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POLYANALYTIC REPRODUCING KERNELS IN C".
E. H. YOUSSFI

ABSTRACT. In this note we establish integral formulas for polyanalytic functions in several vari-
ables. More precisely, given a positive integer g, we provide explicit expressions for the reproduc-
ing kernels of the weighted Bergman spaces of g-analytic functions on the unit ball in C™ and that
of g-analytic Fock space in C".

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Polyanalytic function theory in higher dimensions is still not understood. This is essentially
due to the lack of explicit formula for related integral kernels. On the other hand, despite this
extensive study, there were only two examples of explicit polyanalytic reproducing kernels; the
first one was established by Koshelev [10] in the disc, and the second one was given in [4] and [1],
and proved in [7], [8]. It was only in the very recent work by Hachadi and the author [6] that
a wide source of examples was constructed. There it is proved that to a given a positive integer
q and sequence of orthogonal polynomials associated to a non-negative measure in the half real
line [0, 400 whose support contains at least ¢ strictly positive points, is naturally associated a
Hilbert space of g-analytic functions and established a general formula for its reproducing kernel.
It is also shown that the formula generalizes to the higher dimensional setting of (g1, - , ¢n)-
analytic functions , where ¢, - - - , g, are positive integers. These functions were considered by
Avanissian and Traor [2] and [3]. We recall that a function f is said to be polyanalytic of order
(g1, ,qn)orjust ((q,- - ,qy)-analytic) in the domain 2 C C" if in this domain it satisfies the
generalized Cauchy-Riemann equation

Hutdn f

— 4 _. 1.1
ozl -0zl (1.1

They can be uniquely expressed as

(q1—1,...,qn—1)

fly= > Fei(2) (1.2)

where the ¢; (2) are holomorphic in €2 where for j = (j1,---,J,),k = (k1,....k,) € NP
and z = (21, --2,) € C", the inequality j < k means that j; < k; forall [ = 1,--- ,p and
2= e,
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2 E. H. YOUSSFI

Another notion of polyanalyticity was considered recently by Daghighi [5]. Namley, for a
positive integer ¢, a function f defined on an open set {2 in C" is called analytic of absolute order
q (or just g-analytic) if it is of class C'? that satisfies the generalized Cauchy-Riemann equation

o~ f
=0
oz (2 =0
on € for all multi-indices m = (my,--- ,m,) € N* with length |m| := m; +--- + m,, < q.

He proved that these functions f are precisely the slice g-analytic functions in the sense that for
all (a,&) € Q x C", the one variable functions A\ — f(a + A{) are g-analytic in some open
neighborhood of 0 in C. It is clear that an absolute g-analytic function f on B can be expressed
as a sum

f(2) =Y 2" fm(2), (1.3)

lol<g

where for all m € N™ with |m| < ¢ — 1 the functions f,, are holomorphic on €2 called the
holomorphic components of the polyanalytic function f.

To the best of our knowledge, no integral representations are available for g-analytic functions
in C". The mai goal of this work is to consider this question when €2 is C" or the unit ball in C".

In this note, we let B := {z € C" : |z| < 1} be the unit ball in C" and denote by dV'(z) the
Lebesgue measure on C" normalized so that V' (B) = 1.

A first result of this paper is to establish and explicit expression of the weighted polyanalytic
(in the absolute sense) Bergman kernel of the unit ball B. More precisely, for s > —1, we
consider the space Aiq(B) of all square integrable of g-analytic functions with respect to the
measure dv,(z) : (1 — |2|*)*dV (z). More precisely, we will prove the following

Theorem A. The space Aiq(]B%) is Hilbert space which coincides with the closure of the q-
analytic polynomials in L*(v,) and its reproducing kernel is given by

I s+n 1—(w,z q-1 n,s
Kogn(z,w) = St (el piud) (1 — o), (w)]?),

forall z,w € B, where Pq(f’ls) is the classical Jacobi polynomial with parameters n, s and degree
q — 1, and p,, is the biholomorphic automorphism of B exchanging 0 and w and

We point out that when n = 1, this result was established recently by Hachadi and the author
[6]. In this case, the one dimensional weighted polyanalytic Bergman kernel reduces

