(n) > My and ¢(n)M(n) < Cy. For this
choice of 1 the inequality (6.1) implies

E (1o X (n)) < exp [— (1 - %) | In (w(n))\]

Since @ > 1 and M(n) — oo as n — 0, the right hand side of (6.10) converges to 0 slower
than the above one. Splitting E(X (7)) on ©(n) and Q(n)¢, we deduce that the largest
term in this sum is the expected value on Q(n)¢. Hence, using (6.10) for this choice of
M (n), we deduce that for n small enough,

E(X(n)) < Cexp ( — apglCclL‘ In (¢(n)) %) for C > Cj.

_1
Fix v < ag P=1 7% then choose o < Qg close to &g and C' > (1 very close to C to have
ry P 1 9

This inequality clearly yields (6.6).
Note that if (6.2) holds for all p € (0,1), given 72 < &y C; * we can choose p large
_1
enough to have 75 < p% C,°.

(iii) Using the upper estimates (6.1) with a = 1, and M := M (n) and (6.10), we choose
M (n) such that the right hand sides of both inequalities agree up to some multiplicative
constant. Taking logarithms, we deduce that M (n) should be such that

p—1

C1M(n) — |In (e(n))| = —a%M(n) for some a € (0, ).
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Thus, if we set 5 := aT and M(n) := %, we have M(n) — oo, ¢(n)M(n) — 0
as 7 — 0, and for n small enough, ¢(n) < 1; thus for  small enough,

1 B
E(X(n)) = Cexp ( - W) = Cyp(n)c1+8  for a € (0,ap).
Set Gy = ao L and let 73 < 5 iC ; choose o < &g close enough to &g to have 3 <
5f01 < Bo We deduce (6.7).

If (6.2) is satlsﬁed for any p € (0,1), given v3 < we can choose p large enough to

a0+C’
have v3 < ,B()f’ioc& < & +C ; therefore, we conclude that (6.7) holds with the exponent 73
in the right hand side. U

We next deduce similar results if the assumption (6.1) is slightly weakened as follows.

Corollary 6.2. Let {Z(n)}, and {Y(n)}, be families of non-negative random variables
indexed by some parameter n € (0,m0], and let ¢ : (0,m9] — R be a function such that
©(n) = 0 as n — 0. Suppose that for some exponents a > 1 and p € (1,00)

e Given positive constants My, Cy there exists positive constants C1 and m € (0,n0]
such that if M (n) > My satisfies p(n)M(n) < Cy for any n € (0,1m1], we have

E(Z(n)l{Y(n)agM<n)}) < @(n) C1 M(n) exp [C1M(n)], n € (0,m]; (6.11)
es,(1[1)p }E(Z(n)p) =C(p) < 0. (6.12)

(1) Let {Y (n)}y satisfy the assumption (6.3). Then for n small enough, (6.4) holds for
Z(n) instead of X (n).

(11) Let {Y (1)} satisfy the assumption (6.5) and a > 1. Then for n small enough, (6.5)
holds with Z(n) instead of X (n).

(111) {Y (n)}, satisfy the assumption (6.5) and a = 1. Then for n small enough, (6.6)
holds with Z(n) instead of X (n).

Proof. The proof is a straightforward consequence of the arguments used in the proof
of Theorem 6.1, and, given any § > 0 arbitrary small, of the inequality xexp (a:) <
exp [(1 + 6)z] valid for large enough = > 0. O

7. CONVERGENCE IN L%(Q)

In this section, we prove a speed of convergence in L?(Q)-norm of the difference E
between the time and space-time discretizations. Coupled with the results of Theorems
3.3 and 3.4, this will provide a strong (that is L2(£2)) speed of convergence of the space-time
Euler scheme U’ to u(t;) in L?(D) uniformly on the time grid ¢; = l%.

7.1. Strong convergence of Algorithm 1. In this subsection, we focus on the solution
defined in Algorithm 1, that is (4.11) and (4.12). We will give results in the case of a
multiplicative and of an additive stochastic perturbation.
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7.1.1. Multiplicative noise. We suppose that the diffusion coefficient G satisfies the growth

and Lipschitz conditions (G1) or (G2). The following theorem is the main result of this

section for general finite elements and diffusion coefficients. As in [9], for general coeffi-

cients we have either to keep the gradient of the pressure (with some growth conditon),
T

or to impose some relation between the space mesh i and the time mesh k = 5.

