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Abstract. The main purpose of this work is to study the nonlinear
dynamics of an aerial cable car system. The mechanical system presented
consists of two cables, a traction cable, and a supporting cable. The
car is modeled as a concentrated mass pulled by a traction cable. The
mathematical model is described as a mass-spring system attached to a
time-varying length cable. The effects of the pulling speed shall generate
nonlinear features due to the coupling between the cable and the car and
due to external excitation.

Keywords: cable car system, nonlinear dynamics, moving boundary
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1 Introduction

Transporting persons and items by aerial cable cars, as seen in Figure 1, has been
in use over the last hundred years for many different applications. This type of
transport is present in thousands of installations, Switzerland has alone more
than 130 in operation. The study of cable car systems is an interesting subject
in modern literature, with many different aspects of the system approached, but
published works on this topic are still only a few years old. Since it is a complex
mechanical system with many bodies, flexibility, and subject to environmental
perturbations, nonlinear phenomena may appear such as excitation of sub and
super harmonics on the cable causing vibration to the traction mechanism, which
can damage the machinery and endanger the operation.

The mechanical system studied consists of two cables, a supporting cable
fixed in both ends, and a variable-length traction cable. The car is modeled as
a concentrated mass pulled by the traction cable and connected to the support-
ing cable through a spring. In this work, we analyze the effect of vibrations in
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Fig. 1. Line art drawing of a typical aerial cable car system.

the traction cable according to the speed of operation and position of the car.
The coupling of the two cables and a mass-spring system creates a very com-
plex dynamic behavior that causes a nonlinear movement and can even show
some chaotic characteristics. Some references found in the literature such as the
modeling of elevators show resemblance to the present study.

The work of Brownjohn [1] investigates the cable car that connects the is-
land of Sentosa and Singapore’s main island trough a vertical plane motion per-
spective. The article presents mathematical simulations representing the normal
operation of the system, as well as free vibration, and the situation when the
system is halted. Accelerometers measurements in the real system are used to
obtain real vibrations for each operational condition. Investigation also includes
a finite element analysis of the system followed by the results analysis.

Terumichi et. al. [2] analyzes the non-stationary lateral vibration of a time-
varying length string with a mass-spring system guided by rail, attached to the
inferior end, a system similar to an elevator. A sinusoidal horizontal displacement
at its upper end excites the string. An analysis of the influence of the string’s
axial velocity on the vibrations is performed as well as an experimental setup
investigation. Data generated by experiment and simulation are compared.

Bao et. al. [3] analyzes as well, a vertical motion system similar to an el-
evator, focusing on lateral vibrations of the string. In this article, the lateral
motion of the mass, coming from imperfections on the rail guide are the source
of excitation. The Hamilton principle is used to obtain the string’s equations of
motion. In the end, experimental tests results are shown and the results used
validate the numerical simulations.

Lastly, Kaczmarczyk and Iwankiewicz [4] present a stochastic approach to
the excitation of an elevator model. The stochastic parameter are the guide rail
imperfections that excite the elevator car laterally. In order to do so, the imper-
fections are considered as a zero-mean stationary Gaussian process. Although
the model proposed in this work uses a strict deterministic approach, the knowl-
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edge on time-scale separation shown is essential for solving the problem, as seen
in another work of the same author [5].

Those works show that despite the presented cable vibration theories, there
are still very few applications to aerial cable car systems, a common system
around the world, where a failure can endanger many lives. Cable car systems
differ significantly from elevators as the gravity acts transversely to the cable.

The main originality of this work is to develop a mechanical model of a ca-
ble car system, to investigate the influence of its parameters using numerical
methods, and to explore some of its nonlinearities. The manuscript is organized
as follows: the mechanical-mathematical model for the system of interest is pre-
sented in Section 2, the numerical results, and a brief discussion in Section 3,
and finally the conclusions are made in Section 4.

