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LARGE DEVIATIONS FOR GENERALIZED GIBBS ENSEMBLES OF
THE CLASSICAL TODA CHAIN

ALICE GUIONNET AND RONAN MEMIN

Abstract We derive large deviations principles for the distribution of the empirical
measure of the equilibrium measure for the Generalized Gibbs ensembles of the classical
Toda chain introduced in [11]. We deduce its almost sure convergence and characterize
its limit in terms of the limiting measure of Beta-ensembles. Our results apply to general
smooth potentials.
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1. INTRODUCTION

In a breakthrough paper [11], Herbert Spohn introduced the generalized Gibbs ensem-
bles of the classical Toda chain as invariant measures of the dynamics of the classical Toda
lattice and showed how to analyze it thanks to a beautiful comparison with Dumitriu-
Edelman tri-diagonal representations of [-ensembles. Thanks to this comparison, it is
shown in [11] that the empirical measure of the eigenvalues of Toda Lax matrices for
these Generalized Gibbs ensembles converges towards a probability measure related with
the equilibrium measure for § ensembles. One of the key tool of Herbert Spohn analysis
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Union Horizon 2020 research and innovation program (grant agreement No. 884584).
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2 ALICE GUIONNET AND RONAN MEMIN

is the uses of transfer matrices which restricts him to polynomial potentials. We refer the
interested reader to subsequent developments in [9, 10, §].

The main goal of this article is to generalize some of the results of Spohn [11] by using
large deviations theory, which will allow us to consider more general potentials. More
precisely, we will show the convergence of the free energy and of the empirical measure of
the eigenvalues of Toda Lax matrices for these Generalized Gibbs towards limits related
to [-ensembles as in [11] but for general continuous potentials instead of polynomial
functions. Moreover, we will derive large deviation principle allowing to study a priori
tri-diagonal matrices with more general parameters.

More precisely, the Hamiltonian of the Toda chain on sites j = 1,..., N is given by

N
1 .
H=%(Gp+e™), ri=dmn—g
Jj=1

with the periodic conditions gny; = ¢;. The equations of motion are then given by

d d

3G =P, gpi=e e (1)

Let Ly be the Lax matrix given by the tri-diagonal with entries

(Lw)jg = pj and (Ly)jg1 = (Ln)ji,y = e/ (2)
with periodic boundary conditions (Ly)1ny = (Ly)n+1,8 and (Ly)ni = (Ln)n n+1, then
for all integer number n,

N = Tr(LY)

is conserved by the dynamics (1) as well as 3 ;. It is therefore natural to consider
that the finite NV Toda chain is distributed according to the Gibbs measure with density
e~ TWIIN)) with respect to [, e P dr;dp;, where P > 0 controls the pressure of the
chain. W is a potential to be chosen later, which can be a polynomial or a general

measurable function from R into R. We will assume it goes to infinity faster than z:
namely there exists a > 0 and a finite constant C' such that for

W(x) > az®+ C. (3)

This assumption is used to compare our distribution to the case where W(z) = z? in

which case the entries of the Lax matrix Ly are independent. We can without loss of
generality assume a = % up to rescaling and therefore put W(z) = %:1:2 + V. In the
following we will denote
v,P 1 Loy TT o= Pr
dTy" (p,r) = VP exp{—Tr(V(Ly)) — iTr(LN)} [[e " idridp (4)
N,T i=1

We denote in short T4 for T?\}P. Our goal in this article is to study the empirical measure
of the eigenvalues \; < --- < Ay of Ly, called hereafter the spectral measure of Ly and

denoted by
1 N
ﬂL = X7 Z 6)\1 .
YONT

Our main result is a large deviation principle for the distribution of fiz, under dTJ‘GP,
from which we deduce the almost sure convergence of jiz,,, under dT%P.
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Theorem 1.1. Let P > 0 and assume that V s continuous. Assume that there exists
keN, a>0, such that
V(z)

|z|—o00 x2k

Then,

(1) the law of fir, under T%P satisfies a large deviation principle in the scale N with
good rate function Ty,

(2) TY achieves its minimal value at a unique probability measure v},

(3) As a consequence fir,, converges almost surely and in L' towards v},.

Moreover, following [11], we can identify the equilibrium measure v}, using the equi-

librium measure for Coulomb gases in dimension one at temperature of order of the
dimension. More precisely, for a probability measure p on the real line, define the func-
tion

FE = 5 [(W(@)+ W)~ 2Pl — y)dis(a)diaty) + [ 10 L)

if u < dr, whereas fp is infinite otherwise. fp achieves its minimal value at a unique
probability measure p} < dz which satisfies the non-linear equation

d %4
W (x) —2P/ln|m—y|d,up( )+ L _2p as (5)
x
where A} is a finite constant. We show in section 3 that u% is absolutely continuous
with respect to Lebesgue measure with density which is almost surely differentiable with
respect to P. We then show that

Theorem 1.2. For any bounded continuous function f
[ r@avii(@) = 0p(P [ fl@)dpl (@)

This result was already shown in [11] when V is a polynomial. Moreover, our result
allows to derive large deviation principle for a general variance profile. Namely let Lg be
a tri-diagonal symmetric matrix with independent Gaussian variables on the diagonal and
independent chi distributed variables above the dlagonal with parameter o(%),1 <4 < N.

Let T be the distribution with density e (V%)) /Z with respect to the distribution
of LY.

Theorem 1.3. Assume that V is continuous and such that there exists k € N, a > 0,
such that
Viz)

|z|—o00 .Z'Zk

Then, if o is bounded continuous,

(1) the law of firg, under TX’U satisfies a large deviation principle in the scale N with
good rate function T,

(2) TV achieves its minimal value at a unique probability measure v} fo o (P) dP,
(3) As a consequence, firs, converges almost surely and in L' towards v .
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Our strategy is to prove first a large deviation principles in the case when W is qua-
dratic: Ly has then independent entries (modulo the symmetry constraint) under T4
and then obtain large deviations for more general potentials by using Varadhan’s Lemma
for potentials V' which are bounded continuous, see section 2.

Indeed, in the case where V' vanishes, the random variables (p;, 7;)1<j<n are independent,
(Ly);; are standard Gaussian N (0, 1) variables and v/2(Ly); ;11 follows a xop distribution
with density with respect to Lebesgue measure given by

91-P,2P—1

I'(p)
The central observation is that the eigenvalues of such a matrix, if the parameter P was
replaced by 2Pi/N, would follow a 2P/N Beta ensembles by Dumitriu-Edelman [3]. We
then relate the free energy, the rate function of the equilibrium measure of the Toda chain
with Coulomb gases in section 3. In section 4, we study the case of general potential. The
proof is nearly independent from the quadratic case, but requires additional arguments

in particular because the eigenvalues of the Toda matrix are not simple functions of the
empirical measure of the entries.

e—a:2/2

Xep(2) = 150 (6)

2. LARGE DEVIATION PRINCIPLES FOR TRI-DIAGONAL MATRICES

In this section, we consider a tri-diagonal matrix My with entries
(My);; = aj and (My); 41 = (Mx)j15 = b (7)

with periodic boundary conditions, the random variables (a;,b;)1<;<n being iid, with
(ar,by) with law Q, ® @, on R%2. We denote by iy, the spectral measure of My and
prove the existence of a large deviation principle for the distribution of fiy;,. In [12,
Theorem 4.2], the author proves a large deviation principle for moments fiy, (z*) by
noticing that

N 1 Y o
finsy (2F) = Nka(agvbj, i —j| < k)
=1

and using the large deviation principle for Markov chains, see e.g [2, Theorem 3.1.2], as
well as the contraction principle. Here fi.(aj,b;,|i — j| < k) = (MF¥);; is an homogeneous
polynomial of degree k. This could be used to deduce the existence of a large deviation
principle for fiys, (2%),k > p for the weak topology after approximations, but the rate
function would not be particularly explicit. We prefer to develop a more straightforward
sub-additivity argument and prove separately the existence of a weak large deviation
principle and exponential tightness, see e.g [2, Lemma 1.2.18].