Theorem 7.1. Fizx an integer qo > 3; suppose that ug € L** (; V) and Uy € L*™ (; L2,,.).

per

i) Let G satisfy condition (G1) and suppose that h’°E(k A; vral|2,) =0 ask,h —
=1 L
0; then for k + h% + h2E<k > f\il Wﬂl\é) small enough,

N
— 17412 . 112
E(Ogl% lulty) — U2, + & ; Vu(t) - VU2

_(2(1072_%)

gc]m [k+h2+h2E<k§:\v7rl\2L2)H (7.1)
=1

(ii) Let G satisfy condition (G1) and suppose that as h,k — 0 we have h?k=1 — 0;
then for k and h? k=1 small enough,

N
E(Og%vyu(tl) Ul|i2+klz;wu(tl —VU',) < Cltn [+ n%1] | (207239 (7.9)

(iii) Suppose that G satisfies condition (G2). Then for k and h small enough (without
any restriction), we have

N
]E( max [u(t;) — U2, + k> [Vu(t) fvulﬁz) < Cln(k+12)|"*77D (1.3)
=1

0<IKN

Remark 7.2. If ug and U are deterministic or have moments of all orders (such as
Gaussian random variables), in all cases the exponent of the logarithm is arbitrary large.

Proof. (i) Let n = k + h? and ¢(n) = k + h? + h*E(k Zl LIV7t2,); by assumption,
©(n) — 0asn— 0. Set

1 _ _ 12
X(n) = o o' = U, Y () = e [l and 20y kz V'~ VU, (7.4)
Using (5.2) — (5. 4) in Proposition 5.1, we deduce that (6.1) and (6 11) hold for a = 2 and
Cp = (1+9)5 % T for some 6 > 0. Furthermore, the upper estimates (3.4), (4.13) and
(4.14) imply that (6.2) and (6.12) are true for p = 2%~ while (3.4) implies that (6.3)
holds for ¢ = 29—, Since q(z;i;l) = 2102 _ %, using part (i) in Theorem 6.1 and Corollary
6.2, we deduce

—2 1
—(200-2-1

N N
l l l l
E(O%zix ul-U |§L2)+k; Vu'-VU'2,) < C|in [kz+h2+h2E<k; val2)] |
We next use the upper estimate of E( maxo<i<n |u(t;)—u'|?,) proved in (3.9) and compare
the right hand sides of the above inequality and of (3.9).
Let 7 > 0 be small enough to ensure ¢(n) < e~*. Since k < ¢(n) and In (¢(n)) < —
|

|In(k)[* > |In(k)| > |In(¢(n))| > 1. Furthermore, In(N) = |In(k)| — In(T) > ln(kz)
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T € (0,1), while In(N) > %|In(k)| if T > 1 for small enough k. Therefore, In(N)|~24 <
ClIn (¢(n)) ‘_A for A :=2%-2 — 1 This concludes the proof of (7.1).
(ii) Using the upper estimate (3.7) we deduce

al h2 h2
k4 h? BB (kY VAl ) <k + k24 O < O (k+ ),
=1

where k + h?/k = 0. Hence, (7.1) implies (7.2).
(iii) Recall that if G satisfies condition (G2), (3.8) implies

N
k402 h2E (6092 ) < k4 b1+ C(T)) < O(T) (b + ).
=1

Thus (7.1) implies (7.3). O

7.1.2. Additive noise. Asin [3], we replace the Holder inequality for a power of max; [[u!|?,
by an exponential Markov inequality for max; ||u’ |25 recall that the maximal exponent of
the exponential moments proved in Theorem 8.1 is ag. This yields the following

Theorem 7.3. Let G satisfy condition (G1) with K; = 0, i.e., HG(U)H%(KWLQ) < Kjp.
Let ug € V and Uy € L**°(Q; L2,,) for some qo € [3,00). Set dg := m, where C' is
defined by |Vul?, < é[Au\iQ. Let kg = 2(120[1;7:1020 % ”TR’
(i) Suppose that k + h* + h*E(k Sy (Val|2,) is “small”. Then for v < Ko
N
l l
E(Orgnlaév lu(ty) — U2, +k; Vu(t) - VU2
N ) 1
< Cexp (— 7 ‘ In [k Ty hQE(k:Z |v7rﬂ|%2)} 2). (7.5)
j=1