—(w,z))?~1 ,S
Kogi(z,w) = (q+8)giredi PEY (1= 20, (w) ), (1.4)
where
Z—Ww
T

for all elements z, w of the unit disc D in C.
To state our second result, we consider the Gaussian measure p defined on C" by

du(z) == e du (2) (1.5)
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and denote by ?2 (C™) the weighted g-polyanalytic Fock space on C™ where ¢ is a positive integer.
This is the space of all g-analytic functions f on C" which are square integrable with respect to

du(z).
Theorem B. The space 3’5(@") is a Hilbert space which coincides with the closure of the q-
analytic polynomials in L*(11) and its reproducing kernel is given by

efe)

Ky,(2,0) = Ly (12) (1.6)

(n—1)!

forall z,w € C", where LZE1 is the classical weighted Laguerre polynomial with weight n and
degree q — 1,

2. PRELIMINARIES

Let D™ be the nuit polydisc in C™. This, the open set unit ball in C™ with respect to the norm

||Z||OO = 1@%}% |Z]‘7 z = (217 T ,Zn) € Cn'
For a positive integer ¢, we let AZ(ID") denote the space of those (g, - - - , ¢)-analytic functions

on D™ which are square integrable with respect to the Lebesgue measure dv(z) on D". As a
consequence of Theorem D’ of [6], we have the following

Lemma 2.1. The space Af](]D)") is the closure of the (q, - - - , q)-analytic polynomials in the space

L?(D") of all square integrable functions on D™ with respect to the measure dv(z). Furthermore,
its reproducing kernel is given by

Kpng(2,w) = H?:1 Kog1(zj, w;)

forall z = (z1,- -, 2z,),w = (wy,- - ,w,) € D", where K, ., is the one dimensional polyana-
lytic weighted Bergman kernel of the unit disc given by (1.4) with s = 0.

Lemma 2.2. Let Q) be an open set in C" and let ¢ : 2 —]0, +00] be a continuous weight function.
For each compact subset C of (), and each m € Ny}, there is a positive constant c,, > 0 such that

m

max
C

< emll fll 220, 0d0)

for all gq-analytic functions in L*(), odv). In particular, the space Ag,q(Q) of all such functions,

equipped the L*(), odv) inner product is Hilbert space and for all z € ), the evaluation func-
tional f — f(z) is continuous on A2 ().

Proof. 1t is sufficient to consider compact polydiscs C' = a + rDn, for a € Q and r > 0 such that
a + 2rD" C Q. Considering this, we let f € A2 (Q). Then the function g(z) := f(a + 2rz) is
well-defined (g, - - - , ¢)-analytic function on a neighborhood of D". By Lemma 2.1

92) = [ glw)Kon (e w)dofw),
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from which it follows that
d"g(2) o
22— [ at) g (o) dow),

so that by Cauchy-Schwarz inequality we see that

m 2 1/2
3m ) 8—m Kpn (2 2, w
T{(& + T'Z) S HfHLi;Q“Qd ) / 82 ( D ,q( / ))’ d’U(U}) )
0z r n ola+rz)
Hence .
mC’aX 82«’_m S Cm||f||L2(Q,de)
where 12
m 2
c ‘= sup / aaz_m (KD",(I<Z/2’w>>‘ dv(w)
Y P ) |
This completes the proof of the lemma. U

Lemma 2.3. Let ) be a domain in C" and D a domain in CP. Suppose that 1) : Q@ — D isa
holomorphic map of the form )

g(z
where g : Q0 — CP and h : Q — C are polynomials of respectives degrees d, and dj, such that
dy < dy and h(z) # 0 for all z € ). Suppose that q and | are positive integers such that | > q.
If f is a q-analytic function on D, then the function h'(f o 1) is also (Idj,+1)-analytic on €,

Proof. Writing f in the form f(w) = 37, ., @ fa(w), it follows for all z € D, we have

() (fop)(z) = (h(=)"" (g(2)" falwr(2)

lal<g

which is g-analytic since for each «, the function (l_z(z))l_la| (g(z))a is a polynomial of degree
at most Idj, + |a|(d, — dp) < ldj,. This completes the proof. O

