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CONTINUITY OF THE SRB ENTROPY OF CONVEX
PROJECTIVE STRUCTURES

PATRICK FOULON AND INKANG KIM

Abstract. The space of convex projective structures has been
well studied with respect to the topological entropy. But, to better
understand the geometry of the structure, we study the entropy of
the Sinai-Ruelle-Bowen measure and show that it is a continuous
function on the space of strictly convex real projective structures.

in memoriam Rufus Bowen

1. Introduction

A topological manifold M can be equipped with a (G,X)-structure
where X is a model space and G is a group acting on X, so that M has
an atlas {(φi, Ui)} from open sets {Ui} in M into open sets in X and the
transition maps {φi◦φ−1

j } are restrictions of elements in G. Depending
on the choice of (G,X), many interesting geometric structures can
arise. For instance, if M is a closed surface with genus at least 2, a
hyperbolic structure corresponds to (PSL(2,R),H2), a real projective
structure to (PGL(3,R),RP2), and a complex projective structure to
(PSL(2,C),CP1).

Given a geometric structure, there exist a developing map D : M̃→X
which is a local homeomorphism and a holonomy representation ρ :
π1(M)→G, so that D is ρ-equivariant. In this paper, we study the real
projective structures (PGL(n+ 1,R),RPn), and especially the strictly
convex real projective structures Pn(M) on a closed manifold M , that

is when Ω = D(M̃) is a strictly convex open domain of RPn.
The set Pn(M) of equivalence classes of such strictly convex real

projective structures, in the case of a closed surface, is known as Hitchin
component in a character variety [15, 25]. It has drawn much attention
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recently and many aspects of the set have been studied. The space
has been identified as the holomorphic vector bundle over Teichmüller
space [5, 13, 14, 29, 33] using affine sphere theory. It is also identified
with the space of Anosov representations [30]. Explicit coordinates
are studied [8, 9, 21, 24] and the space has a mapping class group
invariant Kähler metric [26]. In this paper, we want to address the
dynamical aspects related to the geodesic flow on the tangent bundle in
any dimension. Crampon developed many aspects of this point of view
in his papers [17, 18, 19, 20]. There are several measures invariant under
the geodesic flow, but we single out one measure, the Sinai-Ruelle-
Bowen measure, abbreviated SRB measure. That measure provides,
especially in dimension two, some deep insight concerning the shape of
the boundary at infinity. We will elaborate on this in the text.

The most studied invariant measure is the Bowen-Margulis measure.
A key property used by Crampon is that this measure is reversible, i.e.,
it is invariant under the flip map σ(x, [v]) = (x, [−v]). The most emi-
nent consequence is that the sum of the positive Lyapunov exponents
associated to that measure is n− 1, as in the hyperbolic metric case.

Using the Ruelle inequality for the Bowen-Margulis measure, Cram-
pon deduces that the topological entropy is less than or equal to n− 1
with equality only in the hyperbolic case. One key feature of the SRB
measure is that the Ruelle inequality becomes an equality, known as
the Pesin formula. When there is an invariant volume form, that form
gives, after normalization, the density of the SRB measure. But we
know from Benoist [4] that if the convex structure is not the hyper-
bolic model, then there is not such an invariant volume form for the
flow. Nevertheless, in general the SRB measure is characterised by the
fact that its conditional measures on unstable leaves are absolutely con-
tinuous to the Lebesgue measure (Ledrappier-Young [32]). This is why
it turns out to be a key ingredient to better understand the geometry of
projective structures. We also observe a global irreversible effect along
the orientation of time. We will elaborate on this in Corollary 1.2 (3).

Theorem 1.1. Let M be a closed manifold of dimension n. Then the
map hSRB : Pn(M)→R is continuous, where hSRB denotes the Sinai-
Ruelle-Bowen measure entropy of the geodesic flow defined on the con-
vex real projective manifold, and Pn(M) is the space of strictly convex
real projective structures on M .

