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Assyr Abdulle!, Charles-Edouard Bréhier?, and Gilles Vilmart?

February 5, 2021

Abstract

Explicit stabilized integrators are an efficient alternative to implicit or semi-implicit
methods to avoid the severe timestep restriction faced by standard explicit integrators
applied to stiff diffusion problems. In this paper, we provide a fully discrete strong
convergence analysis of a family of explicit stabilized methods coupled with finite
element methods for a class of parabolic semilinear deterministic and stochastic partial
differential equations. Numerical experiments including the semilinear stochastic heat
equation with space-time white noise confirm the theoretical findings.

Keywords: explicit stabilized methods, second kind Chebyshev polynomials, stochas-
tic partial differential equations, finite element methods.
AMS subject classification (2020): 65C30, 60H35, 65120

1 Introduction

In this paper, we consider semilinear parabolic stochastic partial differential equations
(SPDEs), in the framework of [I1], of the form

du(t) = Au(t)dt + F(u(t))dt + ocdW?(t), u(0) = ug, (1)

where ug is a given initial condition, A is a symmetric diffusion operator, and F' is a smooth
nonlinearity, ¢ > 0, (WQ (t)) ;>0 18 2 (Q-Wiener process. The semi-discrete approximation
obtained by spatial discretization using the finite element method with piecewise linear
elements is defined by the following equation: for a spatial mesh size h € (0, 1],

dul(t) = Apu(t)dt + P F(uP(t))dt + o P dW?(t), u(0) = Pjuo, (2)

where P, denotes the L2-orthogonal projection operator onto the finite element space. The
stochastic evolution problem is driven by a Qp-Wiener process, with Qp = PrQ P.
The spatial discretization Ay, of the diffusion operator A typically yields large eigenval-
ues, with spectral radius of size O(h~2) for a Laplace operator and a finite element mesh
with size h, which yields a severe timestep restriction 7 = O(h?) < 1 for standard explicit
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integrators. To avoid such prohibitive time-step size restrictions, a natural approach is to
consider implicit or semi-implicit schemes, such as the linear implicit Euler method, for
n >0,

uZH =(I - TAh)_l (uﬁ + PhTF(uZ) + JAW,?), (3)

where h € (0,1] and 7 € (0,1), and the Wiener increments are defined by AWE =
Wty 1) — WC(t,) with t, = nr. Alternatively to implicit methods, in this paper we
consider families of explicit stabilized schemes of the form

UZ-H = AS(TAh)uZ + Bs(TAR) Py, (TF(UZ) + UAWnQ), (4)

where A and B are polynomials of degree s = s(7, h) which are chosen to satisfy a suit-
able stability condition depending on 7 and h. For well-chosen polynomials, the stability
domain can be very large, which allow to choose the time-step size 7 independently of the
mesh size h. In particular, we shall consider variants of the SK-ROCK method from [2].

Explicit stabilized integrators are well known efficient time integrators for stiff prob-
lems, in particular arising from diffusion PDE problems, both in the deterministic and
stochastic settings, see [13, Sect.IV.2] and the review [I]. Compared to the explicit sta-
bilized integrators first proposed in the stochastic context in [3, 4] using only first kind
Chebyshev polynomials and a large damping parameter 7, a new optimal family of explicit
stabilized method involving second kind Chebyshev polynomials, analogous to , was in-
troduced in [2]. Tt permits the efficient integration of stiff systems of stochastic differential
equations, with favourable mean-square stability properties and high-order for sampling
the invariant measure of ergodic problems such as the overdamped Langevin equation.

While the convergence analysis of stochastic explicit stabilized methods is known in
finite dimension, see e.g. [3 4, 6 7], applied to a semi-discrete in space problem ,
in general one obtains convergence estimates with error constants that depend on the
spatial mesh size h. The aim of this paper is to remove this dimension dependency and to
provide the first strong convergence analysis of families of explicit stabilized methods in
the context of semilinear parabolic SPDEs such as the stochastic heat equation, with error
constants that are independent of the space and time mesh parameters A and 7. Under
natural assumptions, for a fixed time interval size T > 0, we prove that the families of
explicit stabilized schemes satisfy the following space-time strong error estimate. For
all o € [0,1] chosen small enough such that (—A)(@~1/2Q1/2 is a bounded Hilbert-Schmidt
operator (corresponding to « € [0,1/2) for the one-dimensional stochastic heat equation
with space time-white noise), we show that the mean-square strong error satisfies

(Efu(tn) —ut?)? < C(1+ ugltn *)(75 + 1),
for all 7,h € (0,1] with t,, = nT < T, where C' is independent of n and both the space and
time mesh parameters h, T and the degree s = s(7,h). The constant C' depends however
on T and «. The parameter « is related to the spatial and temporal regularity of the
process. Note that in the deterministic case (o = 0 in ), we obtain an order one of
convergence in time and order two in space, corresponding formally to o — 2. Here, | - |
denotes the L?(D) norm in space on a bounded, open and convex polyhedral domain D
in dimension d.

While the scheme achieves the same strong convergence rate as the classical linear
implicit Euler method , as first studied in [19], we emphasize that the analysis in this



paper is not a straightforward generalization of that in [19] due to lower regularization
properties of the explicit numerical flow for the diffusion A(7A}) in compared to the
linear implicit Euler method . Furthermore, the convergence analysis of an explicit
method for parabolic SPDEs with space and time mesh independent constants is a new
result, to the best of our knowledge. In addition, note that the convergence analysis is per-
formed for a general class of explicit stabilized methods satisfying suitable regularization
conditions, and it provides a unified natural framework for Runge-Kutta type schemes,
including the linear implicit Euler method , applied to semilinear parabolic SPDESs.
This paper is organized as follows. In Section [2] we describe the classical Hilbert space
setting and assumptions used for the analysis of SPDEs and of their numerical approxi-
mations. Section [3]is devoted to the definition of the explicit stabilized method in time,
coupled with a standard finite element method in space and presents our main convergence
results. Section [ is dedicated to the strong convergence analysis of the method. Finally
Section [f] is dedicated to numerical experiments which confirm the theoretical findings.

2 Setting

Let H be the separable Hilbert space L?(D), where D C R? is an open and convex
polyhedral bounded domain in dimension d € {1,2,3}. The inner product in H is denoted
by (-,-). The norm in H is denoted by |-|. The operator norm on the space L(H) of
bounded linear operators from H to H is denoted by || - || z(). The Hilbert-Schmidt norm
on the space Lo(H) of Hilbert-Schmidt operators on H is denoted by || - ||z, ()

The assumptions stated in this section are standard in the literature on SPDEs [11]
and their numerical approximations [16], [18].

2.1 Linear operator A

The linear operator A is defined as the linear second-order elliptic differential operator
Au(z) = div(a(z)Vu(z)),

with domain D(A) = H?(D) N H}(D), where we consider for simplicity homogeneous
Dirichlet boundary conditions on the boundary of the domain (u = 0 on 9D). We assume
that the field @ : D — R is continuous on the closure D of D, of class C* on D, and

satisfies min a(x) > 0. The following result is standard.
€D

Proposition 2.1. The linear operator A is unbounded and self-adjoint. There exists a
complete orthonormal system (em)m>1 of H, and a non-decreasing sequence ()\m)m>1,

such that one has Ay > 0, lim m_%/\m € (0,00), and for allm > 1,
m—0o0

Ae,, = —Amem.

The linear operator A generates a strongly continuous semi-group on H, denoted by
(etA)t>O. For all u € H and all t > 0, one has

ety = Z e, em)em.

m>1



In addition, for any a € [—1,1], the linear operator (—A)“ is defined as follows: for all
u € H, one has

(—A)%u =) A% (u, em)em.

m>1
The semi-group (etA) i~ Satisfies the following smoothing and regularity properties: for
any v € [0,1], B
sup t7]|(=A)7etr <oo, sup t (e = D(=A)|zm < oo 5
up 7] (=) up £ (e = 1)(=4) e (5)

2.2 Nonlinear operator F

The nonlinear operator F in the stochastic evolution equation ({1]) is assumed to be globally
Lipschitz continuous.