Let Aut(B) be the group of all biholomorphic automorphisms of the unit ball B. Let ¢ €
Aut(B) and let a := ¢~1(0). Its is well-known (see [12], p28) that o can be written in the form

¢ =Ugq 2.1
where U : C" — C" is a unitary linear transformation and ¢ := —1I and for a # 0,
— (1 —al®)Poz — /1 — |a]?(Q.
pulz) = 2= L= ldl )1 Z( ; 9 (Qalz) a2 e B 2.2)
—(2,a

where P,z : (z,a)a/|a* and Q, := I — P,.

Lemma 2.4. Suppose that ¢ is an automorphism of the unit ball and let J, be its complex

jacobian. If f is a g-analytic function on B, then the function (J_w)(lfq)/(nﬂ) (f o) is also

q-analytic on B,
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Proof. Suppose that p € Aut(B) and let a := ¢~ *(0). Then it follows from Theorem 2.2 in [12]
that

1— 2 n+1
Jo(2) = (T‘:’@) , forall z € B. (2.3)

In addition, in view of (2.2) we see that there are a C-linear mapping L : C* — C" and a vector
b € C" such that for all z € B,

L(z)+b

= ————,, forall B.
1—(z,a>” orall z €

¢(2)

Applying Lemma 2.3, with g(z) = L(z) + band h(z) = 1 — (z,a) shows that if f is g-analytic
function on B, then

>(1q>/(n+1> L (R (fop)()

fop)z) = (

I faP)

<J¢(z)

which also g-analytic. This completes the proof. U

3. PROOF OF THEOREM A

In this section we will prove the following transformation rule stated for the unit ball.

Lemma 3.1. Suppose that ¢ is an automorphism of the unit ball and let J, be its complex
jacobian. Then the Bergman kernel K, ; of A; (B) follows the transformation rule

Kqs(2,€) = s (0(2),9(8)) 3.D

forall z, & € B,

Proof. Tt is sufficient to assume that ¢ o p(z) = z, for all z € D. We recall the that the measure

% is invariant under the action of the automorphism group of the unit ball. We also

observe that for any fixed £ € B, the function

CECIRR A

Z
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i; an element of A3 (B). By the reproducing property and change of variables formula we see
that

o) ™ e (.6 /%vas@p(w%@[{qys(z,w)dVS(w)
. Jw(w) "

T
_/IBS (JLP(U}))((]_I)/2 qu(wvf) q,s(z,@(w)) S(w)

(J (§)> (s+g+1)/(n+1)
¢

= e sz 0(©)

Replacing £ by ¢(&) the latter equalities yield

—— (s+g+1)/(n+1)
(1o07,@)

(7G):(0)
This completes the proof. U

)(q—l)/(n+1) Kq,s(80(2>a ©(§)) = Kq,s(Z,f)

Lemma 3.2. The Bergman kernel K, , of A%(B) satisfies the equality

Kos(zw) = (fl__éf”l’v';; Kl (w).0) (3.2)

forall z, £ € B,

Proof. Let z,w € B. Applying Lemma 3.1 with ¢ = ¢, and £ = ¢,(w) and using (2.3) yields

Ky, w) = <‘M_Z)J“"(§)> 10 (0, 9 (w)

= fl_-( g‘;;;jjw K0, 0.(w)).

Since K, (2, w) = K, s(w, 2), for all z, w € B, the lemma follows. O

We shall make use of the classical Jacobi polynomials Pa(ls’a)

d. An explicit formula for these polynomials is given by

with parameters (s, a) and degree

m—k

d
PE(a) = 5> ( Zm) (d : m) (z ="+ 1" (3:3)
k=0
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This can be found in [9]. It is well-known by formula (3.96) in ( [11], p. 71) that these polyno-
mials verify the equality

o "IT(m+j+s+d+1)
= F m+s+d+ )F(j+s+1)
The Jacobi polynomials satisfy the orthogonality condition
1
/ P2z — 1) P (22 — 1)a?(1 — 2)°dax = 6 i h31 (3.5)
0
where
d F(s+m+1)C(d+m+1)
hy = . (3.6)
mI'(s+d+m+1)(s+d+2m+1)
Lemma 3.3. For each z € B, we have
Kya(2,0) = St pes (1— 2)2)) 3.7)