2.1. Exponential tightness. In this section we assume that

Assumption 2.1. There exists v > 0 such that
D, = /@WZan(;p) X /ewyZde(y) < 00.

We equip the set of probability measures on the real line P(R) with the weak topology.
We then show that
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Lemma 2.2. Under Assumption 2.1, the sequence ({i3;) n>o s exponentially tight, namely
for each L > 0 there exists a compact set K;, K; = {p € P(R) : [ 22 @<L} sych that

1
lim]?upﬁlnP(ﬂMN € Kj) < —L. (8)
Proof. For N > 1, notice that
) 1
[edidi@) = S T(M3)

) 23

= =2 (Mn)jy)" + 5 2 (M)jg)°
N = JiJ N = JiJ
1 Y , 1 X 2

= 52 (Mn)i)"+ 5 2o (V2(My);j41) - (9)

=
Il
—
=
I
—

As a consequence, Tchebychev’s inequality implies
P (/ *dfingy () > L) < 6_%7NLE[G%N7fo2dﬂMN(I)]
R

< e 27NLDN

Since
9 2
Kp={peP®R |/ dpu(z) < =(L+1nD,)

is a compact subset of P(R), the conclusion follows.

Q

O

2.2. Weak large deviation principle. We next establish a weak large deviation prin-
ciple, based on the general ideas developed in [2], see Lemma 6.1.7. To this end, we will
use the following distance on P(R):

| fan— | fav

where || f||gv is the total variation of f given by

1fllBv = sup > | f(xre1) — f k)],

kEZ

d(lua I/) = {
HfIIBV 1 |f|Llp<1

b (10)

where the supremum holds over all increasing sequences (zp)rez. || f|lz is the Lisp-
chitz norm of f. If f is C' and we put without loss of generality f(0) = 0, ||f||py =
20" (y)|dy and || fllz = || f'|lso- The distance d is smaller than the Wasserstein distance
where one takes the supremum over all functions whose sum of their L> and Lipschitz
norm are bounded by one and is easily seen to be as well compatible with the weak
topology. Then, we shall prove that

Lemma 2.3. For any p in P(R), there exists a limit

TR | . T 1 .
(lgl_r% thmfﬁlnIP)(,uMN € B,(9)) = %%llm]?upﬁ InP (finy € Bu(0)) . (11)

We denote this limit by —Ja(p).
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Proof. The advantage of the distance d is the following control: For any symmetric N x N
matrices A and B with spectral measures [i4 and fig, we have:

(i, i) < i {“%‘B) -3 JAli.) - Bm)\} . (12)

Indeed, for any function f with bounded variation we have thanks to Weyl interlacing
property, see e.g. [7, (1.17)],

’ [ iy - [ rap ’ < ;Vrank(A _B). (13)

Moreover, one can check that if f is C*

[ fdia = [ fais = [ <Te((A=B)f @A+ (1 - a)B))da

- [ (}V > (A= B)yffaA+ (1~ a)Bm) do

which implies since for all indices i, j, |f'(0A + (1 — a)B);i| < ||f'||oc that

[ fdpa— [ fas

Since C! functions with bounded L® norm are dense in Lipschitz functions, we deduce
(12) from (13) and (14). We are now ready to prove Lemma 2.3. To this end we shall
approximate our matrix My by a diagonal block matrix with independent blocks. Let
g > 1. For N > 1 we decompose N = kyg + ry with ry € {0,...,¢— 1} and set
My = M3, + RY,, where M}, is the diagonal block matrix

<Py 32 (A= By (14)

2,7=1

Ml

q
My = M : (15)
B
where for all i € {1,... ,ky} M; has the same distribution than A, and B the same
distribution than M, ,. The M; are independent, and independent from B. RY is the
self-adjoint matrix with null entries except R% (1, N) = R%(N,1) = by, Ry (kng+1,N) =
R% (N, kyq+1) = —by, and those given, for k € {1,...,kn}, R%(kq+1,kq) = R% (kq, kq+
1) = brg, RN ((E—1)g +1,kq)) = Ry (kq,(k — 1)qg + 1) = —bg,. Therefore rank(R}) <
2kn + 2 < 4ky. By (12), we deduce that

Q|

APty s Porg,) < (16)

Moreover, we can write fi;e as the sum
N

fare = ) ~-fari + B -
YN N
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Therefore, for any p € P(R) and 6 > 0

P (fiagy € Bu(8) ™ P (s, € Bu(8)) =P (Vi€ {L....kn}, fing; € Bul0), i € Bu(5))

where we used the convexity of balls and (16). As a consequence,
un(6) = —InP (flary € B,(9))
satisfies
un(0+4/q) < knug(0) + upy (6).

It is easy (and classical) to deduce the convergence of uy/N when N and then § goes to
infinity. Indeed let § > 0 be given and choose ¢ large enough so that % < 9. Then, since

9 — un(0) is decreasing,
un(20) _ ux(6-+4/a) _ ug(8) i, (9)

< < 17
N N q N (17)
Since u”}(,((s) < maxlg"g]@‘lui(é) goes to zero when N — oo, we conclude that
26 0
lim sup un(29) < 4(9) .
N N q
Since this is true for all ¢ large enough, we get
20 )
lim]?up UNJ(V ) < limNinf u]\]fv() .
Since the left and right hand sides decrease as § goes to zero, we conclude that
1 1
- s N < T T inf — & N
i lim sup —- InP (fiary € By(0)) < il inf = In P (i € Bu(9))
and the conclusion follows. O

2.3. Full large deviation principle. As a consequence of Lemmas 2.2 and 2.3, we have
by [2, Theorem 1.2.18] the following large deviation theorem:

Theorem 2.4. Under Assumption 2.1, the law of fin; satisfies a large deviation principle
in the scale N with a good rate function Jy;. Moreover, Jy; is convex. In other words,

e Jy : P(R) — [0,+00]| has compact level sets {p : Jy(pn) < L} for all L > 0.
Moreover, Jy; is convex.
e For any closed set F C P(R),

. 1 N :
h]r\?jolipﬁlnp(ﬂMN eF)< —1%fJM,

whereas for any open set O C P(R)

o] . :
1$1£fN1DP(MMN €0)> —Holf o -
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Proof. Jy; exists and is defined by Lemma 2.3. The lower semi-continuity of .J,; follows
from [2, Theorem 4.1.11]. We then deduce that the level sets of Jy; are compact by the
exponential tightness, see [2, Lemma 1.2.18 (b)].