2 Mechanical-mathematical model

The proposed mechanical system is illustrated in Figure 2, where a pair of over-
hung cables has a constant value of tension and is fixed on both ends with
density, circular cross-section, and constant length. The purpose of this cable is
to provide support to the cable car and to serve as the rails, where the cable
car slides on. Later, the rail cables are simplified as a single spring K attached
to the cable car represented by the concentrated mass M . The car is pulled by
another cable with a linear density ρ, cross-section A, and tension T . However,
the length of the traction cable varies in time with constant velocity v, pulling
the mass M to the origin, where the pulley is located.

Fig. 2. Schematic representation of the mechanical system used to emulate the aerial
cable car system: a variable-length cable coupled to a mass-spring oscillator.
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To find the equivalent stiffness of the pair of supporting cables, a simple
analytical approach is used. The car passing through the extent of the supporting
cables to be simplified as a concentrated load F traveling with constant velocity,
then the solution of this problem is analytically solved and demonstrated in
Hagedorn [8]. In this case the cable deflection is given by

w(x, t) = − 2FL0

ρAπ2(c2 − v2)

∞∑
j=1

1

j2

(
sin

jπvt

L0
− v

c
sin

jπct

L0

)
sin

jπx

L0
, (1)

where c =
√
T/ρA is a constant having the dimension of speed and the product

ρA is the linear density of the cable. Then stiffness can be determined by taking
the inverse of the deflection of the supporting cables.

The analytical solution of Eq.(1) is illustrated in Figure 4 for different time
instants using the mentioned parameters. It shows the deflection of the cable at
different instants while the load moves with velocity v. The parameters used to
generate these results are shown in Table 1. The deflection of the rope reaches
its maximum value when the load is close to half of the length. Therefore, the
rail cable equivalent stiffness value is estimated as

K =
F

w(L0/2, L0/2 v)
. (2)

The following analysis does only concern with the mass being pulled by the
cable. We begin by stating the kinetic T and the potential energy of the rope
and the mass. The total kinetic energy is

T =
1

2

∫ L(t)

0

ρ[v̇2 + (ẏ + v y′)
2
] dx+

1

2
M
[
v̇2 + (ẏ + v y′)

2
]
x=L(t)

, (3)

and the total potential energy U is

U =
1

2

∫ L(t)

0

T y′ 2 dx +
1

2
K y2

∣∣
x=L(t)

. (4)

Here, y is the vertical displacement of the moving mass M attached to the
pulling cable with linear density ρ and constant traction T . The dot represents
the derivation in time and the ( )′ the spatial derivation.

For the traction cable, using the Hamilton principle with the adequate defi-
nition of the boundaries conditions and considering the variation of the length
gives the following initial-boundary value problem

ρ (ÿ + 2 v ẏ + v2 y′′) = T y′′, (5)

M (ÿ + 2 v ẏ + v2 y′) +K y = T y′ at x = L(t), (6)

y = 0 at x = 0. (7)

The first boundary condition, given by Eq.(6), is not homogeneous. This term
can be transferred to the differential equation of motion, Eq.(5), by considering
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the car’s dynamic forces as a concentrated load at x = L(t), rendering a simpler
and more intuitive approach [9], given by:

ρ (ÿ + 2 v ẏ + v2 y′′) + 2 [M(ÿ + 2 v ẏ + v2 y′ + g) +K y] δ(x− L(t)) = Ty′′, (8)

y = 0 at x = 0, (9)

T y′ = 0 at x = L(t), (10)

where ẏ is the time-derivative of y, and y′ is the corresponding spatial-derivative
with respect to x.

To promote a separation of time scales in the problem, a slow time variation
τ = ε t is introduced, in which ε = v/ω0 L0, being ω0 is the natural frequency
of the cable without mass and spring, and L0 the maximum extent of the cable,
see [6, 7] for details.