Proof. Due to Lemma 3.1 we see that the g-analytic function z — K, ,(z,0) invariant under
unitary linear transformations and hence it is of the form K, (z,0) = E;’.;é ¢;|2|¥ for some
complex coefficients ¢y, - - - , ¢,—1. Set

q—1

Q" (z) =Y ca?, x€)0,1]. (3.8)

Jj=0

We equip the space P, ; of polynomials with degree at most ¢ — 1 with respect to the L?-
inner product associated to the measure 2" (1 — )*dx in the interval |0, 1[. Integrating in polar
coordinates shows that forall j = 0,--- , ¢ — 2, one has that

/o QY (x)a" (1 — x)°da = 2/ Q" (a%) 2 (1 — 2*)°da
— o [P QPR ~ v (e
/ SPIR (2,0)(1 - [PV ()

where the latter equality holds due to the reproducing property at 0 of the ¢ analytic polynomial
|2|**2. Hence Q;", is orthogonal in L*(0,1[,z"(1 — z)*dz) to all polynomials with strictly
smaller than ¢ — 1 so that by (3.5 ) we see that ng’l(:c) is proportional to the polynomial

Pq(f’?)(2x — 1) and thus for some complex constant C'(s,n,q — 1) we have

Q" (x) = C(s,n, q)(—l)q_lpq(i’?)@x —1)=C(s,n, q)Pq(" )(1 — 2z).
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To compute the constant, we apply the reproducing property of the constant function 1 and get
1
QG (w)a (1 - dx—z/ Q(a)a? (1 a?)d
/ QP = =Py (2)
/KS" )1~ 2Pyav ()

0

O
n

and thus .
1 — s,n n— s
E:o@mgx4y1£}§j@x—nx1u—@dx

To compute the constant C(s, n, q), let
1
I(s,n—1,q—1):= / Pq(i’?)(Zx — Da"™ 11 — 2)%dz.
0

The the orthogonality property of Jacobi polynomials, combined with integration by parts, yields

[(s,n—l,q—l):—w[(s—i—l,n,q—Z)
n

so that by induction we get
(n—DI'2¢+s+n—1)

I(s,n—1,q—-1) = (_1>q71p(q+3+n)1“(n+q—1)

I(s+q—1,n+q—2,0).

Since
F(g+s)T(n+qg—1)

I'2¢g+s+n—1)

I(s+q—1,n+q—2,0)=

it follows that
(n— DI (g + s)

I(s,n—1,q—1)=(=1)7"

I'(¢g+s+n)
showing that
I'(¢g+s+n)
C(s,n,q) = TG+ s)
and hence I )
s,n g+s+mn (n,s)
’ =——FFP 1—2x).
Qq—l(a:) n'F(q i S) q—1 ( .’If)
This completes the proof of the lemma. 0

Proof of Theorem A. Combining Lemmas 3.2 and 3.3 gives the expression of the reproducing
kernel K. To show that the g-analytic polynomials are dense in A;(B) it suffices to observe
that for all o, 3 € Ny, and any g-analytic function f € A;(B) we have

gots
T Lo=.p)
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where
aa-ﬁ-ﬂ

Plw): (- w)

= | — K, .

020078 0
On the other hand, a little computing shows that P is a q-analytic polynomial provided that
|8l < q. Therefore, if f is orthogonal to g-analytic polynomials in A;(B), then f must vanish
everywhere, showing that q-analytic polynomials are dense in A;(B)

4. THE POLYANALYTIC FOCK SPACE

We consider the Gaussian measure y given by (1.5) and the corresponding Fock space ?Z (C™)
t of all g-analytic functions f on C" which are square integrable with respect to dy(z). From
Lemma 2.2, we see that F7(C") furnished with the L* (1) scalar product turns out to be a Hilbert
space for which the evaluation functional f +— f(z) is continuous for all z € C". Hence 3’2(@”)
admits a reproducing kernel Ky (-, -).