In the spirit of [2, Lemma 4.1.21], we show that Jy is convex. Let uy, ps € P(R).
Since fipr,, can be decomposed as the independent sum of i, divided by 2 plus an error
term of order 2/N by (13), we have for all §;,d5 > 0

1/1

N 1 . 1 R
3 (Nlnp(d(ﬂMli) <01) + P (d(fnry, pe) < 52)) < o P (d(Anny, 0s) - (18)

for any &3 > 1(; + d5) + 2. We then let N going to infinity, 1, d> and then d3 to zero to
conclude that

+ 1
I (#1 5 M2> < 2<JM(,M1) + JM(M)), (19>
The second point, namely that a weak large deviation principle and exponential tightness
implies a full large deviation principle, is classical, see [2, Lemma 1.2.18]. 0

2.4. Large deviation principle for the Toda-Chain with quadratic potential. In
the case of the Toda chain with Gaussian potential W (z) = %13, that is V' = 0, with
entries following T% N we take (), to be the standard Gaussian law and ), to be the

chi distribution \/_ X2p given in (6). These entries clearly satisfy Assumption 2.1 and
therefore we have

Corollary 2.5. For any P > 0, the law of firyp) with Ly(P) the tridiagonal matriz
whose entries follow TX, satisfies a large deviation principle in the scale N with conver
good rate function Tp.

For further use, we show that
Lemma 2.6. For each i € P(R), the map s € (0, +00) — Ts(u) is lower semi-continuous.

Proof. We first show that we can couple the matrices (Ly(s), Ly(s + h))y, where Ly(s)
follows T%; so that there exists a finite constant ¢ and a function A(h) going to infinity as
h goes to zero so that

P (A (s), iy (ssty) > 0) < eNlemAMI2), (20)

This coupling is done as follows
e The diagonal coefficients are the same set of standard independent Gaussian variables

e The coefficient below and above the diagonal X!, follow a \/5_1)(2” foru=s,u=nh
and s + h. By definition of the x distribution we can construct it so that almost surely

Xion = (XD? + (X))

This coupling allows by (12) to write
2 N

d(MLN(s) MLN(s+h Z |Xs+h st,| = NZ(Xsin

=1

2\[\3
uMz
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Equation (20) follows by Tchebychev inequality with A(h) = y/— In(h) since E[exp{ A(h) X} }]
is finite, see (35). (20) implies that (fir,(s+n))n>0 is an exponential approximation of
(firy(s))n>0 when h goes to zero. By [2, Theorem 4.2.16 | we deduce that 1 € P(R),

T(p) = lim lim inf Blﬂf» Tosh-

By monotonicity of the right hand side and the lower semi-continuity of T, we deduce
(see [2, (4.1.2)]),

lim ln(f f T = = Torn(p),

and therefore
Ts(p) = limliminf inf Ty, < h%n inf Ty p (),

0—=0 h—0 B,(d)

and so s — Ts(p) is lower semi-continuous.

O

We shall also use later that Corollary 2.5 gives large deviation principle for the empirical
measure of the Toda chain with general bounded continuous potential.

Corollary 2.7. Let V' be a bounded continuous function and P > 0. Let Ly be the
tridiagonal matriz whose entries follow TX,’P

o The law of [ir, satisfies a large deviation principle in the scale N with convex good
rate function

Ty (1) = Tp(p) + /Vd,u - irI}f{Tp(V) + /le/} :

o The set My where Ty achieves its minimum value is a compact convex subset of
P(R). It is continuous in the sense that for any € > 0, there exists 6. > 0 such
that for all § < ., any (t,s) € R such that for |t — s| < 0

M c (M)
where A* = {p : d(p, A) < e}.

Proof. The first point is a direct consequence of Varadhan’s lemma. We hence prove the
second point, that is the continuity of s — MY. We let Ty be the coupling of Ly(s) and
L (t) introduced in the previous section. By definition for P = s and ¢

1 N

V,P - T T

Ty (fpy €...)= W/l{ﬂLN(p)e..}e N [V@diir )@ g,
ZN1

Therefore, since ((M})?)¢ is open, we can use the previous large deviation principle to
state that for any x > 0

— inf TV <limsup — ! In —— ! / *NfV(w)dﬂLNm(x)dTN
Z {d NLN(S) )>E}

((MY)e)e N—s00
1 N
= max{limsup — In —— / e_NfV(x)d:“‘LN(s)(l')d’]I‘N’
N—o0 Z {d(/'LLN(s)a )>€}m{d(iaLN(s)vﬂLN(t))SK/}

2|V |loo + ¢ — \/—ln|s —tlk}
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where we used (20). For the first term we notice that [V (dp — dv) is bounded by ey (k)
going to zero as x does uniformly on d(u,v) < k, since V is bounded continuous. Hence

—N | V(x)dj (T
Vs /l{d(ﬂLN(s)aMtV)>€}1{d(ﬂLN<s>7ﬂLN(t))§ﬁ}€ J V@ )dTN
NT

Z0t 1 )

Ne(k) ©N,T —N | V(z)d T
<e ( )Zvﬁ Vi /1{d(ﬂLN(t)7MtV)Za—n}1{d(ﬂLN(s),ﬂLN(t))§”v}e JV@diry )dTN-
N,T N, T

Similarly

Vi _ —N | VdL —N | VdL
Zyr = / eV MOL (g oy )<} TP+ / e YOU g oy )55} TN
< ZVs Ne(k) +6(2”V||oo+07\/71I1|S*t|,‘i)N < Z]‘\/f:"s]r<€N€(K/) +€(3||V||oo+07\/71I1|S*tlli)N)

Ve

where we used that the partition function is lower bounded by e~ N Moreover the

previous large deviation principle implies if kK < €/2

lim sup — ! In ‘1/t / e N V@ iy (@ Jarh < —  inf  {TV}.
Nooo N ZNT iy oMY )>e/230{d(fir y (s)50L 5 (1)) <K} d(p, M) ) >e/2

Hence, we conclude that if we choose y/—In|s —t|k > 3|V + ¢,

— inf TV < 2¢ inf e
((MF)o)e ) s zent
We finally choose x = (—In|s — t|)7'/* with s — ¢ small enough so that 2e(k) —
inf g, pvy5e21T) } < 0 and & < £/2. We then conclude that inf o). 7Y > 0 so
that ((M))?)¢ € (M})¢ and hence the conclusion.
0

3. B-ENSEMBLES

3.1. Large deviation principles for S-ensembles. In this section we consider the
ensembles and collect already known results about their large deviations theorems. We
then relate these large deviation principles with the previous ones thanks to Dumitriu-
Edelman tri-diagonal representation, as pioneered in [11]. Coulomb gases on the real line
are given by

APy’ (21, ,zy) = Zvﬁ I 1z — z4]Pe” S GEHV @) g, . dry. (21)
N,C i<j

V will be a continuous potential. When V' = 0 and § = 1, it is well known [1, Section 2.5.2]
that dP%' is the law of the eigenvalues of the Gaussian orthogonal ensemble of random
matrices with standard Gaussian entries. In this article we keep the potential to be under
the form of a quadratic potential plus a general potential only to have simpler notations
later on. In this article we are however interested in the scaling where g = %. The large
deviation principles for the empirical measure fiy = + YN, d,, have been derived in [5]
and yields the following result.
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Theorem 3.1. [5] Let W(z) = 2% 4+ V() be a continuous function such that for some
P' > P there exists a finite constant Cy such that for all x
W(z) > P'In(jz> +1) + Cy (22)

2P
Then the law of jiy under IP’N satisfies a large deviation principle in the scale N and

with good rate function I} (p) = fp(p) — inf f} where

1 d
TE) = 5 [(W(@) + W(y) = 2Pz = y)du@)du(y) + [1n L du(a)
if p < dx, whereas fp is infinite otherwise.