Assumption 2.2. The nonlinear operator F' is a globally Lipschitz continuous mapping
from H to H. Precisely there exists a constant C such that for all u,v € H,

|F(u) — F(v)| < Clu—v|.

For instance, let f : R — R be a globally Lipschitz continuous real-valued function. If
F is defined as the associated so-called Nemytskii operator, precisely F(u) = f(u(-)) for
all w € H, then Assumption is satisfied. The local Lipschitz continuous case is out
of the scope of this article, and would require to modify the scheme (using for instance
implicit methods, splitting [8] or tamed or truncated explicit [14] schemes, adaptive time-
stepping [15] techniques).

2.3 (-Wiener process and mild solution of the SPDE

Let us first introduce the @Q-Wiener process (WQ(t)) >0 Let (em)m>1 be a complete
r u f

nonnegative real numbers. Let () and Q% be the bounded, linear, self-adjoint operators
on H, defined by

orthonormal system of the Hilbert space H, and consider a bounded sequence (qm)m>1 0

Qu=Y gmlu.emlem . QFu=> /am(u,em)em.

m>1 m>1

Definition 2.3. Let (ﬁm)m>1 be a family of independent standard real-valued Wiener

processes, By, = (6m(t))t€R+, defined on a probability space which satisfies the usual con-
ditions. The Q-Wiener process (WQ(t))teR+ is defined as follows: for allt > 0,

WOt) =" \amBm(t)em-

m>1

Note that the Q-Wiener process W€ takes values in H if and only if Y > Gm < 00

(which means that @ is a trace-class operator, or equivalently that Q% is an Hilbert-
Schmidt operator). Using the regularization properties for the semi-group (etA) >0
generated by A, it is possible to define solutions of stochastic evolution equations driven



by a Q-Wiener process without requiring that @ is trace-class. More precisely, the well-
posedness of the stochastic evolution equation is ensured by the assumption that the
parameter @ defined in Assumption below is positive. We refer for details to [I1,
Chap. 5] in the context of linear SPDEs with additive noise and to [I1), Sect.7.1] in the
context of semilinear SPDEs.

Assumption 2.4. Assume that there exists a > 0 such that \|(—A)QT_1Q%H£2(H) < o0,
and define

a=sup {a €1 (~4)*F Qe < oo}

In the sequel, the parameter @ plays a key role, indeed it determines the spatial and
temporal regularity properties of the solutions, as well as strong rates of convergence of the
numerical methods. We observe that & € (0, 1] and for all a € [0, @), ||(—A)%Q% 2oy <
0o. We recall that for an equation driven by space-time white noise in dimension d = 1
(Q = I), one has @ = % However, if d > 2 and @ = I, then \|(—A)QT_1H%2(H) =
s A4 = oo for all @ > 0 (see Proposition , hence the need to consider colored
noise (Q # I) if d > 2.

Under Assumption and for any initial condition ug € H and any time T €
(0,00), the stochastic evolution equation admits a unique global mild solution, which
satisfies

t t

u(t) = ey +/ eU=INE (u(s))ds + 0’/ =MW (s), forallte(0,T], (6)
0 0

see [I7, Chap.2, Thm. 2.25], and see Proposition (Appendix) for more details and

temporal and spatial regularity estimates.

3 Numerical methods

The aim of this section is to define the semi-discrete and full-discrete approximations of
the process (u(t)) >0+ We first describe the spatial discretization, performed using a finite
element method. We then detail the fully-discrete scheme, which is the main topic of this
article: the temporal discretization is performed using explicit-stabilized integrators. We
provide several concrete examples of such schemes using Chebyshev polynomials, and state
a general assumption for the analysis. Finally, we state our main convergence results.

3.1 Spatial discretization: finite element method

For every mesh size h > 0 (without loss of generality, assume that h € (0,1]), let 73, be a
triangulation of the bounded, convex, polyhedral domain D. Assume that the triangulation
is quasi-uniform. The finite element spaces V}, are finite dimensional linear subspaces of
V = H}(D). Let Nj, denote the dimension of Vj,. For simplicity, we consider V} to be
the space of continuous functions on D, which are piecewise linear on 7;, and zero at the
boundary 0D.

For all h € (0,1], define the linear operator Ay on V4, equipped with the inner prod-
uct (-, -) inherited from H = L?(D), as follows: for all uy, vy, € Vj,

(Apup,vp) = — /D a(x)Vup(z) - Vop(z)dx.



Observe that Aj is a negative and self-adjoint linear operator on V3, thus there exists an

of V}, and positive real numbers ()‘m,h) such that

orthonormal basis (emﬁ) 1<m<N,

1<m<Ny

Apemp = —Amnemp, 1<m < N,

and A p < - < A < Apgip <o < A, - In addition, for all A > 0, the spectral gap
(=Anup,un) (—Auu)

Avp = inf =0 Fal?

up €V
of —A (this is an immediate consequence of the inclusion V}, C H).

Define Py, : H — Vj, as the L?-orthogonal projection operator onto Vj, (for the inner
product (-, -)), for all A € (0,1]. Then, for all w € H, one has

of —Ay, is larger or equal than the spectral gap A1 = inIf{
ue

Np,
Pou = Z (U, em h)em b

m=1

In the sequel, the following notation is extensively used. For any function ¢ : (—oo, 0] —
R, and all h € (0, 1], define the self-adjoint linear operator ¢(Ayp) as follows: for all uy, € Vj,

Np,
S(AR)un = D (=X n) (Whs €m ) em b (7)
m=1

In particular, the linear operators (—A)®, for all o € [—1,1], and e, for all t > 0, are
defined by the expression (7)) with ¢(z) = (—2)® and ¢(z) = e!* respectively.

Let us state the conditions required for the analysis below. Those conditions are
satisfied for piecewise linear finite element methods on a quasi-uniform triangulation of
the bounded, convex, polygonal domain D. We refer for instance to [17, Section 3.2] and
references therein for details.

Assumption 3.1. For all o € [—%, %], there exists Cy, € (0,00) such that for all h € (0,1)
and all up, € Vy,
Co 1(=An)%un| < [(=A)%up| < Cal(=An)unl,

and for all u € D((—A)%),
[(=An)* Prul < Ca|(=A)%u.

Moreover, for every a; € [0,1], ag € [, 2], there exists Cy, 0y € (0,00) such that for all
h € (0,1],

I(—=A)F (I - P,)(~A < Coy g h®2 01

_ag
)7 HL(H)
It is then straightforward to prove the following result.

Proposition 3.2. Let Assumptions and [3.1) be satisfied. Then for all o € [0, @),

a—1 1
sup [[(=An) = PrhQ2 |y < 0.
he(0,1]

The semi-discrete approximation of obtained by spatial discretization using the
finite element method is defined by the following equation: for h € (0, 1],

dul(t) = Apul(t)dt + PyF(u(t))dt + o P, dWO(t) ,  u"(0) = Phuo. (8)



This stochastic evolution equation is driven by a QQp-Wiener process, with Q, = PrQP.
The initial condition is given by u’(} = Pjug. The problem is globally well-posed, and its
unique solution (uh(t)) >0 takes values in the finite dimensional space Vj,. It satisfies the
following mild formulation

t t

ut(t) = et -l—/ =M py F(uh(s))ds + 0/ =M P a9 (s), 9)
0 0

where we recall that the semi-group is defined by e ruy; = Zﬁh Le P (up e pYem

for all t > 0 and uy € Vj, using . The following smoothing and regularity properties

(which are uniform in h € (0,1]) are used in the sequel: for any v € [0, 1],

sup sup t7||( etAh < 00. 10
Sup sup 7| e (10)
and
sup sup t*WH(etAh — I)(—Ah)*VHL(Vh) < 00, (11)
he(0,1] t>0
where || - || z(1;,) denotes the operator norm on L£(V}).