Given a strictly convex real projective manifold M and the geodesic
flow invariant SRB measure µSRB, by ergodicity of the SRB measure,
there exists a set WSRB ⊂ HM = (TM \{0})/R∗+ with µSRB(WSRB) =
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1, and χ1, · · · , χp ∈ R called the Lyapunov exponents relative to the
SRB measure, such that, for any w ∈ WSRB, there exists a geodesic flow
invariant decomposition THM = ⊕Ei and for any v ∈ Ei, χi(w, v) =
χi, where χi(w, v) are Lyapunov exponents. See Sections 2 and 2.2 for
definitions and properties.

Corollary 1.2. Let Mt be a smooth family of real projective structures
on M . Then

(1) The sum χ+ of the SRB positive Lyapunov exponents vary con-
tinuously in t.

(2) The entropy hSRB of the SRB measure satisfies inequality

hSRB = n− 1 + η ≤ n− 1

where η is the SRB almost sure value of η(w) =
∑
ηi(w)dimEu

i (w),
the sum of parallel Lyapunov exponents. By Ruelle inequality,
η ≤ 0 and the equality holds if and only if the structure is hy-
perbolic.

(3) (Irreversibility) Let dvol be any continuous volume form. Then

lim
s→∞

1

s
log(

d(φs)∗(dvol)

dvol
) =

∑
ηidimEi = 2η.

As shown by Crampon [20], the Lyapunov exponents have to do
with the convexity of the boundary of Ω. The boundary ∂Ω in the
neighborood of a point p can be written as the graph of a C1 strictly
convex real function f defined on U open convex subset of Rn−1. Such
a function f is said to be approximately α-regular at x0 ∈ Rn−1 if for
all v ∈ Rn−1 , the limit

lim
t→0

log(fx0(tv) + fx0(−tv))

log |t|
exists, where fx0(v) = f(x0 + v)−f(x0)−dx0f(v). Theorem 1.2 in [20]
states that a function is approximately regular at the point x0 ∈ U if
and only if there exist an integer 1 ≤ k ≤ n − 1 , a splitting Rn−1 =
⊕n−1
i=1 Gi and numbers +∞ ≥ α1(x0) > ....... > αp(x0) ≥ 1 such that for

all v ∈ Gi

lim
t→0

log(fx0(tv) + fx0(−tv))

log |t|
= αi(x0).

In the sequel we will rather consider those exponents with their mul-
tiplicities and do the same for the positive Liapunov exponents. The
link with the positive Lyapunov exponents is revealed in theorem 4.5
in [20]. Let Ω ⊂ RPn be a strictly convex set with C1 boundary, a
point w ∈ HΩ is weakly forward regular if and only if the boundary
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point x+ ∈ ∂Ω of the associated oriented line is approximately regular
and for all 1 ≤ i ≤ n− 1,

αi(x+)χ+
i (w) = 2.(1)

Those quantities are invariant under affine and projective transfor-
mations. In dimension 2, approximately α-regular means if α < ∞
that the function behaves like |t|α near the origin.

Corollary 1.3. There is a set FSRB ⊂ ∂Ω of full Lebesgue measure
and positive real numbers 1 ≤ αSRBi < ∞, 1 ≤ i ≤ n − 1, called the
regular exponents for the boundary, such that for any p ∈ FSRB we have

αi(p) = αSRBi .

Let αSRB = (n − 1)(
∑n−1

i=1 1/αi)
−1 be their harmonic mean. Then the

map αSRB : Pn(M)→R is continuous. Furthermore, we have

χ+αSRB = 2(n− 1)

and αSRB ≥ 2 with equality if and only if the structure is hyperbolic.

Remarks. This shows that if a strictly convex projective structure is
not the standard hyperbolic structure then the boundary is “very” flat.
In particular for almost every point p on the boundary the local rep-
resenting graph admits at least a second derivative at p that vanishes.
But the boundary is nowhere C2 [6, 28]. This remark enlights the work
of Benoist [4], showing that the curvature of the boundary is localized
on a set of null Lebesgue measure.