This result can be seen as a consequence of [5], as detailed by his author in a private
communication [6], see also [4] for similar idea. In fact, neglecting the singularity of the
logarithm, this result would be a direct consequence of Sanov’s theorem and Varadhan’s
lemma. It is not hard to see that

Lemma 3.2. For any C' function W such that (22) holds, any P > 0 such that (P'—P) >
1
o 1+ 15 (p) is strictly conver,
o I} achicves its minimal value at a unique probability measure pY% < dx which
satisfies the non-linear equation

W(z) —2P/1n|x—y|d,up( )+ In d:xp =\p a.s (23)
where A} is a finite constant. Furthermore the support of uy is the whole real
line and the density of ‘%‘/ is bounded by Cp(|z|+1)>F=F) where Cp is uniformly
bounded on compacts contained in (0, P’ — 1). As a consequence, P s inf f¥ is
Lipschitz.

e Let D be the distance on P(R) given by

DGut) = (= [nle = ylatn— )@~ 0)))

_ (/Ow 1 ’/e“xd(u —u)(x) : dt) v (24)

Then for any R there exists a finite constant Cg such that for all P,P' < R

D(up, pp) < }IP P'|

1n{P P’

Observe that if f is in L? with derivative in L?, we can set ||f[|, = (Jo° t| fy[2dt) /2.
Then, for any measure v with zero mass,

/f Ydv(z / ftutdt / \/_ft—z/tdt

so that by Cauchy-Schwartz inequality

2 0 “ o 1
[ st < [ whpa [T o= 4151000 (25)
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In particular, the last point in the theorem shows that for any f with finite || fl]12,
P — [ fduY is Lipschitz with uniform Lipschitz norm on P > ¢ > 0.

Proof. For P” > 1, we rewrite fp (up to a constant In Zp/) as

dp
Zpn (|22 + 1)

FEG) = 5 [ V() + () ~ 2P le — yl)dp(a)du(y) + [n o du()
2

where W (y) := W(y) — 2 P"In(|y|> + 1) and P" is fixed so that Zp» = [(|2?| +1)~F"/2dx

is finite. The advantage is that Apn(dx) := Zpi(|22| + 1)7F"/2dz is a probability measure

so that for all probability measure p

1 >0.
/nd/\p,/ dp(x) = 0

Note that this amounts to change V (z) into V(z) = V(z) — 1 P In(|z|*+1), and therefore
to change P’ into P’ — %P” in the hypothesis.

The first point of the lemma is clear as u — N{(u) = [(W(x) + W(y) — 2P In|z —
y|)du(x)du(y) is strictly convex [1, Lemma 2.6.2] whereas the relative entropy p
J1In df\iﬁ,, (y)du(y) is well known to be convex. Since it is a good rate function it achieves its

minimal value at a unique probability measure u¥%. Writing that for any measure v with
mass zero such that u¥ + ev is a probability measure for small enough e, Ip (up + ev) >
I¥ (%), we get that (23) holds u¥% almost surely and that the left hand side in (23) is
greater or equal than the right hand side outside of the support of u%. Since the left hand
side equals —oo when the density vanishes, we conclude that the support is the whole real
line. We finally show the boundedness of the density. Note that (23) implies that

o
dx

We get from (22), and the fact that In|z — y| < In(|z[* + 1) + 5 In(|y|* + 1) the bound

(z) = e Ap o= W (@)+2P [ Infz—yldu} (y) (26)

“W(x) + 2P/ln & — yldu¥(y) < —(P' — P)In(|z]? + 1) + Cy + P/ln(|x]2 +1)du.

We thus only need to bound [In(|x|? + 1)du¥% and AY% from above. We first notice that

P~ inf f} is convex since it is the limit of the free energy N~11n Z . This is enough
to guarantee that this quantity is uniformly bounded on compact sets (as it is at any
given point) :we denote by C' such a bound for a fixed compact set. As in [1, Lemma
2.6.2 (b)], since the relative entropy is non-negative we find that

JOV(@) = Pln(le + 1)dab () < 5 (u) < C.
This implies by our hypothesis (22) that

(P — P" — P) /1n(|x|2 +1)du¥(z) < C — Oy
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and therefore plugging this estimate in the infimum of f} gives if P’ — P — P” > 0 (which
is always possible as we assumed P’ — P > 1)

C—-Cy
2P —P_ P

/ W (x)dpl(z) > C +
Moreover, again because the relative entropy is non-negative,
—PR(uY) = =P [Infe - ylduh(@)dpk(y)
< O— [Wdup@) < C=2(P' = P') [ n(jaf + Vduh(x) - Cy
is as well uniformly bounded. Finally, from (23) we have after integration under p}%
Ao = inf [ — P [ Info — yldu (@)du () (27)

is thus uniformly bounded from above. This completes the proof of the upper bound of
the density: % is bounded by Cp(|z| + 1)2P~F) where Cp is uniformly bounded on
compacts so that P’ — P — 1 > ¢ > 0 for some fixed ¢.

We next study the regularity of the equilibrium measure p¥% in the parameter P and
let R be a real number in a neighborhood of P. If Ay = u¥% — u%, since p% minimizes
[P, we have

0 > feup)—fr(ir)
- W dytr) =2 [l = yldpf@)dAu(y) — P [ 1nfe — ylddp(@)ddu(y)

+/ln d[LP /ln 'uRd 4
d
= @R [ - ylaph(y) ~In ;;,R)(:c)dA (2) = 2P [ |z = yldpf () dAp(y)
—P/ln|x— yldAu(z)dAu(y +/1n it v /1 “Rd

= 2(R-P) /ln|x—y|duR( YdAL(y) P//ln|x—y|dA,u( YdAu(y +/1n d,up

where in the second line we used (23) and the fact that Ap(1) = 0. By using the Fourier
transform of the logarithrn the centering of Ay and the definition (24) we deduce

/ / In duP+PD<uP,uR>2 < 2P =R) [ [In|e - ylduk(e)dduty)  (28)

where the right hand side is uniformly bounded by boundedness of the density of u}
\%4

and pft. Since [In Z’;—{id,ug > 0 by Jensen’s inequality, and [In |z — y|duk(x) is bounded
R

uniformly by the previous estimate, this already gives the existence of a finite constant

such that

D(pp, i) < D/|P = RJ.
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We next improve this bound to show the Lipschitz property. If y +— [In|x — y|duk(z)
has finite ||.[[;/2 norm, we are done by using (25). Because this is unclear, we introduce
another probability measure v in (28) so that

PD(ub, i) < 2P = R) [ [Info — ylauk - v)(@)dau(y)

+2(P — R) / / In|z — y|dv(z)dAu(y) (29)

We choose v such that ¢, (x) = [ In|z—y|dv(y) is bounded and differentiable with bounded
derivative, for instance the Cauchy transform with coefficient 1 for which

1
PV/ dy =
—ym(y +1) 4 x2+1

Because

712 = [ e < 5 ([ e1f2de+ [172de) = SO0 +1712)
we deduce that ||¢,||1/2 is bounded and hence there exists a finite constant C' such that
//m |z — yIdV(m)dAu(y)’ < CD(up, pig) -