3.2 Space-time discretization by explicit stabilized methods

The objective of this section is to describe the temporal discretization of using explicit-
stabilized integrators. More precisely, we consider families of functions (AS)S>1 and
(Bs)s>1, indexed by the integer parameter s > 1 which is used to describe the stabil-
ity region of the associated integrators. Let 7 > 0 denote the time-step size (without loss
of generality, assume that 7 € (0,1]). The integrators studied in this article are defined
by

ul 1 = As(TA)ul + Bs(TAR) P (TF( by + UAWQ) (12)
for all n > 0, with the initial condition uO = Pyug = u"(0). In (12 , the Wiener increments

are defined by AW = W®(tny) — W2(t,), with tn = n7. The self-adjoint linear
operators A (TAp) and By(TAy) are defined using (7)):

Np,
A(TAy) = ZA T Am ) (s emp)emp > Bs(TAR) = O Ba(=TAmn) (s emp)empn. (13)

m=1
From , one gets a discrete-time mild formulation, similar to (@ and @D: for all n > 0,

n—1
up = As(TAR)" g + Y A (TAR) T B (AR P (T (u) + 0 AWD). (14)
k=0

For given time-step size 7 and the mesh size h, the parameter s is chosen large enough
such that the following stability condition is satisfied:

TAN,.h < Ls, (15)

where the size Ly € (0, 00] of the stability domain depends on the choice of As. One of
the minimal requirements (see Assumption below for the full list of conditions) is that

sup |As(z)| < 1. (16)
z€[—Ls,0]



Figure 1: Stability functions As(z) and Bs(z) in of the explicit stabilized methods
(normal and logarithmic scales), with degree s = 7, damping parameter n = 0.05.

Note that if A4s(2) is a (non-constant) polynomial, then |As(z)| — oo as |z| — oo, which
yields that Ls < oo necessarily has a finite value, whereas Ly = 400 for the rational
function A(z) = (1—2)~! related to the implicit Euler method. Several choices are possible

for the definition of (.As) and (Bs) and will be discussed in the next section.

s>1 s>1

3.3 Chebyshev explicit stabilized integrators

Let us provide examples of explicit stabilized integrators inspired from the literature and
which fit in this framework, and discuss implementation details. The first choice is inspired
from [2] in the context of stiff stochastic integrators with favourable mean-square stability
properties, while the second choice in inspired from [I2] in the context of deterministic
partitioned stabilized Runge-Kutta methods for convex optimisation.

The idea of explicit stabilized methods is to consider suitably chosen polynomials A;
such that the stability domain size Lg in grows rapidly with s. Under the consistency
condition Ag(z) = 1+ 2z + O(2%) (2 — 0), it is known [I3, Sect.IV.2] that the optimal
choice maximizing the value of L is given by As; = Ti(1 + z/s?), where Ty is the first
kind Chebyshev polynomial of order s satisfying T(cos @) = cos(sf), givingLs = 2s2. This
quadratic growth of Ls with respect to s permits to achieve much larger stability domains,
in contrast to standard explicit Runge-Kutta methods. However, it turns out, both in the
deterministic and stochastic settings [1], that the condition (16) is not sufficient in general
for the design of a robust integrator, and some damping should be introduced to obtain a
stronger bound

sup  |Ay(2) < 1—e,
z€[—Ls,—0]

where € > 0 and 0 > 0 are fixed constants independent of s and the mesh sizes 7,h. A



natural choice, as considered in this article, is to consider a fixed damping parameter n > 0

and define A4(z) as

Ts(wo + wi2)
Ts(wo)

where T is the first-kind Chebyshev polynomial of degree s, and the parameters wy,w;
are defined by

Ag(z) = (17)

n T (WO)
=it “ T(wo)

where 7 is referred to as the damping parameter. The real numbers wg and w; depend on
s and 7, but the dependence is omitted to simplify notation.
Definition — yields a stability domain with length

(18)

2
Ly>—
w1

in , and it can be shown that L, > (2 — %77)32, with a small and fixed damping
parameter n > 0. Observe that Ls grows quadratically as a function of s, and is arbitrarily
close to the optimal value L, = 25, see [I].

The choice for the associated function Bs is not unique, and also not trivial to be able
to take into account the noise source term, which needs to be regularized. We present two
families of explicit stabilized integrators.

For the first family, as proposed in [2], we use the second kind Chebyshev polynomials
defined by T.(z) = sUs—1(x) and sin(sf) = sin(0)Us_1(cosf) for all s > 0. Then the
SK-ROCK method [2] is obtained with choosing A, B, as follows: for s > 1, set

Us—1(wo + w1 2)
Us—1(wo)

where wo, w; are defined in(18)). It is shown in [2] that the nearly optimal stability domain
size Ly > (2 — %77)82 also persists for the size of the mean-square stability domain of SK-
ROCK in the context of stiff SDEs, taking advantage of the classical identity on first and
second kind Chebyshev polynomials,

Ay(z) = W (1+22), (19)

Bs(z) = 5

To(z)? + Us_1(2)?(1 — 2%) = 1.

To illustrate the behavior of these polynomials, in Figure |1, we plot the polynomials Ag(z)
and Bs(z) in as a function of real negative z, and we observe that for s = 7,7 = 0.05,
the corresponding stability domain length Lg in is close to the optimal value 2s? =
98. In addition, the polynomial As(z) oscillates between the values £1/7Ts(wg) where
1/Ts(wp) ~ 1 —n = 0.95, while B,(z) oscillates with a very small amplitude. We also
include for comparison the polynomial (As(z) — 1)/z discussed below as an alternative
definition of Bs(z), and the stability function 1/(1 — 2z) of the implicit Euler method.
Since Ag and B are polynomials (with degree depending on s), the integrators can
be implemented explicitly, in particular no diagonalization or preconditioning techniques
of the operator A, are required in practice, in constrat to implicit methods. In practice,
to avoid a dramatic accumulation of round-off errors, computing the operators Ag(7Ap)
and Bs(7Ay) should note be performed naively as high degree polynomials (see e.g. [1]).



Alternatively, taking advantage that first and second kind Chebyshev polynomials have
satisfy the same recursion relation: for all s > 1

Toyi1(x) = 22Ts(x) — Ts—1(x), Ust1(z) = 22Us(z) — Us—1(z),

an efficient implementation inspired by [2] of the method with stability polynomials
As, Bs defined in can then be achieved as follows. The first method considered in the
paper then writes: given uﬁ, compute uﬁ 11 by induction as

Kflﬁo =ul,Gh = Ph(TF(uZ) + JAWfi?),
K;L"l = Khyo + TR (Kg,o + VlGZ) + /ﬁGfL,

h " h h h . (20)
Kn,i — MZTAhKn,’L—l + VZK’HJ—l + RZKTL,’L—Q’ 1= 27 . e 787
UZ—H = Kg,sv
with p; = w1 /wg, 11 = sw1/2, k1 = sp1, and for all i =2,...,s,
2w Ti—1(wo) 2woT;—1(wo) Ti—2(wo)
= S L0) o SO0 = T2 21
ME T ) T D) T Tiw) Z 2y

We now describe the second family of explicit stabilized integrators considered in this
article: the polynomials A5 and B are given by

Ts(wo + w1 2) Bu(2) = As(z) — 1

Aslz) = To(wo) 2

(22)
a choice considered in [I2] in the context of convex optimisation. Note that the two
methods use the same definition of A,. The second method considered in this paper can

be implemented as follows: given u”, compute ufl 41 by induction as

Kl =ul,Gh = Py (rF(u])) + cAW,),
Kh,1 = Kff,o + H1 (TAhKff,o +Gh),

n

h _ h h h h -

K)o =pi(TA K]+ GR) + Kl + Ky, =2, s,
h _ h

un+1 - Kn,s?

where 1 = wy/wo and p;,v4, ki, i = 2, ..., s are defined in (21).