(ii) Suppose that G satisfies condition (G1) and that h*k~' — 0 as h,k — 0; then for
“small” k + h?k~1 we have for v < kg

N
1
E(Ogl@v u(t)) — U2, +k ZZ; Vu(ty) — VUly[iz) < Cexp (— | [k + 2] \2). (7.6)

(iii) Suppose that G satisfies condition (G2).Then, when k — 0 and h — 0 (without
any restriction), we have for v < Ko

N
1
E(OISIIZE%)](V lu(t;) — U2, —l—k; |Vu(t;) — VUl\%}) < Cexp (— v |In [k + 1| 2). (7.7)

Remark 7.4. (i) The speed of convergence is an increasing function of the viscosity v,
and a decreasing function of the “strenght” of the noise Ky TrQ, and of the length of the
time interval.

(ii) If U° is deterministic such that lug—u®lp2 < Ch? for “small” h, the upper estimates

(7.5)~(7.7) hold for v < do gy \/ %+
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Proof. (i) Let n = k+h?, ¢(n) = k+h*+h’E(k Zﬁl |Vr!|2,), and suppose that ¢(n) — 0
asn — 0. Let X (1), Y(n) and Z(n) be defined by (7.4). Then, as in the proof of Theorem
7.1, (6.1) and (6.11) are satisfied with Cy := (1 + ¢) g:g for 6 > 0 arbitrary small and
a = 2, while (6.2) and (6.12) hold with p = 2%~ Furthermore, Theorem 8.1 implies that
(6.5) holds for &g defined above.

Therefore, using part (ii) if Theorem 6.1 and Corollary 6.2, we deduce that

N
I oril2 [—
E(Ogllz%}](v\u U'l{2 —H{:; |IVu' — VU |JL2)

N

N
< Cexp (* g ) In [k+ h? + h2E<k‘; |Vﬂ-j‘%2>]

) (7.8)

holds for v < 2o 251 GoCy

Ck~=8. For k small enough we have 8| In(k)| > | ln(k)\% > | In (¢(n)) ‘% for any 3,y > 0.
Therefore, (3.10) and (7.8) imply (7.5).

Note that unlike the convergence for the time discretization u' to the true solution u ()
described in Theorem 3.4, the final result does not provide a polynomial speed. This is
due to the fact that in Proposition 5.1, the localization involves the fourth power of ||ul|y .

(ii) As in the proof of Theorem 7.1, the inequality (3.7) implies h?E( Z;VZI |Vri|3,) <
C(T)h?/k Therefore, given k and h2k~! small enough, (7.5) implies (7.6)

(i) If G satisfies (G2), the inequality (3.8) implies k + h? + h?E( 3, [Vri[2,) <
)(k + h?). Thus, (7.5) implies (7.7). O

1
2. Furthermore, (3.10) implies E(maxo<;<n |u(t;) — u'|?;) <

c(

Corollary 7.5. Ifug is random, independent of W and such that E[ exp (’}/()HUQH%/)} < 00,

then the statement of Theorem 7.6 is valid with &g replaced by Bo = Qg ’Yo:yi?&o' Indeed, it
suffices to use (8.12) in the proof of Theorem 7.3.

7.2. Strong convergence of Algorithm 2. In this subsection, we focus on Algorithm
2, that is divergence-free finite elements, and suppose that V, C V. We will state the
convergence results for both multiplicative and additive stochastic perturbations.

7.2.1. Multiplicative noise. In this case, the localized convergence result from section 5
only involves the square of the V' norm of the time discretization. The following result is
similar to Theorem 7.1.

Theorem 7.6. Suppose that the finite elements are divergence free, so that Vy, C V. Fix
an integer qo > 3; suppose that ug € L** (; V) and Uy € L*™ (£ LZQM). Let the coefficient
G satisfy the assumptions (G1). Let C be the constant defined in (2.2). Then if k,1 are
“small”
- (2900~1-1)
1,2 1)2 2y |—(2007 1~

E(Orgnlz%)](v u(ty) — U2, + & ; Vu(ty) — VU yLZ) < C(w,T)|In (k + h2)| .