Moreover we notice that by taking the Fourier transform of the logarithm and using
Cauchy-Schwartz inequality

[ [l = ldtuls - u)(z)dm(y)\ -/ 1@?@@&\ < Dy, ) Dl )

D(pk, v / In o — yld(k — v)(@)d(l — ¥)()

is bounded uniformly because p% and v have bounded density going to zero sufficiently
fast at infinity. Hence, we conclude from (29) that there exists a finite constant C' such
that

PD(up, ug)* < C(P = R)D(up, i)

from which the conclusion follows.
O

3.2. Relation with the large deviation principle for Toda matrices with qua-
dratic potential. When V' = 0, for any § > 0, Dumitriu and Edelman [3, Theorem
2.12] have shown that P%’ is the law of the eigenvalues of a N x N tri-diagonal matrix
C']BV such that ((Cﬁ[)j’j)1<j<N are independent standard normal variables, independent

from the off diagonal entries (C'y); 11 = (C'y)j4+1,; which are independent and such that
\/§C’]B\, (4,7+1) follows a x(ny—j)s distribution. As in the case of Toda measure we hereafter
identify ]P?\}ﬁ with IP]%. We are now going to give an alternate large deviation principle

for the empirical measure under IP’?VP/ N based on this representation, this will allow to
relate the rate function Ip = I} of the Coulomb Gas in terms of the large deviation rate
function Ty, s < P for Toda matrices.
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Lemma 3.3. The law of the empirical measure iy under IP’?VP/N satisfies a large deviation
principle in the scale N and with good rate function

1 M
=1

6—0 M—oo VP/]W7'“7VP5-t-
ﬁ Zl vip/mEBL(S)

Proof. We shall proceed by exponential approximation. We write N = kyM + ryn, 0 <
ry < M — 1, and consider the matrices

L,
SN =
N Lg{\[ )
0
with (L, )i<icy a family of independent matrices with size ky distributed according to
pN-iky
']I‘k(N " ) , and a block with null entries of size ry x rny. We shall prove that they provide

2P
good exponential approximation for C ~ [P’?VP/ N , see [2, Definition 4.2.14| and show
that for any positive real number ¢ :

. . 1 . . B
Mll)rfrloo hmj\fup N lnP(d(pC;Wp,uS%) > 0) = —00. (31)

The lemma is then a direct application of [2, Theorem 4.2.16 and Exercise 4.2.7]. We first
approximate S by the following matrix

Ch

RY

where the symbols * denote entries following the law of a matrix distributed according to
p2PIN

1
UN(ikN,ikN + 1) = UN(ikN + 1,276]\[) ~ —=XypN-iky , 1<i<M;
N

V2

RJJ‘QI has same distribution as the ry X ry-bottom-right corner of a ]P’?VP/ N_ distributed
matrix ; and C; has the same coefficients as L, except for the top-right and bottom-left
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corner entries, put to zero :

9i-Dky+1 0

Q
|
s,
RN
: [OE S

Sl
O

0 e Giky
The (c§)1<j<kN,1 are distributed according to XopN-iby -
For 1 S ) S M and 1 S] S ]{IN — 1, let b; = 4/ (C§)2 + X%,ju where (XZ'J)lSiSMJSjSkN is an

independent family of x variables with parameter 2P%, independent from U3).
We set, for 1 <¢ < M, B; to be the matrix

Ili—kn+1 0
B;= v2'
L
V277
0 e Giky
The matrix
By
*
*
2P/N *
CN / — *
By
*
*
RY

is distributed according to ]P?VP/ N, where the symbols * denote the same coefficients as
those of UY. Because the rank of S¥ — U is bounded by 2M + ry < 3M, by (12) we
have

R . 3M 3
iy, fisy) S 7 = v (32)
Let 0 > 0. Then for N lage enough so that ky verifies % < 0/2,
P <d(ﬂ012VP/N, ,LALSJJ\v/I) > 5> <P (d(,ﬁcjzvp/zv, [ALU]]\\]4) + d(ﬂU]Z\\I/I,ﬂSI]\VII) > 5)

<P (dficarm, ) > 3/2).
N
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Moreover (12) yields
2 N
d(ﬂU%)Nc]?VP/N> < N;|Y| (33>
where |Y;| is the ith coefficient above or below the (7,7) the coefficient of C’QP/N — UN.
Applying the inequality va + b < v/a++vbfor a,b > 0 and a = cj and b = x; j, we deduce

\/_ knM
d(:aU]]\”,Ia 'ELCIQVP/N ]{ZNM Z X2P/M7 (34>

where the last sum denotes the sum of iid variables with law xop/m (and we used that
there exists a coupling between a x,,ky-s and a xap/n variable such that the first is
N

always bounded above by the second.)

Thus for all § > 0, for any integer numbers N such that % < 6/2 (i.e for N larger than
some Ny depending on M) and for any non-negative function A : M — A(M)

P (d(figu, f S <r (3 kv Mo
(s ) > ) < P{ 2 v > 507
< o~ AMDENME/(2VR) R [eA(M)pr/M}’“NM

It is not hard to see that with A(M) = \/In(M), there exists a finite constant K such

that
sup B [ e dyy () < K (35)
M>0

insuring that
1 4]

N In ]P)(d([lfc,i]P/N, ﬂs]]\&]f > 5) g —A(M)ﬁ

which yields the result.

+ K,

O

We shall use the previous lemma to study the case with a non trivial potential. Indeed,
as a direct consequence, Varadhan’s lemma yields

Theorem 3.4. For any continuous function V such that

lim sup Vi)l =0, (36)

2
|x|—o00 x

the law of the empirical measure iy under IEDX;ZP/N satisfies a large deviation principle in
the scale N and with good rate function Ip(u) = fp(u) — inf fp where

N . 1 &
fhn) = (lslir(l) lllinf inf { S (Tipma(vipu) + /deip/M)} : (37)

Vp/MyVPS.t M -1
ﬁ Zz vip/mE€BL(S)
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Remark 3.5. Varadhan’s lemma gives the result for bounded continuous function V.
However, we can approzimate V by V (z)(1+ex?)~! with overwhelming probability thanks
to Lemma 2.2, which allows to conclude for any potential V' satisfying (36)

We shall use this relation to give a better description of the rate function 7. In fact
we first consider the free energy

1
FP = lim I Zyin, P8

. 1 VP .
Jim im In Zy/ ¢ = inf fy

=1

N—o0
Recall from Lemma 3.2 that P + inf f} = Fg’P is Lipschitz on R** and hence almost
surely differentiable. Similarly P + pY% is almost surely differentiable in the sense that

for f with finite 1/2-norm, [ fduY is differentiable. Then, we claim

Lemma 3.6. For any continuous function V' satisfying (36),

o P Fg’P = inf f¥ is continuously differentiable on R**. Moreover, for any
P>0

Byt = 0p(PFE)

o Moreover, for almost all P there exists a unique minimizer vy of u — Tp(p) +
[ Vdu(x) and it is given by

vp = Op(Ppup). (38)

e For any probability measure i,

To(p) = — inf {/R\/dquFq}/’P}. (39)

vec?