On the other hand, by the change of variable formula, itis clear thatif a € C" and f € 3’5(@”),
then the function z + e~*® f(z + @) remains in F2(Cm).

Lemma 4.1. The reproducing kernel K5 , of F,(C") follows the transformation rule

e “ Ky (Uz + a,&) = e Ky (2, U — Ua) 4.1
forall z, & € C", and all unitary transformations U : C" — C". In particular,
Ky ,(z,w) = e<Z’w>Kg,q(z —w,0) (4.2)
and
K5 ,(Uz,Uw) = K5 4(z,w) (4.3)

forall z, & € C" and all unitary transformations U : C* — C™.

Proof. If a,z,& € C", then applying twice the reproducing formula and a change of variable
yield

e BN Ky (Uz + a,8) = / " Ky o(Uw + a,€) Ky 42, w)dp(w)

n

:/ e Ky (2, Uw — Ua) Ky 4 (&, w)dp(w)

= e @Ky (2,U¢ - Ua).
This completes the proof. U

In view of the latter lemma, in order compute the Fock reproducing kernel it is sufficient
to calculate K5 ,(z,0) for all = € C". To do so, we shall make use of the classical weighted
Laguerre polynomials L7} of degree d and weight s. These polynomials satisfy,

I'(d+m+1)

8 (4.4)

+o0
/ LY (z) Ly () x™e *dx =
0
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They have the following explicit representation

(n+m)! (—z)"
ler (d4+m+1-=1) (n—=10" (4.5)

Lemma 4.2. For all z € C", we have
1
Kg,(2,0) = EL’;_l (12]%) - (4.6)

Proof. In virtue of (4.3) we see that z — Ky (2, 0) is invariant under unitary linear transforma-
tions and hence it is of the form

qg—1
2j
Kyq4(2,0)= ) ¢l
J=0
for some complex coefficients cy, - -+ ,c,—1. To compute the coefficients c;, we consider the

space P, 1 of polynomials with degree at most ¢ — 1 and equip it with the L*-inner product
associated to the measure e “dz in the interval [0, +-00[. Set

q—1
Ry(z) == chxj, x > 0.
=0
Integrating in polar coordinates shows that for all j =0, --- , ¢ — 2, one has that

oo 1 .
| Ry mde = & [ PR (PG
0 n

1
= o [ K (2, 0)du(2)
=0,

where the latter equality holds due to the reproducing property at 0 of the ¢ analytic polynomial
|2|%*2 Hence R, () is orthogonal in L?(p) to all polynomials with strictly smaller than ¢ — 1
so that by (4.4 ) we see that R,_; is proportional to the polynomial Ly ; and thus for some
complex constant ¢(n, ¢) we have

qul (37) = C(”a q>L2Lfl <x>
To compute the constant, we apply the reproducing property of the constant function 1 and get
1

+oo
/ Ry i(v)x" e de = = | Kg4(z,0)du(2)
0 cn

and thus

—_
—~
3
=
c\
+
3
t~
"Q 3
&
8
3
|
8
oW
&
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To compute the constant ¢(n, q), let

+oo
I(n,q) = /0 Py (@)a" e da.

Using the observation that

d —xrn—1 . —xrTrn
%(e Ly (x))——e q71(x)

integrations by parts shows that
I(n,q) = (n—110,¢g+n—1)=(n—1).
The lemma follows. U

Proof of Theorem B. Combining Lemmas 4.1 and 4.2 gives the expression of the reproducing
kernel K5 ,. To show that the ¢g-analytic polynomials are dense in F,(C") it suffices to observe
that for all «, 5 € Nj, and any g-analytic function f € 3’2(@") we have

ooth f
——(0) = P
where
9oths
P<w) = azaazﬁ K?:q('7 w)

z=0

On the other hand, a little computing shows that P is a g-analytic polynomial provided that
|B| < q. Therefore, if f is orthogonal to g-analytic polynomials in 3"2(@”), then f must vanish
everywhere, showing that g-analytic polynomials are dense in 3’2(@”).
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