Acknowledgement. We thank F. Ledrappier for numerous discus-
sions.

2. preliminaries

2.1. Projective structure. Let M be an n-dimensional closed man-
ifold equipped with a strictly convex projective structure so that D :

M̃→RPn is a developing map withD(M̃) = Ω and ρ : π1(M)→PGL(n+
1,R) the holonomy representation. Then it inherits a Hilbert metric
defined on Ω in the following way. More precisely, for x 6= y ∈ Ω, let
p, q be the intersection points of the line xy with ∂Ω such that p, x, y, q
are in this order. The Hilbert distance is defined by

dΩ(x, y) =
1

2
log
|p− y||q − x|
|p− x||q − y|

where | · | is a Euclidean norm in an affine chart containing Ω. This
metric coincides with the hyperbolic metric if ∂Ω is a conic. The Hilbert
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metric is Finsler rather than Riemannian. The Finsler norm F = || · ||
is given, for x ∈ Ω and a vector v at x, by

||v||x =
( 1

|x− p−|
+

1

|x− p+|
)
|v|

where p± are the intersection points of the line with ∂Ω, defined by x
and v with the obvious orientation, and where | · | is again a Euclidean
norm. The Hilbert distance is invariant by projective transformations
preserving Ω and thus the Finsler metric descends to the base manifold
M . The induced Hilbert distance on M also depends on the boundary
of Ω.

Also it is known that ∂Ω is C1+α, Γ is Gromov hyperbolic and the
geometry behaves like a negatively curved case. See [4, 6]. Since (Ω, dΩ)
is δ-hyperbolic [4], one can define the Busemann function as usual as

bξ(x, y) = lim
t→∞

dΩ(x, γ(t))− t,

where γ is the geodesic such that γ(0) = y, γ(∞) = ξ ∈ ∂Ω [17]. The
horosphere passing through x ∈ Ω and based at ξ ∈ Ω is the set

Hξ(x) = {y ∈ Ω : bξ(x, y) = 0}.

For a given w = (x, [ξ]) ∈ HΩ = (TΩ \ {0})/R∗+, the unstable
manifold W su passing through w is defined to be

W su(w) = {(y, [φ]) ∈ HΩ|ξ(−∞) = φ(−∞), y ∈ Hσw}.

Here ξ(−∞) denotes γξ(−∞) where γξ is the geodesic determined by
ξ, and σw = (x, [−ξ]) is a flip map, and Hw is the horosphere based at
ξ(∞) passing through x. Similarly one can define a stable manifold

W ss(w) = {(y, [φ]) ∈ HΩ|ξ(∞) = φ(∞), y ∈ Hw}.

These stable and unstable manifolds are C1 if ∂Ω is C1.
The tangent spaces of W su and W ss form unstable and stable vector

bundles in THΩ, i.e., along the geodesic flow, they expand or decay
exponentially. All the objects defined above descend to the quotient
manifold M and it is known [4] that the geodesic flow on HM is Anosov
with invariant decomposition

THM = RX ⊕ Es ⊕ Eu,

where X is the vector field generating the geodesic flow. Note that the
geodesic flow on HM is only C1+α if M is not hyperbolic.

2.2. Lyapunov exponents and Sinai-Ruelle-Bowen measure.
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2.2.1. Lyapunov exponents. Let φ = φt be a C1 flow on a Riemannian
manifold W . A point w ∈ W is said to be regular if there exists a
φt-invariant decomposition

TW = E1 ⊕ · · · ⊕ Ep
along φtw and real numbers

χ1(w) < · · · < χp(w),

such that, for any vector Zi ∈ Ei \ {0},

lim
t→±∞

1

t
log ||dφt(Zi)|| = χi(w),

and

lim
t→±∞

1

t
log |detdφt| =

p∑
i=1

dimEi · χi(w).(2)

The numbers χi(w) associated with a regular point w are called the
Lyapunov exponents of the flow at w. Due to Oseledets’ multiplicative
ergodic theorem [35], the set of regular points has full measure.