(7.9)

Remark 7.7. Once more, if ug and U° are deterministic or have moments of all order,
for example are Gaussians, the exponent of the logarithm in the right hand side of (7.9)
is arbitrary large.
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Proof. Let n = k+h?, p(n) =n, X(n), Y (n) and Z(n) be defined by (7.4); then Proposition
5.2 implies that the upper estimate (6.1) is satisfied with a = 1 and C; := (1+49) [%j + 1] T
for § > 0 arbitrary small. Using the upper estimates (3.4), (4.13) and (4.14), we deduce
that (6.2) and (6.12) are true for p = 2%~! while (3.4) implies that (6.3) holds for
q = 29%~1, Therefore, parts (i) of Theorem 6.1 and Corollary 6.2 imply

N
! 1,2 ! 1,2 2\ [~ (29071 1)
E(Orgnlzgjcvm ~ Uz, +k:lz;|Vu - VU',) < O T)|In (k + 1?)| .

Since k < k+h? << e~ !, we have {ln N}7(2q_171) < C‘ In (k+h2) ‘7(2(1_171); the upper
estimate (3.9) completes the proof of (7.9). O

7.2.2. Additive noise. Assume condition (G1) holds with K; = 0; then the strong speed
of convergence is polynomial.

Theorem 7.8. Let G satisfy condition (G1) with K; = 0, i.e., HG(u)H%(KWLQ) < Kp.
Let ug € V be deterministic, and Uy € L*>™ (€; Lger) for some qo € [3,00). Set
C?T C?
Goi= ——t Cpi= 2 tand Oy = [7 + 1}T, (7.10)
2CKOTI‘Q 2v 4v

where C is defined by (2.2) and C is defined by Vul?, < C’\Aulﬂ%z.
Define the critical exponents as follows:

= A 0—1 _
Bo = 1( a0 ) and kg := Go (21 D (7.11)

2\ag + Co dp (2901 — 1) 4 C120-1°
Then for v1 < kg and v < By, setting k := %, we have for k and h small enough
N
12 12 2\7
E(qulag];v u(t;) — U2, + klz; IVu(ty) — VU2, ) <Cl(k+m)"+8].  (112)

Remark 7.9. The exponent By (resp. ko), which reflects the speed for the time (resp.
the finite elements) approzimation, is an increasing function of the viscosity v > 0 and
decreasing functions of KoIrQ . For a given wiscosity, as KoTr@Q — 0, ko converges to
1. This limit is twice the corresponding one % of Bo; this is consistent with the scaling
between the space and time reqularity for the heat kernel, which is behind this model. Note
that these upper bounds are also approached for a given noise if the viscosity is “large”.
The exponent By cannot be better than the time reqularity. The mazimal exponents cannot

be improved.

Proof. Let n = k + h? and ¢(n) = n . As in the proof of Theorem 7.6, (6.1) and (6.11)
are satisfied for a = 1 and (1 4 0)Cy where C} is defined in (7.10) and 6 > 0 is arbitrary
small. Furthermore, (6.2) and (6.12) hold for p = 2%~1. Since the noise is additive, (6.5)
is satisfied for the parameter &g defined in (7.10). Using parts (iii) of Theorem 6.1 and
Corollary 6.2, we deduce

N
E(OISI%V ul — U2, + k; Vu' - VU'R, ) <C(k+ 1),

for 1 < kg, where kg is defined in (7.11). Coupling this upper estimate with (3.10) and
choosing § > 0 small enough we deduce (7.12); this completes the proof. O
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Corollary 7.10. If ug is random, independent of W and such that E[ exp (’Y()HU()H%/)} <

00, then the statement of Theorem 7.8 is valid with &g replaced by Bo := do %10&0. Indeed,
it suffices to use (8.12) in the proof of Theorem 7.8.

8. APPENDIX

In this section, for an additive noise, we prove the existence of exponential moments of
the V norm for the time discretization uy/(#;) uniformly on the time grid {#, = £, 1 =
0,---,N} and with a bound independent of N. This is similar to a similar result proved
in [14] for the solution u to the stochastic 2D Navier-Stokes equation (see also [3]).