Knowing that L(t) = L0 + v t, so, v = L̇ = ∂τ
∂t

∂L
∂τ = εν, where ν = ∂L

∂τ .
Therefore, we seek solutions of the form

y(x, t) ≈
N∑
i=1

φi(x, τ) qi(t), (11)

where φi(x, τ) = sin(λiτ x) and qi(t) are mode shapes and modal coordinates
associated to the underlying eigenvalue problem, respectively. The term λiτ is a
slow variation in time of the natural frequency of the cable

λiτ =
1

2

(2 i− 1)π

Lτ
. (12)

Applying Eq.(11) into Eq.(8) multiplying by φj(x, τ) and integrating between
0 and Lτ , it is possible to write the discrete dynamical equation of motion

N∑
i=1

[Mij q̈i(t) + Gij q̇i(t) +Kij qi(t)] = 0, (13)

where mass, gyroscopic and stiffness operators components are, respectively,
defined by the following expressions

Mij =

∫ Lτ

0

ρ φi φj dx+M φi(Lτ )φj(Lτ )

Gij =

∫ Lτ

0

2 ρ ν ε φ
′

i φj dx + 2M εν φ
′

i (Lτ )φj(Lτ )

Kij =

∫ Lτ

0

(
ρ ν2 ε2 − T

)
φ

′

i φ
′

j dx +(
M ν2 ε2 φ

′′

i (Lτ ) +K φi(Lτ )
)
φj(Lτ ). (14)

To construct the mass, gyroscopic, and stiffness matrices, the following or-
thogonality relationships are taken into account∫ Lτ

0

φj φidx =
1

2
Lτ δij ,

∫ Lτ

0

φj φ
′′

i dx = −1

2
λ2i Lτ δij (15)



6 Fonseca et al.

and that ∫ Lτ

0

φj φ
′

i dx = −2
(i− 1/2)(j − 1/2)

(i− 1/2)2 − (j − 1/2)2
, (16)

where δij is the Kronecker delta. As seen in Blevins [10], the result from Eq.(16)
exists only when the sum i+j is odd, otherwise it is zero. Also, one has φi =

sin ( 1
2
(2i−1)π
Lτ

x), and φj = sin ( 1
2
(2j−1)π
Lτ

x).
Thus, for a two-mode approximation (i = 1..2 and j = 1..2) one gets(
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that can be rewritten as

q̈1(t)− µτ q̈2(t) + ατ q̇2(t) +
[
(−βτ − ητ + στ ) + ω2

τ

]
q1(t) +(

ητ − ω2
τ

)
q2(t) = 0 (19)

q̈2(t)− µτ q̈1(t)− ατ q̇1(t) +
(
9 ητ − ω2

τ

)
q1(t) +(

9 (−βτ − ητ + στ ) + ω2
τ

)
q2(t) = 0, (20)

where

mτ =
1

2
ρLτ +M, µτ =

M

mτ
, ατ =

3

2

ρ ν

mτ
, βτ =

π2ε2 ν2 ρ

8Lτ mτ
,

ητ =
1

4

π2ε2 ν2

L2
τ

µτ , στ =
π2 T

8Lτ mτ
, and ω2

τ =
K

mτ
. (21)

The first term, mτ is the modal mass of the cable along with the cable car
mass, which also brings the ratio µτ of the masses. The latter couples the system
with its acceleration terms. The parameter ατ represents the Coriolis, and βτ
and ητ are the centripetal forces of the cable and the mass, respectively. The
traction can now be written as στ and the natural frequency from the attached
spring as ωτ . Each of these terms varies in the slow time τ as the pulling cable
varies its length.

3 Numerical results and discussion

By inspecting the terms in (21), as well as the Eqs.(19) and (20), it is possible
to observe the overall dependency of the cable variation in the slow time τ .
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Moreover, some of them are proportional to O(1/Lτ ) like ω2
τ and ητ ; others are

proportional to O(1/L2
τ ) like βτ and στ . It means that βτ , and στ can become

extremely high when the cable length is getting closer to zero. Although, the
effect is rather small for η and βτ , it is usually not for στ . It is worth pointing
out that there is a set of values in which στ surpasses the value of ω2

τ at a specific
length of Lτ .