3.4 General assumptions and main results

We are now in position to state the general assumptions and convergence results of this
article. The analysis of convergence of the integrators is performed under the following

abstract conditions for the family of functions (.AS) and (BS)

s>1 s>1"

Assumption 3.3. For all s > 1, As and Bs are meromorphic functions, and for some
sequence (LS) of positive real numbers, the conditions below are satisfied.

s>1
As(0) = AL(0) = Bs(0) =1, forall s > 1, (24)
In addition
sup (1 + |2])|Bs(2)]? < oo, (25)
s>1,z€[—Ls,0]

10



and for all § € (0,1],
sup |As(2)] < 1. (26)
s>1,z€[—Ls,—4]

Finally, there exists 6 € (0,1] such that

sup  ([As(2)] +[Bs(2)]) < oo, (27)
$>1,2€D(0,0)

where D(0,9) = {z € C; |z| < &} denotes the open disc of radius d and center 0 in C.

The strong order of convergence of the explicit stabilized methods for the temporal
discretization with respect to 7 is equal to @/2, analogously to the implicit Euler method
(B). The strong order of convergence @/2 is related the Holder regularity in time of the
solution.

Theorem 3.4. (Strong convergence in time) Let Assumptions and be satisfied.

For all a € [0,@) and T" € (0,00), there exists Cor € (0,00) such that for any
initial condition ug € H and all h € (0,1], 7 € (0,1] and s > 1 such that the stability
condition holds, then for all t, = nt <T one has

o

1 —= %
(Efu” (ta) = ub?)? < Cor(1+ Juoltn *)7% (28)

We deduce the strong convergence rates both in time and space, taking into account
the finite element spatial discretization. This is an immediate consequence of Theorem
classical finite element discretization estimates (see Proposition in Appendix) and the
triangular inequality

D=

(Blu(ts) — ul2)2 < (Blub(t)) — uh[2)? + (Blu(tn) — v (t)[?)?.

Corollary 3.5. (Strong convergence in time and space) Let Assumptions and
be satisfied.

For all o € [0,@) and T € (0,00), there exists Cor € (0,00) such that for any
initial condition ug € H and all h € (0,1], 7 € (0,1] and s > 1 such that the stability
condition holds, then for all t, =nt <T one has

(Elu(t) — u'*)? < Cor(1+ uoltn ®) (75 + h9), (29)
forallt, =nt <T.

Remark 3.6. The framework of our analysis includes not only explicit stabilized methods
but also more general explicit or implicit Runge-Kutta type linearized methods. Indeed,
observe that the conditions stated in Assumption [3.3 are satisfied if one considers the
explicit Euler method (for all s > 1, set As(z) = 1+ z, Bs(z) = 1), with the constraint
Ls < 2, or the implicit Euler method (for all s > 1, set As(z) = Bs(2) = (1 — 2)71), with

Lg = 0o. Howewver, note that the Crank-Nicolson method (for all s > 1, set As(z) = i;
2

Bs(z) = é} satisfies (24)), and ([27)), with Ly = oo, however the condzition is
not satisfied since |As(co)| =1 (the method is A-stable but not L-stable, see [13]).
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The convergence estimate of Theorem [3.4] can be generalized in several directions. The
proofs would follow the same strategy as for proving Theorem with a few modifications
described below and omitting some technical details.

In the case of a spatially regular noise, the following strong order one estimate can be
obtained, stated for F' = 0 for simplicity (the case of a non-zero F' is discussed in Remark
. Note that this corresponds formally to @ = 2 in Assumption and the statement
of Theorem where 7%/2 can be replaced by 717¢ for arbitrarily small € > 0. Note that
proving this result requires different techniques from the proof of Theorem

Theorem 3.7. (Higher-order of convergence for spatially regular additive noise)
Under the assumptions of Theorem[3.]), assume in addition that

mln( ,2])
sup < 00. 30
s>1,z€[—Ls,0] 1- (Z)2 ( )
Consider with F' =0 and assume
1 1
[(=A)2Q%]|z, < oo. (31)

For all e € (0,1) and T € (0,00), there exists Cer € (0,00) such that for any initial con-
dition ug € H and all h € (0,1], 7 € (0,1] and s > 1 such that the stability condition
holds, then for all t, = nt < T one has

1
(E\uh(tn) — uh| )2 Cer(1+ |u0|t;1+6)7'1_6. (32)

Finally, in the deterministic case (¢ = 0), the explicit-stabilized scheme has order
of convergence in time equal to 1 and order of convergence in space equal to 2 in the
deterministic case ¢ = 0. The proof is omitted since it follows from straightforward
modifications of the proof of Theorem using the Holder regularity of the solution with
order 1 — € when o = 0.

Theorem 3.8. (Deterministic case) Let Assumption 3.5 be satisfied.

For all € € (0,1) and T € (0,00), there exists Cer € (0,00) such that for any ini-
tial condition uwg € H and all h € (0,1], 7 € (0,1] and s > 1 such that the stability
condition holds, then for all t, = nt <T one has

lu(ty) — ult| < Cer(1+ |uolt, ') (71 7€ + *7°). (33)

4 Convergence analysis

This section is dedicated to the convergence analysis of the considered class of explicit
stabilized methods for semilinear parabolic SPDEs. We first prove that the abstract
conditions (Assumption are indeed satisfied by the considered SK-ROCK method
and its variant both described in Section We then derive the convergence analysis,
based on general consistency results, moment estimates, spatial discretization estimates.

12



4.1 Verification of the abstract conditions for the Chebyshev methods

The goal of this section is to prove Proposition[4.2] below, which states that the two explicit-
stabilized methods and , with stability functions and , respectively,
satisfy the conditions given in Assumption

First, we recall some useful asymptotic results used to analyze properties of the explicit-
stabilized integrators based on the first and second-kind Chebyshev polynomials, see [2].
Recall that 7 is the damping parameter, see (|18]).

Proposition 4.1. Let n > 0. Then, when s — oo, one has

2 tanh(y/2n)

S a8,

and for all 6 € [0,1/Q(n)],

Ts(wo —w16) — cosh(/2(n —6Q(n))) > 1.

§—00

Let ng = inf{n > 0; n/Q(n) = 1}. Observe that 1y > 0, and that n/Q(n) < 1 for all
n € (0,7m9). The value of 79 has been estimated numerically: ny ~ 0.7001.
We are now in position to state the main result of this section.

Proposition 4.2. Let (AS)S:OI _ be defined by and (85)5201 _ be defined either
by or by (22)), with the parameters given by . Assume that n € (0,m9). Then
Assumption is satisfied, with Lg = 2wy .

Proof of Proposition[{.3.

Note that Ag and B, are polynomial, thus they are analytic functions on C.
Proof of . This follows from straightforward computations.

Proof of (27). We recall the following formula for all s > 1,k > 0,

k L
Ts,()(l)ZHQ.JrlSS : (34)
j=0

Moreover, for all x € [1,4+00), one has Ts(k) (x) > 0, because all the roots of the polynomial
T, (and of its derivatives Tg,(k)) belong to the interval (—1,1).

Choose 6 = 1. Let s > 1, then Ty is a polynomial of degree s, and the Taylor formula
yields, for all z € C,

Ae) = RS S ST/ )

Since the function Ty is increasing on [1,4+00) and wp > 1, one has Ts(wp) > Ts(1) = 1.
In addition, 7" is increasing on [1, 00), thus using 7”(wp) > T(1) = s2, we obtain w;s? <
w1l (w) = Ts(wp). Finally, using then yields

s (k) k
T (D) n
2 s
sup wis® < sup E — <. 35
s>1 s>1 3 s2k k! (35)

13



These properties and the estimate yield

s

1
sup |Au(2)| < 30 (7 +wis?)" < emtenst < et
z€D(0,1) k=0 k!