8.1. Deterministic initial condition. We first suppose that ug € V is deterministic.

Theorem 8.1. Let G satisfy condition (G1) with K1 = 0, that is |G(u)

and set g :=

HQﬂ(K,WLQ) < KO

where the constant C is defined by Vul?, < C~'|Au|i2.

v
2C Ko TrQ’
Let ug € V; then for 0 < a < &y, there exists a positive constant C'(a) such that for N
large enough,

E[exp (a max, HuZH%)} = O(a) < c. (8.1)

Proof. Since Lemma 3.1 implies that E(% Zl]\i 1 |Aul|i2) < 00, using integration by parts
we may write (3.1) with ¢ = —Au'; this yields a.s.
—(ul —uh AW + % [V(A ul, Aud) — (- V), Aud) + (wl,divAul)}
= —(GU""HAW, Ad).
Using (2.6), divu! = 0, and integration by parts in the stochastic term, we deduce
(Vu' — vu'™!, vul) + V%’Aul‘iz = (VI[Gu'""HAaW], vu').
The identity (a —b,a) = 1 (|a[* — [b|* + |a — b|?) implies

Vu'[Es — [Va'™ !, + [V (u' —u

T
=2(V[GHAaW], Vi) — 2uN|Aul][2L2 (8.2)
T
= Q(V[G(ul_l)AlW] , Vul_l) - 2NV|Aul]i2 + Q(V[G(ul_l)AlW] , V[u! — ul_l]).
(8.3)
A similar computation, based on (3.1) with ¢ = u’ implies a.s.
T
w2, = [ + (0 = TR = 2(GTHAW, W) - 20 VU], (8.4)

T
= 2(G™HAW, ut) - QNV\Vul]I{Q +2(GuHAaW, ot —dTt). (8.5)

For [ = 1, condition (G1) with K; = 0, the Cauchy-Schwarz and Young inequalities imply
for A € (0,1)

2|(VIGu®)A W], Vu') | < SIGO) 72y | AW [ + AVl 2.

>
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Hence (8.2) implies

1 T
V' [z < = [VuolZ + Koll AW [ — 2 vl Au' [,

1
A1 =X)
For [ > 2, a similar argument using the Cauchy-Schwarz and Young inequalities implies

2(VIGHAW], V[u' —u'1]) < 2]V(Gu"HAW)L: |V (a' —u'h)|L
< NG TYIZ ez |AW [T + [V (0 = a7 HE.
Therefore, (8.3) and condition (2.8) in (G1) with K; = 0 imply

T
Vu'iZ, — [Vu TR, < 2(VIGTHA W], vul ) -2 NV|Aul|i2 + Ko|| AW )%

A similar argument, based on (2.7) in Condition (G1) with K; = 0, implies
b
AL —=X)

T
', — [ < 2(GTH AW U ) — 2 NVWuly;iQ + Kol|A W%, 1=2,..N.

T
|u |]L2 |U0|JL2 + KOHAlWH%( -2 NV‘VUIEL

- 1-

Adding these inequalities for [ = 1,--- ,n, we deduce forn =2,--- | N

" 1 2 -
[ |3 < ﬁHUOH%/ + mKo > IAw g - 2w Z (IVu'[2, + | Au'[2,)
=1

+Z [ uHAW , ul- )+(V[G(ul’1)AlW],Vul’1)}. (8.6)

Let Y be a K-valued centered Gaussian random variable with covariance operator Q.
Using the independence of the time increments A;W we deduce that for any 5 > 0,

| exp <5é law )| = {E[er~IMI] }N_

Proposition 2.16 in [11] implies that if 5 € (0, ﬁ) and v € (0,7), we have

7

E(evnyui) < exp G i @Tr (Qi)) < exp (% In (1+ zﬁTrQ)) < o0
=1

1=

Hence, if ?15 K/\O)TN < 2,& 0 (which is satisfied for any § > 0 provided that N is large

enough), we obtain

2B8KyT N
{E<exp (A(lﬁU)\YHK)} < V2. (8.7)
Given >0 and n=2,--- , N, set
M, = QQZ u"HAW, W) + (VG AW, vui ).

Then (M, F:,,n = 1 ., N) is a discrete martingale. For s € [t;,t;41), [ =1,--- ,N — 1,
set s = t; and us = u’. Wlth these notations, M, = Mt , where

Mt:2a/ [(G(u®) dW (s), u®) + (VG(u®)dW (s), Vu2)|, ¢ € [t1,T].

t1
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The processes G(u?), VG(u2), u and Vu? are Fs-adapted, and (Mt,}"t,t € [t1,T]) is a
square integrable martingale, such that

tn
(M), < 4042/ 2[HG(U§)H%(K,L2 Tr @ |u§|]2L2 + HG(ui)H%(K,WW) Tr@ Wug\i?]ds

t1
n—1
< 8a’KoTr Q ZZ IVu' |2, + [Ad'[2,] (8.8)
> 0 N L2 L2]- .
=1

Using (8.6) we deduce that for A € (0,1), @ > 0 and p > 1,

N
2 Ky«
2 0 2
Sloll?) e (5725 D lawlF) (8.9)

12 o
<
exp (o max [[u'l[iy) < exp (1 —

X exp (21;}%)(]\[ (M, — %<M>t"]) exp (2217%)(]\7 [%(M%n - 2/€1/Z (|Vul\i2 + |Aul|iz)]>.