Theorem 2.1. Let φ be a C1 flow on a Riemannian manifold W and
µ a φt-invariant probability measure. If

d

dt
|t=0 log ||dφ±t|| ∈ L1(W,µ),

then the set of regular points has full measure.

2.3. In the case of convex projective structures. Let M be a
closed strictly convex real projective manifold. There exists an ex-
tended Finsler norm F̄ on HM = (TM \ {0})/R∗+ (see, [17] Sec 2.3)
and the Lyapunov exponent is defined to be

lim
t→±∞

1

t
log F̄ (dφt(Zi)) = χi(w).

Let Ω be a strictly convex domain with C1 boundary equipped with
a Hilbert metric. There is a notion of parallel transport T t due to
Foulon [22, 23], see also [18] (Sec 4.4) or [17] (Sec 3.2.2). The parallel
Lyapunov exponent of v ∈ TxΩ along φt(x, [ψ]) is defined to be

η((x, [ψ]), v) = lim
t→∞

1

t
logF (T t(v)).

Then Crampon [19] showed that a point w = (x, [ψ]) ∈ HΩ is regular
if and only if there exists a decomposition

TxΩ = Rψ ⊕ E0(w)⊕ (⊕pi=1Ei(w))⊕ Ep+1(w),
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and real numbers

−1 = η0(w) < η1(w) < · · · < ηp(w) < ηp+1 = 1,

such that for any vi ∈ Ei(w) \ {0},

lim
t→±∞

1

t
logF (T tw(vi)) = ηi(w),

lim
t→±∞

1

t
log |detT tw| =

p+1∑
i=0

dimEi(w)ηi(w) := 2η(w).

Here E0 and Ep+1 could be zero. The choice of a factor 2 in the formula
is explained in the sequel.

The relation between Lyapunov and parallel Lyapunov exponents is;
for stable Zs and unstable Zu vectors in TwHΩ,

χ(Zs) = −1 + η(w, dπ(Zs)), χ(Zu) = 1 + η(w, dπ(Zu)),(3)

where π : HΩ→Ω is the projection. See Proposition 1 of [19] for details.

Remark 2.2. The reversibility of the geodesic flow induces for regular
points a special property observed by Crampon namely

η((x, [ψ]), v) = −η(σ(x, [ψ]), σ(v))

where σ is the usual flip map. This means that if a trajectory of the
flow is regular then the two opposite boundaries at ∞ are strongly
related.

Hence one can summarize these facts as:

THΩ = RX ⊕ (⊕p+1
i=0 (Es

i ⊕ Eu
i ))(4)

where Es
i = JX(Eu

i ) for some pseudo-complex structure JX and χ−i is
a Lyapunov exponent for Es

i , χ
+
i for Eu

i , Ei = Es
i ⊕ Eu

i

χ+
i = 1 + ηi, χ

−
i = −1 + ηi, χ

+
i = χ−i + 2,

−2 = χ−0 < χ−1 < · · · < χ−p+1 = 0 = χ+
0 < χ+

1 < · · · < χ+
p+1 = 2.

Note that

χ+ =
∑

dimEu
i χ

+
i =

∑
dimEu

i (1 + ηi) =
∑

dimEu
i +

∑
dimEu

i ηi

= (n− 1) +
∑

dimEu
i ηi.

But
2η =

∑
dimEiηi = 2

∑
dimEu

i ηi.

Hence

χ+ = (n− 1) + η.(5)
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Furthermore, from (1) we obtain the following relations between the
exponents of the parallel transport and the regular exponents of the
boundary

ηi =
2

αi
− 1(6)

η(w, v(w)) = (n− 1)(
2

α(ξ)
− 1)(7)

where α = (n−1)(
∑n−1

i=1 1/αi)
−1 is the harmonic mean of the exponents

αi.