Proof. First notice that for any probability measure p, Lemma 3.3 implies

1M
T () = Ip(p) + /R Vdp = hmMlnf M ; inf {Tz‘P/M(V) + /R de}

! L ovp
:/ inf {Tsp<1/)+/ Vdu} d5:/ Fp'7ds.
0o v R 0

We claim that this lower bound is achieved. For s € [0,1], let v}, be a minimizer
of u — Tsp(u) + [Vdu. By Corollary 2.7 we can choose v!p such that s — vip is
continuous. Hence, uh = [y v/pds makes sense and is a probability measure on R. We
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claim it minimizes fp. Indeed, by Lemma 3.3, we have

1 M
Io(pp) + / Vdup = lim lim inf inf { T; v; + / Vdy; }
p(p) ® Hp s ﬁZfﬁlwp/MeBwp(é) M; P/M( P/M) B P/M
(40)
M
—hmln MZ{ ZP/M( iP/M +/VdVlP/M} (41)
. N
= timnf 173 f{ﬂp/M +/de}

:/0 irl}f{TSp(V)—i-/Rle/}ds.

Hence % achieves the minimal value of fp and therefore

1
—FYP =inf f¥ = Ip(u¥) + /R Vdul = — /O FYPs.

By a change of variable we deduce
P
= / Fyds .
0

Moreover, P +— Fg’P is convex and hence almost surely differentiable. As a consequence,
for almost all P > 0,

FyP = 0p(PELTY.

As Fy is convex, this defines F%/ " everywhere. Moreover We have seen that I}, achieves its
minimal value at a unique probability measure py and pl = fo Vods for any continuous
minimizing path V. This implies that v} is unique and given by dp(Pu%). The last
point is a direct consequence of [2, Theorem 4.5.10] since T% is convex for all bounded

continuous function V.
O

By Lemma 3.2, v} is a probability measure which satisfies almost surely
dvf () = (C} +2P [ In]z = yldv} (y))duf(x)
with C} a constant such that
C¥ +2P [ | - ylavk (y)dpl(2) = 1

Furthermore we must have C} + 2P [In |z — y|dv¥ (y) > 0 for all z.

4. LARGE DEVIATIONS FOR TODA (GIBBS MEASURE WITH GENERAL POTENTIALS

We now consider the measures "JI‘X;P given by (4), with polynomial of even degree
potential V : # € R — az? + W (x), k > 2, with W (z)/2?* going to zero at infinity. We
show that under these laws, the empirical measures (fir, ) n>1 still fulfills a large deviations
principle, by extending the subadditivity argument previously used. We then identify the
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rate function as before. By Varadhan’s Lemma, it is enough to consider the case where

W =0.

4.1. Exponential tightness. We use the notations of equation (4). In this section we
prove that if V(z) = az®* with k > 2 and @ > 0, then we the law of the empirical

measure of the eigenvalues is exponentially tight under TX;P. More precisely, we let
Kr={pePR)| [gVdu< L} which is a compact of P(R). Then we shall prove

Lemma 4.1. There exists a finicte constant ¢y such that
Ty (Kf) < e Mo,

Proof. We first bound from below the free energy by Jensen’s inequality

V,P - 7 - —c
Z\k = /R VRV GT] > exp{~N /R  VdpydTRY > ey (42)
From here we deduce exponential tightness for (fiy)y under TX;P : for M > 0,
1 X
V,p N _ -N [.Vd P
T (f vine > 1) = 7F Joow Lef, vamsane” eV aTy
< eNlev=M), (43)

O

For later purpose we prove the following result showing that the off diagonal terms do
not become to small :

Lemma 4.2. For any P > 0

. . Lo ve 1O
limsuplimsup —InTy" (— ) Inb; < —L) = —00.
suplimsup = In Ty (- ; <-L)
Proof. Since V is bounded from below and we have bounded from below the partition
function (42), it enough to prove this estimate when V' = 0. But, in this case the entries
are independent and so we only need to prove it for independent chi distributed variables.
But then, for any 6 > 0

1 N 7 P=6/2 NP — s/ Y
T4 | (N S b, < —L) < e SININT _ ~6LN <(/)>
=1

A 221 (P)

from which the result follows by taking 6 = P/2 and P > 0.
0

4.2. Weak LDP. In this section, we prove that fi satisfies a weak large deviation prin-
ciple, namely Lemma 2.3 in this more general setup, following again a subadditivity
argument. We will restrict ourselves to the case where V(x) = az?, a > 0. We first show
that the large deviations principles is the same if we remove the entries in the corners
(N,1) and (1, N) in the Toda matrix. Namely, let Ly be the tridiagonal matrix with
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entries equal to those of Ly except for the entries (1, N) and (N, 1) which vanish and
consider the following modification of ’]I%P given by

- 1 .
AT = Zupe—TfV<LN>dT§.
N

Lemma 4.3. Let p be a probability measure. Then

lim hmlnf—ln/ld n)<5€ ~TeV(Ln) d']I‘P = hm hm 1nf—ln/1d 1) <5€ TrV(EN)dTﬁ
6—0 N—oo

Moreover,

N—oo N—oo

lim mf—ln/ TV LN)dTP = lim mf— ln/ — TV LN)dTP

The same results hold if we replace all the liminf by limsup.

Proof. First notice that V(Ly) — V(Ly) is an homogeneous polynomial of degree 2k
in Ly and ALy = Ly — f)N, with degree at least one in the latter. Therefore, there
exists a finite constant Cj such that on By'™ = {by < K} N {xTr(Ly)** < M} (or
B = {by < K}N {LTr(Ly)* < M}), Hélder’s inequality implies

1/2k 1

Tr(V(LN)—V(EN))‘ < G (;Tr<(ALN)2k>+(;Tr((ALN)Qk)> +

< C(M,K)N =

v

where C(M, K) < 2C,(K*+ M™% ) is a finite constant depending only on M, K, k. Note
above that Tr(L3f) can be replaced by Tr(L37). Moreover, by (13), d(iip,, iz, ) < 2/N.
Hence for a given probability measure p

2k—1 N
—TrV (L P —C(M,K)N 2k —TrV (L P

k-1 3
> (ClemCULRINTE /1{TrV(EN)§NM}m{d(ﬂiN,u)<6—%}67%V(LN)dTZ

21 -
> (e~ CMKNT2E /1{d(ﬂLN7M)<5—%}6_TrV(LN)dT§

\ivhere in the second line we integ{ated over by < K and in the last line we used that under
THY, for M large enough, TrV(Ly) < NM with overwhelming probability following the
same arguments than in the proof of Lemma 4.1. We deduce that

lim lim 1nf—1n/1d M)<56—TYV(LN)dTP > lim hmlnf—ln/ld(h )<66—TrV LN)dTP

0—0 N—ooo 0—0 N—ooo

To prove the converse inequality, we notice that there exists one b; bounded by K with
probability greater than 1 — e~ N ynder TX, with a(K) = —In P(b < K) > 0 which
goes to + infinity when K does. By symmetry with respect to the order of the indices,

Te(L2)) 5

|
N——
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we may assume it is by. Therefore, using that V' > 0 and Lemma 4.1,

/ Ly, yese” ™V ENVATY < e7NaU) 4 / N e L v

—TrV(Ly) dT?