To obtain an upper bound for sup |Bs(z)|, the two versions need to be treated separately.
z€D(0,1)

First, assume that B is defined by . Using the relation 7. = sUs_1, the inequality
T!(wo) > T.(1) = s, and the upper bound |1+ 92| < 1+ % < 1+ & < €7 when
z € D(0,1), one obtains for all s > 1

1 n
sup [Ba(2)| < €1 o TE (1) (n/s” + wi)F < €7D (0 +wis?)F < 27
z€D(0,1) ;) k?!Ts/(WO) kzo k!

where we used a Taylor expansion for the polynomial Us_1(wg + w1 2).
Second, assume that B is defined by . Observe that B is an analytic function
(since Ag(0) = 1), thus using the maximum principle yields for all s > 1

A(

-1
L‘ <1+ sup |Ag(2)| < 1+em
z 2€D(0,1)

sup [Bs(z)| = sup
z€D(0,1) |z|=1

This concludes the proof of for the choice 6 = 1.

Proof of . For a fixed 7, observe that it is sufficient to prove for all 6 € (0,ne™"].
Indeed, the result then immediately follows as the left-hand side of is by definition
a decreasing function of §. We now assume § < ne~". Using yields 6 < n/(w1s?) =
(wp—1)/wi. On the one hand, if z € [—Ls, (1 —wp)/wi], then z = wp+w; 2z € [—1, 1], hence
|Ts(wo + w12)| < 1. On the other hand, if z € [(1 — wp)/w1, —0d], then z = wy + w1z > 1,
hence 0 < Ts(wp 4+ w12) < Ts(wp — wid) < Ts(wo), since T is increasing on [1,4+00). Thus,

max(1, Ts(wy — w1d))
sup | As(2)| <
ze[—Ls,—é]‘ )l Ts(wo)

= As(—0) € (0,1), foralls>1.

Moreover, using Proposition [£.]

. cosh( 2(77—6(2(7])))
5500 cosh(y/2n)

One thus obtains the inequality sup.As(—d) € (0,1), which concludes the proof of (26]).
s>1

Proof of . Owing to , which holds with § = 1, it is sufficient to prove

As(_é)

€ (0,1).

sup |2||Bs(2)]? < oo.
s>1,z€[—Ls,—1]

It is again necessary to treat separately the two versions of the integrator.
First, assume that B is defined by . Recall that Ly = wal, thusif z € [—2wf1, —1],
then * = wy + w1z € [—1 + /s, wp — wi]. Define

s (1+x—n/82> 1 (z — /s>

Qs(x) - Ts(w0)2 9 1— 22 >

14



then a straightforward computation implies the equality
—22B,(2)? = Us—1(2)(1 — 2)Qs(2).

Let us first prove the following claim: for all z € [~1+1/s?, wg — w1], one has Q4(z) > 0,
and
sup sup Qs(x) < oc. (36)
521336[*14’7]/82,0.707&)1]

Indeed, owing to , % < €. In addition, for all z € [—2w1_1, —1],

1 _ 2
+x277/8:1+w§z€[071]_

To treat the last term, note that for all x € R,

(] 2)2 2 2
T A Ca
dx 1— a2 s2(1 — x?)?

where we used 1/s% < ng < 2. As a consequence, for —1+ 4 <r<w—w =1+F —wi,
one obtains for all s > 1

1 —(z—n/s*)? 1— (1 —wp)?
0< < el < n < 0.
S Qs(r) <€ 1— a2 _iglfel—(wo—my OO
Here, we used the property
g 1= (1 —w)? e’

e
1-— (a)() — w1)2 s—oo 1 — n/Q(?])

and an asymptotic expansion with wy o Q(n)s~2 (owing to Proposition , wo = 1+,
and the property n/Q(n) < 1 for n < ng. This concludes the proof of (36).

Since Qs(z) > 0 for x € [~1 + 1/s%,wy — wi1], and since z < 0, one obtains that
Us—1(z)?(1 — 2?) > 0. In addition, properties of the first and second-kind Chebyshev
polynomials yield the equality Us_1(z)?(1 — 2?) = 1 — Ty(z)? < 1 forall z € R. As a
consequence,

sup  sup — 2B, (2)? < sup sup Qs(z) < oo.
leZE[*QWfl,fl} s>1lze[—14n/s2wo—w1]

This concludes the proof of for the first version (|19)).
Let us now focus on the second version: assume that By is defined by . Then,
using (As(z) —1)2 < 2+ 2A44(2)?,

Ag(z) —1)?
sup  sup  —zBs(2)> =sup  sup M <2+2sup  sup  [|As(2)]* < oo,
s21 2w 1] 521 z¢[—2w; !, —1] 2] s2lze[—2wit,—1]

owing to with 6 = 1.
This concludes the proof of for the two versions. The proof of Proposition is
thus completed. O
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Finally, we verify that the considered Chebyshev methods satisfy the additional as-
sumption needed in Theorem

Proposition 4.3. Let ("45)5:0 L be defined by with n € (0,n9). Then holds.
Proof. Let 6 € (0,ne™"). First, yields

min(1,|z|) < 1 -
sup < 0.
s>1,2€[-Ls,—0] 1 — As(2)? ]"_ig?zeﬁﬁp,ﬂ|f%(zﬂ2

Second, let z € [—0,0] and z = wy + w1z. Using 6 < ne™" < 1gf1 “’2}—;1 (owing to (35))),
5>

then one has = > wy — w10 > 1. Thus, A,(z) and A,(z) are positive and increasing on the
interval [—d,0]. In addition, using

s(2) —1 ! ! 1— Ay(=0
Asz) =1 :/ AL (tz)dt 2/ AL(—t8)dt = ﬁ,
z 0 0 1)
and noting 1 — A4(2)? > 1 — A4(2), we obtain
sup min(1, |z|) < ) -
u )
s>1,2€[—4,0] 1- ‘AS(Z)Q T 1- Sl>11i) AS(_(;)
where we used . This concludes the proof of Proposition O

4.2 General consistency analysis

The objective of this section is to state and prove some consequences of the abstract
conditions given in Assumption [3.3] We start with the following lemma, which states that
Bs(z) = 14+ O(2) and As(2)" = ™ + O(n~ 1), uniformly for z € [~Ls, 0] and s > 1.

Lemma 4.4. Let Assumption be satisfied. Then
1 - By(2)|

sup 00, (37)
s>1,z€[—Ls,0] |Z|
and
sup n|As(2)" — e"*| < oo. (38)

n>1,s>1,z€[—Ls,0]

The estimate is inspired from [I0, Theorem 9] for the time discretization of
parabolic PDEs and from [5, Lemma 5.2] in the context of explicit stabilized methods
for parabolic homogenization problems.

Proof of Lemmal[{.4 Let rs(z) = (1 — Bs(z))/z. Since By is a meromorphic function (by
Assumption with Bs(0) = 1 (owing to (24)) and which is bounded on D(0,4), then
s is an analytic function in the open disc ID(0,d), where § is given by (recall that ¢
does not depend on s). Owing to the maximum principle for analytic functions,

~ C
sup |rs(z)] = max |rs(6e?)| < =
s Ir(2)] = s ()| <
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In addition, using , we deduce

sup  |rs(2)] <6714+ sup  |Bs(2)]) < oo
z€[—Ls,—9) z€[—Ls,—9]
This concludes the proof of .

It remains to prove (38). For n > 1 and s > 1, set ¢, 5(2) = Ag(2)" — €™, and let
r,s(2) = @175(2)/22. Since A, and thus ¢ s, are meromorphic functions (by Assump-
tion , with ©1,4(0) = ¢} (0) = 0 (owing to (24)), then r1 4 is an analytic function in
the open disc (0, ), where § is given by (again, ¢ does not depend on s). Owing to
the maximum principle for analytic functions, one has

1
Co= sup |ris(z)| =supsup|ris(z)] < 2 sup (66 + | As(2)]) < oc.
s>1,|z|<o s>1|z|=0 s>1,|z|<o

Let v € (0,6) be chosen sufficiently small such that % + Coye?/? < % Then, for all
z € [—7,0],
[As(2)] = e/2[e*? — 7201 o (2)] < €2(1 = |2|/2 + |2 /8 + Col=[e*/?) < 2.