Remark 2.3. According to the remark about reversibility, for all reg-
ular trajectory (x, [ψ]) we have

1

α(ξ)
+

1

α(σ(ξ))
= 1

where σ(ξ) = ψ(−∞).

Periodic orbits are regular trajectories, and all these quantities can
be expressed via the representation. For the reader’s convenience we
provide only the formulas in dimension 2. Suppose γ is a hyperbolic
isometry whose eigenvalues are λ1 > λ2 > λ3 and γ+ = ψ(∞). Then it
is shown in Proposition 5.5 of [18] (or in Section 3.6 of [17]) that

η(w, v(w)) = −1 + 2
log λ1

λ2

log λ1
λ3

,(8)

hence

α(γ+)−1 =
log λ1

λ2

log λ1
λ3

.

2.3.1. Invariant measures. For a geodesic flow on HΩ, the maximal
entropy hµ(φ) of the probability measure µ is known to be realized
at the Bowen-Margulis measure [18]. This entropy is equal to the
topological entropy htop(φ) of the geodesic flow φ [18] and it is also
equal to the exponential growth of the lengths of closed geodesics:

lim
R→∞

log #{[γ]|`(γ) ≤ R}
R

.

This is again equal to the critical exponent of the associated Poincaré
series. See [17] (Sec 5.1). It is proved by Crampon [18] that the entropy
of Bowen-Margulis measure of strictly convex real projective structures
on a closed n-manifold is between 0 and n−1. But there exists another
invariant measure called Sinai-Ruelle-Bowen measure, abbreviated
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SRB measure. It is characterized as follows. First we recall a funda-
mental theorem known as Margulis-Ruelle inequality, see [37] and [17]
(Sec 5.2.1):

Theorem 2.4. Let M = Ω/Γ be a strictly convex compact projective
manifold. Let µ be a geodesic flow invariant probability measure on
HM . Then

hµ(φ) ≤
∫
χ+dµ,

where χ+ =
∑

dimEi · χ+
i denotes the sum of positive Lyapunov expo-

nents.

An invariant measure that achieves equality in Margulis-Ruelle in-
equality is called Sinai-Ruelle-Bowen measure [11]. We know from
Benoist [4] that the geodesic flow of strictly convex projective structure
on a closed manifold is Anosov, hence admits a unique SRB measure.

Another description of this measure µSRB is: there exists a set V of
full Lebesgue measure such that for each continuous function f : M→R
and for every x ∈ V ,

lim
T→∞

1

T

∫ T

0

f(φs(x))ds =

∫
fdµSRB.

Ledrappier-Young [32] proved the following characterization of a
Sinai-Ruelle-Bowen measure, see [3] or [17] (Sec 5.2.2):

Theorem 2.5. Let M be a compact, strictly convex real projective man-
ifold. Then the geodesic flow invariant measure µ is the SRB measure
if and only if it has absolutely continuous conditional measures on un-
stable manifolds.

2.4. Deformation of the representation. Ehresmann-Thurston de-
scribed the deformation of geometric structures in terms of the defor-
mation of developing maps. This theory is rigorously rephrased by
Bergeron-Gelander [7].

Proposition 2.6. If ρt : π1(M)→SL(n,R) is a smooth deformation of
strictly convex real projective structures, then there exists a continuous
associated deformation Dt of the developing map such that its image Ωt

and the boundary ∂Ωt in Hausdorff topology vary continuously, hence
the Hilbert metric dt and the geodesic flow φt vary continuously. Fur-
thermore the convexity forces also the continuity of ∂Ωt in C1-topology.