Na M—c CMKN E
<N€ (K )_|_Ne N( V)+N€ ( ) 2 /1 MKﬂ{d(ML )<6+%}€ N

—Na(K —N(M—c C(M,K) Ni —TrV (L P
S (& ( ) + 26 ( V) + N@ ( 2k /1{d(ﬂiN’“)<§+%}e T ( N)dTN

which gives the converse bound, letting N going to infinity, provided K and M are large
enough. The same arguments also hold when there is no indicator function, providing the
same estimates for the free energy. O

Lemma 4.4. Let V(z) = az** and P > 0. For any p in P(R), there exists a limit

1 1
lim lim inf N InTx" (iz, € Bu(9)) = (lsim lim sup N InTx" (i, € Bu(6)). (44)

6—0 N —0 N

We denote this limit by =Ty ().

Proof. We use the notations of Lemma 2.3. Let ¢ > 1 be fixed. For N > 1 we write
N =knqg+ry, 0 <ry < g—1, and define L% by removing the off dlagonal terms by, =
Ligog+1s Logi1,0g: 1 < 0 < ky as well as the entries Ly y, Ly of Ly. Weset Ry, = Ly — LY.
Let Z = Zy VP denote in short the partition function for the Toda Gibbs measure with
potential V' and set

2%, =En [e V(L ] [ ey,

We first show that there is some constant Cj (independent of N) such that for all
N > 1,
v
1. Zy, < Ck

N n Z% = ql/Qk' (45)
By Jensen’s inequality we have
1 ZNq 1 Tr(V(Ly)-V(LE)) 1 q
Nl ZN = Nln ETJ‘\/fP e N> NETx,P TY(V(LN) — V(LN)) . (46)

To bound the right hand side we first notice that V(Ly) — V(L% ) is an homogeneous
polynomial of degree 2k in Ly and Ly — L%, with degree at least one in the later.
Therefore, Holder’s inequality implies that there exists a finite constant C' depending
only on k such that
1
\NEW [Tr<v<LN> ~V(I4)

1
< CETJ\\/],P lNTr ((LN — L?V)%) ]

1/2]{) 2k—1

1 1 2k
+C’IETx,p [NTr ((LN — L?v)%)] E’]TX;P [NTr(L?V’“)]
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Now, R% = Ly — L% has non zero entries only at the sites (¢,7 + 1) and (i + 1,1),
ieJ={lg1<{<ky}, as well as (N,1) and (1, N). We take 2k < ¢ so that there
exists a finite constant C) which only depends on k such that

Tr ((R§)™) < C > (Lii1)™ + Cil(Ln )™
ieJ
We next remark that since the application A — A; = (e;, Ae;) is non negative, we can
apply Holder’s inequality so that

L5 < (LR)ia)® < (L)
Because Ly has periodic boundary conditions, the distribution of the entries of Ly are

invariant under the shift 6 : ¢ — ¢ 4+ 1, so that under T%P, L; ;11 has the same law than
Lit1,i+2. Moreover, b; = LY, ;,, = L{ ;. is independent of L

ETJVV,puTr((LN_L?V)%)] <NCkZETVP[ L)? ] Ckljifv TVPHTr(LN)%].

ieJ

But (43) implies that ETXJD []{[TI(L%“)] is bounded by some finite constant independent

of N. We therefore deduce (45) from (46).
We next prove the subadditivity property. Let 6 > 0 and L > 0 be given. Let
Kr={ir,(V) < L}. Asin equation (16), we have for ¢ big enough,
Iy 1 ~Tr(V(L P
7q

where we set K4 = Kany = Nics{ b < A} N {by < A}. As before, noticing that
V(Ly) — V(LY%) is a polynomial in L% and Ly — L%, we find a finite constant C' such
that, on KCf, N K4,

TN ({firy € Bu(6)}NKy) >

]_ k’ 1/2k 2k—1 k’
~ [Te(V(Zw) = V(ZY))] < c( <]<7VCkA> Lo + N@A)

Therefore if we set K7 = {fizq (V') < L}, we deduce that K4 N Ky, contains K4 NK7__,
for some £(q) going to zero as g goes to infinity. We deduce from (45) and (47) that

e_S(Q)N

T (i € Bu6)} N K1) > < / L, enyagee MVORATE (1)
N, KAFT/C —e(q) N

Since L% is independent of the entries b;,i € J and therefore of K4, we see that we
can integrate the indicator function of K4 yielding a contribution C}ZN for some positive
constant C'y depending only on A. We observe as well that L% is a block diagonal matrix
diag(L;, e L’;N,B) where sz are independent ']T‘é) independent from B with law ']T‘fN.
Finally, we notice that K7 __ ) contains Nie,{;Tr((L))*) < L—e(q)} N {5, Tr(B*) <
L — ¢(q)} since the trace of (L%)?* is a linear combination of the latter traces. Thus

1 ,—TrV(LY) dTﬁ

by independence of the matrices L], ..., L¥¥ under _3—e
N,q

balls, we deduce by taking the logarithm that if we set uy(d,L) = —In Ty’ ({fin, €

and convexity of
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B,(0)} NKy) and vy (6, L) = —InT" ({17, € Bu(8)} N {Tr(Ly)*) < LN}), then we
have

uN<5 + 4/‘]7 L+ 8((])) < Ns(Q) + kNUtI((Sv L) + Ury (67 L) (49>
We conclude as in Lemma 2.3 that

hmgup 0 EHLL o) BED) 0

We then notice that for all N, 4§, un(0, L) > uy(d,00) and vy (9, L) < vy (0, 00) + In2 for

L large enough by Lemma 2.2 (for Ly). If therefore we choose a subsequence ¢ going to
infinity along which the liminf is taken, we deduce by Lemma 4.3 that
un (26, 00) v,(6, 00) uq (6, 00)

1mj\§up N 1(§r_1>1021 q 1¢§I—l>lo£1 q

If there is no such subsequence then both sides go to infinity and there is nothing to say.
Otherwise we conclude as in Lemma 2.3. OJ

4.3. Convergence of the free energy and large deviation principle. In the case

still where V(z) = ax®*,a > 0, the previous two sections showed that a large deviation

principle holds for the empirical measure of the eigenvalues of Lx under ']I‘X,’P with good

rate function
T () = = jnf { [ W+ B0 — BT (51)
b

where

N—oo

1
FyP = Jim o [ e ™V ETy
To identify T and its minimal value our goal is to show that

Lemma 4.5. For V(z) = 2?* + W (x) with W € C}(R), for all P > 0
1
/ FY*Pds = FYF . (52)
0
As a consequence, the unique minimizer of Ty is given by vy = Op(Puy) with u% the
equilibrium measure for the Coulomb gas.