Using the identity

n—1
[Pns(2)] = [s(2)" = €| = |2 01s(2)l12° ) €2 A2)" 7,
k=0
one obtains for all n > 1,

1
sup  [in,s(2)] < C'0|Z|2n€(n_1)z/2 < *C'oev/QSup(ﬂe_x/Z).
s>1,z€[—,0] n 230

Let p = sup |As(2)|. Then p < 1 owing to , and it is straightforward to check
s>1,z€[—Ls,—]
that, for all n > 1, one has

sup n|en,s(2)] < sup n(e™™ 4 p") < oco.
n>1,5>1,2€[~Ls,—7] n>1
Gathering the upper bounds for z € [—Lg, —] and z € [—, 0] concludes the proof of .
The proof of Lemma [£.4] is thus completed. O

Let us now apply the conditions given in Assumption [3.3] and obtained in Lemma [4.4]
to deduce properties for the operators As(7Ap) and Bs(7Ay). Recall that || - [y, ) denotes
the operator norm on £(V},).

Proposition 4.5. Let Assumption be satisfied. For all v € [0,1], there exists C' €
(0,00) such that for all T,h, and for s > 1 satisfying the stability condition , then

[ATAR) | £v) < 1, (39)
-ADEBEAD iy < < (40)

(I = B(rAR)) (=An) vy < CT7, (41)
I A(TAR)™ — emAhHg(vh) < %, for alln > 1. (42)
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Proof. The linear operators A(TAz), B(TAr), (—An)?, (—=Ax)™7, and e"™» are self-adjoint
operators, recall the notation . Owing to the stability condition , one has =7\, , €
[—Ls,0] for all m € {1,...,Np}. Inequality is then a straightforward consequence
of (26) (which holds for all arbitrarily small 6 > 0). Inequality (40]) is a consequence
of (|25 . (in the cases 7 = 0 and v = 1), and of the following mterpolatlon argument: using
the inequalities By(2)? < Cp and |z|Bs(2)? < C1, one obtains |z|7B4(2)? < C’1 1Cy, for
v €10,1] and z = —T A, j,. Similarly, Inequality is a consequence of (37} . in the case
~v =1). Finally, Inequality follows from . O

4.3 Proof of the main convergence estimates

We have obtained in the previous section all the ingredients for the proof of Theorem
The structure of the proof follows the same approach as for the convergence of the linear
implicit Euler scheme applied to parabolic semilinear SPDE discretization analysis with
Lipschitz continuous nonlinearities, see for instance [19]. Our proof however illustrates the
behavior of explicit-stabilized integrators in this context.

In the proofs, the value of the constant C' € (0, 00) may change from line to line.

The following estimate on the moments of the fully-discrete scheme is a key ingredient
for the proof of the convergence estimates.

Proposition 4.6. Let Assumptions and[3.1] be satisfied.

Let (uﬁ)n>0 be defined by , where (.A ) e>1 and (B ) satisfy Assumption

For all a € [0,@) and T € (0,00), there exists Cyo 1 € (0, oo) such that for all ug € H
and all h € (0,1], 7 € (0,1] and s > 1 such that the stability condition is satisfied,
one has

max E|(- Ap) 2 < Cor (L4 (=) 2 uol).

In the proof of Theorem only the result with a = 0 is used. Note that Propo-
sition shows that the spatial regularity is preserved by the temporal discretization,
uniformly in the admissible parameters h, 7, s.

Proof of Proposition[{.6 By the Minkowski inequality, owing to the formulation of
the fully-discrete scheme, it is sufficient to deal with the three following contributions.

(i) Owing to and using Assumption one has
|(=An) % As(TAR)"ug| < |(—An) 2 Pyuo| < C|(=A)Zuol.

(ii) Owing to the Minkowski inequality, and using the linear growth |F'(z)| < C(1+ |z|)
(a consequence of the Lipschitz continuity of F'), one has

GBS ,45(mh)n—l—’fzss(mh)PhF(u’,;)|2)é
k=0

TZ( (—An)3 A (TAh)nl’fBS(TAh)PhF(ug)Pf

3
,_.

(e} l
<Cr H(—Ah)5As(TAh)"_1_kBs(TAh)Hc(vh) (1+ (Elup?)?)
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n—1

<07 Y |[(~An)F e IRTAB (A ]\E(V)(1+(E|u2|2)%)
k=0

+Or Z [ (As(rAR)" 1R — e I=RTAY (ALY S By (TAR) | 2y (1 + (Eluft?)?).

On the one hand, owing to (40) (applied with v = «), and to (10), one has

n—1
3 (AR TEIINB, (1) |y (1 (BLEE)?)
k=0
= 7]|(—~8) 3 Ba(r )| g (1 + (BRE1[2)?)
n—2
3 (AR E T TITAB, ()| (1+ (Bl ?)?)
k=0

M=

<O (1 + (Bl i)

)

1
Cr = (1 E|lu
’ kzzo((n—l—k)T)Q( +( ’k’)

NI

)-

On the other hand, using first , then ,

7Y [[(As(ran)" 0 = ORI (—A) 3 By (TAR) | £ vsy (1 + (Efu}?)?)

n—2
a 1
<Oy A B Al iy (1 + (Bl ) #)
k=0
n—2 L
<Cr (1 + (E]uZ]Q)i).

[NI]e)

=0 ((n —1-— k:)T)

a+e

(iii) Using the It6 isometry formula, the condition H(—Ah) PhQ |l 2oy < C, with
e € (0,a—a) (see Proposition, and the inequalities ((10), (40)) and (42)), combined

with the same arguments as above, one obtains

E[(—An)% Y A(rAR)" By (7 AR) PL AW 2
=0

3
—

Ed

—TZH (—A0)E Au(rAL)" TR BU(T A PAQE |12,

<TZH Ah 2 TAh)n 1= kB TAh HE

H a+e

“PQ3 17, (o)

<CTZH (—Ap)"

—HThng, (TAn) HE(V
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+Cr Z H(—Ah) = (AS(TAh)n—l—k _ 6(n—1—k)T)Ah)B (TAp) HE(Vh)

<C.

To conclude, first assume that o = 0. The estimate then follows from the application
of the discrete Gronwall lemma. The case o € (0,@) then follows from the calculations
above. This concludes the proof of Proposition O

Proof of Theorem[3.]]. Introduce the notation ¢, = n7, n € Ny, and assume that T'= N,
with N € N. Set F}, = P,F.

1
Let also €, = (Elu"(n7) — u?[*)2. Using the mild formulations (J) and (T4), one
obtains the decomposition
u'(tn) =gy = ("7 — As(TAR)")ug

n—1

tet+1
+ Z / [eltn=DAn — A (7 AR)" 1 FBy(1AR) ] PhdW@(t)
k=0 "tk
n—1 thi1
+ Z / [eltn =8 Py F(u(£)) — Ag(TAR)" B (mAR) Fy (ul)] dt.
k=0"tk

Using Minkowski inequality, one obtains €, < €. + €2 + €, where

e = I = Autrs))d
n—1 t 1
61% _ (‘ E/ k+1 [e(tn—t)Ah _ AS(TAh)n—l—kBS(TAh)] PdeQ(t)‘2> 2
k=0 ik
n=loety g 2y1
=3 [ Bl B 1) - ArA B A P ) P
k=0 "tk

It remains to prove the three claims below: for all « € [0, @), there exists a constant C'
such that

e < e (43)
tn

& < Cr?, (44)
n—1

e < CTZGk+CT%(1+\u0|). (45)
k=0

Proof of . This claim follows from , indeed this inequality yields for all n > 1

C’|uo\7'%
Ot

(nm)7

C
bl < bl <
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Proof of . Using the It6 isometry formula,

n—1

(7 B n—l— 1
(en)” = kzo/tk [ [elt =0 — A An) B (7 An) | PaQ3 7, gyt

where

tn B 1,2
(e21)? :/0 e =08 (1 — Bo(rAn) PuQz [, gyt
n—1

t
(6%2)2 _ Z/ k41 H (e(tn—t)Ah o 6(tn—tk+1)Ah)Bs(7-Ah)PhQ% Hig(H)dt
k=0

_TZH (tn—tk+1 AS(TAh)n 1- k)BS(TAh»PhQ%HiQ(H)