Proof. For any two points x, y ∈ M , and two lifts x̃, ỹ ∈ M̃ , we
know that Dtx̃, Dtỹ vary continuously according to Bergeron-Gelander.
Then the line in RPn connecting Dtx̃, Dtỹ varies continuously. Now
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we need to determine two points on ∂Ωt where this line intersects
and show that they vary continuously. For each γ ∈ π1(M), let γ+

t

be the line corresponding to the largest eigenvalue of ρt(γ), γ−t the
line in Rn+1 corresponding to the smallest eigenvalue, and Eγ

t the
sum of eigenspaces complementary to γ−t . Then it is known that
γ+
t ∈ ∂Ωt and Tγ+t ∂Ωt = Eγ

t . Since ρt varies continously, γ+
t and

Eγ
t vary continuously. For any given finite set γ1, · · · , γk ∈ π1(M),

Ωt is included in the convex set formed by ∩HEγi
t where HEγi

t is the
half space containing Ωt. By enlarging the set, we can see that Ωt

and ∂Ωt vary continuously. More precisely, choose an increasing se-
quence of finite sets Γi ⊂ Γi+1 ⊂ π1(M) such that ∪Γi = π1(M). Let
Ωt ⊂ Ωi+1

t ⊂ Ωi
t = ∩γ∈Γi

HEγ
t . Since {γ+

t : γ ∈ π1(M)} is dense in ∂Ωt,
Ωi
t→Ωt in Hausdorff topology as i→∞. Since γ+

t and Eγ
t vary conti-

nously in t, Ωi
t→Ωi

t0
for each fixed i as t→t0. Then by taking diagonal

sequence
Ωin
t →Ωt0

as in→∞ and t→t0. �

Note that each point in Pn(M) is a class of (D, ρ) where D : M̃→RPn
is a developing map and ρ : π1(M)→PGL(n + 1,R) is a holonomy

representation. To each such pair (D, ρ) are associated ΩD = D(M̃),
the Hilbert metric and the geodesic flow, hence hDSRB the SRB entropy.
If two structures (D, ρ) and (D′, ρ′) are equivalent, then ρ and ρ′ are
conjugate and ΩD and ΩD′ are diffeomorphic by a projective map.
Since the entropy is invariant under conjugacy, we have a well-defined
map hSRB : Pn(M)→R. It is known that Pn(M) is a component of
a character variety by Benoist [4]. Hence it is enough to study the
continuity along a continuous path.

3. Continuity of the Sinai-Ruelle-Bowen measure
entropy and application

Throughout this section M is a compact smooth manifold, D :

M̃→RPn is a developing map, and ρ : π1(M)→PSL(n + 1,R) is the
holonomy map of a strictly convex real projective structure. Let gh be

the Hilbert metric of Ω = D(M̃), F the Hilbert norm on TM , and φt

the geodesic flow associated with the Hilbert metric. Then it is known
that this flow is Anosov and it is C1,α due to Benoist [4].

Let g be a C∞-Riemannian metric on M . Suppose ψt is a flow with
the same trajectory as φt but unit speed with respect to g. If

X =
dφt

dt
, Z =

dψt

dt
,
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then

X = mZ.

We know that

F (dπX) = g(dπZ) = 1

where π : HM→M is a projection. Then

1 = m(x, [v])F (dπ(Z(x, [v])),

and set

β = m−1 = F (dπZ)(9)

Lemma 3.1. ψt and Z are C∞ and φt and X are C1,α. Furthermore
β : HM→R+ is C1,α.

Proof. The geodesic foliation of a strictly convex projective structure
is smooth because locally it is the foliation by straight lines in a pro-
jective chart. This was previously observed by Benoist. The fact that
φt is C1,α is also due to Benoist. The C1-ness comes from the C1-ness
of Finsler norm, which is again due to the C1-ness of ∂Ω. The gener-
ator of the geodesic flow, X is also C1,α, being tangent to a smooth
foliation and being normalized with respect to the Hilbert metric. But
if we reparameterize the flow, using a smooth Riemannian metric, the
resulting vector field Z is smooth, so it is for the induced flow. However
F is C1,α, hence β is C1,α. �

We have the following theorem about the change of time, due to
Anosov and Sinai [2, 36].