Proof. We first prove (52). Clearly, for all bounded continuous functions W, W’  uniformly
in P,

[ = B < W W o and (R = R < W = W
Therefore it is enough to prove (52) for W € C}(R). We prove that for W € C}(R),
FyP = 0p(PEYTY. (53)

2P
Let us consider the tridiagonal matrix C% of the Coulomb model with distribution P
we decompose, for € > 0 this matrix as

eN
RN C’(175)P
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where M }LfNJ isa | Ne| x | Ne| tri-diagonal symmetric matrix with standard independent
Gaussian on the diagonal and chi-square distributed variables above the diagonal with

parameters 2—P, N — [eN] < i < N — 1, C((ll:;)g is a N — |eN| square tridiagonal
Coulomb matrix with parameter 2P(1 — [eN|/N — 1/N) and Ry has only one non-zero
entry r at position (|eN], |[eN]| 4+ 1). Our first goal is to show that

. 1 vy, 1 ovp V,P—e V,P—e
A}l_Igog—lnE[e p )] = E(FC —Fo" )+ F (54)

We will then complete the argument by showing that

C T 1 ~mv(MEN) VP
1;&)1 A}linoog—NlnE[e P = Fy (55)

We next turn to the proof of (54). Let us denote
eN
0 C1(175)P

Tr((Cp)*) > Tr((Cp)™) . (56)
Indeed, by Klein’s lemma [1], B + Tr(B)?* is convex on the set of symmetric matrices.
Moreover VTr(B)?* = (2k(B)?*71);;. As a consequence, for any symmetric matrices A, B

Tr((A + B)*) — Tr((B)?) > Te(2k(A)% 1 B).
We apply the above inequality with A = C} and B = CY — C} and notice that the entry

[EN1. [N] + 1 of any polynomial in C vanishes so that Te((CF)*~(C} — CF) = 0.
Moreover, if W is C},

We next show that

(W (CF)) = TV (CR)] < [ [TV (@O + (1= )CH)(CF — CF)ldar < 1]l

Consequently, using the independence of r and C’ﬁ and the fact that Cyy = E[etIWllclr]]
is finite since r has sub-Gaussian distribution. We deduce from (56) that

Ele VPN < E[e"MVENHIW i) < Oy Ele=TVC)] (57)
As a consequence
Efe- V] < Gy Ele™ M ™V C30)

which gives the desired lower bound:

1 ! .
lim inf ImE[e" TV M) > pEV (1 - o) pRi-v (58)

N—oco

To get the complementary lower bound we restrict ourselves to
1 3
{Irl < 53 NICT [0 < (NM)2}

On this set Tr(V(CY)) — Tr(V(CY)) goes to zero uniformly for all M. On the other hand
the probability of the set {|r| < &} is of order 1/N. Again by independence we deduce
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that there exists a function o(V) such that o(N)/N goes to zero (and eventually changing
from line to line) such that

Ele™™ ] > ME[ony conmmrmngrzgye T O]
> o) (E[e Tr(V(CE) _E[l{\légHooZ(NM)l/Qk}e_Tr(V(ég))])
> o) (E[e‘“w(ég»]—E[1{Tr((cg)zk)ZMN}e‘Tr(V(ég))])- (59)

But we can prove exactly as in the proof of Lemma 4.1 that for M large enough

“(V(Cg))]

E{lp, e
lim sup L preeyyzy=nny

<
N—oo ]E[e_Tr(V(CN))] N

N)\»—l

yielding the desired lower bound and therefore (54).

To prove (55), we proceed by approximation. We notice that if we denote by f7 the
density of the distribution of M ILJENJ with respect distribution of a Toda matrix E[a ~| with
parameter P to which we removed the extreme entries at (1, [eN|) and (|eN], 1), then
we get

Ne .
e —2P(3)
fr=110""
i=1

Therefore

E[e—’I‘rV(M}fNJ)] e*EQNME[e*TrV(ELij)l

2P > c2n ]

eN
= e VMRV ED)(1 - T ( 2PZ L nb < —2NM))

On the other hand
eN . 1 eN
{2PZ Inb; > 2NM} C {P— Sb?> M} C {—Tr((LLNEJ) ) > M/P}
j= =1
has exponentially small probability under "]I‘U’\,P(€J for M large enough. This shows that
there exists a finite constant M such that

T -TrV(M L
hNHL 1£f N InE[e

)] > FpP 4 Me

Similarly, we can see that the density fz = [[V5 bzz P2 of the law a Toda matrix fztg N
with respect to ME™ is bounded below by —2NM on {>N (e — L)Inb; < e2NM} so
that we get similarly a finite constant M’ such that

LN
lim sup — In E[fe-TVME™)) < FYP0-9 4 g (60)
N—oo 9
We hence only need to show the continuity of ¢ — Fq{j (=R e already proved above
that there exists a finite constant M such that for ¢ > 0

FYP < pYPO=9 4 ae
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We can get the reverse bound by using Lemma 4.2. Indeed, it insures that for all P > 0,

/G—Trv(izv)d’]rﬁ > /]'ZlnbiszNe_TrV(iN)dTﬁ

7§ _Lsn V(L P—5

_ —Tr —
> 7P © /121nbi2—L6N€ (E]aTy
> 6—2L§N/1Elnbi2_LN€fTrV(ﬂN)dT§76

from which we deduce by Lemmas 4.2 and 4.3 that there exists a finite constant M such
that

FYP > FOP 4 M.
Equality (53) follows then from (60) and the continuity of Fy".

We finally show that (52) implies that T}% achieves its minimum value at dp(Pup).
Indeed, by (51), for any bounded continuous W, any probability measure v, we have

TV (1) > — (/ Wdv + FYWP _ F%/’P>

We integrate this inequality at v = v3p a measurable probability measure valued process
such that u = [y vspds to deduce from (52) that

1
/ Ty (vep)ds > — (/ Wdp + Fy TP — Fg’P> :
0

We finally optimize over W to conclude that

1
/0 Ty (vep)ds > —iIl/r‘lff (/ Wdp+ Fy WP — Fg’P) =I5 (u).

Since I} vanishes only at )% we deduce that any measurable minimizing path (vsp)o<s<1
must satisfy fol vepds = p¥. The last issue we have to address is the existence of non-
measurable minimizing paths. But we can follow arguments similar to those of Corollary
2.7 to show that the set M} where T achieves its minimum value is a compact convex
subset of P(R) and is continuous in the sense that for any € > 0, there exists . > 0 such
that for all 6 < 4., any (¢,s) € R™ such that for [t —s| <§

M C (M)

Indeed, even if we do not have the coupling of Corollary 2.7 we have seen just above that
the density of Tx® with respect to Ty is bounded by eMNlt=s| with probability greater
than 1 — e )N with ¢(M) going to infinity when M goes to infinity. This implies that
— inf TV <max{M|s—t|— inf TY,—c(M)N}
(M) )e)e (M) )e)e
which implies that for any & > 0, for M large enough and |s—t| small enough inf (v TV >
0, from which the continuity follows. 0
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5. PROOF OF THEOREM 1.1 AND 1.3

Lemma 44 proved a large deviation principle for the potential V (z) = ax®*. If now we
consider the case where V(x)/2?* goes to a > 0 at infinity, we can always write V (z) =
ax® + W (z) where W(z)/2?* goes to zero at infinity. We have seen that under Th"
the probability that {Tr(L3¥) < M} has exponentially large probability. Let for & > 0,
V.(x) = ax®* + (14 ex?*)~'W (z). Then, the large deviation principle for the distribution
of fiz, under Tx'" follows from Varadhan’s lemma. Moreover, on {Tr(L3¥) < M N}, if
(W (x)| < 6x%* on |z| > L,

LV (L) - L] € T max W) + oo S Tr(— N
NN T N S T e & N TSN T e
ELQk

71+EL2]€|I;1|2>L<W($)+M5

which is as small as wished if M is fixed, L taken large so that ¢ is small, provided ¢ is
taken small enough. This shows that we can approximate ']I‘X;P by T%S’P in the exponential
scale from which the result follows.

The proof of Theorem 1.3 follows the same arguments than those developed in the
last section: we approximated the general variance profile by a stepwise constant profile,
remove a neglectable number of off diagonal entries and then use the large deviation
principle for the Toda matrices. We leave the details to the reader.
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