Table 1. Parameters used to model the rail cable and the traction cable

Supporting Cables Traction Cable

Parameter Value Unit Parameter Symbol Value Unit

Linear density 39.20 kg/m Linear density ρ 3.83 kg/m

Length 600 m Initial length L0 600 m

Load 32.8 kN mass M 6550 kg

Mean Tension 10.0 kN Mean Tension T 250 kN

Velocity 6.0 m/s Stiffness K 13.4 kN/m

A numerical investigation is conducted and a set of values are given for
each of parameters from Eq.(21). Then a simulation of equations (19) and (20)
using a 4th and 5th Runge-Kutta solver is done from initial condition of a fully
extended length of cable to its almost entire retraction. The parameters used in
the simulations match the ones from a real cable car installation, meaning that
their values completely feasible and the results may represent the behavior of an
actual situation.

0 200 400 600

-2

-1

0

1 s 10 s 50 s 80 s

Fig. 3. Parameter variation of the first mode in relation to the length Lτ .

Figure 4 illustrates the variation of the parameters as the traction cable
is being retracted by a constant velocity. Three different velocities are tested.
Figure 4 shows that the parameters ητ , βτ , ατ have little influence on the overall
dynamics, albeit the increase of the travelling speed.
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When comparing the parameters στ and ω2
τ , one observes in Figure 4a that

there is a specific length of the cable that their values are equal, and as the cable
car approaches the end, στ becomes even higher that may be relevant to the
dynamics. This results in the Fig. 4b where it shows the variation of the natural
frequencies as a function of the cable length.

a)

0 200 400 600
0

0.5

1

1.5

2

2nd mode

1st mode

Natural
Frequencies

b)

Fig. 4. In (a): The specific length where the natural frequencies depend more of the
cable (blue and red) than the rail stiffness (yellow). Travelling speed v = 6m/s. In (b):
Variation of the natural frequencies as function of the cable length.

To further investigate the proposed mechanical model a harmonic force is
added to the equation presented in section 2 applied to the concentrated mass M .
The nature of this force can be seen as an early approximation of the wind mean
effect acting directly on the cable-car. A Rayleigh-model damping is also included
to emulate the energy dissipation, which also prevents numerical instabilities.

A constant value for the external force frequency is chosen to be ωf = 0.26 Hz,
because it has long period time compatible to the natural behaviour of the wind.
Note in Fig. 4b that this becomes the resonance of the system twice as the cable
retracts. The result can be seen in Fig. 5, which shows the cable-car displacement
time-series y(t). As expected the cable car develops high amplitudes of oscilla-
tions twice as the cable gets shorter, and the maximum value of the amplitude
gets smaller as the travelling velocity v is higher, due to the shorter period of
time that the forcing frequency matches with one of the natural frequencies.

The presence of high amplitude oscillations shown by the numerical simula-
tion is in accordance with the real functioning cable-car seen by the maintenance
crew as it approaches the terminal station. These vibrations are mitigated by the
breaking system changing the value of the travelling speed v. Also, the model
has its own limitations, since by shortening the cable means that the mass M is
reaching its boundary condition, which would lead to numerical instabilities or
misrepresentation of the real phenomena.
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Fig. 5. Displacement for different velocities v of the cable-car when the system is
excited by a harmonic force at F (t) = 300 sin (ωf t) [N] at x = Lτ .

4 Conclusions and future perspectives

This work presented a mechanical-mathematical model for a cable car system.
First, the equations of motion are developed, and numerical analysis is conducted
with parameters inspired by a real case. This analysis shows the changes of each
parameter as a function of the cable length, among them the increase of the
stiffness parameter related to the cable.

This paper paves the way for a series of different analysis, which may include
the variation of the stiffness parameter related to the pair of supporting cables,
the investigation of the influence of a harmonic forcing at the origin, which would
represent the machinery responsible for actuating the whole system.

Results show that some points of the trajectory and some speeds present
higher amplitude vibrations than others, this is an important non-linear phe-
nomenon that poses challenges to the operation of systems similar to the one
modeled. The understanding of those phenomena, as well as its numerical mod-
eling, is of high importance to the safe operation of aerial cable cars.

Another possibility is to include the presence of a random force concentrated
at the mass, representing the wind or passengers moving inside the car. Lastly,
these models can be compared to other numerical analyses with finite elements
models or even with experimental data. This research can also be adapted to
other mechanical equivalent found in installations such as in ski lifts.
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