We next prove upper bounds for the quantities (6n ) ,j =1,2,3 as follows.

e Estimate of 2. Owing to Proposition m , and to ,

l—a—c¢ a+te—1

1
i(vh)dtH(_Ah) 2 PhQQHZQ(H)

@07 < [ -0 B

t’VL
<c / (A 5=l 2 (= BrAn))(=An)~3 2

tn
<C / te L dere
0

< Cr*.

e Estimate of ¢2°. Owing to Proposition , and to ,

2

n—2 tk+1 —€
(@ <Cy’ / (s 0% — D) (=A% g el 04 (A0) T Gy,
tr

tn & l—e¢
i C/ (=0 = 1) (=) ™% [y 2B (rAn) (=) =
tn—1
n—2 1
S CTa (T Z 1—e + 7-5)
im0 (n—1-Fk)r)
< Ct°.
e Estimate of 63{3. Owing to Assumption , and to ,
n—2
(23)2 < O7 3 || (el treM — AL (rAR)" 1R [2 g [1Ba(TAR) (—Ap) 5"
k=0
n—2 1
< e & o S §
- CTkZ_O (n—1- k)l—eT
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<Ct® 7'112_:2 1 )
1—e

iz (n—=1-k)7)

< Ct°.

Proof of . The error term € is decomposed as follows:

6% < ez’l + 6?{2 + 6%’3 + ei’4

where
n—1 +
=S [ Eet o (o) - B
n—1 Lt
- Z/ (E[e(t =0 (1 — By(rAn)) Fa(uf)|*) 2t
k=0 "tk
n—1
_ /t elin 0N _ (b DM B () F () ) Bt
k=0 "tk
1
6731,4 — (E‘( (tn—tp41)An __AS(TAh)”*lfk)BS(TAh)Fh(uZ)|2)%-
k=0

We next estimate the quantities ef’{l, j=1,2,3,4 as follows.

e Estimate of ¢! By the Lipschitz continuity of Fj, (uniformly with respect to the

parameter h € (0, 1]), and to the temporal regularity estimate from Proposition
one obtains

3,1 h hi2\ 3 — [t 2\ %
S <or) (Elul(ty) —ull?)? +CZ (Elul(t) — u"(t3)]?) 2dt
k=0 k=0 "tk
n—1 n—1 \uh\
<Cr 6k+C7‘2(7'1_2 +7) (1+ Og))
k=0 ; (kT)2

e Estimate of 673;’2. Using the linear growth property of F', Proposition and the

inequalities and , one has

o Gy o 1
e? < Cll(=An)"2 (I = Bs(rAn))ll (vi) Z/t DA (—AR) 2 | £yt (1 + Efup]?) 2

o [in dt
SCTZ/ —— (1 + |ugl).
; (tn—t)a( |uo])

e Estimate of €5°. Using the linear growth property of F', Proposition inequal-
ity , and using a combination of and , then one obtains

€33 < O+ |ugl) Z/ |eltn=tAn e(t”_tk+1)AhH£(Vh)dt
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n—1

¢
< C1+]u) Y / (et )ty
k=0 "tk
n—2 C
<C(1+ \u()])T% (Tl_% +T Z
=0 ((n —-1- k)T)

).

[N]})

e Estimate of 27 Using the linear growth property of F', and the inequality , and
then using , one obtains

n—1
e’ < C(L+ fugl)r Y [leltn=trb — Ay (rAR)" ™ 1y
k=0
n—2 C
<O+ |u))re (v 47
=0 ((n—1—Fk)7)

).

R

Combining the error estimates , and , the error satisfies ¢g = 0 and

n—1

en SCTY e+ Cr2 (141, % [ug|).
k=0

Applying the discrete Gronwall lemma yields the result and this concludes the proof of
Theorem 3.4 O

The proof of Theorem requires a different approach from the proof above of Theo-
rem to obtain order 1 of strong convergence for the time discretization of the SPDE (|1])
driven by additive noise (instead of order at most 1/2 in Theorem [3.4)).

Proof of Theorem[3.7. Let us first establish that there exists C' € (0, 00) such that for all
s>1,z€[—Ls0] and n > 1, one has

|As(2)" — €| < Cmin(1, n|z?)(JA(z)[" + e~ D?). (46)

On the one hand, sup |A(2)| < oo by (26)), thus
s>1,2€[—Ls,0]

[As(2)" = €] < [A(2)[" + €™ < Ol A (2)[" T + el 12,

On the other hand, using ™ — a™ < mb™ (b —a) for all 0 < a < b and all m > 1, we
deduce

[As(2)" = €| < n|Ay(2) — €|(JA(2)" 7 + e )
< nf2Pfrs(2)[(JAs (2) "1+ e D2,

where 71 5(z) = M&*’Z We use the same techniques as in the proof of Lemma Let
0 € (0,1). Using and the maximum principle one has

sup Im1,5(2)| < o0.
s>1,z€[—4,0]
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In addition, using , one has

1 _
sup Ir1.5(2)] < ﬁ( sup |As(2)] + e 5) < 00.
s>1,z€[—Ls,—0] s>1,z€[—Ls,—¢]

This concludes the proof of .
It remains to prove the error estimate . Note that, due to Assumption one
has the following variant of the result of Proposition

1 1 1 1
sup —Ap)2 Q2 < (=A)2Q> < o0,
B |(—An)2 Py H£2(H) [(=M)2Q2 |, (m)

where we have used the assumption (31J).
We then have the following decomposition of the error, which is analogous to that in
the proof of Theorem but with €2 = 0 due to F' =0,

SN

1
(Efu"(n7) —ul|?)? < ¢, +¢

with
en <3((en")? + (%) + (2°)%).

The term €}, is treated using (42)):

In addition, using the inequalities from Proposition the terms €2’

treated similarly:

2,2

and €,;° can be

tn
_ 12
(@2 = [T = B ) PrQ? [

tn
< [ et (1 = B A =80 [ A PR,

€)

9

<0 [ e gt - B A0
< C(T)r*-

and analogously,

n—1 tk+1
(@22 = 37 [ (et el e N B (e PLQA
k=0 "tk
n—2 tk+1 ' . A 1 t i A
< CZ/t H(e( k1) Ap — D)(=Ap)” +€”£(Vh dtHe n—tht1) n(—Ap)? 1 e
k=0""k

Iz

tn
+C [(eltn=DAr — 1) (—Ay)~1He dtHBS(TAh (—Ap)z ¢

HE HL(Vh
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It remains to deal with e%’?’, using different arguments from the proof of Theorem (3.4

n—1
(%) = 7 32 [t = A () ) B rA) PaQ2
k=0

o0 Nh

<73 Y Q2 emnlleF A — Ay (= A )P IB (=T A

k=0m=1

Ny, [e’e)
<Cr Z ]Q%em7h|2 min(1,74)\ﬁ%h) Z k> (672]{‘”\”*‘ + \AS(—T/\mh)\%),
m=1 k=0

where we have used the claim .
Since sup (1—z)3Y 2%, k%z* < oo and min(1,y*) < ymin(1,y?) for all y > 0, one
z€[0,1)
obtains

1 N 1 )
(1 _ 6*27')\m,h)3 (1 - ’As(_T)\m,h)P):s

Np,
1 .
(%) < C1 > [Q2em,n|* min(1, 7X7, 1)

m=1

min(1,7‘)\m,h)3 min(1, T>‘m=h)3 )
(1 — 6727')\,”’)1)3 (1 — |.As(—7')\m,h|2)3 .