Theorem 3.2. If φ is a C1-Anosov flow and ψ is obtained from φ by
multiplying a positive C1-function on the speed, then ψ is again Anosov.

Remark 3.3. In our case, ψ is a C∞-Anosov flow. This is the C∞

foliation by straight lines with C∞ parametrization.

Now using the result of Parry [36] we get,

µφSRB = βµψSRB/

∫
HM

βdµψSRB(10)

and using a theorem of Abramov [1]

hSRB(φ) = hSRB(ψ)/

∫
HM

βdµψSRB.(11)

The continuity of the SRB entropy for C∞ Anosov flow is due to
Contreras [16] (theorem B).
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Theorem 3.4. If λ is a Cr-Anosov flow, there exists a neighborhood
U of λ in Cr topology such that the function ψ→hSRB(ψ) is Cr−2.

To control the denominator let us recall that the SRB measure is
the unique equilibrium state associated with the infinitesimal volume
expansion which is here a smooth function. Since the scaling factor β
is C1,α, we may again invoke [16] (theorem C) that we may specialize
to SRB measures as follows

Theorem 3.5. If λ is a Cr-Anosov flow, there exists a neighborhood
U of λ in Cr topology such that if µλ is its SRB measure then for any
0 < α < 1 small enough the map λ ∈ U → µλ ∈ Cα(M,R)∗ is Cr−1.

Now we prove that the entropy of SRB along a smooth deformation
varies continuously.

Theorem 3.6. Let ρt : π1(M)→SL(n+ 1,R) be a smooth deformation
of strictly convex projective structures. Then t→hSRB(ρt) is a contin-
uous map.

Proof. Since Ωt = Dt(M̃) is continuously determined by ρt as in Section
2.4, both Ωt and ∂Ωt depend continuously on t with respect to the
Hausdorff topology. Fix a C∞ Riemannian metric on M . Now since ρt
depends smoothly on t, the reparameterized geodesic flow ψt depends
smoothly on t. By Equation (9),

βt = Ft(dπZt)

is continuous in t. Then, by Equation (11), and since h(ψt)SRB varies
continuously by Theorem 3.4, it is enough to show that the denomina-
tor varies continuously.

Lemma 3.7. Let α be as in theorem 3.5. If fi ∈ Cα(M,R) converges
to f ∈ Cα(M,R)in C0 topology and probability measures µi converge
to µ in Cα(M,R)∗, then ∫

M

fidµi→
∫
M

fdµ.

Proof.

|
∫
fidµi −

∫
fdµ| ≤ |

∫
fidµi −

∫
fdµi|+ |

∫
fdµi −

∫
fdµ|

≤ |fi − f |∞ + |
∫
fd(µi − µ)|.

The first term goes to zero since fi→f in C0 topology and the second
term goes to zero since µi→µ in Cα(M,R)∗. �
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Corollary 3.8. Along the smooth deformation of convex real projective
structures, the sum η of parallel Lyapunov exponents varies continu-
ously.

Proof. Since the geodesic flow φ is ergodic with respect to the SRB
probability measure µ, and the measurable function χ+ is φ-invariant,
χ+ is almost constant. Furthermore, by the property of the SRB
measure, hµ(φ) =

∫
χ+dµ, the entropy hµ(φ) must be equal to χ+.

Since the entropy varies continuously along the smooth deformation,
χ+ varies continuously along the smooth deformation. The claim fol-
lows from Equation (5). �

In particular, we get

Corollary 3.9. Along the smooth deformation of the convex structure,
the harmonic mean α varies continuously.