Let apg = for o € (0, &), we may choose p > 1 such that po < éyp; using (8.8)

2CK ™Q’
we deduce that for such a choice of  and p we have a.s.

Y ! !

R [,u(M)tn - 2kulz; [[Vu'2, + |Au \HQJ}
y i 7 N1

< <§ S8aKyTr@Q C — 21/) ay ; [[Vu'|2. + |Ad 3] <0

Thus, Holder’s inequality with conjugate exponents p and 7 implies for A = 5

l 2 SuKoa = 2 s
&[0 (o max o'l )| < exp (2auol} ) {E e (=7 S 1AW )] |
=1

0<I<N
R y2 1
E | (uity, — 21y, )|} 1
X { Jmax exp (pMe, — - (M), (8.10)
Since {exp (u]\;ft — —2< Y > )}te[t1 7] is an exponential martingale, choosing N large enough
to ensure 8(“ ao[)(OT < 2”&@7 (8.7) implies (8.1). This completes the proof. O

The following theorem proves a similar result about the existence of exponential mo-
ments for the solution w to the stochastic Navier-Stokes equations. Its proof, which is
similar to the above one, with a slight modification of that of [3, Lemma 3.8], is omitted.
Theorem 8.2. Let G satisfy condition (G1) with K1 = 0, that is HG(u)H%(K Wi2)
where the constant C is defined by Vul?, < C’|Au\i2.

< Ky
and set 6[() = m,
Let ug € V'; then for 0 < a < &y, there exists a positive constant C'(a) such that

E[exp (ates[tép} [|lu(t )H%)} =C(a) < . (8.11)

8.2. Random initial condition. In this section, we extend Theorems 8.1 and 8.2 to a
random initial condition ug such that its V' norm has exponential moments.
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Theorem 8.3. Let G satisfy condition (G1) with K1 = 0, that is |G(u )”ﬁ(KWl? <

Ko and suppose that ug is a v-valued random wvariable independent of W and such that

E[exp(yolluol|})] < oo for some o > 0. Set ap := m, where the constant C' is

defined by |Vu\]%2 < C~’|Au|i2 and By = ao,m]r"a Then for 0 < a < By, there exists a
positive constant C(S) such that for N large enough,

E[exp (a max HuN(tl)HV)] +E[exp <a sup [ul(t )H%ﬂ —0) <oo.  (8.12)
0<I<N te. [0 T

Remark 8.4. Note that when ug is deterministic, the exponential moment estimate of
luol|?- holds for every vo > 0. As vy — 0o, we have Bo — .

Proof. We only prove the exponential moment estimate for maxo<;<n [Jun(t)||%; the cor-
responding one for supg<;<p ||u(t||?; is proven in a similar (simpler) way.

We want to use Holder’s inequality in (8.9) with exponents p; € (1,00), p2 = u € (1,00)
and p3 € (1, 00) such that 1 +4 Ly i =1; this requires au < &p. Suppose that for some
A€ (0,1), 25 < 49 and au < ao, that is - > & and &. Since i —i—% <1, we

’Yo
deduce that a < ag By. For a < Bg, set p1 = EO and ,u =

0‘0 . Then choose

’Yo+070 =
A € (0,1) small enough to have p; := (1 - \)p; = (1 A such that _- + < 1, and define
p3 € (1,00) by - =1— - — . This yields

<o (o 1)) < (3o (228 5 (5 s oo (i, 201}

p32Kp« N o
Eexp (£=0r 2 1AW )HPS. 8.13
x {E|exp X(i— ) 2 Il (8.13)
Let N be large enough to ensure pj\‘,z)\%[_( (/)\;r < 2T}f 5- Then (8.7) implies (8.12); this concludes
the proof. O
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