Np
<0 Q3 (—Ap)Zemul*(

m=1

In addition, from assumption , we deduce

sup (min(l7 |z|) min(1, |z|) ) < 0.

s>1ze[Lo0 - L—e 1 —[As(2)[?

Finally, this yields

1 1 1 1
(€72 <O 1Q2 (=An)2emnl* < CT[(=1)2Q2 |12, ()

m=1

Gathering the above estimates concludes the proof of Theorem O

Remark 4.7. The statement of Theorem[3.7 could be extended for a non zero F', assuming
that F is of class C* from H to itself with bounded first and second derivatives. In the
proof of the main Theorem one would need to change the way >l s treated (with
this approach one can not overcome the order 1/2). Performing a second-order Taylor
expansion and using the stochastic Fubini theorem would give the result. The details are
standard and are omitted for brevity.

5 Numerical experiments

In this section, we illustrate our convergence analysis on the following stochastic heat
equation with additive space-time white noise in dimension d = 1,

opu(w,t) = Oppu(z,t) + flu(z,t)) + glu(x, t))oW (x,t), (47)
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(a) Additive noise ([47), g(u) = 1). (b) Multiplicative noise (([48)), g(u) = u).

Figure 2: Strong convergence plots using SK-ROCK , the variant , and the implicit
Euler method for the stochastic heat equation with space-time white noise, with final
time T = 0.1. Averages over 10% samples.

on the domain D = (0,1) where we consider homogeneous Dirichlet boundary conditions
u(0,t) = u(1,t) = 0 and the initial condition u(z,0) = sin(27z). We also consider the
stochastic heat equation with multiplicative space-time white noise in dimension d =1

Oru(x,t) = Oggu(z,t) + f(u(z,t)) + u(z, t)0W (x,t), (48)

We use a standard finite difference methodﬂ with constant mesh size h = 1/100 for
discretizing the Laplacian and the white noise, and obtain the following system where
u(wi, t) ~ u;(t) with x; =ih,i=1,...N, h=1/N,

Uip1 — 2U; + Uj—1
72

dt + f(ul)dt + \}Eg(ui)dwi,i =1,...
where w;,7 = 1,... N are independent Wiener processes, and ug = uy = 0 to take into
account the homogeneous Dirichlet boundary conditions, with g(u) = 1 for and
gu) = u for (I8).

In Figure 2, we plot the convergence curves for the strong error (E|u”(nt) — u2|2)%
both for the additive noise case ([47) (see Fig.[2(a)) and the multiplicative noise case (48)
(see F ig.(b)) using the nonlinearity f(u) = —u — sin(u). We used averages over 10*
trajectories and a reference solution was computed with the small timestep 7 = 0.1 -2,
We observe in Figure lines of slope 1/4, this corroborates the strong convergence estimate
of Theorem [3.4]in the additive noise case and suggests that the strong convergence estimate
persists in the multiplicative noise case (recall that @ = 1/2 in this case). We see that
the error constant for the SK-ROCK method is better than that of the variant .
We also observe that the linear implicit Euler method has a slightly better error constant
in the additive noise case, but not in the multiplicative noise case. Note however that
this experiment is meant to illustrate the theory, rather than the performance of explicit
stabilized methods which typically reveal efficient in larger spatial dimensions, see e.g. [0].

d’U,Z': 7N_17

!Note that such a standard finite difference method on a uniform mesh can be seen as the simplest
finite element method which is thus covered by our analysis.
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X

(b) Variant method (23).

——SK-ROCK
0sl - = —Variant 1
N Linearized Euler

u(x,t)

0 0.2 0.4 0.6 0.8 1
X

(c) Linear implicit Euler method (3)). (d) Solution profile at final time T = 1.

Figure 3: Samples of realisation of the stochastic nonlinear heat equation with non-
linearity f(u) = —u —sin(u) and additive noise g(u) = 1 using explicit stabilized methods
(120)), . With time and spatial stepsizes 7 = h = 1/100.

In Figure |3] we plot one realization of the stochastic nonlinear heat equation
with f(u) = —u — sin(u) using the two explicit stabilized methods (20)), and the
linear implicit Euler method , respectively. For comparison, we used the same random
realizations for sampling the noise. We also plot in Figure (d)the corresponding profiles
at final time 7' = 1. It can be observed that compared to the SK-ROCK method
the variant method and the linear implicit Euler method exhibit an increased
regularity. Note that increasing the damping parameter n of the explicit stabilized methods
would increase the regularity of the numerical solutions (this is not illustrated here for
brevity). We mention that the question of the spatial regularity of the numerical solution
is addressed in [9, Prop.3.9], where it is shown that the same regularity as the exact
solution can be recovered by introducing a suitable postprocessor for the linear implicit
Euler method applied to the stochastic heat equation.
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A Appendix

In this appendix, we first provide spatial and temporal regularity properties on the process
(u(t))t>0 and its semi-discrete approximation (uh(t))t>0 The proofs are omitted since
they are quite standard and can be found for instance in [I1] or [16]. Let us first recall the
following well-posedness and time regularity results, see for instance [I7, Chap.2, Thm.

2.31] and [I8, Chap. 10, Thm. 10.26, Thm. 10.27], and [L1].

Proposition A.1. Let Assumptions[2.4 and[2-] be satisfied.

For any initial condition ug € H, there exists a unique global mild solution (u(t))t>0
of .' the process u is continuous with values in H and satisfies @ for all t > 0.
Moreover, assume that \(—A)%uo\ < oo, with ag € [0,@) (recall that @ is defined in
Assumption[2.4). For every o € [ap, @) and T € (0,00), there exists a constant C' € (0, 00)

such that for all t € (0,77,

@0

a (—A 2 u02
BI(-A)Su(p)? < o(1 + R0
and for all 0 <ty <ty < T,
(=) F up|?

Elu(ts) — u(t1)]* < Clta — t1]*(1 +

The well-posedness part of the result is obtained by a standard fixed point argument
and the computation below with a = 0. For the spatial regularity estimate, note that the
stochastic contribution is treated as follows: by the It6 isometry formula,

E’(—A) / (t— S)Ade / H % (t— S)AQ%HiQ(H)dS
0
< [ AT sl )
<c /0 (t — 5) s |(—h) =5

where € € (0,@ — «). In addition, the smoothing properties of the semi-group yields

04+e 1

Q: HcQ

0

(—A) 2 ePup| < (=A) 2| i [(—A) Fup| < CE 7 |(—A) Fug)-

For the temporal regularity estimate, similar arguments are used to prove that, first,
to t1 2
| / 2= g9 (s) — / M= (s)|” < Olta — t1]%,
0 0

and, second, using the smoothing properties ,

o a ty —t1)2
](etQA . €t1A)uO’ < H(e(tQ*tl)A . I)etlA(—A)77OHg(H)|(—A)70U0| < CM.

a—aoq
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We now state without proof the following estimate concerning the regularity properties
of u" defined by , and the spatial discretization error. We refer for instance to [17,
Chap. 2, Thm. 2.27], [I8, Chap. 10, Thm. 10.28], and [16].

Proposition A.2. Let Assumptions and [3.1] be satisfied. Assume |(—A)*ug| <
0o, with ag € [0,@). Then, for every a € [, @) and T € (0,00), there exists C € (0,00)
such that, for all t € (0,T],

a —A 2 2
swp El(—M)Fur (o) < (1 + A2 why
he(0,1] ta—ao
and for all 0 <t <ty < T,
(1) % up]?

sup Elu(ts) — u(t1)]? < Clta — t]* (1 + P
he(0,1] ty

For all a € [ag, @) and T € (0,00), there exists C € (0,00), such that for all t € (0,T],

w1 1(=0) T ug)

2

N

(E|u(t) — u(t)]?)

Proposition states that the strong order of convergence in space is @, which is
twice the order @/2 of convergence in time (Theorem |[3.4). This is also consistent with
the spatial regularity for the process u stated in Proposition
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