Proof. This follows from Eqn (7) and the above corollary 3.8. �

Now we give a proof for Corollary 1.2

Proof. The continuity follows from the main Theorem 1.1 and the other
claims follow from results in [17] and equalities χ+

i = 1 + ηi, χ
−
i =

−1 + ηi. (4) Let ω be a volume form. Note that THM = Es ⊕
Eu ⊕ RX where X is the vector field generating the geodesic flow φs

of the Hilbert metric. Choose a Riemannian metric g so that for each
point w ∈ TwHM , e1(w), · · · , en−1(w) are bases of Eu(w) consisting of
unit vectors, and b1(w), · · · , bn−1(w) bases of Es(w) consisting of unit
vectors. Since M is compact and ω is a continuous volume form,

ω(e1, · · · , en−1, b1, · · · , bn−1, X) < N

on HM for some positive N . Since the flow φs preserves the splitting
of Eu, Es,

dφs(ei(w)) ∈ Eu(φs(w)), dφs(bi(w)) ∈ Es(φs(w)), dφs(X) = X.

Then

lim
s→∞

1

s
log(

d(φs)∗(ω)(ei, bi, X)

ω(ei, bi, X)
) =

lim
s→∞

1

s
log(

ω(dφs(ei, bi, X))

ω(ei, bi, X)
) = lim

s→∞

1

s
log(ω(dφs(ei, bi, X)))

= lim
s→∞

1

s
log(|detdφs|) =

∑
χidimEi = 2η.
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The last equality follows from the fact that χ+
i = 1+ηi, χ

−
i = −1+ηi in

Equation (4) and the second to the last equality follows from Equation
(2). �

Proof for Corollary 1.3:

Proof. First note that the equality χ+α = 2(n− 1) follows from Equa-
tion (1). By ergodicity of the SRB measure, there exists a flow invariant
set WSRB ⊂ HM of full measure with respect to the SRB measure on
which the sum χ+ of positive Lyapunov exponents is constant and coin-
cide with the value of the SRB entropy. See the proof of Corollary 3.8.
The set WSRB ⊂ HM being of full SRB measure, for almost all unsta-
ble leaf with respect to the invariant transverse measure induced by the
SRB measure, almost every trajectory with respect to the conditional
measure on that unstable leaf is regular and the sum of exponents for
the parallel transport is η. We know that the conditional measure on
unstable leaves of the SRB measure is absolutely continuous with re-
spect to the Lebesgue measure, therefore for each such unstable leaf
Lu(x, [v]) there exists a subset of full Lebesgue measure SLu(x,[v]) ⊂ ∂Ω
such that any boundary point ξ ∈ SLu(x,[v]) is approximately regular
with exponent

αSRB = α(ξ) =
2(n− 1)

n− 1 + η
≥ 2(12)

from Eqn (7).
Furthermore, this shows that the sum of exponents η for the parallel

transport is, on WSRB, a non-positive number η ≤ 0 such that hSRB =
n−1 +η according to Eqn (5) and Crampon’s inequality hSRB ≤ n−1
for any invariant measure [18]. We observe that η = 0 is equivalent to
being Riemannian hyperbolic [18], again equivalent to αSRB = 2. The
continuity of αSRB : Pn(M)→R follows from Corollary 3.9. �

In the hyperbolic case every orbit of the flow is regular. We will
observe that this is no longer true when η < 0, which is what we will
assume in the sequel. Again, the equality αSRB = 2 is achieved only in
the hyperbolic case.
Remark: We can go further and observe some strange effect that
will shed some light on the transversal measure of the SRB measure.
Such an unstable leaf is associated to a point ξ− on the boundary such
that all the geodesics under consideration emanate from that point at
−∞. However, we know that any regular geodesic is also regular by
reversing time and then all the reversed geodesics have opposite parallel
transport exponent. Then the approximately regular exponent at ξ−
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is α(ξ−) = 2
1−η ≤ 2. Such points have a measure 1 with respect to the

transverse SRB measure which is therefore orthogonal to Lebesgue as
soon as it is not hyperbolic. To sum up, there exists on the boundary a
set of full Lebesgue measure of points on which the convex is “flatter”
(α > 2) than a conic and a zero Lebesgue measure of points where the
convex is “sharper” (α < 2) than a conic.
Remark: A funny remark is that when η < 0 there is no triangle with
regular geodesics but there are many even sided regular polygons with
regular geodesics.
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